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WEIL-PETERSSON METRICS ON DEFORMATION SPACES
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ABSTRACT. In this paper we survey certain aspects of the classical Weil-Petersson metric and its
generalizations. Being a natural L2 metric on the parameter space of a family of complex manifolds
or holomorphic vector bundles which admit some canonical metrics, the Weil-Petersson metric is well
defined when the automorphism group of each fiber is discrete and the curvature of the Weil-Petersson
metric can be computed via certain integrals over each fiber. We will discuss the case when these fibers
have continuous automorphism groups. We also discuss the relation between the Weil-Petersson metric

and energy of harmonic maps.

1. Introduction

The Weil-Petersson metric is an important tool in studying the geometry of various moduli spaces
of geometric objects equipped with certain canonical metrics. It was first introduced by Weil [30]
in the late 1950s by using the Petersson pairing on the space of holomorphic quadratic differentials.
Since then the Weil-Petersson metric has been generalized to study the geometry of moduli spaces of
manifolds and vector bundles which admit certain canonical metrics.

To start with, let us consider the moduli space M, of closed Riemann surfaces of genus g with g > 2.
For any point p in M, represented by a Riemann surface ¥, it is well-known that the holomorphic
tangent space of M, at p can be identified with H%! (E, TLOZ), and that the dual space Q}D’OMQ can
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be identifies with H° (K %), the space of holomorphic quadratic differentials on 3. The Weil-Petersson
co-metric, as defined by Weil, is given by

2 2
|2, = /E n2dVa,

where ) is the hyperbolic metric on ¥ and € H° (K%) It follows that the Weil-Petersson metric on
HO1 (E,TLOZ) is defined by

loll?, . = /E pl2dV

for any harmonic Beltrami differential ¢ with respect to .

In the 1960s Ahlfors [1,2] showed that the above Weil-Petersson metric is Kéhler and has negative
curvature. The latter property also follows from the integral formula of the curvature of the Weil-
Petersson metric established by Wolpert [33]: for any local holomorphic coordinates (t1,--- ,t35-3)

around p, the curvature tensor of the Weil-Petersson metric is given by
Rigq = /2 ((A — )7 (i 9;) ok ) + (A =17 (i B1) (on '@)) vy,

where ¢; is the harmonic representative of the Kodaira-Spencer class K S (%), and the Laplacian
A has nonpositive spectrum. Moreover, Chu [3] and Masur [15] computed the asymptotics of the
Weil-Petersson metric near the compactification divisor of Deligne-Mumford moduli spaces by using
degeneration of hyperbolic metrics. In particular, they showed that the Weil-Petersson metric is
incomplete and has finite volume.

Koiso [14] first studied the Weil-Petersson metric on the moduli space of Kéhler-Einstein manifolds
and proved that it is K&hler. Royden and Siu [21] developed the canonical lifting method to compute
the curvature of the Weil-Petersson metric on the moduli spaces of Kéhler-Einstein manifolds of general
type. Their method was adopted by Nannicini [17] to establish the integral formula of the curvature of
the Weil-Petersson metric on the moduli spaces of polarized Calabi-Yau manifolds. Later, Candelas,
Green and Hiibsch [6] wrote down a local Kéhler potential of the Weil-Petersson metric by using the L?
metric on the first Hodge bundle. Thus, in the polarized Calabi-Yau case, the Weil-Petersson metric
is the curvature of the L? metric on the first Hodge bundle. It follows that the curvature formula
of the Weil-Petersson metric can be derived from the Taylor expansion of canonical local sections of
the first Hodge bundle whose construction was due to Todorov [25]. The lifting method was refined
by Schumacher [19] by using Kéhler-Einstein metrics which lead to the integral curvature formula of
the Weil-Petersson metric on the moduli space of K&hler-Einstein manifolds in general, including the
Fano case.

