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y <1, which are inversely proportional to the plasma frequency and the acoustic speed,
respectively. In the simultaneous high-plasma-frequency and subsonic limit regime, i.e.
& <y — 07T, the KGZ system collapses to a cubic Schrédinger equation, and the solution
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High-plasma-frequency limit presenting a multiscale decomposition of the KGZ system, we propose a multiscale time
Subsonic limit integrator Fourier pseudospectral method which is explicit, efficient and uniformly accurate
Multiscale decomposition for solving the KGZ system for all 0 < & < y < 1. Numerical results are reported to show

Numerical scheme

the efficiency and accuracy of scheme. Finally, the method is applied to investigate the
Uniformly accurate

convergence rates of the KGZ system to its limiting models when & <y — 0%,
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1. Introduction

The Zakharov type models are of paramount importance for studying the Langmuir turbulence in plasma dynamics
[37,47,48,38,18,24]. As one of them, the Klein-Gordon-Zakharov (KGZ) system was derived from the Euler-Maxwell equations
to describe the interaction between Langmuir waves and ion sound waves in the plasma [11,34,37,45]. We shall consider in
this work, the KGZ system (d =1, 2, 3) in its dimensionless form [4,36,11,34]:

ezanw(x, t) — Ay (X, t) + 81—21//(x, b+ v, e, t) =0, (1.1a)
Y2oup(X, 1) — Ap(X, 1) — AY2(x,t) =0, xeR% t>0, (1.1b)
Y (X,0) =¢o(X), & (X,0) = % ¢ (X, 0) = go(X), e (x,0) = ¢1T(x) (1.1¢)
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where ¥ =¥ (X, t) : R? x [0, 00) > R and ¢ := ¢ (x, t) : RY x [0, 00) — R are the unknowns denoting respectively, the fast
time scale component of the electric field and the deviation of ion density from a constant equilibrium. Here 0 < ¢ <1 and
0 <y <1 are introduced [11,34,4] as two dimensionless parameters that are inversely proportional to the plasma frequency
and the ion sound speed, respectively, and ¥, V1, ¢o and ¢ are given real-valued initial functions which are bounded for
g,y €(0,1]. As is well-known, the energy of the KGZ system (1.1) is conserved as

2
E(t) ::/ [82 @y)? + VY [* + ;—zwz - % IVol* + %¢2 +¢w2} dx
Rd

1 1 1 1
s/ [g—zvf% + Vol + U5 + 5 IVeol® + S5 +¢ow§] dx=E(0), t >0, (1.2)
R
where ¢ (X, t) solves Ap(x,t) = 0:¢ (X, t) with I llim @(X,t) =0 and @o(x) = A_l(bl (x).
X|— 00

In the literature, the KGZ system has been studied in different parameter regimes both analytically and numerically. In
the classical regime of (1.1), i.e. ¢ = 0(1) and y = 0(1), the well-posedness of the Cauchy problem has been established in
[25,40], and numerical discretizations equipped with finite difference time domain method [46] or finite element method
[21] or spectral element method [17] or exponential wave integrator [49] have been considered. When y = 0(1) and
& < 1, the KGZ system (1.1) is in the high-plasma-frequency limit regime, and (1.1) has been proved to converge to the
Zakharov system [11,15,35] as € — 0. The solution of (1.1) in such regime propagates waves with wavelength at O(g2)
in time, which causes severe numerical burden in computations, since classical schemes would require step size smaller
than the wavelength. To enlarge the step size, a multiscale time integrator with uniform first order accuracy for ¢ € (0, 1]
was proposed based on a decomposition by frequency in [8], and later a class of oscillatory integrators were proposed in
[10] to further overcome the numerical loss of derivative in rigorous error analysis. On the other hand, when ¢ = 0(1)
and y <« 1 in (1.1), which is known as the subsonic limit regime, the KGZ system reduces to the nonlinear Klein-Gordon
equation as y — 0 [16]. In this regime, similar to the subsonic limit of Zakharov system [2,39,35,41,43,31,30], the solution
of (1.1) propagates waves with wavelength at O(y) in time and contains outgoing initial layers at speed O(1/y) in space.
To numerically handle the highly oscillatory behaviours here, an asymptotic consistent formulation was utilised to propose
a finite difference method [5] and a multiscale time integrator [33] with accuracy uniform for y € (0, 1]. The last but more
challenging regime of the KGZ system is the simultaneous high-plasma-frequency and subsonic limit regime, ie. €,y < 1 in
(1.1). As g,y — 0 at the same time, under different ratio between the two small parameters, the KGZ system (1.1) may
converge to different limit equations. Masmoudi and Nakanishi proved rigorously in [34] that under the case ¢ <§y — 0
with some fixed é € (0, 1), the KGZ system (1.1) converges to a cubic Schrédinger equation:

210 Znis (X, £) — AZpis (X, £) — 2|Zn1s (X, )2 Zis(x, £) =0, x€RY, t >0,

1 . (1.3)
Zpis(X, 0) = 5 (Yo(X) — i1 (X)),
in the sense that
¥ = s+ ez ¢ 2zl +lus, £ <8y — 0, (14)

where I, is the free wave defined by
Y2 0ulns (X, 1) — Alig(x,1) =0, xeR’ >0,

1
Inis (X, 0) = do(X) + 2|Znis (X, 0)|* = do(x) + waé(x) + Y],
A lnis (X, 0) = 1 (X) /¥ .

The asymptotic behaviour of the solution (1.4) in the limit regime indicates that the solution i propagates waves with
wavelength at O(g?) in time and ¢ contains a fast outgoing initial layer with speed at O(1/y) in space. In fact, from
numerical observations and formal analysis, this highly oscillatory behaviour is true in KGZ for a wide range of the § not
necessarily from (0, 1) for rigorous study in [34]. While note that for ¢ = y, the KGZ system (1.1) may be locally ill-posed in
the energy space due to lack of null form structure [34,35,32]. Another case y = A2 — 0 with some fixed 1 was investigated
in [36], where the KGZ system (1.1) was proved to converge to a different A-dependent limit model, and the solution of KGZ
in such case possesses different oscillatory and asymptotic behaviour. In this work, we shall focus on the case ¢ < y.

The amplitude of the initial layer in ¢ is determined by the incompatibility of the given initial data in (1.1), which has
a remarkable influence on the behaviour of the solution and the convergence rate in (1.4). To illustrate this, we take an
one-dimensional example: d =1, Xx=x in (1.1), y =2¢ and
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2

e—X

Yo =sech(e), Y100 =—-,

with the following two cases of ¢o(x) and ¢1(x):
(i) compatible initial data:

xeR, (1.5)

1 -
do(x) = —5(%2 ®) + Y1),  ¢$1(x) = —4yRe (znis(x, 0)3Zns (%, 0)) , (1.6)

which perfectly matches with the limit (1.4) in initial position and derivative. Here Re(f) represents the real part of f.
(ii) incompatible initial data:

1 _
do = —5(w§<x> +YI0)) + p(X),  P1(x) = —4yRe (znis (X, 0)3;Zpis (%, 0)) , (1.7)
where we add the incompatibility
_(x+18 18 —x _ fx)
p(X) —g( 10 )g( 5 )cos(2x+n/4), E0 = T A

with f(x) = e‘l/"x(o,oo) and xq being the characteristic function of the domain . Fig. 1 displays the profiles of the
solutions in the two cases under different €. It can be seen that when the KGZ system (1.1) starts with initial data that has
0 (1)-incompatibility in the limit regime ¢ < y « 1, the solution contains both the rapid temporal oscillation and the fast
outgoing initial layers of O(1)-amplitude. This complex highly oscillatory behaviour mixes numerical difficulties from the
high-plasma-frequency limit regime [4,8,10] and the subsonic limit regime [7,6,31,30], and hence makes the computations of
(1.1) extremely challenging in the regime ¢ < y <« 1. As has been investigated in [4], the meshing strategy of the exponential
integrator method is T = 0(¢?) in time with 7 denoting the time step.

