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TRAVELING EDGE STATES IN MASSIVE DIRAC EQUATIONS
ALONG SLOWLY VARYING EDGES
PIPI HU, PENG XIE, AND YI ZHU

Abstract. Edge states attract more and more research interests owing to
the novel topologically protected properties. In this work, we studied edge
modes and traveling edge states via the linear Dirac equation with so-called
edge-admissible masses. The unidirectional edge state provides a heuristic
approach to more general traveling edge states through the localized behavior
along slowly varying edges. We show the dominated asymptotic solutions
of two typical edge states that follow circular and curved edges with small
curvature by the analytic and quantitative arguments.

1. Introduction
The topological wave phenomena have sparked an explosion of the interface
features between distinct topological insulators [3, 16, 17, 18, 27]. One striking
character of the so-called edge states is the existence of chiral propagating waves
which are immune to the local defects in the sense of waves retaining on the edge
robustly. This immunity is a delicate property in applied perspectives and it can
be contributed to interpreting many ubiquitous physical scenarios. These studies
are not only investigated by the electronic waves in condensed matter physics but
also rapidly extended to photonics, water waves and related subjects [15, 22, 24,
32, 34, 39, 41, 42].
In current work, we consider the dynamics of edge states described by the following two-component Dirac equation with a varying mass:
  
 
α1
m(x)
∂−
α1
(1.1)
i∂t
+
= 0, (t > 0, x ∈ R2 ),
α2
∂+
−m(x)
α2
where αj = αj (t, x), j = 1, 2 are complex-valued wave functions, m(x) ∈ C(R2 , R)
is the mass term, “i” is the imaginary unit, and
∂± = i∂x1 ± ∂x2 .
In homogeneous honeycomb latticed materials, Dirac points regularly appear at
the spectrum band structure with the corresponding quasi-periodic eigenmodes and
the wave packets around this degenerated point will be dominated by the massless
Dirac equation [1, 2, 20, 21, 23, 30, 35, 36, 37]. However, this conical intersection will
bifurcate if time-reversal symmetry is broken in the material and then a local band
gap emerges in the essential spectrum which leads to the insulating bulk [20, 26, 27,
38]. The Dirac equation with a varying mass (1.1) arises from the effective envelopes
of wave propagation in topological materials. Here, the mass m(x) determines the
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distinct topology such that two adherent materials are topological insulators in
bulks and the current or electromagnetic wave is permitted to travel along the
contact edge [13, 28, 37, 43]. The associated edge, null domain of m(x), separates
the two dimensional materials with different topology in each part. Moreover, this
novel electric conductivity elucidates the charity and one unidirectional localized
current flows along the edge only. Recently, the spectrum structure in honeycomb
latticed medium also fascinates lots of attention from mathematical viewpoint.
A variety of rigorous research has studied the existence of Dirac points and the
local band gap brought after a time reversal symmetry breaking perturbation in
domain wall and tight binding models [6, 19, 20, 29, 30, 44]. Meanwhile, one
dimensional topologically protected edge state (or namely interface mode) always
occur at the band gap when two adjacent medium state the distinct topological
invariant corresponding to Zak phase and Chern number [4, 5, 9, 16, 18, 25, 30, 31].
Instead of dealing with the highly oscillated interface mode directly, a canonical way
is to exploit the essentially homogenized envelope emerged by the time-harmonic
massive Dirac equation which expresses the topological protected properties more
clearly and intuitively. Studies about the existence of edge states or the derivation
of governed envelopes—Dirac equations are carried out in many settings, such as
microlocal analysis, transfer matrix method, Fredholm operator index, K-theory,
and so on [7, 8, 9, 16, 31, 40].
In many physical applications, edge modes would also travel along various shapes
of the interface where bulk defects happen [12, 14, 33]. These physical phenomena
stimulate the interests of wave propagation along the nontrivial edges. Recently, a
class of Dirac equations with a small semi-classical parameter described the wave
packets which propagate along the curved edge for long times [10, 11]. However,
these effective models depend on the small parameter in the semi-classical equation
and the curvature of nearly straight edge provides the limited effect to the time
validity. Unlike the previous studies, we will introduce an edge-admissible mass
term and directly elucidate the classical dynamics of edge states when the interface
curvature is very small. We seek the asymptotic wave propagation pinned on the
curved edge from the idea of modes along the straight interface and we also exploit
a delicate modulation so that the accuracy of energy estimate will be improved.
For the convenience of study, let β1 = α1 + iα2 and β2 = α1 − iα2 . Then, the
equation (1.1) will switch to the following canonical form,
  