In the above cases the Weil-Petersson metric is defined as the L? metric on the space of harmonic
Beltrami differentials with respect to fiberwise Kahler-Einstein metrics. Precisely, let 7 : X — B
be a family of Kihler-Einstein manifolds with fiber X; = 77 !(¢) and Kéhler-Einstein metric w; on
X;. For any tangent vector u € Ttl’OB, we let KS(u) € H%! (Xt,Tl’OXt) be its image under the
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Kodaira-Spencer map and let ¢ be the harmonic representative of K S(u) with respect w;. Then,

2 _ 2 wi'
Il = [ 1ol

where n is the complex dimension of X;. The Weil-Petersson metric in these cases is well-defined as
long as the Kéhler-Einstein metric on each X; is unique. This is the case when the first Chern class
c1(Xt) <0, or ¢1 (Xt) = 0 with a fixed polarization, or ¢; (X;) > 0 with a discrete automorphism
group.

However, when X; is a Fano Kéhler-Einstein manifold with non-discrete automorphism group,
there is a family of Kéhler-Einstein metrics on X;. In this case the L? inner product and harmonic
representatives of the Kodaira-Spencer classes vary according to the choices of Kéhler-Einstein metrics.
It is not clear a priori that the Weil-Petersson metric is well-defined. We will discuss this problem in
later sections and present in Section 3 a sufficient condition that guarantees the Weil-Petersson metric
to be well-defined. There is also a canonical Weil-Petersson metric on the (complexified) Kéhler
moduli spaces which was defined in a similar fashion [27,31]. These Weil-Petersson metrics play an
important role in mirror symmetry.

We also note that there is a natural Weil-Petersson metric on the moduli space of stable vector
bundles over a Kéhler manifold X. For a family B of stable bundles over X, if we denote by F the

bundle over X corresponding to a point ¢t € B, then the Kodaira-Spencer map is
KS:T}"'B — H% (X,End(E)).

The Weil-Petersson metric is defined in a similar way by using the Hermitian-Einstein metric on F
together with the Kéhler metric on the base manifold X. Schumacher and Toma [20] established
an integral curvature formula in a situation as above. Recently, Fan, Kanazana and Yau [11]
defined a Weil-Petersson metric on the space of Bridgeland stability conditions which lead to the
study of stringy Kéhler moduli spaces. Being a classical L? metric on the parameter space of a family
of complex manifolds, by pulling back to the total space, the Weil-Petersson metric can be used to
construct Kéahler metrics on the total space.

We remark that there are also infinite dimensional analogs of the Weil-Petersson metric. For
example, let (X, w) be a symplectic manifold and let J be the space of almost complex structures on X
compatible with w. One can then identify J with a subset of I (TLOXJ0 ®T* O’IXJO) for any Jy € J.
The Donaldson-Fujiki metric [9,12] is the Weil-Petersson type L? metric on T’ (Tl’OX Jo @ T* V91X JO).

2. Kuranishi space of Fano Kéhler-Einstein manifolds

It turns out that the behavior of the Weil-Petersson metric on the moduli space of Fano Kéhler-
Einstein manifolds is closely related to the action of the automorphism group of a Kéhler-Einstein
manifold on its Kuranishi space. Let (X, wp) be a Fano manifold of dimension n > 2. In the following,

we will use H to denote the harmonic spaces or harmonic projections with respect to the metric wy.
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We first note that, by Serre duality, we have
_ v _
H (X0, T X0) =2 HO" % (Xo, Kx, ® Q"0X0) " = HY™F (X, Kx,)"

Since ¢1 (Xo) > 0, we know that Kx, is a negative line bundle. Thus, by the Kodaira vanishing
theorem, we have H1 "k (Xo0,Kx,) = 0 for 1 +n —k < n. In particular, H%2 (XO,TLOXO) = 0,
which implies that deformation of the complex structure on X is unobstructed. Now we take a basis
©1,- N € HO (XO,TLOXO) and identify this space with CV. The Kodaira-Spencer-Kuranishi

theory implies that the system of equations

t) = 5 [e(t),(t)]

50@( %
(2.1) 53@(75 0
H (p(t) = S0y tips

have a unique power series solution ¢(t) = sz\il tipi + 20132 t'or, where 7 € A™ (X0, TH0Xy),

)=
)=

and the power series converges in a ball B ¢ CV. In this case we can construct the Kuranishi family

oo

(X, B,m) of Xy by letting X = X x B as a smooth manifold with X being the underlying smooth
manifold of Xy, 7 : X — B being the projection to the second factor, and

Q0% = (I+ o(t) (2°X0) @ 70, B.

