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Open quantum walks (OQWSs) (also known as open quantum random walks) are quan-
tum analogs of classical Markov chains in probability theory, and have potential appli-
cation in quantum information and quantum computation. Quantum Bernoulli noises
(QBNs) are annihilation and creation operators acting on Bernoulli functionals, and can
be used as the environment of an open quantum system. In this paper, by using QBNs
as the environment, we introduce an OQW on a general higher-dimensional integer lat-
tice. We obtain a quantum channel representation of the walk, which shows that the
walk is indeed an OQW. We prove that all the states of the walk are separable provided
its initial state is separable. We also prove that, for some initial states, the walk has a
limit probability distribution of higher-dimensional Gauss type. Finally, we show links
between the walk and a unitary quantum walk recently introduced in terms of QBNs.
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1. Introduction

Random walks have been widely used as a fundamental mathematical tool for
modeling various physical processes and for the development of stochastic algorithm
[10]. Recent years have seen great attention paid to quantum walks [7), [I6], which
are also known as quantum random walks [T}, [6]. As quantum extensions of random
walks, quantum walks have found wide application in quantum information and
quantum computation [I2]. Due to the quantum interference effects, quantum walks
greatly outperform random walks at certain computational tasks, and moreover
it has turned out that quantum walks constitute universal models of quantum
computation [12].
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From a perspective of mathematical physics, quantum walks can be divided into
two categories: unitary quantum walks and nonunitary quantum walks. Unitary
quantum walks do not interact with the environments and their time evolutions
are described mainly by unitary operators. The past two decades have witnessed a
considerable amount of research on unitary quantum walks and their application
(see, e.g., [0l [7, 12 [T6] and references therein). In 2012, Attal et al. introduced a
class of nonunitary quantum walks, called open quantum walks (OQWs) [4].

OQWs are also known as open quantum random walks [3], which can be viewed
as quantum analogs of classical Markov chains in probability theory. As a new type
of quantum walks, OQWs are finding application in the generalizations of the theory
of quantum probability, and have potential application in quantum state engineer-
ing, dissipative quantum computation and transport in mesoscopic systems [15].

Much attention has been paid to OQWs. Attal et al. [2] established the central
limit theorem (CLT) for a class of homogeneous OQWs with a unique invariant
state. Konno and Yoo [§] applied the CLT to the study of limit probability distri-
butions for various OQWs. Sadowski and Pawela [13] considered a generalization
of the CLT for the case of nonhomogeneous OQWs. Carbone and Pautrat [5], from
a perspective of classical Markov chain, introduced notions of irreducibility, period,
communicating classes for OQWs. Lardizabal [9] defined a notion of hitting time
for OQWs and obtained some useful formulas for certain cases. There are other
researches on OQWs (see [15] and references therein).

From a physical point of view, OQWs interact with their environments. More
specifically, for an OQW, the transitions between the sites (or vertices) are driven
by the interaction with the environment. Thus, the effects of environment can play
an important role in the time evolution of OQWs. On the other hand, being anni-
hilation and creation operators acting on Bernoulli functionals, quantum Bernoulli
noises (QBNs) have turned out to be an alternative approach to the environment
of an open quantum system (see, e.g., [I7, [19]). It is then natural to apply QBNs
to the study of OQWs.

In 2018, by using QBNs, Wang et al. [21I] introduced a model of OQW on the
1-dimensional integer lattice Z, which we call the 1-dimensional open QBN walk
below. In this paper, we would like to extend the 1-dimensional open QBN walk
to a higher-dimensional case. More specifically, with QBNs as the environment, we
will introduce a model of OQW on the d-dimensional integer lattice Z? with d > 2,
and examine its dynamical behavior from a perspective of probability distribution.
Our main work is as follows.

e We introduce a notion of d-dimensional nucleus on the space H of square inte-
grable Bernoulli functionals.

e With QBNs as the fundamental tool, we construct a sequence of transforms 35{1),
n > 0, on the d-dimensional nucleuses, and then we use these transforms to
establish our model of OQW on Z?, which we call the d-dimensional open QBN

walk.
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e We obtain a quantum channel representation of the d-dimensional open QBN
walk, which shows that the d-dimensional open QBN walk is indeed an OQW.

e We find that all the states of the d-dimensional open QBN walk are separable
provided its initial state is separable, and moreover we prove that, for some initial
states, the d-dimensional open QBN walk has a limit probability distribution of
d-dimensional Gauss type.

e We show links between the d-dimensional open QBN walk and a unitary quantum
walk recently introduced in [20].

Some other results are also proven of the d-dimensional open QBN walk.

