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Uniform error bounds of a finite difference method for the
Klein-Gordon-Zakharov system in the subsonic limit regime
via an asymptotic consistent formulation®

Weizhu Baof Chunmei Suf

Abstract

We establish uniform error bounds of a finite difference method for the Klein-
Gordon-Zakharov system (KGZ) with a dimensionless parameter € € (0, 1], which is in-
versely proportional to the acoustic speed. In the subsonic limit regime, i.e. 0 < e < 1,
the solution propagates highly oscillatory waves in time and/or rapid outgoing initial
layers in space due to the singular perturbation in the Zakharov equation and/or the
incompatibility of the initial data. Specifically, the solution propagates waves with
O(e)-wavelength in time and O(1)-wavelength in space as well as outgoing initial lay-
ers in space at speed O(1/¢). This high oscillation in time and rapid outgoing waves
in space of the solution cause significant burdens in designing numerical methods and
establishing error estimates for KGZ. By adapting an asymptotic consistent formula-
tion, we propose a uniformly accurate finite difference method and rigorously establish
two independent error bounds at O(h? + 72 /) and O(h? + 7+ ¢) with h mesh size and
7 time step. Thus we obtain a uniform error bound at O(h? + 7) for 0 < ¢ < 1. The
main techniques in the analysis include the energy method, cut-off of the nonlinearity
to bound the numerical solution, the integral approximation of the oscillatory term,
and e-dependent error bounds between the solutions of KGZ and its limiting model
when ¢ — 0. Finally, numerical results are reported to confirm our error bounds.

Key words. Klein-Gordon-Zakharov system, subsonic limit, highly oscillatory, uniform
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1 Introduction

We study the Klein-Gordon-Zakharov (KGZ) system which describes the interaction be-
tween a Langmuir wave and an ion acoustic wave in plasma [20]:
E(x,t) — 3ViAE(x,t) + wiE(x,t) + wN(x,t)E(x,t) =0, x€R? ¢>0,

AN (x,t) — EAN(x,t) — 472?\(;0&]5\2()(, )=0, xeR ¢>0,

(1.1)
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where ¢ is time, x € R? (d = 1,2, 3) is the spatial coordinate, F(x,t) and N(x,t) are real-
valued functions representing the fast time scale component of the electric field raised by
electrons and the ion density fluctuation from the constant equilibrium, respectively. Here
vg is the electron thermal velocity, w), is the electron plasma frequency, ¢, is the acoustic
speed, ng is plasma charge number, ¢y is vacuum dielectric constant, m is ion mass and
Ny is electron density. It can be derived from the Euler equations for the electrons and
ions, coupled with the Maxwell equation for the electron field by negeleting the magnetic
effect and further assuming that ions move much slower than electrons (cf. [1215]29]35]
for physical and formal derivations and [31] for mathematical justifications).
For scaling the KGZ system (L3]), we introduce

, (1.2)

where t; = Lp, Ts = \QL:O, Ey = 2cs4/ mNO and Ng = 1 are the dimensionless time, length,

w
electric field and ion density unit, respectlvely. Plugging (L2) into (3] and removing all
~ followed by replacing N(x,t) and E(x,t) by N¢(x,t) and E¢(x,t), respectively, we get
the following dimensionless KGZ system as

OB (x,t) — AE*(x,1) + E°(x,t) + N*(x, ) E*(x,1) =0, x €R', ¢>0,

2 € € € d (1'3)

204 N°(x,t) — AN®(x,t) — A|E]*(x,t) =0, xecRY >0,
where the dimensionless parameter 0 < ¢ : \/_”0 < 1is inversely proportional to the speed
of sound. Here we consider the case Where the thermal electron velocity is much smaller
than the ion-acoustic speed, i.e. 3v0 < 2, which gives 0 < € < 1, i.e. the KGZ system
in the subsonic limit regime. To study the dynamics of the KGZ system (L3, the initial
data is usually given as

E®(x,0) = Ep(x), O.E°(x,0) = E1(x), N°(x,0) = N§(x), 0:N°(x,0) = Ni(x). (1.4)

As is known, (L3) is time symmetric or time reversible and conserves the total energy

[20,21], i.e. for t >0
2
1
i) = | @@EEP FIVESP 4 |BP + SVt + L [NP + N¥[E*[? | dx = H2(0),
R4

where ¢f is defined by Ay® = ;N with lim ¢° = 0.

X|—00

There have been extensive studies for t‘h|e KGZ system in the literatures for € = ¢y with
g0 > 0 a fixed constant, i.e. O(1)-acoustic-speed regime. Along the analytical part, for the
derivation of the KGZ from two-fluid Euler-Maxwell system, we refer to [12,31]; and for
the well-posedness of the Cauchy problem, we refer to [23,25126133]. Along the numerical
part, we refer to [34] for finite difference method and [7,[I0] for exponential-wave-integrator
Fourier pseudospectral method. However, in the subsonic limit regime, the analysis and
efficient computation of the KGZ system are rather complicated [I12,20] due to the high
oscillation in time and/or rapid outgoing waves in space of the solution as € — 0.



Based on the results in [I4122], in the subsonic limit, i.e. & — 01, the KGZ system
collapses to the Klein-Gordon (KG) equation. Formally we have E¢ — Ey, where Fy :=
Ex(x,t) is the solution of the KG equation [14122]:

OuFi(x,t) — AB(x,t) + B (x,1) — Ex(x,8)> =0, xeRY >0,

E(x,0) = Ey(x), &E(x,0) = E(x), xR (15)

The KG (L) conserves the energy
2 2 2 L4 _
H(t) = \BtEk] + ’ka’ + ’Ek‘ — §‘Ek’ dx = H(O), t>0.
Rd

Different convergence rates can be obtained due to the incompatibility of the initial data
(Eo, E1, N§, N§) for (L3]) with respect to (LH), which can be characterized as

NE(x) = —Eo(x)? + e%wp(x), Ni(x) = —2Ey(x)E)(x) +Pwi(x), xeRY (1.6

where o« > 0 and 8 > —1 are given parameters and wp(x) and w;(x) are given functions,
which are all independent of £. Similar to the properties of the solutions of the Zakharov
system in the subsonic limit regime [21124,27], when 0 < ¢ < 1, the solution of the KGZ
system propagates waves with wavelength O(e) and O(1) in time and space, respectively
(cf. Fig. [LIh), and/or rapid outgoing initial layers at speed O(1/¢) in space (cf. Fig.
[LIb). More precisely, when a > 2 and 3 > 1, the leading oscillation comes from the 29y
term; and otherwise from the incompatibility of the initial data. To illustrate the temporal
oscillation and rapid outgoing wave phenomena, Figure [T shows the solutions N¢(zx,1),
N&(1,t) of the KGZ (L3]) for d = 1 and the initial data

Eo(x):%¢<x215>¢<157—x>cos<%>’ El(x):%¢<x210>w<10;x>sm<g>’

wolz) = o (”” TOB) ” <189_ ””) sin (204 7). wn(e) = sin(20) (1.7)

= 671/

p(x)

R )
and x being the characteristic function, « = § = 0 in (LG]) for different e, which was
obtained numerically by the exponential-wave-integrator sine pseudospectral method on a
bounded interval [—200,200] with the homogenous Dirichlet boundary condition [7].

