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Abstract: We propose a conservation-dissipation formalism (CDF) for coarse-grained descriptions of irreversible processes. This formalism is based on a stability criterion for non-equilibrium thermodynamics. The
criterion ensures that non-equilibrium states tend to equilibrium in long time. As a systematic methodology,
CDF provides a feasible procedure in choosing non-equilibrium state variables and determining their evolution equations. The equations derived in CDF have a unified elegant form. They are globally hyperbolic,
allow a convenient definition of weak solutions, and are amenable to existing numerics. More importantly,
CDF is a genuinely nonlinear formalism and works for systems far away from equilibrium. With this formalism, we formulate novel thermodynamics theories for heat conduction in rigid bodies and non-isothermal
compressible Maxwell fluid flows as two typical examples. In these examples, the non-equilibrium variables
are exactly the conjugate variables of the heat fluxes or stress tensors. The new theory generalizes Cattaneo’s
law or Maxwell’s law in a regularized and nonlinear fashion.
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1 Introduction
Irreversible thermodynamics is a systematic methodology for mathematical modeling of irreversible phenomena. It has been successfully applied to many problems such as heat transfers, complex fluid flows, and
chemical reactions [1–3]. As a coarse-grained theory, irreversible thermodynamics aims at determining the
dynamics of non-equilibrium processes.
In general, a physical process obeys some conservation laws such as those of mass, momentum and
energy. These conservation laws are expressed locally as
3

𝜕𝑡 𝑢 + ∑ 𝜕𝑥𝑗 𝑓𝑗 = 0.

(1)

𝑗=1

Here 𝑢 = 𝑢(𝑡, 𝑥) ∈ ℝ𝑛 represents conserved variables depending on the time and spatial coordinates (𝑡, 𝑥),
𝑥 = (𝑥1 , 𝑥2 , 𝑥3 ), and 𝑓𝑗 is the corresponding flux along the 𝑥𝑗 -direction. If 𝑓𝑗 is given in terms of the conserved
variables, the system (1) becomes closed. In this case, the system is considered to be in local equilibrium
and 𝑢 is also referred to as equilibrium variables. However, very often 𝑓𝑗 depends on some extra variables
in addition to the conserved ones. The extra variables characterize non-equilibrium features of the system
under consideration, called non-equilibrium or dissipative variables, and their choice is not unique. Thus,
choosing suitable non-equilibrium variables and determining their evolution equations are the fundamental
task of irreversible thermodynamics.
There have been no well-accepted rules for choosing the non-equilibrium variables and determining
the evolution equations. Consequently, irreversible thermodynamics has many “schools”, such as Classical
Irreversible Thermodynamics (CIT), Extended Irreversible Thermodynamics (EIT), Internal Variables Thermodynamics, Rational Thermodynamics, and GENERIC (General Equation for Non-Equilibrium Reversible-Irre-
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versible Coupling) [2–10]. Different theories work in different way but they yield very rich information about
the system under consideration. Each of them has its own way for choosing the non-equilibrium variables and
deriving the corresponding evolution equations. An exposition of different versions of continuum thermodynamics and comments can be found in [3].
CIT, as developed by Onsager, Prigogine and many others, is a well recognized theory in the classical
hydrodynamic regime [1]. It is based on the local equilibrium hypothesis. In CIT, fluxes 𝑓𝑗 are determined in
terms of the conserved variables and their spatial derivatives. Typical examples are Newton’s law of viscosity
and Fourier’s law of heat conduction. In this way, CIT leads to evolution partial differential equations (PDEs)
of second order. Although it is quite successful in modeling a wide class of real phenomena, CIT is not adequate when studying processes with long relaxation times such as heat propagation at low temperatures and
polymeric fluid flows [2, 5].
The inadequacy of CIT has motivated various extended theories beyond the local equilibrium hypothesis.
EIT is such a typical theory. It chooses the dissipative fluxes as non-equilibrium variables and pre-specifies
a generalized entropy depending on both the conserved variables and dissipative fluxes [5, 11]. Then the
evolution equations of the dissipative fluxes are derived from balance equations of the entropy. This theory
leads to relaxation-type phenomenological laws such as Cattaneo’s law of heat conduction and Maxwell’s law
of viscoelasticity. Together with the conservation laws, these phenomenological laws form a system of firstorder evolution PDEs. Although EIT works for the long relaxation phenomena to a certain extent, it might not
be adequate for systems far away from equilibrium [6, 10, 12, 13]. Moreover, the well-posedness (hyperbolicity)
of the resultant governing equations does not seem clear.
On the other hand, it is well recognized that hyperbolicity is a substantial requirement for systems of
first-order PDEs to be well-posed [14]. Although there are some discussions on the hyperbolicity of the resultant PDEs in this field (e.g., [11]), no extended theory till now can lead to globally hyperbolic governing
equations. More seriously, the existing extended theories have not paid much attention to the corresponding
short-relaxation-time limit which is closely related to the compatibility with CIT. It was shown in [15] that a
well-behaved relaxation-time limit requires some deliberate structural stability conditions imposing on the
PDEs. For these and other reasons [4, 12, 16], we consider irreversible thermodynamics to be a field in progress
rather than an established edifice.
In this work, we propose a conservation-dissipation formalism (CDF) for choosing the non-equilibrium
variables and determining their evolution equations. This formalism is based on the entropy dissipation condition [17] ensuring that the non-equilibrium states tend to equilibrium in long time. The condition also guarantees the compatibility of the expected theory with CIT. In CDF, the non-equilibrium variables are carefully
chosen so that the dissipation condition is fulfilled. The evolution equations of the chosen non-equilibrium
variables can be easily obtained from the balance equation of the entropy.
In doing so, our CDF successfully removes the blemishes of EIT mentioned above. Specifically, the resultant governing equations are automatically globally hyperbolic, the dependence of the entropy on the nonequilibrium variables is not restricted to quadratic forms, and a dissipation matrix is naturally introduced to
characterize complicated nonlinear dissipation mechanisms. Moreover, our governing equations have a unified elegant form. This form is very amenable to modern mathematical theories [18] on systems of first-order
PDEs and to conventional numerics. For instance, weak solutions can be defined conveniently with this form.
All of these advantages make us believe CDF to be promising and of great values in applications.