The paper is organized as follows. In Sec. 21l we briefly recall some necessary
notions and facts about QBNs. Sections are one part of our main work,
which includes the technical theorems we prove, the definition of our model (namely
the d-dimensional open QBN walk) and the quantum channel representation of the
walk. The other part of our main work lies in Secs. [3] and [ where we examine
the separability of the walk’s states, calculate its limit probability distribution and
show its links with a unitary quantum walk recently introduced in [20].

Throughout this paper, Z always denotes the set of all integers, while N means
the set of all nonnegative integers. We denote by I' the finite power set of N, namely

I'={c]o CNand #0 < o0}, (1.1)

where #0 means the cardinality of . Unless otherwise stated, letters like 7, & and
n stand for nonnegative integers, namely elements of N. If X is a Hilbert space,
then B(X) denotes the set of all bounded linear operators on X'. As usual, a density
operator on a Hilbert space means a positive operator of trace class with unit trace
on that space. By convention, TrA denotes the trace of an operator A of trace
class.

2. Definition of Walk and Its Basic Properties

In this section, we mainly introduce our model of OQW, which we will call the
d-dimensional open QBN walk, and examine its basic properties.

2.1. Quantum Bernoulli noises

We first briefly recall some necessary notions and facts about QBNs. We refer to
[1I7] for details about QBNs.

Let © be the set of all functions f: N +— {—1,1}, and (¢,)n>0 the sequence of
canonical projections on 2 given by

G(f)=Ffn), fe (2.1)

Let .Z be the o-field on §2 generated by the sequence (¢, )n>0, and (pp)n>0 a given
sequence of positive numbers with the property that 0 < p, < 1 for all n > 0. Then
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there exists a unique probability measure P on % such that

1+sj 1761,

k
P o (GuysCnaseo s Gn) (e €20 e} = [[ o7 (1 =pn,) >
j=1

(2.2)

for nj € N, ¢; € {—1,1} (1 < j < k) with n; # n; when i # j and k € N with
k > 1. Thus one has a probability measure space (§2,.%,P), which is referred to as
the Bernoulli space and random variables on it are known as Bernoulli functionals.

Let Z = (Z,)n>0 be the sequence of Bernoulli functionals generated by sequence

(Cn)nEO» namely

:C’n"'Q'n_pn7 nZO,
2\/ann

where ¢, = 1 — p,,. Clearly, Z = (Z,),>0 is an independent sequence of random
variables on the probability measure space (§2,.7,P). Let H be the space of square
integrable complex-valued Bernoulli functionals, namely

Z, (2.3)

H = L*(Q, 7,P). (2.4)

We denote by (-, -) the usual inner product of the space H, and by || - || the corre-
sponding norm. It is known that Z has the chaotic representation property. Thus,
3 ={Z,|0 € T'} form an orthonormal basis (ONB) of H, which is known as the
canonical ONB of ‘H. Here, Zy = 1 and

Ze=1[%;, ceT, o#0. (2.5)
JjEOT
Clearly H is infinite-dimensional as a complex Hilbert space.

It can be shown that [I7], for each k € N, there exists a bounded operator Oy
on H such that

OhZo =16(k)Z\k, 012y =[1—1,(k)]Zour o €T, (2.6)

where 0§ denotes the adjoint of Oy, o\k = o\{k}, o Uk = 0 U {k} and 1,(k) the
indicator of o as a subset of N.

The operators 0y and 0; are usually known as the annihilation and creation
operators acting on Bernoulli functionals, respectively. And the family {0k, 9} }x>0
is referred to as QQBNs.

A typical property of QBNs is that they satisfy the canonical anti-commutation
relations (CAR) in equal-time [I7]. More specifically, for k, I € N, it holds true that

OO = 010, OO =005, 010 =005 (k#1) (2.7)
and
OOk = OF0; =0, 00y + 050, =1, (2.8)
where [ is the identity operator on H.
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For a nonnegative integer n > 0, one can use QBNs to define two operators L,,
and R,, on H in the following manner:

L= 3 (0i 00— 1), Ru=5(0+0,+1), (2.9)

It then follows from the properties of QBNs that the operators L,, R,, n > 0, form
a commutative family, namely

LiL; = LiLy, RiL;= LRy, RiR = RiRy, k, 1>0. (2.10)

Lemma 2.1 ([21]). For all n > 0, operators L, and R, admit the following
operational properties:

L?=-L,, L.,R,=R,L,=0, R:=R,, L>+R:=1I (2.11)

n

2.2. Technical theorems

In this subsection, we prove some technical theorems, which will be used in defining
our model of OQW and examining its properties.

