GAUSS-MANIN CONNECTION IN DISGUISE: GENUS TWO
CURVES

JIN CAO, HOSSEIN MOVASATI AND SHING-TUNG YAU

ABSTRACT. We describe an algebra of meromorphic functions on the Siegel do-
main of genus two which contains Siegel modular forms for an arithmetic index
six subgroup of the symplectic group and it is closed under three canonical deriva-
tions of the Siegel domain. The main ingredients of our study are the moduli
of enhanced genus two curves, Gauss-Manin connection and the modular vector
fields living on such moduli spaces.

1. INTRODUCTION

Igusa in | | computes 5 explicit generators Ey, Eg, X10, X12, X35 Of the ring of
Siegel modular forms of genus 2 for Sp(4,Z). The first 4 are given by Eisenstein
series and they generate Siegel modular forms of even weight. The first example of a
differential equation for a Siegel modular form is due to Resnikoff in | , ].
He computes in | , page 496] an eight order differential equation for Fj (in
his notation v4) and expresses the difficulty to find differential equations for Eg.
Bertrand and Zudulin in | | show that the transcendental degree of the field
generated by Siegel modular forms of genus g and their derivations is 2¢* + g.
They further describe many differential equations involving theta constants, see
also [ , Theorem 1]. Several authors have also studied differential operators D
on automorphic forms F' such that DF restricted to some lower dimensional domain
is also automorphic, see Ibukiyama’s paper | | and the references therein.

We are motivated by the fact that in all these works there is a moduli space
equipped with canonical vector fields which is responsible for all the involved com-
putations. In | | it is remarked that the Ramanujan’s differential equation
between Eisenstein series can be interpreted as a vector field on the moduli of el-
liptic curves enhanced with a suitable frame of the first cohomology bundle, see
also | ] for further details. Such a moduli space in the case of Calabi-Yau
varieties is worked out in | : ) | and it is the building block of
the new theory of Calabi-Yau modular forms. This is mainly inspired by many
computations in string theory and in particular Yamaguchi and Yau’s polynomials
description in | | of generating functions of genus g Gromov-Witten invariants,
see also [ | and the references therein. The case of principally polarized abelian
varieties was initiated in [ ] and the construction of Ramanujan-type vector
fields is done in | | for a complex moduli framework and in | | for a mod-
uli stack framework. In this paper we work out such a moduli space for genus two
curves with a marked Weierstrass point and the outcome of our approach in terms

of Siegel modular forms is the following.
1
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Let ' be the subgroup of Sp(4, Z) generated by four matrices:

1 000 10 -1 1 10 00 1 00 O
(1.1) 0100 01 1 -1 01 00 010 —1
' 1 o0o1o0)’ftoo 1 01’100 1T 01710 0 1 0 [
0001 00 0 1 0101 000 1
which turns out to be of index 6, see §6.2, and Hy be the Siegel upper half plane of
genus 2. We denote an element of Hy by 7 = T,
T3 T2
Theorem 1.1. There are meromorphic functions X;, i = 1,2,...,153 on Hy with

possible poles along the Sp(4, Z)-transforms of the locus 3 = 0 such that

(1) 5 of X;’s are meromorphic Siegel modular forms of weights 1,2,3,4,5 for .
These are denoted by X; = Ty, 1 = 1,2,3,4,5, and we have a quadratic re-
lation of the form TE = TogTi2. The Siegel modular form Ty is holomorphic
and vanishes in 73 = 0.

(2) The ideal I of all polynomial relations between X;’s is defined over Q (by the
first item we have X3 — X5 X3 € I).

(3) The affine variety Spec(Q[X]/I) is isomorphic to an open subset of the
weighted projective space PO8103:333LLLL " TItg complement is the zero set
of a degree 4 homogeneous polynomial.

(4) The derivation %ﬁ:, 1=1,2,... k= 1,23 multiplied with the Siegel mod-
ular form X5 are polynomials in X with Q coefficients.

The proof of Theorem 1.1, and also the structure of the paper is as follows. In §2
we first use some classical statements on the moduli of genus two curves in order to
construct the moduli of genus two curves endowed with a Weierstrass point. Then
using a well-known basis of de Rham cohomologies, we compute the Gauss-Manin
connection over such a moduli. In §3 we use the hypercohomology definition of
de Rham cohomology and compute the cup product in de Rham cohomology. The
content of these two sections are needed in order to construct the moduli space
T of genus two curves enhanced with a basis of de Rham cohomologies with some
compatibility conditions. This is done in §4. In §5 using the Gauss-Manin connection
matrix on T, we construct three vector fields Ry, k = 1,2,3 in T which will be
eventually interpreted as derivations %, kE = 1,2,3 in §7. The bridge between
regular functions in T, and meromorphic functions X; in the Siegel domain is the
t-map which is explained in §7. Our functions X; have functional equations with
respect to the underlying monodromy group and in §6 we compute such a group
explicitly. This turns out to be the group I'. We would like to highlight that instead
of genus two curves we could start with the Clingher-Doran family of K3 surfaces
in [ ], as some of the ingredients of our work has been worked out in | ].
The computations in this case become heavier and this will be exploited in a future
work.

The main body of the paper was written during the visit of the first two authors
in CMSA, Harvard university. They would like to thank the institute for financial
support and its lovely and stimulating ambient. The last section was worked out
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during the first two authors’s stays at the Issac Newton Institute for Mathematical
Sciences, Cambridge university. They are very grateful to the institution for the
hospitality and financial support.

2. A GEOMETRIC SET UP

2.1. Hyperelliptic curves. Fix a positive integer d. Given t = (t1,--- ,t4) € V :=
C?, we let L; be the affine curve defined by 3? = f(x), where

d
(2.1) flz)=a%+ Zthd’k.
k=1

We set: degz = 2,degy = d and in this way P is a tame polynomial in the sense
of [ , Chapter 10]. Let «;, ¢ = 1---d be the formal roots of f(x), i.e.,

flz) = Hfil(x — «;), and then we define the discriminant A of f(z) as

(2.2) A= ][ (ei—ay)*

1<i<j<d
Because of the fundamental theorem of symmetric polynomials, it is known that
A € Q[t]. Hence, if t € V — {A = 0} then L; is a smooth curve.

From now on assume that d = 2¢g+1 is odd. Fort € V', we let Y; be the completion
of L; which is obtained by adding a point at infinity co := [0: 1 : 0] € P? to L;. The
projective curve Y; is smooth of genus ¢ which is a hyperelliptic curve. It is known
that H},(L,) = H}5(Y;) has a basis consisting of

& S ]

from which the first g elements form a basis of H°(Y;, Q).

Assume that d is even, say 2g + 2. The completion of (2.1) also gives us a
hyperelliptic curve Y;. However, L; is corresponding to an open subvariety of Y; by
removing two points. In this case, Hi,(L;) also has a basis consisting of

o ]

The first g elements are holomorphic, but the rest may have non-vanishing residues.
In order to get a basis of H},(Y;), we need to find 2¢g elements in H},(L;) without
residues. This basis can be found after choosing a coordinate function around the
two points at infinity, §3.1. As an example for

y? = f(x) = 28 + toxt + tsa® + tya? + tsx + t.

we have 24 3 i
t
Resoom T -1, Resoox - 0, Resoo$ - —2,
Y y y 2
where oo is one of the two points at infinity, and so, we may choose the following

basis of H}p(Y}):

dz zdxr 23dx  ty2?dr  2idx

9 i Y

y oy oy 2y oy
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2.2. Gauss-Manin connections. We consider the family of hyperelliptic curves
Y; over V and let H},(Y/V) be the first cohomology bundle, that is, its fiber over
t € V is Hjgp(Y;). By abuse of notation, we use w; to denote the global section of
Hjp(Y/V), whose value at ¢ is the [*12] of Hjn(Y;). After fixing these sections, the
Gauss-Manin connection

Vi Hyp(Y/V) = Qy @0, Hap(Y/V)

can be expressed as:

w1 51,1 b1,2 te b1,2g %]
(2‘5) \VA %) _ 52,1 5272 s 52,29 ® (%) :
Wag b2g,1 b2g,2 te b2g,2g Wag
where b; ; are meromorphic differential 1-formsin ¢y, - - - , ¢4 with pole order one along

A = 0. If we denote the matrix in the right hand side by B, then we may write B
as

(2.6) B = Bydty + - - - + Bydtg,

where B; are 2g x 2g matrices with entries lying in %Q[tl, to,+ -+ ,tg). For simplicity,
we decompose the Gauss-Manin connection matrix B as

B B,
o )
where B;’s are g X g matrices. We also use the notation B; = an:l B, ;-dt,,, where
B, ; are g x g-matrices. In general the expressions of Gauss-Manin matrices are huge.
However, it turns out that the inverses of Gauss-Manin matrices are much simpler.

Below is the data of the Gauss-Manin connection for a family of hyperelliptic curves
of genus 2 given by

(2.8) Y, 0y =25 4 tox® + tgx? + tax + t5.

These are computed by the procedure gaussmaninmatrix of the library foliation.1lib
! of SINGULAR, | ], and the relevant algorithms are explained in | , Chap-
ter 4], see also | , Chapter 12].