2 Conservation-dissipation formalism
In extended theories of irreversible thermodynamics, a non-equilibrium system is described by conserved
variables and dissipative ones. The choice of the dissipative variables is generally not unique. Using different
state variables may lead to different governing equations, and suitable state variables are expected to give
simple governing equations which directly reveal physical insights of the processes. Usually, the conserved
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variables and their evolution are known as in (1). Thus, our task is reduced to choose proper dissipative variables and to derive their evolution equations.
Here we present a new formalism to choose proper dissipative variables and to derive their evolution
equations. Motivated by the mathematical theory on the system of first-order PDEs (see, e.g., [18]), we will
choose the dissipative variable 𝑣 ∈ ℝ𝑚 so that the flux 𝑓𝑗 in (1) can be expressed as 𝑓𝑗 = 𝑓𝑗 (𝑢, 𝑣) and 𝑣 = 𝑣(𝑡, 𝑥)
evolves according to balance laws of the form
3

(2)

𝜕𝑡 𝑣 + ∑ 𝜕𝑥𝑗 𝑔𝑗 (𝑢, 𝑣) = 𝑞(𝑢, 𝑣).
𝑗=1

This is our constitutive equation to be determined, where 𝑔𝑗 (𝑢, 𝑣) is the corresponding flux and 𝑞 = 𝑞(𝑢, 𝑣) is
the non-zero source, vanishing at equilibrium.
Together with the conservation laws (1), the evolution of a non-equilibrium state is governed by a system
of first-order PDEs in the compact form
3

(3)

𝜕𝑡 𝑈 + ∑ 𝜕𝑥𝑗 𝐹𝑗 (𝑈) = 𝑄(𝑈),
𝑗=1

where
𝑢
𝑈 = ( ),
𝑣

𝑓 (𝑈)
𝐹𝑗 (𝑈) = ( 𝑗 ) ,
𝑔𝑗 (𝑈)