In what follows, we always assume that d > 2 is a given positive integer and
A = {—1,+1}. We denote by A? the d-fold Cartesian product of A, and by H®?
the d-fold tensor product space of H. In addition, we assume that K: H®? — H is
a fixed unitary isomorphism. Such a unitary isomorphism does exist because H is
infinite-dimensional and separable.

To facilitate our discussions, we further write &(H) for the space of all operators
of trace class on H with the trace norm and &4 (H) for the cone of all positive
elements of G(H). Similarly, we use symbol &(H®?) and &, (H®?).

Definition 2.1. For n > 0 and € = (g1,¢€9,...,24) € A?, we define
d
CE =K | QB | K, (2.12)
j=1
where K=1 is the inverse of the unitary isomorphism K: H®¢ — H, and B,(fj) is
given by
Lna g;=—1,
B = ! (2.13)
an 5j = +17

fori=1,2,...,d.

It can be shown that, for all n > 0, {Cr(f) le € Ad} are self-adjoint operators on

‘H. And moreover, they admit the following useful properties: C,(f) C,(f/) =0 for ¢,
e’ € A with € # ¢/; and their sum Y __ . C!) is a unitary operator on H (see [20]
for details).

Theorem 2.1. Letn > 0. Then ) _q C,(f)C,(f) = I, where I denotes the identity
operator on H.
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Proof. By the definition of B, ! and Bffl) and Lemma 2. we have

Z BENBE) = LR | g gt — 12 4 g2
ejEA

for j = 1,2,...,d, where I denotes the identity operator on H. Making tensor
products gives

Z éBv(fj) éBv(fj)
j=1

eecAd \ j=1
d d
=Y | QBB ®ZB B = Q)1
eeAd Jj=1 j= 1aJeA 7j=1

This, together with the definition of C’ff) as well as properties of the unitary iso-
morphism K, yields

S ool =k |y éB}fﬂ') éBgfﬂ K=K é[ Kt=1
j=1 J=1

c€Ad ecAd \ j=1
Here, we note that ®;l:1 I is just the identity operator on H®?. O

Theorem 2.2. For all o € &, (H) and n > 0, the sum operator ) . a cioct
belongs to &4 (H), and moreover it holds true that

Tr | Y CFeCH | =Tro. (2.14)
c€eND

Proof. For each ¢ € A, C’y(f)g C,(f) is a positive operator of trace class on H since
o is such an operator and C,(f) is self-adjoint. Thus, > _ca Cr(f)gC,(f) is also a
positive operator of trace class on H, namely it belongs to &4 (H). Now, by using
Theorem 2.1}, we find

Y CFeCH | =) T[] =Tr [0 Y CECE | =Tro.

e€Ad e€Ad e€A?

This completes the proof. O

Definition 2.2. A d-dimensional nucleus w on H is a mapping w: Z¢ — &, (H)

satisfying that
> Triw)] =1. (2.15)
x€Z4

The set of all d-dimensional nucleuses on H is denoted as .7 (4 (H).
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It can be seen that, for each d-dimensional nucleus w € .7 (?(H), the corre-
sponding function x + Tr[w(x)] defines a probability distribution on Z%.

Theorem 2.3. For cach n > 0, there exists a mapping 3\ : 7D (H) — T (H)
such that
3w ) =Y CPuwx-e)CF, xez’, we TDMH), (2.16)
ecAd

where Y. ya means to sum over A%

Proof. Let n > 0. For each w € 7@ (H), there is naturally a mapping w’ on Z?
associated with w in the following way:
W(x) = Z CEw(x—e)C¥), xezf
e€Ad

We observe that Cff)w(x — E)Cff) € 6, (H) for all x € Z? and all ¢ € A%, which
implies that w'(x) € &, (H) for all x € Z%, hence w’ is a mapping from Z¢ to
S (H).

Next, we show that Y. . Trlw'(x)] = 1. In fact, for each x € Z¢, by Theo-
rem [22] we have

D Tr[CPw(x)CE)] = Triw(x)).
e€Ad

Thus, in view of the fact that all the series involved have positive terms, we get

YT =] Y T[CPuw(x—e)Cr]

x€Z4 x€Z ee\?
= Z Z Tr[Cff)w(x)C,(f)]
x€Z4 e€ A
= Triw)],
x€Z4

which together with w € 7@ (H) implies that 3 . Tr[w’(x)] = 1. Now, accord-
ing to Definition 22, we know that «’ € 7@ (H). Finally, we define a mapping
3 F@O(H) — TD(H) as

Then 3%01) is the desired. O

2.3. Definition of walk

This subsection gives the definition of our model of OQW on the d-dimensional
integer lattice Z9.