The aim of this work is to propose an efficient numerical scheme which is uniformly accurate for solving the KGZ
system (1.1) for all 0 < & <y <1 under general (incompatible) initial data. To this purpose, a multiscale decomposition
of (1.1) will be derived firstly. For component v, we adopt the modulated Fourier expansion [14,22,20,26] to explicitly
express the oscillations from the high-plasma-frequency limit regime. For the component ¢, we use an asymptotic consistent
formulation motivated by that of the Zakharov system [6] in the subsonic limit regime, which extracts the initial layer. Based
on the decomposed formulation which is in the spirit of asymptotic preserving [29], we propose a multiscale time integrator
(MTI) via the time-splitting technique and exponential wave integrators accomplished by Fourier spectral/pseudospectral
discretization in space. The proposed MTI scheme is explicit and uniformly accurate with first order convergence rate in
time and spectral convergence rate in space for all parameters in the regime 0 < ¢ < y < 1. Extensive numerical evidences
are provided to illustrate the accuracy and efficiency of the scheme. Finally, we apply the scheme to study the convergence
rates of (1.1) to its limit models when ¢ <y — 07.

The rest of the paper is organized as follows. In Section 2, we present the multiscale decomposition for the KGZ system.
The uniformly accurate method is derived in Section 3 and numerical results are reported in Section 4. Some concluding
remarks are drawn in Section 5. Throughout the paper, we adopt the standard Sobolev spaces as well as the corresponding
norms [1] and denote A < B to represent that there exists a generic constant C > 0 independent of &, y, T and h such that
|A| <CB.

2. A multiscale decomposition

In this section, we present a multiscale decomposition for the KGZ system (1.1) which is consistent with the limit model
(1.3) in simultaneous limit regime ¢ <y <« 1.

To handle the first equation in the KGZ system, we apply the modulated Fourier expansion of i in the high-plasma-
frequency limit [14,22,20]:

X, t) = el z(x, t) + eV Z(x, t) + r(x, 1), >0, (2.1)

where z is the slow-varying part in terms of t/¢2 and r denotes the remainder. Plugging it into (1.1a), we get an equivalent
equation as follows:

elt/e* 20, — A+ ¢]z + e 1/E* [—2i8 — A+ $]Z
r i i _
+ 820y — Ar + =+ or + £2elt/F 5z + g2e 1t/ 5,7 — 0.

Decomposing it into a coupled system for the two unknowns z and r, we get

2tz — Az+z =0, (2.2a)
r . .
&28,r — Ar + = T or + e2eit/€ gz + e2e71t/E 7 = 0. (2.2b)



C. Su and X. Zhao Journal of Computational Physics 428 (2021) 110064

Compatible case:
: : : -05 :

x10~° ¢ x107™ ¢

o(x,1)
S
i
Lo m
PR
o o
o(0.t)

-5
-25 -20 -15 75 80 85
~0.4f| - - - e=0.1 ]
‘‘‘‘‘‘ £=0.1/22
£=0.1/2*
0. ; ‘ ‘
%S00 -50 0 50 100

w(x,1)

w(0,1)

o(x,1)
o(0.)

15 ‘ ‘ ‘ : :
1K) A
!
M
05| | ;
k3 S of i
S > !
L . 1
R [
gl £=0.1/2
£=0.1/22
15 ‘ ‘ ‘ ‘ ‘
0 001 002 003 004 005 006

t

Fig. 1. Solution ¢(x, 1), ¢(0,t), Y (x, 1), ¥(0,t) with (1.6) or (1.7).

Next, we describe how to set proper initial data for z and r. Based on the expansion and the given initial data, we have
2(x,0) +2(x,0) +1(x,0) = Yo (x),
Y1 (X)

g2

81—2 [z(x,0) — Z(X, 0)] + 8rz(x, 0) + 3:Z(X, 0) + 9;r(X,0) =

To make it consistent with the limit Schrédinger equation (1.3), we set the initial data z(x, 0) the same as that of the limit
equation (1.3), i.e.,

1 .
z(x,0) = 5 (Yo (X) — iy (X)) =: 20(X), (2.3)
which immediately implies that

rx,0)=0, 0r(x,0)=—0rz(X,0)— 3z(x,0),
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where 9;z(x, 0) is given by (2.2a): d;z(x,0) = —%Azo(x) + %qbo(x)zo(x).
For the density deviation ¢, inspired by (1.4) and the asymptotic consistent formulation of the solution of the Zakharov
system in the subsonic limit regime [7,6], we introduce an expansion on ¢ as

dX, ) =—=2[zX, )> + [(X, t) + q(x,t), t>0, (2.4)

where I (X, t) represents the fast-outing initial layer caused by the initial incompatibility of the KGZ system, and it is defined
by the free wave equation

Y20l — Al =0,
1(x,0) = go(X) + 2|z0(X)|?, (2.5)
dl(x,0) = ¢1;X) +20¢|21(x, 0) = ¢]fo) +2Im (ZO(X)AZO(X)) ,

where Im(f) represents the imaginary part of f. Compared to the approximation (1.4), we consider a more detailed de-
composition which also involves the second initial layer caused by the initial incompatibility of the time derivative [39].
Plugging (2.4) into (1.1b), we can get the following equation on q(x, t):

V20uq — AQ = AG?) + 2y %0 |2|% + 2Re [em/azA(zz) + 2e"/82A(zr)] .

To summarize, by adopting the decomposition (2.1) and (2.4), we equivalently rewrite the KGZ system (1.1) into the
following equations involving the unknowns z, r and q:

210z — Az+ (=2|z> +q+Dz=0, xeRY t>0, (2.6a)
T . .

&28,r — Ar + ot (=222 +q + Dr + 2/ gz + g2t/ 3,7 =0, (2.6b)

V20uq — AQ = AG?) + 2y %0 |2|% + 2Re [eZit/azA(zz) + 2e"/82A(zr)] , (2.6¢)

with initial data

1
z(x,0) = 5[1/fo(X) -1 (X1, qx,00=0, 09q(x,0)=0,
r(x,0) =0, 09r(x,0)=—0:z(x,0)— 9:z(x,0).

(2.7)

Note that the initial layer I is the free wave defined by (2.5), which can be written explicitly or solved separately and
efficiently.