It is well-known that the Kuranishi space B parameterizes all small deformations of the complex
manifold Xy, and such coordinate (1, ...,¢y) on the Kuranishi space is unique up to affine transfor-
mations. This is the flat coordinates when wy is a Kéhler-Einstein metric. In particular, if a Beltrami
differential ¢ € A%! (Xo, TLOXO) defines an integrable complex structure and satisfies the Kuranishi
gauge Do = 0 then ¢ = o(t), where H () = SN | t;;, provided [|¢|| is small. Namely, such ¢ is
determined by its harmonic part.

Now we let G = Autg (Xo) and K = Isomg (Xo) be the identity components of the holomorphic
automorphism group and isometry group, respectively. Then, the Lie algebras g = Lie(G) and ¢ =
Lie(K) are respectively the spaces of holomorphic vector fields and Killing fields. If the Kuranishi
family (X, B, ) is universal at 0 € B, then Aut (X() acts naturally on B by universality. However, the
Kuranishi family of a Fano manifold may not be universal in general, and thus we define the action
analytically. We first look at the action of the isometry group on B. For each ¢ € K, since it is
isotopic to the identity map, it acts trivially on the cohomology and thus preserves the harmonic form
wp since it preserves the metric. It follows that ¢ is a biholomorphism.

The diffeomorphism group of X acts on the space J of complex structures on X by pulling back and
thereby induces an action on the space of integrable Beltrami differentials. Let U C Diffy (X)) be a
small neighborhood of the identity map. For each o € U and Beltrami differential ¢ with dgp = % [, ]
and ||¢|| small, the Beltrami differential ¢» = ¢ o o defines a complex structure corresponding to the

action of o on J, where v is characterized by

Joy, kaUl (%k ké?&l
2.2 — i
( ) (9?]' +e l af w] < . sDl a
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It follows from this formula of Kodaira that poo = o*p if ¢ is a biholomorphism of Xy, and poo = ¢
if o is a biholomorphism of X.

For any 0 € K NU and t € B, where we shrink B if necessary, we know that ¢(t) o 0 = o*p(t)
which defines a complex structure on X and satisfies the Kuranishi gauge 5; (c*p(t)) = 0 since o
preserves the Kéhler structure on Xg. It follows that p(t) oo = ¢ (t'), where Zf\il tipi = Ho (o (1)),
and this gives an action of K NU on H%! (XO, Tl’OXO). Clearly this action extends to an action of K
on T,"B = HO' (Xo, T0Xy).

When wy is a (Fano) Kéhler-Einstein metric, by the work of Matsushima [16] and Calabi [5], we
know that G is the complexification of K and

9= {v0r | fenf}

e={Im (V) | f € AT},

where A} is the eigenspace {f € C*®° (X,R) | (Ag+ 1) f =0}, Ag = gﬁaia;. is the Laplace operator
with respect to the Kahler-Einstein metric wp, and AS = AR ® C. In this case, the action of K on
HO1 (Xo, TLOXO) naturally extends to an action of G = KC. At the Lie algebra level, the action
of g on H%! (XO,TLOXO) is given by

v ([¢]) = [Lug]

for any ¢ € A%! (XO,TLOXO) with dp¢ = 0 and any holomorphic vector field v € H® (XO,TLOXO).
Here, L, denotes the Lie derivative in the direction of v. It is clear that the action of G (or K) on
HO1 (X(), TLOXO) is trivial if and only if the action of g is trivial.

In the rest of this section and Section 3, we assume that wg is a Fano Kéhler-Einstein metric on
Xo. To study the relation between the action of G on H%! (Xo, TLOXO) and the existence of Kéahler-
Einstein metrics on each fiber X;, we first observe that the complex structure on X; is compatible

with the symplectic form wg. In fact, by using the Kéhler-Einstein condition, we have the identity

V=1
Az, (pawo) = wao (0¢) + pwo

for any p € A%! (Xo, TLOXO) with 9o (pawp) = 0 and gzgo = 0. Here Ago is the Hodge Laplacian. By

using a family of Bochner identities, we obtained the following result in [7].