The highly temporal oscillatory nature in the solution of the KGZ (IL3]) brings significant
numerical difficulties, especially in the subsonic limit regime, i.e. 0 < ¢ < 1. To the best
of our knowledge, there are few results concerning error estimates of different numerical
methods for KGZ with respect to mesh size h and time step 7 as well as the parameter
0 < e < 1. Recently, a conservative finite difference method (FDM) was proposed and
analyzed in the subsonic limit regime [28], where it was proved that in order to obtain
‘correct’ oscillatory solutions, the FDM requests the meshing strategy (or e-scalability)
h = O('/?) and 7 = O(£%/?). The reason is due to that N°(x,t) does not converge as

e — 0" when a =0 or f = —1 2ILR730] (cf. Figure [LT]).

¢(r) “X(0,00)5 (1.8)



--——m e — 1,/22 [T
.............. = = 1/23
—— = = 1/27

T

_——— = 1 /22
.............. e = 1/2*
————— = = 1/226

-90 -60 -30 (@] 30 [S]e] Q0
a

Bl

Figure 1.1: The temporal oscillation (a) and rapid outgoing wave in space (b) of the KGZ

([T3) for d = 1.

The main aim of this paper is to propose and analyze a finite difference method for
KGZ, which is uniformly accurate in both space and time for 0 < & < 1. The key points
in designing the uniformly accurate finite difference method include (i) reformulating KGZ
into an asymptotic consistent formulation and (ii) adopting an integral approximation of
the oscillatory term. To establish the error bounds, we apply the energy method, cut-off
technique for treating the nonlinearity and the inverse estimates to bound the numerical
solution, and the limiting equation via a nonlinear Klein-Gordon equation with an oscil-
latory potential. The error bounds of our new numerical method significantly relax the
meshing strategy of the standard FDM for KGZ in the subsonic limit regime [28§].

The rest of the paper is organized as follows. In section 2, we introduce an asymp-
totic consistent formulation of KGZ, present a finite difference method and state our main
results. Section 3 is devoted to the details of the error analysis. Numerical results are
reported in section 4 to confirm our error bounds. Finally some conclusions are drawn in
section 5. Throughout the paper, we adopt the standard Sobolev spaces as well as the
corresponding norms and denote A < B to represent that there exists a generic constant
C > 0 independent of €, 7, h, such that |A| < C B.



2 A finite difference method and its error bounds

In this section, we present a uniformly accurate finite difference method based on an asymp-
totic consistent formulation of KGZ and give its uniform error bounds.

2.1 An asymptotic consistent formulation

Following []], we introduce
Fe(x,t) = N°(x,t) + | E*(x, 1)) — G°(x,t), xeR? ¢>0, (2.1)

where G°(x, t) represents initial layer caused by the incompatibility of the initial data (L)),
which is the solution of the linear wave equation

1
OnG® (x,t) — 6—2AG€(X, t)=0, x¢€ RY, >0, (2.2)

G4 (x,0) = e®wo(x), 8,G(x,0) = Pwy (x).

Substituting ([2.1]) into the KGZ (L3]), we can reformulate it into an asymptotic consistent
formulation

O E®(x,t) — AE®(x,t) + [1 — E°(x,t)* + F°(x,t) + G°(x,1)| E°(x,t) =0,

1
8ttF6(X7 t) - g_QAFE(Xat) - att‘Ea(Xat)‘z =0, x¢€ [Rd7 t>0, (23)
E®(x,0) = Ep(x), 0O:E°(x,0) = Ei(x), F°(x,0)=0, 0.F°(x,0)=0.

In the subsonic limit regime, i.e. ¢ — 0T, formally we have E°(x,t) — Ey(x,t) and
F#(x,t) — 0, where FEy(x,t) is the solution of the KG (LH). Moreover, as ¢ — 07,
formally we can also get E°(x,t) — E°(x,t), where E° := E*(x,t) is the solution of the
Klein-Gordon equation with an oscillatory potential G*(x,t) (KG-OP)

O E? (x,t) — AE°(x,1) 4+ |1 — E°(x,1)? + G°(x, t)] E°(x,t) =0, 2.4)
Ef(x,0) = Eo(x), OE°(x,0) = Ei(x), xeR%. '

Inspired by the convergence of the Zakharov system to the nonlinear Schrédinger equation
in the subsonic limit regime [24] and the analytical analysis of the KGZ converging to the
KG [I4], we can obtain the following result concerning on the convergence from the KGZ

(L3) to the KG-OP (24)
1EN 2+ 1 F oo + 1 E°(o8) = E°C, D)1 < Ore, 0<t<T, (2:5)

where 0 < T < T* with T* > 0 being the maximum common existence time for the
solutions of the KGZ (L3]) and the KG-OP (2.4]) and C7 is a positive constant independent
of e. To illustrate this, Figure depicts the convergence behavior between the solutions
of the KGZ (3] and the KG-OP (24)), where n5(t) := %HF‘E(-,t)HLz + |0 FE (- 1) 2 +
100 F= ()2, me(t) = ZIF=C 0L + 10F=C )]l + [10uF=(- )] and ni(t) =
|E=(-,t) — E=(-,t)|| 11 for different ¢ with the same initial data as in (IZ) for d = 1 and
a=p=0.
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Figure 2.2: Time evolution of 75(t), n5.(¢) and nZ ().

2.2 A uniformly accurate finite difference method

For simplicity of notation, we will only present the numerical method for the KGZ system
on one space dimension, and the extensions to higher dimensions are straightforward.
Practically, similar to most works for computation of the Zakharov-type equations [8,013]
19.,28], [23) is truncated on a bounded interval = (a, b) with the homogeneous Dirichlet
boundary condition:

OnE® (2,t) — Oy B (7,) + [1 — E*(2,t)* + F*(x,t) + G*(x,1)] E*(x,t) = 0,
1

O Fe(w,t) — 6—28”F5(x,t) — Ou|ES (2, 1))> =0, €9, t>0, (2.6)

E*(z,0) = Eo(z), 0,E°(z,0) = Ey(x), F°(z,0) =0, 0,F°(x,0)=0, z€Q,

Ef(a,t) = E5(b,t) =0, F°(a,t) = F(b,t)=0, t>0,

where G®(z,t) is defined as (Z2]) with homogeneous Dirichlet boundary condition for d = 1,

1
&tha(a:,t) — g(?mGE(x,t) =0, z€Q, t>0,
G (x,0) = e%wp(z), ;G%(x,0) = Pwi(x), v € QU G(a,t) = GE(b,t) =0, t > 0.