 
β1
i∂x2
m(x) − ∂x1
β1
(1.2)
i∂t
+
= 0.
β2
m(x) + ∂x1
−i∂x2
β2
R
One can directly verify that the total energy E(t) = R2 |β1 (t, x)|2 + |β2 (t, x)|2 dx
is conserved since the Dirac operator behaves as a Hamiltonian. It also admits the
global existence for the smooth solution under a well-posed initial condition.
The crucial result in our development is the asymptotics to edge states that is
guided by the slowly varying edge perfectly. It can be carried out through the
constructively asymptotic solution which is locally raised from the case of straight
mass edge. We employ a well-prepared initial condition and then we show a more
accurate validity of this setup via the analytic and quantitative studies. From this
scenario, it enlightens that the edge states governed by the macroscopic massive
Dirac equation are topologically protected. The main results of the present work
are summarized here:
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• For the basic straight line edge, we employ the plane wave separation to
discuss the unidirectional traveling edge state that is pinned on the edge in
Proposition 2.5 and Corollary 2.7;
• For the slowly varying edge, we establish two typical traveling edge states
along the circular ring with large radius and generic curves with the small
curvature in Theorem 3.2 and Theorem 3.3 respectively. We demonstrate
the reliability of herein developed asymptotic solutions and the residual
errors only depend on time linearly and curvature quadratically.
The rest of this article is organized as follows. We discuss the solution to the
traveling edge state described by the unidirectional edge-admissible massive Dirac
equation in Section 2. In Section 3, two typical models with general edge-admissible
masses show that the asymptotic solutions are heuristically solved by regarding the
partial edge as a local straight line along the tangent direction.
2. Traveling edge states with the linear mass
In the physical setup, the “edge” (or interface) comes from the connected boundary between two topological materials, and can be described by a smooth function
[16, 30]. For this sake, we define the edge-admissible mass term:
Definition 2.1. The mass term m(x) is edge-admissible
if m(x) can be written as

m(x) = m̃(u), u = f (x) or equivalently m̃ f (x) satisfies the following conditions:
(1) The level set Γ = {x ∈ R2 : f (x) = 0} = m̃−1 (0) represents a smooth curve
in (x1 , x2 ) plane;
(2) m̃(·) ∈ L∞ (R) is a transition function and lim m̃(u) = ±m∞ , m∞ > 0,
u→±∞

i.e., the mass term approximates to a constant rapidly when x is away from
the edge curve Γ.
Remark 2.2. In previous works, there was the concept of “domain wall” to describe
the quality item with “edge” [19, 20, 30]. Here we mainly focus on the propagation
of edge states along various edges. To describe the mathematical characteristics of
complex edges more concisely, we introduce the definition of the “edge-admissible”
term. It is consistent with the concept of domain walls, while the related edge
features will be further described.
Now, we review two typical examples of transition functions in edge-admissible
mass terms from the literature [19, 20, 30].
Example 2.3. m̃(u) = tanh(u).
Example 2.4.


−1, for u < 0,
m̃(u) = 0,
for u = 0,


1,
for u > 0.
From now on, we will drop the tilde hat and study a specified edge-admissible
mass term for simplicity, i.e., the mass term is denoted by m(f (x)) with the edge
Γ = {x ∈ R2 : f (x) = 0}.
Now, we reveal the edge states with a linear edge Γ = {x ∈ R2 : x2 = cx1 } and
the Dirac equation has an explicit traveling wave solution. To this end, we assume
that m(f (x)) = m(n̂ · x) where n̂ = √c12 +1 (c, −1)T is a unit normal vector to the
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edge. Figure 1A shows a vertical straight edge and Figure 1B is a general linear
case. We rewrite (1.2) in the linear edge form:
  
 
β1
i∂x2
m(n̂ · x) − ∂x1
β1
(2.1)
i∂t
+
= 0.
β2
m(n̂ · x) + ∂x1
−i∂x2
β2
Further, by introducing the azimuth θ ∈ (0, 2π) to x−axis and the tangent vector
t̂ of the edge, we have




cos θ
− sin θ
(2.2)
n̂ =
,
t̂ =
.
sin θ
cos θ
Recall that the mass term is edge-admissible by Definition 2.1, m(u) rapidly approaches to ±m∞ as u = n̂ · x → ±∞.