(2.9)

5°- A = 108t5t2 — T2totstyts + 16t5t5 + 16t5tots — 4tstats — 900t3t4t: + 825t5tat>
+560t5t5tats — 128t5t; — 630totatsts + 144tytats — 3750ttsts + 2000tyt5t2
+108t5ts — 27tats + 2250t5t 412 — 1600tst5ts + 256t; + 3125t+,

"http://w3.impa.br/~hossein/foliation-allversions/foliation.1lib
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721342 —56tatatats+ 1262t +16t5t5 —4t3t3

6t2t4ts —8totats+2tatsta+80tst2 —30t3ts

24tot2 —12t3t4ts+315
. 24tot3t2 —2tot2ts —8t2tats+2t5ts

24ta12 —12t3t4ts+3t5
_ 36t3t2—16tatatats+4tat]—20t4t2

24tat2—12t3tats+3t5 24t912 —12t3t4ts+3t5
152tot4t2+80t3t2—116t5t2t5 42415 184tat3t2—10tot3ts —T2t2t4t5+18t3t5 —400t3
24212 —12t3tat5+3L3 24212 —12t3t4t5+3L3
10t5 8ta
3 3
_ 40totZ—28t3tats+8t3 _ Gtatats—8t3ts+2tst]
8tot2—Atztats+t3 24t2t§ —12t3t4ts +3t§
2t2t5 602tz —32t3tat5+8t]
Btot2 —Atstats+1t3 24tot2 —12t3tat5+3t5
321312 —16tatstats+4t2t3—40t4t2  40t3t2—10t3ts ’
Btot2 —Atstyts+13 24tot2 —12tstats+3t5
2t iz
3 3
6tatats —8t2ts+2t3t2  12totats—4tot]
dtgts—t2 dtsts—t2
60tot2—32t3tats+8t5 10totats —24t3t5+6tst3
Bt = Atsts—1] Atn—13
10t 8t4
 32U3tZ—16tatatats+4tats  16t3tats—32tot3ts+8tatst] —40t3t2+10t5ts
Atsts—t3 12t3ts—3t3
10t4t5 _ 20tsts—8t]
dtsts—t3 4tsts—t2
_ 16totats—4tat:—100¢2 30t4ts
Atsts —tﬁ Atsts —ti ,
6t3 Aty
16t3t3t5—4t3t3—160t9t24+32t3tat5—8t5  16tatats—8t3t5+2t3t3
12t3ts—3t2 dtgts—t2
20t3t5—83 10tots—2tsts 4ty 50t5
3tq ta 3 3ta
o —10t5 —8ty —6t3 — Aty
4 = . 16totsts —4tats . 8t2t5—10tats . 422414 _ A0tots—18tsts )
3ty tq 3 3ty
16totats—8t3t5+2t3t5  Atotats—4tat  6tyta+10t;  4t3ta—20t3t5+8t3
3ty ta 3 3tg
_10t5 _8ts — _ Aty
3 3 ) 2t3 3
Atoty 8tot3—50t5 12t2_40t4 _6t
-1 _ 5 5 5 5 3
5T 40tots5—18tsts 20tat4—36t5  18tatg—50ts 432414
15 15 5 3
| At3t4—20t3t5+8t7  8t3t3—80tats+6tats  4t3—12fats  6lats+10ts
15 15 5 3

We could also compute the Gauss-Manin connection matrices of the family y? =
28 + toxt + ta® + t42? + tsx + tg which is too big to fit into this paper. For the
computer data of this see the second author’s webpage.

In Hj(Y;) we have a natural pairing which is (a, 3) :=

3. CUP PRODUCT IN DE RHAM COHOMOLOGY

.
21

fYtaU/Bforoz,ﬁG

Hix (Y:). In this section we want to compute this pairing in the basis w;:

(3.1)

92
3

Q= [{wi, wy)]

Qy 0
4

Qs
_Q;r Q4 )
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where €);’s are g X g matrices. Applying the Guass-Manin connection on €2, we get
(3.2) dQ) = BQ + QB",

where B is the Gauss-Manin connection matrix written in the basis w;. In order to
get entries of (2, one needs to solve the above equation. This seems to be a quite
difficult task. In this section we give a direct way to compute ).

3.1. Coordinate functions at the infinity point. We write Y; in homogeneous
coordinates: y?2%2 = F(x, z), where F(z,1) = f(z) and cover it with two open sets:
Up :={z # 0} and Uy := {y # 0}. It is easy to see that [0 : 1 : 0] is the only possible
singular point of Y;. It lies in U;. We do blow-ups to determine the coordinate
function at the desingularization of this point. We first perform (z,2) = (21, t,21).
Then Y; in U, is given by

(tix1)T? = F(xy, ty21), thatis, 972 =22F(1,t).
For the next, we do the blow-up: (x1,t1) = (xats, t3). Then we get:
1372 = (29t9)2F(1,ty), thatis, t3*=a22F(1,ty).
We do more blow-ups. If d is odd, we will stop with an equation tas = :rd VF(1 ta 1)

whose linear term is ta—1. We may choose Tay as the coordmate function. Pulhng
2

pack along all these blow-up maps and pulhng back along the transformation map
d—1

= .
z writ-

from the Uy-chart to the Uj-chart, we get the coordinate function ¢t =

ten in the coordinate system of Uy. If d is even, we will stop with an equation

t2, =22, F(1,ta 2) which shows that Y; has two points at infinity. In this case,
2 2

we may choose xa2 as a coordinate function. Pulling back will lead us to the
2
d—2

2

coordinate function ¢t = %

3.2. De Rham cohomology as hypercohomology. In this subsection we focus
on our genus two curve Y;. The algebraic de Rham cohomology of Y; can be described
as:

{(wo,wr) € O, o X Qllj lwi —wo € d(QUomU1)}

3.3 HI(Y) =
( ) dR( ) dQ?]O X dQ([)Jl Y
and
2 Qo

3.4 H2.(Y) = 0NU1 7
( ) dR( ) Q%]O +Q +dQUOQU1
see for instance | , §2.6]. Under the first isomorphisms (3.3), the basis w; =
x;x( =0,---,3) can be represented as

z'dx ztdz .

y Ty UL/ = 07 17

35) i A e

( v ‘U07T|U1 +d<P2(?)))7 i =2,3,

for some polynomials P; such that the underlying sum becomes holomorphic at
infinity. In the next subsection, we explain how to compute P, Ps.
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3.3. Computing the cup product. In the U; := {y # 0}, the curve Y} is given
by:
2 =15+ t2x3z2 + t333223 + t4xz4 + t52°.

. % i i+1 . .
In this chart, x;x becomes “"”z# — xZ—HdZ We may choose the coordinate function

t = x—; on Up as explained at the beginning of this section. On the Uy-chart, along
t =0, we may compute the local t-expansion of (z,y): assume that

(3-6) r=t2+ a_lt_l + ag + a1t + a2t2 4o
then
_ 5. _ 15 5 _ 5 15 5
(37) y=1 5+(§)t 4—|—(§a2_1+§a0)t 3+(16a 1+ 4@_1ao—|—§a1)+...

Under the coordinate function ¢ = %, we may solve these coefficients

a_1 = ap = a1 :0,a2:—t2,a3:0
2 . 24 . .
224z e may choose a representative ””— 2d((%; *)=1), which is
y

J:dx

Therefore, for

algebraic in U;. Similarly for , we may choose a representatlve z?dz 2d(( )73).

Hence, we have:

2
Py(t) = =2t Py(t) = —gt—?

According to the cup product formula given in | , §2.10], for any 0 <i,75 < 3,
we have:
2ide  2idx 2% aidx 2dx

3.8 U =P(— + PdP
(38) Y Y i Y ) Y G y ) y ’
and
(3.9)

idr 27d id id

<x xjx x>_ the residue ofP(x )x x_P<x )x x—|—Pide at 0o.
Yy Y y oy Y Y

We have Py = P, = 0 and P,, P3 are defined above and so we get:

o 0 0 3
0o 0 4 0
0 -4 0 it

4 4
—4 0 4, 0

(3.10) 0=

It can be easily verified that 2 satisfies the differential equation (3.2).

4. MODULI SPACES

4.1. Moduli space I. We recall that the moduli space M of curves of genus 2 can
be described as the GIT quotient associated to the action of GLs(C) on the space
of binary sextics with non-vanishing discriminants, see for instance | , 84] and
the appendix of | ]. Precisely, such a binary sextics Q(x1, ) determines an
affine equation C' : 42> = Q(z), where Q(z) = Q(x, 1), which is a curve of genus 2.
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Moreover, the curve C' comes with a basis of differentials df and %. The group

G Ly(C) acts on these data by

ar +b Y df d ¢\ /&
—_— — det(A 4e |-
T arad?” (cx%—al)?”(m — det(4) b a) \ 22

Yy Y

The six zeros of @) with y = 0 gives us 6 Weierstrass points of C'. Now we assume
that x divides Q(x). After a change of variables:

1 Yy
T — —, ?/_>_3;
xXr A

we get a curve y? = f(x), where f(z) = 2z°Q(2) is a polynomial of degree 5. The
subgroup B of GLy(C) fixing the root = 0 of f(z), consists of lower triangular

matrices of the form (Z 2) It acts on the parameter space of y?> = f(z) by

d
(4.1) x—>c+ w,y—>—y3,
a a

which is compatible with its action on the corresponding sextic. Notice that each
orbit of y* = f(x) under the action of B can be chosen as (2.8). Therefore, giving a
quintic with non-vanishing discriminant will lead to a G Ly(C)-orbit of the equation
y* = xP(z) which is just a genus 2 curve with a Weierstrass point (0,0). For the
family (2.8) the action of B reduces to the action of G,, = C* given by:

(4.2)  (z,y) = (a®1,ady),t > tea: (ta,t3,ts,ts) — (a o, a Oz, a %y, a7 '0t5)

for a € G,,. The curve (2.8) after the change of variables y — %, = — 1 has the
form y? = t52° + t,2%Yy + tsaxty? + ta23y> + 29, and so, for the moduli of genus two
curve we have to remove t5 = 0. We conclude that

Proposition 4.1. The moduli space May(w) of hyperelliptic curves of genus two
and with a marked Weierstrass point is P2**5\{A -t5 = 0}. The hyperelliptic curve
together with its Weierstrass point over the point t = [ty : t3 : 1y : ts5], is given by

(y? = 2° + tox® + tzx® + tyw + 15, (0: 1:0]).

It seems natural to choose the following modular coordinates on My(w):

t5 t5 t5
(4.3) Joi= =2 jgi= 2 jui= =
3 3 t3
4.2. Moduli space II. In this section we define:
(44) T4 = tg, Tg = t4, T12 = tg, T16 = t3t5, T20 = tg

We can write the discriminant A in (2.9) as a polynomial in 7;’s and for simplicity
we denote it again by A; being clear in the context whether it depends on t or T
For a curve Y of genus 2 the abstract wedge product Hiz(J(Y)) := AHiz(Y") has
a one dimensional subspace F2H3,(J(Y')) which is generated by the wedge product
of holomorphic 1-forms in Y.
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Proposition 4.2. The moduli space S of triples (Y, P,w), where (Y, P) is as before
and w € F?H2,(J(Y)), is

S = Spec(C[Ty, Ty, T2, Tis, Too, TlA]/CFf6 — T12Thp)).
The corresponding triple over a point is given by:
(y? = 2 + toa® 4 tax® + tyw +15,(0: 1: 0], {dy:c] A [@])
and so, we do not have a universal family over S.

