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Abstract
In this paper we describe the rigid tensor triangulated subcategory of Voevodsky’s triangu-
lated category of motives generated by the motive of an elliptic curve as a derived category of
dg modules over a commutative differential graded algebra in the category of representations
over some reductive group.

1 Introduction

During 1980s, Beilinson and Deligne independently describe a conjectural abelian tensor category
of mixed motives MM(k, Q) over a given base field k. The existence of an abelian category of
mixed motives would have important consequences for our understanding of smooth varieties. The
category MM (k, Q) has yet to be constructed. Alternatively, Voevodsky, Levine and Hanamura
have independently constructed a triangulated category of mixed motives over a field, modeled on
the derived category of the conjectural abelian category of mixed motives. Notably, Voevodsky’s
triangulated category of mixed motives satisfies most properties predicted by Beilinson. Then
one may ask whether there is a reasonable t-structure on Voevodsky’s triangulated category of
motives with rational coefficient DMy, (k, Q), which gives the desired abelian category of mixed
motives. The only known example is mixed Tate motives [18] (short for MTMs), i.e. the category of
motives generated by Tate objects. In fact, if the base field k satisfies the Beilinson-Soulé vanishing
conjecture, Levine [18] shows that the triangulated category of MTMs has a t-structure.

Later Bloch and Kriz [5] provide a different way of constructing an abelian category of MTMs.
Roughly speaking, the conjectured abelian category of mixed Tate motives MTM is a Tannakian
category, whose Tannakian fundamental group 71(MTM) is an extension of a prounipotent alge-
braic group U by the multiplicative group G,,. Bloch and Kriz’s work gives a description about one
candidate of the prounipotent group U. This group has an explicit description in term of ”cycle
algebras”, therefore Bloch and Kriz’s MTMs is defined as the category of graded representations
over U. Then a natural question is:

Does Bloch and Kriz’s construction coincide with Levine’s construction if the base field sat-
isfies the Beilinson-Soulé vanishing conjecture? Or what’s the relation between Bloch and Kriz’s
construction and Voevodsky’s construction?

Combining Bloch and Kriz’s construction with Kriz and May’s general theory of Adams cdgas
[15], Spitzweck [25] defines an equivalence between the dervied category of Adams dg-modules
over BK’s cycle algebra and the rigid subcategory of DM, (k, Q) generated by Tate objects. As
a corollary, if the Beilinson-Soulé vanishing conjecture is true for the base fields, all mentioned
constructions of the abelian category of MTMs are the same.

In this paper, we continue with the viewpoint of cycle algebras to understand the motives
generated by an elliptic curve F defined over a base field k with characteristic zero. We handle
the case that the elliptic curve is without complex multiplication and with complex multiplication
separately. Like Tannakian fundamental group of mixed Tate motives, the conjectured Tannakian
fundamental group for motives generated by a non-CM (resp. CM 1) elliptic curve is an extension

IFor the CM case, we only consider the complex multiplication is defined over k.



of a pro-unipotent algebraic group by GLy (resp. the Weil restriction Resg,qG,,, where K =
End(FE) ® Q). The elliptic cycle algebra should lie in the category of representations over GLoy
(resp. Resg/gGn,). However, Resg /Gy, is not absolutely irreducible, which causes a lot of
difficulties. Our strategy for the CM case is extending the cycles algebra and representations over
K rather than Q and using the isomorphism Resk /G, ® K = G, x X Gy, x. Studying the cdga
object in the category of GLs-representations is one of the main motivation for us to develop a
theory of cdgas over some reductive group in [7], which generalize Kriz and May’s theory of Adams
cdgas. Compared with mixed Tate motives, the left things are constructing a reasonable elliptic
type cdga and further connecting with DM, (k,Q) (resp. DMy, (k,K)), which are the main
contents of our paper.

Let us explain the rough idea of the construction of the elliptic cycle algebra for non-CM case.
The CM case is similar. For the desired elliptic cycle algebra £, as a G La-representation, it
will decompose as a direct sum of irreducible representations. Therefore we need to figure out
coefficients for every irreducible G Lo-representation. Recall every irreducible G Lo representation
has the form Sym°F ® det®® for a € Z>¢ and b € Z, where F is the standard G L, representation.
For Sym®F @ det®?, the cohomology of the coefficient complex should reflect the extension of
the motives Sym®M;(E) @ Q(b) by Q (See Lemma 5.8). Our computations in Section 5 implies
the cohomology groups of our construction of £, have these properties. As for the coefficient
complexes, we choose the Friendlander-Suslin construction (reviewed in Section 3), which is a
functorial improvement of Bloch’s cycle complexes.

After constructing the elliptic cycle algebra £}, we use the sheaf version €}, (Definition 7.1)
of &%, and symmetric motivic 7" -spectra to define the functor from the derived category of dg-£¥,
modules to Voevodsky’s big category of motives. Restricting to compact objects, we get the desired
equivalence, which is our main results — Theorem 8.13 and Theorem 8.15.

There are other related constructions or understanding of motives for an elliptic curve.

e Patashnick [23] constructs a different cycle algebra for an elliptic curve E without CM and
defines one candidate for the abelian category of motives for F. Compared to his work, the
advantage of our construction is its identification with a full subcategory of DM, (k, Q).
Another difference between Patashnick’s construction and ours is the use of Friedlander-
Suslin complexes in our paper rather than Bloch’s cycle complexes.

e We also mention that, besides the approach of cycle algebras along the lines of work of Bloch,
Kriz, May et al., Kimura and Terasoma in [13] develop a theory of relative DGAs and used
their theory to define another candidate for an abelian category of mixed elliptic motives.

e Iwanari [11] uses derived Tannaka duality to describe the stable oo-category of motives gen-
erated by a Kimura finite Chow motives as a symmetric monoidal stable oco-category of
quasi-coherent complexes on a derived quotient stack. In particular, motives for an elliptic
curve are Kimura finite. Based on Tannakian formalism, he [12] further describes the derived
motivic Galois group of co-category of motives generated by an abelian variety over a number
field with some condition.

In outline, the content of the paper is as follow: In Section 2, 3, we briefly recall some basic facts
about the motives of an elliptic curve and Friedlander-Suslin complexes as preparations. We give
the detailed construction of the elliptic cycle algebra £, in Section 4 and show their properties in
Section 5, 6. In order to connect with DM, (k, Q), we formulate the sheaf version of the elliptic
cycle algebras in Section 7. Then we can construct a functor from the derived category of dg
&X,-modules to Voevodsky’s big category of motives DM(k, Q), whose restriction on the compact
objects leads to a functor to DM, (k, Q). In Section 8, we provide such construction and show
that this functor induces an equivalence between the compact objects in the derived category of
dg &};-modules and the idempotent complete rigid tensor triangulated subcategory generated by
the motives of E. As a corollary of Theorem 8.3 in [7], if £, is cohomological connected, i.e.,
Conjecture 2.6 and Conjecture 8.16 hold for F, then there exists an abelian category of mixed



motives for E. In the last section, we show that the embedding of the triangulated category of
mixed Tate motives into motives for £ can be understood as a map between the derived categories
of dg modules, which is induced by the inclusion of a sub-algebra N of £, to £, itself.
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Notations and Conventions:

Let k be a base field with characteristic zero.

Schy: the category of separated schemes (of finite type) over k.

Smy: the category of smooth varieties over k.

Sh¥, . (k): the category of Nisnevich sheaves with transfers over k.

Ab: the category of Abelian groups.

For any additive category M, we let C'(M) denote the category of unbounded chain complexes
over M.

Next we use some notations defined in [7, 18].

1. Given an Adams cdga N, we denote the category of cell modules (resp. finite cell modules)

over N defined in section 1.4 of [18] by CM s (resp. C/\/lj’i/) Denote the derived category of
Adams graded dg NM-modules by Dy, which is defined in section 1.4 of [18]. Denote the full

subcategory with objects isomorphic in Das to a finite cell module by Dj:/.

2. Given a cdga E over GLy (resp. Tg), defined in Definition 2.4 in [7], we we denote the
category of cell modules over £ defined in Definition 2.9 of [7] by C/\/lgL2 (resp. CMEK).
Denote the derived category of dg £-modules by D§L2 (resp. D}TK), which is defined in
Definition 3.2 of [7].

2 Motives for an elliptic curve

In DM, (k, Q), the motive of E will decompose into:
M(E)=Q® Mi(E)[1] © Q(1)[2]-
Recall that DM;{,‘{U{J,Q) is a Q-linear tensor category. Using the results in Section 1.4 of [9] we
have the following decomposition of M7 (E)®" (also in the category of Chow motives):
dec of elliptic moti&e 15|

My(E)®" = ) Va ® S\(My(E)),
|A|=n

where Sy is the Schur functors? associated to ), a partition of n. The index set runs through all
partitions of n and V), is the multiplicity space.

Lemma 2.1. Let E be an elliptic curve over k. Then we have Sx(M1(E)) = 0if X = (n1,ng, -+ ,ny)
with r > 3 and A2M;(E) = Q(1). In other words, equality (2.1) can be written as:

M, (E)®" = b Vi @ Sym®(M,(E))(b). (2.2)
A=(a+b,b),a+2b=n

2TFor the definition of Schur functor and notations of partitions, we refer to Section 1.3 and 1.4 of [9].