Remark 2.1. We remark that we didn’t adopt the multiscale decomposition by frequency from [3,8] for 1, because it would
result in a Schrodinger equation with a wave operator and a highly oscillatory potential, which is difficult to integrate in a
uniformly accurate manner.

2.1. Formal estimates

We give a prior estimate of the decomposition. Firstly, inspired by the oscillation properties of the solution (cf. Fig. 1)
and the theoretical results in [34,35], we assume that the solution of the KGZ system (1.1) and the initial data satisfy:

1Yol gm+s + 11l gm+s + @l oo 0,77, Hm+6) + ¥V 18e@ | poo 0, 73 Hm+2y + V2||3tt¢||L°°([O,T];H’”) <1, (2.8)

where 0 < T < Tax With Tpax being the maximal common existing time and m is an integer satisfying m > d/2 such that
the bilinear inequality holds [1]

I fgllm < Cmall fllamlIglIHm.
Proposition 2.1 (A prior estimate). Under the assumption (2.8) and & < y, we have

12Ol gmss + 132l gmsa + Y 13 zO | gmsz + Y212 wm <1, te[0, T];
Il oty amy S €2, 18er oo,y mmy S 1
9l oo, 11 m—1y SV 10eqll oo, 17:5m2) S 1-

5
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Proof. We omit the space variable for simplicity of notation. It follows from (2.6a) and Duhamel’s formula that
ot
2(t) = e~ 32 2(0) + %/e_%“_s)A [¢(5)z(s)]ds.
0
isA

Noticing e2 preserves H*-norm, by applying the Minkovski’s inequality, the bilinear inequality, we get

t
1
Izl gm+s < 12(0) || ym+s + 5 / ¢ ()z(s)ll ym+eds
0

t
Cm,d
< ||Z(0)||Hm+6 + T ||¢”L°°([O,T];Hm+6) ||Z(S)||Hm+6d5.
0

Applying the Gronwall’s inequality, we obtain

TC
12l 0.7 im+6) < 12(0) [ gmsse” melPlimcqorinmss) < q

which concludes the boundedness of z by noticing the definition of z(0) (cf. (2.7)) and the assumption (2.8). For 9z, it
follows from (2.6a) that

1 Cm.d
102D gmes < S 120 gmes + % () | gmsa llZ(O) | gmsa S 1,

which directly gives the result. Similarly, we have

Cm,cl

1
10eez() | gmt2 < §||8tz(t)|| s + =

(12| gms2 18e O Nl gme2 + 18e2() | gma2 |9 )| gms2] S

X[ =

1 Crd
1822(0) || ym < Ellanz(t)lleH + % [z@®) gm0 )| gm + 10 z(E) || gm (| (£) || gm

1
+2[10cz(O) [ m 19 (O 1 Hm ] S 72

by noting the assumption (2.8).
Next, we estimate r. Duhamel’s formula gives
sin(t(V)g)
r(t) = cos(t(V)e)r(0) + Tatr(O)
&

¢ (2.9)

~ /sin((t—sxm) [qs(s)r(s) e 5(s) +e_,-s/gzm] .
(V)e &2

where (V). = slzvl — g2 A. Noticing that r(0) =0, (cf. (2.7)), we have

t

ro = V) 50y - / Nt~ 9)V)e) (d)(s)r(s))ds—i—n(t) +12(0),

(Ve (Ve &2
where
[ ‘ I ;
r(t) = — i elt{Vie /e'5(1/82*<v)5)8nz(5)d5 . Tat) = ) e~ it(V)e / els(l/eZJr(V)e)attz(s)ds
& &€
0 0

Integrating the integrals in rq(t) and ry(t) by parts in different ways, we get

t
Im r . ) (V) — L . .
) = ——0 [e’t/szatz(t) —e’t<v>88tz(0)] _ 1 & Re|eite / eis1/62=(V)e) g 7 (5)ds
0

(Ve (Ve

—g2Re

.0 s s
<V> (1 - 82(v> ) el[/é‘ 8nz(t) —e it(V)e 3ttl(0) —e it(V)e
& &

ra(t) = eis(1/£2+(v>£)afz(s)ds

O~
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Noticing for any s € R, k >0,
u .

| o | = el 1sinG(D)ullge < Tullge, 1 cos(s(Theulye < Nulye,

(V) Il
and
i 1 —A 1
eSVleull e = lullyge, (V)e — - = ————ee, H v ——uH <|u ,
IV ullye = Rl (Ve = 5= e | (Ve = )], < Nullge
which immediately yields that

2 2

Ir1@®)lgm < 2&% |0zl Lo (0, T1; Hm) + €T 118¢2ll foo 0,71 pmt2) S €
4
g

—<82
)/2

Ir2 () | ym < &* [leartZIILoo([o,T];Hm) + T||3t32||L°C([O,T];Hm):| S

We derive that

t
(@) lum < €2118er(0) || gm + Ir1 (O lgm + Ir2(0) |l ym + Cm,d||¢||L°°([o,T];Hm)/ Ir(s)llymds,

which implies that

Il o7y, my < €7 Cmal@li=qoriam [62 e @)l m + Ir1 ©) 1o to,msbm) + Ir2 (Ol (o, | S &

Differentiating (2.9) with respect to t, we get

t

1
0er(t) = cos(t{V)g)ar(0) — po) / cos((t — $){V)e) (p()r(s)) ds + d¢r1(t) + d¢ra(t),
0
with

. . 1 .
3r1(f) = Re (e'“V)s 3,2(0) — eit/e* 8tz(t)) -, (e‘f/ 2 an(t))
&

t
1 . ,
+((V)e — 8—2)Im(e"<v)€ f e’s(l/az’mg)atz(s)ds),
0

Im [eff/€2 Bz (t) + £2(V) e V) (3,2(0) + [} ei5<1/82+<V>s>a§z(s)ds)]

o2 (t) = (VYe(1 4+ 82(V)e)

Thus
10cr () [lym < [|0¢r(0) || gm + — / ld ()| Hm T (S) | Hmds + 21|8¢ 2| oo ([0, T]: Hm)

+ 382||3ttZ||L°°([o,TJ;Hm) + T119czll oo 0.7y Hm+2) + TE2 1182 2l L q0,71:Hm)
2
e
14

which completes the proof for the property of r(t).