(A)

(B)

(C)

Figure 1. Left panel (a): the vertical straight line edge. Middle
panel (b): the general case of straight line edge. Right panel (c):
the general case of curved edge.
We would reveal the edge states with linear masses and the Dirac equation (2.1)
has plane wave solutions. The result is summarized below.
Proposition 2.5. For any unit normal vector n̂ ∈ R2 and energy parameter λ ∈ R,
the Dirac equation (2.1) has a plane wave solution
!
 
cos θ2
β1
iλ(t̂·x−t)
(2.3)
= χ(n̂ · x)e
,
β2
i sin θ2
Ru

where χ(u) = Ce− 0 m(s)ds is a localized real-valued function with C > 0 being the

normalization constant. Moreover, χ(u)
is an eigenfunction corresponding to the
0
eigenvalue −λ of the following one-dimensional (1D) Dirac operator


−λ
m(u) − ∂u
(2.4)
Dλ =
.
m(u) + ∂u
λ
Proof. We firstly perform the coordinate transformation,
(2.5)

u = n̂ · x,

v = t̂ · x,

or equivalently by (2.2)
  
u
cos θ
=
v
− sin θ

sin θ
cos θ

 
x1
.
x2
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Let βej (t, u, v) = βj t, x(u, v) , j = 1, 2. The
!
βe1
e
(2.6)
i∂t e + D
β2

5

Dirac equation (2.1) changes into
!
βe1
= 0.
βe2

e under the new coordinate is in the form of
Here, the Dirac operator D


i(sin θ∂u + cos θ∂v )
m(u) − (cos θ∂u − sin θ∂v )
e=
D
.
m(u) + (cos θ∂u − sin θ∂v )
−i(sin θ∂u + cos θ∂v )
e looks obscure by messing with θ. To make it clear, we introduce a
However, D
rotation transformation such that φj = φj (t, u, v), j = 1, 2 satisfy
!
!
 
−i sin θ2
cos θ2
φ1
βe1
.
(2.7)
=S e
and S =
φ2
β2
cos θ2
−i sin θ2
Here S ∗ S = I and the asterisk ∗ indicates the conjugate transpose. Then, a direct
calculation yields (2.6) into
  
 
φ1
i∂v
m(u) − ∂u
φ1
(2.8)
i∂t
+
= 0,
φ2
m(u) + ∂u
−i∂v
φ2
which is parallel to the standard form (2.1) when θ = 0 shown in Figure 1A.
Substituting φj (t, u, v) = φej (u)eiλv+iωt , j = 1, 2 into the above equation (2.8)
develops an eigenvalue problem to the 1D Dirac operator,
!
φe1
e
e
e
(2.9)
Dλ φ = ω φ,
φ= e ,
φ2
where the Dirac operator Dλ is defined in Proposition 2.5. Namely, we have




−1 0 e
0
−(λ − ω) e
e
∂u φ = m(u)
φ+
φ.
0 1
−(λ + ω)
0
√
From the right-hand side, the eigenvalues of the second matrix are ± λ2 − ω 2 and
the corresponding eigenvectors are
√
√




2
2
λ
λ
− ω + λ2 − ω 2
√− ω + λ − ω
√
v1 =
,
v
=
.
2
− λ2 − ω 2 − (λ + ω)
λ2 − ω 2 + λ + ω
e can be written as the composition of χ1 (u)v 1 + χ2 (u)v 2 . However,
Therefore, φ
the localized solution only exists when ω = −λ and


R
e = χ(u) , χ(u) = Ce− 0u m(τ )dτ .
(2.10)
φ
0
Here C is the normalized coefficient. We refer to [30, 43] for details.
Remark 2.6. Specifically, if m(x) = tanh x1 , the dispersion relationship and the
localized eigenfunctions are simulated in Figure 2.
We immediately derive the plane wave solution of (2.8) as
!
 
