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Abstract

In this paper, we provide new necessary and sufficient conditions for the existence of
Kihler—FEinstein metrics on small deformations of a Fano Kéahler—Einstein manifold.
We also show that the Weil-Petersson metric can be approximated by the Ricci curva-
tures of the canonical L? metrics on the direct image bundles. In addition, we describe
the plurisubharmonicity of the energy functional of harmonic maps on the Kuranishi
space of the deformation of compact Kédhler—Einstein manifolds of general type.

1 Introduction

The existence of canonical metrics on compact complex manifolds is an important
component in understanding the structure of the moduli spaces and metrics on them.
Well-known examples include the Weil-Petersson metric on the moduli spaces of
hyperbolic Riemann surfaces, and polarized Calabi—Yau manifolds. The classical
approach to the Weil-Petersson metric is via the Kodaira—Spencer—Kuranishi theory.
In this case, the Weil-Petersson metric is the natural L? metric induced by the Kéhler—
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Einstein metrics and the harmonic representatives of Kodaira—Spencer classes. The
advantage of this classical approach is that we can define the Weil-Petersson metric
pointwisely on the Kuranishi space. This is indeed the case when we study the moduli
spaces of Kihler—Einstein manifolds of general type. Although the moduli spaces are
singular in general, the complex manifold corresponding to a point in the moduli space
does admit a unique Kéhler—Einstein metric, following the work of Yau [36].

On the other hand, when we study the deformation of a Fano manifold X, although
the deformation of the complex structure on X is unobstructed, there may not be any
Kihler—Einstein metric on such a manifold. By the recent work of Chen—Donaldson—
Sun [6-8] on the solution of the Yau’s conjecture [38], we know that the existence of
Kihler—Einstein metrics on such manifolds is equivalent to the K -stability.

For a Fano Kéhler—Einstein manifold (X, wp) with discrete holomorphic automor-
phism group Aut (X(), Koiso [15] showed in 1983 that each small deformation of X
admits a Kédhler—Einstein metric by using the implicit function theorem. It is more sub-
tle when Aut (X¢) is non-discrete. In the latter case, the existence of canonical metrics
such as cscK or extremal metrics were studied by Székelyhidi [30], Bronnle [2], and
Rollin—Simanca-Tipler [25] in terms of the Futaki invariant or the linear stability of
the action of Autg (Xp) on the Kuranishi space of Xj.

In this paper, we study small deformations of Fano Kéhler—Einstein manifolds and
investigate the Weil-Petersson metric on their moduli spaces. Our first main result
is the following new necessary and sufficient conditions for the existence of Kéhler—
Einstein metrics on small deformations of a Fano Kihler—Einstein manifold.

Theorem 1.1 Let (X, wo) be a Fano Kdihler—Einstein manifold and let (X, B, 1), with
X; = w7\ (1), be the Kuranishi family of Xo with respect to wo. Then the following
statements are equivalent:

(1) X: admits a Kdhler—Einstein metric for each t € B.

(2) The dimension h° (X,, Tl'oXt) of the space of holomorphic vector fields on X;
is independent of t for allt € B.

(3) The automorphism group Auty (X;) is isomorphic to Auty (Xo) for eacht € B.

Remark 1 Since h° (Xt, TLOX,) is upper semi-continuous in ¢ according to [14],
Theorem 1.1 includes Koiso’s result in [15] as a special case.

Remark 2 In [24], Phong and Sturm introduced a stability condition preventing pos-
sible jump of the dimension of the spaces of holomorphic vector fields in the limit
metric to study the convergence of the Kihler—Ricci flow on Fano manifolds. This
stability condition, namely Condition (B), was further explored in Phong—Song—
Sturm—Weinkove [22]; see also [23].

Remark 3 1t is well known that semisimple Lie algebras are rigid. Thus the third
statement of Theorem 1.1 would follow from the second one directly if the Lie algebra
H (X0, T"9X0) = Lie(Aut(Xp)) is semisimple. However, H® (Xo, T'X) is
only reductive in general.

Returning to the study of the Weil-Petersson metric, in [10] Fujiki and Schumacher
defined generalized Weil-Petersson metrics on the deformation space of a family of
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extremal manifolds by pushing down the curvature of relative line bundles over the
total space. In particular, they showed that the generalized Weil-Petersson metric
for a family of Kihler—Einstein manifolds coincides with the classical one. Essen-
tially, assuming the family of Kihler—Einstein metrics is smooth, they showed that the
curvature form of the Deligne pairing of the relative canonical bundle (or relative anti-
canonical bundle) is precisely the Weil-Petersson curvature form; see also Schumacher
[27]. In our case, when (X, wo) is a Fano Kédhler—Einstein manifold with non-discrete
automorphism group, the existence of such smooth family of Kéhler—Einstein metrics
is guaranteed by Theorem 1.1 above, provided each fiber X; admits a Kdhler—Einstein
metric. In this case, the Weil-Petersson metric is well-defined. Namely, it is indepen-
dent of the choices of fiberwise Kiihler—Einstein metrics. On the other hand, the L2
metrics on ROm, K ;’/‘B and their curvatures do depend on such choices in general.

Again, Theorem 1.1 assures that the L? metrics are well-defined.

In this paper, we show that the Weil-Petersson metric w,,, can be approximated
by the (normalized) Ricci curvatures of the L? metrics on the direct image bundles
RO, K ;’/‘ - More precisely, we have
Theorem 1.2 Let (X, wp) be a Fano Kdhler—Einstein manifold and let (X, B, ) be
the Kuranishi family of X¢. We assume that each fiber X; admits a Kdhler—Einstein
metric. Let Q = {w;} be any smooth family of Kdihler—Einstein metrics. For each
positive integer k, let Ricy = Ric (Ey, Hy) be the Ricci form of the L* metric Hy (S2)
on E, = ROH*K;JB. Then

n

. T .
(D, o Rk =~y

Remark 4 We note that the above approximation is natural due to the work of Fujiki—
Schumacher on the curvature of the Deligne pairing, and the Knudsen—Mumford
expansion of the determinant bundle of the direct image sheaf ROm,K 3_61;3 (see
Knudsen—-Mumford [11], Zhang [40], and Phong—Ross—Sturm [21]). In this paper,
see Sect. 4, we take a more direct approach by establishing canonical local holo-
morphic sections of the direct image sheaves and the deformation of Kéihler-Einstein
metrics. This leads to a systematic way to derive integral formulas for the full curvature
tensors of L? metrics. While the Kihler—Einstein metric on each X; is analytical in
nature, the advantage of our approach is that we can approximate the Weil-Petersson
metric by using algebraic metrics on each fiber.

The paper is organized as follows. In Sect. 2, in order to give a simple criterion
to check the existence of Kihler—Einstein metrics on small deformations of a Fano
Kéhler—Einstein manifold, we first show that, given a Fano Kihler—Einstein manifold
(X0, wo) and its Kuranishi family (X, B, ) with respect to oy, the complex structure
on X; = 7~ (t) C X is compatible with the symplectic form wy. In this case, the con-
struction of the Kuranishi family is compatible with Donaldson’s infinite dimensional
GIT picture. One technical key ingredient is the equivalence of the Kuranishi gauge
and the divergence gauge; see Theorem 2.2. Section 3 is devoted to the proof of Theo-
rem 1.1. In Sect. 4, we investigate the Weil-Petersson metric and prove Theorem 1.2.
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An integral formula of the full curvature tensor of the L? metric Hy (2) on Ej is also
derived. In addition, we obtain the deformation formulas for the Kihler form w; and
the volume form V; on X;, respectively, for each ¢t € B.