Proof. By Proposition 20.1 in [21], we know that the category of effective Chow motives embeds
contravariantly into DM®//(k, Q). Let us denote this functor by ®. In the category of Chow

gm
motives, we have the following decomposition of the Chow motive of E:

h(E)=h’(E) ® h'(E) ® h*(E).
Note that the image of h!(E) under ® is M;(FE)[1]. Using Theorem 4.2 in [14], we get:
Sym'h*(E) =0 if i>3.
and
Sym?h!(E) = L.
Here L is the Lefschetz motive in the category of Chow motives. Recall that the image of L. under

® is Q(1)[2](Remark 20.2 in [21]). Because @ is a tensor functor, using commutative constraint in
DM;J;f(k:,Q), we have:

O(Sym’h'(E)) = Sym' (My(E)[1]) = (A" My (E))[]

This implies that: ‘
NM(E)=0 if i>3,
and
N Mi(E) = Q(1).
Given A = (ny,na, -+ ,n,) , by the definition of Young symmetrizer, we know that: Sy(M;(E)) is
a direct summand of A" M (E)®---® A™s My (E), where (my,---,ms) = A3, When r > 3, then
we have m; > 3. By the above computation, we obtain that Sy(M;(E)) = 0. O

Definition 2.2. Given an elliptic curve F, the full idempotent complete rigid tensor triangulated
subcategory of DMy, (k, Q) generated by M (FE) is denoted by DMEM(k, Q).

Remark 2.3. We remark that DMEM(k, Q) contains the category of mixed Tate motives
because of the decomposition of the motive of E in the beginning of this section.

Remark 2.4. If F is an elliptic curve with CM, we let K = End(E) ® Q, which is an imaginary
quadratic field. Then we will consider DMEM (k,K)g. We recall that M;(E)x is decomposed
as a direct sum of two motives M and M in DM,,,(k,K). See Proposition 7.2 in [1]. This
decomposition is induced by the action of K. For a given two-dimensional rational vector space F,
viewed as a Resg /qoG,-representation, then we have a decomposition as before:

(Fy)®" = &k Va ® Sym®(Fg)(b).
a+2b=n,a,b€Z>g

Furthermore, the piece

n(Fg)®" = Vino @ Sym™(Fx) = P (Vo @V V) eV, ;4
i+j=n,i,jEL

where V(;, 0) ® V® @ V%I are pairwise non-isomorphic irreducible representations over a K-algebra
EndResy oG, ok ((Fx)®") and V; are pairwise non-isomorphic irreducible representation over
Resy gGm @ K = Tx. For simplicity, we delete V;; and one may think that both V and V
are endowed with the G,-action. In fact, Endresy G, ox((Fx)®") is a special case defined in the
Section 3.9 of [1], which is called B,, k. Ancona’s main result — Theorem 4.1 in [1] implies that the
decomposition like Lemma 2.1 is holding for the CM elliptic motives:

((M(BE))®" 2 P Vi ® M® @ M.
i+j=n.i,jEL
3Here A! is the transpose (or conjugate) of A, which is defined by interchanging rows and columns in the Young
diagram associated to A.
4We view ¢, as an idempotent in End((Fx)®"), which lies in EndResK/QGm(X)]K((FK)@n)-




Definition 2.5. 1) We say the 0-th vanishing property holds for E if :

1%

(Non — CM case) Hompu,,, (ko) (Sym* M1 (E),Q(i)[j]) =0,
for any j € Z<q, any i € Zso;
(CM case) HomDMgm(k,K)(M@’%, K(4)[j]) = HomDMgm(k,K)(Mmi, K(#)[5]) =0
for any j € Z<o and any i € Zxg
2) Let r be a positive integer. We say the r-th vanishing property holds for E if
(Non — CM case) Hompw,,, (ko) (Sym> 1" My (E), Q(i)[j]) 0,

for any j € Z such that r 4+ j < 0 and any i € Z>;

Il

(CM case)  Hompwm,,, (kx) (M, Q(i)[j]) = Hompwm,,, (kx) (MZ* ", Q(4)[4]) =0,
for any j € Z such that r + j < 0 and any i € Zx.

Conjecture 2.6. If E be an elliptic curve over a field k of characteristic zero, then E has the r-th
vanishing property for any non-negative integer r.

Example 2.7. Assume that E is an elliptic curve without CM, then we have:
Hompw,,, (k,0) (Sym* M1 (E),Q(1)[x]) = 0.
Proof. Notice that:
Hompwm,,, (r,0)(Sym*Mi(E),Q(1)[i]) = Hompwm,,, (o) (Sym*Mi(E)[2], Q(1)[i + 2])
is a direct summand of Hompw,,, (k) ((M1(E)[1])¥%, Q(1)[i + 2]), therefore a direct summand of
Hompw,,, (ko) (M(E x E),Q(1)[i + 2]).

It’s well known that, (for example, chapter 3 in [21]):

e When i =0, Hompwm,,, (k.0 (M(E x E),Q(1)[2]) = Pic(E x E);

e When i = —1, Hompwm,,, (k,0) (M (E x E), Q(1)[1]) = k*;

e Otherwise, Hompuwm,,, (x,0)(M(E x E),Q(1)[2 +i]) = 0.

Notice that Hompnw,,, (x,0)(Q, Q(1)[1]) = k* is a direct summand of
Hompwm,,, (k) (M(E x E),Q(1)[1]), which implies that:

Hompm,,, (ko) (M1 (E)1)*2, Q1)) =0 if i7#0.
Then

Hompw,,, () (M1(E?), Q(1))
~Hompm o (£,Q) (Sym Ml( )7 Q(l)) (&) HomDMgm(k Q) (Q(l), Q(l)) (23])|
=~Hompwm,,, (ko) (Sym* Mi(E),Q(1)) @

On the other hand, we have:

Hompaa, , (e.0) (M1 (E2),Q(1)) = Hompya, , (e.0) (M1 (E), My(E)) = Hom ap, (B, E), (2.4



where Abg is in the category of abelian varieties up to isogeny. For the first isomorphism, we
use the facts that the dual motive of M;(FE) is M;(E)(—1) and the properties of internal hom
in DMy, (k, Q). For the second one, we use the fact that the category of abelian varieties up to
isogeny fully embeds into DM®// (k,Q), for example, Proposition 2.2.1 in [2].

Putting together (2.3) and (2.4), we get:

Hompw,,, (k,0)(Sym* M1 (E),Q(1)) & Q = Hom ay, (E, E).
If £ is an elliptic curve without CM, then we have: Hom a, (E, E) = Q, which implies that:
Hompwm,,, (k0 (Sym*M,(E),Q(1)) 0.
O

Example 2.8. We let F be an elliptic curve over k with CM. After extending the rational coeffi-
cients for motives to K-coefficients, the similar analysis as above tells us

Hompwm,,, (kx) (Sym® My (E)x, K(1)[+]) 2 K.

Then the identification Sym?M;(E)x = Sym*(M & M) 2 M @ M & M ® M & M ® M implies
that:

l) HomDMgm(k:,K)(M ® M,K(l)[*]) = 0’
ii). HomDMgm(kJK)(M ® M,K(l)[*}) = 07
iii) Hompm K.

) (M @ M,K(1)[+]) =

gm

In fact, we have M @ M =~ K(1) in DM, (k,K).

3 Friedlander-Suslin complexes and their alternating ver-
sions
Definition 3.1. Take Y in Smy and X in Schy. Let z4 #in(X)(Y) be the free abelian group

generated by integral closed subschemes W C Y X X such that p; : W — Y is quasi-finite and
dominant over an irreducible component of Y.

Remark 3.2. We recall that forany i € Z, the Friedlander-Suslin complexes Z5F (i) is defined by:
Z% (i) = Cuzq.pin (AY) 21,

In order to define the alternating versions of Friedlander-Suslin complexes, we define C<(F)
and CA®(F) for every F a presheaf over Smy,.

Definition 3.3. Let X € Smy, and F as above. Let C¢®(F) be the presheaf

CH(F)(X) =F(X xO")/ Y m(F(X x O ).

Jj=1

and the differential is given by:



If F is a Nisnevich presheaf (sheaf, with transfers), then C<(F) is a complex of Nisnevich
prsheaves (sheaves, with transfers). One can extend the construction to complexes of sheaves (with
transfers) by taking the total complex. We can define C2A%(F) as a subcomplex of C(F) ® Q by
taking the alternating elements in C<°(F)(Y) for every Y € Smy.

Remark 3.4. There is another definition of the alternating complex without taking the quotient
by the degenerate cycles. See Remark 4.1.2 in [18].

The following theorem is concerning some comparison results about the above constructions.
The proof can be found in Section 2.5 in [17].

Theorem 3.5. Let F be a complex of presheaves on Smy,.

e There is a natural isomorphism C,(F) =2 C°(F) in the derived category of pre-sheaves on

~

Smy. If F is a complex of presheaves with transfer, there is also an isomorphism C.(F) =
C(F) in the derived category of presheaves with transfers D(PST).

e The inclusion CA(F)(Y) C CP(F)o(Y) is a quasi-isomorphism for all Y € Smy.

As a corollary, we take F to be z,. fm(Ai) and get the alternating versions of Friedlander-Suslin
complexes, which are quasi-isomorphic to the original ones.