Proof. For a triple (Y, P,w), by Proposition 4.1 we can assume that (Y, P) has the
form

(y? = 2° + tox® + tzx® + tyw + 15, [0 : 1:0]).
Because of dim F?Hi,(J(Y)) = 1, w = k[§F] A [%%] for some k = C*. Under the
v

action of a € G,,, we have:
d d d d
(ta,t3,tasts, {—x} A {ﬁl) — (a*y,a %3, a3ty a Ots, 0k { x} A {H})
Yy Y Y Y

Hence two triples (Yl, Pl,wl) with t-coordinates (to,t3,t4,t5) and (Y, Py, wq) with
t-coordinates (tg,tg, t,t5) are 1somorphlc if and only if their t-coordinates are the
same,i.e. ty = ty, 13 = —t3,1, = t4,15 = —t5. Therefore, the moduli space of (Y, P, w)
is 1somorphlc to Spec(Clta, t3, ta, t2, tats, =~ t5A]). O

4.3. Moduli space ITI. Now let us consider the moduli of

(Y7 P7 Oél,Oé270637054),

where (Y, P) are as before, and (o, g, a3, o) is a basis of Hj(Y) such that

o o, a0 € FTHIL(Y);
e the intersection form in the basis («;) is:

0 0 10
0 0 01
(45) o = [(aivaj” - -1 0 00
0 -1 0 0
We recall that (o, o) = Tr(o; U ;) fY a; U ;. In order to construct the

51

S, 34) with unknown entries and

moduli space T, we take a 4 x 4 matrix S = (

write o = Sw:

(05} S11 S12 0 0 w1
(4 6) (6D) . S91 S99 0 0 wa
a3 831 S32 S33 S34 ]

Oy S41 S42 S43 Saa Wy
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The constancy of the cup product in «a;’s implies that ® = SQS™, where S* is the
transpose matrix of S. Under the action a € G,, on Yy, for i = 0,1,2,3, the pull
back of w; is a® 3w; (on Yie,). Hence, under this action we have the identification:

(Yo [0:1:0], @) 2 (Yieg, [0:1:0], S-diag(a™, a7, a,0%) - w),

where diag(a™2,a7!,a,a®) is a diagonal matrix. Therefore, we get that the moduli
space T is isomorphic to

{(ta2, t3, 14,15, 9) € C'%|® = SQS™, t5A # 0,det S # 0} /G,

Proposition 4.3. We have

1
(C |:t27 t37 t4a t57 511, 821, S31, S41, S12, S22, S32, S42, t5A~(811822—512821):|

T = Proj -
(842821 — 541522 1+ 532511 — 531512 — z>

C P4’6’8’10’3’3’3’3’1’1’1’1

Y

where we have considered the degrees deg(t;) = 2i, deg(s;1) = 3 and deg(si2) = 1.
In particular, T is of dimension 10.

Proof. From the equation ® = SQS™, we get:

. 10
and
(4.8) Si255Y + S308% + 8,025 = 0.

Using (4.7), we get identities: S4Q3 = —(S™")~! and Q5% = S;'. Putting them in
the equation (4.8), we have an equation:

(4.9) — (S TISE 4+ S5 4+ S, S =0,
which is equivalent to the equation

t
(4.10) S42821 — S41522 + S32511 — S31512 — ZZ = 0.

O

In Proposition 4.3 we can discard the variable t5 as this is equal to 4(sse82; —
S41899 + S32811 — S31512)- In this way we obtain the fact that T is an open subset of
the weighted projective space P&810:3333LLLL oiven by t5+ A - (511590 — S12891) # 0.
This appears in Theorem 1.1, part 3.

4.4. Ring of functions of T. In this section we find the smallest N such that we
can realize T as an affine subvariety of CV.
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Proposition 4.4. Let 6 = det S| = 511500 — S12591. There is an embedding from
T — C'33, which is given by sending (to,t3,t4, s, S11, S21, S31, S41, S12, S22, S32, S42) 10

Ti=t/5, Ty=t/0", Tw=13/8° Ti=15/8", T =13/0",

Si115i92 .
Qilizz 5 71§21722§47

. . . . 4
(512)" (S22)"%(832)"(S42)™ o .
Qivigigia = ,0 <i1,19,13,04 < 4, i; =4,
)
=1
(4.11) VY )
(s11)"(521)" (s31)"(541)™ A .
‘P’ili2i3i4 = 53 70 S 11,12,13,%4 S 472% :47
=1
135i128i2 155:,28i52 o
U3i1i2 = #7 U5i1i2 - #7 1 S 11,122 S 47
135i118is1 155i118i01 o
%ilig = #7 ‘/51'17;2 = #7 1 S Z177/2 S 4

Note that via the equation (4.10), we have:
Ty = 4(Q21 — Qa2 + Q13 — Q31)

and
Q21 — Q12 =1,

and so we do not need two functions in (4.11) which consists of 153 + 2 functions.

Proof. Let U be the open affine subvariety of P46:810:3:33.3.LLL1 which is the comple-
ment of = 0. By the definition of T, there is an embedding T — U. We just want
to find enough invariants under the action of G,, generating the coordinate functions
on U. According to the degrees of variables t,,, s;;, if 6" [[°,_, t" [, <ican<j<2 Sij
is a function on U, then we need to make sure that:

4 4
(412) 4n = 477,2 + 6713 + 8714 + 10715 +3 Z n;1 + Z Nio.
i=1 i=1

Moreover, for generators of the ring of regular functions on U, we can assume that
0<n,<1,0<n; <2for2<m<5and1<7<4,1<j<2. For the solutions
of (4.12), we may divide into the following types:

e 4n = 4ny + 6ngz + 8ny + 10ns5;

e 4n =23 Zle n;1 + Zle N2, where n;; # 0;

1

e 4dn = Zi:l N2,

e 4n = 32?:1 N2,

e 4n = 6713 + 10715 + Z?:l N2,

e 4n = 6ns + 10n; + 3 Zj;l Ni1.

In each case, we will get the solutions as stated in the proposition respectively. [J
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4.5. Algebraic group G. The algebraic group G

o~ { (b ) ccrie)

acts from the left on T by the base change:

k(K" = (k(k')“)“} C Sp(4,C)

TxG—-T,t=(Y,[0:1:0],a),g) >teg=(Y;,[0:1:0],a-g),

where we regard « as a 1 X 4 matrix and «-g is the usual multiplication of matrices.
The algebraic group G is also called a Siegel parabolic subgroup of Sp(4,C). For
g = {]g klitr}, we have §(t ¢ g) = det(k) - 6(¢). From this we get the functional
equations for T;:

(4.13) Ti(teg) = (det k) 1T(t), teT.

The functional equations of other regular functions on T are not as short as (4.13)
and we do not reproduce them here.

5. MODULAR VECTOR FIELDS

In this section we describe three vector fields on T which are algebraic incarnation
of the derivations/vector fields %, 1=1,2,3.

Theorem 5.1. There are unique global vector fields Ry, 1 <k <3 on T such that

(03] (03]
(6%) . 0 Ck [6%)
(5.1) Ve || - (0 0) |
)y QY
10 0 0 01 . )
where C; = (O O> , Oy = (O 1) ,C3 = (1 0). Here, V is the Gauss-Manin

connection of the family of genus two curves over T.

Proof. Our proof actually computes Rg, k& = 1,2,3 and it is as follows. For the
relevant computer code see Appendix A. Let us first consider a vector field

- 9 9
Ri = 222 Riom 57— + > Rk,z’j@>

m

Il e R

with unknown coefficients R ,,, and Ry ;;. We have
VRka = ka (Sw) = (VRkS)w -+ SB(Rk)w = (dS(Rk) + SB(R]C))SilOé
The equation (5.1) is equivalent to

(5.2) dS(Rg) + SB(R;) = CyS,
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where Cj, = (8 C(;k) Recall that we use the notation S = (g; 54) and B,, =
(gm’l gm2) for 2 < m <5. From the equation (5.2), we get an equation:
m,3 m,4
(5.3) i
Rk (S1) 0 + Sy 0 Z Bni Bna R, — 0 Cp\ (ST O .
Ri(S3) Rik(Sy) Ss  Sa B3 Bma o 0 0 Ss  Sa

m=2

Considering the right-upper 2 x 2 matrices, we get its equivalent form:
5
(5.4) > Ry + B = S7'CrSi.
m=2

From the equation (4.7), the right-hand side of the above equation can be trans-
formed into:

Sf10k54 = Sl‘leSf“(Qg)‘“
1 532 —521522 —t
e — Q t
(5.5) (det Sp)? (—822821 S5 ()
_ 1 — 3521522 1522
(det(S1))? 155 —350182 )

for £ = 1. Similarly we do the computation for k = 2,3 and define:
(5.6)

S51,—4 1 —1521522 S2,—4 1 —1811512
S$1,-6| = o 155 |, |S26| = e 25t |
) 2 )
S1,—2 (det(S1)) %331 S2,—2 (det(S1)) %5%1
and
83,4 1 i(sus? + 5115922)
(5-7) 83,6 = 71 7o 2 —5512522
53,—2 (det(51)) —3511521

The existence of R, depends on the solution of

223 223 2?113 223 Eka Sk,—4
(58) 554 bé4 b4114 b%4 Rk73 = | -
bgs bg:& bzs b%S Rk,4 33k,—2
24 Ugq Ugq Oy k,5 Sk,—4

The vector [2ty, 3ts, 4ty, 5t5]™ is in the kernel of the above 4 x 4 matrix. This also
follows from the fact that the Euler vector field anzQ mtm% induces the zero
vector field in the weighted projective space P+6:8:10:33:33,LLL1 " The solution of (5.8)

up to addition of the Euler vector field is unique and it is given by

1
Ry o =——((242t4 + 450tsts) sk
k,2 75t5 (( 2b4 + 3 5)Sk5, 2

+(—180t5t5 + 36tataty + 600tsts) sk s + (—40tatsts + 16tat] + 250t2) sy ),
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Ri.s ((—180t3t5 + 36ttty + 600t,ts)ss, o

75t
+(—390tatsts + B54t5ty + T50t2 ) sk 4 + (—20tatsts — 60t5ts + 24t3t3) sy _6),

Ria ((—120tgt3ts + 48tat? + T50t2) sy, o

75t

+(—60totyts — 180t5ts + T2tst]) sk, 4 + (150tat: — 110tst4ts + 32t3) sk ),
Rk,5 - O

Despite the fact that the Gauss-Manin connection matrix B is not simple, we can

compute the matrices F_,, E_4, E_g through the equality

5
E(k) = Z RiemBm = Sk,—2E_o 4+ i, _aE_4 + s, _¢E_¢
m=2

for k =1,2,3, and they have rather simple expressions:

_ Gtata
2500 1 0 0

ot
E_ 5= He _825?15; 2t1t 0
0 ste 3
S S g
4 9
(512 6_ 2?;4) 8 ’ 3tst L 0
E_, = st3 (52 — 352) 0 3
_ —1y %tg (%t2 . Z;tgtt;) 0 ,
e - G-
2 4¢2 1
(5t3 25;15) 3lo . 0 1
1 2 4t
B¢ = gt4 (1—5t3 — ﬁ) 0 , 0
- 2 1 2 4t
—3ts 15t4 —(f5ts — 71) 0 2
4 1 2 4t
0 ~3ls ~15l4 —(5ts — =35)

Putting these solutions back to (5.3), we get Ry ;;:
[dSl(Rk)] _ [Ok5’3:| i |: Sl(an:Q Rk,mBm,l) }
dS3<Rk) 0 53(221:2 Rk,mBm,l) + 34(231:2 Rk,mBm,fi)
_ CypSs — S1E(k):
—S3E (k) — S4E(k)s|’

where we have used our convention E(k) = [gggl gEgQ . It remains to prove
3 4

that Ry is tangent to the loci F' = 0, where F' is the polynomial (4.10). This follows
from the equations:
dF(Ry) 1

F 25t502
dF(Ry) 1

F 25t502

(2t2t48§1 + 15t2t5821822 — 3t3t4821822 — 10t3t58§2 + 4t3832),

(2t2t4$%1 + 15t2t5811$12 — 3t3t4811812 — 10t3t58%2 + 472218%2),
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dF' (R 1
}(71 3) :25t552(_4t2t4811821 — 15t2t5811822 — 15t2t5812821 + 3t3t4$11822+
3t3t4812821 + 20t3t5812822 — 8ti$12822).
O
All Rg’s are tangent to A = 0 and this follows from the computation:
dA 16t9t4 60tots — 24t3t, 60t5ts — 322
5.9 R “Sp 9 — “Sp_4— —————— + S .
(5.9 F R === sns bt Tkt 15t R
Let us define
a1 o1 | Sk,—4  Sk,—6 o
Hy = S7°CrSs, Jip:=8] CpSy = [Sk,_z 33;%_4} , k=1,2,3.
The following proposition might be useful for a better understanding of Ry’s.
Proposition 5.2. We have the following equations:
Ri(Jy) = HipJy— E(k)1Jy — HLE(k)y — JyE(K)s,

Ri(H,) = HyH,— E(k)H, — HE(k), — JoE(k)s,
fork =1,2,3.
Proof. We only check the first equation. Similarly, one can verify the other.

Ri(J) = Ri(S;'CrSy) = Ri(S;1)CruSy + Sy CLRL(S))
= S7'Ri(S1)S;1CRSy + STTORR;(Sy)
= S7MCRSs = Y RinS1Bma) S CiSy +
ST Ch(= D Rin(S3Bima + SiBma))

53) _

) S7CSs Tk — > Ri (Bt Ji + (7' CuS3) Bz + JiBna)

= HpJi— > Ri(BuiJi+ HiBuma + JiBma)

HiJ, — E(k) Ji — HLE(E)y — JuE(k),.
O

5.1. The description of R;’s in an affine chart. Let f be a homogeneous poly-
nomial in Clxg,--- ,z,] with degz; = o € N and P := Proj(C[zo, - ,z,]) be
the weighted projective space. The coordinate ring of U := P* — {f = 0} is
given by the polynomial ring generated by il f,f”n such that Y1 a;0; = kdeg(f).
We find generators X = (X;);=1..m of the coordinate ring of U and we have
OWU) = Spec(C[Xy, -+, X,n]/I), where I is the ideal generated by the polyno-
mials P with variables in X such that P(X) = 0. A vector field on P* is given by
v=> ", Ui(x)a%i’ where v;(z) = f L can be written as the ratio of two homogeneous
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polynomials f; and g; such that deg f; — deg g; = a;. Then we can write d.X;(v) in
terms of X, denoted by @Q;(X), and then we have:

i)
(5.10) vp =Y Qi——.
2 Qg

This can be used to describe the vector fields R;’s in the complement U of 6 = 0 in
P46:8103333LLL1  Note that we have already chosen coordinate functions for U in
§4.4.

6. THE MONODROMY GROUP OF GENUS 2 HYPERELLIPTIC CURVES

In this section, we want to compute the monodromy group of the moduli space
of genus 2 hyperelliptic curves with a marked Weierstrass point.

6.1. Picard-Lefschetz theory. First we recall some general statements. We de-
note the moduli space of hyperelliptic curves of genus g by C,. For each hyperelliptic
curve g, we can associate it with a polynomial of degree d with a non-vanishing dis-
criminant such that the affine part of Y is given by y? = P(z). Then the genus
of Yis g = [%] We fix a base point b = 0 € C,, which is corresponding to the
hyperelliptic curve whose affine part is given by

(6.1) Yy iyt =%+ 1
We denote the monodromy map:
m1(Cq, b) = Aut(H,(Ys, Z),-) = Sp(2g,7Z)

by h, where - denotes the intersection pairing.

We define f : C* — C by f(x,y) = —y?+ P(z). Then we let {py,pa, -+ ,pa_1} be
the critical points of f, i.e., p; = (a;,0) such that P'(a;) = 0. Moreover, we denote
the critical values of f by {c1,¢0,--+ ,c4-1}. One may choose a set of vanishing
cycles 01,09, -+ ,04_1 such that their intersection numbers are given by the Dynkin
diagram of the polynomial P(x), i.e.

B1 0y = —0y -0 = 0y 0y = —03 0y = 04y - 01 = —041 Oy = 1

.2
(6:2) otherwise ¢;-6; =0,
see for instance [ , Chapter 7]. Moreover if d is odd, we can use linear combi-
nations of §; to form a symplectic basis e; of Hy(Y}, Z) :
€1 = 61762 - 537"' ,€d—1 = 5d—27
(6.3) 2
edt1 = g + 04, €dis = 04 + 06, * s €4—2 = 0g—3 + 041, €4—1 = Od—1-

If d is even, the similar e; consists of a symplectic basis of H;(Y},Z) and 61 + d3 +
et 5d—1 =01in Hl(YL,Z)

We recall the Picard-Lefschetz formula (see for instance in | , §6.6]). Suppose
that f is a holomorphic map from a projective complex manifold Y of dimension n
to the projective line P!. Also suppose that all critical points are non-degenerate
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(not necessarily in different fibers). We let b be a regular value of f. Then the
monondromy h around the critical value ¢; is given by the Picard-Lefschetz formula

(6.4) h(6) =6 = (6,6;)8;, &€ Hi(Y),

J

where j runs through all the Lefschetz vanishing cycles in the singularities of Y,
and (-, -) denotes the intersection number of two cycles in Y.

6.2. Monodromy of genus two curves. Now we assume d = 5. Then there are
4 critical points ¢;. For simplicity, we choose a symplectic basis of Hy (Y}, Z):
(65) €1 :(51,62 :(53763 :(52+54,€4 :54.

Using the Picard-Lefschetz formula and the symplectic basis {e;} € H;(Y;, Z), we
get:
hcl (ez) =e€; — <€i7 (51>(51.

Under the basis (e;), h., corresponds to the matrix

1000

oS = O
o O =
O = O
_ o O

Similarly we will get other 3 matrices and hence the monodromy group of genus 2
hyperelliptic curves with a Weierstrass point is generated by four generators of I’
in (1.1). Let us call these matrices A, B,C" and D, respectively. Note that if we
consider the moduli space of genus 2 hyperelliptic curves, then the similar discussion
implies that Sp(4,Z) is generated by the above 4 matrices together with

1000
0100
(6.6) E = 1110
1101

We let T be the mapping class group associated with the orbifold fundamental
group of the moduli space of nondegenerated Riemann surfaces of genus 2. Then it
is well know that ') has the following presentation:

generators :(1, - -+ , (5,
relations :[(;, ;] =1,|i—j |> 1
GiGi1Gi = Gi1GiGiv1,
(€162G3¢aGs)° = 1,8 = 1,1, ¢ = 1,
where ¢ = (1(2(3C4¢2C4(3(2(1, see for instance | , Page 577]. Hence we may view
') as a natural quotient of the braid group Bg, whose generators are also denoted
by (;. Tt also known that the map 'Y — Sp(4,Z) is surjective and the image of

¢y (resp (2,(3,(s,C5) is A (resp B,C, D, E). Therefore, A, B,C, D, E generate the
whole group Sp(4, Z). We let I be the subgroup of Sp(4, Z) generated by A, B, C, D.

(6.7)
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Note that E* = (ABC)* € . We denote the congruence group of Sp(4,Z) with
level two by I'(2), i.e., I'(2) = Ker(Sp(4,Z) — Sp(4,Z/27Z)).

Proposition 6.1. ' contains the congruence group I'(2) as a subgroup.

Proof. Note that by our definition of A, B, C, D, E, there is a natural map from the
6-th braid group Bg to Sp(4,7Z):

¢ : Bs — Sp(4,2),
given by ¢(C1) = A, ¢(¢2) = B,¢(¢3) = C,6(¢4) = D and ¢(¢5) = E, see | ;

§1.1]. Moreover we have the following commutative diagram:
Fs Bg - 2

|
['(2) ——— Sp(4,Z) —— Sp(4, Z/27.)
where 7 is the map sending ¢; to s; = (i, + 1) and Ps = Ker(7). We want to show
that I'(2) ¢ I' = (A, B,C, D). Note that a set of generators of Py also provides a
set of generators of I'(2). Now we can consider a set of generators of Py given by
Corollary 1.19 in | , Page 21] and then we want to show that the corresponding

generators of I'(2) can be expressed by A, B,C, D. Besides the ones lying in I', we
need to show that:

1%

EDCBA*B~'C'D'E-' EDCB*C'D'E~' EDC*D'E~', ED?’E~! €T.
By the explicit computation, we find that:
ED?’E~' = (ABCD)°(AB)*D *(ABC)™* €T,
and
EDC?D'E~!' = (CD)*(ABCD)°(AB) *(DA)* €T.
Moreover, we also have an identity:
(EDCBA*B~'C'D'E~Y"' = EDCB*C'D'E'[A*(CD)*(ABCD)").

This implies that we only need to show that EDCBA?B~'C~'D-'E~! € I". After
a lot of computations, we get that:

EDCBA’B™'C'D'E~!' = (DCB)* € T.
Therefore, we have I'(2) C T. O

Corollary 6.2. The index of I in Sp(4,7Z) is 6. Moreover we have a short ezact
sequence

(6.8) 1-T02) =T —% — 1.