Finally, in the last section, we describe the plurisubharmonicity of the energy func-
tionals of harmonic maps on the Kuranishi spaces of Kéhler—Einstein manifolds of
general type. It is known that this energy functional plays a crucial role in under-
standing the Weil-Petersson geometry of such manifolds. When 7, is the Teichmiiller
space of Riemann surfaces of genus g > 2 and (NN, /&) a Riemannian manifold with
Hermitian nonpositive curvature, it was shown by Toledo [34] that the energy func-
tion is plurisubharmonic. Here, we consider the higher dimensional analogue. Assume
(X, B, ) is the Kuranishi family of a compact Kéhler—Einstein manifold of general
type, and let (N, h) be a Riemannian manifold with Hermitian nonpositive curvature.
Let E(¢) be the energy of a harmonic map from X; to N in a given homotopy class.
By using the deformation theory established in [28] and the Siu—Sampson vanishing
theorem in [26], we derive the first and second variation formulas of E and prove its
plurisubharmonicity (Theorem 5.2).

2 The Kuranishi Gauge

In this section we derive some special properties of the Kuranishi gauge on a family of
compact complex manifolds when the central fiber is a Fano Kédhler—Einstein manifold.
This leads to an explicit description of the action of the automorphism group of the
central fiber on the Kuranishi space via differential geometric data.

For any Kihler metric g on a complex manifold M with local holomorphic coor-
dinates z1, ..., zn, the corresponding Kihler form is

/—1 B
T&'jdz" ANdzj,

Cl)g:

_ 8 8 . . .
where 87=28 (a_z,-’ 3z ), and the Ricci form is

Ric (wg) = —7_185 log det (gi;) .

We will often use g and w, interchangeably. Throughout this section we assume that
(X, wg, Jp) is a Fano manifold with complex dimension dim¢c X = n > 2. Here X is
a fixed smooth manifold and we denote by Xo = (X, Jo) the corresponding complex
manifold. Since the canonical line bundle Ky, is negative, by the Serre duality and
the Kodaira vanishing theorem, we have

HOK (Xo, TI’OXO) —0 2.1
for all 2 < k < n. In particular, deformations of X are unobstructed.
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By the work of Kodaira—Spencer, we know that any almost complex structure J on X
close to Jy can be described by a unique Beltrami differential ¢ € A%! (X, T1:0X),
and J is integrable if and only if

_ 1
dop = 3 [v, ¢l (2.2)

where 9 is the d-operator on X with respect to the complex structure Jo. In order
to construct a complete family of small deformations of X, Kuranishi introduced
another equation. Let A7* C C™ be the open ball with center 0 and radius ¢. For any
Beltrami differential ¢; € A%! (Xo, T'°X) with 991 = 0, there exists & > 0 such
that the equation

1«
9(1) =tp1 + 500Gole(®). ()] (2.3)

has a unique power series solution (t) = Y ;. t'g; € A%!(Xo, T'9X() which
converges (in some appropriate Holder norm) for allt € A 1 Here, the Green’s function
Goand 5; are operators on X with respect to the Kéhler metric wyg. It follows from the
standard elliptic estimate and (2.1) that each ¢(¢) satisfies the integrability equation
(2.2) and defines a complex structure on X. We also note that

3, (9(t) — 1) = 0.

By using this construction and the Kodaira—Spencer theory, one can con-
struct a Kuranishi family in the following way. We pick a basis ¢1,...,¢, €
HO! (Xo, Tl*OXo), where we use H to denote the harmonic space or harmonic pro-
jection with respect to the metric wg. Let B = AZ' C C™ be a ball with coordinates
t=(#,...,ty) and denote by

o)=Y tigi+ Yy t'e, 24)
i=1

111=2
the unique solution of
dop(1) = 3 lw(0). 9],
=
Bip(t) =0, 2.5)
Ho (1) = }iL, tigi
where Hj is the harmonic projection with respect to the metric wy.
We note that the second equation of (2.5) is the Kuranishi gauge condition, and
the third equation characterizes the flat coordinate system around 0 € B up to affine

transformations.
Now we consider the smooth manifold

X=XxB (2.6)
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and define an almost complex structure J on X in the following way: for each point
(p,t) € X,where p € X andt € B, we let

1,0
Q(p,t)

X=+00) (Q};Oxo) Q! B, 2.7
where ¢(7) is given by (2.5). Kodaira and Spencer showed that this almost complex
structure JJ on X is integrable and = : X — B is a Kuranishi family of X(. For each
t € B, we let X, = 77! (¢) and denote the corresponding complex structure by J;.

Thanks to the works of Kuranishi [16,17] and Wavrik [35], we have the following
properties of the family = : X — B; see also [5].

Theorem 2.1 Let w : X — B be the Kuranishi family of X¢ constructed above. Then

(1) The Kuranishi family of X parameterizes all small deformations of Xy and is
unique up to isomorphisms;

(2) m : X — B is semiuniversal at 0 € B;

(3) m : X — B is complete at each point t € B;

) Ifh° (X,, TI’OX,) is constant int € B, then the Kuranishi family is universal at
eacht € B.

In general, the complex structure J; is not compatible with wg, which is viewed
as a symplectic form on X. The compatibility property requires ¢(t)_wg = 0. Since
5;¢(t) = 0, a direct computation shows that ¢ (¢) uwo = 0 if and only if divop () = 0.
This divergence gauge was introduced in [28,29], where it was shown that the Kuranishi
gauge 53<p(t) = 0 is equivalent to the divergence gauge divpe(#) = 0 when the fibers
X, are Kdhler—Einstein manifolds with negative or zero scalar curvature. In this section,
we generalize this equivalence to the Fano case.

Theorem 2.2 Let (X, wg) be a Fano Kiihler—Einstein manifold.

(1) If(t) is the unique solution of equations (2.5), then divop(t) = 0 and ¢(t) swy =
0.
2 Ifp € A01 (Xo, Tl’OXo) is a Beltrami differential with 50g0 = % lo, @] and

divop = 0, then 53(,0 = 0and ¢(t) 1wy = 0.
To prove this theorem, we need the following technical results.
Lemma 2.1 Let (X, wg) be a Kdhler manifold.
(@) Ifp € AY! (X, Tl‘OX) with 3 ((/ua)g) =0 and§*<p =0, then

V-1
2

Az ((p_:wg) = div @w) + @JRic (a)g) .

M) If (X, a)g) is Fano Kdihler—Einstein, and n € A%% (X) such that 9n = 0 and
Azn =1, then n = 0.
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Proof The first claim (a) follows from direct computations; we refer the reader to [28,
29] for details. To prove the second claim, by the assumptions, we have the following
Bochner formula,

= 2
Alnl* = [onl* + [Vn|".
This implies an = 0. Since 3*n = 0, we conclude that Ayn = 0. Thus

n=Azn= A2 =0.

Now we can prove Theorem 2.2.