For q(t), it follows from (2.6¢c) that

sm —_— 2
qt) = 2)// |V| [Bz:IZI (s)lds

- E sin <t;s |V|> [rz (s) + 2Re (ez"s/gzz2 (s) + 2ei5/822(5)r(s))] ds, (2.10)
v y

where |V|=+/—A. From (2.6a), we get
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31z1? = ImZAZ), Olz|> =Im(3zAz 4+ ZA8:2),

which implies that

|tz S Noezlam 2l sz + 12l m |02l gmz S 1. 211)
Thus
1aO) 1 S Y 18|21 pm-1 + 191 ) | -1 + % L1 qo.73:m + IFloe g0, imy 2 o< g0,k |
Sy +Hlai®lgma, (212)
where

t

0ty = —2NVge / sin(t_—swn(ez“s/szz%s))ds = q2(t) +q3(0).
Y Y

with
t ¢
VI —it|V|/ is(2/e241V1/y) 2 V] it|v|/ is(2/e2—|V|/y) 2
g2(t) =—Im | e Y |e Yiz=(s)ds |, q3(t)=——Im|e Y |e Y)z=(s)ds
4 0 v 0
Integrating g, (t) by parts, we get
2 t
g2 (t) = ViRe[ez"t/azzz(t) —e VY (22(0) + 2/ eis(z/’?z*'V'/V)z(s)atz(s)ds)],
0
which implies that

2
&
92011 S (120 o.73.m) + N2lioe g0, 18e2l L0, richm) | S - (213)

For q3(t), we need to make a more careful investigation since it could involve a resonance. Taking Fourier transform of g3,
we obtain

t t

HOE) = % eirm/y/eis(z/sz—wl/y)ﬁ(?)@)ds _e—ir|s\/y/eis(\s|/y—2/sz>z—z(s)@)ds
0 0

For |&]| < y/ez, integrating by parts, we get

2 t
— £ ;;_| 2it —— it —_ is(2 — 15l —
B0O© = o | 206 -V (ZO©) +2 [ 20z @)ds)
4- 2| J
t
R _itlE] /= . i
206 — e T (2000 +2 [ N EEE Eds) |

0
which implies that

—

22(0)(&)

0| s%a[\z/z(?)@ +|20®|+

%(s)’ +

t
+2 / (\z(ﬁaﬁsxs)h z(s)atz(s)(s)‘)ds . El=y/e
0

For |£| > y /&2, noticing that 6;7{(5) = (iéj)kf(f) for k € N, which implies that
i

1
€12

1

@m/z\f)@).

Te=——@aneE =
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Hence for |£| > y /&2, we have

t t
06| <5 / |22 ®)| ds + / ‘A2z2—<s>(5> ds

I%‘I3

S /\A%z%s))@)\dﬁ/’ﬂ

Combining the estimates above, we get

lg3© llym1 < 1+ 16D 4@

2 6
€ 2 2 € 12
S - (12Ol + 122 llm + Nzl rym Nz losqo.rimm | + 3 17 o sy

<g’

~

which together with (2.12) and (2.13) concludes the estimate.
Finally, we give the estimate for d;q. Differentiating (2.10) with respect to t and integrating by parts for the term involving
2
z7(s), we get

t
3q(t) =2 f cos <—|V|) [oulz?) | ds

t
% / (— |V|> [rz (s) + 2Re (ez"s/gzz2 (s) + 2ei5/822(s)r(s)>] ds
0

t

= [ cos“— 21D [2an|z|2<s> + 5 (P + 4re [e"s/azz(sy(s)])} ds +qa(t)
g 14 14

g2 t
&% ‘ )
+72721m[e2”/8222(t)— 7y (z (O)+2f ls(sz 5 z(s)atz(s)ds)]
2+ S|V 0

where
t
ga(t) = %Re emvw/eisa/azf\w/wzz(s)ds
0

Applying similar arguments as above, we get

2 4
& & )
g4l gm—2 < 2 Izl oo o, 71:Hmy (12110 o, 73: my + 19¢2ll os 0,71 Hmy) + FHZHLOC([O,T];Hmz) SL

Thus

1
19:q(0) || ym—2 < 10ee|zl? | gm-2 + 1G4 (&) | ym—2 + —5 )2 ||T||Loo( o0.7:Hm) + y—llrlle([o 11, Hm) 12l Loe [0, T1; Hm)

2 2
€
||Z||L<>0( 0.1):Hmy + y—llllle([o 11:HmM 19: 2l Lo 0, 71, Hmy S 1,

which completes the proof. O

2.2. Limit model
To end this section, we discuss about the limit models for the KGZ system (1.1) in the simultaneous limit regime.
Alternative to the limit model (1.3), we present a semi-limit model by the formal estimate results. Based on the expan-

sion (2.1) and (2.4) and the estimates ||r||zm < &% and ||q[|ym-1 <y from Proposition 2.1, we formally see that

9
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Y- ez, 4 e 70— 2zeplP+1, €<y — 0T, (2.14)
where by (2.6) zop 1= zop(X, t) satisfies the following nonlinear Schrédinger equation with highly oscillatory potential [44]

218 Zop (X, £) — AZop(X, t) + (—2|Zop(X, )|? 4+ [(X, 1)) Zop(X,£) =0, ¢ >0, 215)
Zop(X,0) = 20(x), xe€RY, '

and I(x,t) is the potential given by the free wave equation (2.5).

Since the free wave I(x,t) quickly travels to far field when y — 0, its effect on zop in (2.15) vanishes. Therefore, (2.15)
can be further reduced to the limit model (1.3), which has been rigorously proved in [34]. Compared to (1.3), the semi-
limit model (2.15) incorporates the impact from the oscillatory potential I to i and takes the second initial layer into
consideration, which should be more accurate. In Section 4, we will investigate numerically the convergence rate of the KGZ
system (1.1) to the limit models (1.3) and (2.15).

3. A uniformly accurate method

In this section, we are going to propose a uniformly accurate (UA) scheme based on the asymptotic consistent formulation
(2.6) for solving the KGZ system (1.1) in the regime 0 < & <y < 1. To do so, we consider the one-dimensional case for
simplicity of notation, i.e.,, d =1, x=x in (1.1), and extensions to high dimensions are straightforward. We truncate the
whole space problem (1.1) with x € R onto a bounded interval x € Q = [—L, L] with periodic boundary conditions. The
periodic setup has been widely considered for the numerical studies of wave or dispersive type models in the literature
[3,4,7,9,10,12,13,20,49]. Consequently, the decomposed system (2.6) is truncated consistently to

2000z — Oz + (=2|2° +q+Dz=0, —L<x<lL, t>0, (3.1a)
28T — dexT + eLZ (=212 4 q + Dr + £2eit/€ gz + g2 1t/ g7 = 0, (3.1b)
Y20ul — 9l =0, (3.1c)
Y200 — o = dour? + 2y 2021 + 2Re [ @2/ 02? + 26 ()|, (3.1d)

with initial and boundary values

1
z(x,0) =2z9 = i[wo —iy1], r(x,0)=q(x,00=0, I(x,0)=¢o+2|z0l%;

9 (x,0) = —2Re(3;z(x,0)), 3 I(x,0) = % + 2Im(Zo0xx20),  9q(x,0) =0;

z(—=L,t)y=z(L,t), r(=L,t) =r(L,¢t), I(-L,t) =I(L,t), q(—L,t) =q(L,¢t), £ > 0.