Proposition 2.1. The Kuranishi gauge dyp(t) = 0 is equivalent to the divergence gauge divgp(t) = 0.

As a consequence, we have
(2.3) o(t)awg =0
for each t € B. In particular, wg is a Kéahler form on X;.

If the action of K (thus G and g) on H%! (XO,TLOXO) is trivial, then for each o0 € K we have
o(t) oo = o*p(t) = ¢(t), which implies that o € Autg(X;). Namely, o is a biholomorphism of

X;. Since o preserves wy, we conclude that o is an isometry of the Kdhler manifold (X, wp). Here,
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we identify Xy and X; as smooth manifolds via the Kuranishi gauge. This implies that K can be

embedded into the isometry group Isomg (X, wp), and we have
dimc Autg (X;) > dimg Isomg (X, wg) > dimg K = dime G.

At the Lie algebra level, we have h° (Xt, Tl’OXt) > hY (Xo, Tl’OXO). By the upper semi-continuity of
ho (Xt,TLOXt) in £, we have

RO (Xy, T X)) = 1 (Xo, T Xo)
for each t € B. Namely, the dimension of the space of holomorphic vector fields on X; remains
constant.

On the other hand, if dim H° (Xt, Tl’OXt) is constant in ¢ then G acts trivially on H%! (XO, Tl’OXO).
To see this, we note that, by the work of Kodaira, the above assumption implies that every holomorphic
vector field v € HY (XO,TLOXO) can be extended to v(t) € H° (Xt,Tl’OXt) for each t € B. By
linearizing the equation d;v(t) = 0 at t = 0, one easily obtains the identity

0

[Ua%'] = —0Jo <8tl

=0
where
7 A% (Xo, THXo) — A% (X, TV Xy)

is a linear isomorphism canonically associated to the deformation. This implies vanishing of the
cohomology class [[v,;]] = 0 since the section [v,¢;] is dp-exact. Since L,p; = [v,p;], we can
conclude that the action of the Lie algebra g on H%! (Xo, T 1’OXO) is trivial and thus the actions of G
and K are trivial.

The above claims are equivalent to the existence of Kahler-Einstein metrics on small deformations

of Xo. Indeed, in [7] we proved the following

Theorem 2.2. Let Xy be a Fano Kdihler-FEinstein manifold and let (X, B, ) be a Kuranishi family of

Xo. Then the following statements are equivalent:

(1) There exists a Kahler-Einstein metric on X; for each t € B;
(2) The action of G on H' (X0, T Xy) is trivial;
(3) The dimension of H*' (Xy, T Xy) remains constant for all t € B.

We remark that it was pointed out by Donaldson [10] that if the action of G on H*! (Xo, T'0X)
is nontrivial, then the Kéhler-Einstein metrics cannot form a smooth family. On the other hand, by
direct computations, the equivalence of the Kuranishi gauge and the divergence gauge implies that
the action of g on H®! (XO, TLOXO) is trivial if and only if

(2.4) P={pi B; | vip; € H" (X0, T"°X0),1 <i,j < N} L12AT.

Schumacher [19] studied the curvature of the relative anti-canonical bundle K ;/IB with respect to the
fiberwise Kéahler-Einstein metric and showed that the above space P lies in the image of the self-adjoint
operator Ag+ 1. Thus, the first statement in Theorem 2.2 implies the second since A(lC is the kernel of

Ag + 1. Schumacher’s work was based on the existence of smooth family of Kéhler-Einstein metrics.
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In the current situation this follows from the works of Bronnle [1] and Székelyhidi [24] by using the
implicit function theorem.

On the other hand, if we assume that the dimensions of the spaces of holomorphic vector fields
do not jump, then, by an inverse function theorem type argument, we can show that there exists an
extremal metric on X; in the class ¢; (X;) for each t € B. Thus, the first statement follows if we can
show that the Futaki invariant of X; vanishes. Now by using identity (2.3) in Proposition 2.1, we find
that the Ricci potential of the Kéhler manifold (X, wq) is given by log det (I - gp(t)m) . As discussed
above, each biholomorphism p € U C Autg (X;) preserves ¢(t), where U is some neighborhood of the
identity. It follows that

wy

/Xt P (log det <I — cp(t)@)) %(? = /)Q log det <I — cp(t)go(t)) o

Linearizing this equation at the identity, we obtain

n

Futy,(v) = /Xt v (log det (I — cp(t)m)) % =0

for each holomorphic vector field v € H (Xt, T 170Xt)7 hence the first statement follows. We refer the
reader to [7] for more details of the proof.
It turns out, as we shall explain in the next section, that the second statement in Theorem 2.2 also

guarantees the Weil-Petersson metric to be well-defined.