Proof The proof of claim (2) is similar to that in [28]. Indeed, since divop = 0, we
have

0 = 9o (divop) =divo (dog) — 2+/—1g_Ric (wp)

1
=§diVo (@, 0] — 24/ —1g@owg

=@ 0o (divop) — 24/ —1@wo
=—2v —lqua)o.

Together with divop = 0, a direct computation shows that 5S¢ =0.

Now we prove claim (1). Consider the power series (2.4) which satisfies equations
(2.5). We will use induction on |/| to show that divop, = 0.If || = 1, then ¢, = ¢;
for some 1 < i < m which is harmonic. Thus

30 (¢ swp) =0 and doe; = 0. (2.8)
Then Lemma 2.1 implies that

V-1
2

Ag, (i o) = divo (do¢;) + @i _Ric (wo) . (2.9)

Since 50<pi = 0 and Ric (wg) = wg, we have
Ay, (piswo) = @i . (2.10)

Again by Lemma 2.1, we know that ¢; _wg = 0. Combining with 5;% = 0 we get
divop; = 0.

@ Springer



H.-D.Cao et al.

Now we assume divop, = Oforall |/| < k— 1. For any multi-index / with |/| =k,
we have

90 (¢, 200) = dog, 1o

[on s fpk]on
1

N =
~
+
>
Il

(‘pJ 490 ((p[( _|a)o) + ¢k 200 ((,0_, on)) =0.
1

| =

K

J

+

Since 5390, = 0, we conclude from Lemma 2.1 that

Az (¢, s00) = divo (3og,) + ¢, JRic (wo)

Ig( Z [(p]’(/)K]> + ¢, w0
J+K=I
J—_l(

Z @, 100 (diV()(pK) + @y 100 (diV()(pj)) + @, 2w
J+K=1

= (pl on’

where we have used the fact that divop, = divop, = 0 forall |J|, |K| < |I]|. It then
follows from Lemma 2.1 that ¢, uwy = 0. Together with the assumption 5;(,0, =0,
we conclude that divop, = 0. O

Remark 5 Let (X, wo) be a Fano manifold with [wg] = wc¢y (Xp) andletw : X — B
be a Kuranishi family of X defined by (2.6) and (2.7) where ¢(¢) is the unique solution
of equations (2.5).

(1) For any Beltrami differentials ¢, € A%! (Xo, TI’OXO) with ¢uwg = 0 or
Y owo = 0, the pointwise Hermitian inner product is given by

¢V = (0. V) = ¢iigst = ¢ty (2.11)

where g is the corresponding Kéhler metric.

(2) If wg is a Kidhler—Einstein metric, then each J; is compatible with wg. This implies
that, in the Kihler—Einstein case, the Kuranishi gauge is compatible with Don-
aldson’s infinite dimensional GIT picture. In fact, let w = w( be the symplectic
form on X and let 7' be the space of integrable almost complex structures on X
which are compatible with w. Theorem 2.2 shows that B can be viewed naturally
as a slice in 7 containing J via Kuranishi’s construction described above.
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(3) Theorem 2.2 holds in more general situation if we allow appropriate twist. Let f
be the normalized Ricci potential satisfying

Ric (wp) = wp + @3050]‘
on foy =0.

If we define the twisted operators 5; and div y with respect to the weighted volume

form e/ %, then the twisted Kuranishi gauge 5?¢(t) = 0 is equivalent to the
twisted divergence gauge div ¢ (¢) = 0. In particular, we still have ¢(#) .wp = 0.
The proof is essentially the same as that of Theorem 2.2.

Animmediate corollary of Theorem 2.2 is the explicit expression of a Ricci potential
of the Kéhler manifold (X;, wp). This turns out to play an important role in the proof
of Theorem 1.1 (Theorem 3.1). As above, let (Xq, wg) be a Fano Kéhler—Einstein
manifold, let ¢ (¢) be the solution of equation (2.5) and let (X, B, ) be the Kuranishi
family of (X, wp) constructed above. Then Theorem 2.2 implies that the symplectic
form wy is indeed a Kihler form on X;.

Corollary 2.1 A Ricci potential of the Kdhler manifold (X;, wy) is given by

h, = log det (1 - w(z)m) . 2.12)
Namely,

)

Ric (X,, wo) = wo + 9,9; log det (1 - <p(t)m) (2.13)

where 3y is the 5—operat0r on X;.

Proof We want to show that —d,3, log (ehl (:l)—‘?) = wp. Fixing a point € B and

we let ¢ = ¢(t), z = (21, ..., zn) be local holomorphic coordinates on X¢o, w =
(wy, ..., wy,) be local holomorphic coordinates on X;, wy = @gﬁdzi ANdZj, 8 =
det [gij], A = lagi] = [33"2;*] and B = [b'*] = A~!. Then
71
he

w,
e —?=c,, |det A| 72 gdwy A -+ Adwy, AdW1 A -+ A dWy,
n.

where ¢, = (_1)7"("5 : (@)n On the other hand, we have

ow : az; ; a9z;
=, = — gy p, L

: = —¢L(I — @g)/blB, (2.14
9z, ¢; e bws soj( YP) (2.14)
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where (I — @)’ kisthe (i, k) -entry of the matrix (I — @) -1, By adirect computation,
we have

2 —_—
_ 8Z1 k d 0 .
~ 1 det Al g) = —b" | — @ u” + R;; + — ((divop);
Funiy O (Cnl et Al g) 775 [8Zk<p, P+ Ry + 5 (¢ lvw)l)}
— Ll [ =~ — , 2.15
0w, <az; Y am) (+) 219

where
W= —gp)* [goj (divop); — (diVOQD),»] :

and @Rijdzi A dz is the Ricci form of (Xo, wp). Since wy is a Kihler—Einstein
metric on X, we have le =87 By Theorem 2.2, we know divge = 0 which implies

uk = 0. Hence the above formula reduces to

92 a7y

log (c,, |det A| 2 g) g, (2.16)

T dwaowg ~ wg

It remains to show that

V=1 97 b

k —
> w, Ygidwe A dwg = wy.

Again, by Theorem 2.2, we know cp%gii = (p;igij and the above identity follows
immediately from formula (2.14). O

Now we look at the action of the automorphism group of X on the Kuranishi space
B. For the rest of this section, we assume wy is a Kdhler—Einstein metric on X|.

Let G = Isomg (Xp, wp) be the isometry group with Lie algebra g. By the work
of Matsushima [20] and Calabi [3], we know that the complexification GC of G is
isomorphic to the holomorphic automorphism group Autg (Xo) and we have g€ =
H° (X0, T"9X,). Furthermore, if we let

AR =1feC®Xo,R) | (Ag+ 1) f =0}

be the first eigenspace of the Laplacian on X and let AC = A]%g Rr C, then we have
o= {im (vy0r)|r e At} 2.17)

and
o= {vg~°.f|f e A‘F} . (2.18)
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The diffeomorphism group of X acts on the space of complex structures on X via
pullback and thus acts locally on the set of Beltrami differentials on X which satisfy
the obstruction equation (2.2). Let D C Diffy (X) be a neighborhood of the identity
map and let Y = (X, J) be a complex manifold obtained by deforming the complex
structure Jy via ¢ € A%! (Xo, TLOXO). We assume ||¢|| is small and 0 € D. In
[17] Kuranishi showed that the Beltrami differential ¢ = ¢ o o corresponding to the
complex structure o *J is characterized by

oy X 00 ; (30k k 851)

— +¢; (0R) — =Y —+¢; (0) — |, 2.19

32, T @ g =i (G e e 5 (2.19)
where z1, ..., z, are local holomorphic coordinates on Xy. It follows that

Corollary 2.2 If o € Autg (Xo) is a biholomorphism of X then ¢ o 0 = o*p. If
o € Auty (Y) is a biholomorphism of Y then ¢ o 0 = ¢.