4 The cycle algebra for an elliptic curve

Let E be an elliptic curve defined over a base field k of characteristic zero. Given a positive integer
a, we denote the a-th power of E by E®.

Definition 4.1. The sign character sgn : Z/27Z — {£1} extends to the map
p:(Z)22)* — {£1}*

by
/)(771» T 777a) = {sgn(nl)a U ’Sgn(na)}
for (m1,--- ,na) € (Z/2Z)".

The group I';, = (Z/272)* x £, acts on E® in the following way: X, permutes the components
of E* and the i-th generator (0,---,1,---,0) in (Z/2Z)® acts on the i-th component E of E* by
the inversion, i.e., z =% —z. In the following, for a given g € I',,, we denote the action of g on an
algebraic cycle Z by g(Z). For i € Z, we define a subgroup of CA*(z,. tin(A?))(E®):

CH ™ (20, pin(A)(E?) = {Z € CM (2. 5in (AM) (B*)l9(2) = pl9)Z Vg € (2/22)"}.
We denote the corresponding cycle complex by C’f”’*(zq.fin(Ab))(Ea). Given o € Q[X,], define
Z oo =sgn(o)o Y (2)

for Z € CiAlt’*(zq.fm(Ab))(Ea). This makes C’;qlt’f(zq‘fm(Ab))(E“) into a right Q[X,]-module.
We also have the action of the symmetric group X on Cf“’*(zq_fm(Ab))(E“), by permuting the
coordinates of Ab. Taking the symmetric sections with respect to the action of ¥, we get a
sub-complex C/M™ (2 in (AY))(E®) of CM™ (24 pin(AD)) (E®).

Assume that FE is an elliptic curve with complex multiplication and recall that K = Endy(F) ®
Q. In this case, we consider the above cycle complexes with K-coefficients rather than Q-coefficients.
By a slight of abuse of notations, we still use the same symbol for cycle complexes and represen-
tations.

Notation: For i < 0, V®" = (VV)®~¢ where V" is the dual representation of V. We also use
this notation for motives.



Definition 4.2. Let a,b be integers such that a > b,a > 0.
e For i € Z and F an elliptic curve without CM, we define:
~Al a— a a
ab _Ca t2b 7(Z¢1 fln(A b))(E )®Q[2a] F® (b_a)
Here F is the fundamental representation of GLy; and F®(b — a) = F®? ® det®*—2.
e For i € Z and F an elliptic curve with CM, we define:
i ~Al a— a a
b = a5y (24 sin (A" ") (E) @, 4 ca(F2*)(b - a).

Here F is the fundamental representation of GLy ® K, F®(b — a) = F®* ® det®*~%. We
recall that B, x and c¢,, are defined in Remark 2.4.

Remark 4.3. We first collect some facts.
1. Using the external product of cycles, we define a map:

O (2q.5in (A7) (E®) @ CM57 1 (2. pin (A1) (EC)

X XAt~ —btc—d
— O Shte—2d—iy —i (Zq.fin (A® temd))(Ete),
which sends Z; ® Zy to (—1)¢(¢=20=1)m(Z, x Zy). Here m is the map
E% x Aa—b % Da—Qb—il % E€ x Ac—d % Dc—2d—i2 N Ea+c % Aa—b+c—d % Da—2b+c—2d—i1—i2
changing the positions of the factors.
2. We have the map of GLsy representations: F¢ @ F¢ — Fate,

In the following, we want to define a product map &7, ® £7;, — &7, .}, For simplicity, we
denote Ca—2b—i(Z‘I-f”1 (A*=b))(E2) by C? ;- Let us only explam the non-CM case. We have:

(Cip ®gpe, F(b—0)) ®q (C2 ; ®qn, F(d—c)) = (Cl,®a Cl 1) Ogz, xx.] (F*(b—a) ©g F(d—c)).
Using the external product of cycles and G Lo-representations (see Remark 4.3), we have a map:
(Ciy ®0 Cg,d) [z, x5.] (F*(b—a) ® F°(d —¢)) = C;ii,b+d Rz, xn,) F 0 —a+d—c).

The injection of groups X, x ¥, = X4 induces a map Q[¥, x X.] = Q[¥,4.]. Note that both
C;_tjc piq and FOT¢(b —a +d — ¢) are Q[¥4.] modules, and their Q[¥,.] modules structures are
compatible with their Q[X, x ¥.] module structure coming from the respective external products.

This tells us that there is a map:
Cottpra ®asaxs] FH0—atd—c) > Gl @, ) F b —atd—o).
Putting these maps together, we get a map:

Mcd

(Cly ®grz,) FU (b — a) € (C); @gis,) FO(d — ) =% Co1 4 4y gz, FH0b—a+d=c)

mul Zfﬁ]jl

Remark 4.4. Similarly, the above construction of multiplicative maps can be also applied to the
case of an elliptic curve with CM.



Remark 4.5. We will use the following identification in the next lemma.
Let G be a finite group and V' (resp. W) be a right (resp. left) Q[G] module, then:

V &g W = (V&g W)e,

The right hand means the following: The right Q[G] module V' can be considered as a left module,
gev=veg L. V®yW is considered as a left module. Then take the G co-invariant part. This
is even true for any algebra.

Lemma 4.6. The product structure defined in (4.1) is associative and graded commutative. More
precisely, (—1)”;12”‘; oT = ,ui’d, where T is the map &, , @ £ A &l 4 ® &L, changing two factors.
Proof. For the associativity part, it’s the direct result of the associativity of external products of

cycles and representations and compatibility of actions of symmetric groups
For the commutativity part, we need to check that (—1)% g’y dor = e d Take Z; ® W1, where

7, € C’fl,b, Wy € V(b — a). Similarly take Zy ® W, where Z5 € C’] W € Ve(d—c¢). Let o be
the element in Q[X,+.] which permutes the first a elements with the last ¢ elements. Let § act
on A%7b x Qe20=1 » Ac=d x [J¢724=J by permuting A% and A°~?, and permuting (1*~2°~% and
DC*Qd*j'

Also use X to denote the external product of modules.

Then, in C; 17, , ® F*™(b— a+ d — ¢), we have:

60 ((Z1 W Z3) ®q (W1 W W3))

= 6(0(Z1 W Z2)) ®q (o(W1 K W2))
1)6 a—i)+a(c—j)+ (a*i)(cfj)(z2 X Z,) @q (Wa W)
1)F(a i)+a(c—j)+ (a—i)(c—j)(Z2 X 7)) ®g (Wo K W))
1)t (29K 7)) @g (W K W),

= (=
(=
(=
Here we use §(Z) = sgn(d)Z. This implies that the image of

pEs(Z @ Wh) ®g (2, @ Wa)) — (=1)7 (ugy 0 7)((Z1 © Wh) ®q (Z2 @ Wa))

. it
in 5a+c’b+

d is the same as
pEN(Z1 @ W) @g (22 @ Wa)) — (—1)*a(ul((Z1 @ W) @q (22 © Wh))),

ie.,

PN (21 @ Wh) @g (Z: @ Wa)) — 0 & (u03((Z1 @ Wh) @ (Zo ® Wa))),

which is zero in 5;_]6 prq- Lhis implies the graded commutativity. O

For simplicity, we denote the multiplication ,ui’s by e.

Lemma 4.7. Given Zy @ Wy € C} , @qiz,) F*(b—a), Zo @ Wy € C’id ®Rqrs,) F(d — ¢), then we
have:
it e a(ZL @ W) e (22 ® Wa))

= (diy(Z1 @ W) @ (Za @ Ws) + (—1)'(Z1 @ Wh) @ (d) ,(Z @ W),
where d, ;, is the map C, , ®qs,] F*(b — a) — deid C’;‘Zl ®qrn, F4(b—a).

Proof. One may check by definition. O



Assume that E is an elliptic curve without CM. By Lemma 4.6 and Lemma 4.7, our products
Eap €4 = Earera

give @q>p>0&, ;, the structure of a bi-graded commutative differential graded algebra in GLo-
representations.

Remark 4.8. If F is an elliptic curve with CM, then the representations in each 5;,11 are viewed as
representations over G, x X G, x = Tk. The determinant representation of 7Tk means the pullback
of the determinant representation of G Ls along the embedding of Tx — GLs. Under the action of
the Galois group Gal(KK/Q), we have the decomposition F = V @ V. In this case, the analogue of
Lemma 4.6 and Lemma 4.7 hold, i.e., the products

Eab®ELy = Eavenrd
give @azbz()é';"b the structure of a bi-graded cdga in Tk-representations.

Example 4.9. Assume that F is an elliptic curve without CM in this example. Let us use Example
2.7 to compute &5 ;. According to our definition, we have:

£y = O2 ™ (zq.5n(A))(B?) ®gpsy FO2(-1).

Notice that as a G Ly representation, V®2(—1) decomposes as the direct sum of Sym?F(—1) and
Q, both factors with multiplicity one. Computing the corresponding cycle complexes, we get:

€31 = (CL (zq.pin (AN))(E?) ™™ ©g Sym®F(=1) ® (CL (z4.pin (")) (E*)™ ©g Q.

Using Example 2.7, we obtain that the first term of right hand side is quasi-isomorphic to zero.
Similarly the second term is quasi-isomorphic to the trivial GLs representation, generated by a
cycle of codimension one in E?. If we denote the diagonal (resp. anti-diagonal) of E x E by AT
(resp. A7), then we can take this generator to be the cycle 1 (AT — A~7).