3. The Weil-Petersson metric

When (Xo,wp) is a Fano Kéhler-Einstein manifold and G = Autg (X) is nontrivial, Bando and
Mabuchi [3] showed that any Kéhler-Einstein metric w on Xy is the pull back w = p*wy for some
biholomorphism p. For any cohomology class A € H%! (Xo, TLOXO), the harmonic representative of
A depends on the choice of the Kéhler-Einstein metric, and so does the L? inner product. Thus the
Weil-Petersson metric at 0 € B may a priori depend on the choice of the Kéhler-Einstein metric.

We pick a one-parameter family of biholomorphisms p; such that pp = ¢d and let w; = pfwy. For
any two cohomology classes A, B € H%! (XO,TI’OXO), let ¢y and v be the harmonic representative
of A and B with respect to wy, respectively. Then the Weil-Petersson metric on T, & OB with respect

to wy is
wi'
ht(Aa B) = <90t7 %)wt*‘-
Xo n:
Thus the Weil-Petersson metric is well-defined if h:(A, B) is independent of ¢. This is equivalent
to % hit(A,B) = 0 since wg is an arbitrary Kéahler-Einstein metric. Note that on a Kéhler

t=0
manifold (X,w) with Beltrami differentials p,¢ € A%! (X, Tl’OX), if pw = 0 or Yow = 0 then
(o, ), = Tr (go@) Furthermore, since [p;] = A, we have ¢; = o + On; for a smooth family

{m} € A% (Xo,T*°X) with no = 0. Similarly, ¢ = ¢ + 9. Welet 7= 4| nand 7= 4| 7.

t=0 t=0
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It follows from identity (2.3) that

d
dt <<,0t71/1t>wt -

= Tr (¢e¢)r)

=0
e (@7)79) + T (0 ()
=(01,10)wo + (0, OT g -

wi'\ wy'
o <n'> — /)(0<S007¢0>w0[/1)n!7

pt is a real holomorphic vector field. Since the space of such vector fields on X is

t=0

Thus, after integration by parts, we have

41 ha,B) :/

a .

d
<9007 ¢0>w0 &

t=0

_d
where v = 7

t=0
spanned by {Re (VLOf) ,Im (VI’Of) | f € A]F} and each isometry o € K preserves wp, we can take

v = Re (Vl’of) for some f € A¥. In this case, LU% = AwOf% and

4
dt

wy wl
miA,B) = [ (onstohan Dot = [ (o001t D,
=0 Xo n! Xo n:

which vanishes by (2.4) if any one of the three equivalent statements in Theorem 2.2 holds. In [7] we

have shown

Theorem 3.1. Let X be a Fano Kdihler-Einstein manifold and let (X, B, ) be its Kuranishi family.
If for each t € B there exists a Kdhler-FEinstein metric on X, then the Weil-Petersson metric is
well-defined.

Another interesting question is to approximate the Weil-Petersson metric by algebraic quantities.
In the case when Xy is a Kéhler-Einstein manifold with ¢; (Xo) < 0 and the deformation of the
complex structure on Xy is unobstructed, if (X, B,7) is the Kuranishi family of X then there is a
natural L2 metric on the direct image sheaf RO, K ?/ g In this case, it was shown that the curvature of
the determinant bundle A*P ROz, K gg‘/ > under suitable normalization, converges to the Weil-Petersson
metric as m goes to infinity [22,23]. Similar results hold in the case ¢1 (Xo) > 0 when the automorphism

group G is discrete. Indeed, in [7] we obtained the following result.