φe1
iλ(v−t) 1
(2.11)
= χ(u)e
.
0
φe2
Applying the inverse transform of (2.7) to (2.11), we eventually obtain the plane
wave solution (2.3). This completes the proof.


6

PIPI HU, PENG XIE, AND YI ZHU

6

0.2
1

4

0

2
0

-0.2
-10

=0.5, =-0.5

-5

0

5

10

-5

0

5

10

-2

0.2
2

-4

0
-6
-5

0

5

-0.2
-10

(A) Eigenvalue of the Dirac operator Dλ ,
where the straight line ω = −λ results in
the localized mode and the shadow area
contributes to the oscillation modes.

(B) Eigenfunction at λ = 0.5

Figure 2. The Edge Eigen for m(x) = tanh x1
The dispersion curve ω(λ) corresponding to the localized eigenfunction is a
straight line with the slope −1, which means the modes of the form (2.3) with
different wavenumber λ has the same group velocity vgroup = − ∂ω(λ)
= 1 (note
∂λ
that the energy parameter ω selected here differs from the settings in physics by a
negative sign). A similar discussion as the above plane wave result carries out the
localized solution in next corollary.
Corollary 2.7. Let the continuous function g(·) ∈ L2 (R). If the initial input to
the edge of problem (2.1) is in the following localized form
!


cos θ2
β1 (0, x)
= χ(n̂ · x)g(t̂ · x)
.
β2 (0, x)
i sin θ2
Then, the localized traveling wave solution admits
!


cos θ2
β1 (t, x)
(2.12)
= χ(n̂ · x)g(t̂ · x − t)
.
β2 (t, x)
i sin θ2
This is a one way traveling wave along the edge with the velocity v = − ∂ω
∂λ = 1.
Till now, we have built the exact traveling localized waves along a straight edge
through the separation of variables. However, it is quite involved to derive the
traveling waves with a general mass. If m(f (x)) is edge-admissible with the edge
curve Γ slowly varying, a robust edge state can be asymptotically approached by
treating the edge curve as a local straight line towards its tangential direction.
3. Two typical asymptotic edge states
Among the general edge-admissible mass terms, we asymptotically propose two
typical edge states where the edges can be locally treated as straight lines. Here, we
exploit the explicit asymptotic behaviors that cling to the edges locally other than
solving the wave guidance derived from ODE [10, 11]. In the next two subsections,
one edge is a circular ring with the sufficiently large radius, and another is a slowly
varying curve which is generated by adding a small perturbation to the straight
line on the normal direction.
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3.1. Asymptotics to the edge states along a circular ring. Suppose that the
mass term remains invariantly along the angular direction in polar coordinates, i.e.,
the edge curve is a circular ring. Therefore, the mass term can be described by
q
(3.1)
m(f (x)) = m( x21 + x22 − R),
where R ∈ (0, +∞) is a fixed radius of the circle. Let the reference system alter into
the polarization coordinates x1 = r cos θ, x2 = r sin θ with r ∈ [0, +∞), θ ∈ [0, 2π).
Without loss of generality, we assume that ∃ 0 < r0 < 1, |m(u)| > m2∞ provided
|u| > r0 .
In such a case, the Dirac equation (2.1) under the polarization coordinates admits
the following form,
e = 0,
i∂t β + Dβ

(3.2)

where β =
(3.3)


β1
β2

, βj = βj (t, r, θ), j = 1, 2, and the new Dirac operator is
i sin θ∂r +

e=
D

i
r

cos θ∂θ

m(r − R) + cos θ∂r −

1
r

sin θ∂θ

m(r − R) − cos θ∂r +
−i sin θ∂r −

i
r

1
r

sin θ∂θ

cos θ∂θ

!
.