(2.7)

As € — 0, formally we have E*(x,t) — E°(z,t) and F&(z,t) — 0, where E¢(xz,t) is the
solution of the KG-OP

8ttE€(m,t) - 8$$E€(x,t) + [1 — Ee(gzc,t)2 + G*(z,t) E’e(x,t) =0,

~ _ o B (2.8)
Ef(z,0) = Ey(z), O0.E°(x,0) = Ey(z), z€€; E(a,t)=E°(b;t)=0, t>0.
Choose a mesh size h := Az = b_w“ with M being a positive integer and a time step

7 := At > 0 and denote the grid points and time steps as
zj=a+jh, j=0,1,--- M; t:=kr, k=0,1,2---.
Define the index sets

Tu=4{jli=12, ,M—-1}, Ty=1{jli=0,1,---,M}.



k e,k . . .
Let EE’ and F; be the approximations of E¢(xj,t;) and F*(z;,ty), respectively, and
denote Esk = (Egk,EEk ,E;f)T, Fek = (Fg’k,Ff’k,--- ,F]ak)T e RM+1) a5 the nu-
merical solution vectors at ¢ = t;. The finite difference operators are the standard notations
as:

k k k41 k k41 k—1
STEF = B~ B7 5F Bk = A SCER = A
I h ' T v 27 ’
k1 ko gkl k k k
P R O Ly
t=g 7.2 ’ x=g h2

In this paper, we consider the finite difference discretization of (2.6]) as following

Es k+1+Eek 1
2 ’ (2.9)

RF = ﬁ(sg( FR oy PN 1 BN, G e T, k> 1

62E€k <52—1+|E€k| Fek_H€k>

where we apply an average of the oscillatory potential G* over the interval [tx_1,t511]

1
= /1(1 C1s)G (@)t + s7)ds, G €T, k2L (2.10)

Meanwhile, the boundary and initial conditions are discretized as
7k 7k 7k 7k . 70 — 70 — y
Bt =Ey =R =Fy =0, k>0, E;"=EFEo(x;), F°=0, jeTy (211)

Next we consider the value of the first step E;’l and Ff’l. By Taylor expansion, we get

1
Ej’ as

2 2
E' = Ey(z;) + Ei(x;) + %aﬁEE(%,O), Fol = %atth(xj,O), jeTu, (2.12)

where by (2.0,
OuEF (x,0) = Ej (z) — Eo(x) — N§(2)Eo(z), 0y F°(x,0) = 2E1(2)? + 2Eq ()04 E°(, 0).

In practical computation, H;’k in (ZI0) can be obtained by solving the wave equation
[0 via the sine pseudospectral discretization in space followed by integrating in time in
phase space exactly [§] as

M-1 , 1
ij =¢e“ (wo); sin (ﬂ—ﬂ> / (1 —|s]) cos (6i(ty + s7)) ds
M) J

=1
M-1 7 . 1
+ &P (), sin (ﬂ—W) / (1 —|s|)sin (6;(tg + s7)) ds
— 0, M) J_
M-1 . o (w/\—/) 1
=2 sin <jﬁ> leo‘(wo)l cos (Oity) + €° 01 Lsin (Hltk)] / cos (0;s7) (1 — s)ds,
=1 l 0

—iﬂgi' Y 2 (A7) [0 @) con ) + =200 sin )|
_7_2 9l2 Sin Vi S 9 9 0); COS (UlE 6 91 1m (0t



where for | € Ty,
M-1

<.
—

<.
Il
-

2.3 Main results
For simplicity of notation, we denote
o :=min{a, 1+ 5} > 0.

Let T* > 0 be the maximum common existence time for the solution to the KGZ (2.6]) and
the KG-OP (Z8). Then for 0 < T" < T*, according to the known results in [I}21]24127],
we can assume the exact solution (E°(z,t), F¢(x,t)) of the KGZ (Z6) and the solution
E#(z,t) of the KG-OP (Z8) are smooth enough and satisfy

| E®|lwaco () + [10:E° [lwzoo () + 106 % [l () + €0 E Iz (q) S 1
1

(A) HEEHW‘LOO(Q) + H@EEHWZOO(Q + (|00 5| 2,00 @ S 1, 183 E5|| oo ) S e
1Fe lwacoiay S & 0:F lwas () + 104 FEllwao () + €07 FF lyr2oo@) S 1.
Furthermore, we assume that the initial data satisfies
(B) [[Eol[ws.oo () +E1[lws.o @) +lwo l[ws.oe @) +lwt [wso (@) S 1.
It can be concluded from (22]) and assumption (B) that
107" GE |lwao(qy S €™, m=0,1,2,3. (2.13)

To measure the error between the exact solution and the numerical solution of the KGZ
system, we introduce some notations. Denote

Xy ={v= (vj)je7—1&|vo —upr = 0} € RMHL

The norms and inner products over X, are defined as

M-1 M-1
lal®=h Y il NoFull® =n Y 157wl Julle = sup lugl,
= —~

J€TH
(u,v) =h E ujvj, (u,v) =nh E ujvi, u,v € Xy

Then it is easy to get
(—(53{&, U) = <5;u7 5;FU>7 ((_5g)71u7 U) - (u7 (_52

Define the error functions e*, f&F as

T

= By t) - EF, P =P te) - FF G ETY, 0<k< = —.

€j

Then we have the following error estimates for the finite difference discretization (Z9]) with

E.10)-@.12).



Theorem 2.1 Under the assumptions (A)-(B), there exist ho > 0 and 179 > 0 sufficiently
small and independent of € such that, when 0 < h < hg, 0 < 7 < 79, the scheme [29]) with
RI0)-@2I2) satisfies the following error estimates

2 T

€=M I+ 1105 €= || + /51| < 12 + % O<sks<—, €€(01], (2.15)

leF 1+ 1167 eH ]+ L/H] S 12+ 72 4 e 4. (2.16)

Thus by taking the minimum, we have the uniform e-independent error bound

T

le® | + [l6F e | + I/ Sh 47, 0<k< =, e€(0,1]. (2.17)

3 Error analysis

To prove Theorem [Z] we will get the error bound (ZI5]) by using the energy method
and (ZI6]) via the limiting equation KG-OP (2.8)), which can be displayed in the following

diagram [3-5L[8].