Theorem 3.2. Let w: X — B be an analytic family of Fano Kdhler-Einstein manifolds of dimension
n with central fiber 771(0) = (Xo,wo), and assume that Auty(Xo) is trivial. Let R%‘ be the Ricci
curvature of the L? metric on the direct image sheaf ROTF*(KS?/B). Then the Weil-Petersson metric

can be approximated by the Ricci curvatures with normalization. Precisely, we have

n

lim —— R™ = —/ (¢i - ;) dVo,
Xo

m—oo m”n Y
where @; is the harmonic representative of the Kodaira-Spencer class.
In both cases, the Kéhler-Einstein metric on each X; is unique. Thus, if we identify X; with X as

smooth manifolds via the Kuranishi-divergence gauge, the Kéhler forms of the Kédhler-Einstein metrics

can be viewed as a family of symplectic forms on a fixed manifold and have an expansion in term of
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t. In particular, the second order term in the expansion is closely tied to the Weil-Petersson metric.
This plays a crucial role in the above approximation.

When ¢; (X() > 0 and G is non-discrete, if we assume that each X; admits a Kahler-Einstein metric,
then the Kéahler-Einstein metrics on X; form a smooth fiber bundle over the base B of the Kuranishi
family. It would be interesting to see whether one can find a natural section of this bundle such that

the above approximation still holds.

4. Energy of harmonic maps

For Riemann surfaces of genus g > 2, the energy of harmonic maps is tightly connected to the
Weil-Petersson geometry of the Teichmiiller space 7, via the works of Tromba [28,29], Wolf [32],
Jost-Yau [13], etc.

For each point p € 7y, let ¥, be a corresponding Riemann surface equipped with the hyperbolic
metric. For any given point p € 7,4, Tromba showed that the function E’ : T, — R provides a Kéhler
potential of the Weil-Petersson metric on 7, at point p, where E’(q) is the energy of the harmonic
map from ¥, to ¥, which is isotopic to the identity map. In another direction, Wolf [32] showed that
the energy function E”, where E”(q) is the energy of the harmonic map from ¥, to X, in the isotopy
class of the identity map, is also a Kéahler potential of the Weil-Petersson metric at point p.

Toledo [20] generalized Tromba’s work in the following way. Let (N, h) be a Riemannian manifold
whose curvature is Hermitian nonpositive, and let E : 7, — R be the energy function such that E(p) is
the energy of a harmonic map from ¥, to IV in a fixed homotopy class. Toledo showed that the function
E is plurisubharmonic on 7. By the work of Schoen and Yau [I&], one can further show that this
function is proper and thus give a proof of the pseudoconvexity of 7,. Soon after Toledo’s work, Yau
pointed out that such functions could be used to study the Teichmiiller spaces of higher dimensional
Kéhler-Einstein manifolds of general type of which very little is known even in the case that the
deformation of complex structures is unobstructed. This is indeed possibel as was carried out in [34]
back in 2014. One of the key components in computing the complex Hessian of F is the expansion
of the Kéhler forms of Kéhler-Einstein metrics. In [7], we derived the deformation of Kéhler-Einstein

metrics with respect to the Kuranishi gauge by deforming the Monge-Ampére equation
wi = wo + |2 (\/—13050 ((1 ~ Ay W)) +0 ([t
where ¢ is the harmonic Beltrami differential representing the Kodaira-Spencer class of % at 0.

Theorem 4.1. Let Xg be a Kdhler-FEinstein manifold of general type such that the deformation of its
complex structure is unobstructed. Let (N, h) be a Riemannian manifold with Hermitian nonpositive
curvature. Let T be the Teichmiiller space of Xy and let E : T — R be the energy function such
that E(p) is the energy of a harmonic map from X, to N in a fired homotopy class. Then E is a

plurisubharmonic function on T .
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In fact, if we only assume that the sectional curvature of NV is nonpositive then the complex Hessian
of E is given by
O*E

otot

- /X RY, 50150510, 1503 £26 T 7K Vi + / VB Rl K dVo
t=0 0

Xo

9 /X g7 Ry 5006 05 u T dVy + 2 /X V0% — 3 fo| 2V,
0

0

where u = 88]?‘ € D (f§T°N) and K = (1-— Ag) ™t (l¢l?). If the curvature of N is Hermitian

nonpositive, theilz(%he third term on the right side of the above formula is non-negative and the first
two terms vanish due to the Siu-Sampson vanishing theorem. The plurisubharmonicity of E then
follows immediately. We refer the interested readers to [7] for further details.