Moreover, eiDt also represents a Dirac group and is unitary in L2 (R2 ) for all t ∈ R+ .
Observe that the traveling wave solution to the Dirac equation (2.1) is of the form
(2.12). With a circular ring edge, it is not surprising that we set up the following
traveling wave solution ansatz by treating the circle as a straight line locally.
e

Proposition 3.1. Let R > 0 be a sufficiently large radius. Given the initial
condition of Dirac equation (3.2),
!


cos θ2
β1 (0, r, θ)
(3.4)
= φ(r)g(θ)
,
β2 (0, r, θ)
i sin θ2


where g ∈ C 1 [0, 2π] with g(2π) = g(0) and φ(r) ∈ C 1 [0, +∞) is a localized
function around r = R. Then, there exists an asymptotic solution to the Dirac
equation (3.2),
!


cos θ2
t
β1 (t, r, θ)
.
(3.5)
∼ φ(r)g(θ − )
β2 (t, r, θ)
R i sin θ2
We need to derive the validity of the above approximation. Plugging the right
hand side of (3.5) into the equation (3.2) deduces the residual terms as
!
1
i(φ0 + mφ + 2r
φ)g sin θ2 + i( 1r − R1 )φg 0 cos θ2
(3.6)
RHS =
.
1
φ)g cos θ2 − ( 1r − R1 )φg 0 sin θ2
(φ0 + mφ + 2r
Some extra constraints on φ(r) are needed as r → 0+ , otherwise RHS may lead to
singularities at the original.
Now, we give a rigorous clarification for the asymptotic solution to the edge
states pinned on the circular ring.
Theorem 3.2. The Dirac equation (3.2) is spacially defined in the polar coordinates
with the circular edge-admissible
mass (3.1), where the radius R > 3r0 . Moreover,

φ(r) ∈ C 1 [0, +∞) and satisfies:
(1) if r ∈ [0, R3 ], φ(r) = 0;
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R
(2) if r ∈ ( R3 , R2 ), |φ0 (r)| < 12
R φ( 2 );
r
R
1
(3) if r ∈ [ 2 , +∞), φ(r) = √R χ(r − R)e− 2R , where χ(·) is defined in Proposition 2.5 and √1R is the normalized parameter in L2 (R2 ).

Suppose that the initial condition is of the form (3.4) stated in Proposition 3.1.
Then, for any t > 0, there is a constant C > 0 independent of t, R such that
!


cos θ2
1
t
β1 (t, r, θ)
6 Ct 2 .
− φ(r)g(θ − )
β2 (t, r, θ)
R i sin θ
R
2

L2 (R2 )

Proof. Let η = η(t, r, θ) indicate the error of the asymptotic solution (3.5), i.e.,
!


cos θ2
t
β1 (t, r, θ)
η=
− φ(r)g(θ − )
.
β2 (t, r, θ)
R i sin θ2
Owing to RHS given in (3.6), the error η evolves like:
i∂t η + D̃η = −RHS.
Then, it follows from the Duhamel’s principle that
Z t
η=i
eiD̃(t−s) RHS ds, ∀ t > 0.
0
iD̃t

is unitary in L2 (R2 ), we can directly obtain
Z t
kηkL2 (R2 ) 6
kRHSkL2 (R2 ) ds.

According to the fact that e
(3.7)

0

As it has been stated before, if 0 6 r 6
n > 0, it implies

R
3,

φ(r) ≡ 0. When r ∈ ( R3 , R2 ), for any

1
1
1
1
1
φ 6 C n , ( − )φ 6 C n .
2r
R
r
R
R
Here the constants C are independent of R.
If r > R2 , we have
1
φ.
φ0 + mφ = −
2R
Then, for r ∈ [ R2 , R − r0 ] ∪ [R + r0 , +∞), it follows that
φ0 + mφ +

1
1
|R − r| − m∞ |R−r|
e 2
.
( − )φ(r) 6 C
3
r
R
rR 2
Noting the boundedness of χ(·), we claim the result below as r ∈ (R − r0 , R + r0 ),
1
1
1
( − )φ(r) 6 C 5 ,
r
R
R2
r

which also implies why we brought the modulated factor e− 2R into φR (r).
Consequently, for any t > 0, it turns out that
Z 2π Z +∞ h
i
1
1
1
2
2
2
kRHSkL2 (R2 ) 6 C
(φ0 + mφ + φ)g + ( − )φg 0 rdrdθ
2r
r
R
0
0
Z R2 h
i
1 2
1
1
2
6C
φ0 + mφ + φ + ( − )φ rdrdθ
R
2r
r
R
3
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Z
+C

