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rigid particles per unit cell, in a two-dimensional Stokes fluid with given shear rate. At
each time, the mobility problem is reformulated as a 2nd-kind boundary integral equation,
then discretized to spectral accuracy by the Nystrom method and solved iteratively, giving
typically 10 digits of accuracy. Its solution controls the evolution of particle locations

Is(féllzgrgiw and angles in a first-order system of ordinary differential equations. The formulation is

Boundary integral equation placed on a rigorous footing by defining a generalized periodic Green’s function for the

Periodic skew lattice. Numerically, the periodized integral operator is split into a near image sum—

Rheology applied in linear time via the fast multipole method—plus a correction field solved cheaply

ge‘;zizltizre: Greens function via proxy Stokeslets. We use barycentric quadratures to evaluate particle interactions and
u u

velocity fields accurately, even at distances much closer than the node spacing. Using first-
order time-stepping we simulate, for example, 25 ellipses per unit cell to 3-digit accuracy
on a desktop in 1 hour per shear time. Our examples show equilibration at long times,
force chains, and two types of blow-ups (jamming) whose power laws match lubrication
theory asymptotics.

© 2020 Elsevier Inc. All rights reserved.

1. Introduction

Flowing suspensions are ubiquitous in nature and industry, and have been used as model systems for theoretical stud-
ies of soft materials. They exhibit complex nonlinear rheological behavior, including shear-thinning, shear-thickening and
existence of normal stress differences [19]. Previous theoretical [8,33], computational [31,40,43] and experimental studies
[16,9,46,20] have established the prevalence of near-contacts in shear flows, and that near-contact hydrodynamic (lubrica-
tion) forces/stresses are key to determining the nonlinear rheology of suspensions, including their shear thickening behavior
[5,30,25]. Accurate modeling of flow near such particles is also crucial to understanding transport phenomena such as
super-diffusion [41].

Although previous studies have largely focused on spheres, many applications involve suspensions of non-spherical par-
ticles [32, Ch. 5]. Moreover, experimental studies show that the rheology of concentrated suspensions, most notably their
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shear thickening behavior, are highly sensitive to their shape [13,11]. For example, experiments on suspensions of cubic
particles show that the viscosity diverges at volume fractions slightly below that of spherical particles, yet the diver-
gence of viscosity and normal stress differences with volume fraction is stronger than those reported for spherical particles
[11].

Currently, there is no numerical method that can accurately simulate lubrication forces and stresses in particulate sus-
pensions of complex shape in the Stokes (zero Reynolds number) and non-Brownian (infinite Peclet number) regime. The
method that comes closest for spherical suspensions is Stokesian Dynamics (SD) [12,7,15,43]. In that method, hydrodynamic
interactions (HI) are divided into far-field and near-field. The far-field mobility tensor is constructed through a multipole
expansion truncated at the stresslet level; the near-field resistance tensor is assumed to be pair-wise additive, and is com-
puted by asymptotic lubrication solutions between two spheres. Despite its huge success, SD cannot be readily used to
simulate non-spherical particles, especially their near-field HIs.

In this work, by contrast, we present a convergent numerical method to solve the underlying Stokes mobility boundary
value problem (BVP) for arbitrary smooth particle shapes. We use potential theory to reformulate this BVP as a boundary
integral equation (BIE) for an unknown Stokeslet “density” on particle boundaries. This BIE approach, which requires the
suspending fluid to be Newtonian, has several advantages over conventional discretization (e.g., finite elements): i) since
only the boundaries must be discretized there is a large reduction in N, the number of unknowns; ii) meshing becomes
much simpler; iii) unlike with volume discretization, well-conditioned formulations are possible; and iv) close-touching
surfaces may be handled without introducing a high density of small volume elements (as in [21]). A possible disadvantage
is the loss of sparsity in the resulting linear system; however, algorithms such as the fast multipole method (FMM) [18] are
available to apply the dense system matrix in O(N) time, leading to optimal-complexity schemes.