We shall derive the scheme and meanwhile provide some clues on the UA property of the truncation error.
First of all, we denote T = At > 0 as the time step for discretizing the time direction and denote t, =nt, n=0,1.... For
the part I(x,t), obviously we have the exact solution from the free wave equation (2.5), i.e.,

~ ; -~ ~ sin(6;t
1x.6) = ) T, Ty(6) = cos@0)11(0) + é D%0). =0, (3:2)
leZ !
where p; =2, 6= %
Splitting scheme for z. To obtain z(x, t), we split the equation for z into two subflows:

D : 200z — dz=0 and @ : 2idz+ (—2|z]> +q+ Nz =0.
For some n > 0, we apply the Lie-Trotter splitting scheme to get z(x, tp+1) as
Z(X, tny1) ~ O 0 D (2(x, tn)). (3.3)

Note the Lie-Trotter splitting has been identified to offer uniform first order accuracy for integrating a nonlinear Schrodinger
equation with highly oscillatory potential [44]. The flow ®; can be integrated exactly in the Fourier space. As for ®7, we
have

i 2
qD;[) (Z(X, tn)) — Z(X, tn)ez fO [—2]|z(x,th+5)| +q(x,tn+s)+1(x,t,.+s)]ds.
Note that in d>1§, |z(X, th + )| = |z(x, ty)| for 0 <s <t and

10
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T

Sin(9;7)~ 1 —cos(T ;

J"(x) ::/I(X, th +5)ds = Z[ (91’ )1,(t,1) + %ﬂ(tn)} e'MG+D)
0 IEZ I

We just approximate q(x, t, + S) ~ q(x, ty) to get
q>; (z(x, t)) ~ z(x, tn)e%[—2r|z(x,t,1)|2+rq(x,tn)+]n(x)]. (3.4)

Note that the truncation error here is 0(72), which is uniform for 0 < & < y <1 since d;:q = 0(1).
Exponential integrator for r. To obtain r(x, t), we firstly write the equation of r in the Fourier space:

" 1. ~ i it /622
£ (0 + 10 + STIO + 10 + %77 () + 2T Z 0 =0, >0, 1€,
where for simplicity we denote

fxt) = (—2|z(x, O +qx, t) + 1(x, t)) r(x, b).

For some n > 0, suppose that we know 7j(t;) and ’r”l(tn). Then we write the solution with the Duhamel’s formula:

T

Filtns1) = Cos(@T)Fi(tn) + Sini)ﬂ’r’,(rn) - f w [Fittn +5)

I 2w
0
; 2 i 22
+g2eitnts)/e z/(tn +5) 4 e itn+s)/e Z/(tn + s)] ds, (3.5)
J1+eud ~ . . . L~
where w; = pramm To get 1;(tn+1), we apply proper quadrature rules to the terms in integration. For the one involving fj,

we apply the right rectangle rule to simply have:

T
sin(wy (T —$)) ~
/ yﬁ(tn + s)ds ~ 0.
Ecw)

0
Note that f = O(r) = 0(g?) and 9, f = 0(1) since € < y, this quadrature error is uniformly at O(t?). For the other two
terms, we take
Z(tagr) — 2(¢ Z)(tag1) — (¢

1 (En1) — Z( n)7 P (a4 5)~ 1(tnt1) — Z)( n), 0<s<t.

z/(tn +s)~
T T

where the truncation error is O (7 Bf‘z), and then we integrate the rest trigonometric parts exactly, which is in the spirit of
Gautschi type quadrature [23,27]:

T

sin(w(t —s ; : ~
f sine(r = 5) (62 5] +-5) + 62 HZ 1+ ds

82w1

0

: 2 i 2 =
~el/€ (2 (tnr1) — 2] (tn)) + €7 G (Z) (tnr1) — Z) (),

where
T . 2
sin(wy(t —5)) & ;
ol :/ sin(@(T — 5)) ))els/gzds = [82a)l(e”/52 — cos(wyT)) — isin(a)lr)] . (3.6)
Tw) Tw(etwp — 1)

0

Note that 33z = 0 (3I) = 0(1/y?), the quadrature error here is thus O (t?&2/y?), which is uniformly at O(z?) by noticing
& < y. The approximation for 7j(t,+1) in total reads as

~ ~ sin(w;T) s it e2 =~
Ti(tny1) = cos(yT)1(tn) + Tl?, (tn) — ef/& g [Z/(trs1) = Z(tn) ] — € itn/¢ Ul[/z\,,(tnﬂ) —Z)(tn)]- (3.7)

Besides the UA truncation error, another advantage of the above approximation is that we do not need to compute ’2,” .
Instead, we only need to get’z”,(t,,) which is directly given by the equation of z:

Bhz(x, ty) = % [ =0z, ta) + (<2206 )P + 908 ) + 106 )20, )], =0,

11
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Meanwhile, by the derivative of the Duhamel’s formula, we have
[ cos(@i(t =)
. ~ cos(wy(t —s
T (tng1) = — @ Sin(@ )7 (tn) 4 cos(w T)T (tn) — f B E— [ﬁ(tn +53)

0
+82ei(tn+s)/az»z~;/(tn +5)+ Sze*i(fn+5)/gzz/(tn + 5)] ds.

We approximate the functions in the integration in the similar manner as for 7j(tp41) to get

. —~ T~
T (tn1) ~ — @y sin(@ T)T(ty) + cos(wyT)T(ty) — g_zfl(tn+1)

i 2, i 2— [ -
— eltn/E° 65, [/f;(tn+1) —?;(tn)] —e /5 [Z(tn+1) —Z(tn)] ) (3:8)
where
T
.1 is/e? e . it/e? . 2
o= — | cos(w(t —s))e ds = — [ze —icos(wt) + €y sm(a)lt)] . (3.9)
T T(etwf — 1)
0

The approximations (3.7) and (3.8) complete an update of r(x, t) from t, to t;41 in the type of the exponential (or trigono-
metric) integrator [28].
Exponential integrator for q. To obtain q(x, t), we begin similarly by writing the equation of q in the Fourier space:

— . —_— . o . -
Y2 + i@ =2y (2P — e/ uf @) - 2¢"F up )y — e @,
- 2e’it/82pv12(/2\r)l - uf@l, t>0,leZ.
The Duhamel’s formula gives
— — sin(9;t)
qi(ta+1) = cos(OT)qi(tn) + Ta\;(tn) + A'f,, - g,, - Ag,, - AZJ! (3.10)
where

T

T
2sin(G(t —s)) —>=" —
AT, :/W(m%l (tn + $)ds, AL, :f@, Sin(y(t — $)) () (tn + 5)ds,
0 0

T

AL, = / fsin@,(T — 5)) [e2i(t"+‘)/52(2'/7)1(tn +5) + e 2t9/e? Z2) (1 +s)]ds,

0
T

Afy = f 261sin(61( — ) [/ @)t + 5) + e @) 1y +-5) | ds
0
Noticing that d|z|> = 0(1) (2.11), and

3 121* = Im (3 20xxz + 2020z + Z0e2) = 0 (1/y),

we then are motivated to approximate the trigonometric kernel function with s =7 to get A’ ;~ 0 with a uniform trunca-

tion error at O(t?2). Similarly, we can get Ag ; ~ 0 with a uniform truncation error at 0(t?) in view of the fact that r = (g2).
For A}, to make sure that the truncation error is introduced in a uniform manner, we firstly perform an integration-by-
parts to rewrite A} so that the kernel of the integration part is bounded as ¢, y — 0:

AL =/ | o) (D)t 1) — 1 (0)(Z2)y(tn) — f 20(5)(23,2)1(tn + 5)ds

0

T
—

+e 2008 | G (D) @) (tns1) — TO)YE ) (ta) — / 200(5) (23 2) (t + S)ds |,
0

where

12
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N
o(s) := / 0,sin(6)(t — 0))e*/& dor
0

