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We report on transport properties of the super-honeycomb lattice, the band structure of which
possesses a flat band and Dirac cones, according to the tight-binding approximation. This super-
honeycomb model combines the honeycomb lattice and the Lieb lattice and displays the properties
of both. The super-honeycomb lattice also represents a hybrid fermionic and bosonic system, which
is rarely seen in nature. By choosing the phases of input beams properly, the flat-band mode of
the super-honeycomb will be excited and the input beams will exhibit strong localization during
propagation. On the other hand, if the modes of Dirac cones of the super-honeycomb lattice are
excited, one will observe conical diffraction. Furthermore, if the input beam is properly chosen
to excite a sublattice of the super-honeycomb lattice and the modes of Dirac cones with different
pseudospins, e.g., the three-beam interference pattern, the pseudospin-mediated vortices will be
observed.
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I. INTRODUCTION

In the last decade, research in photonic crystals and optical waveguides arrays has attracted a lot of attention
[1-4]. Recently, flat bands [5, 6] and Dirac cones [7, 8] were observed in the band structure of certain optical
lattices and promptly acquired a special notice. A flat band means that the bandwidth of the band is zero, so that
eigenmodes of the flat band are highly degenerate, which can be explored to study strong correlation problems [9].
Light that excites a flat-band mode will be strongly localized during propagation, because both the first-order and
the second-order derivatives of a flat band are zero. Due to such strong localization and nondiffracting properties,
flat-band materials, e.g., Lieb lattice and kagome lattice photonic crystals, are broadly utilized for distortion-free
image transmission, lossless optical information, and light localization [10, 11]. It should be noted that there exist
many flat-band materials and models [8, 12-21], but the models based on the Lieb lattice [22-27] are probably the
simplest. Enlightened by the properties of a simple Lieb lattice, novel face-centered square lattices (i.e., Lieb-I and
Lieb-IT lattices) that possess more than one flat band were introduced recently [28]. It is worth mentioning that these
lattices are free of the “pseudomagnetic effect”, as discussed in the previous literature [16, 29-31].

Concerning Dirac cones, which are amply discussed in the graphene or the honeycomb lattice (i.e., the photonic
graphene) [17, 32-37], the dispersion relation in the vicinity of a Dirac cone is linear. Hence, the first-order derivative
close to the Dirac point is constant and the second-order derivative is zero, which indicates that light exciting the
modes of the Dirac cone will undergo a conical diffraction during propagation [38-41]. The intensity distribution then
forms a circular ring, the radius of which is increasing with propagation, while the width remains the same. To excite
a mode of the Dirac cone, two methods are usually adopted to prepare the input beam [39]: (1) Numerically obtain
the Bloch modes of the Dirac cone and multiply the modes with a wide Gaussian beam; (2) Find the location of the
Dirac cone in the first Brillouin zone, produce the plane waves accordingly, and then multiply these waves with a wide
Gaussian beam.

Another interesting phenomenon connected with the honeycomb lattice is the pseudospin, which was theoretically
predicted [42, 43] and experimentally observed recently [44, 45]. It is important to note that the pseudospin arises
from the sublattice in space and can be totally transformed into the angular momentum. Conical diffraction and
pseudospin were also investigated in the Lieb lattice [46, 47].

Here, we investigate whether there is a kind of lattice that possess the band structure of both the honeycomb lattice
and the Lieb lattice. Considering the structure of a Lieb lattice, we introduce a novel honeycomb lattice by inserting
another site in-between two nearest-neighbor (NN) sites of a honeycomb lattice. We call such a lattice the super-
honeycomb lattice, which was also preliminarily studied more than twenty years ago [48, 49]. The super-honeycomb
lattice has 5 sites in the unit cell, and there will be 5 bands according to the tight-binding approximation method. Our
investigation will demonstrate that the band structure of a super-honeycomb lattice possesses a flat band and Dirac
cones simultaneously, so that one can observe both strong localization and conical diffraction in such a lattice. By
alternatively exciting the sublattices, a pseudospin-mediated vortex can be observed in the super-honeycomb lattice.
To the best of our knowledge, such transport properties in a super-honeycomb lattice were not reported before, and
will be studied in this paper. We would like to note that optical lattices of this kind can be conveniently obtained by
the so-called femtosecond laser writing technique [50-53].