(Ee,k‘7 Fs,k) O(h2+7'2+'raa*+61+a*) (EE’ 0)
O(e)
O(h?+72% /¢
(7, F7)

To simplify notations, for a function V(z,t), and a grid function V* € X, (k > 0), we
denote for k£ > 1

k+1 k—1
V(:C,tk_H) —;—V(m,tk_l), . Eﬁ; [[V]]k _ Vj +Vj

(V) ) = AR A

To bound the numerical solution, following the idea in [2H4L[6,[32], we truncate the
nonlinearity to a global Lipschitz function with compact support in d-dimensions, then
the error can be achieved if the numerical solution is close to the bounded exact solution.
Choose a smooth function p(s) € C*°(R) such that

j €T

1, s <1,
pls) =14 €0.1], s <2,
0, s > 2,

and set
My ZmaX{ sup [|E%|[Le (@), SUp HEEHL“’(QT)},
€€(0,1] c€(0,1]

where Qp = Q x [0,T], which is well defined by assumption (A). For s > 0, y1,y2 € R,
define

pB(s) = s’p(s/B), B=My+1, (3.1)
and
(y1) — pB(Y2)
2(y1 —y2)

e PB
9(y1,y2) = 5/0 Pr(sy1 + (1 — s)y2)ds =



10

Then pp(s) is global Lipschitz and there exists Cp > 0, such that

lpB(s1) — pp(s2)| < Cls1 — s2f, Vs1,52 > 0. (32)

Set F=0 = E&0, Fe0 = pel fel — pel fel — F&l and define Ee’k, Fek e Xy for
k > 1 as following

53E§7k _ (5:% 1 H;’k)[[EEM + (PB(E?IC) _ F]{-:,k)g(Ejg,kJrl’ E;—;,kfl),
1
2e2

(3.3)

515213‘].5,19 _ 53:(131];,k+1 n F;,k—l) +5t2pB(E§’k).

Here (E5F, F=*) can be viewed as another approximation of (E*(zj,ty), F=(x},t1)). Ap-
plying standard fixed point arguments (refer to [4]), we can get that ([B.3]) is uniquely
solvable for sufficiently small .

Define the error function 5%, f&F € X, as

~

EF = B (wj tn) — BSY, R = Fo(ay ) - EDF, G ETH, k>0

Regarding the error bounds on (&5, fe’k), we have the following estimates.

Theorem 3.1 Under the assumption (A), there exists 71 > 0 sufficiently small, when
0 <7 <7, the scheme [B3]) satisfies the following error estimates

2
[+ af et + 1 H S 02+ =, 0<k<—, 0<e<L
9

allie

In order to prove it, we introduce the local truncation error é;’k, ﬁj’k € Xy as

& = 07 E (ay,ta) — (57 — 1 = Hy)(E) (. 11)
= lpB(E™(zj,th)) — F= (2, t1)] g (B° (2, thyr), B (2, t-1))
e
= ORE (wj i) — 02 = 1 By, )2 = H* = Fo ()| (B (s th),  (34)
5" = POF (g, t4) = B3(F Y te) — 6 pp (E° (x5, 1)
— 267 F (g, 1) — O2(F )y, ty) — 202 E (g, i)y G € Tar, k> 1.

For the local truncation error, we have the following error bounds.

Lemma 3.1 Under the assumption (A), we have for j € Ty

2 2
. T T
EM S+ SRt 1<k< -1 |ER S+, 2<k<— -2
€ T € T



11

Proof. By (2.6]) and Taylor expansion, we have

1
STES (x4, 1)) = Z /0 (1 —5)0u B (xj, ty, + msT)ds
m==%1

1
= / (1 —|s|) (0za B® — E° + (E°)® — B°F® — E°G®) (v, ty + s7)ds
-1

= 0p B (wj, 1) — E°(wj, 1) + E° (), t5)> — E° (25, t5) F (, tx)
7_2 1

+ 5 | (1-— ’81)33# (&mE€ — E° + (E€)3 — EEF":) (xj,ty + sT)ds

1

1
- / (1 —|s|)E*(xj, ty, + s7)G" (5,5 + sT) ds.
1

Similarly, by Taylor expansion, one can easily get that

102 = 1 | B (g, ) 2 = HGF = F= ()| (B°)(ws )

= O B () + || B (s ) P = 1 = HY = F¥ ()| B (5, 10)

h2 1 2 1
+ 5 | = IsDPOIE Yy + shyty)ds + / (1 — |s|)O2O2E® (), ty, + s7)ds
-1

2 1
5 |1 s )P = 1= Y — o ()] / (1 — |s]) 0 E=(;, ty + s7)ds.

—1
Note that by (ZI0), we have

1
/1(1 — |s|)E (xj,ty + sT)G" (xj,ty, + sT)ds — Ee(xj,tk)H;’k

1
= i t4) [ 5(1=9) (6% (wyste +57) = G syt — 7)) ds + 4
0

1 s
= 72Ff (z, ) / s(1—s) 0:G* (2,1 + 07) dfds + Ay,
0

—S

where

1 S
A= [ s)GE (ay.tict 57) [ (5 = 0)0uE (w11 + 6r)dbs.
-1 0

Accordingly, by the assumption (A) and (ZI3]), we deduce that

N
657" < W20 E |l + 72 [H(?ﬁ@fEeHLw + O EF|| oo (1 + |G oo + |FZ[|zoe + [ E¥ |7 )

+ 0= | oe (10:G® | e + (106 F= | Loe) + 1B || oo (10|17 + HafFEHLoo)]
2

T
SKHT. jEeTu 1<k<— -1
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Similar expansion gives

ek 627'2 1

; =5 (1-— ]s])B [8?F€(xj,tk + s7) — 8?]E5]2(xj,tk + ST)] ds

- —/ (1 — |s))0207 F* (xj, by, + sT)ds — —/ )3 (02 F€)(z; + sh, ty)ds,
which implies
17551 S BP0 FS oo + 72 (10207 F | 10w + 2|04 FF|| oo + (|0F | B )

T
Sh+r? jeTu, 1<k<=-1
-

Applying 6¢ to ﬁj.’k for 2 <k <L —1, one can deduce that

16575 ) S W 1030 F <[ 10w + 72 (0308 F¥[ 1 + €710 F¥ oo + €7]|07 | B[ o)
72 T
<m2+ jeTy, 2<k<=-2.
€ T
Thus the proof is completed. O
For the initial step, we have the following estimates.

Lemma 3.2 Under the assumption (A), the first step errors of the discretization (ZI2)
satisfy

,7_3 ,7_2

0 _ 750 A1 el 2,0 22,0
So=17=0, ¢ |+|5+€ |+| aBs P |5;r6§ |+|5t+f; |§?-

Proof. By the definition of E;T’l, one can derive that

="

5 R

1
|| = 9repE(wsnias| S b e £ T
0

which implies that |5Jr 2| < 2. Similarly, |5+ o= < 13)|9,03 B2 || e < T Tt follows from

3 ~ €

[2I2) and assumption (A) that

eay_ 10 [ 293 e 31193 e T
5 =T = sPotreGay smydsl S P10 F i 5 T
Recalling that f;’o = 0, we can get that |&;" f;’o\ < 78—2, which completes the proof. O

Subtracting (B3) from (B4), we have the error equations for j € Ty, 1 < k < L,

Aek‘+1+ —1
07 = (62 —1—H€k) 5 +rk 4 &F (3.5)
p 1 Kk ek .
(StfE @6 (fa +1 ) tp] +77]6 )
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where

F= (B = F2) (B (o te) — (pm(E5%) = B5%) g(B5M B4,

. , L (3.6)
p; =IE (), te)|* — p(E}").
By the property of pp (cf. [B2])), one can easily get that
k| _ e e,k e,k . T
5| = 1pB(E" (z),t)) — pe(E; ") < Cple;"|, j€Tu, 0<k<—. (3.7)

By the definition of g(-,-), and noting that (E<)(z;,tx) = g(E° (%, tkt1), B (%), tk—1)), it
is known from [13] that for j € Tar, 1 < k < % -1,

GBS BRI S (Bt — g (BB S 3D I (3)
I=k+1

Proof of Theorem [ Multiplying both sides of the first equation of ([B.3]) by 27’5§é§’k,
summing together for j € Tys, we obtain for 1 < k < % -1,

1
~e,k ~ek— ~e,k ~e,k— ~e,k ~ek—

185 F (1> — 1 e 11 + 5195 FHZ =107 e P+ fles 2 — fles 1)) (3.9)

_ (_Ha,k[[éa]]k + V“k + ée,k7 éa,k-i-l - ée,k—l).

