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Abstract. We show that the Friedlander-Mazur conjecture holds for the product
of an elliptic curve with some smooth projective variety of dimension 3. Moreover,
we show that the Friedlander-Mazur conjecture is stable under a surjective map.
As applications, we show that the Friedlander-Mazur conjecture holds uniruled
threefolds and unirational varieties up to certain range.
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1. Introduction

In this paper, all varieties are defined over the complex number field C. Let X be
a complex projective variety of dimension n.

The Lawson homology LpHk(X) of p-cycles for a projective variety is defined by

LpHk(X) := πk−2p(Zp(X)) for k ≥ 2p ≥ 0,

where Zp(X) is the space of algebraic p-cycles on X provided with a natural topology
(see [4], [13]). It has been extended to define for a quasi-projective variety by Lima-
Filho (see [15]) and Chow motives (see [11]). For the general background, the reader
is referred to Lawson’ survey paper [14].

In [8], Friedlander and Mazur showed that there are natural transformations,
called Friedlander-Mazur cycle class maps

(1.1) Φp,k : LpHk(X)→ Hk(X)

for all k ≥ 2p ≥ 0.
Recall that Friedlander and Mazur constructed a map called the s-map

s : LpHk(X)→ Lp−1Hk(X)

such that the cycle class map Φp,k = sp (see [8]). Explicitly, if α ∈ LpHk(X) is
represented by the homotopy class of a continuous map f : Sk−2p → Zp(X), then
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Φp,k(α) = [f ∧S2p], where S2p = S2∧· · ·∧S2 denotes the 2p-dimensional topological
sphere.

Set
LpHk(X)hom := ker{Φp,k : LpHk(X)→ Hk(X)};
LpHk(X,Q) := LpHk(X)⊗Q;
TpHk(X) := Image{Φp,k : LpHk(X)→ Hk(X)};
TpHk(X,Q) := TpHk(X)⊗Q.

For simplicity, the map Φp,k⊗Q : LpHk(X)Q → Hk(X,Q) is also denoted by Φp,k.
It was shown in [8, §7] that the subspaces TpHk(X,Q) form a decreasing filtration

(called the topological filtration):

· · · ⊆ TpHk(X,Q) ⊆ Tp−1Hk(X,Q) ⊆ · · · ⊆ T0Hk(X,Q) = Hk(X,Q)

and TpHk(X,Q) vanishes if 2p > k.
Denote by CpHk(X,Q) ⊆ Hk(X,Q) the Q-vector subspace of Hk(X,Q) spanned

by the images of correspondence homomorphisms φZ : Hk−2p(Y,Q)→ Hk(X,Q), as
Y ranges through all smooth projective varieties of dimension k − 2p and Z ranges
all algebraic cycles on Y ×X equidimensional over Y of relative dimension p.

Denote by GpHk(X,Q) ⊆ Hk(X,Q) the Q-vector subspace of Hk(X,Q) generated
by the images of mappings Hk(Y,Q) → Hk(X,Q), induced from all morphisms
Y → X of varieties of dimension ≤ k − p.

The subspaces GpHk(X,Q) also form a decreasing filtration (called the geometric
filtration):

· · · ⊆ GpHk(X,Q) ⊆ Gp−1Hk(X,Q) ⊆ · · · ⊆ G0Hk(X,Q) ⊆ Hk(X,Q)

It was shown by Friedlander and Mazur that

(1.2) TpHk(X,Q) = CpHk(X,Q) ⊆ GpHk(X,Q)

holds for any smooth projective variety X and k ≥ 2p ≥ 0.
One can also define the Hodge filtration on Hk(X,Q) as follows: Denote by

F̃pHk(X,Q) ⊂ Hk(X,Q) to be the maximal sub-Mixed Hodge structure of span

k − 2p.(See [8] for example.) The sub-Q vector spaces F̃pHk(X,Q) form a decreas-
ing filtration of sub-Hodge structures:

· · · ⊂ F̃pHk(X,Q) ⊂ F̃p−1Hk(X,Q) ⊂ · · · ⊂ F̃0Hk(X,Q) ⊂ Hk(X,Q)

and F̃pHk(X,Q) vanishes if 2p > k. This is the homological version of Hodge
filtration. The we have:

(1.3) TpHk(X,Q) = CpHk(X,Q) ⊆ GpHk(X,Q) ⊆ F̃pHk(X,Q)

Friedlander and Mazur proposed the following conjecture which closely relates
Lawson homology theory to the Grothendieck Standard conjecture B in the algebraic
cycle theory.