Proof. We have the following diagram:
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T

Ker(7r) r s

]

['(2) —— Sp(4,Z) — Sp(4,Z/27) = ¥
Note that we use the fact that the map I' — Sp(4,Z) — Sp(4,Z/27Z) = ¥¢ sends
A,B,C, D to (12),(23),(34), (45), which implies that the image is ¥5. On the other
hand, we have shown that I'(2) — I' is injective and this map factors through
Ker(7r). This means that I'(2) — Ker(nr) is injective and hence is an isomorphism.
Then we get a short exact sequence

1-I2)-T—%—1.

We may take ABCDE, BCDE,CDFE,DE, E, I as representatives of cosets of I" in
Sp(4,Z). O

Remark 6.3. Note that there is an equality of matrices: (ABCD)% = —I € I'(2). In

geometric terms, ABCD is the monodromy matrix around the singularity y* — 2° =

0.
Remark 6.4. We recall that the theta group I's g of genus 2 is defined as

[y = { (é g) € Sp(4, Z)‘C’Dtr and AB™ have even diagonal} ,
which is a congruence subgroup of the full modular group Sp(4,7Z) with index 10,
see [ , Remark 8.1, page 459]. It is also called Igusa’s congruence subgroup and
denoted by T'[1,2], see | , page 462]. Therefore I'yy is neither the same as T,
nor a subgroup of T,

7. DIFFERENTIAL SIEGEL MODULAR FORMS

7.1. The t map. We denote the moduli space of curves of genus 2 (resp. principally
polarized abelian surfaces) by My (resp. Aj). Recall that we can view M, as
an open subspace of Ay. The complement of My in A, consists of nodal curves,
see for instance | , Page 1654]. The period map gives us an isomorphism
Ay = Sp(4,Z)\Hy and under this isomorphism, the loci of nodal curves is given by

(7.1) {7?:\0} =71 torm{m =0}, wherer:H, — Sp(4,Z)\H,.

This in turn is the moduli of product of two elliptic curves. We have the following
commutative diagram:

My(w) —— T'\Hj

|

Mg — Sp(4, Z)\HQ = ./42
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where the horizontal maps are injective and the vertical maps are both 6 to 1 covering
maps. By our construction My(w) = P2345\{t;A = 0}. Smooth points of A =0
correspond to nodal curves. Let us define

My(w) = (P***\{t5 = 0}) Usmooth(A = 0).

We observe that the map My(w) — Aj is ramified over the loci of nodal curves,
and in this loci it is a 5 to 1 map.

Proposition 7.1. The moduli of triples (Y, P,e), where Y is a genus two curve, P
is a Weierstrass point of Y and e := (eq, e, e3,e4) is a symplectic basis of H1(Y,7Z),

is isomorphic to a disjoint union of sixz copies of Hy — {m3 = 0}.

Proof. Let Yy : y* = 2°+1 be the hyperelliptic curve in (6.1) and e be the symplectic
basis of H;(Yp,Z) defined in (6.5). This data together with the Weierstrass point
P :=[0:1:0] at infinity, gives us a point in the moduli space of the proposition.
Let H, be the connected component of this moduli containing this point. We have
the following commutative diagram

My(w) ——— M,

|

Hy —— H, — {7?:\0}
Since Hy/T 2 Ma(w) and (Ha/Sp(4,Z)) — {73 = 0} = M, and Mo(w) — M is
6 to 1 map and I' has index 6 in Sp(4,7Z) we get the fact the canonical covering

H, — H, — {m3 = 0} is one to one, and hence, an isomorphism. This is enough to
finish the proof. U

From now on we regard Hy — {73 = 0} as the connected component of the moduli
of triples (Y, P, e) containing the marked point as in the beginning of the proof of
Proposition 7.1. We have a natural map

t:HQ—{7?:\O}—>T,

which is defined in the following way. For 7 € Hy — {7?:\0} corresponding to
(Y,p,e), there is a unique basis a of Hiz(Y) such that (Y, «) is enhanced and we
have the following format of the period matrix

A _ | T e
(7'2) [fei O‘JLJ’:1,273,4 - |:[2><2 ()2><2 :| :
For this we first take an arbitrary enhancement (Y, «) and use the fact that there
is a unique g € G such that the period matrix of ag is of the desired form, see
for instance | , 84.1]. We define t(7) = (Y, «). We can now interpret all the
functions in Proposition 4.4, and in particular 7;’s, as holomorphic functions in

Hy — {73 = 0}. This is obtained by taking the pull-back 7; o t. The G,,-action on
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S, which is basically given by (4.13), is translated into the automorphic property of
T;’s:

(7.3) det(cr +d)"1Ti((aT +b) - (et +d) ") = Ti(7), (CCL Z) erl.

The functional equation of other functions on T are more complicated and can be

obtained from the action of G. For computing these functional equations in the case

of elliptic curves (resp. mirror quintic) see | , 88.5] ([ , Theorem 7).
In principle, the pull-back of regular functions in T by the t-map might be mero-

morphic in 73 = 0. Therefore, we are looking for generators of the algebra of

differential Siegel modular forms for I':

(7.4) DM(T) := {f c Or ) f ot is holomorphic along 75 = O} ,

where for an affine variety V' we have denoted by Oy the ring of global regular
functions in V. The algebra of Siegel modular forms for I' is defined similarly:

(7.5) M(T) := {f € Og ‘ f ot is holomorphic along 73 = 0} :

Note that using the canonical projection T — S we have considered Og as a subal-
gebra of Ot. We note that Ty, A € DM(I"). More precisely, these are holomorphic
Siegel modular forms for I' of weights 5 and 10, respectively. Both of them vanish
along 73 = 0. If not, then TLQO and % would be holomorphic Siegel modular form for
I' of negative weight which is a contradiction.

Theoretical arguments as in | , Chapter 11] and | | show that modular
vector fields in the case of abelian varieties are holomorphic in the whole moduli.
However our vector fields in the present text have pole order one along t5; = 0. This
translates into meromorphicity along 73 = 0 and it implies that the pull-back of
regular functions in T to the Siegel domain are not all holomorphic along 75 = 0.

7.2. Comparison with Igusa’s invariants. In order to compare our results in
this paper with Igusa’s results in | ], we also need to define the moduli space
S and T which have the same definition as S and T but without the presence of
Weierstrass points. There is a natural forgetful map:

(7.6) S—S,T—T, (Y,Pa) — (Y,a).
We also need the ring of invariants of binary sextics, which is given by
(7.7) I =C[A,B,C,D,E]|/(E* - P(A, B,C, D))),

where P is an explicit polynomial and we have natural weights deg(A) = 2, deg B =
4,deg(C) = 6,deg(D) = 10, deg(E) = 15, see | |. We also need the moduli T,
and S,, which are the moduli of enhanced principally polarized abelian surfaces,
see for instance | , 84.1) or | , Chapter 11]. Then we have the following
diagram:
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M(T)C Os¢ Or >DM(T)
M(Sp(4,2)) = Os,,— O5¢ Or +—0r,, = DM(Sp(4, 2))
r
In | , Page 848], Igusa shows that the intersection of of M(Sp(4,7Z)) with I,

is generated by
E,:= B, E¢:=4AB —3C, x10:= D, x12 := AD, x35 := D°E

up to constants. Note that in the proof of Theorem 4.2, the G,,-action multiplies
[42] A [292] with a~* for @ € G,,. This implies that the degree in our case is 4 times the

y iy

canonical degree of Siegel modular forms. Let F' be the composition of two inclusions

I — Og — Og. Looking [ inside Og, we know that E4 (resp. Eg, X10, X12, X35) are

degree 16 (resp. 24,40,48,140) polynomials in variables Ty, Ty, Th2, 11 and Ty,

which are defined in Remark 4.4. We can use invariant theory to determine these

expressions explicitly. This is as follows. The curve given by y? = x® 4 tox® 4+ t32? +

t,x + t5 corresponds to the binary sextic f = t5a°® + t,2%y + tsxty? + toxdy? + a1,

The result up to multiplication with constants is

A(f) = =315 — 20y,

B(f) = —3tot2 + 9tit, — 203 + T5tsts,

C(f) = 12t5t3 + 18t — 36t5ty — 13tytaty — 88t5t7 +
16013 — 165tatsts — 800tstyts — 1125512,

D(f) = A isdefined in (2.9),

E(f) = T729t3°t2 — 486t5tstyts + 108t5tats + 8155t — 18225t5t 412 — 36t 5t 5ty +
12150¢5t3t2 + 10800t tst5ts + 4t5t5 — 972015t 5t 4t5 — 1800t5t5t5 +
135000t5t5t2 + 1584t5t5ts + 2015t5t5t: — 175500t5t5t4t2 — 60000t5t st ts +
928125t5ts — 623t5t5t, + 60000t5t5t2 4+ 92500t 5tatsts + 100005t 5t; —
1012500t5tst 412 — 250000t5t5t2 + 59t5ts — 45050t 5t 5t 4ts — 17500t5t5t5 +
225000t5t3t3 + 850000t 5t 5t 5t — 2812500t5t4t5 + 5700t5t4t5 + 10825t5t5t5 —
478125t5t5t 412 — 50000t5t5t5ts + 1875000t5t5t5 + 1250000t5t3t5t —
2610tat5t, + 93750tat5t2 + 32500tat5t5ts — 1187500t at5t 412 + 216t3° —
9000t 4t 4ts + 625t5t5 + 17500055 + 15625t5t5t2 — 390625t5t4ts — 97656252,

which can be easily rewritten in terms of 7;’s. The equalities for A, B,C, D are

taken from [ , §3.3 page 47]. Igusa’s generator E is the first invariant with the

odd degree and we have computed it from the classical theory of transvectants. Up
to constant, it is ji5 defined in | , bage 53].
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For our main purposes, it would be essential to generalize Igusa’s results and find
generators for the DM(T"). For this one has to understand in a geometric way why

the pull-back of A = 42 and E = DL by the t-map has a pole order 2 and 4

D D
along 73 = 0, respectively. Note that D has a zero of order two along 73 = 0, see
for instance | , Page 849]. One possible way to investigate this is as follows.