Now we assume that o € G N D is an isometry of (X¢, wo) and ¢ () is a solution
of equation (2.5). Then ¢(¢) o 0 = o*¢(t) satisfies the first two equations of (2.5)
since o preserves wq and Jy. Thus, for each ¢ with |¢| small, 0¥ (t) = ¢ (t’ ) where ¢’/
is characterized by Y, t/g; = H (c*¢(1)). Let V = TOI’OB = HO! (X0, T'0X0). If
we linearize the above action with respect to ¢, then we see that the linear action of
G on TOI'OB, denoted by p : G — GL(V), is given by

p (@) (p]) = [0%¢]. (2.20)

This is also true at the form level: o *¢ is harmonic when ¢ is an isometry and ¢ is
harmonic. The representation p naturally extends to the representation o€ Gt -
GL(V) which is also given by (2.20). Now we linearize the representation p and we
have the representation of Lie algebra p, : g — End(V) given by

P« (V) ([p]) = [Lve]. (2.21)

Again, this holds at the form level: L, ¢ is harmonic when v € gis a Killing field and ¢
is harmonic. This representation also extends to a representation pf : g(c — End (V).

Remark 6 We note that, by the construction of Kuranishi family (2.6) and (2.7), both
G and G act on X holomorphically.

Note that if v € H° (Xo, Tl’OXo) is a holomorphic vector field and ¢, ¢ €

HO-1 (Xo, TI’OXO) are harmonic Beltrami differentials, then by direct computations
we have

va = [U, (p] ’
Lyp =9 (V19)
v, el ¥ =v(p-¥) —div((vay)p) + (voyr) (dive) . (2.22)
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Now we look at the representation p, : g — End (V). Let & € g be a Killing field.
By the identification (2.18), there exists a unique eigenfunction f € AIF such that
& = Im(v), where

v=vl0fego (Xo, Tl*OXo) .

For any harmonic Beltrami differentials ¢, ¥ € HO-1 (Xo, TI’OXO), we have

(Lew, V)2 = (Lo, ¥) 12 — (Lo, Y1) 2) -

1
24/—1
By (2.22), we know that

(Lsg, V)2 =f (0 (@) - ¥ dVg=0

Xo

since v is harmonic. By integration by parts and Theorem 2.2, we have
(Lyp, ¥) 2 fo (v(g-¥) —div((vavr)oe) + (vayr)o (dive)) dV,
0
=/ v(<p~$) dV, =/ (divv) ((p%) dV,
Xo Xo
= [ rto-w) av.
Xo

This implies

(Lep, W) 2 = g/ fo-¥) dvy.
Xo
Let
0= [(p T o, ¥ e HY! (Xo, TI*OXO)} C C® (Xo). (2.23)

Since Lgg is harmonic, we know that L = 0 if and only if f1;20Q.
In conclusion, we have proved the following

Corollary 2.3 The representation py is trivial (and thus pfkc, p and pC are trivial) if
and only ifAIlRJ_Lz Q (and thus A({:J_Lz 0).

3 Small deformation of Fano Kahler-Einstein manifolds

Throughout this section, we assume (Xq, wg) is a Fano Kéhler—Einstein manifold
and denote by (X, B, ) the Kuranishi family with respect to wg as constructed in
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Sect. 2. An important question concerning the geometry of the moduli space of Xy is
the existence of Kahler—Einstein metrics on small deformations of (X¢, wp). By using
the implicit function theorem, Koiso [15] showed that any small deformation of X
admits a Kidhler-Einstein metric, provided the automorphism group of X is discrete.
The case that X has non-trivial holomorphic vector fields is much more delicate. In
[30] Szekelyhidi showed that a small deformation of a cscK manifold admits a cscK
metric if and only if it is K -polystable. A similar result was established by Bronnle [2]
in terms of the polystability of the action of the automorphism group on the Kuranishi
space. Later, it was proved by Chen et al. [6—8] that the existence of a Kihler—Einstein
metric on a Fano manifold X is equivalent to the K-stability of X. However, it is
highly nontrivial to check the K -stability of a Fano manifold in general.

In this section, we provide new and simple necessary and sufficient conditions on
the existence of Kihler—Einstein metrics on small deformations of X as stated in
Theorem 1.1.

Theorem 3.1 Let (Xg, wg) be a Fano Kdhler—Einstein manifold and let (X, B, ) be
the Kuranishi family with respect to wo. By shrinking B if necessary, the following
Statements are equivalent:

(1) X; admits a Kdhler-Einstein metric for eacht € B;

(2) The dimension h° (X ., THOX [) of the space of holomorphic vector fields on X;
is independent of t forallt € B;

(3) The automorphism group Auty (X;) is isomorphic to Auty (Xo) forallt € B.

Proof Firstly, we assume that X; admits Kéhler—Einstein metrics for each r € B. By
Remark 5, we know that wg defines a Kihler metric on X;. We shall show that

Isomg (X, wo) = Isomg (X;, wg) 3.1

for each t € B. Once we have this, then statements (2) and (3) follow from the upper
semi-continuity of h (X ., THOX t) as a function of ¢ [14]. Indeed, after shrinking B
we can assume that /° (X[, TI’OX,) <Ko (Xo, TLOXO) for all t € B. We know that
(Isomg (Xy, a)o))(C is a subgroup of Autgy (X;) for each ¢ and (Isomg (Xo, wo))(c =
Autg (Xp). Since

dimp Isomg (X;, w) < dimg Auto (X,) = h° (Xz, Tl,OXt)
<n° (XO, T1’0X0> = dim¢ Autg (Xo)

=dimp Isomq (X¢, wo) ,

identity (3.1) would imply that A° (X,, T'9X;) = h°(Xo, T'X0) and (Isomg
(X, a)o))(C = Autg (X;) for all # € B. It then follows that Auty (X;) = Autg (Xg) for
all ¢ € B since they are complexifications of the same compact Lie group.

To prove (3.1), it suffices to show that each isometry o0 € G = Isomq (X¢, wp),
viewed as a diffeomorphism of X, is also an isometry of (X;, wg). This will give us a
natural embedding
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G — Isomg (X;, wg) 3.2)

and (3.1) follows from the dimensional reason as above.

By the discussion in Sect. 2, since each isometry o € G preserves both the Kihler—
Einstein metric wg and the complex structure Jy, it preserves all operators which are
canonically associated to wg and Jy. Hence, such o maps each solution of equation
(2.5) to another solution since these solutions are given by the Kuranishi equation
(2.3). On the other hand, since a solution ¢(¢) of equation (2.3) is determined by its
harmonic part H (¢ (1)) = Y /L, ti¢;, it is enough to show that the action of G (or G%)
on B, as described in Sect. 2, is trivial. Indeed, this would imply that, foreacht € B and
o € G,wehave o* (Z:": Lt (p,-) = ) ", ti¢; and thus, by the uniqueness of solution
of the Kuranishi equation (2.3), we have o *¢(f) = ¢(¢) which implies o preserves
the complex structure J;. Since o preserves wg, we conclude that o € Isomg (X, wp).