(3.11)
&%, .
_ ! 2 - _ J2is/e? (2 . ‘o -
= e g“0;cos(6it) + 2isin(fit) —e g“0cos(O(t —s)) + 2isinG(t —s)) ) |-
— &
1
Then we apply the Gautschi type quadrature, i.e., @l(tn +s)~ @,(tn) and integrate the trigonometric parts exactly
to get that

s — e o2 —> i
AL 2 o (2) (@) — K202 () | + €720 [a;(r)(zz)zanm—m(zatz)l(tr»}, (312)
where
T
260, 2220 20T /82 .2 492y ¢i
K= [ 204(s)ds = — [418 oe —4ig“ficos(OT) + (4+ €76 )sm(@lr)]
(4 - e46?)?
0
2ee%6) [829 cos(6T) + 2isin(8 r)] (313)
4 — 497 : : e '

Note that o = 0(¢2/y), the local truncation error here is 0(T20) (O 2))) = 0(t%&%/y?) which is at the second order uni-
formly for 0 <& <y < 1. For A}, we need to take a delicate approximation of r based on the Duhamel’s formula (3.5)
as

T(th) -
r(X. tn +5) & cos(s/£2)r (X, ta) + sin(s/e?)rp (), rp(x) =Y ) gicxrny
leZ @
where for 0 < s < t the approximation error is at the order of O(yt) by noticing that r = 0(g?) and w; = 1/¢2 4+ 0(1).

More importantly, this approximation separates the temporal highly oscillatory parts in r from the space variable (so as
the Fourier modes). Then by taking z(x, ty + s) ~ z(x, tn), we approximate A}, in the Gautschi-type way with a uniform

truncation error at 0(t2) as

T

AL~ / 20,sin(6)(t — s5))eltnts)/e? (cos(s/e2)(z’F),(tn) +sin(s/z-:2)(7r§,(tn)) ds

0
T
+ / 261 sin(61(v — 5))e /% (cos(s/62)@N(ta) + sin(s/e?)@rp)(tn) ) ds (3.14)
0
ity /&2 7 PN it g2 | T == e
= e/ [ @nen) + X @enrh), | + e~/ [xf @i(tn) + X,Z(z(tn)rg),} :
where we denote
T
X = f 20,sin(6)(t — 5))e's/” cos(s/e2)ds (3.15a)
0
=1—cos(ft) + &0 [21‘ sin(67) + &26; cos(67) — &6 eZir/sZ]
! 4 —e0? ! ! ! ! ’
T
Xt = f 20, sin(0;(t — s))e"s/‘g2 sin(s/&2)ds (3.15b)
0
= 1 20 si ; ; 4,2 2it/e?
e [23 0,sin(6T) — 4i cos(OT) + i (4 + etg2(e2iT/E 1)>],

To complete the integration scheme, by the derivative of the Duhamel’s formula of g, we have

j(tns1) = — B SINE TG (t) + cOSO TG (tn) + BT, — BS, — BY — B, n>0,

13
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where

T

T
— —
Bl = / 2cos(@(t — $))(|z|2); (tn + 5)ds, By, = /9,2 cos(G;(T — 5)) () (ty + s)ds,
0

0
T

B, = [ 07 cos(az — o) [/ @ty +.9) + € I @ 49 ds

0
T

B, = [ 267 cos(0(z — 5) [ @yt )+ €O Gyt 4 )] ds
0

We approximate these integral terms in a similar way as before. For Bl ;» we set s =7 in the kernel function to get

Bl ~ 2(|Z|2)1(fn+1) - 2(|Z|2)1(fn) (3.16)

For B , we use the left rectangle rule to get

2,
BY, ~ 767 cos(O) () (tn). (317)

For Bg p we apply the same integration-by-parts and the Gautschi’s quadrature as for A7 3, o get
BY  ~ /e [ﬂ:(r)(zZ)l(tnm — B1(0)(Z2)(tn) — p:(zatzwn)] (3.18)
+ e 2itn/e? [5z(r>(z Ntns1) — BO) @ i(tn) —pl<zatz)l(tn>]

where

p 292
: &%t
Bi(s) = / 012 cos(6;(t — a))ez“’/szda =" _ [21 cos(6;T) — £26;sin(6;7)
0

2
4— % (3.19)
_e?is/e? (2icos(9,(r —5)) — £26;5in(G,(T — s)))] :
R 2120 .. .
= / 2B1(s)ds = — [ZICOS(Ql‘E) — &6 sm(@lr)]
4 — g46;
0 (3.20)
Lo [(4 +&%0%) cos(@T) — (4 + £462)eX /% 1 4is?g) sin(@,t)] .
(4 —£%02)? : :
For B4 ;» we adopt the similar approximation as for A4, to get
it /62 [ -1—= .o, =T it e | T == S =
B} ~ eltn/® [x,l (zr)(tn) + xﬁ(z(tn)rg),] +eitn/e [X,l @r)(tn) + X,Z(z(tn)rg)l] , (3.21)
where
T
X = / 26F cos(6)(t — $))ei*/e” cos(s/e?)ds (3.22a)
0
242 o
=0sin(@1) - ——— [2ie2”/5 —2icos(O7) + €26, sin(@lr)] ,
4 — &0;
T
X = / 267 cos(Gy(t — $))eis/¢ sin(s/e2)ds (3.22b)
0
20, e 2 2 2i/e?
= Ryl [21 sin(Gt) + €°6;cos(;t) — €“Hje ]

1

14
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Remark 3.1. If one analyzes the local truncation error induced by the above approximations to d;r and ¢, the error would
be at 0(t?/&%) and 0(t?/y), respectively. This would not affect the approximation error for r and q since the coefficients
involving 8;r and d;q for approximating r and q (cf. (3.7) and (3.10)) are at the order of 0(g2) and O(y), respectively. The
rigorous convergence analysis is undergoing.

UA scheme. We summarize the proposed approximations (3.3), (3.4), (3.7), (3.8), (3.12), (3.14), (3.16)-(3.18) and (3.21)
above and present the full scheme for solving the decomposed system (3.1) and hence for solving the KGZ system (1.1).
For spatial discretization, we choose an even integer N € Nt to truncate the Fourier series. We denote z"(x) ~ z(x, t;)),
M) ~r(x, ty), (X)) ~ orx, ty), I"X) ~ I(x, tn), ¢"(x) ~ q(x,ty) and ¢"(x) ~ 9q(x, ty) as the numerical solutions for the
decomposed system (3.1). Choosing z%(x) = z(x,0), r°(x) = r(x,0), F°(x) = dr(x,0), I°(x) = I(x,0), ¢°(x) = q(x,0) and
q°(x) = 8:q(x, 0), we update for n > 0 as