𝑄(𝑈) = (

0
).
𝑞(𝑈)

Note that not every thermodynamic variable can evolve in such a balance form, while so do the densities of
extensive state variables generally [19]. Actually, many classical systems allow such a set of state variables
[17].
Notice that, in many applications, the dissipative variables evolve much faster than the conserved ones.
Namely, the time scale for 𝑣 to reach stationary, referred to as the relaxation time, is much smaller than that
̃ 𝑣) with 𝜖 ≪ 1 proportional
for 𝑢. Mathematically, this means that the source term is of the form 𝑞(𝑢, 𝑣) = 1𝜖 𝑞(𝑢,
to the relaxation time. It is natural to require that the whole system should have a well-behaved limit as 𝜖
goes to zero. In this limit, the dissipative variable 𝑣 would be a function of the equilibrium variable 𝑢 or its
derivatives if higher-order asymptotic expansions are included. This is exactly the regime where CIT is valid.
To have a well-behaved limit, some mathematical structural conditions are required and found by Yong in
[15, 17, 20]. One set of the sufficient conditions reads as:
1. There is a strictly concave smooth function 𝜂 = 𝜂(𝑈), called entropy, such that 𝜂𝑈𝑈 ⋅ 𝐹𝑗𝑈 (𝑈) is symmetric
for each 𝑗 and for all 𝑈 = (𝑢, 𝑣) under consideration.
2. There is a positive definite matrix 𝑀(𝑈), called dissipation matrix, such that 𝑞(𝑈) = 𝑀(𝑈) ⋅ 𝜂𝑣 (𝑈).
𝜕𝜂
Here the subscript stands for the partial derivative with respect to this subscript, for instance 𝜂𝑣 = 𝜕𝑣 and
𝜕2 𝜂

𝜂𝑈𝑈 = 𝜕𝑈2 .
Balance equation (3) together with the two structural conditions above will be referred to as conservationdissipation formalism (CDF). We will show with examples later how CDF guides us to choose the dissipative
variable 𝑣 and to determine the corresponding fluxes 𝑔𝑗 (𝑢, 𝑣) in (2). Note that the source has already been
proposed in the form 𝑞(𝑈) = 𝑀(𝑈) ⋅ 𝜂𝑣 (𝑈).
We conclude this part with some explanations about the two conditions above. The first one is the wellknown entropy condition for hyperbolic conservation laws [18, 21, 22]. It corresponds to the classical thermodynamics stability. This condition ensures that the expected system (3) is globally symmetrizable hyperbolic.
It implies that there is a function 𝐽𝑗 = 𝐽𝑗 (𝑈) such that
(4)

𝜂𝑈 ⋅ 𝐹𝑗𝑈 = 𝐽𝑗𝑈 .
This relation gives a restriction for the flux 𝑔𝑗 (𝑢, 𝑣). Moreover, equation (4) leads to
3

3

𝜕𝑡 𝜂 = − ∑ 𝜂𝑈 ⋅ 𝜕𝑥𝑗 𝐹𝑗 + 𝜂𝑣 ⋅ 𝑞 = − ∑ 𝜕𝑥𝑗 𝐽𝑗 + 𝜎
𝑗=1

𝑗=1
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with the entropy production 𝜎 = 𝜂𝑣 ⋅ 𝑀(𝑈) ⋅ 𝜂𝑣 ≥ 0. Here the second condition has been used. Thus, the second
law of thermodynamic is respected automatically by system (3) constructed via CDF.
The second condition is a nonlinearization of the celebrated Onsager reciprocal relation for scalar processes [1]. Together with the first condition, it can be regarded as a stability criterion for non-equilibrium
thermodynamics. This criterion ensures that the states far away from equilibrium tend to equilibrium in long
time [23]. Remark that the dissipation matrix may depend on the non-equilibrium variables as well as the conserved ones, while the Onsager relation only allows the dependence on the conserved variables. It was shown
in [17] why the dissipation matrix 𝑀 = 𝑀(𝑈) must be positive instead of semi-positive definite. In fact, this
positive definiteness guarantees that 𝜂𝑣 (𝑢, 𝑣) = 0 whenever 𝑞(𝑢, 𝑣) = 0. This means that the local equilibrium
states are those attaining the maximum of the entropy with respect to the non-equilibrium variables.