As mentioned above, we call a positive operator of trace class (on a Hilbert
space) a density operator if it has unit trace. Recall that d > 2 is a given posi-
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tive integer. We denote by 12(Z9) the space of square summable complex-valued
functions on the d-dimensional integer lattice Z¢. As a Hilbert space, (?(Z%) has
a countable ONB {4y |x € Z?}, which is known as the canonical ONB of 1?(Z%),
where dy is the function on Z? given by

1, z=x, z€Z4,
0x(z) =
0, z#x, z€Z%

By convention, we use |dx){0x| to mean the Dirac operator associated with dy, which
is a density operator on 1%(Z%).

By the general theory of trace class operators on a Hilbert space [14], one can
easily come to the next lemma, which provides a way to construct a density operator
on the tensor space [?(Z%) ® H from the canonical ONB of [?(Z?) and elements of
TD(H).

Lemma 2.2. Let w € T D (H). Then, for each x € Z2, |0,)(0«| @ w(x) is a positive
operator of trace class on 1?(Z%) @ H. Moreover, the operator series

D 10) (0] © w(x) (2.17)

x€Z4

is convergent in the trace operator norm and its sum operator is a density operator

on I2(Z%) @ H.

With help of this lemma, we are now ready to introduce our model of OQW as
follows.

Definition 2.3. The d-dimensional open QBN walk is an OQW on the d-
dimensional integer lattice Z¢ that admits the following features:

e Its states are represented by density operators on the tensor space (?(Z9) @ H.
e Let w(™ be the state of the walk at time n > (. Then w(™ takes the form

wm) = D 16 (6] @ W™ (x), (2.18)
XEZ

where w(™ € 7@ (H), which is called the nucleus of the state w(r).
e The time evolution of the walk is governed by equation

Wt = 3D,y >, (2.19)

n

where w(™*t1) and w(™ are the nucleuses of the states w(™+1) and w(®) respec-
tively, and 3@ is the mapping described in Theorem
In that case, the function x — Tr[w(™ (x)] on Z% is called the probability distri-
bution of the walk at time n > 0, while the quantity Trw(™)(x)] is the probability
to find out the walker at position x € Z¢ and time n > 0. By convention, the state

w© of the walk at time n = 0 is usually known as its initial state.
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Physically, [2(Z?) describes the position of the walk, while H describes the
internal degrees of freedom of the walk. As shown above, H is infinitely dimensional,
which means that the d-dimensional open QBN walk has infinitely many internal
degrees of freedom.

Remark 2.1. It is not hard to see that the d-dimensional open QBN walk is
completely determined by the nucleus sequence of its states. Let (w("))n>0 be
the nucleus sequence of states of the d-dimensional open QBN walk. Then, by
Theorem 23] one has the following evolution relations:

Wt (x) = Z COLM(x —e)C¥), xezi n>0, (2.20)

e€Ad

which actually give an alternative description of the evolution of the d-dimensional
open QBN walk.

2.4. Quantum channel representation

In this subsection, we establish a quantum channel representation of the d-
dimensional open QBN walk, which shows that the d-dimensional open QBN walk
is indeed an OQW.

For n > 0 and x, y € Z¢, we define an operator M (™) (x,y) on the tensor space
12(Z%) @ H as

56| @ COY | x—y e A4

0, x—y ¢ A%
Clearly, for each n > 0, the operator family {M,E@) |x,y € Z‘i} is infinite and
countable.

Theorem 2.4. For eachn > 0, the countable family {M,gr;) |x,y € Zd} of operators
satisfies the following relation:
> oMl M =1, (2.22)

x,y€Z4

where MS;)* means the adjoint of M}S@), I denotes the identity operator on 1?(Z%)®
‘H and the operator series converges strongly.

Proof. First, for each y € Z¢, we find that there are at most finitely many x € Z¢
*

such that M,S"y) # 0, which implies that the series ). ;4 M,S"y) M,E@,) is actually a

sum of finitely many summands. On the other hand, for each y € Z¢, by a direct

calculation we have

STOMEME = 3 (18046 © CF) (160 (6, © O V)

x€Z4 x—yEAd
= > (1) (6] ® CEY) (16 0y @ CTY))
x—y€EA4
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Y )@ (e or)

x—y€EA?
= [0y) oyl @ > CXFICHY
x—y€Ad
= |§y><5y| ® In.