For analyzing the second equation of (B3], we introduce 45++1/2 € X, by
2 e, k+1/2 pek  k
—opas Y = o (F = o).

cek+1/2
ekt

Multiplying both sides of the second equation of [B.5) by 72( ;

together for j € Tps, we have

ek—1/2 .
—i—uj’ /),summmg

. e ke 1 a feki
(0 as 22 — [l ast 2 2) - S (L FE = )

. T (3.10)
U Y e i B e e A
Introduce a discrete ‘energy’ by
A = |15k + %(Hée’kll2 [ eFHE o e )P o e 1?) -
BRI £ (IR ), o<k Z -1, o
Combining (39]) and BI0), we get for 1 < k < % -
AE AR (CERef]F 4k g f5k gkl pekel) o)

+ ([[fa]]k’pk-i-l _pk—l) + T(ﬁa,k’ﬂe,k—klﬂ + aa,k—l/Q)‘
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Now we estimate the terms in (B.I2)) respectively. By the definition of r*, it can be
induced that

= (1B (g, )P = F= (a5, 1)) (B9, te) — g (B BT

rektl pek—1y [k pek (3.13)
£, E,R— g,
+9(Ej an )<pj_fj >
In view of assumption (A), B7) and B8], we derive that
k ~e,k+1 ~,k ~e,k—1 rek
A S I e e 175, (3.14)
This implies that
(_He,k[[é.enk + T’k + éa,k’ ée,k—I—l o éa,k—l)
— T(_He,k[[é.enk + ’I“k + éa,k’ézréa,k + 5t+é5,k—1)
k
k k Fe,k A€l A€l
ST+ H o) (12 + 16512+ D e+ Y 16 e)?)
l=k+1 l=k—1
S 7€) + AF 4 ALY, (3.15)

It can be easily get from (B.8]) and assumption (A) that

PP = T = BR (g, tg)? — B (g, te)? — drg(BSMH BSOS ES
= 2((E*) (., tr) — (B ESP D) (B (25, tigr) — EF (2, ti-1))

+ 2g(E;-,k+1, E;,kfl)(éj,k+l _ éj,kfl)
S TNES oo (155 + 16571 + r (10 &%) + o)),

which yields for 1 <k <= —1

il

)

k
(LT 2r0™) S [ D0 sFes! P+ Y (e 1P+ 1/11)]) S m(A* + A1), (3.16)
l=k—1 l=k+1

Hence it can be concluded from ([312]), (BI5) and BI6]) that

Ak _ Ak—l _ T(ﬁa’k,ﬁa’k+1/2 +ﬁe,k—1/2) g - <”éa,k”2 —i—.Ak +Ak—1> ) (3.17)
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Applying (Z1I4]), Sobolev inequality and Cauchy inequality, we obtain

AF “
2 TE : (ﬁal asl/2 | ﬁe,lq/z)
4 )
=1

Ak . 2\—1 ~e,l  fel+1 I+1 re,l—1 -1
= =T Y ()T f —pt  (f )
=1

A QTZ <5c 52y~ Lyl fed _pz>

k41 1
+ - Ael 1 fel Yy _ ( 52) Agl_H fEl 1
Z( V) -3 /)
<«4°+TZ (logA™H > + A" +ZHﬁ”H2+ Z 17542, (3.18)

l=k—1

Summing the equation (BI7) together for k = 1,2,--- ,m < % — 1, applying (B.I8), we
obtain that

Am<A°+TZAZ+ZWH2 > |m“|12+72ufs“u2+72ua PR (3.19)

l=m—1

By Lemma and the discrete Sobolev inequality, we deduce that
elloFas 2|l S ellof (0 =)l S ello f20ll + el el < 72, (3.20)
which together with Lemma yields that
A STt/

Applying Lemma Bl and ([B19), it can be concluded that there exists 71 > 0 such that

when 7 < 71, we have
T2 2 m—1
A" < (W2 + — A
N( +€) sy

Applying discrete Gronwall inequality, for sufficiently small 7, we can conclude that

2 2
Am§<h2+l>, 0<m<L_1,

9 T

which completes the proof of Theorem Bl by recalling (3.11]). O

Theorem 3.2 Under the assumptions (A)-(B), there exists 7o > 0 sufficiently small, when
0<7<mand 0 < h < %, the scheme ([B3)) satisfies the following error estimates

T

. .

e F )+ 167 € ) + 1 fH I S B2+ 72 4+ 7e® e, 0<k <
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Define another error function

gj,k _ EE($j,tk) _Ej«?,k, fjsk Fz-: k, ] c TM, 0< k <

where E*(z,t) is the solution of the KG-OP (ZX). The local truncation error &, 75k €
X is defined as

&8 = OLE (xj,ty) — (02 — 1 — HF)(E) (), tr)
— pB(E* (25, 1)) g (B (25, trs1), E° (2, th—1))
= 5?E€(1'j,tk) — (533 -1 + ’Ee(xj,tk)‘Q — Hj’k> [IEED(m'j,tk),

7k A T
" = =26 pp(ES (x), ) = —€°67 | E° (x5, 1) >

(3.21)

Lemma 3.3 Under the assumption (A), we can obtain the following error bounds
M S B2 72 e, RIS R ISR S e
Proof. Similar to the proof of Lemma B, we can get that

Eh DO  + shyti)ds

1 ~ ~ o~
+ T_ / (1 - ’8’)2({9# |:8$$E6 — E° + ‘Ealg] (xj,tk + ST)dS
2 41
— / (1— |5|)(92(9t Ee(xj,tk + s7)ds — Ag