R
2
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1
1
2
( − )φ rdrdθ
r
R

1
1
+C 4
R2n
R
1
6 C 4.
R
Here we choose n > 2 to ensure the estimate consistently.
According to the formula in (3.7), for any t > 0, we have
1
kηkL2 (R2 ) 6 Ct 2 .
R
This completes the proof.
6C



To support our analysis, we also numerically compute the traveling waves to
the Dirac equation (3.2) with the initial condition (3.4). With different radius,
we compute the error “Err” of asymptotic solution (3.5) at the same time and it
indicates that Err goes like O( R12 ) in L2 (R2 ) as shown in Figure 3. In Figure 4, it
carries out the numerical simulation patterns for two circular edges with different
radii R = 20, 40 respectively. The waves travel around circles with negligible
energy leaking into the bulk as R > 0 large enough. The traveling directions obey
the chiral property, which leave the positive mass on the right.
-5.4

-5.6

-5.8

-6

-6.2

2.01
-6.4

-6.6

1

-6.8

-7

-7.2
-4.5

-4

-3.5

-3

Figure 3. The numerical results of the L2 error for the circlecurved edge state show the decay rate in the order of O( R12 ) at
T = 5. The fit function admits ln Err = −2.01 ln R + 1.56.
3.2. Asymptotics to the smooth-curved edge state. In this section, we consider a family of more universal edge states which highly propagate along the smooth
edge-admissible curves. Observe that the straight line edge state with the rotation
angle θ admits the propagating form of (2.12). In Figure 1C, the smooth edge
curve can be locally treated as the tangent line. It sheds some light on that the
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(A) R = 20

(B) R = 40

Figure 4. Traveling waves of |β1 |2 with two different circular ra3πR
dius at four successive time: T = 0, πR
2 , πR,
2 . Top four
subfigures (A): R = 20. Bottom four subfigures (B): R = 40.
curved edge states may comply with the localized solution traveling along the tangent direction on the curve. Hence, we study the asymptotic traveling waves when
the straight edge-admissible curve is slowly disturbed.
Assume that the edge curve is a small perturbation to the vertical line, i.e.,

(3.8)
Γ = x ∈ R2 : x1 + h(εx2 ) = 0 .
Here 0 < ε  1 and h(εx2 ) indicates the small perturbation to the straight line.
Other more general edge curves can be treated similarly by coordinate rotation.
After that, the Dirac operator with the curved edge-admissible mass m x1 +h(εx2 )
is in the form of



i∂x2 
m x1 + h(εx2 ) − ∂x1
Dε =
.
m x1 + h(εx2 ) + ∂x1
−i∂x2
Therefore, the Dirac equation (2.1) alters into
 
 
β1
ε β1
(3.9)
i∂t
+D
= 0.
β2
β2
Under this setup, we move forward to establish the smooth edge state in an asymptotic way. Recalling the edge curve equation in (3.8) generates the unit normal and
tangent vectors at each point on the curve:

 

1
1
1
=
+ O(ε2 ),
n̂ = p
0
εh0 (εx2 )
1 + ε2 h02 (εx2 ) εh (εx2 )

 

1
−εh0 (εx2 )
−εh0 (εx2 )
t̂ = p
=
+ O(ε2 ).
1
1
1 + ε2 h02 (εx2 )
With the help of the straight line edge state (2.12), it is not surprising to develop
an analogous result traveling along the slowly varying edge. From the curve function
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(3.8) and the above tangent vector t̂, it yields the asymptotic solution as follows:
 




1
β1
0
(3.10)
= χ x1 + h(εx2 ) g −εh (εx2 )(x1 + h(εx2 )) + x2 − t
.
i
0
β2 ε
2 εh (εx2 )
The validity of this construction can be demonstrated up to O(ε2 ) below.
Theorem 3.3. Let 0 < ε  1, χ(·) be denoted as (2.10) and g(·) ∈ S(R). The
mass term m(·) with the edge curve Γ defined by (3.8) is edge-admissible. The edge
perturbation h(·) ∈ C 2 (R) and h0 (·), h00 (·) are both
bounded on R. Suppose that the

initial condition is perfectly matched, i.e., ββ12 (0, x) = ββ12 (0, x). Then for any
ε
t > 0,
 
 
β1
β1
(t, x) −
< Ctε2 .
(t, x)
β2
β2 ε
L2 (R2 )
Here C is a generic constant independent of t and ε.