3 Heat conduction in rigid bodies
As the first example, we consider heat conduction in rigid bodies. This process obeys the conservation law of
energy:
𝜕𝑡 𝑢 + ∇ ⋅ q = 0,
(5)
where 𝑢 is the internal energy and q is the corresponding heat flux. This equation is not closed since the flux
q is unknown. Our task is to close this equation.
Unlike EIT where q is simply added to the state space, our CDF introduces a non-equilibrium variable w
with the size of q, which will be determined later. The whole state space is now given by state variables (𝑢, w).
As in EIT, we specify a strictly concave function 𝑠 = 𝑠(𝑢, w) as the entropy for the process. In order to be
compatible with the equilibrium thermodynamics, we define the non-equilibrium temperature 𝜃 with
𝜃−1 = 𝑠𝑢 (𝑢, w).
Moreover, we refer to equation (5) and the generalized Gibbs relation
𝑑𝑠 = 𝑠𝑢 𝑑𝑢 + 𝑠w ⋅ 𝑑w,
and deduce the evolution of the entropy:
𝜕𝑡 𝑠 = −𝑠𝑢 ∇ ⋅ q + 𝑠w ⋅ 𝜕𝑡 w = −∇ ⋅ (𝑠𝑢 q) + q ⋅ ∇𝑠𝑢 + 𝑠w ⋅ 𝜕𝑡 w = −∇ ⋅ J + 𝜎.
Here J = 𝜃−1 q is the entropy flux and 𝜎 = 𝑠w ⋅ 𝜕𝑡 w + q ⋅ ∇𝜃−1 is the entropy production.
CDF suggests to choose q = 𝑠w (𝑢, w) and
𝜕𝑡 w + ∇𝜃−1 = M ⋅ q,

(6)

where the dissipation matrix M = M(𝑢, w) is positive definite. Equations (5) and (6) together compose a system
of first-order PDEs in the form (3) with
𝑢
𝑈 = ( ),
w

∑ 𝜕𝑥𝑗 𝐹𝑗 (𝑈) = ∇ ⋅ (
𝑗

q
),
𝜃−1 I

0
),
𝑄(𝑈) = (
M⋅q

where I is the 3 × 3 identity matrix.
The above construction of the constitutive equations seems quite natural for the final system to be hyperbolic, although there may exist alternative ways to achieve the goal. From the above procedure, we see that the
non-equilibrium variable w is conjugated to the heat flux q with respect to the pre-specified entropy. Thanks
to the strict concavity of 𝜂 = 𝜂(𝑢, w), the non-equilibrium variable w can be globally expressed in terms of
q and 𝑢 [21]. Compared to EIT, where the evolution equation of the flux q was derived directly, CDF gives
equation (6). Notice that EIT does not guarantee the hyperbolicity of its final system consisting of (5) and the
constructed evolution equation for q.
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As many other theories, there are many freedoms in choosing the entropy 𝑠 and the dissipation matrix M.
Indeed, CDF does not impose any further restrictions except that the entropy is strictly concave and the dissipation matrix is positive-definite. The exact expressions of 𝑠 and M depend on the specific problem to be
studied.
A simple choice of the two quantities above is
1
1
𝑠(𝑢, w) = 𝑠0 (𝑢) −
|w|2 ,
M = 2 I,
2𝛼0
𝜆𝜃
where 𝑠0 (𝑢) is the equilibrium entropy, 𝛼0 is a constant related to the relaxation time, and 𝜆 is the heat conduction coefficient. With this choice, we have q = −w/𝛼0 and equation (6) reduces to Cattaneo’s law
1
𝛼0 𝜕𝑡 q − ∇𝜃−1 = − 2 q
𝜆𝜃
whose stationary limit (𝛼0 → 0) gives Fourier’s law q = −𝜆∇𝜃. Thus, equation (6) can be regarded as a nonlinear generalization of Cattaneo’s law. See [12] for similar nonlinear extensions. Moreover, the stationary
limit of equation (6) with general entropy functions reads as
q = M−1 ⋅ ∇𝜃−1 .
This is a generalization of Fourier’s law and may describe non-isotropic and nonlinear heat conduction.