We take a three parameters family of genus two curves with a marked Weierstrass
point (for instance the family Y; in (2.8) with some ¢; equal to zero). We also take
the canonical basis w of Hjg(V;) in (2.3). We can express the generators of Ot in
terms of the periods of w and then we investigate when such period expressions are
holomorphic around nodal curves. This is going to be explained in §7.3. Similar
computations has been explained in the case of elliptic curve in | , §8.7] and
mirror quintic in | , §4.9].

7.3. Expressions of the image of t-map via abelian integrals. We choose the
following loci L of T consisting of points (¢, .Sy) of the form:

(78) (tQat3)t47t5)7 SO -

SO O
Oorlg — O
=0 O O
Ol O O

We could restrict ourselves to a three dimensional subspace in t = (t,t3,14,15),
however, for lack of a canonical choice we do not do it. Let

xij ::\/wjy
e

where e; (resp. w;) are the symplectic basis (resp. the canonical de Rham cohomol-
ogy basis) of genus two curves determined by (2.8). We have

{/@ %} = [z = E _0]} g,

where
(7.9)
1 3 1
31 T3z loT3e + $X3 1733
T11T42—T41T12 T11232—T31T12
— T T 2tox < 2T
T = | T31Ta2—T41T32 T31T42—T41%32 g = 41 42 gb242 + gv44 4743 cG
X21T42 —T41222 __X21T32—X31222 | 0 0 Z42 —x41
T31T42—T41T32 T31T42—T41T32 0 0 I31$43;?f6232$41 $31$42xg19032$41
T31T42—T32T41 T31T42—T32T41

This implies that t(7) = (¢, Sy) @ g, where (¢, Sp) is the point in T given by (7.8).
This means that the image of 7 as above (viewed as an element in the Siegel domain
H,) under the t-map is given by the entries of the action of g~ on the point (¢, S)
in (7.8), where t = (o, t3,t4,t5). This is (¢,.5), where

S =g S, =
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(7.10)
T42 _ T41 0 O
231242 — 232241 231242 — 232241
_ 32 z31 0 0
. 31242 —T33241 - T31T42—T32741
3w31032044 —3031034042+ L3543 —T32T33%42 303 44+ T31T32043 —3T31L34L41 —T32T33T41 w33 3T31
4x31T42—4T32T 4x31T42—4w32T41 4 4
332241044 +232042043 —L33L59—3T34041%42  3T31241244+T31T42243 —33%41T42—3T3475, T42  3T41
4z31742 4232241 4317424232741 4 4

Now, a differential Siegel modular form f € Ot evaluated at (¢,S5) above has an
expression in terms of abelian integrals z;;. If we regard f(7) as a function in 7,
this means that we replace 7 in (7.9) in f(7) and we get such period expressions.
For instance, we have the equality:

211742 —T41X12 __Z11X32—X31X12 i
(7.11) Ty ({ﬁiigﬁ_ﬁ}ig% _%iiéi_%%%ib = ;- (T2 —TaTs)', 1=1,2,3,4,5,
31042 —X41232 L3142 —X41232
where (ay, ag, as, aq,as) = (to, ta, 13, tsts, t2). This follows form the definition of T}’s
in §4.4 and we have regarded them as functions on Hs. The periods z;; are functions
in t, and if we write them in terms of the modular parameters (4.3) and then these
parameters as functions of 7 then we may arrive in formulas which are natural
generalization of some classical identities such as Fricke and Klein’s formula in the

case of elliptic curves:
1 5 1728
VEi(7r)=F( 1, —),

1271277 j(7)
see for instance | , §2.3]. See also | , page 364] for more examples of this
type. Finally note that we have six relations between x;;:
(7~12) T12T31 — T11T32 + TooTay — T21Ta2 = O,
T13T31 — T11%33 + To3Ta1 — T21Ta3 = 0,
4
L1431 — T11T34 + To4Tg1 — T21T4s = 3
T13T32 — T12%33 + Ta3Tag — ToaTaz = 4,
T14T32 — T12T34 + T24Tag — To2Tag = 0,
4
T14033 — T13T34 + T24T43 — To3Tys = §t2-

These equalities correspond to the entries (1,2),(1,3),(1,4),(2,3),(2,4) and (3,4)
of the equality [z;;|"® "[z;;] = €, where ® and Q are given in (4.5) and (3.10).
This comes from the duality of intersection form in homology and cup product in
cohomology, see for instance | , §4.1].

7.4. Proof of Theorem 1.1. The main ingredient of the proof is the t-map which
translates most of the algebraic machinery introduced in this paper into complex
analysis of holomorphic functions on the Siegel domain. The 153 quantities men-
tioned in the theorem are just the pull-back of functions constructed in §4.4. Part
1 is established in §7.1. Note that the G,,-action on S and the functional equation
(4.13) via the t-map is translated into the functional equation (7.3). Part 2 follows
from the fact that T is an affine variety defined over Q. The ideal of polynomial
relations among X; can be computed easily from their algebraic definition in §4.4.
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For part 3 note that the affine variety Q[X]/I is just the ring of functions that we
have described in §4.4. For part 4 note that % is just dX;(Ry) and the computation
of this is explained in §5.1. In §5.1 we have exiolained how to write R;’s in the affine
chart given by X;’s. Since Ry is meromorphic in t5, the vector field in X; variables
has a pole order one in X5 = Ty = t2.

8. COMPATIBILITY WITH RESNIKOFF’S COMPUTATION

In this section, we compare our construction of differential equations of Siegel
modular forms with few differential equations obtained by Resnikoff in | ,

|. Let
1 1
0 = det |:1RR13 2RF23:| :RloRQ_ZRSOR?)u
2

where we consider R; : Ot — Ot as derivations. For f € Og of degree 4w (of weight
w if f is interpreted as Siegel modular forms) let also

4w — 1 1—2w
42 Jof+ Sw?

It turns out that DR maps Og to the set of cuspidal forms in Og. It seems to be
interesting to prove this statement in our geometric framework. For

Ey = A)8% Ey = B/6* Es = (AAB — 3C) /8% %10 = D /6", R1o = AD/6™2.

we have verified the following equalities which confirms the above statement:

(8.1) DR f = af2.

EN 984375
Res _ ..
(82) D™™E, = 1024 X10;
~ 2165625 ~
(8.3) D" Eg = ———EX0;
64
3
8.4 D%y = ———X10X12;
(8.4) X10 6400X10X12’
49 A 37 A
8.5 D%y = —=——FEsXi0 + == EiX10X12.
(8.5) X12 5304 6X1o+2304 4X10X12
~ 3 ~ 1 ~ ~ 1~
8.6 D"E, = ——Fj— —FEyFy— -Fg.
(8.6) > 256 % 16 87"
Except for the last one, these are also obtained in | , Theorem 1]). Note that

up to multiplication with a constant Ej (resp. FEg, X10, X12) 1S equal to E4 (resp.
FEs, X10, X12) and this is the reason why the constants in the above equalities are
different from Resnikoff’s constants.

9. FINAL COMMENTS

The vector fields Ry’s together with the vector fields coming from the action of
G on T provide natural foliations for Humbert surfaces in the moduli of principally
polarized abelian varieties. The general theory is being formulated in | ] and
explicit computations of Rjy’s in the present text can be used for computing explicit
equations for such surfaces, see | . In| |, Igusa defined the map from
the ring of Siegel modular forms to the ring of invariants via the theta functions.
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It seems also reasonable to use theta functions to understand the differential Siegel
modular forms in our sense. For this we must rewrite the content of this paper
for the family y? = H?Zl(x — t;). In our geometric setting, we have not written
(differential) Siegel modular forms as Poincaré series and one might ask for their
Fourier expansions. This can be done using the explicit expression of R’s, which
turns out to be recursion in the coefficients of such Fourier expansions. For such
a computation in the case of Calabi-Yau modular forms, one may find in | ,
Chapter 5].

APPENDIX A. OUR COMPUTER CODE

For the convenience of the reader we reproduce here our computer code in order
to compute the Gauss-Manin connection matrices B;, ¢ = 2,3,4,5 and the vector
fields Ry, k =1,2,3. The library foliation.lib of SINGULAR can be downloaded
from the second author’s webpage.

LIB "foliation.lib"; LIB "latex.lib";
ring r=(0,t(2..5)),(x,y),wp(2,5);
poly f=y~2-x"5-t(2)*x"3-t(3)*x"2-t(4)*x-t(5);
list GMl=gaussmaninmatrix(f,list(t(2..5)), 2);
matrix S[4][4]=0,0,0,1,0,0,1,0,0,1,0,0,1,0,0,0; print(S);
for (int i=2; i<=5;i=i+1){ GML[i]=S*GM1[i]*inverse(S);}
list B=0; for (int i=1; i<=4;i=i+1){ B=insert(B, GM1[1]*GM1l[i+1], size(B));}
poly Delta=1/GM1[1];

matrix Om[4] [4]= 0,0,0,4/3,0,0,4,0,0,-4,0,(4/3)*t(2),-4/3,0,
-(4/3)*t(2), 0; print(Om);

//-—=== Om is the cup product pairing in de Rham cohomology
//-—=== Checking the differential equation of Om--------------
for (int i=2; i<=5;i=i+1){ print(B[i]*Om+Om*transpose(B[i]));3}
//-—-—=—= A check for the structure of M matrix----------