Clearly, it would be very interesting to know if the function £ in Theorem 4.1 is proper. This will

be discussed elsewhere.

Acknowledgments

First author was supported in part by Simons Foundation grants and the second author was sup-

ported by Tsinghua University Initiative Scientific Research Program.

REFERENCES

[1] L. Ahlfors, Some remarks on Teichmiiller’s space of Riemann surfaces, Ann. of Math. (2) 74 (1961) 171-191.

[2] L. Ahlfors, Curvature properties of Teichmiiller space. J. Analyse Math. 9 (1961/1962), 161-176.

[3] S. Bando and T. Mabuchi, Uniqueness of Einstein Kéhler metrics modulo connected group actions. Algebraic geom-
etry, Sendai, 1985, 11-40, Adv. Stud. Pure Math., 10, North-Holland, Amsterdam, 1987.

T. Bronnle, Extremal Kahler metrics on projectivized vector bundles, Duke Math. J. 164 (2015), no. 2, 195-233.
E. Calabi, Extremal Kéhler metrics. II. Differential geometry and complex analysis, 95—114, Springer, Berlin, 1985.

ERNEINES

P. Candelas, P. S. Green, and T. Hiibsch, Connected Calabi-Yau compactifications (other worlds are just around
the corner), Strings’88 (College Park, MD, 1988), 155-190. World Sci. Publ., Teaneck, NJ, 1989.
H.-D. Cao, X. Sun, S.-T. Yau and Y. Zhang, Deformation of Fano manifolds, preprint.
[8] T. Chu, The Weil-Petersson metric in the moduli space, PhD thesis, Columbia University, ProQuest LLC, Ann
Arbor, MI, 1976. 47 pages.
[9] S. K. Donaldson, Remarks on gauge theory, complex geometry and 4-manifold topology, Fields Medallists’ lectures,
384-403, World Sci. Ser. 20th Century Math., 5, World Sci. Publ., River Edge, NJ, 1997.
[10] S. K. Donaldson, Kahler geometry on toric manifolds, and some other manifolds with large symmetry, Handbook of
geometric analysis, No. 1, 29-75, Adv. Lect. Math. (ALM), 7, Int. Press, Somerville, MA, 2008.
[11] Y. Fan, A.Kanazawa and S.-T. Yau, Weil-Petersson geometry on the space of Bridgeland stability conditions,
arXiv:1708.02161.
[12] A. Fujiki, Moduli space of polarized algebraic manifolds and Kéahler metrics, Sugaku Expositions 5 (1992), no. 2,
173-191.
[13] J. Jost and S.-T. Yau, Harmonic mappings and moduli spaces of Riemann surfaces, Surveys in differential geometry,
Vol. X1V, Geometry of Riemann surfaces and their moduli spaces, 171-196, Int. Press, Somerville, MA, 2009.
[14] N. Koiso, Einstein metrics and complex structures, Invent. Math. 73 (1983), no. 1, 71-106.
[15] H. Masur, The extension of the Weil-Petersson metric to the boundary of Teichmuller space, Duke Math. J. 43
(1976), no. 3, 623-635.

=



J. Iranian Math. Soc. Vol. 1 no. 1 (2020) 1-12 H.-D. Cao, X. Sun, S.-T. Yau and Y. Zhang 11

[16]

[17]

18]

[19]

[20]

21]

22]

23]

24]
[25]

[26]
[27]
28]
[29]
[30)
31]
32

33]

34]

Y. Matsushima, Sur la structure du groupe d’homéomorphismes analytiques d’une certaine variété kaehlérienne,
Nagoya Math. J. 11 (1957) 145-150.

A. Nannicini, Weil-Petersson metric in the moduli space of compact polarized Kéhler-Einstein manifolds of zero
first Chern class, Manuscripta Math. 54 (1986), no. 4, 405-438.

R. Schoen and S.-T. Yau, Existence of incompressible minimal surfaces and the topology of three-dimensional
manifolds with nonnegative scalar curvature, Ann. of Math. (2) 110 (1979), no. 1, 127-142.