Our BIE formulation is a doubly-periodic version of the single-layer formulation of Karrila-Kim [26]; also see Rachh-
Greengard [38]. Rather than the usual exterior velocity conditions, “interior” traction conditions are imposed, resulting in a
2nd-kind square system with the advantage of hypersingular-free exterior traction evaluations. The motivation to address
the periodic case is two-fold: there is interest in i) the rheology of regular arrays of rigid particles, with prior numerical [34]
and asymptotic analysis work on discs in 2D and spheres in 3D [6]; and ii) the behavior of random suspensions via numerical
simulation of a finite-sized representative volume element (RVE), where periodic boundary conditions most closely model
an infinite system [21,15]. In both cases this is a homogenization problem, and the (time-dependent) effective viscosity is
sought. Numerically, this demands fast application of a periodized integral operator in an arbitrary skewing lattice, for which
we simplify and extend the recent method of Barnett, Marple, Veerapaneni, and Zhao [2]. This method (an extension of ideas
of Larson-Higdon [28]) splits the periodized kernel into a free-space Stokes FMM sum over nearby images, plus a correction
flow that solves an “empty” BVP with smooth data that is solved cheaply using particular solutions. This applies physical
periodicity conditions, avoids ad-hoc non-convergent lattice sums [17], and, unlike particle-mesh Ewald (PME) methods
which rely on FFTs [1], is spatially adaptive.

This work includes three other innovations. 1) We extend barycentric quadratures for spectrally accurate near-boundary
evaluation of the single-layer potential [3] to include the traction needed in our formulation. This allows accurate solutions
for inter-particle distances as small as d = @(h?), where h is the on-surface node spacing (see Figs. 5-6). 2) We present
an efficient way to extract the effective viscosity from the simulation via a line integral (see (14) and section 6.4). 3) We
place the entire scheme on a rigorous mathematical footing, proving that the periodized BIE is equivalent to the periodic
mobility BVP, by introducing a generalized periodic Stokes Green’s function (section 4.2). As a byproduct we prove existence
and uniqueness for the BVP itself (Lemma 4 and Theorem 18).

Remark 1. We study the case of pure HIs, which is an accurate physical model for smooth non-Brownian particles not in
contact. Previous simulations of spheres in Stokes flow show that HIs alone are not sufficient for preventing particles from
making contract and jamming at finite strains [31]. For numerical tractability, non-hydrodynamic forces can be added, either
via short-range repulsive forces [40] or collision-free constraint methods [29,47], when particles get closer than a cutoff
distance. In experimental settings these new near-contact interactions can, for example, be induced by surface roughness
[24,25]. In both experiments and simulations the presence of these non-hydrodynamic near-contact interactions break the
fore-aft symmetry of the linear Stokes equation, leading to anisotropy in microstructure and nonlinear rheology [16,8].
Although we do not add such non-hydrodynamic forces, the high accuracy of our quasi-static solver and small time-steps
allows converged simulations out to large times without particle collisions when the volume fraction is moderate.

The paper is organized as follows. In section 2, we set up the problem geometry. In section 3, we describe the quasi-static
BVP and review its mathematical properties. In section 4, we define a generalized periodic Stokes Green'’s function, prove
its uniqueness and existence in a constructive manner, and use it to generalize classical potential theory to our periodic
case. This section is more mathematical in nature, and application-driven readers can skip some lemmas and proofs as long
as the method of construction is understood. In section 5, we reformulate the BVP as a boundary integral equation whose
kernel is the periodic Green’s function. In section 6, we give a complete numerical algorithm to solve the quasi-static BVP,
followed by a short discussion of time stepping methods in section 7. Numerical examples for both the quasi-static and time
dependent problems are given in section 8, including two types of simple jamming behavior. We finish with conclusions in
section 9. Two appendices contain technical proofs needed for existence of the periodic Green’s function.
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Fig. 1. lllustration of the periodic effective viscosity problem. A given shear rate y is applied to a suspension in a viscous Newtonian background fluid of
an infinite lattice of one or more rigid, smooth, neutrally buoyant particles per unit cell (shown is the case of two per unit cell). The suspending fluid has
no-slip boundary conditions on each particle. There are no Brownian or contact friction effects.

2. Geometry and setup

We first need some geometry notation; see Fig. 1. At any fixed time t, let e; and e; be two linearly independent vectors
that define an infinite lattice in R2. Fixing an arbitrary center, they define a single unit cell 2/, with four walls comprising
its boundary oL/ = LU RU U U D. We assume that, at this time t, in the unit cell / there are a collection of N, disjoint
bounded smooth rigid objects {Qj}?’i1v with boundaries I'j = 0Q2;. Let Q5 ={X € R2:x+mije1 +myes € Qjm,myel,j=
1,---, No} be the infinite lattice of objects. The centroid of the object &2; will be x? = wlle faszj Xdsy. An applied shear rate
prescribes the change of the lattice with time. For convenience we fix e; = (1, 0), but set e; = (y't, 1) for small times t (see
Section 7), so that the shear rate is the constant y.! When explicit t-dependence is needed, we will write Q;(t), etc.