It remains to show that the action of G on B is trivial. Let us denote by

v =1,"8 = H"' (X0, 7" o)

as before. If the action of G on B is nontrivial, then there exists a subgroup  : C* —
G® whose action on V is nontrivial. We can then pick a basis eq, ..., e, of V such
that

A(s) (ej) = s"ie;, seC*

with k; € Z for each i. It follows that at least one of the «;’s is nonzero. Replacing A
by A~ ! if necessary, we can assume «; > 0 for some i. Let

Ae =1{0,...,0,4,0,...,0) || <e} C B

be the one-dimensional disk, in the i-th coordinate line of the Kuranishi space, with
center 0 and radius &. We pick some ' € A¥ = A, \ {0}.

Let X’ = X |a, and consider the subfamily (.’f/ , Ag, JT) with an action of H =
{s € C* | |s| < 1} on A, given by A(s)(¢) = s*it. We note that X, is biholomorphic to
X, if t # 0 because of the action of H. Furthermore, X is not biholomorphic to X, .
To see this, we note that, by Theorem 2.1, the Kodaira—Spencer map K S; : T,1 Op
HO1 (X,, TI’OXI) is an isomorphism if = 0, and is surjective if ¢ # 0. The above
argument shows that the deformation of X is trivial along at least one direction due
to the action of C*. Thus

B! (X,,, TI’OX,/) < h0! (Xo, TI’OXO) .

This shows that X is not biholomorphic to X,/. By Remark 6, we also get the action
of H on X'. The family (X', A, 7) naturally extends to a family (X", C, 7) with a
C* action on the base C with weight «; and the corresponding action on X”. By the
standard argument of base change, we can assume «; = 1 and we get a nontrivial

test configuration of (X o, K ;]f ) , where the C* action on the line bundle K ;,If /C is the
t
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induced one. Since X, admits a Kéhler—Einstein metric, it is K -polystable [1,32]. Now
the central fiber of the nontrivial test configuration (%’ ' C, 71) is X, which also admits
a Kihler-Einstein metric and thus the Futaki invariant is 0. This is a contradiction,
thus statements (2) and (3) hold.

Conversely, it is obvious that statement (3) implies (2), so it remains to show that
(2) implies (1), namely if the dimension 1% (X,, T':°X,) of the space of holomorphic
vector fields on X; is independent of ¢:

1O (X,, TI’OX,) =0 (Xo, TI’OXO) —1 foralls € B,

then each X; admits a Kéhler—Einstein metric. Pick a basis {vy,..., v} of
H° (Xo, TI*OXO). By the above assumption and the work of Kodaira [13], we can
extend each v; to v; (1) € A (Xo, TCXo) such that v;(t) € H°(X,, T'°X;) and
v; () depends on ¢ holomorphically. By continuity, and by shrinking B if necessary,
we know that {v{(¢), ..., v;(¢)} span H° (X,, Tl’OX,) foreacht € B.

Now we define a map

7 A (Xo, TI*OXO) > A0 (Xt, TI'OX,>
by

1w = (1-90p®) )~ 90 ((1 —op®) (v)) :

Then 7; is a linear isomorphism for each r € B. Let (1) = ‘L't_l (vi(t)). Since
d;v; (t) = 0, a direct computation shows that

300; (1) = = [V (1), p(1)]. (3-3)

Since ¢(0) = 0, we have

F] 9 i (1) 9
—_— V; —_—
0 8tk =0 ! at](

This implies that the cohomology class [[v;, ¢x]] = Oforalll <i <land 1 <
k < m. Thus, by (2.22), the action of the Lie algebra g on H%! (Xo, TI’OXO) given by
(2.21) is trivial which implies that the G-action (2.20)on Ty "*B = H*! (X, T'-°Xo)
is trivial. By the previous arguments, we have the identification Isomg (Xg, wg) =
Isomg (X;, wp) for each ¢t € B.

We can now restrict our attention to G-invariant Kéhler potentials and apply the
implicit function theorem as in [2,18,25,30] (which can be further traced back, e.g., to
the work of Donaldson—Kronheimer [9]). More specifically, by the work in [18] (see
also Corollary 1 in [25]), the above identification Isomg (Xg, wg) = Isomg (X;, wo)
leads to the existence of an extremal metric on each X;. On the other hand, by Corol-

lary 2.1, we know that &, = logdet (I — <p(t)<p(t)> is a Ricci potential of (X;, wg).

— J -
dov; (t) = 3 [0i (), o)) = — [vi, gx] .
t=0 Ik 11=0
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It follows from Corollary 2.2 that each o € Autg (X;) preserves ¢(#), hence the Ricci
potential A, is a o-invariant function. Thus, for each & € H? (X,, T'X,), we have
& (hy) = 0 and the vanishing Futaki invariant [12]:

o
fX, (wOag):/ S(h;)—|:0
X, n!

Therefore, the extremal metric on X; must be a Kéhler—Einstein metric. This proves
statement (1) and concludes the proof of Theorem 3.1. O

Remark 7 As discussed in [4], under any of the equivalent conditions in Theorem 3.1,
any Kéhler—Einstein metric wg on X can be extended to a smooth family {w;};cp
such that w, is a Kdhler—Einstein metric on X, for each t € B.

Remark 8 Szekelyhidi [30] showed that if X’ is a sufficiently small deformation of a
Fano Kihler—Einstein manifold X, then either X’ admits a Kihler—Einstein metric or
there is a test configuration for X’ with smooth central fibre X”. Moreover, X" admits
a Kéhler—Einstein metric and it is itself a small deformation of X. Combining this
result of Szekelyhidi and the assumption that /° (X L TIOX ,) is independent of ¢, one
can give an alternative proof of “(2) = (1)” in Theorem 3.1.

Theorems 3.1 and 2.1 immediately imply the following universal property of the
Kuranishi family.

Corollary 3.1 Let (X, wg) be a Fano Kdihler—Einstein manifold and let (X, B, ) be
the Kuranishi family with respect to wo. If X; admits a Kdhler—Einstein metric for
eacht € B, then the family (X, B, ) is universal at each t.

4 Curvature of the L2 metrics on direct image sheaves

The Weil-Petersson metric is a L? metric on the parameter space of a family of
complex manifolds which admit certain canonical metrics. It was first introduced by
Weil to study the moduli spaces of hyperbolic Riemann surfaces based on the Petersson
pairing. See, e.g., [4] for a brief survey on certain aspects of the Weil-Petersson metric.