matrix M[4][4]1=B[2]1[1,3],B[3]1[1,3], B[41[1,3], B[51[1,3],
B[2][1,4]1,B[3]1[1,4], B[4]1[1,4], B[5][1,4], B[2][2,3],
B[3]1([2,3], B[4]1[2,3], B[51[2,3], B[2]1[2,4], B[31[2,4], B[4]1[2,4], B[5]1[2,4];
matrix kn[1] [4]=-3,0,0,1; print(kn*M);
Y Computing R_k’s in t_i’s
ring r2=(0,t(2..5), s(-2), s(-4),s(-6),s(1..4)(1..2)),(x(2..5)),dp;
matrix M=imap(r, M);
matrix X[4][1]=x(2..5); matrix S[4][1]=s(-4),s(-6),s(-2), 3*s(-4);
ideal I=M#X-S; I=std(I); int i; list Ra=0;
for (i=2; i<=5;i=i+1){ Ra=insert(Ra, reduce(x(i), I),size(Ra));}
for (i=2; i<=5;i=i+1){Ra[il=subst(Ral[il,x(5),0); }
list B=imap(r, B);
matrix E=Ra[2]*B[2]+Ra[3]1*B[3]+Ra[4]*B[4]+Ra[5]*B[5]; //-Computing E-2, E-4, E-6--
matrix S1[2][2]=s(1)(1),s(1)(2),s(2)(1),s(2)(2);
matrix S3[2][2]=s(3)(1),s(3)(2),s(4)(1),s(4)(2);
poly delta= det(S1);
matrix Om2[2] [2]= 0,4/3,4,0;
matrix S4 =inverse(transpose(S1))*inverse(transpose(0m2));
[[======——=- Computing R_1, R_2, R_3
list Cl; matrix C[2][2]=1,0,0,0; Cl=C;
C=0,0,0,1; Cl=insert(Cl, C, size(Cl));
C=0,1,1,0; Cl=insert(Cl, C, size(Cl));
list s4l=-1/4xs(2) (1)*s(2) (2)/(delta”2), -1/4x*s(1) (1)*s(1)(2)/(delta"2),
1/4%(s(1) (2)*s(2) (1) +s(1) (1) *s(2) (2)) / (delta”2);
list s61=3/4%s(2)(2)"2/(delta"2), 3/4*xs(1) (2)"2/(delta"2), -3/2*%s(1) (2)*s(2) (2)/(delta"2);
list s21=1/4*s(2)(1)"2/(delta"2), 1/4*s(1) (1)"2/(delta"2), -1/2xs(1) (1)*s(2) (1) /(delta"2);
matrix Eh=E; int k; matrix E1[2][2]; matrix E3[2][2]; matrix R[4][2]; list Ral; list Rh; poly komak;
for (k=1; k<=3;k=k+1)
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{
Rh=Ra[2] ,Ra[3],Ral4],Ral5];
for (i=1; i<=size(Rh);i=i+1)
{
komak=Rh[i];
komak=substpar (komak, s(-2), s21[k]); komak=substpar(komak, s(-4), s41l[k]);
komak=substpar (komak, s(-6), s61[k]);
Rh[i]=komak;
}
Eh=substpar(E, s(-2), s21[k]); Eh=substpar(Eh, s(-4), s41[k]); Eh=substpar(Eh, s(-6), s61l[k]);
El=submat(Eh, 1..2, 1..2); E3=submat(Eh, 3..4, 1..2);
R=C1[k]*S3-S1%E1l, -S3*E1-S4*E3;
Rh=Rh+list(R[1,1], R[1,2], R[2,1], R[2,2], R[3,1], R[3,2], R[4,1], R[4,2]);
Ral=insert(Ral, Rh, size(Ral));

[/—====—=————= Tangency to Delta=0 for this we can use s(-4),s(-6), s(-2)-—--—--—-—--—-
poly Delta=imap(r, Delta);
(diffpar(Delta,t(2))*Ra[2]+diffpar(Delta,t(3))*Ra[3]+diffpar(Delta,t(4))*Ra[4]+diffpar(Delta,t(5))*Ra[5])/Delta;

// Three proceedure

proc dvpar(poly P, list parl, list vfl)

{

poly Q; for (int i=1; i<=size(parl);i=i+1){Q=Q+diffpar(P, parl[i])*vfl[i];} return(Q);
}

proc Resnikoffd(poly P)

{

poly Q= dvpar( dvpar(P, lp, Ral[1]), 1lp, Ral[2])-(1/4)*dvpar( dvpar(P, lp, Ral[3]), 1lp, Ral[3]); return(Q);
}
proc ResnikoffD(poly P, int w)

{

poly Q= (8%w-2)*P*Resnikoffd(P)-(2*w-1)*Resnikoffd(P~2); Q=Q/(8*w"2); return(Q);
}

//-===== verfying that F=0 is invariant--------------—---

poly F=s(4) (2)*s(2) (1)-s(4) (1)*s(2) (2)+s(3) (2)*s(1) (1)-s(3) (1) *s(1) (2)-t(2)/4;
list 1p=t(2..5), s(1) (1), s(1)(2), s(2)(1), s(2)(2), s(3)(1), s(3)(2), s(4) (1), s(4)(2);
for (k=1; k<=3;k=k+1)

{
delta~2%25xt (5)*dvpar (F, lp, Rallk])/F;
}
//-=—==————————————- Verifying Resnikoff’s differential equation-----------

poly Ai=(-3xt(2)"2-20%t(4))/delta"2;

poly Bi= (-3%t(2)*t(3) 2+9%t (2) "2xt (4)-20%t (4) "2+75%t (3)*t(5))/(delta"4);

poly Ci=(12%t(2) 3%t (3) "2+18xt(3) "4-36%t (2) "4*t (4)-13%t (2) *t (3) "2xt (4)-88*t (2) "2*t (4) "2+160*t (4) "3~

165%t (2) "2t (3) ¥t (5) -800%t (3) *t (4) xt (5) -1125%t (2) *t (5) 2) / (delta"6) ;

poly Di=Delta/delta”10;

poly Ei=

(729%t (2) "10xt (5) "2-486*t (2) 9t (3) *t (4) *t (5) +108xt (2) "8+t (3) "3*t (5) +81*t (2) "8t (3) "2xt (4) "2

-18225%t (2) "8%t (4) *t (5) "2-36%t (2) "7*t (3) "4t (4) +12150%t (2) "7*t (3) "2%t (5) "2+10800%t (2) “7*t (3) ¥t (4) “2%t (5)

+4xt (2) "6%t (3) "6-9720%t (2) “6%t (3) "3*t (4) *t (5) -1800%t (2) "6%t (3) "2%t (4) “3+135000%t (2) "6%t (4) "2*t (5) "2

+1584%t (2) "5%t (3) “5xt (5) +2015%t (2) "5*t (3) "4t (4) "2-175500%t (2) “5*t (3) "2t (4) ¥t (5) "2-60000%t (2) "5t (3) ¥t (4) "3*t (5)
+928125%t (2) "5%t (5) "4-623%t (2) “4*t (3) "6%t (4) +60000%t (2) ~4*t (3) "4*t (5) “2+92500%t (2) ~4*t (3) "3*t (4) "2t (5)

+10000%t (2) ~4*t (3) "2t (4) "4-1012500%t (2) ~4*t (3) ¥t (4) ¥t (5) "3-250000%t (2) “4xt (4) ~3*t (5) "2+59*t (2) "3xt (3) "8

-45050%t (2) "3%t (3) "5t (4) ¥t (5) -17500%t (2) "3*t (3) "4t (4) ~3+225000%t (2) "3+t (3) "3%t (5) "3

+850000%t (2) ~3*t (3) "2t (4) "2+t (5) "2-2812500%t (2) “3*t (4) ¥t (5) “4+5700%t (2) "2+t (3) "7*t (5) +10825t (2) “2%t (3) "6*t (4) "2
-478125%t (2) "2%t (3) "4xt (4) ¥t (5) "2-50000%t (2) ~2*t (3) "3%t (4) "3*t (5) +1875000%t (2) ~2%t (3) "2*t (5) "4

+1250000%t (2) ~2%t (3) ¥t (4) "2+t (5) "3-2610%t (2) *t (3) "8+t (4) +93750%t (2) *t (3) "6t (5) ~2+32500%t (2) *t (3) "5+t (4) ~2*t (5)
-1187500%t (2) *t (3) “3*t (4) *t (5) "3+216%t (3) "10-9000%t (3) "7*t (4) *t (5) +625%t (3) "6%t (4) "3+175000%t (3) "5t (5) "3
+15625%t (3) "4*t (4) "2+t (5) "2-390625%t (3) "2t (4) *t (5) "4-9765625*t (5) “6) /delta~15;

poly DBi=ResnikoffD(Bi,4);

substpar (DBi/Di,t(2), 4*F+t(2));

poly DAD=ResnikoffD(Di,10);
substpar (DAD/ (Di*Ai*Di), t(2), 4%F+t(2));
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poly P=ResnikoffD(Ai*Bi+(-3/4)*Ci,6);
poly Xi=substpar(P/(Bi*Di),t(2), 4xF+t(2));

poly DK12=ResnikoffD(Ai*Di,12);

poly Xi=substpar(DK12/(Di)"2,t(2), 4*F+t(2));

X1=X1*delta"6;

ring r3=(0,t(2..5)), (s(1..4)(1..2)), dp;

ideal I=(-t(2)+4*s(1) (1)*s(3)(2)-4*s(1)(2)*s(3) (1)+4xs(2) (1)*s(4) (2)-4*s(2) (2)*s(4) (1))/4;
I=std(I); poly Xl=imap(r2, X1); reduce(X1, I);

APPENDIX B. THREE MODULAR VECTOR FIELDS

In this appendix, we reproduce our computation of modular vector fields R;, i =
1,2, 3 corresponding to classical derivations ai in the Siegel domain for g = 2. They

Ti

are written in the weighted homogeneous coordinate system to, t3, ¢4, t5, S11, S12, S21,
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S99, 531, 832, 841, S42 With 0 := 811899 — 512521

R, =
(42452, + 30tats591500 — Blotstysa o — 20lalslssay + Stat2sa, + Thlstssa,
— 100t 4t5891 892 + 125t253,)/(50t50%)]0/Oto
+[(—30t5t555, + Ototstsss, + 65tatstss o — 10tatstssse — NtatssorSa
—30t3t555, + 12t3t555, + 100t4t555, — 125t2501502)/(50t56%)]0 /Ot
+[(—20tatstsss, + Stotass, + 10tatstssa1San + Thtatess, + 30tatss2) S0
—12t3t3591 809 — DBtstytssa, + 16553, + 125t2s3,)/(50t502)]0/0t4

+[0]0/0t5

+[(6totys1155, + 20tatss11 591590 — 20tatss1055, — Mtstysi1So1590 — 30tstss11559
+30t3t55125921 592 + 12754311822 15t4t5812822 + 100t5311322331
—200t5511 512521 522531 + 100t557,53,531)/(100t50%)]0/ D511
+[(2tat 481985, — 25tatss11559 + 40tatsS19521 S22 — 3tatsS12521520 — 10t3t551255,
+4t2512332 + 100t55%1332832 — 200%55115125921522539 + 257553113%1
+100t557,55,532)/(100t56%)]0/ D512
+[(6tatyss, — Otstysa son + 12259152, — 15t4tss5,)/(100t56%)]0/Dsa1
+[(2tot 485,590 + 15totsso155, — ttys S5y — 10tstssa, 4 41255,
+25t553,)/(100t56%)]0 /D529
+[(6tatsst155, 522531 — Olatss1285; 531 — 20tal551185, 22532 + 20tal5511 521539531
+20tt551255, 532 — 20tatsS1255, 522531 — Iatas11591555831 + H3las1255, 22531
+30t5t5511521555532 — 30tst5511559531 — 30tstss1255, 522530 + 30tsts 512521559531
—1—12@21311532331 — 12t3312521332331 — 15t4t5sns§’2532 + 15t4t53125213§2332
+25t 41555, 520 — DOtES9155,)/(100t50°)]0/Ds31
+[(2tat 451155, 520532 — 2tatsS1255, 532 + 40tat5511 501559530 — 25tal5511559531
—40tat551285, 22532 + 25tal5512821 539531 + 10tats55, — 3tstys11521555530
+3t3ts512551 522532 — 10t3ts51155,532 + 1038551282155, 532 + 35tsts55, 522
—1—4@21511532532 — 4t3312521532332 — 55t4t5s213§2 + 7515?532 + 25t5511531522531
—25t551955,531)/(100t56%)]0 /D32