Proof. Let the error η(t, x) = ββ12 (t, x) − ββ12 (t, x). Substituting the above formal
ε
solution (3.10) into (3.9), the evolution of η(t, x) arrives at


2
1
−i2(x1 + h)χg 0 h00 − iχg 0 h0
i∂t η + Dε η = − ε2
2
3 .
2
χgh00 + χ0 gh0 − ε(x1 + h)χg 0 h0 h00 − εχg 0 h0
By employing the same procedure in previous circular edge arguments, it suffices
to estimate the above residuals.
For convenience, we employ the coordinate transformation by letting y1 = x1 +
h(εx2 ), y2 = x2 , and then the Jacobi determinant is identically equal to 1. Assume
that |h0 (·)| 6 C1 uniformly on R. For any t > 0, we firstly build the following
estimate:
Z
2
χ(y1 )g −εy1 h0 (εy2 ) + y2 − t dy
2
Z
ZR  Z

2
+
=
χ(y1 )g −εy1 h0 (εy2 ) + y2 − t dy2 dy1
|y −t|>2C1 ε|y1 |
|y2 −t|62C1 ε|y1 |
R
Z Z 2
Z Z
1
6C
χ2 (y1 )
dy
dy
+
C
χ2 (y1 )dy2 dy1
2
1
y2 −t 2
1
+
|
|
R |y2 −t|>2C1 ε|y1 |
R |y2 −t|62C1 ε|y1 |
Z
Z2
1
2
2
6C
χ (y1 )
dy + C
ε|y1 |χ (y1 )dy1
1 + | y22−t |2
R2
R
6 C < +∞.
Here
rapidly decreasing property of χ(·) and g(·). Hence, for any t > 0,
 we use the
β1
2
2 2
(t,
x)
∈
L
(R
) and a similar strategy gives estimates to the residual,
β2 ε


2
−i2(x1 + h)χg 0 h00 − iχg 0 h0
2
3
χgh00 + χ0 gh0 − ε(x1 + h)χg 0 h0 h00 − εχg 0 h0
2
2
L (R )


=

0 00

0 02

−i2y1 χg h − iχg h
2
3
χgh00 + χ0 gh0 − εy1 χg 0 h0 h00 − εχg 0 h0
ε


< +∞.
L2 (R2 )

Thanks to the fact that eiD t is unitary in L2 (R2 ), we can directly move forward
to conclude that
kη(t, x)kL2 (R2 ) < Ctε2 , ∀ t > 0,
where C is a generic constant.
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Figure 5. The numerical results of the L2 error for the smoothcurved edge state show the decay rate in the order of O(ε2 ) at
T = 5. The fit equation is ln Err = 1.99 ln ε + 2.78.
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Figure 6. The energy of traveling waves along a smooth-curved
edge x1 = − sin(0.2x2 ) in the domain [−10, 10] × [−10π, 10π] at
four successive time: T = 0, 10, 15, 20.
From the above theorem, we establish the asymptotic traveling edge state along
the smooth-curved admissible edge which arises from a perturbation to a straight
line. Similarly, edge states traveling along arbitrary slowly varying curves also
could be extended by the same coordinate transformation shown in the argument
of Proposition 2.5.
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4. Conclusion
By defining the edge-admissible mass terms, we studied the topologically protected edge states via the Dirac equation with such generic masses. In this work,
the traveling edge state tracking a straight line stays localized and keeps its shape
along with the movement, which also is related to the chiral property. This peculiar
feature of the explicit solution gives an insight into investigating the Dirac equation
with more general smooth edges. The edge state moving along a varying edge will
be very robust provided that the edge curvature is sufficiently small and there is
negligible energy leaking into the bulk. To explain this subtle phenomenon, we introduced two typical edges which one is a large circle and another is obtained by a
small perturbation to a straight line. Our rigorous study and numerical simulation
demonstrated the edge states remain almost unchanged and highly concentrated
on the slowly varying edge curves over a long time.
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