Example 4.10. Assume that E is an elliptic curve with CM now. Then by the above discussion,
we have:

€31 = (C27 (zq.pin(AN))(B?)™ @x (V @ V(-1)).

Notice that this complex is quasi-isomorphic to the trivial representation K, generated by the cycle
1 R T .
5(I', = T'5(=1)), where I, denotes the graph of the complex multiplication .

(Non-CM case) Let E be an elliptic curve without multiplication. We define a map:
« N colimit pro
Eap = Earani &fiﬁl

by mapping Z@qW € C} ,®s, F*(b—a) to (Z x L(AT—A7))®q¢(W), where ¢ is the composition

of maps between G Ly representations Fo(b—a) — F4(b—a)@gF2(—1) = F**2(b—a—1). The first
map is defined in the following way. Because F2(—1) = Sym?F(—1) ® Q as G L representations,
we have a natural injective map:

F'(b—a)=F%b—a)®Q — Fb—a)®F*(-1),
sending 1 € Q to 1 € Q C F2(-1).

Remark 4.11. Using the computation in Example 4.9 and Example 4.10, the above definition is
just the composition of maps:

Eab = Eqp B ((éﬂt’_(Zq.fm(Al))(EQ))alt ®eQ) = & ®E5, = Eato,p41-
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(CM case) Assume that E is with CM. Notice that Sym?F is not irreducible as an Tk-
representation. In fact, Sym?F is decomposed as a direct sum of V®2, V®2 and V@ V. As
non-CM case, using Example 4.10 again together with

Eap = Eap® ((éAlt’_(Zq.fin(Al))(EQ))sym @k (Vo V(-1) - Eap®Esq — Eata.bi1s

—%

we get a map:
. OX *
T €ap = Earapi

Definition 4.12. Given a € Z,

e for an elliptic curve without CM, we define:
& = @}izfa gia+2i,—a+i
where the colimits are taken over the map 7.

e for an elliptic curve with CM, we define:
g:zk = Ml}iZ*a gia+2i,fa+i7
where the colimits are taken over the map 7.

Remark 4.13. As G L representations, every term of the complex £} has pure Adams weight a.
The reason for the process of taking colimit is to kill the infinite repeated information. Notice each
irreducible GGLy representation appear infinite times for the representation part of {g;,b}’ which
take the same cycle complexes. For example, in &£, and &5 ,,, the Sym®F (b — a)-isotypical
pieces appear in these both complexes. We will see these facts later in Corollary 5.7. The same
thing also holds for the CM case.

Definition 4.14. Define:
& =QaPe;.

a>1

* *
ell — @ga'

a€Z

and

*

Remark 4.15. The products on &, descend to products on £* and £7;. We take the case of an
elliptic curve without CM as an example. By the construction of the multiplication map, we have:

* * *
a+2i, i+ @ Epiaj, j = Eabi2ivaj, s
and the commutative diagram

* * *

a+2i, 8 ® Eyaj, j ———————= ECarprzitz, itj
n®id n

* * *
Earaita, it1 ® Eptaj j ———>=Earproivajra, itjt1:
Fix integers b, j. Using these diagrams for ¢ varying, we get a map:

* * *

We also have the following commutative diagrams:

11



* * *
& Q&0 ; &
id®n

* *
& @& aita j1
and
* * *
Earai, i Oy o ————Eqbr2it2), i)

1d®n n

* * *
at2i, i ® Eopjra, b1 — > Eqtpi2itait, itji1-
Then for i,j € Z, we get a map £F ® £F — £F, ., which induces product structures on £ and £%,.
s J ) g P < J 470 p ell

By Lemma 4.6 and Lemma 4.7, these give £ and &, the structures of commutative differential
graded algebra objects in the category of G Lo representations.

5 Computations for the non-CM case

Lemma 5.1. There are isomorphisms:

HY(C15, (2. pin (A7) (EY)) = Homp,,,, (r,0) (M (E)®, Q(a — b)),

forieZ.

Proof. For the proof, we need use bivariant cycle cohomology developed in Chapter 4 in [10] and
we also use the notations in op.cit. For these definitions, we refer to [10]. Via Proposition 5.8,
Theorem 8.3 (the homotopy invariance) in [10] and Theorem 3.5, we have:

H'(CMy . (zq.5in (A" ") (E)) = H'(Camapr(2equi( B, A", 0))(Spec(k)))
=H'(Ca—2p—+(2equi(E* X A", a))(Spec(k))) = H'(Ca—2v—x(zequi(E*, b)) (Spec(k)))
2 Ay q—26-i(E*) = HPM (E*,Q(b)) = H*T(E*,Q(a — b))

=Hompn,,, (10 (M(E))®*,Q(a - b)[a + i)

~—

(5.1)

~~

In the third of the above isomoprhisms, we use the comparison between the Borel-Moore mo-
tivic homology (defined there by bivariant cycle cohomology) and motivic cohomology. See this
statement before Remark 9.5 in op. cit.

Notice that the action of (Z/2)* on these groups induced by the action on E* are compatible
under the above isomorphisms. Therefore we have:

HY(CA (24 5in(AT)(E?)) = Hompm,,, (k.0) (M1 (E))®%, Q(a — b)[i]).
O

Lemma 5.2. The external product, which is defined on the cohomology groups of the cycle complex
Cf_lté;_*(zq_fm(Aa’b))(E“), is compatible with the external product on Hom groups

Homp,,, v, (M1(E))*", Q(a — b)[i]),

12



defined in the following way:

Hompwm,,, (k,0) (M1(E)®*,Q(a — b)[i]) ® Hompm,,, (k.0 (M1(E))?¢,Q(c — d)[4])
—Hompw,,, (,0) (M1(E)** @ (M1(E))**, Q(a+c—b—d)[i + j]) (5.2)
—Hompw,,, (r,0) (M1 (E)?*,Qa+ ¢ —b—d)[i + j]),

where the first map is taking the external product in DMy, (k, Q).

Proof. By Lemma 5.1, Hompw,,, (k,0)((M1(E))®*, Q(a — b)[i]) can be identified as the cohomol-

ogy group of a subcomplex 5’;47”2’;* (2. 7in(AY70))(E?) of Cyop—s(2q. fin(A*7?))(E®). The external
product of
Hompw,,, (ko) (M1(E))?*,Q(a — b)[i])

defined as above is just induced by the product defined in Remark 4.3 on cohomology groups of
Ca-ab—+(2q.£in (A7) (E®).

On the other hand, notice that the product defined in Remark 4.3 on the cohomology groups of
the cycle complex o
t,— a— a
Casy— o (zq.in (A1) (B%)

is given by the external product on the cohomology groups of
Ca—2b—«(2q.1in (A*?)) (E?).
O

From now on, we assume that F is an elliptic curve without CM. The CM case will be discussed
in the next section.

Lemma 5.3. The cohomologies of &, are canonically isomorphic to the cohomologies of the
following complex of G Ly representations

B  Hompm,, o) (Sym Mi(E)(d),Qa — b)[«]) @ Sym F(d + b — a),
c+2d=a,c,d>0

where we view its differential maps as zero.
Proof. By Lemma 5.1, we have the following isomorphism between G Lo representations:
Hi( ;,b) = HomDMgm(k,Q)((Ml(E))®a7 Q(a - b)[i]) XQ[.] Fu(b - a).

Then by Lemma 2.1, we know that:

Hompw,,, (ko) (M1(E))®*, Q(a — b)[i]) ®qz,] F*(b —a)
~Hompwm,,, (k,Q) (Det2d=a,c,d>0Vierd,d) ® Sym (M1(E))(d), Q(a — b)]i])
®Q(z.] (Pet2f=a.e,.r>0Vierr,r) @ Sym F(f +b—a))

= Detad=ctaf=a,cde,f>0 Hompm,,, (ko) (Sym® (M1 (E))(d), Q(a — b)[i])
® Viera.a) ®as.) Viert.5) @ Sym F(f +b—a)

X Oerad=a,c,d>0 Hompwm,,, k,0) (Sym“M1(E)(d), Q(a — b)[i])
® Sym°F(d+b—a).

Notice that given two irreducible representations V, W of a finite group G over Q, then Vg W =
Q if V2 W. Otherwise, it’s zero. O

13



Corollary 5.4. If the 0-vanishing property, defined in Definition 2.5, holds for the elliptic curve
E, then for any a > 0, the cohomolgies of £, , are all isomorphic to the trivial G Ly-representation
Q concentrated in degree zero.

Proof. By Lemma 5.3, we have:

H*(E3,.4) & @ Hompwm,,,, (k,0)(Sym M (E),Q(a — d)[+]) ® Sym“F(d — a). (5.3)
c+2d=2a,c,d>0

From Definition 2.5, we know that:
HomDMgm(k’Q)(SymCMl(E), Qla—d)[*]) =0 if c¢>1.

Therefore, we have:
0 ifn#£0;

H'(,.0) = {Q T

where Q is the trivial GLs representation. O

Recall in the previous section, we have defined 7 in equality (4.2). In the next lemma, we want
to give a description of 7 under the identification in Lemma 5.3.