+[(24t ot 451155, 592541 — 24tot 451255, 541 — 80tatss1155, S22542 + 80tatsS11521 550541
+80t2t581283184g — 80252755812531522841 — 36t3t48118218§2841 + 367531543125%1322341
+120t3t5511521s%2542 — 120t3t5811832541 — 120t3t55125§1822542 + 1201537555128215%2541
+48t?18118§2841 — 48t?15125215§2541 — 2bt4t5511591529 — 6Ot4t5511332542 — 75t4t53125§1
+60t4t5512521 559542 + 50281155 + 150t2519501522)/(400t56°)]0/ D541
+[(8totys1155, 520542 — StatyS1255, 542 — 40tatss1155, + 160tatss11501559542
—100252155511832841 — 160t2t581283182284g + 100t2t5512321332541 — 12t3t48118218§284g

+12t3t48128§182284g + 10t3t5811821822 - 40t3t58118%2842 - 150t3t58128%1

+40t3t58128218§2842 + 16ti$11832842 — 16ti$128218%2842 — 5t4t58118%2 + 225t4t5812821822

—300t2812522 + ].00155511831822541 — 100t5812821S41)/(400t5(53)]8/8842
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Ry =
(42452, + 30tatss11510 — Blotstysi S1a — 20tatsls sy 4 Stat2se, + Thtstss?,
—100t4t5511812 + 125t257,)/(50t50%)]0 /Oty

+[(—30t5ts5s3, + Ototstsss, + 65tatstssiisiz — 10tatstssie — Natss11812 — 30tatssty
+12t3t357, + 100t4t5s5, — 125t2811512)/(50t50%)]0/0t5
+[(—20tatstss?, + Stotiss) + 10tatatssy 510 + Thtatassy + 30tatssi1s10 — 12t3t53511510
—55tatytsst, + 16557, + 125t257,)/(50t502)]0/0t4

+[0]0/0t5

+[(6totysT, — tstys] sio + 12t1811859 — 15tytsss,)/(100t56%)]0/Ds11
+[(2tot453 512 + 15totss1157, — Ststysii 5oy — 10tstssty + 4t3sT,
+25t55%,)/(100t56%)]0 /D519
+[(6tatast) 21 — 20tatssT) S22 + 20tats 11519821 — Iatasiisiasa + 30tstsS1151250
—301532553%2321 + 1212215%2321 — 15t4t5sf2322 + 1007553?13%2341 — 200%5511512591 522541
+100t5575531541)/(100¢56%)]0 /D591
+[(2tot453 590 + 40tots 511512800 — 25totssTySo1 — Statss11512890 — 10t3t557500
+4t7575890 + 25t557, 521 + 100557, 859549 — 200t5511512891522842 + 100t55%555, 542)/
(100t562)]0/ D529
+[(24t ot 457, 520531 — 24tat453, 512891531 — S0tatssT 520830 + 80tatssT, 12521532
+80tt557, 512522531 — 80batsS11575821531 — 30L3tasT, 512520831 + 36t3t4511575521531
+1205t557, 512520832 — 120t5385511879521530 — 12085t5511575522831 + 120855875521 551
+48t?13115f2522331 - 48ti$?2821831 + 75t4t55f1322 — 60t4t55113f2522532 + 25t4t5S511512521
+60t 415575521532 — 150t2811519500 — H0tEsT9801)/(400t56°)]0/ D531
+[(8t2t45?{1522332 — 8t2t4sf1512321532 + 1602?27555%1512322532 + 401521555%1521
—1602521555113%2321532 — 100t2t58118%2822831 + 1001527553‘;’2321531 — 127531543%1512322332
+12t3t4811532321832 + 1502531553%1522 — 402531553113%2322332 — 10t3t5511812521 + 40t3t58?2821832
+16t2511532522532 — 16tis?2521532 — 225t4t5511512522 + 57541555%2521 + 30015?5%2522
+100t55° 599531 — 100555, 512521531 )/ (400t56°]0 /D539
+[(6t2t4s?1’1322841 — 6t2t4sf1512321341 — 20t2t535{’1322842 + 202521553%1312321342
+20tats57, 512522541 — 20tat5S11810821541 — Htatssi 19820841 + Hatas11579521 501
+30t3t557, 512502540 — 30lsl5 511559501540 — 30lats 511559599541 + 30lslsSt9521541
+12t38113f2522841 — 12ti8?2521841 — 252547558?1812 — 152547558118%2822842 + 152547555:132321342
+50t2511555) /(100t56%)]0/Ds 41
+[(2tgtys> 599540 — 2totyst 519591842 — L0tatsss, 4 40tatss3 512502540 — 40latsS11559591540
—2Btat5511519822541 + 25tats Ty 501541 — 3latasT| S12820842 + Btslas11SiySa1540 — 35ttssT S1a
—1Ot3t58118%2822842 + 1Ot3t5s?2321842 + 4t28118%2822842 - 4tis§2821842 + 55t4t53113f2
—T5t25%, + 25t5575, 599541 — 25557, 512501541)/(10056%)]0 /D540
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R3 =

[(—4t5tas11591 — 1555811800 — 15t5t5812501 + 3latstssiiSes + 3tatstssiasn
+20t5t3t5512592 — 8t2ti$12522 — THit3tss11591 + DOtytss11S90 + D0tstsS12591
—125t2519592) / (25t56%)]0/ Ot

+[(60t5t 5511801 — 12totstsS11501 — 65tatstssi180 — 65tatstssiasay + 20tatytss1a800
+9t§t4811322 + 9t§t4512321 + 6Ot§t5812322 — 24753152812822 — 200t4t5511591 + 125t§811822
+125t2512591)/ (50t56%)]0/Ot3

+[(20tatst5511 801 — 8tat]s11891 — HtotatssiiSag — Statstssiasa — Thtatzs1250
—15t5t5511800 — 15t5t5519801 + 6t3t3s11500 + Gtstisia801 + H5tstytssiasey — 16t1s1950:
—125t2511501)/(25t56%)]0 /0ty

+[0]0/ 0t

+[(—12t2t45%1521 — 202521555%1522 + 20t5t5511512521 + 91537545%1322 + 9t3t4S11512521
+30t3t5511512522 — 302537558?2821 - 24ti811812822 + 30t4t5s%2322 + 1001553%13%2541
—200t5511 512521 522541 + 100t557,53,541)/(100t50%)]0/ 0511

+{(—4tatss11812821 + 10tat55118512500 — 40tatssTosn + 3tatysi1812822 + 3tatasTysa
+20t3t53f2322 — Stisésm — 50t5sf1321 + 100t5S%18§2842 — 200%55115125921522542
+100t55%,535,542) /(100t50%)]0 /D512

+[(—12tatys1155; + 20tatss11521 822 — 20tatsS1985; + Htatss11821820 + Matssiass,
—30t5t551155, + 30tstss12501 822 — 2487512591822 + 30tat551253, + 1008557, 555831
—200t5511 512521522531 + 100t55%,53,531)/(100t502)]0/ D521

+[(—4totys11501 S99 — 40tatss1155, + 10tatsS19501599 + tatysi S5y + 3tatss12521520
+20t3t5512332 — 8ti$128%2 + 1001553%15%2332 — 200¢t5511512591522539 — 50t5311831
+100t557,5%, 532) /(100t56%)]0/ D592

+[(—48totysT 501500831 + A8toty51151255, 531 + 160tatssT, 521502530 — S0tatss, 539531
—160tot551151253, 532 + 80tatssTys5, 831 + 36t3ts8T 859531 — 36t3taST955 531
—1202537555%1332532 + 240253155511312332531 + 120t3t5s%23§1532 — 240t3t5s%2321322531

— 06t} 511512539531 + 9613575591 520831 + 12084t 5511512559532 — 175t 4t5511501 529

— 120t 45575801 590830 — 25t at551955, + 15012511559 + 2502519891 520)/(400t50°)]0/Ds31
+[(—16tot4sT 501500832 + 16tat451151255, 532 — 160tatssT, 550532 + 200tats511512559531
—80tats51155, + 160tats57,55, 530 — 200tatst0501520831 + 12t3t457 8598530 — 12t3t 45755, 53
+80t3t5511512332532 — 290t3t5511521522 — 80t3t5s§2321522532 + 10t3t55125§1
—32t2311312532332 + 32tis%2321322532 + 225t4t5511332 + 2151415512591 522 — 600t§5123§2
—200t557, 821522531 + 200551151255, 531)/(400t55°)]0/Ds39

+[(—48totysT So1500541 + A8totys115125%, 541 + 160tatss7, 521502540 — S0tatssT, 559541
—160152155511512331542 + 80t2t5sf25§1841 + 36t3t45%15§254l — 36t3t45§2s§1541
—120t3t55%15§2342 + 240t3t55115125§2541 + 120t3t5s§23§1542 — 240t3t5sf2321522541
—96t25115125§2541 + 96@215%2521322541 + 25t4t55f1522 + 175t4t5511512521

+120t4t5511 512550542 — 120t 4t5575891592840 — 250t2511512800 — 150t25735521)/

(400t56°)]0/0s a1
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H[(—16tgt4s? 591509542 + 16tatys1151255, 542 + SOtatss> o1 — 160tatss3, 529542
+200t2t5311312532341 + 1607521555%23%1342 — 200t2t5s%2521322$41 + 12t3t4s%1532342
—12t3t4sf2331342 — 101531553%1322 + 290t3t5511512521 + 80t3t5511312332$42
—8Ot3t58%282182284g — 32ti$1181285284g + 32tis%2321522342 — 215t 4t5511512522

—225 415575501 + 600t2 575592 — 200t587, S21522541 + 200t551151255;541)/(400¢50°)]0/ 040
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