Conjecture 1.4 (Friedlander-Mazur conjecture, [8]). Let X be a smooth projective
variety. Then one has

TpHk(X,Q) = GpHk(X,Q)

for k ≥ 2p ≥ 0.
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It has been shown in [5] that the Grothendieck Standard conjecture B holds for
all smooth projective varieties implies that the Friedlander-Mazur conjecture holds
for all smooth projective varieties. The inverse implication has been shown in [3].
However, it is still an open problem at this moment whether the Grothendieck
Standard conjecture B holds for X and the Friedlander-Mazur conjecture holds for
X are equivalent or not for a given smooth projective variety X.

The Friedlander-Mazur conjecture holds for smooth projective varieties of dimen-
sion less than or equal to two but it remains open for threefolds in general. However,
it has been verified for some cases in dimension three or above. For example, it holds
for cellular varieties for which the Lawson homology are shown to be the same as the
singular homology (see [13], [15]); it holds for general abelian varieties (see [5]) or
abelian varieties for which the generalized Hodge conjecture holds (see[1]); it holds
for smooth projective varieties for which the Chow groups in rational coefficients are
isomorphic to the corresponding singular homology groups in rational coefficients
by using the technique of decomposition of diagonal (cf. [18]). It was also shown to
hold for threefold X with h2,0(X) = 0 (see [9]). It also holds for any abelian three-
fold. This and a survey of these materials, including its relation to the Grothendieck
Standard conjecture B and the Generalized Hodge conjecture, can be found in the
appendix of [10].

The main purpose in this paper is to show that the Friedlander-Mazur conjecture
holds for a sequence of projective varieties in low dimensions. In Theorem 2.6 the
Friedlander-Mazur conjecture is shown to hold for the product of a smooth projec-
tive curve and a smooth projective surface. In Theorem 2.7, the Friedlander-Mazur
conjecture is shown to hold for the product of an elliptic curve and a smooth projec-
tive variety of dimension three which satisfies H3,0 = 0, the Grothendieck standard
conjecture B and generalized Hodge conjectures. We also show that the Friedlander-
Mazur conjecture is stable under the surjective morphism (see Proposition 3.2). We
show that the Friedlander-Mazur conjecture holds for uniruled threefolds and smooth
unirational varieties of arbitrary dimension in certain range of indices. We also ob-
serve that the motivic invariants can not be used to distinguish rational varieties
and the unirational varieties.

2. Friedlander-Mazur conjecture

In this section we will show that the Friedlander-Mazur conjecture holds for the
product of a smooth projective curve and a smooth projective surface and the prod-
uct of some projective threefold and an ellipit curve. For a smooth projective three-
fold X, the surjection of the cycle class map Φ1,4 ⊗ Q : L1H4(X)Q → H4(X,Q)
is equivalent to a positive answer to many questions including the Grothendieck
standard conjecture B in the algebraic cycle theory.

Proposition 2.1. Let X = C × S, where C is a smooth projective curve and S is
a smooth projective surface. Then Φ1,4 : L1H4(X,Q)→ H4(X,Q) is surjective.

The first proof of Proposition 2.1. SinceX = C×S, we have a map Zp(C)∧Zq(S)→
Z1(C×S) = Z1(X) for nonnegative integers p, q such that p+ q = 1, where ∧ is the
smash map. This map induces a map of Lawson homology LpHk(C)⊗ LqHl(S) →
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L1H4(X) for nonnegative integers k ≥ 2p, l ≥ 2q, where k + l = 4. Moreover, this
map commutes with the natural transformation Φ∗,∗ : L∗H∗(−)→ H∗(−) and hence
we have the following commutative diagram

(2.1) LpHk(C,Q)⊗ LqHl(S,Q) //

��

L1H4(X,Q)

��

Hk(C,Q)⊗Hl(S,Q) // H4(X,Q).