It should be mentioned that this is not the first investigation of the super-honeycomb lattice. In Ref. [54], the
authors showed that the super-honeycomb lattice (which could also be denoted as the edge-centered honeycomb
lattice) can support simultaneously spin-1/2 and spin-1 Dirac-Weyl fermions. The connections among the super-
honeycomb lattice, the honeycomb lattice and the kagome lattice were also revealed there. However, the methods of
investigation and the aspects of problems investigated are different here and there. Thus, we have adopted a different
research avenue from [54], to investigate transport properties of the photonic super-honeycomb lattice. Our research
has generated novel results that were not reported in [54].

The paper is organized as follows. In Sec. II we introduce the mathematical model and display the schematic of
the super-honeycomb lattice. By applying the tight-binding method (only considering the NN hopping), the band
structure of the super-honeycomb lattice is obtained. Transport properties are discussed in Secs. III and IV. In
particular, Sec. III discusses light localization due to a flat band. We show that both the intensity and the phase of
light remain the same during propagation, if the flat-band mode is excited, or, if not, they undergo discrete diffraction.
In Sec. IV A, the conical diffraction of light that excites the Dirac cone is presented. We discuss the generation of
pseudospin-mediated vortices by exciting a sublattice of the super-honeycomb lattice in Sec. IV B. We conclude the
paper in Sec. V.



II. MATHEMATICAL MODEL

The geometry of the super-honeycomb lattice is shown in Fig. 1(a). Different from the honeycomb lattice, there
are 5 sites in the unit cell of a super-honeycomb lattice. Similar to the honeycomb lattice, there are two sublattices,
formed by three A sites and three B sites, respectively. Even though C, D and E sites can form another two triangles,
the properties of the three sites are different (they are not equivalent to each other). Therefore, there are 5 sublattices
in a super-honeycomb lattice. By adopting the tight-binding method and assuming that hopping only occurs between
the NN sites, the propagation of light in this discrete model obeys the discrete coupled Schrodinger equations [28, 55]:
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where z is the longitudinal distance and R,, is the position of the mth unit cell. Thus, it is assumed that a photonic
crystal consisting of an array of optical waveguides is arranged in the form of super-honeycomb lattice and that light
propagates perpendicular to the lattice, along the waveguides. For simplicity, we set the distance between sites A and
B to be a = 1, and the hopping strength to be ¢ = 1. e 23 are the 3 vectors representing the hopping directions,
with components e; = (1/2,v/3/2), e2 = (1/2,—+/3/2), and ez = (—1,0); vy o are the Bravais primitive vectors, with
components v; = (3/2,v/3/2) and vy = (3/2, —/3/2).
In order to find solutions of Egs. (1), we introduce an ansatz of the form [55]
= Agexpli(fz + R - k)],
B = Bxexpli(fz+ Ry - k
Cm = Cxexpli(Bz + Ry - k
D,, = Dxexpli(8z + Ry, - k)
E,, = Exexpli(fz + Ry, - k).

Plugging Eq. (2) into Eq. (1), after some algebra, one obtains:
HTB|57k>:/8|57k>7 (3)

in which
18, k) = | Cx | , (4)

and the tight-binding Hamiltonian of the system is:

0 0 H3 Hia Hys
0 0 Hjy Hiy His
Hrp=—|Hjs Hi3 0 0 0 |, (5)
Hiyy Hy 0 0 0
His Hs 0 0 0
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where Hyz = expli(ky/4 + V/3ky,/4)], Hia = expli(ky/4 — /3ky/4)], Hi5 = exp(—ik,/2); here ()* denotes the
complex conjugate of (o). Obviously, Eq. (5) is a Hermitian matrix, so that one can solve for five real eigenvalues
Bi~5 that represent the dispersive relation, i.e., the band structure. It is not difficult to demonstrate that 81 (k,, k) =
—Bs5(ka, ky), B2(ks, ky) = —Balks, ky), and B3 = 0. Since B3 is independent of k, or k,, it corresponds to a complete
flat band in the first Brillouin zone. The corresponding eigenstate of the flat band is

0
0
B3, k) = | sin (3kz/4 — V3ky/4) |, (6)
—sin (3ky /4 + V/3k, /4)
sin (v/3k,/2)

which means that the flat-band mode has vanishing amplitude on sublattices A and B.