In general, we consider a complex analytic family (), D, p) of compact complex
manifolds, where D C C™ is the parameter space, and we let Yy = p_1 (s) for each
point s € D. If we assume that each fiber Y; admits a Kdhler—Einstein metric wy, then
we can define the Weil-Petersson metric in the following way. For any s € D and
u,v e Tsl’OD, weletp, ¥ € HO-1 (YS, TI’OYS) be the harmonic representatives of the
Kodaira—Spencer classes K Ss(1) and K S; (v) respectively, where we use the chosen
Kéhler—Einstein metric ws; on Y to determine ¢ and . Then the Weil-Petersson
metric wy,, is given by

n

hy (u, v) =/ (@ V), @.1)
Y n:
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When Y is a Kédhler—Einstein manifold of general type or a polarized Calabi—Yau
manifold, there is a unique Kihler—Einstein metric on Y. Therefore, in this case,
¢ and ¢ are uniquely determined and the Weil-Petersson metric is well-defined.
Furthermore, for any submanifold D’ C D, when we consider the restricted family
(J) |p, D, p), the Weil-Petersson metric on D’ defined by (4.1) is just the restriction
of the Weil-Petersson metric on D to D’. In fact, one can define the canonical L2
metric on H! (Y 5 TI’OYS) in this case by using the unique Kihler—Einstein metric
on Y, even when there are obstructions on deforming the complex structure on Y.
This generalization of the classical Weil-Petersson metric plays an important role in
studying the moduli space of Y.

Let (X, wp) be a Fano Kéhler-Einstein manifold and let (X, B, &) be the Kuranishi
family constructed in Sect. 2. We assume that each X, admits a Kéhler—Einstein metric.
Then, by Theorem 3.1 and Remark 7, we know that each Kidhler—Einstein metric on
X can be extended to a smooth family of Kédhler—Einstein metrics. In this case it is not
hard to show that the Weil-Petersson metric is well-defined, namely it is independent
of the choice of Kihler—Einstein metrics on each X,. In fact, following the classical
approach, if {w(s)} is any family of Kdhler—Einstein metrics on X¢ and let ¢; and ¥
be harmonic representatives of any two given Kodaira—Spencer classes with respect
to w(s). Then a simple computation shows that

d

75 S:O<<Ps, Vs)12(w(sy) =0

for all choices of {w(s)} if and only if {¢;@;} L 2, Al (@(0)) and the latter
condition is guaranteed by Theorem 3.1 and Corollary 2.3.

Now we turn our attention to the approximation of the Weil-Petersson metric.
Given a smooth family (X, B, ) of Kidhler—Einstein manifolds of general type, it was
shown in [28] that the Ricci curvatures of the L2 metrics, induced by the fiberwise
Kihler—Einstein metrics on the direct image bundle RO, K ]3(6 /g converge to the Weil—
Petersson metric after an appropriate normalization. There are two steps involved
in establishing the curvature formula of the L? metrics. The first step is to extend

sections in H° (Xo, K §0> to HO (Xt, K §(,) in a canonical way in order to obtain

local holomorphic sections of RO, K 13‘6 /B We note that the background smooth pair

of (X;, Kx,) is independent of 7. In [28], a slight different notion inspired by the work
of Todorov [33] was used. This technique can be directly applied to more general
situations, e.g., a family (), D, p) of compact complex manifolds and a relative ample
holomorphic line bundle £ over ). In [29], this idea was used to construct local
holomorphic sections of the bundle over D whose fiber ats € D is H 0 (YS, (Ek ij)).
The second step is to find deformation of the Kihler—Einstein metrics with respect to
the Kuranishi-divergence gauge.

It turns out that similar results hold in our situation if we replace the relative canon-
ical bundle used in [28] by the relative anti-canonical bundle. Let (X, wg) be a Fano
Kihler—Einstein manifold and let (X, B, ) be the Kuranishi family with respect to
wp. Note that for any positive integer k, by the Serre duality and Kodaira vanishing
theorems, we have
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hi (x,, K_k) =y (xt, Kk+1> =0 (4.2)

forall 1 <i < n since K k“ is negative. Thus, by the Riemann—Roch theorem, we
know that A (X 0 Ky _ ) remain constant for all # € B. This implies that the direct

image sheaf RO, K x’; 5 1 aholomorphic vector bundle over B . We denote this bundle
by Ej and its rank by Nj.
Similar to the work in [33], we define the linear map o; : A0 (XO, K;f) —

A (X, K3*) by

o1 (s) = (det (1 - <p(z)m))_k (she—m)k . 4.3)

Itis easy to see that o; is well-defined and is an isomorphism if |¢| is small. Furthermore,
a direct computation shows that o; (s) is a holomorphic section of K ;tk if and only if

dos = @(t)1Vps, 4.4)

where Vj is the metric connection on K ;(])‘ induced by the Kéhler—Einstein metric
on Xo. By using (4.2), equation (4.4) can be solved inductively. Indeed, given any

holomorphic section s € H° (Xo, Ky oK ) we look for a power series solution
sty =s+ Y st e A (Xo, K;f) (4.5)
[11=1

to equation (4.4) with normalization Hy (s(z)) = s. By induction, it is not hard to see
that

5, =5{§G0< > %Jvos,(). (4.6)
J+K=I

Furthermore, standard elliptic estimates imply that the power series (4.5) converges
in any C”* norm when 7 is sufficiently small. Similar to the work in [28], we have

Theorem 4.1 For any holomorphic section s € H° (Xo, Ky ) the power series
solution (4.5) satisfies Hoy (s(1)) = s and o, (s(1)) € H° (X,, )for eacht € B.
Furthermore, by shrinking B if necessary, if {si}1<i<n, C H° (Xo, Ky ) is a basis
then {oy (si () }<i<n, C HO (X,, Ky ) is also a basis for all t € B.

Remark 9 A direct computation shows that

@, Vs, =divo (9, ® s¢) — (divog,) ® s,
=divo (¢, ® 5¢),
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where the last equality follows from Theorem 2.2. Thus formula (4.6) is equivalent to

s, = 0,Go ( Z divo (¢, ® sk)) ) 4.7

J+K=I

If we assume each X; admits a Kédhler-Einstein metric g; with volume form V;,
then the L2 metric Hy,(V)on E; = ROJT*K;I/{B is given by

(51, 52) He(v) =/ (s1,52) kd Vi 4.8)

t

foreacht € B and sy, s» € H (Xt, K;f), where V = {V;},cp and gF is the metric

on K ;tk induced by the Kéhler-Einstein metric g; on X;. It is clear that the L? metric
Hi (V) on Ej depends on the choice of the smooth family of fiberwise Kihler—Einstein
metrics.

In order to compute the curvature of the L? metric, we need the deformation formu-
las of V;. By using the Kuranishi-divergence gauge, we view each X; as the background
smooth manifold X equipped with the complex structure J; obtained by deforming
the complex structure on Xg via ¢(¢). Thus we can view {V;},cp as families of dif-
ferential forms on X. Similar to the work in [28], by deforming the corresponding
Monge—Ampére equation, we have

Theorem 4.2 Let (Xo, wp) be a Fano Kihler—Einstein manifold with Kuranishi
family (X, B, ). We assume that each X, admits a Kdihler—Einstein metric. Let
V. = {V;} be a smooth family of Kdihler—Einstein volume forms and we write

Vi = ef det (I — <p(t)(p(t)) Vo for some p € C* (Xo, R). Then p has an expan-
sion of the form

p= Zlipi + ijﬁj + Zti;jpij + 0 (tit) + O (11;) + O (|l|3> . (49)
i j i

where

(1) (Ag+1)p; =0; o
— ) —
@ Mo+ 1) pi; =i B; — 8 8 dudspidy 357

Remark 10 Since the Kéhler forms {w; } of the Kéhler—Einstein metrics {g;} are given

by w; = —@8[5[ log V;, formula (4.9) also leads to the expansion of the Kihler—
Einstein Kihler forms {w;, }. Furthermore, we can also eliminate both the f;#; and 7 jfl
terms in the expansion (4.9) by modifying V via a biholomorphism of X. However,
we do not need these facts in the following discussion.