Now for α ∈ H4(X,Q), by Künneth formula we can find ck ∈ Hk(C,Q), sl ∈
Hl(S,Q) such that ∑

k+l=4

ck ⊗ sl = α.

Since k + l = 4 and 0 ≤ k ≤ 2, there are the following cases:

(1) k = 0, l = 4. Since Φ0,0 : L0H0(C,Q) ∼= H0(C,Q) and Φ1,4 : L1H4(S,Q) ∼=
H4(S,Q) (see [4]) are isomorphisms, we have

L0H0(C,Q)⊗ L1H4(S,Q) ∼= H0(C,Q)⊗H4(S,Q).

Hence there exist c′0 ∈ L0H0(C,Q), s′4 ∈ L1H4(S,Q) such that Φ0,0(c′0) = c0

and Φ1,4(s′4) = s4. By construction, c′0 ⊗ s′4 maps to an element (still denote
by c′0⊗s′4) in L1H4(C×S,Q) which maps to the Künneth component c0⊗s4

of α.
(2) k = 1, l = 3. Since Φ0,1 : L0H1(C,Q) ∼= H1(C,Q) (Dold-Thom The-

orem) and Φ1,3 : L1H3(S,Q) ∼= H3(S,Q) (see [4]) are isomorphisms, we
have L0H1(C,Q) ⊗ L1H3(S,Q) ∼= H1(C,Q) ⊗ H3(S,Q). Hence there exist
c′1 ∈ L0H1(C,Q), s′3 ∈ L1H3(S,Q) such that Φ0,1(c′1) = c1 and Φ1,3(s′3) = s3.
By construction, c′1 ⊗ s′3 maps to an element (still denote by c′1 ⊗ s′3) in
L1H4(C × S,Q) which maps to the Künneth component c1 ⊗ s3 of α.

(3) k = 2, l = 2. Since Φ1,2 : L1H2(C)Q ∼= H2(C,Q) and Φ0,2 : L0H2(S,Q) ∼=
H2(S,Q) (Dold-Thom Theorem) are isomorphisms, we have

L1H2(C,Q)⊗ L0H2(S,Q) ∼= H2(C,Q)⊗H2(S,Q).

Hence there exist c′2 ∈ L1H2(C,Q), s′2 ∈ L0H2(S,Q) such that Φ1,2(c′2) = c2

and Φ0,2(s′2) = s2. By construction, c′2 ⊗ s′2 maps to an element (still denote
by c′2⊗s′2) in L1H4(C×S,Q) which maps to the Künneth component c2⊗s2

of α.

Therefore, by the commutative diagram in Equation (2.1) we get an element∑
k+l=4 c

′
k ⊗ s′l ∈ L1H4(X,Q) such that

Φ1,4

( ∑
k+l=4

c′k ⊗ s′l
)

= α.

This completes the proof of the surjectivity of Φ1,4. �

Remark 2.2. The idea of the proof of Proposition 2.1 can be traced to [14, p.195],
where the topological, geometric and Hodge filtrations of the product of n elliptic
curves are studied. We remark that the idea of the proof there for the coincidence of
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the topological, geometric and transcendental Hodge filtrations works only for the
cases k ≥ p+n, where k is the homological dimension and p is the dimension of the
cycles.

Remark 2.3. From this proof we see that Φ1,4 : L1H4(X)→ H4(X) is surjective since
LpHk(C) ∼= Hk(C) for all k ≥ 2p ≥ 0, L1H4(S) ∼= H4(S), Φ1,3 : L1H3(S) ∼= H3(S)
and Φ0,2 : L0H2(S,Q) ∼= H2(S). Hence torsion elements in H4(C × S) come from
those of L1H4(C × S).