(1B it 1= H5) [0 o)yt + 571,
1
where

1 o~
Ay = / (1 —|s|)E*(xj, ty, + s7)G (j,t) + sT) ds — (xj,tk)HEk
1

_ 7/11(1 181G (2, b + 57) /O 0, (2}, 1y, + 07)d0ds
S TIGE e 0 EF | e S 7
Hence we can conclude from assumption (A) that
”gakH < h? 4+ 7% + 7
Note that by assumption (A), it is easy to get that
OP|EF)? = 60, E° 0y E° + 2B 0P E° < e 1,

which indicates that
I S €2 llogmk) < et

the proof is completed. N O
Analogous to Lemma [3:2] we have the error bounds for e=*, f&F at the first step.
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Lemma 3.4 Under the assumptions (A) and (B), the first step errors of the discretization

Z12) satisfy

GO=F0 =0, [SHEIE S04 IS ST, 5SS

Proof. It follows from (24 and (28] that 0y FE®(x;,0) = 8ttE~75(xj,0). By (2I2) and
assumption (B), one gets that

Lot B
Ej.’ = —/ (1 — 8)*0} E° (v, s7)ds
= %/ (1—5)%0, amEf E° 4 |E°)P — E€G€> (xj,s7)ds

= %/ (1—s)20, amEf E° + |E€|3) (xj,s7)ds

-2 1 _
+ 5 —FEo(xj)e“wolxj) — 7 / (1 —s)E (x4, s7)G" (254, 5T)ds
0

3 2 _a*
S0+ T

Thus this gives that |5§LE§.’O| < 72 4 72", Similar arguments can deduce that |5;‘E§.’1| <
73 4+ 726%". By the definition, we have

FEY = [F2Y S 7210 F (2;,0)| S 72

The remaining conclusions are direct. 0
Proof of Theorem [3.2. Subtracting ([B.3]) from (B.21]), one has the error equations

Fek = (82 -1 - HM[E) + 7 + &7,

2 7ek 21 7E 2 . T (322)
5tf _5[[f]]]+66tp]+77] ; JGTMa 1§k§;_1,
where
- ~ = ek ° re k1 e k—1
= | B (o i) B ) = (o (B5) = [F75) g (B4, B34,
= |E° (25, t0)|* — p(ES"),
Suppose u* k4 e X a is the solution to the equation
o~ekty _ or ek ~k - T
—u; =007 —p), j€Tum, O0sk<— -1
Denote

~ 1
AL =5 @RI 4 5 (IFHIP + 1A + e + afe s+ 2)

_ 1y .
+ 62||5:;3Fu€,l€+1/2||2 + 5 (Hfs,k||2 + ||f€,k+1H2) )
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Applying the same approach as in the former part, there exists 7 > 0 sufficiently small
independent of € such that

k-1 2 k k k—1
AP S Ay A NP Y P A Y I Y .
=1 =1 I=k—1 =1 1=2

By Lemma [34] and the discrete Sobolev inequality, we deduce that
elloFast?|| S ellsf 120l + ellof &0 S e
which together with Lemma B.4] yields that
A’ < (72 4+ 1 +e7)2.

Applying Lemma B3] it can be concluded that when 0 < 7 < 7o,
AP (R4 per 7 T2 42 ) AL
i=1

It follows from discrete Gronwall inequality that
AP < (B2 4+ 7% er 4 76 4 10T
implying that
&K+ 107 + || /55| S h% + 72 + er + 76" 44"

Using the assumption (B) and the triangle inequality, we obtain that

1651+ 1160 €M1 < 112751+ 1162 | + 1B (- tx) = B ta) |l e

ShE 472 4 7Y e,
LS NN+ NFC )2 S B2 472 4+ 72 + e,

which completes the proof of Theorem O

Proof of theorem [21l. Now we have proved the two types of estimates ([2.15]) and (2.16])
for (E=* F&*) which is the solution of the modified finite difference discretization (Z:3)
with (ZI0) and @ZI2). Hence we can get the uniform error bounds for (E5F, F5F):

1e=* 1+ [l e + ILFHI S B* +

which together with the inverse inequality [32] yields

1B oo = 1B (1) Lo < 16F]lo S 105 F S A2 +7, 0<k <=
Thus there exists hg > 0 and 73 > 0 sufficiently small such that when 0 < h < hg and
0<71<73,
. T
1B oo <1+ B (s t)lloo <1+ Mo, 0< k< —.
Set 79 = min{7y, 7,73}, when 0 < h < hy, 0 < 7 < 79, (B3] collapses to (ZJ), i.e.
(B, F**) are identical to (E=*, F=*), which completes the proof. O
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Remark 3.1 The error bounds in Theorem [21] are still valid in higher dimensions, e.g.
d = 2,3. The key point is the discrete Sobolev inequality in higher dimensions as [},[32]

1
1 ) —_ d=2,
¥n oo < —hH¢hHH1, with  Cy(h) ~ |In A
Ca) i/ d=3.

where Yy, is a mesh function over § with homogeneous Dirichlet boundary condition. Thus
by requiring an additional condition on the time step T

7 = 0(Ca(h)),

the same error bounds can be obtained.

4 Numerical results

In this section, we present numerical results for the KGZ (Z6]) by the finite difference
discretization (Z9]) with (ZI0)-(ZI2). In our experiment, the initial condition is set as

Ep(x) = e sinz, F () = sech(z?/2) cos z,

wo(x) = sech(x?) cos(3x), wi(z) = sech(z?)sin(4x),

and the parameters a and § are chosen as
Case . =1 and 8 = 0;
Case II. « =0 and g = —1.

In practical computation, the truncated domain is set as 2, = [—30 — %, 30 + %], which
is large enough such that the homogeneous Dirichlet boundary condition does not intro-
duce significant errors. Similar to the truncation for the Zakharov system, the bounded
computational domain €2, has to be chosen as e-dependent due to that the rapid outgoing
waves are at wave speed O (%) and the homogeneous Dirichlet boundary condition is taken
at the boundary. The computational e-dependent domain can be fixed as e-independent
if one applies absorbing boundary condition (ABC) [I6] or transport boundary condition
(TBC) [I7.18], or perfected matched layer (PML) [I1] for the wave-type equations in (2:6])
and (Z2) during the truncation (refer to [g]).

To quantify the numerical errors, we introduce the error functions as follows

PR o BN L [
TR ol TN Gl

where e5F = E°(-, ;) — E5F, n®F = N°(- 1) — N®*. The “exact” solution is obtained by
the EWI-SP method [4] with very small mesh size h = 1/64 and time step 7 = 1075. The
errors are displayed at ¢ = 1. For spatial error analysis, we set a time step 7 = 107", such
that the temporal error can be neglected; for temporal error analysis, the mesh size h is
set as h = 2.5 x 10~* such that the spatial error can be ignored.