Figure 1(b) shows the numerical dispersion relation of the super-honeycomb lattice in the first Brillouin zone.
One finds that the bands are symmetric about the flat band, and that there are 6 Dirac cones between 81 and s,
as well as between (4 and 5 at the corners of the first Brillouin zone, which is similar to the Dirac cones in the
honeycomb lattice. Intersected by the flat band, there is another Dirac cone, which is similar to that in the Lieb
lattice, but located at the origin of the first Brillouin zone. We note that typically there are two symmetric sites in
the first Brillouin zone that are called K and K’. As shown in the inset in Fig. 1(b), the locations of K and K’
are (0,%+47/3v/3). Due to the symmetry of the band structure, there will be a state | — 31, k) for each |31, k), and
| — B2,k) for each |32,k), therefore the particle-hole symmetry exists in the super-honeycomb lattice. In fact, the
criteria for the existence of such a symmetry is that there is an operator O which anticommutes with the Hamiltonian
[46]. Tt is easy to verify that the operator O for this case is O = diag(1,1, -1, —1, —1). Looking at the band structure
shown in Fig. 1(b), one can draw a conclusion that the super-honeycomb lattice is a hybrid of the honeycomb lattice
and the Lieb lattice, because there are simultaneously “pseudospin-1/2” Dirac cones and “pseudospin-1” Dirac cones
in it, which are present in the honeycomb lattice [42-45] and in the Lieb lattice [46, 47, 56] separately.

We also display the corresponding density of states [32] of the band structure in Fig. 1(c), to classify and distinguish
different pseudospins embedded in the super-honeycomb lattice. One can clearly see a d-function singularity at 5 =0
(due to the flat band), therefore the corresponding Dirac cone is bosonic and s = 1 (where s represents the pseudospin)
[56]. Whereas for the other two Dirac cones the density of states is zero, so they are fermionic and s = 1/2.
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FIG. 1. (a) Schematic of the super-honeycomb lattice with 5 sites marked as A, B, C, D and FE in the unit cell. v1 and vz are
the basis vectors in real space. (b) Band structure; from top to bottom, the bands are Si~5, respectively. Inset shows the first
Brillouin zone and the high symmetry points I', M, K and K'. (c) The corresponding density of states.
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Now, we present a brief analysis of the pseudospins connected with the Dirac cones at K and I". Around the Dirac



points (K or T') in the band structure, the Hamiltonian in Eq. (5) can be rewritten as

0 0 YHi3p V' Hisp Hisp
0 0 Y Hisp vHisp Hisp
Hp = — ’Y*Hikg’p ’}/ng’p 0 0 0 , (7)
’)/Hf4_’p v Hisp 0 0 0
Hf57p Hisp 0 0 0

where p = [p,, p,] is the displacement from the Dirac point, H13 p = 1+i(p./4+v3p,/4), Hiap = 1+i(p./4—/3p, /4),
Hisp =1—1ip;/2, and 7 is the coefficient that is exp(im/3) for the Dirac point at K and 1 for the Dirac point at
I'. One can calculate that the dispersion relation is 3 = v/3(1 + |p|/4) around K and 8 = 4+/3|p|/2 around T.
Considering that V3 determines the group velocity of the beam, the speed of beam spreading around I is twice that
of K; this was also found in Ref. [54].

We first consider the Hamiltonian Hp around the I' point; one finds that [Hp, ﬁz] # 0. So, there must be some
additional angular momentum missing, which is the so-called pseudospin. If we define the pseudospin operator as S .
the total angular momentum can be written as J, = L, + S, which meets the condition [Hp,J.] = 0. Indeed, one
finds that