The second proof of Proposition 2.1. Let X be any smooth projective threefold such
the Grothendieck standard conjecture B holds. That is, the inverse Λ of the Lefschetz
operator L : H i(X,Q)→ H i+2(X,Q) is an algebraic operator. From the argument in
the proof (iv)⇒ (i) of the proposition in §2.2 in [3], one observes that L1Hk(X,Q)→
Hk(X,Q) is surjective for all k ≥ 4. Now taking X = C × S, we see that X
is smooth projective threefold satisfying Grothendieck standard conjecture B since
the conjecture holds in dimension less than three and is stable under products (see
[12]). Therefore, L1H4(X,Q)→ H4(X,Q) is surjective. �

Corollary 2.4. Let X be the product of a smooth projective curve C and a smooth
projective surface S, then the Friedlander-Mazur conjecture holds for X.

Proof. Note that for any smooth projective threefold X, the Friedlander-Mazur con-
jecture has been proved to hold except for “T1H4(X,Q) = G1H4(X,Q)” (see [9]).
Now H4(X,Q) = G1H4(X,Q) holds for X by the definition of the geometric fil-
tration and T1H4(X,Q) is exactly the image of Φ1,4 : L1H4(X,Q) → H4(X,Q).
Hence the surjectivity of Φ1,4 : L1H4(X,Q)→ H4(X,Q) by Proposition 2.1 implies
that “T1H4(X,Q) = G1H4(X,Q)” for X = C × S. This completes the proof of the
corollary. �

Remark 2.5. As a comparison, the generalized Hodge conjecture is still open even
for the product of three smooth projective curves.

Remark 2.6. Let X be a smooth projective varieties of dimension three. If the
Grothendieck standard conjecture B holds for X, then Friedlander-Mazur conjecture
holds for X. This has been prove in [5]. Alternatively, by [9, Remark 1.13], the
Friedlander-Mazur conjecture

TpHk(X,Q) = GpHk(X,Q)

holds for X except for p = 1, k = 4. By the same argument as in the second proof
of Proposition 2.1, we obtain that L1H4(X,Q) → H4(X,Q) is surjective under
Grothendieck standard conjecture B for X. This completes the proof.

Our next result is to provide some examples for smooth projective varieties of
dimensional four whose FM conjecture holds.

Theorem 2.7. Let X be the product of a smooth three-dimensional projective va-
riety Y with a smooth projective curve C of genus 1. Assume that h3,0(Y ) = 0,

G1H3(Y,Q) = F̃1H3(Y,Q) and the Grothendieck standard conjecture B holds for Y .
Then the Friedlander-Mazur conjecture holds for X.
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Proof. For p = 0, by the Dold-Thom theorem and the Weak Lefschetz theorem, we
get the statement “TpHk(X,Q) = GpHk(X,Q)” for all k ≥ 0.

For p = 4, the statement “TpHk(X,Q) = GpHk(X,Q)” holds trivially from their
definitions.

For p = 3, the statement “TpHk(X,Q) = GpHk(X,Q)” follows from Friedlander’s
computation of Lawson homology for codimension one cycles (see [4]).

For p = 2, the statement “T2H4(X,Q) = G2H4(X,Q)” follows from [8, §7]; the
statement “T2H5(X,Q) = G2H5(X,Q)” follows from [9, Prop.1.15]; the statement
“T2Hk(X,Q) = G2Hk(X,Q)” for k ≥ 6 follows from the arguments in the proof
(iv) ⇒ (i) of proposition in [3, §2.2]. Another proof of the last statement can be
obtained in a similar way from the first proof of Proposition 2.1.

For p = 1, as above, the statement “T1H2(X,Q) = G1H2(X,Q)” follows from
[8, §7]; the statement “T1H3(X,Q) = G1H3(X,Q)” follows from [9, Prop.1.15].
Moreover, the equality

“T1Hk(X,Q) = G1Hk(X,Q)”

for k ≥ 5 follows from the arguments in the proof (iv) ⇒ (i) of Proposition in [3,
§2.2] or by a direct check as that in Proposition 2.1.