Lemma 5.5. Via the identification of Lemma 5.3, the map:

N: &b Eavapits
induced the following map on cohomology groups:
(Hompna, , (b,0) (Sym* My (E)(d), Q(a — b)[]) © Sym“F(d + b — a))
® (Hompwm,,, (k0 (Q(1),Q(1)) ® Q)

—(Hompwm,,, (k,0) (Sym My (E)(d +1),Q(a — b+ 1)[+])
®@ Sym F(d +b— a).

Moreover, the map on cohomology groups induces by n is a monomorphism in the category of G Lo
representations.

Proof. By Example 2.7, we have a simple description of &3 ;:

H*(&3,) = Homp,,, (1,0 (Q(1), Q1)) © Q.

Using Lemma 5.2 and Lemma 5.3, we can identify 7 as sending the piece

Hompwm,,, (ko) (Sym My (E)(d), Q(a — b)[+]) @ Sym“F(d + b — a)

to

Hompwm,,, r,0) (Sym°M1(E)(d+1),Q(a — b+ 1)[*]) ® Sym‘F(d+ b — a)
By Voevodsky’s cancellation theorem in [20], on each piece of &, n is an isomorphism, which
implies that n is an injection. O

Corollary 5.6. If an elliptic curve E satisfies the r-th vanishing property, defined in Definition
2.5, for all positive integer r, then all the H*(E*,) are zero. Furthermore, if the elliptic curve E
satisfies the r-th vanishing property for all non-negative integer r, then we have H*(€*) = H*(EY,).

14



Proof. By Lemma 5.3, we have a quasi-isomorphism:
H* (& 91 rti) & @ Hompwm,,, (k) (SymMi(E)(d), Q(i)[+]) ® Sym F(d —i).
c+2d=r+2i,c,d>0

If F satisfies the r-th vanishing property for r € Z~o, we have:

Hompwm,,, (k) (Sym M (E),Q(i — d)[*])
= Hompwm,,, (ko) (Sym™ 20D M (E),Q(i — d)[+]) = 0.

Therefore, H*(E)5; ,1;) = 0 for any r € Z>o and any i € Z>o, which implies that H*(£*,) = 0.
Furthermore, if E also satisfies the 0-th vanishing property, then by Corollary 5.4, we know that

H*(&24,0) = Q. Also, from Lemma 5.5, we know the connecting map 7 is the identity. Therefore

we obtain that H*(£*) = H*(EY,). O

Corollary 5.7. Let a be any integer. In the derived category of G Lo representations, we have the

following isomorphisms:

a+1
2

a+1

HY(E)= @ Hompum,, ko) (Sym'Mi(E),Q( )[*]) @ Sym'F(—

i>0,a=i(2)

).

Proof. Using Lemma 5.3, we have:
H*(& )= @ Hompwm,, ko) (Sym“Mi(E)(d), Qa — b)[«]) @ Sym F(d + b — a).
c+2d=a,c,d>0

By Lemma 5.5, the connecting map
&y = Earapia
sends the summand
HomDMg,”L(k@)(Symch(E)(d), Q(a —b)[+]) ® Sym°F(d + b — a),

of H*(€;,) to the same direct summand in H*(£;,,;,,) by the identity map. Therefore taking
the direct limit, we will get the direct sum of all the pieces of the form

HomDMgm(k@)(Symch(E)(d), Qa —bd)[+]) ® Sym°F(d+ b — a).
Rewriting the index set, one obtains the desired presentations. O

Next we want to compute the hom-groups between some special dg &.;;-modules.

We let 7'5?1?2 be the full triangulated subcategory of the derived category of dg &.;-module
generated by the dg £.-module of the form {&.;; @F~%(b)[n]}q,pnez. Simply denote these elements
by gell <a7 b> [n]

For convenience, we use the index &.; to denote the hom group in ’Tgfz and use GLs to stand
for the derived category of G Ly representations in next lemma.

Homeg,,, (Ecni{a,b)[n], Eeur{c, d)[m])
=Homeg,,, (et ® F®_a(b) [n], Eer ® F®_C(d) [m])
=Homgr,(F®~(b), Eey @ F¥~¢(d)[m — n])
=H™ "(Homgr,(Q,Eu @ F¥~¢ @ F¥*(—b + d))).

(5.4)

Lemma 5.8. For a,b,c,d,i € Z, we have:

H'(Homgr,(Q,En @ F®° @ F¥(=b+ d)))
= Hompwm,,, (k) (M1 (E))®~%(b), (M1 (E))®~(d)[i]).
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Convention: For simplicity, we denote the multiplicity of Sym®F ® _detb in F®" by C,; and
denote the multiplicity of Sym®**~%'F @ det’ in Sym*F @ SymF by D}, ,

Proof. The isomorphism FY = F(—1) gives us the isomorphism F~% = F%(—a) in the category
of GLy-representations. Similarly using M;(E)Y = M;(E)(—1) gives us an isomorphism between
geometric motives M;(E)~* =2 MP*(E)(—a). Without loss of generality, we can assume a,c > 0.
By Voevodsky’s Cancellation theorem, we can also assume that b = 0. For simplicity, we only
prove the case d = 0.

FO® @ F® is the direct sum of Sym®2"F(n) ® Sym~¢"2™F(m), where 0 < 2n < a,c+2m <
0,c+ m > 0, with multiplicities Cy_2pn,n X C_c_2m, ctm-

Furthermore, we can decompose F®~¢ @ F®* as the direct sum of irreducible G L, representa-
tions of the form Syma=2n=¢=2m=2IF (;m+4n+1), where the index set u satisfies 0 < 2n < a,c+2m <
0,c+m > 0,0 <2l <a-—c—2(m+n), with multiplicity Co—2n.n X C—c—2m ctm X D}_ o —c—2m-
From this decomposition, we get m+c+mn+1 > 0, which implies that a —2m —c—2n—2l < a+c.

For each irreducible representation Sym?®=2"=¢=2m=2F (m + n + 1), we have:

HZ(HOWGLz (Q, &y ® Sym* ™2 22 (m + n +1)))

~H'(Homgr,(Q, €5, @ Sym® 2"~ 2" AF (m 4 n +1)))

g A2 c—2m—21 £ o computation of
~H'(Home, ((Sym F(m+n+ 1)) &5
~H (Homgr,(Sym* " 2" AR(m+n+l—a+c¢),E ,))

=Hompwm,,, (k,Q) (Syma*%*c*Qm*QlMl (E),Q(a —c—m—n-—1)]i]),

For the last isomorphism, we use Corollary 5.7.
On the other hand, let us compute the hom-groups between motives.

Homp,, (k,0) (M1(E)®~, (M (E))®~[i])
=Hompwm,,, (v,0)(M1(E)?* @ M1(E)*, Q(a)[il)

2 Po<as<a,0<2t<c (Ca—2s,s X Ce2t,t)

om0 Sy M) & Sy AL (), 24 (56)

. HomDMgm(kyQ) (Sym'”c =212 N (B (), Qa — s — t)[i])

Rewrite the index set, and let s = n,t = ¢+ m,r = [. Then this index set is the same as u. Notice
that the multiplicities of the term

HomDMgm(ky@)(Syma_%_c_zm_lel(E), Qla—c—m—n—=1)]Ii])

mn Hi(HomGLQ (Q; 55” ® Syma—27L—c—2m—2lF(m +n+ l)))
and
Hompm,,, (ko) (Mi(E)®™%, (M (E))®~°[i])
are the same. Both are Ca 2n,n X C—c 2m,c+m X Da 2n,—c—2m-" O

6 Computations for the CM case
We let E be an elliptic curve with CM. The computation results are parallel to the previous section.

Recall that in this case every representation and cycles complexes 5;‘71) are considered over K and
we have a decomposition of the standard representation of GLy : F = V @ V. Because the proof
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of the results in this section are similar as before and short the length of this paper, we omit the
proof and only state the results. Notice that M;(E) = M © M in DMy, (k,K). For simplicity,
the exponent e on M, M, M, M means the e-th tensor power of these objects.

Lemma 6.1. (Compare with Lemma 5.3) The cohomologies of &qp are canonically isomorphic to
the cohomologies of the following complex of Tk -representations

@ Hompwm,,, (k,x)(M° @ M Ka—b—d)*])@ (V@ V) (d+b—a),
e+ f4+2d=a,d,e,f>0
where we view its differential maps as zero.

Corollary 6.2. If the 0-vanishing property holds for an elliptic curve E, then for any a > 0,
the cohomolgies of &5, , are all isomorphic to the direct sum of a + 1 trivial Tik-representations K
concentrated in degree zero. Therefore, for any a > 0, the cohomolgies of A3, , are all isomorphic
to the trivial Ti-representations K concentrated in degree zero.

Lemma 6.3. The cohomologies of A;b are canonically isomorphic to the cohomologies of the
following complex of Tk -representations

P  Hompwm,, kx(M° @ M K(a— b)) @ (Ve@ V) (b - a),
e+ f=a,e,f>0

where we view its differential maps as zero.

Lemma 6.4. Via the identification of Lemma 6.3, the map:

N Agp = Agiopr1s
induces the following map on cohomology groups:
(Setf=are,r20Hompm,,, (kx) (M @ M7 K(a = b)[x]) @ (VE @ V)(b - a))
® (Hompm,,, (kx) (M @ M, K(1)) @ (V@ V @det™1))
Bt fmat2.e,pz0Hompu,,, (kx) (M @ M K(a—b+ 1)) @ (V@ VI)(b—a-1)).