To effectively compute the curvature of the L? metric (-, -) g, (v for any chosen
family of Kiéhler—Einstein volume forms V', we need to adjust the total space X without
altering the Kuranishi gauge. We shall consider a certain special biholomorphism
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F : X — X which covers the identity map of B and we let F; = F |x, € Aut(X;).
By Corollary 2.2, we know that F; preserves ¢(7). Such a map F would induce a
biholomorphic bundle map F : E; — Ej, which is indeed a Hermitian isometry
F o (Ex G ) man) = (Ek’ (-, ')Hk((pfl)*v)>.

For any smooth family V of Kihler—Einstein volume forms, we let p = p" be the
function as in Theorem 4.2. The family V is said to be normalized if in = 0 for each
i. We now construct the special biholomorphism F of X, covering the identity map of
B, such that F*V is normalized. For a given family V, bg Theorem 4.2 we know that
piv € A(lC is an eigenfunction of Ag + 1, hence u; = Vé’ in e HY (Xo, TI*OXO) isa
holomorphic vector field on Xg. Since we have assumed that each X, admits a Kéhler—
Einstein metric, by Theorem 3.1 we know that i° (Xo, T'°X¢) = 1° (X,, T'X,) for
each t € B. It follows from Kodaira’s stability theorem that each u; can be extended
to a family w; () of vector fields such that

(i) wi(t) € H (X,, T'9X,) foreacht € B, and
(i1) p;(z) depends on ¢ holomorphically.

We let u(r) = Y, tini(t) € H° (%, T;E’/OB> and let F be the time-one flow of (7).

Bit,- F = u; and divou; = —Aopiv = piv, it follows from direct computa-
t=0

tions that F*V is normalized. Thus, to compute the curvature of (Ek, (-, ) Hk(V)), we

can always assume that V' is normalized. In this case, it follows from Theorem 4.2 and

pl.V = 0 that (Ag+ 1) pl% = @i - ¢ j. We denote by (Ao + H! ((pi ~¢j) the unique

Since

solution of this equation which is perpendicular to A(lc. It then follows that

pi= B0+ D7 (¢ -9)) + v (4.10)
for some vi‘i, € A({:.

The above discussion leads to the approximation of the Weil-Petersson metric wy, ,
on the parameter sapce B by the Ricci curvatures of the L? metrics. Such approxi-
mations can be seen via the Knudsen—Mumford expansion [11,21,40] and the work
of Schumacher [27]. Here we give a simple and direct proof. Moreover, our method
gives the curvature tensor of the L? metrics on the direct image sheaves rather than
their determinant bundles.

In the following, we will use [y to denote the Hodge Laplacian on bundles over
Xo with respect to metrics induced by the Kihler—Einstein metric wy.

Theorem 4.3 Let (X, wg) be a Fano Kiihler—Einstein manifold with Kuranishi family
(X, B, ). We assume that each X; admits a Kihler—Einstein metric. Let {sa} C

HY (XO, K;f) be a basis, V be a smooth family of Kihler—Einstein volume forms,
and Ricy = Ric (Ey, Hx (V)). Then

n

. s .
kli)n;o WRZC]( = —Wyp- (411)
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Proof By the above discussion, we can assume that V' is normalized. Let V7= vl% be

the function given by equation (4.10). We first show that the curvature tensor of the
L? metric Hy(V) on Ej is given by

Rigi7®=®k+D | (@o+k+ D7 (9 ®5,) . 9 ®5,)g0d Vo

(4.12)
—(k+1) /xo(s”’ Sp) ((Ao +D7 " (pi-7;) + v,;) avy.

To prove this formula, since the curvature of Hj is tensorial, we can use the local
sections of Ey constructed in Theorem 4.1 to compute it. For each s,, let s, () C

AO (X 0, K ;é‘) be the sections constructed by formulas (4.5) and (4.6) and let aE(’) =
(o7 (sa (t)) , Oy (sﬁ (t)))Hk(V). By Theorems 4.1 and 4.2 , we have

g = [ (5,005,007 det (1 = 005 v
Xo
where p is the function defined by
V, = e det (1 — w(r)m) Vo.

Since V is normalized, by formula (4.7), we have

oh,z _
B * .

= 9¢God - , dVi
i = /Xo< 0Godivo (91 ®3,) S g5V

=f (Godivo (¢ ® s,) ,5osﬁ>ggdvo =0, (4.13)
Xo
oh &
because s, is holomorphic. Similarly, we have a;ﬂ = 0and
/ t=0

82ha3 =% . =% .

- =(0,Godivo (¢ ®s,) . 9yGodivo (¢j ® 5;)) 12
atiatj =0

+ s (0D (@007 (0 5) +u5) ~ (05 avo
(4.14)

Now we analyze the first term on the right hand side of the above formula. Note
that, by the proof of Theorem 4.1, we have

dodivo (@i ® s, ) =00 (¢i2Vos,)
=5()(piJV()Su — 2k =1 (¢jaw0) ® s, = 0.
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It follows that

90Godivo (¢; ® 5,) = 0. (4.15)
Integrating by parts, we get
(@oGodivo (@i ®s,) . 9Godivo (¢; ® 54)) 2 = (divgGodivo (¢i ®s,) . ) ® 54) ;2

By using Eq. (4.15) and the fact that 3 ((pi ® sa) = 0, a simple computation shows
that

diviGodivo (¢i ® 5,) = (0o + k + ! (divgdivo (¢i ®s,))
=0o+k+ D" Do (¢ ®s,)
=0 ®s, —k+ 1D Oo+k+ 17" (¢ ®s,).

Thus

(BoGodivo (¢i ®s,) , 3y Godivo (¢; ®5,)) 2
=(0i ®5,,90j ®sy)2 — (k+ 1) (o +k+ D (e ®s,). 0 ® Sghp2-

Inserting this into equation (4.14), we get

0%h,
01; 01

=) [t (o 07 (7)) e
1=0 (4.16)

— (k+ 1)/ (Qo+k+D7" (0 ®5,) . 0j ®54)gd Vo
Xo

The curvature formula (4.12) of the metric Hy (V) now follows easily from the above
formula and Eq. (4.13).
To estimate the limit of Ricci curvatures, we take any vector v € T, S By rotation

and scaling, we can assume v = 3% Let {s,} ¢ H° (Xo, Ky ) be an orthonormal

basis with respect to the L? metric. By formula (4.12), we have

Rick (v, v) =Z/ (Co+k+ D7 (1 ®5,), 01 ®5,)e0d Vo
k+1 — Jx,

4.17)
- /X u (@o+ 07" (i1l?) +vi7) dvo,
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where e =), s, ||§k is the Bergman kernel function. Since the operator [y +k + 1
0

is self-adjoint and its first eigenvalue is at least k 4 1, we have
0= Z/ (O +k+ 17! (gol ®su) 01 ® 8, )g0d Vo
o 7Xo
1
< Z 1 /);0“01 ® 8,5 91 ®5,)gd V0
o
=Y o [ oePisbav= o [ alaiav.
o k + 1 XO 80 k + 1 XO
Combining the above inequality with equation (4.17), we have