4 One-component fluids
Consider a compressible one-component fluid. Without external forces, the conservation laws of mass, momentum and energy for such electrically neutral fluids read as
𝜕𝑡 𝜌 + ∇ ⋅ (𝜌v) = 0,

(7a)

𝜕𝑡 (𝜌v) + ∇ ⋅ (𝜌v ⊗ v + P) = 0,

(7b)

𝜕𝑡 (𝜌𝑒) + ∇ ⋅ (v𝜌𝑒 + q + P ⋅ v) = 0.

(7c)

Here 𝜌 is the fluid density, v is the velocity, 𝑒 is the specific total energy, and the symbol ⊗ represents the tensor
product. Since the stress tensor P and the heat flux q are unspecified, the above equations are needed to be
closed.
To close these equations, we introduce two non-equilibrium state variables w and C which have the respective sizes of the vector q and tensor P. Recall that such a system in equilibrium usually has a specific
entropy 𝑠0 = 𝑠0 (𝜈, 𝑢) with the specific volume 𝜈 = 1/𝜌 and the specific internal energy 𝑢 = 𝑒 − |v|2 /2. Now we
assume that the non-equilibrium system under consideration possesses a generalized specific entropy
𝑠 = 𝑠(𝜈, 𝑢, w, C)
depending on the non-equilibrium variables (w, C) as well as the classical ones (𝜈, 𝑢). This specific entropy
corresponds to the entropy density 𝜂 in CDF with the relation
𝜂 = 𝜂(𝜌, 𝜌v, 𝜌𝑒, 𝜌w, 𝜌C) = 𝜌𝑠(1/𝜌, 𝑒 − |v|2 /2, w, C).
It is not difficult to show that the concavity of 𝜂 in its arguments is equivalent to that of 𝑠 in its own arguments.
In what follows, we will use 𝑠 instead of 𝜂, in order to easily compare with the classical calculations [1].
Accordingly, we define the non-equilibrium temperature 𝜃 and the non-equilibrium thermodynamic pressure 𝜋 as
𝜃−1 := 𝑠𝑢 (𝜈, 𝑢, w, C),
𝜃−1 𝜋 := 𝑠𝜈 (𝜈, 𝑢, w, C).
For convenience, we exempt the thermodynamic pressure 𝜋 from the stress P. Namely, set 𝜏 = P − 𝜋I which
accounts for possible dissipative effects such as viscosity. Moreover, we have the generalized Gibbs relation
d𝑠 = 𝜃−1 [𝜋d𝜈 + 𝑑𝑢] + 𝑠w ⋅ dw + 𝑠C𝑇 : dC,

(8)

where the superscript 𝑇 denotes the transpose and the colon stands for the double contraction of two secondorder tensors: A : B = ∑𝑖,𝑗 𝐴 𝑖𝑗 𝐵𝑗𝑖 .
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Next, we introduce a differential operator D acting on a function 𝑓 = 𝑓(x, 𝑡) as D𝑓 := (𝜌𝑓)𝑡 + ∇ ⋅ (v𝜌𝑓).
Thanks to the continuity equation (7a), it is easy to see that D𝑓 = 𝜌(𝑓𝑡 + v ⋅ ∇𝑓) and thereby is Galilean invariant. From the equations (7) and (8) we calculate the balance equation for the specific entropy as follows:
D𝑠 ≡ 𝜂𝑡 + ∇ ⋅ (v𝜂)
= 𝜃−1 [𝜋∇ ⋅ v − ∇ ⋅ q − P𝑇 : ∇v] + 𝑠w ⋅ Dw + 𝑠C𝑇 : DC
= −∇ ⋅ (𝜃−1 q) + (𝑠w ⋅ Dw + q ⋅ ∇𝜃−1 ) + (𝑠C𝑇 : DC − 𝜃−1 𝜏𝑇 : ∇v)
= −∇ ⋅ J + 𝜎.
Here J = 𝜃−1 q is the entropy flux and
𝜎 = (𝑠w ⋅ Dw + q ⋅ ∇𝜃−1 ) + (𝑠C𝑇 : DC − 𝜃−1 𝜏𝑇 : ∇v)
is the entropy production.
Having the expression of the entropy production, we refer to CDF and choose q = 𝑠w , 𝜏 = 𝜃𝑠C , and
𝜕 (𝜌w) + ∇ ⋅ (𝜌v ⊗ w) + ∇𝜃−1
q
( 𝑡
) = M ⋅ ( −1 )
𝜕𝑡 (𝜌C) + ∇ ⋅ (𝜌v ⊗ C) − ∇v
𝜃 𝜏