Therefore, using the fact that the series >0 ;4 [0y )(dy| strongly converges to [j2(z4),
we finally come to

> MM

x,y€Z4
ZZM(n n)*zw 5|®IH—112(ZUL)®IH—I

yEZ4 x€Z4 yEZL

Here, [j2(zay and I, mean the identity operators on 12(Z4) and 'H, respectively.
O

As above, we denote by 6(12(Zd) ® ’H) the space of trace class operators on
12(Z%) ®H. Then, by the general theory of trace class operators [14], for each n > 0
and each @ € &(I*(Z?) ® H), the operator series

(n) 5™
> My oM
x,y€z?
converges in the trace norm, and moreover its sum still belongs to & (I*(Z%) @ H).

Definition 2.4. For n > 0, we define a mapping M : (‘5(12(2‘1) ® 'H) —
S(I*(Z") ® H) as

MW@) = > MIWGMM, ©ee(*(ZY) oH), (2.23)
x,y€Z4
where Zx,yGZd means to sum for all x, y € Z%.

From a point of quantum information theory [I1], the mapping M) is actually
a quantum channel of Krauss type. The next result then gives a quantum channel
representation of the d-dimensional open QBN walk.

Theorem 2.5. Let (L;(\"/))n>0 be the state sequence of the d-dimensional open QBN
walk. Then it satisfies the following evolution equation:

W) = MO (M), 5> 0. (2.24)

Proof. Let n > 0. By Definition 23] L;(v") has a representation of the following
form:

Wi = 37 18,6 @ 0™ (2),

z€Z4

2250001-10
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where the series converges strongly. For x, y € Z¢ with x —y € A%, in view of the

fact
[0x)(dy], z=1y;
|0x) ([ 102) (0] = {0 ’

, z=vy, z€7Z%
we have
M w™ME" = [15)(8]© CE]| 3 )00l @ ™ @)| (18 6| @ O8]
z€Z4
= [162) (5| ® (CE VM (y
= [162) (5| ® (CE VM (y
= [6x) (x| ® (Cn"*y>w<">(y)c,f*y>).

For x,y € Z¢ with x —y € A% in view of M,E@,) = 0, we simply have
M,E@) w(")M,Eg,) = 0. Thus, for each y € Z¢, as a sum actually with a finite number

of summands

S MO MO = 3 M ol )’

x€Z% x—yeAd
= 3 1808 (O m0s)
x—y€eAd
= 3 Byseiveel @ (COWIOP).
eeAd
Therefore
M) (w(n)) — Z Z M)Sg]) wm)M;ng)
yEZL xeZa
= 3 S [4) Byl @ (CP™M (r)CO)
yEZY e€ Al
=) 8@ Y O (x—e)C)
x€Z4 ecAd
= > 1600k @ WV (x)
x€EZ4
— w(n+l)
Here, we make use of the strong convergence of the involved series. O

3. Probability Distribution of Walk

In this section, we consider the d-dimensional open QBN walk from a perspective of
probability distribution. We first show that all the states of the walk are separable
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provided its initial state is separable, and then, based on this property, we calculate
explicitly the limit probability distribution of the walk.

3.1. Separability of state

Let 7 (H) be the 1l-dimensional counterpart of the d-dimensional nucleus set
T @ (H), namely

T(H) = {p: Z— 6 (H)

S Tefo(a)] = 1}. (3.1)

T=—00

Elements of .7 (H) are called 1-dimensional nucleuses on H.

Lemma 3.1 ([21]). For each n > 0, there exists a mapping Jn: T (H) — T (H)
such that

[Jnpl(x) = Lpp(x + 1)Ly + Rpp(x — V)R, x €Z, p€ T(H). (3.2)

By this lemma, we find that ([],_oJx)p € 7 (H) for all n > 0 whenever p €
T (H), where [];_, Jx means the composition of mappings Jo,J1, - - ., In-

Theorem 3.1. Let p1,pa, ..., pa € T (H) be 1-dimensional nucleuses on H. Define
d
wx) =K ®pj(:vj) KL, x=(21,29,...,24) € 2% (3.3)
j=1

Then w € T D (H), namely w is a d-dimensional nucleus on 'H.

Proof.

d d
> TrlwE)] =Y T Qo) | = > [ Trles ()]

x€Z4 x€Z4 Jj= x€Zd j=1

d
11 >. ey =1.

j=1l=z,€Z

O

Definition 3.1. A d-dimensional nucleus w € .74 (H) is said to to be separable

if there exist 1-dimensional nucleuses p1, p2, ..., pq € 7 (H) such that
d
w(x) =K ®pj(xj) K™, x=(x1,22,...,2q4) € Z% (3.4)
j=1

A state t;(X) of the d-dimensional open QBN walk is said to be separable if its
nucleus w(™ is separable.