0 0 & ¢ —2
0 0 —i —i 2i
2v3S,=|-i i 0 0 0 |, (8)
—4 ¢ 0 0 O
2t =2 0 0 O

0 0 ¢ — 0]
0 0 — 2 O
28,=|-i i 0 0 0, (9)
i —i 0 00
0 0 0 0]
000 0 0
000 0 O
V35.=100 0 i —if, (10)
00 —i 0 i
00 i —i 0]
which satisfies the angular momentum algebra conditions [S;, Sk] = i€;1 S and [S?,Sx] = 0 with S? = Y, S7.
Diagonalizing S, one obtains
|S. =0)=11, 0, 0, 0, 0], (11a)
IS, =0)=10, 1, 0, 0, 0], (11b)
1S, =0)=10, 0, 1, 1, 1]7, (11c)
1S, =1) = [0, 0, exp(—i2n/3), exp(i2r/3), 1]7, (11d)
IS, = —1) = [0, 0, exp(i27/3), exp(—i27/3), 1]T. (11e)

Hence, for the |S, = 0) state, there are two cases: vanishing amplitude on A and B, and non-vanishing amplitude
only on A or B. Whereas for the |S, = £1) states, the amplitudes on A and B vanish, and the amplitudes on C, D
and E have a relative phase difference of 27 /3. We determine that the pseudospin corresponding to the Dirac cone
at I" can be 0 or 1.

There is also pseudospin at the Dirac point K in the super-honeycomb lattice; however, the pseudospin matrix
corresponding to this case is nontrivial [57]. At least, one clear point is that the appearance of the Dirac cones is
only due to the sublattices A and B. One can consider the 2-band Hamiltonian that describes the Dirac cone at K,
to find that the pseudospin is 1/2 [54, 58, 59], which is similar to that in the honeycomb lattice or the kagome lattice;
however, the relations among C, D and E are not changed. Therefore, we just discuss the intensity distributions on
sublattices A and B when analyzing the pseudospin-mediated vortex generation associated with the Dirac cone at K
in Sec. IV B; those on sublattices C, D and E are not involved in the indistinct projections.



IIT. STRONG LOCALIZATION DUE TO THE FLAT BAND

It has been proved that if light excites the mode of the flat band of the Lieb lattice or the kagome lattice, it will be
strongly localized during propagation in the corresponding waveguides [5, 6, 10, 11, 60]. In this section, we investigate
the localization of the flat-band mode in the super-honeycomb lattice, according to Eqs. (1). Based on Eq. (6), the
flat-band mode has vanishing amplitude on sublattices A and B, so we launch the input beam — six Gaussian beams
— into sublattices C, D and F, as presented in Fig. 2(a). First, we assume that the six Gaussian beams are neither
in-phase (according to Eq. (11a), conical diffraction will then be obtained) nor out-of-phase. On this occasion, the
input beam exhibits discrete diffraction during propagation in the lattice waveguides, as shown in Fig. 2(b), which
means that neither the in-phase nor the out-of-phase input beam excites the flat-band mode.

FIG. 2. (a) Intensity of the input beam that contains six Gaussian beams pointed at the sublattices C, D and E. (b) Output
intensity of the input beam if the six Gaussian beams are neither in-phase nor out-of-phase. Discrete diffraction happens during
propagation. (c¢) Same as (b), but for the out-of-phase case. Strong localization is observed during propagation. Inset: phase
of the output beam. (d) Iso-surface plot of the propagation corresponding to (c).

On the other hand, if the six beams are out-of-phase, the flat-band mode will be excited [6, 10, 28] and the strong
localization during propagation will be observed, as shown in Fig. 2(c). As expected, once the flat-band mode is
excited, the beam is localized — the output intensity is the same as the initial in Fig. 2(a). Concerning the phase of
the output beam, as shown in the inset in Fig. 2(c), the phase is also preserved very well, i.e., the six peaks are still
out-of-phase. The physical explanation to this phenomenon is quite natural. Since the band width of the flat band is
0, the first-order derivative (corresponding to the group velocity of the beam) as well as the second-order derivative
(corresponding to the diffraction of the beam) of the flat band is 0. As a result, the beam will not diffract during
propagation and it will remain the same — an indication of strong localization.

To see the strong localization more clearly, in Fig. 2(d) we show the whole propagation of the input beam used in
Fig. 2(c), by connecting the corresponding iso-surfaces (which form tubes) of the beam during propagation. In Fig.
2(d), the amplitudes of the input beam and the output beam are displayed at the input face and the output face,
respectively, and there is a m-phase difference between the red tubes and the blue ones. Again, one observes that
both the amplitude and the phase of the beam do not change during propagation — both the width and the color
of the tubes remain unchanged. Comparing Fig. 2(b) with Fig. 2(c¢), one comes to the conclusion that not only the
amplitude but also the phase plays an important role in the excitation of the flat-band mode.