(9)

with M = M(𝜌, 𝑢, w, C) positive definite. Consequently, the final closed system of governing equations is of
the balance form (3).
Up to now, we have not assumed the symmetry of the stress tensor. If the stress tensor is symmetric, we
will take the non-equilibrium tensor C to be symmetric. In this case, the previous calculations are still valid
but lead to
q
𝜕𝑡 (𝜌w) + ∇ ⋅ (𝜌v ⊗ w) + ∇𝜃−1
(
(10)
1
𝑇 ) = M ⋅ ( −1 ) ,
𝜃 𝜏
𝜕𝑡 (𝜌C) + ∇ ⋅ (𝜌v ⊗ C) − 2 (∇v + ∇v )
instead of equation (9).
Furthermore, we give some choices of the specific entropy function and the dissipation matrix. For convenience, we define
∙
∘
1
1
1
A = Tr(A)I,
A = (A + A𝑇 ) − Tr(A)I
3
2
3
∙

∘

for a square matrix A, where Tr(A) is the trace of A. Note that A and A are orthogonal in the sense of double
contraction.
For the generalized entropy, we take
𝑠 = 𝑠0 (𝜈, 𝑢) −

1
1 ∙ 2
1 ∘ 2
|w|2 −
|C| −
|C| ,
2𝜈𝛼0
2𝜈𝛼1
2𝜈𝛼2

where 𝑠0 (𝜈, 𝑢) is the strictly concave equilibrium entropy and 𝛼0 , 𝛼1 and 𝛼2 are three positive parameters related to the relaxation times, and the dissipation matrix is chosen so that
q
M⋅(

𝜃−1 𝜏

1
q
𝜃2 𝜆

) = (∙

𝜏
𝜉

∘

+

)

𝜏
𝜅

with 𝜉 and 𝜅 positive viscosity parameters. Obviously, the specific entropy 𝑠 thus chosen is strictly concave
and the dissipation matrix M is positive-definite.
Now we have
∙
∘
𝜌w
𝜌C 𝜌C
−1
q=− ,
𝜃 𝜏=−
−
.
𝛼0
𝛼1
𝛼2
The evolution equations (10) become
𝛼0 [𝜕𝑡 q + ∇ ⋅ (v ⊗ q)] − ∇𝜃−1 = −

q
,
𝜃2 𝜆

∙

∙
𝜏
∙
∙
𝛼1 [𝜕𝑡 (𝜃−1 𝜏) + ∇ ⋅ (𝜃−1 v ⊗ 𝜏)] + ∇v = − ,
𝜅
∘
∘
𝜏
∘
−1 ∘
−1
𝛼2 [𝜕𝑡 (𝜃 𝜏) + ∇ ⋅ (𝜃 v ⊗ 𝜏)] + ∇v = − .
𝜉
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Here we have used the aforesaid orthogonal decomposition for the equation of the symmetric tensor C in (10).
These equations correspond to Cattaneo’s law and Maxwell’s laws of viscoelasticity, respectively. They may
give a reasonable description of non-isothermal compressible Maxwell fluid flows.
In the limit as the 𝛼’s go to zero, we arrive at
q = −𝜆∇𝜃,

∘

∙

𝜏 = −𝜉∇v − 𝜅∇v.