21 (x) = e~ 30wz (2T WPHTE I 0] g1 () (3.23a)
@), = cos@T) (@), + Sm(g?’r) @, — An, (3.23b)
@), = —fsin(@T) (@), + cos@T) @), + (g0 — 76 cos@T)((r2), — B, (3.23¢)
(r/’”\]), = cos(wyT) (M), + %(rff)l —eltn/e* [(Z"/Jr\l)l - (Z’?)l] — e /e’ [(Z"/—*T)I - (’Z_\”)l] , (3.23d)
(f"/J?), = —aysin(@7) (M), + cos(w 7)) — ;—2(F+\1)1 - eit”/szdl[(i/”\H)l — @] (3.23¢)

—1 2— i\ :
_ e ita/e O-l[(an)I _ (Z”)l],

N2-1
where |=—N/2,...,N/2 =1, J*()= Y (J)eH*+D with
I=—N/2
— sin(f;t — sin(Gty)~ cos(Oit,) — cos(Opt
(]n)l: ( 1 n+1) ( 1 n)II(O)—i- ( 1 n) 92 ( 1 n-&-])?l(o)7
1
and
) = (—ZIZ"(X)I2 +q"(x) + I”(x)) "), g"(x)=4Re [Z““ 2" (x) — 2" (x)é”(X)] ,
. i
2100 = 5 [0 (0 + (22120 + "0 + I"0)2" ().
A =2 (o) (@) — @2y |+ 2 ()@, — G@E, ]
=€ & loy(T)((Z"1)%) — k(22 )1]+e e 1o (T)((Z")%) — Kk (2"2")
P 0 g ]
+e'e [Xll (z"r”)l—i—x,z(z“rg)l] +e el | ! @'y + x2 @), |
9itn — — il [ == ]
B =& [A(o)(@ )2y — @0 | + e | B (@) - i@ 2
it ——— —— _i [—— = )
e [0 @+ AR @D |+ e | X @+ @), |
with
N/2—1 . N/2-1 —=
~ sin(fitn)~ i (GOTR
Mx) = cos(@t)11(0) + 7T (0) | el HD)  p ey — ~ eimtl)
) IZXNj/Z( Gt 1(0) + —5 =T} (0) ey l;Nj/z o

The coefficients oy, 61, oy, &1, &1, o1, X, x7. %! and x? are defined respectively in (3.6), (3.9)(3.22). Based on the multiscale
expansion (2.1), (2.4) and the numerical solution from the decomposed system, we have the numerical solution for the KGZ
system (1.1): ¥ (x) ~ ¥ (x, ty) and ¢™(x) ~ ¢ (x, t,) at each time step n € N as

Y = eiln/€2 N | e=itn/E¥ W Lyn g M2 4 gn (3.24)

and we refer to this scheme as multiscale time integrator (MTI) Fourier spectral method.
The proposed MTI scheme (3.24) with (3.23) is fully explicit. In practice, we would give a discretization to the space
variable x € [—L, L] with mesh size Ax =2L/N, and the Fourier coefficients in (3.23) are computed by the trigonometric
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interpolation [42]. The computational cost at each time level is O(NlogN) thanks to the fast Fourier transform. As we
explained along the derivation of the scheme, the truncation error of MTI is indeed uniformly bounded forall0 <& <y <1,
and therefore the MTI scheme is expected to be (verified numerically in the next section) uniformly accurate (UA) for solving
the KGZ (1.1) with first order and spectral order of convergence in time and space, respectively. Thanks to the UA property,
the MTI scheme is super-resolution in time for the high frequencies.

Remark 3.2. A second order UA scheme for the KGZ system (1.1) in the simultaneous limit regime would be very challeng-
ing. There are two main difficulties. The first one is the integration of the nonlinear Schrédinger equation with a highly
oscillatory potential [44] where standard Strang splitting can not provide uniform accuracy at the second order. Note that
the highly oscillatory potential given in (2.5) or (2.6¢) contains multiple frequencies which are not mono-frequencies in high
space dimension. Another difficulty is the necessity of a higher order multiscale expansion for ¥ and ¢.

4. Numerical results

In this section, we present numerical results of the proposed MTI scheme (3.24) with (3.23) for solving the KGZ system
(1.1) in the simultaneous high-plasma-frequency and subsonic limit regime ¢ <y — 0.

4.1. Accuracy tests

We begin with two one-dimensional examples to test the accuracy of the proposed MTI scheme. The first one is an
example with initial localized wave in the whole space. The second example is the plane wave type solution on a periodic
box. In both cases, the chosen initial data belongs to the incompatible class, and the reference solutions are obtained by the
EI scheme (A.1) (in the appendix) with a very small step size, e.g., T =107% and Ax=1/16 (or Ax=7/128).

Example 4.1 (Whole space). We take the truncated computational domain as x € = [—2™M0+3, 2M0+3] when & = 1/2™0 for
mp € N and y = 2¢. The expanding size of the domain is to make sure that the waves during the dynamics are always far
away from the boundary such that the periodic boundary condition does not introduce a significant truncation error relative
to the problem in the whole space. The initial data of (1.1) in 1D is given as

Yo(x) =sech(¥®), Y1) =e /2, o) =sinxe™, ¢1(x) =sech(x?)/v/T.

Example 4.2 (Torus). We consider the KGZ system (1.1) on an one-dimensional torus Q2 = [—m,]. For e =1/2™0, mpe N
and y = e¢, the initial data is given as

cos(x) sin(x) cos(2x)

) = 2sin(x) .
Vo) =3 P10 =— ~ cos®)

—cos(x)’

Y1 (X) = cos®(x), ¢o(x) = 5

—sin(x)’

For both examples we solve the KGZ system until t = 0.5 for a wide range of ¢ € (0, 1]. To quantify the numerical
method, we compute the error in maximum norm, i.e.,

error = [|[" — ¥ (-, tn) e + 19" — (-, tn) I

The spatial discretization error of MTI under different Ax = |2|/N and & but fixed T =107 is shown in Fig. 2. To observe
the temporal approximation error, we fix Ax =1/16 for Example 4.1 and Ax = /128 for Example 4.2, respectively, so that
the spatial discretization error is negligible. The error of the MTI scheme under different 7 and ¢ is shown in Figs. 3 and
4, respectively for Examples 4.1 and 4.2. The numerical results for y = o¢ with other o > 1 are very similar and they are
omitted here for brevity. To make a comparison, we show the performance of the EI scheme (A.1) for Example 4.2 in Fig. 5.

Based on the numerical results from Figs. 2-5, it is safe to draw the following conclusions:

1) The MTI scheme (3.23) is uniformly accurate for solving the KGZ system (1.1) for all 0 < &€ < y <1, where the temporal
convergence rate is uniformly linear and the spatial accuracy is uniformly spectral when the solution is smooth in space. In
view of the order of the introduced truncation/quadrature errors, the MTI scheme reaches its optimal convergence rate for
all fixed 0 < & <y < 1. Thus, we say that the MTI scheme (3.24) with (3.23) is uniformly and optimally accurate.

2) When ¢ becomes small, the EI method (A.1) has no accuracy or convergence at all for a wide range of time step 7
which is a common problem shared by all standard numerical methods, while in such regime the MTI scheme is much
more accurate and therefore more efficient.