IV. CONICAL DIFFRACTION AND PSEUDOSPIN DUE TO DIRAC CONES
A. Conical diffraction

After discussing the localization caused by the flat band in the super-honeycomb lattice, we now analyze the
influence of Dirac cones on the beam propagation dynamics. As already mentioned, there are two kinds of Dirac



cones in the band structure shown in Fig. 1(b), corresponding to pseudospin 1/2 (at K and K’) and pseudospin 1
(at T'), respectively. The group speed of the beam due to the former Dirac cones is half of that due to the latter. We
first discuss the first kind of Dirac cones and later the latter kind.

In the neighbourhood of a Dirac point, the shape of the band structure is cone-like. So, the corresponding first-
order derivative is constant, while the second-order derivative is zero. That is, the beam will linearly spread during
propagation, but the beam width will not change. By definition, this is the conical diffraction [38-40, 44-47, 56, 61, 62].
To see conical diffraction during propagation in the super-honeycomb lattice, we assume that the input beam is
constructed according to the second method mentioned in the introduction, as shown in Fig. 3(a). Figures 3(b)
and 3(c) depict the intensity distribution of the beam at certain distances, at which the beam indeed shows conical
diffraction, as expected. The dashed circles in the panels correspond to the analytical locations of the conical rings,
obtained according to the group speed of the beam. One finds that the analytical predictions and numerical results
agree with each other very well. Similar to previous research, there are two bright rings separated by a dark ring —
the Poggendorfl’s dark ring [63] — and the intensity of the outer ring is higher than the intensity of the inner one.

FIG. 3. Conical diffraction during propagation. (a)-(c) Intensity distributions of the beam at certain propagation distances,
displayed in the left-bottom corner of each panel. Six wide Gaussian beams multiplied with the plane waves at the six Dirac
points are launched into the sublattices A and B. (d) Square root of the amplitude of the pseudospin-0 input. Upper panel: six
in-phase narrow Gaussian beams are launched into the sublattices C, D and E. Bottom panel: three in-phase narrow Gaussian
beams are launched into the sublattice A. Insets show the magnified beams. (e) and (f) Square root of the amplitude of the
output beam corresponding to the upper and lower inputs in (d), respectively. (g)-(i) Square root of the amplitudes of the
pseudospin-1 beam. Six narrow Gaussian beams with a 27/3 phase difference between adjacent beams (upper inset: magnified
beam, bottom panel: phase distribution), are launched into the sublattices C, D and E. Dashed circles represent the analytical
radius of the conical diffraction.

To excite the mode of the Dirac cone at I', the input beam can be prepared in two different ways, according to
Eq. (11): one is the pseudospin-0 case, the other the pseudospin-1 case. For the pseudospin-0 case, we first launch
six narrow Gaussian beams into the sublattices C, D and F according to Eq. (11c¢); the square root of the beam
amplitude is shown in the upper panel in Fig. 3(d), and the corresponding output is shown in Fig. 3(e). We use the
square root of the beam amplitude instead of the beam intensity, because the narrow Gaussian beams might excite
the modes of other dispersive bands except the modes of Dirac cones. This would lead to high intensity at the beam
center during propagation, as seen in Fig. 3(e), and make the conical diffraction hard to recognize [39, 46].

If one launches three narrow Gaussian beams into the sublattice A according to Eq. (11a), as presented in the
bottom panel in Fig. 3(d), the corresponding output is displayed in Fig. 3(f). From Figs. 3(e) and 3(f) one can
see that the output beam indeed exhibits conical diffraction and the numerical results agree well with the analytical
predictions (dashed circles). Since the group speed of the mode of the Dirac cone at T is twice that of the cone at
K, the beam radii in Figs. 3(e) and 3(f), which are recorded at z = 50, are the same as those in Fig. 3(c), which are
recorded at z = 100. Concerning the pseudospin-1 case, we prepare the input according to Eq. (11d), as shown in



Fig. 3(g). The inset displays the corresponding phase distribution of the input beam. If the input beam is prepared
according to Eq. (11e), the corresponding phase distribution is opposite of that shown in the inset. Figures 3(h) and
3(i) display the square root of the beam amplitude at certain propagation distances, from which one observes the
pseudospin-1 conical diffraction.
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FIG. 4. Conical diffraction from wide Gaussian beams. (a) Six wide Gaussian beams with a m-phase difference are launched
into sublattices A and B. (b) and (c¢) Beam intensities at certain distances. (d) Same as Fig. 3(g), but for wide Gaussian
beams. (e) and (f) Setup is as in (b) and (c). Insets are the phase distributions.