The remain case is the statement “T1H4(X,Q) = G1H4(X,Q)”. In fact, we have
the following commutative diagram:
(2.2)

L1H4(Y )⊗H0(C)⊕ L1H3(Y )⊗H1(C)⊕ L1H2(Y )⊗H2(C) //

��

L1H4(X)

��

G1H4(Y )⊗H0(C)⊕G1H3(Y )⊗H1(C)⊕G1H2(Y )⊗H2(C) //

��

G1H4(X)

��

F̃1(H4(Y )⊗H0(C))⊕ F̃1(H3(Y )⊗H1(C))⊕ F̃1(H2(Y )⊗H2(C)) // F̃1H4(X)

Note that the first left vertical map is sujective due the Grothendieck standard
conjecture B holds for Y .

Give an element α ∈ i∗H4(V,Q) ⊂ G1H4(X,Q), where i : V → X and V is a

three-dimensional smooth projective variety. View α as an element in F̃1H4(X).
Consider the Kunneth decomposition of α in the Hodge filtration H4(X,Q). Then

α = α0 + α1 + α2, where αi ∈ H4−i(Y,Q) ⊗ Hi(C,Q). Notice that the standard
conjecture holding for Y implies that L1H4(X,Q) → G1H4(X,Q) → H4(X,Q) is
surjective. See the proof of Theorem 2.6. Also the map G1H2(X,Q) → H2(X,Q)
is surjective. Therefore α0 (resp. α2) belongs to G1H4(Y,Q) ⊗ H0(C,Q) (resp.
G1H2(Y,Q)⊗H2(C,Q)).

We let γ1, γ2 be the generators of H1(C,Q) such that

γ =
1

2
(γ1 + iγ2) ∈ H−1,0, γ̄ =

1

2
(γ1 − iγ2) ∈ H0,−1,

where H1(C,C) = H−1,0 ⊕H0,−1 and we use the homological Hodge index (See [8,
§7.2]). Then there exist β1, β2 ∈ H3(Y,Q) such that α1 = β1 ⊗ γ1 + β2 ⊗ γ2 ∈
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G1H4(X,Q) and hence

α1 = β1 ⊗ γ1 + β2 ⊗ γ2 = β1 ⊗ (γ + γ̄) + β2 ⊗
1

i
(γ − γ̄)

=(β1 − iβ2)⊗ γ + (β1 + iβ2)⊗ γ̄
(2.3)

Because α1 ∈ G1H4(X,Q) doesn’t contain (−4, 0) and (0,−4) component, (β1 −
iβ2)−3,0 = (β1 + iβ2)0,−3 = 0. If we set β = 1

2
(β1 − iβ2) and β̄ = 1

2
(β1 + iβ2), then

we find that:

α1 = 2β ⊗ γ + 2β̄ ⊗ γ̄,
where β (resp. β̄) doesn’t have (−3, 0) (resp. (0,−3))-component. On the other
hand, we have i∗H4(V,C)∩H0,−3(Y )⊗H−1,0(C) = {0} because h3,0(Y ) = 0.Therefore
SpanQ{α1} ⊗ C ∈ (F1H3(Y,C) ⊗ H1(C,C)) ∩ (H3(Y,Q) ⊗ H1(C,Q)). Moreover

SpanQ{β1, β2} ⊗ C = SpanC{β, β̄} carries a sub Hodge structure of H3(Y,C). This

implies that α1 ∈ SpanC{β, β̄} ⊗ H1(C,C) ⊂ F̃1(H3(Y )) ⊗ H1(C,C) and therefore
α1 ∈ G1H3(Y,Q)⊗H1(C,Q) by our assumption, which further implies that the mid-
dle horizontal map in (2.2) is surjective. Then L1H4(X) → G1H4(X) is surjective,
which is equivalent to saying that T1H4(X,Q) = G1H4(X,Q). �

Example 2.4. in [17], Tankeev shows that the Grothendieck standard conjecture B
folds for all smooth complex projective threefolds of Kodaira dimension small than
3. Hence via the above theorem and Remark 2.6, the Friedlander-Mazur conjec-
ture holds for the product of an elliptic curve and any smooth complex projective
threefolds of Kodaira dimension small than 3 satisfying h3,0(Y ) = 0, G1H3(Y,Q) =

F̃1H3(Y,Q). For example, the Friedlander-Mazur conjecture holds for the product
of an elliptic curve with a complete intersection of dimension three.