4.2. Convergence rates of KGZ to its limit models

We apply the MTI scheme to solve the KGZ system and study the dynamics of the solution in the simultaneous limit
& <y — 0T. We take the illustrative example from Section 1.
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Fig. 2. Spatial errors of MTI at t = 0.5 for Example 4.1 (left) and 4.2 (right).
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Fig. 3. Temporal errors of MTI at t = 0.5 for Example 4.1 under different ¢ and t.
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Fig. 4. Temporal errors of MTI at t = 0.5 for Example 4.2 under different ¢ and .

error

Fig. 5. Comparison: errors of EI at t = 0.5 for Example 4.2 under different ¢ and 7.
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Fig. 6. Profiles of each component in (2.6) for Example 4.3 under different .

Example 4.3. We consider the 1D example from the Section 1: i.e., ¥ =2¢ with incompatible initial data (1.5) and (1.7).

Firstly, we study the behaviour of each component of the decomposition (2.6) in the limit, by which we illustrate how
the decomposition captures the oscillation of the solutions of the KGZ equations. To do so, we solve (2.6) by using the MTI
scheme (3.23) with a fine mesh on a large domain [—64, 64] till T = 1. The profiles of each component for different & are
shown in Fig. 6, where their combinations through (2.1) and (2.4) give the profiles of ¥ and ¢ in Fig. 1. The fluctuation of

the numerical energy:

error = |[E" — E(0)|/|E(0)]

during the computation is shown in Fig. 7, where E" denotes the energy (1.2) of the KGZ at t;, with the numerical solutions
from the MTI scheme (3.24). To verify the order of r and q in Proposition 2.1, we plot ||q(,t)||;2/¢ and ||r(-,t)||Lz/e2 as
functions of time under different & in Fig. 8.
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Fig. 9. Convergence from KGZ (1.1) to (1.3) or (2.15) in Example 4.3: the quantities n;ﬁs t)/e, ’7315 /e, ng’p (t)/&% and ngp(t)/s.

Then we study the convergence rate of the KGZ system to its limit model (1.3) or (2.15) as &€ <y — 0%, By (1.4) and

(2.14), we denote s = eit/gzznls +e_it/82m. Pnls = —2|ans|2 + Inis, Yop = eit/gzzop + e—it/gza and ¢op = _2|Zop|2 +1, and
we define

10.©) == 16, 0) = duis, Ol 2, 01 ) = W0 =Yg, Ol 2,
19®) =16, 1) — op(, DIz, M) == 1Y (-, ) — Yop(-, D)l 2.
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Fig. 10. The solutions (0, t) and ¢ (0, t) in Example 4.3 under different ¢: exact profiles and numerical solutions from MTI with fixed T =0.1.

Fig. 9 shows nfls(t)/s, n;ﬁs(t)/g, n?p(t)/g and 17(‘,013(t)/82 under different ¢. Finally, to further illustrate the efficiency of the
MTI scheme and the super-resolution, we show in Fig. 10 the numerical solutions obtained by MTI under a fixed large time
step T =0.1 for decreasing &.

Based on the numerical results in Figs. 6-10, we have the following observations:

1) The dynamics of the KGZ system (1.1) is captured individually through the components z,r,q, I in the decomposition
(2.6). Among them, I and q carry the fast outing initial layer caused by the incompatible initial data and the wave operator,
respectively, while z and r remain rather localized (cf. Fig. 6). To avoid the expanding domain for computation, one could
consider an absorbing boundary condition for the equation of ¢ to gain more efficiency in practical simulation.

2) The energy error of the MTI scheme converges linearly in time (see Fig. 7). The error is not only uniformly bounded
for € € (0, 1], but it also seems to have a super-convergence in ¢ in the limit € — 0 (see Fig. 7).

3) The components g and r are highly oscillatory in time (see Fig. 6), but they vanish at O(y) and 0(g?) (see Fig. 8),
respectively, in the limit € <y — 0%, This verifies our estimates in Proposition 2.1.

4) The KGZ system (1.1) converges to the limit model (1.3) at the first order rate (see Fig. 9), i.e., nr‘{’ls(t) =0(¢) and
nﬁls(t) = 0(¢) as ¢ — 0, while its convergence rate to the semi-limit model (2.15) is improved to be quadratic in ¢, i.e.,
nep(0) = 0(e?).

5) The MTI scheme has super-resolution to the temporal oscillations. It can correctly capture the oscillation with a
fixed time step, no matter how strong the oscillation becomes (see Fig. 10). This significantly improves the efficiency of
computation compared to standard numerical methods that need to fully resolve the oscillations.

5. Conclusion

We considered the numerical solution of the Klein-Gordon-Zakharov (KGZ) system in the simultaneous high-plasma-
frequency and subsonic limit regime, where two independent small parameters 0 < ¢,y <1 are involved. When ¢,y — 0,
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the solution of the KGZ equations exhibits complicated highly oscillatory behaviour including fast temporal oscillations and
rapid out-going initial layers, which makes standard numerical methods suffer. By applying a multiscale expansion to the
solution in the critical case ¢ < y, we decomposed KGZ into a consistent formulation with milder oscillations and an ex-
plicit description of the initial layer. Formal estimates were established for the decomposed system to explain the advantage
of the formulation. Based on the decomposed formulation, we proposed a multiscale time integrator Fourier spectral/pseu-
dospectral method for solving KGZ, which is uniformly accurate for all 0 < ¢ <y < 1. Various numerical experiments were
conducted to illustrate the efficiency and accuracy of the proposed scheme over existing methods. Convergence rates of the
KGZ system to its limit/semi-limit model as & <y — 0 were studied numerically.
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Appendix A. A benchmark algorithm

As a benchmark for reference solution and comparisons, we briefly present the exponential integrator Fourier spectral
method [4,49] in 1D which is a classical scheme [19,26] for solving the KGZ system.
Taking the Fourier transform of the KGZ system (1.1) in 1D and using the Duhamel’s formula, one gets

Diltns1) = cos(@ D) Pilt) + > (wﬂ)wzan)— / M

0
T

- - n( —
Pi(tny1) = cos(O,T) gy (tn) + in( 'T)dn (tn) — /sin((?z(f — ) (W2)(tn + s)ds,

0

(W) (tn + s)ds,

(W) (tn + s)ds,

E[(t”“) = —aoysin(w ) Yi(tn) + Cos(wlf)l’ﬁ\l/(tn) _ / M

0
T
&l (tns1) = =6 sin@OT)i(tn) + oSO T (t) — 67 / cos(@(T — $) (Y 2)(tn + $)ds.
0
By applying the trapezoidal rule to approximate the integrals, the explicit Deuflhard-type exponential integrator (EI)
Fourier spectral method reads: ¥ (x) & ¥ (tn, X), ¥"(X) = 8 (tn, X), " (X) = ¢ (tn, X), "(X) = 0:¢ (tn, x), where for n > 0,
I=-N/2,...,N/2 -1,

T = cosorm P + AT oy ”2'25”’”<W>,,

—_— — 6 /—\

("), = cos () (@™, + Sm( o A gy, - 2 sm(em((w”)%,

. = (A1)
(I =~ i@ G + Cos@T)M) = 5o [cos@DATE, + T E

i 2

H I T — —
(@) = =01 sin@ )P + cos(@T) (@) — 5= [cos@TI W) + (W) .
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