0<
k41

Ricg (v, v) + /

w o+ D7 (ler?) dvo
Xo

(4.18)

1 2
<— dVvy.
T Xofk|</’1| 0

By the Bergman kernel expansion (see [19,31,37,39])

k" nk"l
== 0 (k)
T T + 27 +

and the fact that

ow @ 0) = | B0+ D7 (I1) o,
Xo

we have

n

T
tim 7 [ ((Bo+ D7 (lr) + vyp) dVo
Xo

k—o00 k™

(
:/XO<1+—+0( )

= w,, v,v) — lim 5 (1 +2 40 (k )) Agv7d Vo

_ "
(Ao + 1) 1 (|¢1|2) dVO—i—k]l_{gok—n/ 7wV 7d Vo
Xo

k—o00 2k
= wy, (v, V)
and
n 1
lim —— —/ wloiPdVo ) = 0.
k—oo k™ \k+1 Jx,
Thus, (4.11) follows from inequality (4.18) and the above limits directly. ]
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5 Plurisubharmonicity of energy of harmonic maps

Another application of the deformation of Kéhler—Einstein metrics, such as Theo-
rem 4.2, is the variation of energy of harmonic maps. In [34], Toledo studied the
harmonic maps from hyperbolic Riemann surfaces to a fixed Riemannian manifold
(N, h). For a Riemann surface X, fixing a homotopy class A of continuous maps
from ¥ to N and assuming that the sectional curvature of N is nonpositive, there
exist smooth harmonic maps from X to N in the homotopy class A. Although such
harmonic maps may not be unique, the energy depends only on the conformal struc-
ture of X, thus one obtains an energy function E on the Teichmiiller space 7 of X.
Toledo showed that if one further assumes that the curvature of N is Hermitian non-
positive, then E is a plurisubharmonic function on 7. Shortly after Toledo’s work,
Yau pointed out that such construction can be used to study the Teichmiiller spaces
of higher dimensional Kidhler—Einstein manifolds and the plurisubharmonicity of the
energy functions should hold in these cases. This was carried out in [41] back in 2014.

Let (X, w) be a Kihler manifold with metric g and let (N, &) be a Riemannian
manifold. To ensure the existence of harmonic maps, we assume that N has nonpositive
sectional curvature. A W'2-map f : X — N is harmonic if it minimizes the energy

£ = [ 1osP Y
X n.

in its homotopy class. In this case, f isindeed smooth and satisfies the Euler—Lagrange
equation

affafr g _

AT+ Ty () 552 0, (5.1)
i j

where F/"S‘y is the Christoffell symbol of 4. Furthermore, the Hopf differential of f is
the section

afvafh
——hypdz; @dz
0z 0Zk apes ¢

H(f) =

of $2Q1-9X. The curvature of (N, h) is Hermitian nonpositive if RN (u,v,u,v) <0
for each point p € N and all complex tangent vectors u, v € T;,CN Iff:X—> Nis
harmonic, then by using Eq. (5.1) we have the Siu-Sampson identity

v At affar

ij ki 1,09 22
— = — +IV>-a . 52
afys 8Zi 3Zj aZk aZl 88 ” f” ( )

div (div(H (f))) = —R

The following result was shown in Sampson [26].
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Theorem 5.1 [f the curvature of (N, h) is Hermitian nonpositive and f : X — N is
a harmonic map, then V99 f = 0 and

N afaafy‘rafﬁa_f(S ij okl _

- 0.
B8 Bz 87; dzx 97

In view of constructing nontrivial plurisubharmonic functions on the Teichmiiller
spaces of Kihler—Einstein manifolds by using energy of harmonic maps, the Bochner
formula implies that the only interesting case is that when each Kihler—Einstein man-
ifold is of general type.

Let (X0, wp) be a Kéhler—Einstein manifold of general type, and ¢1, ..., ¢, €
H*! (X0, T'9X0) be a basis of harmonic Beltrami differentials. We consider the
power series ¢(t) as in Eq. (2.4) which is the solution of the Kuranishi equation (2.3).
In this section, we give a formal discussion of the plurisubharmonicity of the energy
of harmonic maps. The study of nonsmoothness of the Kuranishi space of Xy, the
existence of smooth family of harmonic maps and the asymptotic behavior of the
energy function will be discussed elsewhere since they are of independent interests.
Thus we assume the deformation of the complex structure on X is unobstructed. Let
(X%, B, ) be the Kuranishi family of X as constructed in Sect. 2. It was shown in
[28] that, in this case, the Kuranishi gauge is equivalent to the divergence gauge. In
particular, we have

@(t)awo = 0. (5.3)

To simplify the notation, we assume m = 1. The general case follows from the same
type of computations. The deformation of Kihler—Einstein metrics in this case was
established in [28]. We let V; and w; be the volume form and the Kihler form of the
Kéhler—Einstein metric on X;, respectively. Then

avi = (1+ 18001 = 807" (1012) + 0 (1) ) v,

-1 _ 5.4)
oy =0 + 112 <§3030 (a- Ao)_1|§01|2>> +0 ().

Now we let (N, i) be a Riemannian manifold of nonpositive sectional curvature,
A be a homotopy class of maps from X to N, and F : X — N be a smooth map such
that each f; = F |x,: X; — N is a harmonic map in the class A. We note that the
energy function £ (t, ?) = E (f;) is independent of the choice of F and is a function
on B.

Theorem 5.2 The first variation of E is given by

oE
ot

__ / A g1 aH(fo)) dVe (5.5)
Xo

=0
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and the second variation of E is given by

3’E —— _
YEL - / RY, 500 18071 0, L0 F8'TgPTK dVo / IV193 fo K dVo
3107 |,_g X o
- 2/ &' Ry, 501 5 05 f) uPu’ d Vo + 2/ V107 — @, 19 fol2d Vo,
Xo Xo
(5.6)
where u = %—ft’ el (ffTON)and K = (1 — Ao)~ (lg1?).
t

=0
Furthermore, if we assume that the curvature of (N, h) is Hermitian nonpositive
then the second variation of E can be expressed as

92E
otot

= —2/ gino’ngsaifO‘"E#foyuﬁﬁ‘sto+2/ IVE0% — @13 foll*d V.
t=0 Xo Xo

(5.7)

In particular, in this case, the energy function E is plurisubharmonic on B.

Proof Formulas (5.4) and (2.7) give us complete information about the operators 9,
and 9,, as well as the Kihler—Einstein metric on X,. Thus, by using formula (5.3)
and the harmonic map equation (5.1), the first variation formula (5.5) follows from
integration by parts. This also leads to the following expression of the second variation
of E:

9%E

ot

= [ hapo g 075087 B0k dVo — [ haporf5 0750 8 Tg 0,05k dvy
=0 Xo Xo
- 2/ gﬁRo’ng(Sai f5015 uPubd vy + 2/ V0% — W3 fol|*d V.
Xo Xo
(5.8)

Formula (5.6) now follows from 5.8 by integration by parts. Furthermore, if we assume
the curvature of N is Hermitian nonpositive then, by the Siu—Sampson vanishing
Theorem 5.1, the first two terms on the right hand side of the second variation formula
(5.6) vanish, thus we have formula (5.7). The plurisubharmonicity of £ now follows
immediately from the Hermitian nonpositivity of the curvature of N. O
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