3. Surjective morphisms

In this section, we let M be the category of Chow motives with rational coeffi-
cients. For any smooth projective variety X over the complex number field C, we
denote its Chow motive by h(X). Recall that Vial shows the following result.

Theorem 3.1 ( [20]). Let f : X → B be a surjective morphism of smooth projective

varieties over C. Then
⊕dX−dB

i=0 h(B)(i) is a direct summand of h(X).

A natural question is that how does the Friedlander-Mazur conjecture behave
under surjective morphisms. We have the following result which says that the
Friedlander-Mazur conjecture respects surjective morphisms.

Proposition 3.2. Let f : X → B be a surjective morphism of smooth projective
varieties over C. If the Friedlander-Mazur conjecture holds for X, then it holds for
B.

Proof. By Theorem 4.7 in [11], we have

LpHk(
⊕dX−dB

i=0 h(B)(i),Q) =
⊕dX−dB

i=0 LpHk(h(B)(i),Q)

=
⊕dX−dB

i=0 Lp−iHk−2i(B,Q).
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By Theorem 3.1,
⊕dX−dB

i=0 Lp−iHk−2i(B) is a direct summand of LpHk(X), where
we note that the choice of Leschetz motive L in [11] is the inverse to that in [20]. Since
the singular homology also respects the direct sum decomposition of motives, the
image of the natural transform Φp,k on each summand of h(X) lies in the correspond-
ing summand of its singular homology. Now by assumption, the Friedlander-Mazur
conjecture holding for X means

“TpHk(X,Q) = GpHk(X,Q)”

for k ≥ 2p. Therefore, we have

TpHk(

dX−dB⊕
i=0

h(B)(i),Q) = GpHk(

dX−dB⊕
i=0

h(B)(i),Q),

that is,
dX−dB⊕
i=0

Tp−iHk−2i(B,Q) =

dX−dB⊕
i=0

GpHk−2i(B,Q).

Hence Tp−iHk−2i(B,Q) = GpHk−2i(B,Q) for each 0 ≤ i ≤ dX − dB. In particular,
we have TpHk(B,Q) = GpHk(B,Q) for all k ≥ 2p. This completes the proof of the
proposition. �

Remark 3.3. Let f : X → B be a surjective morphism of smooth projective varieties
over C. If the Grothendieck Standard conjecture holds for X, then it holds for B.
This can be deduced from [2, Lemma 4.2]. From the proof of Proposition 3.2, one
can see that the generalized Hodge conjecture also respects to surjective morphisms.

Since f ∗ commutes with the Lefschetz operator L : Hk(X)→ Hk+2(X), we have
the following commutative diagram:

Hk(B)
ΛB
//

f∗

��

Hk−2(B)

f∗

��

Hk(X)
ΛX
// Hk−2(X).

By Theorem 3.1, f ∗ on Hk−2(B) is injective and its image im(f ∗) ⊂ Hk−2(X) is the
summand of Hk−2(X). In other words, the assumption that ΛX is algebraic implies
that its components are algebraic.

4. Unirational and uniruled varieties

Recall that a smooth projective variety X is called unirational if there is a positive
integer n such that f : Pn 99K X is a dominant rational map.

Proposition 4.1. Let X be a smooth unirational variety of dimension n. Then we
have L1Hk(X)hom⊗Q = 0 for any integer k ≥ 2. Furthermore if k ≥ 2 dimX, then
L1Hk(X)hom = 0. That is, L1H2n(X) = Z and L1Hk(X) = 0 for k > 2n. Similar
results holds for if 1-cycles are replaced by codimension 2-cycles.
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Proof. It has been shown in [11, Prop. 6.6] that L1Hk(X)hom ⊗ Q = 0 since that
L1Hk(Pn)hom⊗Q = 0. Therefore L1Hk(X)hom must be torsion elements. Since f is
a finite map, the degree d in a positive integer. Hence the element α ∈ L1Hk(X)hom
satisfies that dα = 0. Since L1Hk(X)hom is divisible for k ≥ 2 dimX (see [18, Prop.
3.1]), we get α = 0. The proof for codimension 2 cycles is similar. �

Remark 4.2. This is a generalization of a result in [11], where either the dimension
of X is not more than four or the group rational coefficient. A different method
using the decomposition of diagonal can be found in [16] and [18].