The next theorem actually shows that all the states of the d-dimensional open
QBN walk are separable provided its initial state is separable. In other words, the
d-dimensional open QBN walk has the “separability-preserving” property.
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Theorem 3.2. Let (w("))n>0
dimensional open QBN walk. Suppose that

be the nucleus sequence of the states of the d-

w(o) ®p 1 ox=(x1,29,...,3q4) € 24, (3.5)

where pg ),p(o) ...,pd € J(H). Then, for alln > 1, w™ has a representation of

the following form:

®P(n) K™, x=(z1,22,...,24) € Z°, (36)
where
n—1
= (H 3k> P;O) (37)
k=0
forj = 1,2,...,d.

Proof. According to Lemma [31] pg»") € J(H) for each j with 1 < 57 < d and each
n > 0. Thus, by Theorem Bl there exists a sequence (w’("))n>0 in 7 (H) such
that N

’(") ®p]n) () | K, x=(z1,22,...,24) €z n>0. (3.8
In particular, we have

/(O) ®p30) x] _17 X = (I17$27"'7Id) GZdv

which, together with the assumption given in (&), implies that w(®) = /()
On the other hand, for n > 1, by (87) we have p§- "= 3 pgn 1), 1< <d,
which together with Lemma [B.]] implies that

pgn) Z Br(zejlpjn 1)<‘TJ EJ)Br(z )17 Lj € Za 1 SJS d.
ejEN

Here, Br(;ll) =L,_1and B (+11) = R,,_1 as indicated in Definition 2]l Taking tensor
product gives

d d d
@) =3 | QB ®p<" V=) | (@B,
j=1 j=1

eeAd \ j=1
x = (z1,72,...,mq) € Z% n > 1, where ¢ = (£1,¢€9,...,24). This, together with
B8) and Deﬁnitionl?:[l, yields
W™ (x Z C(E W'D (x )Cff L ox=(x1,29,...,2q) €24, n > 1,
ceAd
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namely

w/(n) _ 35;d_)1w/(n71)7 n> 17
which together with @I9) and w(® = () implies that w™ = '™ for all n > 0,
which together with (B8) gives (3.6]). O

As an immediate consequence of the previous theorem, we have the following
corollary, which gives a formula for calculating the probability distributions of the
d-dimensional open QBN walk.

Corollary 3.1. Let the nucleus w®) of the initial state of the d-dimensional open
@BN walk take the following form:

®P(O) K™, x=(z1,22,...,24) € Z°, (3.9)

where pg ),Pg()), e ,p((io) € J(H). Then, at time n > 1, the walk has a probability
distribution of the followz'ng form:

w™ (x HTr X = (21,2, ...,1q) € 24, (3.10)

where

n—1
p;.m:(m) .

forj=1,2,...,d.

3.2. Limit probability distribution

Let p be a 1-dimensional nucleus on H, namely p € 7 (H). A sequence (p("))n>0 of
1-dimensional nucleuses on H is said to be generated by p and (3”)n>0 if p@ =p

and
p(n+1) _ ‘»}np(n)7 n>0.

We note that if a sequence (p("))n>0 is generated by p and (3n) then p(® = p

and

n>0’

n—1
4= () 2. w1
k=0
where HZ;& Jk means the composition of mappings {Jx |0 < k <n — 1}.
Definition 3.2. A 1-dimensional nucleus p on H is said to be regular if the sequence
(p("))n>0 generated by p and (3n) , satisfies that
+2

lim ZejiTr Pt (x ) =e =7, teR.

n—oo

T€EZ
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The next example shows that there exist infinitely many 1-dimensional nucleuses
on H that are regular.
Example 3.1. Let 0 € I and Z, the corresponding basis vector of the canonical
ONB of H. Define
|Zo¥(Zs|, x=0;
po(T) = (3.12)
0, r#0, v €Z,

where |Z,)(Z,| is the Dirac operator associated with the basis vector Z,. Then p,
is a regular 1-dimensional nucleus on H.