Table 1] depicts the spatial errors for Case II initial data, which clearly demonstrates
that our numerical method is uniformly second order accurate in h for all € € (0,1]. The
result for Case I initial data is similar, which is omitted here for brevity.

l
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Table 4.1: Spatial errors at time ¢t = 1 for Case II, i.e. a =0, 8 = —1.
es(1) ho = 0.2 ho/2 ho/2? ho/23 ho /2 ho/2°
e=1 1.57E-2 4.05E-3 1.02E-3 2.56E-4 6.39E-5 1.60E-5
rate - 1.95 1.99 2.00 2.00 2.00
e=1/2 1.35E-2 3.48E-3 8.76E-4 2.19E-4 5.49E-5 1.37E-5
rate - 1.95 1.99 2.00 2.00 2.00
e=1/22 1.30E-2 3.35E-3 8.44E-4 2.11E-4 5.29E-5 1.32E-5
rate - 1.95 1.99 2.00 2.00 2.00
e=1/23 1.32E-2 3.42E-3 8.60E-4 2.15E-4 5.39E-5 1.35E-5
rate - 1.95 1.99 2.00 2.00 2.00
e=1/2 1.33E-2 3.43E-3 8.65E-4 2.17E-4 5.42E-5 1.36E-5
rate - 1.95 1.99 2.00 2.00 2.00
e=1/2° 1.33E-2 3.44E-3 8.66E-4 2.17E-4 5.43E-5 1.36E-5
rate - 1.95 1.99 2.00 2.00 2.00
e=1/2° 1.33E-2 3.44E-3 8.66E-4 2.17E-4 5.42E-5 1.36E-5
rate - 1.95 1.99 2.00 2.00 2.00
e=1/27 1.33E-2 3.44E-3 8.65E-4 2.17E-4 5.42E-5 1.36E-5
rate - 1.95 1.99 2.00 2.00 2.00
e=1/28 1.33E-2 3.43E-3 8.65E-4 2.17E-4 5.42E-5 1.36E-5
rate - 1.95 1.99 2.00 2.00 2.00
nc(1) ho = 0.2 ho/2 ho/2* ho/23 ho /2 ho/2°
€= 1.91E-2 4.79E-3 1.20E-3 2.99E-4 7.49E-5 1.87E-5
rate - 2.00 2.00 2.00 2.00 2.00
e=1/2 1.61E-2 3.98E-3 9.92E-4 2.48E-4 6.20E-5 1.55E-5
rate - 2.02 2.00 2.00 2.00 2.00
e=1/22 6.59E-3 1.67E-3 4.18E-4 1.05E-4 2.62E-5 6.56E-6
rate - 1.98 2.00 2.00 2.00 1.99
e=1/23 5.30E-3 1.35E-3 3.39E-4 8.49E-5 2.13E-5 5.33E-6
rate - 1.97 1.99 2.00 2.00 2.00
e=1/2 5.12E-3 1.30E-3 3.28E-4 8.20E-5 2.05E-5 5.15E-6
rate - 1.97 1.99 2.00 2.00 1.99
e=1/2° 5.06E-3 1.29E-3 3.23E-4 8.10E-5 2.03E-5 5.09E-6
rate - 1.97 1.99 2.00 2.00 1.99
e=1/2° 5.03E-3 1.28E-3 3.21E-4 8.05E-5 2.02E-5 5.08E-6
rate - 1.97 1.99 2.00 2.00 1.99
e=1/2" 5.01E-3 1.28E-3 3.21E-4 8.02E-5 2.01E-5 5.07E-6
rate - 1.97 1.99 2.00 2.00 1.99
e=1/28 5.01E-3 1.27E-3 3.20E-4 8.01E-5 2.01E-5 5.07E-6
rate - 1.97 1.99 2.00 1.99 1.99

Tables and present the temporal errors for Cases I and II, respectively, from
which we can conclude that the method is uniformly convergent in time for both initial
data. Specifically, Table shows the method is uniformly second order accurate for E*,
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Table 4.2: Temporal errors at time ¢t = 1 for Case I, i.e. « =1, 5 =0.

(1) 1=005 7/2 1/2*2  7/28  n/2t  w/2°  1/25 7/2°
e=1  6.34E-3 1.64E-3 4.16E-4 1.05E-4 2.62E-5 6.59E-6 1.67E-6 4.20B-7

rate - 1.95 1.98 1.99 1.99 1.99 1.98 1.99
e=1/2 B5.19E-3 1.35E-3 3.42E-4 8.61E-5 2.16E-5 543E-6 1.37E-6 3.45E-7
rate - 1.95 1.98 1.99 1.99 1.99 1.98 1.99
e=1/22 B5.17E-3 1.34E-3 3.41E-4 858E-5 2.15E-5 5.41E-6 1.37E-6 3.45E-7
rate - 1.95 1.98 1.99 1.99 1.99 1.98 1.99
e=1/2% B5I17E-3 1.34E-3 3.41E-4 858E-5 2.15E-5 5.41E-6 1.37E-6 3.45E-7
rate - 1.95 1.98 1.99 1.99 1.99 1.98 1.99
e=1/2" 5.16E-3 1.34E-3 3.40E-4 8.56E-5 2.15E-5 5.40E-6 1.37E-6 3.45¢-7
rate - 1.95 1.98 1.99 1.99 1.99 1.98 1.99
e=1/2°> b5.14E-3 1.34E-3 3.39E-4 8.55E-5 2.15E-5 5.39E-6 1.36E-6 3.44E-7
rate - 1.94 1.98 1.99 1.99 1.99 1.98 1.98
e=1/2° 5.13E-3 1.33E-3 3.39E-4 8.54E-5 2.15E-5 5.39E-6 1.36E-6 3.45E-7
rate - 1.95 1.97 1.99 1.99 1.99 1.98 1.98
e=1/2" 5.00E-3 1.30E-3 3.29E-4 832E-5 2.09E-5 5.26E-6 1.33E-6 3.36E-7
rate - 1.95 1.98 1.98 1.99 1.99 1.98 1.98
e=1/2% 5.01E-3 1.30E-3 3.29E-4 8.29E-5 2.09E-5 5.25E-6 1.33E-6 3.36E-7
rate - 1.95 1.98 1.99 1.99 1.99 1.98 1.98
nc(1)  1=005 19/2 10/2%  10/2° 7/2t  1m/2° 1/2° 7/2°
£= 6.59E-3 1.70E-3 4.29E-4 1.08E-4 2.70E-5 6.78E-6 1.71E-6 4.28E-7
rate - 1.96 1.98 1.99 2.00 2.00 1.99 2.00
e=1/2 1.87E-2 4.85E-3 1.23E-3 3.08E-4 7.71E-5 1.93E-5 4.85E-6 1.21E-6
rate - 1.95 1.98 1.99 2.00 2.00 1.99 2.00
e=1/22 1.50E-2 4.63E-3 1.24E-3 3.15E-4 7.90E-5 1.98E-5 4.96E-6 1.24E-6
rate - 1.70 1.90 1.98 1.99 2.00 2.00 2.00
e=1/2% 8.65E-3 3.50E-3 1.44E-3 4.36E-4 1.13E-4 283E-5 7.09E-6 1.77E-6
rate - 1.31 1.28 1.73 1.95 1.99 2.00 2.00
e=1/2" 555E-3 1.96E-3 9.14E-4 4.87E-4 186E-4 5.02E-5 1.27E-5 3.18E-6
rate - 1.50 1.10 0.91 1.39 1.89 1.99 2.00
e=1/2°> 497E-3 145E-3 5.53E-4 266E-4 156E-4 T7.76E-5 2.38E-5 6.09E-6
rate - 1.78 1.39 1.06 0.77 1.01 1.70 1.97
e=1/2° 4.70E-3 1.30E-3 4.38E-4 1.81E-4 8.58E-5 4.86E-5 2.86E-5 1.12E-5
rate - 1.85 1.57 1.27 1.08 0.82 0.76 1.36
e=1/2" 4.19E-3 120E-3 3.57E-4 1.41E-4 6.30E-5 2.96E-5 1.55E-5 9.45E-6
rate - 1.81 1.75 1.34 1.16 1.09 0.93 0.72
e=1/2% 3.96E-3 1.12E-3 3.28E-4 1.12E-4 4.84E-5 2.26E-5 1.07E-5 5.30E-6
rate - 1.83 1.77 1.55 1.21 1.10 1.08 1.01