Given a smooth projective variety Y of dimension n − 2 and a point e ∈ Y , we
put p0 = e × Y and p2 = Y × e, then take p1 = ∆Y − p0 − p2 where ∆Y is the
diagonal in Y × Y . Then we have h(Y ) = h(pt) ⊕ L ⊕ Y + = 1 ⊕ L ⊕ Y +, where
L = h(pt)(−1) is the Lefschetz motive and Y + = (Y, id− p0 − p2).

Corollary 4.3. Let X be a unirational variety of dimX = n. Then the motive
h(X) can be written as

h(X) = 1⊕ aL⊕ U ⊗ L⊕ aLn−1 ⊕ Ln,

where U a direct summand of a motive of the form ⊕Y +
i , the Yi’s being smooth

projective varieties of dimension equal to n − 2, a ∈ Z+ and aL means the direct
sum of L for a times.

Proof. Since X is unirational of dimension n, there exists a dominant rational map
Pn 99K X. By a sequence of blow ups along codimension at least 2 smooth subvari-

eties, we can obtain a finite surjective morphism P̃n → X. By Theorem 3.1 we obtain

that h(X) is a direct summand of h(P̃n), which by the blow up formula is of the form
h(Pn)⊕ (⊕ih(Yi)(−1)). Note that if the dimension of the blow up center is less than
n− 2, the additional part generated by the blowup can also be written in the form
h(Y )(−1), where Y is smooth projective and dimY = n − 2. Since h(Yi)(−1) =

h(Yi) ⊗ L = (1 ⊕ Ln−2 ⊕ Y +
i ) ⊗ L, h(P̃n) = 1 ⊕ bL ⊕ (⊕ih(Y +

i )) ⊗ L ⊕ bLn−1 ⊕ Ln

for some b ∈ Z+. Hence h(X) = 1 ⊕ aL ⊕ U ⊗ L ⊕ a′Ln−1 ⊕ Ln, where U a direct
summand of a motive of the form ⊕iY

+
i and a, a′ ∈ Z+. By Poincaré duality, a = a′.

This completes the proof of the corollary. �

Remark 4.4. By Corollary 4.3, we observe that there is no big difference between
the rationality and unirationality in the sense of Chow motives. More precisely,
we are not able to determine whether a unirational variety X is rational or not
through computing their invariants which are realizations of Chow motives, such as
its singular homology group with rational coefficients, Chow groups with rational
coefficients, Lawson homology groups with rational coefficients. That is, there exist
two unirational varieties X, Y such that h(X) ∼= h(Y ), where X is rational but Y is
not.

Corollary 4.5. Let X be a unirational variety of dimX = n. Then T1Hk(X,Q) =
G1Hk(X,Q) for all k ≥ 2 and Tn−2Hk(X,Q) = Gn−2Hk(X,Q) for k ≥ 2(n− 2).

Proof. Since X is unirational variety of dimX = n, there is a finite surjective mor-

phism P̃n → X, where P̃n is a sequence of blow ups along codimension at least
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2 smooth subvarieties. Since the statement “T1Hk(Y,Q) = G1Hk(Y,Q)” is a bira-

tional statement for a smooth projective variety Y (see [9]), we have “T1Hk(P̃n,Q) =

G1Hk(P̃n,Q)”. Now the corollary follows from Proposition 3.2. The proof of the
statement Tn−2Hk(X,Q) = Gn−2Hk(X,Q) is similar. This completes the proof of
the corollary. �

Recall that a smooth projective variety X of dimension n is called uniruled, that is,
a there is a smooth projective variety Y of dimension n−1 such that f : P1×Y 99K X
is a dominant rational map.