Moreover, the map on cohomology groups induces by 1 is a monomorphism in the category of Tk
representations.

Corollary 6.5. (Compare with Corollary 5.6) If an elliptic curve E satisfies the r-th vanishing
property for all positive integer r, then all the H*(E*,.) are zero. Furthermore, if the elliptic curve E
satisfies the r-th vanishing property for all non-negative integer r, then we have H*(E*) = H*(EX,).

Corollary 6.6. (Compare with Corollary 5.7) Let a be any integer. In the derived category of Tk
representations, we have the following isomorphisms:

* *\ AU i Cl+l i a-+1
H* (&) = @ Hompwm,,, (k,x)(M", K( )[x]) @ V(= B )
i>0,a=i(2)
_ a+j —i, a+jJ
& @D Homom,, oM KEFH) & Vi(-2L).

§>0,a=5(2)
Lemma 6.7. (Compare with Lemma 5.8) For a,b,c,d,i € Z, we have:

H'(Homr, (K, & @ F€¢ @ F2(—b 4 d)))
=Hompn,,, (kx) (M1 (E))®7(b), (M1(E))®~¢(d)[i]).
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7 The motivic version of cycle cdgas in DM (k)
Definition 7.1. Let a,b be integers such that a > b,a > 0.
e For i € Z and T € Smy, and E an elliptic curve without CM, we define:
wo(T) = Co5, (g pan (A" (B X T) @gps,) F2* (b — a).
e Forie€Z and T € Smy, and E an elliptic curve with CM, we define:

(1) = O (2 pin(A*Y)) (B X T) ®p, , F®4(b — a).

Then Qfg ,? is a Repgr, (resp Repr, )-valued Nisnevich sheaf with transfers.

Remark 7.2. From the definition, we have & (k) = £;,. In fact, by computations similar in
Section 5, one can get the following isomorphism in DMgm(k Q):

b ~ RHom(M,(E)®*,Q(a — b)) ® ]F® (b—a).

Here RHom is deﬁned in Remark 14.12 in [21]. In CM case, we have the isomorphism in
DM, (k,K): €; , = RHom(M,(E)®**, K(a —b)) ®p, , F®(b—a).

Remark 7.3. In the non-CM case, {€} } is a cdga over GLy object in C(Shi,,(k))g. More
precisely, for S,T € Smy, the external product of correspondences gives the following product
map:

Caab—i(2q fin (A" ")) (E* X S) @ Cem2a—i(zq.fin(AT))(E x S)

7.1
—>Ca+c_2b_2d_i(Zq,fm(Aa-i_c_b_d))(Ea x S x F¢ x T) ( )

Taking the alternating projection with respect to the component [J, — part with respect to the
component E and symmetric projection with respect to the component A yields:

CA (20.5in (A7) (B x 8) @ CMG T (2g pin (A D) (EC x 8)

a C

(7.2)
O a i (a.pin (AT ) (BT X S x B¢ x T)

Then we get the map as in (4.1):
: QS:J, ® 627(1 — €Z+c,b+d' (73)

As before, one may check this map is associative and graded commutative. In the CM case,
similarly we can show that {€} ,} is a cdga over T object in C(Shi; (k))k.

Remark 7.4. When E is an elliptic curve without CM, one important observation is:
H*(€5,) = RHom(M:(E)®?,Q(1)) @qqs,) F#*(~1)
~RHom(Sym?*(M,(E)),Q(1)) ® Sym?F(-1) ® Q = Q € DM/ (k, Q).

This computation relies on Proposition 13.7 in [21] and the fact that: for any field k',

’

RHom(Sym?*(My(E)),Q(1))(k) =0,
whose proof is the same in Example 2.7. If E is an elliptic curve with CM, then

H*(€5,)=2K® (VeoV(-1) =K.

5This could be thought as the “motivic version” of the cycle algebra 5; be
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Similarly using the multiplicative structure, we have:
n:€op = €oiopyn
Furthermore, if E is with CM, we have a map as explained in Remark 4.11:
T = €t
We now define €* as in Definition 4.12.
Definition 7.5. Given a € Z,
e for an elliptic curve without CM, we define:
€, =limi>—a € o ori
where the colimits are taken over the map 7.
e for an elliptic curve with CM, we define:
¢ = limi>—a € 2 —atis
where the colimits are taken over the map 7.

Then we denote:

¢ =Qode;.
a>1
and
o =P
a€l
Proposition 7.6. o If E is an elliptic curve without CM, then € and &%, are commutative

monoids in the category of complezes of Repgr,-valued Nisnevich sheaves with transfers.

o If I is an elliptic curve with CM, then €* and €}, are commutative monoids in the category
of complezes of Tx(= Gmx X Gp x)-valued Nisnevich sheaves with transfers.

Proof. The proof can be found in Section 4.3 of [18]. O

Remark 7.7. Following the same proofs as Lemma 5.3, Lemma 5.5 and Corollary 5.7, we obtain
the following properties of €7 ; for £ an elliptic curve without CM.

(a). The cohomologies of € , are canonically isomorphic to the cohomologies of the following
complex of G Ly representations

B  RHom(Sym°M(E)(d),Q(a —b)[«]) ® Sym F(d + b — a),
c+2d=a,c,d>0

where we view the differentials as zero.
(b). Via the identification of property(a), the map:
n:€op = €oiopyas
is compatible with the following map:

(RHom(Sym® My (E)(d), Q(a — b)[+]) ® Sym“F(d + b — a)) & (RHom(Q(1),Q(1)) © Q)
—(RHom(Sym M (E)(d+1),Q(a — b+ 1)[x]) ® Sym°F(d+ b — a).

Moreover, the maps on cohomologies induced by 7 are injective in the category of GLo
representations.
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(c). Let a be any non negative integer. In the derived category of G Lo-representations, we have
the following isomorphisms:

a+1

a+1
2 )

) @ SymF(-

H*(€)= @ RHom(Sym'M(E),Q(
i>0,a=1i(2)

For E an elliptic curve with CM, the results in Section 6 hold. In particular, we let a be any
non negative integer. In the derived category of Tk-representations, we have the following isomor-
phisms:

(o) o i e @t j_ati
H' ()= P BHom(M'K(— ))& V(-——)
i>0,a=i(2)
® @» RHom(MJ;K(“;J)[*])®Vi(—“;”).
7>0,a=35(2)

8 DG modules and motives for an elliptic curve

In this section, we want to connect the dg £;;-module with Voevodsky’s geometric motives. Let
us first explain the case of elliptic curves without CM in details.
Fix r € Z>o. Given M € CM?%’, we define its Adams graded r summand as:

M(r) = Homgr, (det® ™", &%, Rex, M|2r]).

Here [2r] means the shift of the complex. Homgp,(-,-) is the usual hom complex in C'(Repgr,)-
In fact, this defines a dg functor:

M(r)1 - CMEE — O(Shi, (k)
and also an exact functor :

M(7) : KCMEE= — D(ShY;,, (k).

*
ell

Definition 8.1. Let T%" be the presheaf with transfers:
T'" = coker(Qy(Spec(k)) =25 Q. (P)),
where i, is the inclusion of oo into P!,

In fact, T'" is a Nisnevich sheaf with transfers.
Lemma 8.2. We have a natural injectve map in C(Sh¥;,,(k)):
T — H°(GLo, €, ® det[2)).
Proof. By the definition of &*, its det~! isotypical part is given by
g% Coiie1-
Notice that
* ~Y ~A T ~

€ 1 = G (2 in (A1) 2 T[],

So there is a natural injective map:

T — H(GLs, €, ® det[2]).
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For M € C./\/l?*fl"’, from the above lemma, we have the following composition of maps:

T @ M(r)¥9(M) = T" @ Homgr, (det® ™", €.y ®¢,,, M[2r])
—Homgr, (det ™, €.1[2]) @ Homgr, (det® ™", €y ®¢,,, M[2r])
—Homgr,(det® "1 €y @ €y Rg,,, M[2r + 2))

—Homgr, (det® "1 €y ®¢,, M[2r +2]) = M(r 4+ 1)%9(M).

(8.1)

For the last arrow, we use the multiplicative structure of £;. Denote the composition of these
maps by eX(M).

In order to construct a functor from the homotopy category of cell modules to the category
of motives, we need to use Voevodsky’s big category of motives DM (k, Q), which is defined by
the symmetric spectra. Roughly speaking, one needs to define a model category Spt%r(k,(@) of
symmetric 7% spectra in C(ShY,(k)) with “a suitable model structure”, and then DM(k, Q) is
defined to be the homotopy category of Spt%..(k, Q). For this approach, we refer to section 3.2,
3.3 and 3.4 in [18].

Then sending M € C./\/l?fl 2 to the sequence:

MEP(M) = (MP(0)(M), MY (1)(M),- )
with the bonding map € (M) defines a dg functor:
M9 CMgff — SptF.. (k,Q),
and also an exact functor on their homotopy categories
M. : KCMEE? — DM(k, Q).
Here the n-th term in the spectrum is equipped with a trivial ¥,-action.
Lemma 8.3. We have the following isomorphisms in DM(k, Q):
1. M(r)(Eenr) = Q(r)[2r].
2. Given a,b € Z, for any r € Z such that b+ r > 0, we have:

M(r)(Eer @ FE(b)) = My (E)®“(b+ r)[2r].