We would like to point that we used narrow Gaussian beams to avoid mixing of sublattices; if one launches wide
Gaussians into a sublattice, the other sublattices will be lighted simultaneously. Therefore, the input condition will
be destroyed, and one typical example is the case based on Eq. (11c¢). However, if one simultaneously launches six
wide Gaussian beams into sublattices A and B according to Egs. (11a) and (11b), and assumes a m-phase difference
between the beams on sublattices A and B, the input light leakage from sublattices A and B onto sublattices C, D and
E will be suppressed, as shown in Fig. 4(a). To see the conical diffraction, we just display the intensity distributions
on sublattice A, as shown in Figs. 4(b) and 4(c). Since the input Gaussian beams are quite wide, the mode of the
Dirac cone is well excited, and the conical diffraction apparently appears. Similar method can be applied to the
pseudospin-1 case, as shown in Figs. 4(d)-4(f).

Until now, we have discussed conical diffraction due to Dirac cones with different psedudospins in the super-
honeycomb lattice. In the following subsection, we investigate the pseudospin-mediated vortices.

B. Pseudospin-mediated vortices

It has been demonstrated before that there is pseudospin in a honeycomb lattice [42-45]. It has also been demon-
strated that pseudospin also exists in the Lieb lattice [46, 47]. It should be stressed that pseudospins in the honeycomb
and Lieb lattices are different — the former is fermionic and the latter is bosonic. This is determined by the order
of the Dirac cone in the corresponding band structure [56, 64]. As shown in Fig. 1(b), the Dirac cones in the band
structure of the super-honeycomb lattice have different orders, therefore both fermionic and bosonic pseudospins can
be observed in the super-honeycomb lattice [64]. Indeed, as investigated above in this paper, the super-honeycomb
lattice is a combination of the honeycomb lattice and the Lieb lattice. We believe that the reason why such a lattice
expresses pseudospins is that it is not a Bravais lattice, and the total wavefunction is a direct sum of the wavefunctions
of the sublattices.

We first consider the pseudospin-1/2 Dirac cones at K and K’ in the super-honeycomb lattice. To this end, we
selectively launch the input beam into the sublattice A (or B) by using the interference pattern among three broad
Gaussian beams [44, 45], as shown in Fig. 5(al). In Fig. 5(b1), the beam intensity on sublattice B is also displayed,
which is zero — no light beam is launched into the sublattice. This input beam will excite the modes of the Dirac
cones at K and K’, and then exhibit conical diffraction during propagation. As demonstrated in previous research
[42-45], the pseudospin could be completely transferred into the angular momentum, so in order to check such a
transfer in the super-honeycomb lattice, we show the output intensities on the sublattices A and B separately in Figs.
5(a2) and 5(b2), and the corresponding interferograms in Figs. 5(a3) and 5(b3). Since the sublattice A4 is excited,
there is no vortex generated on this sublattice, as shown in Fig. 5(a3). However, as shown in Fig. 5(b3), a vortex
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FIG. 5. Intensity and phase of the optical field from numerical simulation of Eq. (1), when only sublattice A is excited using the
three-beam interference pattern. Left column: input intensity; Middle column: output intensity; Right column: interferograms
of the output beams with a tilted plane wave. The dashed circle shows the location of the phase singularity.

is generated on sublattice B with a topological charge +1, because of the bifurcation in the interferogram. That
is, when sublattice A is excited, the psedudospin is converted to a vortex angular momentum, and such an angular
momentum will be indicated in sublattice B. This is same as in the previous research on a honeycomb lattice [44, 45].

((al)

FIG. 6. Same as Fig. 5, but with the sublattice B excited.