Proposition 4.6. Let X be a smooth uniruled threefold. Then we have

LpHk(X)hom ⊗Q = 0

for any integer k ≥ 2p ≥ 0. Furthermore LpH6(X) = Z and LpHk(X) = 0 for all
0 ≤ p ≤ 3 and k > 6.

Proof. Since P1×Y 99K X is a dominant rational map, we get a surjective morphism

P̃1 × Y → X by a sequence of blow ups P̃1 × Y → P1 × Y . Since

LpHk(P̃1 × Y )hom ∼= LpHk(P1 × Y )hom

(see [9]) and LpHk(P1 × Y ) ∼= Lp−1Hk−2(Y )⊕ LpHk(Y ) (see [7]), we have

LpHk(P̃1 × Y )hom ∼= Lp−1Hk−2(Y )hom ⊕ LpHk(Y )hom = 0

since Y is a projective surface (see [4]). The last statement follows from the same
reason as that in Proposition 4.1. �

Now we turn to the Friedlander-Mazur conjecture for uniruled threefolds.

Corollary 4.7. Let X be a uniruled threefold. Then the Friedlander-Mazur conjec-
ture holds for X. That is, TpHk(X,Q) = GpHk(X,Q) for all k ≥ 2p.

Proof. Since X is a uniruled threefold, there exists a smooth projective surface Y
such that P1 × Y 99K X is a dominant rational map. By Corollary 2.4, TpHk(P1 ×
Y,Q) = GpHk(P1×Y,Q). As in Proposition 4.6, we can find a finite surjective mor-

phism P̃1 × Y → X, where P̃1 × Y → P1 × Y is a sequence of blow ups at smooth
centers. Since the the Friedlander-Mazur conjecture holds or not is a birational
invariant statement for smooth projective varieties of dimension less than or equal

to four (see [9]), we have TpHk(P̃1 × Y ,Q) = GpHk(P̃1 × Y ,Q). Now for all k ≥ 2p,
the equality TpHk(X,Q) = GpHk(X,Q) follows from Proposition 3.2. �

Now we introduce a notation “unirational map”. A rational map f : X 99K Y
between two irreducible projective varieties X, Y of the same dimension is called a
unirational map if f is a dominant map. Then Y is called a uni-X variety. For con-
venience, X is always chosen as a smooth projective variety. Note that it coincides
with the notations of unirational (resp. uniruled) variety. The following result is a
summary of the result in this section.



Lawson homology 11

Proposition 4.8. Let Y be a smooth uni-X variety of dimension n. If

L1Hk(X)hom ⊗Q = 0

for any integer k ≥ 2, so is for Y . If T1Hk(X,Q) = G1Hk(X,Q) holds for k ≥ 2,
so is for Y . Similarly, if Ln−2Hk(X)hom⊗Q = 0 for any integer k ≥ 2, so is for Y .
If Tn−2Hk(X,Q) = Gn−2Hk(X,Q) holds for k ≥ 2, so is for Y .

Proof. By assumption, there is a dominant rational map f : X 99K Y . By a sequence
of blow ups along codimension at least 2 smooth subvarieties, we get a surjective

morphism f̃ : X̃ → Y . Since L1Hk(X̃)hom ∼= L1Hk(X)hom⊗Q(see [9]), which is 0 by

assumption. By [11, Prop. 6.6], we have dimQ L1Hk(Y )hom,Q ≤ dimQ L1Hk(X̃)hom,Q.
Hence we have L1Hk(X)hom ⊗Q = 0.

Since the statement “T1Hk(W,Q) = G1Hk(W,Q)” is a birational statement for a

smooth projective variety W (see [9]), we have “T1Hk(X̃,Q) = G1Hk(X̃,Q)”. Now
the statment T1Hk(Y,Q) = G1Hk(Y,Q) follows from Proposition 3.2 and the fact

f̃ : X̃ → Y is a surjective morphism.
The case of codimension 2 cycles is similar. �
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