Proof. Because M(r)(Eey) = Homegr, (det® ™", €.;[2r]), the only non-trivial part is coming from
weight —2r(or Adams degree 2r) part in €.;. Using Remark 7.7, we have the following quasi-
isomorphism:

N i 2r 41 i 2r +1
&, = @ Ritom(Sym' 24, (5), 0 1) @ symiE (-2,
>0
Then by definition of M (r)(Een), we have:
M(T) (56”) = HomGL2 (d€t®_r, eell [2’{‘])
~Homgr, (det® ", @ RHom(Sym' M, (E), Q( 2r ; )
i>0
i 2r +1
® Sym'F(— )[2r])

~Homgr,(det® ", RHom(Q, Q(r)) ® det®"[2r])
=Hompm,,, (x,0)(Q, Q(r))[2r] = Q(r)[27].
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For the second isomorphism, we need to compute weight —2r — 1 part in &.;. We have:

2r+1+i i, 2r 14
L) @ SymF(- T,

€511 = D RHom(Sym' My (E), Q(
i>0
Therefore:
M(r)(Ey @ F®(b)) = Homgr, (det® ", €y @ FO(b)[2r])
~Homegr, F®™* @ det® =" €. [2r])
~Homgr, F® @ det® """ Eapyorial27])
2b+2r+a+i

~Homer, (F®7% @ det® b, RHom(Sym'M,(E),Q
2 2

>0
i 2b6+2r+a+1
® SymLF(—f)[%})
- ; 2b+2r+a+j ;
~Homegr, (Ogéa C;® SmeF(—f), g%RHom(Syszl(E),

2b+2r+a+1 i 20+ 2r+a+1
U——F—)) ®Sym'F(-———F——)[2r])

, 2b+2r+a+j
~Hompaa,,. e ) €5 ® Sym? M (B), (2 0Ty o)
0<j<a

=M, (E)®*(b+ 1) [2r].

)

Here C; is the multiplicity of Syij(—W) in F€~ ¢ @ det® b, O
Lemma 8.4. {&.; @ F(b)|a,b € Z} generate DG{“.

Proof. Let M € DgGelLf be a dg module satisfying

oLy (e @ F(b), M[i]) =0

Eell

H omD

for any F%(b) € Repgr, and a,b,i € Z. Without loss of generality, we assume that M is a cell
module. Using Remark 6.5 in [7], we obtain that:

Hom pra (Ecu ® F(b), Mli]) = H'(Homgy, (F*(b), M)) =20,
Eell

which implies that M is quasi-isomorphic to 0 as a complex of GLs representations. O
Corollary 8.5. {Eci @ F*(b)|a,b € Z} classically generates (ngl—“f)c.

Proof. First we want to show that £.;; ® F*(b) is a compact object in DgﬁlLf for any a,b € Z. Let
{M,}icr be a family of cell A-modules. By Remark 6.5 in [7], we have:

Hom GL2 Eet @ FY( @M HomKCMGLZ (Eett @ F(b @M
ell el el

xeacta (FO0), €D Mi) = € Homyg yorz (F° (b), M;)
i€l i€l

=~ @ Hom,chcLz (5ell & F¢ (b) M )7
iel

~Hom

which implies that E.;; @ F*(b) is compact. Here we use that F*(b) is a compact object in DgLQ.

Together with Lemma 8.4, we know that Dgﬁ?, as a compactly generated triangulated category,
is generated by {€.; ® F*(b)|a,b € Z}. Then using a result of Neeman in [22], we know that
{€ci @ F*(b)|a,b € Z} classically generate (DEGZLZQ) . O
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Remark 8.6. Recall in Remark 5.9 in [7], we have:
(Kemgt=hyi ¢ KFemEr: ¢ (Dgh2)e.

Using Corollary 8.5, we know that (ICC./\/lgjf’f L= (ngf)c. Therefore, we have:
(KeMghal)i = KFemGhe = (Dghz)e.

Lemma 8.7. The restriction of M to ICCMEGSZ"‘ is a lax tensor functor.

Proof. Given M, N € ICCM?jf, we have the following maps:
(Cent ®e,; M) @ (€t @5,y N) — (€ent @ Eeit) s, (M @¢,,, N)
— €y REon (M D& N)7

where the last map is obtained by using the multiplicative structure of &, as a cdga over GL5 in
DM(k,Q) (Proposition 7.6). On the corresponding Adams graded summand, this induces:

(Cett ®e. M)(r) @ (Eett Reyy N)(8) — (€ent @eyy (M @e,y N)) (1 + 5).
And these maps are compatible with bonding maps, giving us the natural transformation:
ouN MY (M) @ MY (N) - M (M @ N)
in Spt%w (k, Q). Passing to homotopy categories, we obtain that M is a lax tensor functor. O

Lemma 8.8. The restriction of M to (ICC/\/lng’f)h is a tensor functor.

Proof. By lemma 8.7, we only need to show that pj; ny is an isomorphism in the homotopy
category. Using induction on the length of the weight filtration, it’s enough to show that this
is an isomorphism when we take M and N two generalized sphere &.; modules. Notice that
any generalized sphere module can be realized as some idempotent of the dg module of the form
Eet @ F(b) for some a,b € Z. We assume that M = p(E.y @ F*(b)) and N = ¢(Eey @ Fe(d)),
where p, ¢ are idempotents in the respective endo-groups. Applying Lemma 5.8, we obtain that
the idempotents of E.;; @ F*(b) is one-to-one corresponding to the idempotents of M; (E)®%(b), i.e.,

M(M) = M(p(Eenr @ F*(b))) = M(p)(M:(E)** (D)),

where M(p) is the image of p under M in the idempotent endomorphism of M;(E)®*(b). Then
pm,n can be identify as the morphism:

M(p) (M (E)** (b)) @ M(q)(Mi(E)**(d)) — M(p @ q)(Mi(E)***(b+ ),
which is an isomorphism in DMg,, (k, Q). O

Before proving next lemma, we recall definitions about different kinds of generators of a trian-
gulated category. See [6] or [24] for example. Every subcategory U of a triangulated category T
we consider is strict, which means that, each object of T, which is isomorphic to an object of U,
is an object of U.

Definition 8.9. Given & a set of objects in a triangulated category T, then we denote (&) to
be the smallest strict full subcategory containing & and closed under finite direct sums, direct
summands and shifts.

Definition 8.10. Give A, B two subcategories of a triangulated category 7. We define:
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e A x B is the full subcategory of T consisting of objects X which can be fit into a triangle
A— X — B— A[l],

where A € A and B € B.

AoB=(AxB).

(A)o =0 and (A),, = (A)n_1 ¢ (A) inductively.

Set (A)oo = Upso(Aln-

Definition 8.11. Let & be a set of objects in a triangulated category 7. Then

e G classically generates 7 if the smallest thick (i.e. closed under isomorphisms and direct
summands) subcategory of T containing & is T itself. Equivalently, T = (&) .

e G generates 7T if, given an object A € T such that
Hom~(S, Aln]) =0
for all S € & and any n € Z, implies that A = 0.

Lemma 8.12. Give 71,7y two triangulated categories and ¢ : T1 — T2 a triangulated functor. Let
& be a set of objects in T, which classically generates T1 and is closed under shifts. Assume:

1. The set of the images of & under ¢ classically generates Ta;
2. ¢ restricted to &, which is viewed as a full subcategory of Ty, is fully faithful.
Then ¢ induces an equivalence between T and Ts.

Proof. We denote the image of & by ¢(&). It’s enough to show that:

¢ induces an equivalence between (&),, and (¢(&)),, for any n € Zx>g.

The case n = 0 is obvious.

Assume n = 1. Every object in (¢(&)) is finite direct sums, direct summands and shifts of
some objects in ¢(&). Since ¢ is a triangulated functor, it commutes with shifts and direct sums.
Because ¢ is fully faithful restricting on &, the direct summands of an object ¢(A) in ¢(S) is
one-to-one corresponding to the direct summands of A € &. This implies that:

¢ ()1 = (6(S)1

is essential surjective. Furthermore ¢ is clearly fully faithful, which implies that ¢ is an equivalence.
Assume ¢ induces an equivalence between (&),, and (¢(&)),. Let us prove the case n + 1.
Take an element B,y in (¢(S)), * (¢(6))1, which implies that there exists a distinguished
triangle:
B,, — Bnt+1 — By — Byll],

where B; € (¢(&)),. By induction, we know that: there exist 4; € (&); and A, € (&), such
that: Bn = ¢(An), Bl = ¢(A1)
Therefore, we have A,,11 € (&),+1, such that:

Ap = Apt1 — AL — Ayl
is a distinguished triangle in 77. Applying ¢ to this triangle, we get an isomorphism ¢(A, 1) =

Bj4+1. After a suitable choice of the isomorphism class of A,,41, we can find a preimage of Byy1.
In other words, we have shown that:

¢ (S)n * (B)1 = (A(&))n * (0(6))1
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is essentially surjective. )
Next, let us check that the above functor is fully faithful. Given A, A € (&), x (&)1, then we
can assume that there exist two distinguished triangles:

An = A A — A1) (&3

and .
Ay = A Ay A1 &5

Then applying Hom(A,, ) to the triangle (8.3), we get a long exact sequence:
Hom(A,, fln) — Hom(A,, 121) — Hom(A,, /L) — Hom(A,, fln[l]) — e

After compared to the image of the above long exact sequence under ¢, and by induction on n and
the five lemma, we get that:

Hom(A,, A[+]) = Hom(¢(Ay,), p(A)[x]).