Proof. Clearly, p, is a 1-dimensional nucleus on H. Next, we show that it is also
regular. To this end, we consider the space [2(Z, H) of square summable H-valued
functions defined on Z, which is endowed the usual inner product and norm. It
can be verified (see [I8] and references therein) that for each n > 0, there exists a
unitary operator U, on [?(Z, H) such that

U, ®)(z) = R, ®(z — 1) + L, ®(x+1), z€Z ®cl*(Z,H). (3.13)
Now, define @,, = ( Z;& Uy)Po, n > 1, where ®q € I?(Z, H) is taken as
Zgy, x=10;
Po(z) =
0, x#0, ©€Z.
Then, by a result recently proven by Wang et al. (see [18] for details), we have
1
, 27(") z=n—2j, 0<j<n;
[ @ (2)[|” = J

0, otherwise,

(3.14)

for all » > 1. On the other hand, let (p("))n>0 be the 1-dimensional nucleus

sequence on H generated by p, and (5")n>0' ’fhen, by a careful check, we find
that N

pO (@) = po(x) = [@o(2))(Po(z)], w€Z
This, together with [2I, Theorem 4.2], as well as (BI4), implies that

1
—(7), c=n—2j, 0<j<n;

Telp™ (@)] = { 2*\J (3.15)
0, otherwise.
Consequently, by a careful calculation, we finally come to
ite t 2
lim eViTr[p™(2)] = lim cos” — =e” 7, teR,
which means that p, is regular. O

2250001-15



Stoch. Dyn. 2022.22. Downloaded from www.worldscientific.com
by TSINGHUA UNIVERSITY on 05/16/22. Re-use and distribution is strictly not permitted, except for Open Access articles.

C. Wang

The next theorem shows that, for a wide range of choices of its initial state, the
d-dimensional open QBN walk has a limit probability distribution of d-dimensional
Gauss type.

Theorem 3.3. Let (u?(j))n>0 be the state sequence of the d-dimensional open QBN

walk and w™ the nucleus of w(™, n > 0. Suppose that the nucleus w®) of the initial

state w(©) takes the following form:
(0) K1 _ d
®p , x=(z1,%2,...,2q) € Z°, (3.16)

where {p§ [1<j< d} are reqular 1-dimensional nucleuses on H. For n > 0, let
X, be a d-dimensional random vector with probability distribution

P{X,=x}=Tr [w(") (x)], xez (3.17)

Then

Xn

— = N(0, 1, ,

\/ﬁ ( dxd)

namely fj% converges in law to the d-dimensional standard Gauss distribution as
n — oo.

Proof. Let n > 1. Consider the characteristic function Cx, (t) of the random

vector X—\/% By definition, we have

Oxy(6)= 3 evr D BT (x)], b= (t1,ta,..., ta) ERY, (3.18)
pRYAS
where x = (21,22, ...,24). Using Corollary Bl gives
d it;x
J :H Ze \J/ijTr pgn)( )] ’ t:(t17t27"'7td)€Rd7
v j=1 \z;€Z

where
n—1
)= (Hfm) AV, 1<j<d
k=0

Now, consider lim,, . Cx, (t). For each j, since p§ ) is regular and (p§"))n>0 is

Tz
generated by p;_o) and (Jn)n>0, we have

lim Z e VR Tr[pg )(x])] =e %, t;€R,
=
which implies that
d itjz; 2 1x~d 2
nlirgo CT"( ) = 1_[1 nhﬁngo ZGZeTTr[pg-")(xj)] = 1_‘[167% =e 3 2j=1t5
J= xj J=
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t = (t1,t2,...,tq) € R% Thus, )\5—% converges in law to the d-dimensional standard
Gauss distribution as n — oo. O

4. Links with Unitary Quantum Walk

In this section, we show links between the d-dimensional open QBN walk and a
unitary quantum walk recently introduced in [20].

As before, d > 2 is a given positive integer. We denote by lz(Zd,H) the space
of square summable functions defined on Z¢ and valued in H, namely

PZYH) =S W28 - H| Y [WE)IP <oy, (4.1)
x€Z4

where || - || is the norm in H. It is known that (?(Z%, H) forms a separable Hilbert
space with the inner product induced by the that in H.

Recall that, for each n > 0, {C’y(f) le e Ad} are self-adjoint operators on H with
properties that: C’ff)Cr(f/) =0 for e, ¢’ € A? with € # ¢’; and their sum D cend c
is a unitary operator on H (see Sec. for details). Using these facts, we can prove
that there exists a sequence of unitary operators ( éd))nm on l2(Z‘i, H) such that

UPIW)(x) = Y CEW(x—e), xez? Wel?(Z,H), n>0. (42)
e€Ad

With these unitary operators as the evolution operators, the authors of [20] intro-
duced a unitary quantum walk on the d-dimensional integer lattice Z? in the fol-
lowing manner.