G. Schumacher, The curvature of the Petersson-Weil metric on the moduli space of K&hler-Einstein manifolds,
Complex analysis and geometry, 339-354, Univ. Ser. Math., Plenum, New York, 1993.

G. Schumacher and M. Toma, On the Petersson-Weil metric for the moduli space of Hermite-Einstein bundles and
its curvature, Math. Ann. 293 (1992), no. 1, 101-107.

Y. T. Siu, Curvature of the Weil-Petersson metric in the moduli space of compact Kéhler-Einstein manifolds of
negative first Chern class, Contributions to several complex variables, 261-298, Aspects Math., E9, Friedr. Vieweg,
Braunschweig, 1986.

X. Sun, Deformation of canonical metrics I, Asian J. Math. 16 (2012), no. 1, 141-155.

X.Sun and S.-T. Yau, Deformation of Kéhler-Einstein -Einstein metrics, Surveys in geometric analysis and relativity,
467489, Adv. Lect. Math. (ALM), 20, Int. Press, Somerville, MA, 2011.

G. Székelyhidi, The Kéhler -Ricci flow and K-polystability, Amer. J. Math. 132 (2010), no. 4, 1077-1090.

A. Todorov, The Weil-Petersson geometry of the moduli space of SU(n > 3) (Calabi-Yau) manifolds, I. Comm.
Math. Phys. 126 (1989), no. 2, 325-346.

D. Toledo, Hermitian curvature and plurisubharmonicity of energy on Teichmiiller space, Geom. Funct. Anal. 22
(2012), no. 4, 1015-1032.

T. Trenner and P. M. H. Wilson, Asymptotic curvature of moduli spaces for Calabi-Yau threefolds, J. Geom. Anal.
21 (2011), no. 2, 409-428.

A. Tromba, Dirichlet’s energy of Teichmiiller moduli space is strictly pluri-subharmonic, Geometric analysis and the
calculus of variations, 315-341, Int. Press, Cambridge, MA, 1996.

A. Tromba, Dirichlet’s energy on Teichmiiller ’s moduli space and the Nielsen realization problem, Math. Z. 222
(1996), no. 3, 451-464.

A. Weil, Modules des surfaces de Riemann [MR0124485 (23 #A1797)] (French) [[Modules of Riemann surfaces]]
Séminaire Bourbaki, Vol. 4, Exp. No. 168, 413-419, Soc. Math. France, Paris, 1995.

P. M. H. Wilson, Sectional curvatures of Kahler moduli. Math. Ann. 330 (2004), no. 4, 631-664.

M. Wolf, The Teichmiiller theory of harmonic maps, J. Differential Geom. 29 (1989), no. 2, 449-479.

S. Wolpert, Chern forms and the Riemann tensor for the moduli space of curves, Invent. Math. 85 (1986), no. 1,
119-145.

Y. Zhang, Geometric Quantization of Classical Metrics on the Moduli Space of Canonical Metrics. Thesis (Ph.D.)—
Lehigh University, ProQuest LLC, Ann Arbor, MI, 2014. 85 pages. https://preserve.lehigh.edu/etd/1689/

Huai-Dong Cao
Department of Mathematics, Lehigh University, Bethlehem, PA 18015, USA.
Email: huc2@lehigh.edu; xis205@lehigh.edu

Xiaofeng Sun
Department of Mathematics, Lehigh University, Bethlehem, PA 18015, USA.
Email: xis205@lehigh.edu


https://preserve.lehigh.edu/etd/1689/

12 J. Iranian Math. Soc. Vol. 1 no. 1 (2020) 1-12 H.-D. Cao, X. Sun, S.-T. Yau and Y. Zhang

Shing-Tung Yau
Department of Mathematics, Harvard University, Cambridge, MA 02138, USA.

Email: yau@math.harvard.edu

Yingying Zhang
Yau mathematical Sciences Center, Tsinghua University, Beijing, 100804, China.
Email: yingyzhang@tsinghua.edu.cn



	1. Introduction
	2. Kuranishi space of Fano Kähler-Einstein manifolds
	3. The Weil-Petersson metric
	4. Energy of harmonic maps
	References