while for N¢, it is second order in time when 7 < £ or € < 72 (cf. upper and lower triangle
parts, respectively). There is a resonance regime when 7 ~ ¢ where the convergence rate
degenerates to the first order, which agrees with the analysis (2I5)-(2I6). For a = 0,
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Table 4.3: Temporal errors at time ¢t = 1 for Case II, i.e. a =0, § = —1.

(1) 1=005 7/2 1/2*2  7/28  n/2t  w/2°  1/25 7/2°
e=1  6.34E-3 1.64E-3 4.16E-4 1.05E-4 2.62E-5 6.59E-6 1.67E-6 4.20B-7

rate - 1.95 1.98 1.99 1.99 1.99 1.98 1.99
e=1/2 548E-3 142E-3 3.62E-4 9.11E-5 229E-5 5.74E-6 1.45E-6 3.65E-7
rate - 1.94 1.98 1.99 1.99 1.99 1.98 1.99
e=1/22 5.16E-3 1.34E-3 3.41E-4 858E-5 2.16E-5 541E-6 1.37E-6 3.42E-7
rate - 1.95 1.98 1.99 1.99 1.99 1.98 1.99
e=1/2%> 520E-3 1.35E-3 3.44E-4 8.66E-5 2.18E-5 5.46E-6 1.38E-6 3.47E-7
rate - 1.94 1.98 1.99 1.99 1.99 1.98 1.99
e=1/2" B5A4TE-3 142E-3 3.59E-4 9.04E-5 227E-5 5.71E-6 1.44E-6 3.63E-7
rate - 1.95 1.98 1.99 1.99 1.99 1.98 1.99
e=1/2°> B577E-3 1.63E-3 4.04E-4 1.00E-4 251E-5 6.30E-6 1.59E-6 4.01E-7
rate - 1.83 2.01 2.01 2.00 1.99 1.99 1.99
e=1/2° 552E-3 198E-3 5.67E-4 1.32E-4 3.15E-5 7.81E-6 1.96E-6 4.93E-7
rate - 1.48 1.80 2.11 2.06 2.01 1.99 1.99
e=1/2" b545E-3 1.92E-3 8.40E-4 240E-4 520E-5 1.18E-5 2.88E-6 7.26E-7
rate - 1.51 1.19 1.81 2.21 2.13 2.04 1.99
e=1/28 ©545E-3 1.90E-3 8.42E-4 4.03E-4 1.13E-4 2.35E-5 b5.17E-6 1.24E-6
rate - 1.52 1.17 1.06 1.83 2.27 2.19 2.06
nc(1)  1=005 19/2 10/2%  10/2° 7/2t  1m/2° 1/2° 7/2°
£= 6.59E-3 1.70E-3 4.29E-4 1.08E-4 2.70E-5 6.78E-6 1.71E-6 4.28E-7
rate - 1.96 1.98 1.99 2.00 2.00 1.99 2.00
e=1/2 1.33E-2 345E-3 8.73E-4 2.19E-4 549E-5 1.38E-5 3.46E-6 8.65E-7
rate - 1.95 1.98 1.99 2.00 2.00 1.99 2.00
e=1/22 9.61E-3 297E-3 T7.98E-4 2.03E-4 5.09E-5 1.28E-5 3.20E-6 8.00E-7
rate - 1.70 1.89 1.98 1.99 2.00 2.00 2.00
e=1/2% B555E-3 230E-3 9.03E-4 2.77E-4 7.21E-5 1.81E-5 4.54E-6 1.14E-6
rate - 1.27 1.35 1.70 1.94 1.99 2.00 2.00
e=1/2" 3.92E-3 1.35E-3 6.30E-4 3.13E-4 1.17E-4 3.23E-5 8.18E-6 2.05E-6
rate - 1.54 1.10 1.01 1.43 1.85 1.98 2.00
e=1/2°> 391E-3 1.19E-3 4.18E-4 1.89E-4 1.07E-4 4.80E-5 1.53E-5 3.96E-6
rate - 1.71 1.51 1.14 0.82 1.16 1.65 1.95
e=1/2° 353E-3 1.37E-3 4.38E-4 1.49E-4 6.27E-5 3.45E-5 1.84E-5 T7.03E-6
rate - 1.37 1.64 1.55 1.25 0.86 0.91 1.39
e=1/2" 331E-3 127E-3 5.49E-4 1.78E-4 5.74E-5 2.26E-5 1.11E-5 6.51E-6
rate - 1.38 1.21 1.63 1.63 1.35 1.02 0.77
e=1/2% 3.18E-3 120E-3 5.47E-4 252E-4 781E-5 234E-5 8.60E-6 3.80E-6
rate - 1.41 1.13 1.12 1.69 1.74 1.45 1.18

8 = —1, the upper and lower triangle parts of Table suggest that the method is second
and first order in time when 7 < € and ¢ < 7, respectively. Moreover, the upper triangle
parts of Tables 22 and 3] show the order of the errors at O(72 /) for n® (cf. each column),



23

which confirms our error analysis in Section 3.

5 Conclusion

We presented a uniformly accurate finite difference method and carried out its rigorous error
bounds for the Klein-Gordon Zakharov (KGZ) system in d (d = 1,2,3) dimensions, which
involves a dimensionless parameter € € (0,1]. When 0 < € < 1, i.e. subsonic limit regime,
the solution of KGZ propagates highly oscillatory waves in time and/or rapid outgoing
waves in space. Our method was designed by reformulating KGZ into an asymptotic
consistent formulation followed by adopting an integral approximation for the oscillating
term. By applying the energy method and the limiting equation, two independent error
bounds were obtained, which depend explicitly on the parameter ¢, mesh size h and time
step 7. Thus it can be established that the method is uniformly convergent for ¢ € (0,1]
with quadratic and linear convergence in space and time, respectively. The error bounds
is confirmed by the numerical results, which also suggest that our estimates are sharp.
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