Definition 4.1 ([20]). The d-dimensional QBN walk is a discrete-time unitary
quantum walk on the d-dimensional integer lattice Z? that satisfies the following
requirements:

e Its states are represented by unit vectors in space /2 (Zd, H).
e The time evolution of the walk is governed by equation

W =UDW,, n>0, (4.3)

where W,, € I? (Zd,H) denotes the state of the walk at time n > 0, in particular
Wy is the initial state and éd) is the unitary operator indicated in ([Z2]).

In that case, the function x — ||W,,(x)||? on Z? is called the probability distri-
bution of the walk at time n > 0, while the quantity ||W,,(x)||? is the probability
to find out the walker at position x € Z? and time n > 0.

Remark 4.1. According to (£2), which describes the definition of unitary oper-
ators ?/{7(;1), the evolution equation of the d-dimensional QBN walk can also be
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represented as
Woi(x) = Y COWn(x—e), xeZ! n>0, (4.4)
e€Ad
which is more convenient to use.

As is seen, the d-dimensional QBN walk is driven by the sequence (L[fld))n>0
of unitary operators. Hence, it belongs to the category of unitary quantum walks.
In other words, it is indeed a unitary quantum walk. The next result shows links
between the d-dimensional open QBN walk and the d-dimensional QBN walk.

Theorem 4.1. Let (w("))n>0 be the state sequence of the d-dimensional open QBN

walk, where w™ is the nucleus of w™ . Let (Wn), > be the state sequence of the
d-dimensional QBN walk. Suppose that -

wO(x) = Wo(x))(Wo(x)|, x ez, (4.5)
where |Wy(x))(Wo(x)| is the Dirac operator associated with Wy (x). Then, for all
n > 0, it holds that

Tr[w(") (x)] = [Wa(®)|? xeZ% (4.6)

Proof. We first recall some algebraic and analytical properties of operators Cff).
As is indicated above, for each n > 0, {Cy(f) le e Ad} are self-adjoint operators on

‘H with the property that C,(f)C,(f,) =0 for ¢, ¢/ € A? with ¢ # &/, which implies
that

2
YooPe| =Y [lePe| (4.7)

ceAd e€Ad

whenever {¢ | € A} C H. And moreover, it follows from (ZI0) and Definition 2]

that all the operators {Cff) e € Al n > 0} form a commutative family.
Now, we consider ([.0]). Clearly, it holds for n = 0. In the following, we let n > 1
and x € Z4. Using @) and [@7) gives

(n—1)
Wa)I2= 3 0] Wiy (x— D))
e(n=1)cpd

2

)

where, by using the commutativity of the family {C’,(f) le € A4k > O} and (£71),
we have

W (x— 0)
S I W — e — e 2
e(n—2)gAd

Thus

||Wn(X)H2 _ Z Z HC”(I‘Q_(Z—l))C”(f_(zfz))Wn_2 (X _ =1y E(n—2)) H2
e(n=—1)gAd g(n=2)cAd
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It then follows by the induction that

Wa) 2= > - >

8(n—l)eAd 6(0>€Ad

) |G e Wy (x = D — @) (48)

Similarly, repeatedly using the evolution relation (220) of the d-dimensional open
QBN walk yields that

w™ (x) = Z Z

e(n=LcAd e(@eAd

X H Cnfljj ) w© (X _eln=1) 5(0)) ﬁ C;s(j)).

=0

—_

<.

Taking the trace gives

Tr[w(")(x)] — Z Z

e(n=LeAd e(@eAd

n—1 .
X T Hc‘f“‘ LW (x =g O T L (49)

On the other hand, for e~ € A%, ... (® ¢ A4 by using the assumption (EX)
we find

HC(E(n ). oS “Dws, (x =MD — . )2
_ n—1 )
H WO (x — (D) L () II e
i=0 7=0
which, together with (£8) and (£9), implies that Tr [w(" (x)] = [[Wa ()] O

Remark 4.2. It should be mentioned that under the conditions given in Theo-
rem 1] one has, in general, that

w™(x) # W) (W, (x)], xeZi n>1. (4.10)
This suggests that the d-dimensional open QBN walk is mathematically different
from the d-dimensional QBN walk.

However, from a perspective of physical realization, transition may happen
between these two walks. As an immediate consequence of Theorem [l the next
corollary describes the limit case when such transition happens.

Corollary 4.1. Let the initial state L:JFJ/) of the d-dimensional open QBN walk be
such that

w0 = 3716 (6l ® [Wo () (Wo (), (4.11)

x€Z4
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where Wy is the initial state of the d-dimensional QBN walk. Then, the d-
dimensional open QBN walk has a limit probability distribution if and only if the

d-dimensional QBN walk has a limit probability distribution. In that case, their limit

probability distributions are identical.
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