These are the classical Fourier–Newton–Stokes’ constitutive relations, provided that 𝜆, 𝜉 and 𝜅 are all independent of the non-equilibrium variables. When 𝜆, 𝜉 or 𝜅 depend on the non-equilibrium variables, the above
relations may describe generalized Newtonian fluids [24]. To see this, we assume 𝜅 = 𝜉 = 𝜇0 |𝜏|𝛼 for simplicity
∘
∙
and set 𝛾̇ = ∇v + ∇v = 12 (∇v + ∇v𝑇 ). Thus, we deduce from the second relation above that
|𝜏| = 𝜇0 |𝜏|𝛼 |𝛾|̇
1

̇ 1−𝛼 if 𝛼 ≠ 1. Set 𝑛 =
and thereby |𝜏| = (𝜇0 |𝛾|)

1
.
1−𝛼

Then we obtain the constitutive equation

𝜏 = −𝜇0𝑛 |𝛾|̇ 𝑛−1 𝛾̇
for power-law fluids with index 𝑛 and consistency coefficient 𝜇0𝑛 .

5 Summary and discussions
In this work, we propose a conservation-dissipation formalism (CDF) for coarse-grained descriptions of irreversible processes. This formalism is based on a stability criterion for non-equilibrium thermodynamics.
The stability means that the states far away from equilibrium tend to equilibrium in long time. It implies the
compatibility of the expected theory with CIT.
Like EIT, our CDF is easily feasible. It starts with the known conservation laws of form (1). The key step is to
choose the non-equilibrium variables, a strictly concave (entropy) function of the non-equilibrium as well as
conserved variables, and a positive-definite matrix characterizing the dissipation. The concavity corresponds
to the classical thermodynamic stability and therefore the non-equilibrium variables should be of the nature
of extensive variables. Once these quantities are chosen, the evolution equation for the non-equilibrium variables can be easily obtained by deriving the dynamics of the entropy. Let us notice that our CDF works well
when the right-hand side of (1) is non-zero but the non-zero source has no impacts on the entropy produced
inside the system.
To illustrate the above procedure, we formulate a novel thermodynamics theory for general one-component fluid flows. In this example, the non-equilibrium variables are exactly the conjugate variables of the
dissipative fluxes in EIT. The new theory is a nonlinear extension of Cattaneo’s law or Maxwell’s law.
Our CDF possesses some important advantages of GENERIC [3, 9, 10] – a popular formalism for irreversible thermodynamics, which is important for the mathematical implications present in the Hamiltonian
formalism and therefore for the study of geometric properties of the thermodynamic space. For instance, CDF
is a genuinely nonlinear formalism, it works for systems far away from equilibrium, and the equations derived in CDF have a unified elegant form and respects the second law of thermodynamics. Despite of its wide
applications in rheology, GENERIC does not seem to provide hints to choose the non-equilibrium variables,
it involves complicated bracket algebras and tedious calculations, and its mathematical foundation needs to
be justified. On the other hand, our CDF is easily feasible and understandable, the resultant governing equations are globally hyperbolic and thereby well-posed for initial-value problems, and these equations allow a
convenient definition of weak solutions. As a consequence of these advantages, the equations derived in CDF
are very amenable to existing numerics and thus CDF is anticipated to have great values in applications.
Like other approaches including EIT and GENERIC, our CDF has many freedoms on choosing the entropy
function and the dissipation matrix. These freedoms leave more flexibility to our CDF in modeling various systems in different regimes. Generally speaking, these freedoms are problem-dependent and could be reduced
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by compatibility considerations. For example, the dissipation matrix for the one-component fluids is required
by the Galilean invariance to be independent of the fluid velocity, it is often chosen to be block-diagonal for
the decoupling of tensors with different orders in view of Curie’s principle, and so on. Further discussions on
the reduction are beyond the scope of this paper and will be addressed in the future.
Finally, we remark that the material objectivity is often considered in the constitutive theory. The traditional EIT usually does not consider this principle. But using the methodology of rational thermodynamics
and Liu or Coleman–Noll techniques, EIT can lead to constitutive laws that satisfy the objectivity principle
[3]. How to include the objectivity to our formalism is not clear yet. This interesting question deserves further
investigation.
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