Similarly, we have Hom(A, A[+]) = Hom(¢(A1), p(A)[%]).

Next applying Hom(-, A) to the triangle (8.3), we get another long exact sequence:
Hom(Ay[1], A) — Hom(A1, A) — Hom(A, A) — Hom(A,, A) — -+
Compared to its image under ¢ and isomorphisms above, we get:
Hom(A, A[x]) =2 Hom(¢(A), p(A)[+]).
Now, we have shown that:

¢ (S)nx (6)1 = (#(6))n * (6(S)

is an equivalence.
Recall that ¢ commutes with shifts and finite direct sums, and maps the idempotent in End(A)
to the idempotent in End(¢(A)) for any A € (S),, x (&);. This implies that:

¢ :(S)n 0 (6)1 = (9(6))n ¢ (d(6))1
is an equivalence. O
Theorem 8.13. Given E an elliptic curve without CM, then there is an exact functor

GL
M :Dg 2 — DM(k,Q),
which is a lax tensor functor. Furthermore, the restriction of M to
c G c
ME: (DgE)° — DM(k, Q)

defines an equivalence of (Dgﬁz)c with DMEM(k,Q)g as triangulated tensor categories, where
(Dgﬁﬁ"’)c 1s the full subcategory of DilLf consisting of compact objects.

Proof. By Lemma 8.8 and Lemma 8.3, we know that the restriction of M to (Dgff)c is a tensor
functor with M (€ @ F*(b)) = My (E)®(b).
From Lemma 5.8, we have:

HomlCCMGL2 (gell ® F®a (b), gell ® F®C(d) [l]) =~ HomDMgm(k,Q) (M1 (E)®a(b), Ml(E)®C(d) [ZD
Eell

One can check this isomorphim is induced by the functor M. Using Lemma 8.12 and Corollary
8.5, we obtain that M€ gives an equivalence between (ng"’)c and DMEM(k,Q)g. O
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Remark 8.14. Assume that E is an elliptic curve with CM. For r € Z>o and M € C./\/lgﬂfu, we
define its Adams graded r summand is defined as:

M(r) = Homp, (det® ™", €% ®¢x, M[2r]).

Then we can repeat all the above constructions and get the same results. In particular, we have
the following theorem.

Theorem 8.15. Given E an elliptic curve with CM, then there is an exact functor

. T,

M :Def — DM(k, K),
which is a lax tensor functor. Furthermore, the restriction of M to
T
M€ (Dg, )¢ — DM(k, K)

defines an equivalence of (Dgf”)c with DMEM (k,K)g as triangulated tensor categories, where
(Dgf”)c is the full subcategory of Dgf” consisting of compact objects.

Conjecture 8.16. (The generalized Beilison-Soulé vanishing conjecture for an elliptic
curve)

1. An elliptic curve E over a field k without CM satisfies the conditions:

Hompw,,, (ko) (M1 (E)®*,Q(a — b)[m]) =0
in the following two cases:

A . a=0,b<0,m<0;
B. a>0,a>2bm<0.
2. An elliptic curve E over a field k with CM, whose 1-motive My(E) = M ® M, satisfies the

conditions:
Hompwm,,, (k) (M®*, K(a —b)[m]) =0

and ~
HOmDMgm(k,K)(Mma K(a —b)[m]) =0

in the following two cases:

A a=0,b<0,m <0

B. a>0,a>2bm<0.
Remark 8.17. In fact, Part (A) of Conjecture 8.16 is the classical Beilison-Soulé vanishing con-
jecture. See [16] for example. In fact, all of these generalized conjectures can be expressed as
follows. The strong Beilison-Soulé vanishing conjecture for X:

(BS%) For any smooth k-scheme X, H"(X,Q(¢)) = 0 provided n < 0 and ¢ > 0.

When X is a field, the conjectures BS% is called the strong Beilison-Soulé vanishing conjecture in
[18]. Conjecture 8.16 is the same as BS},. for n € Z>.

Corollary 8.18. Assume that E is an elliptic curve without CM, satisfies the r-th vanishing
properties for r > 0 and the generalized Beilison-Soulé vanishing conjecture, then:

1. DMEM(k,Q)g has a t-structure which is induced from
M DG DMEM(k, Q) g,

where M/ is the restriction of the functor M (Theorem 8.13) to Dng’f. Denote its heart
by MEM(k,Q)g.
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2. M7 induces an equivalence of Tannakian categories:

HO (MY : HEP> T — MEM(k,Q) 5.

Proof. First, it follows from our assumptions and Theorem 8.13 that E.;; =2 £ is a cohomologically
connected cdga over GLy. Then by Theorem 8.4 in [7], we have a t-structure on DSGLz’f . Therefore
the equivalence of Theorem 8.13 gives us an induced t-structure on DMEM(k, Q) g, which satisfies
the desired properties. O

Corollary 8.19. Assume that E is an elliptic curve with CM, satisfies the r-th vanishing properties
for v >0 and the generalized Beilison-Soulé vanishing conjecture, then:

1. DMEM(k,K)g has a t-structure which is induced from
M DI DMEM(k, K) g,
where M7 is the restriction of the functor M (Theorem 8.13) to D:::K’f. Denote its heart by
MEM(k,K) 5.
2. M7 induces an equivalence of Tannakian categories:

HO (M) : 1 — MEM (K, K) 5.

9 Relation with mixed Tate motives

In this section, we put the constructions of the Adams cycle algebra for mixed Tate motives into
our setting. As before, we only work out the case of elliptic curves without CM in detail. In the
CM case, the construction is similar. Firstly we recall the definitions in Chapter 4 of [18] .

Definition 9.1. We let Z;,.((P'/00)?)) be defined by the cokernel of the map:

Zj 1,00
_—

&y Zur(B1)1)) Zor (PY)1)

where i o : (P1)97! — (P')4 inserts oo in the j-th place.

Definition 9.2. The Adams cycle algebra for mixed Tate motives is defined by:

g1

where N(¢) € CA*(Zy,.((IP'/0)7)) be the subsheaf of symmetric sections with respect to the action
of symmetric group ¥, by permuting the coordinates in (P*)?.

Remark 9.3. One can show that the homotopy category of finite cell A/-modules can be identi-
fied as the triangulated category of mixed Tate motives DMT(k,Q), which is a full rigid tensor
subcategory of DM, (k, Q) generated by Tate objects. The proof can be found in Section 5.3 in
[18]. In fact, one of the main results in [18] is to show this equivalence can be generalized to mixed
Tate motives over a base scheme that is separated, smooth and essentially of finite type over a
field. Along with the strategy in [18], we also want to generalize our results into mixed elliptic
motives over a general base scheme in the future.

Definition 9.4. We define the modified Adams cycle algebra for mixed Tate motives by:
F=qo @ M

t>1,teZ

where Ny = N () ® det®".
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Remark 9.5. By Definition 4.2, we know that: £, = N(—b)®det®" for any b € Z<(. This implies

that ./\7275 C &y. Using the algebra structure of A/ (Section 4.2 in [18]) and the tensor structure of
determinant representations (viewed as G Lo representations), we know that A is sub-algebra of
Eeu as a cdga over GLs.

Remark 9.6. Notice that our Adams grading is different from Adams grading defined in [18].
More precisely, Adams degree r in the sense of [18] is Adams degree 2r in our sense.

We define C/\/l(j’" to be the category of cell modules of Tate-type for a cdga A over GLs, i.e.

cell modules consisting only by the generalized sphere modules of the form A[—n] ® det®”, which

is a full subcategory of C./\/liLQ.

Remark 9.7. There is a natural functor:
Uy CMy = CMT,

which sends the cell module N'(n), defined in Example 1.4.5 of [13], to the cell module N & det®".
¥, induces a functor between their associated homotopy categories, even homotopy categories of
finite cell modules. For simplicity, we denote both of these functors by W;. In particular, we have:

Uy : Df — Dl
Notice that the inclusion: CM%””’ — CM%L"‘ induces a functor
. MHGm GLs
U, : D i D R
Similarly, on the level of homotopy category of finite cell modules, we have:
. PCm,f GLa,f
U, : D = D R
Remark 9.8. Because N is Adams connected, we have:

GLa,f ~ GL3\c
D/\? = (Dﬁ )e.

Using Remark 9.5, we have a map between cdgas over G Ls: N4 Ee11- This induces a functor:
Wy CME = cMET,
which sends M to M ® I Eep1. Furthermore, we have:

. GL2 GL2
Uy DI - DY

and
GL GL
Us: (Dﬁ 2) = (Dg2)".
From our constructions of ¥,,i = 1,2, 3, we have the following statement.

Proposition 9.9. We have the following commutative diagram:

v Gom, v GLs, E GLa\e v ¢

pf, —= D 2 plhef S (D8l > (DE")

M M
DMT(k, Q) DMEM(k, Q)

where the left vertical map M is defined in Section 5.3 of [15] and the right vertical map M€ is
defined in Section 8. In particular, the composition of top arrows is fully faithful.
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