On the other hand, if sublattice B is excited, the situation will be in the opposite, so that the pseudospin is
converted into a vortex angular momentum on sublattice A, with a topological charge —1, as shown in Fig. 6. As
mentioned before, the pseudospin matrix for the Dirac cone at K in the super-honeycomb lattice is nontrivial, and the
projections on sublattices C; D and E are not clear. As a result, we only display the vortex generation on sublattices
A and B, since the eigenmodes on them are separated.

Let us turn now to the pseudospin-1 Dirac cone at I'. According to the matrices in Eqgs. (8)-(10) and the
corresponding states in Eqgs. (11a)-(11e), we have to consider two cases: the psedudospin-0 case and the psedudospin-
1 case, even though we call it the pseudospin-1 Dirac cone. Considering that the pseudospin connected with the
Dirac cones at K and K’ is £1/2, which reveals the fermionic nature of the super-honeycomb lattice, the pseudospin
connected with the Dirac cone at I" reflects its bosonic nature, because of the integer pseudospins 0 and £1. Therefore,
the super-honeycomb lattice exhibits both fermoinic and bosonic properties, which is a consequence of its hybrid,
honeycomb and Lieb, nature.

Considering that S, is not diagonal in the natural sublattices, we have to take the method used in the previous
investigation [47] to check the pseudospin-mediated vortices. We should note that the pseudospin-1 Dirac cone is
located in the middle of the first Brillouin zone (T'), which comes from the Lieb lattice [46, 47]. So, there is no global
phase tilt in our investigation, and the output beam intensities corresponding to different pseudospins can be directly
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obtained from the output beam according to Eq. (11). Also, considering that both eigenstates |S, = 0) in Eq. (11c)
and |S, = £1) in Egs. (11d) and (11e) demand excitation of C, D and F, which looks like they are somehow “in
entanglement”, we only take the eigenstate |S, = 0) in Eq. (11a) or (11b) as an input.

FIG. 7. Pseudospin-mediated vortex generation when sublattice A is excited according to Eq. (11a). (al)-(el) Square root of the
amplitudes of the output pseudospin components obtained according to Egs. (11a)-(11e), respectively. (a2)-(e2) Corresponding
phase profiles. The dashed circle with an arrow indicates the phase gradient.

The results are displayed in Fig. 7, in which the panels in the first row are the square root of the amplitude of
different components obtained according to Eqgs. (11a)-(11e) and the panels in the second row are the corresponding
phase profiles. The beams are not hollow conical beams, because they carry contributions from other modes of the
bands, but one may observe that they consist of many concentric rings. These rings come just from the pseudospin
components we are interested in, which indeed are the pseudospin mediated vortices. To avoid checking the vortex
and anti-vortex pairs in the complicated phase profiles, the total topological charge can be obtained directly from the
phase gradients of the rings. In Figs. 7(a2)-7(c2), there is no phase gradient in the rings, so the topological charge
is 0, and these rings are not vortices. In Fig. 7(d2), there is a phase gradient from 7 to —, as indicated by the
dashed circle with an arrow. Therefore, the rings in Fig. 7(d1l) form a vortex with a topological charge +1. The
phase gradient in Fig. 7(e2) is opposite that in Fig. 7(d2), so the rings in Fig. 7(el) form a vortex with a topological
charge —1. The results agree with those reported for a Lieb lattice [47].

V. CONCLUSION

In summary, we have introduced the super-honeycomb lattice, which can be viewed as a combination of the hon-
eycomb lattice and the Lieb lattice. We have investigated transport properties in this lattice. We identified a flat
band, and pseudospin-1/2 and pseudospin-1 Dirac cones in the band structure of the super-honeycomb lattice. Strong
localization of light due to the flat band is observed, and conical diffraction coming from the pseudospin-1/2 and
pseudospin-1 Dirac cones is displayed. We have also discussed the pseudospin-mediated vortex generation based on
the pseudospin-1/2 and pseudospin-1 Dirac cones. The super-honeycomb lattice is a hybrid fermionic and bosonic
system, which is also reported in [54]. This fact provides a new platform for investigating light trapping, higher
pseudospin states, vortex generation, and other interesting phenomena in this novel physical system.

We believe that other novel topological properties of the super-honeycomb lattice are ready for further exploration,
and deeper investigation on this interesting system may inspire new ideas and bring about new physical phenomena.
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