We further introduce some notations to describe the rigid body motion. Let x7(0) be an arbitrary point on ;(0) that
is distinct from x?(O). They define a vector r;(0) = x;f(O) - xj(O). At a later time t, they are located at x}? and x?. and the
vector they define is r;(t) :x’;(t) —x?(t). We define the angular position 6;(t) to be the angle from r;(0) to r;(t). Since a
rigid body motion is assumed, 6;(t) is independent of the choice of xjf and x?. The linear velocity is defined as v; = %x?(t)
and the angular velocity is defined as w; = %Gj ).

For this problem, we have as input the initial configuration of the objects defined by {Qj(o)}?]ir {xj(O)}?’i1 and

{91(0)}221, the unit cell defined by {e;(0),e;(0)}, and the background flow with shear rate y and viscosity u. We are
interested in studying the evolution of such a system. More specifically, we seek solutions of the followin%,quantities: the
velocity field of the fluid u =u(x, t), the pressure field p = p(x,t), the motion of the objects {xj(t),ej(t)} °., and macro-
scopic derived quantities such as the effective viscosity defined later by (14).

A list of notations for the main objects in this paper is given in Table 1. Most of them are standard for Stokes flows. We
also adopt MATLAB-style notation for block vectors and matrices throughout this paper, using commas to indicate horizontal
stacking and semicolons to indicate vertical stacking. For example, g = [g1; €2; 3; 84] means that g is formed by stacking
the vectors g1, ..., 84 vertically. When a tensor (e.g. G) is contracted with a vector (e.g. f) we denote the resulting vector
by Gf or G - f. Vector inner products are denoted g - f or (g, f).

j=

3. The quasi-static mobility boundary value problem

Since we are in the viscous regime, there is no inertia, and the particle velocities {v;(t), w; (t)}?’i1 are determined entirely
by their current locations {x?(t), Hj(t)};yil, via solving a quasi-static mobility problem with zero applied forces and torques.
To phrase this as a BVP we need some basic definitions in Stokes flows. We let u(x) = (uq(x), u2(x)) be the fluid velocity
and p(x) be the pressure in the suspending fluid R2\Q,, and let o be the stress tensor associated with a function pair
(u, p):

ouj  duj

0ij(u, p) =—5;jp+ 1 <— +

= —8j , ij=1,2, 1
o%; Bxi> ijp + ne(u) i,j (1)

1 Often the shear rate is denoted by y; for simplicity we drop the dot.
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Table 1
Table of main symbols used in this work.
Symbol Type Meaning
L Meff scalar viscosity
uv,w vector field fluid velocity
wj scalar angular velocity of jth body Q;
X5, V) vectors position, velocity of centroid of Q;
p,qr scalar field fluid pressure
o tensor field fluid stress
T vector (defined on surface) traction
o vector (defined on surface) single-layer (force) density

G(X,Y), Gper(X, )
GP(X,Y), Gher(x.Y)

tensor kernel
vector kernel
tensor kernel

Stokeslet (single-layer kernel)

single-layer pressure kernel
single-layer traction kernel

G (X, Y), Gher(X,¥)

u planar domain unit cell with walls L, R, D, U
dup - dug
where §;; is the Kronecker delta. Here e(u) := %(Du + Du”) is the strain tensor, where Du := [ g;‘; g;‘i i| is the gradient
X axy

of the velocity.
The surface hydrodynamic traction T(u, p) (force vector per unit length that a boundary with outward unit normal vector
n applies to the fluid) is given by:

o1 o112 || m
T(u,p)=0 -n= . 2
(u,p) [02] man] @)
. "
For notational convenience, we also define x- = [ . 2 :| and v+ = |: gxz :|
] .
2)X1

We seek solutions (u, p) and {(v;, wi)}f\i’l to the following quasi-static BVP:

—UAU+Vp=0 (XxeR*\Qu) (3)
V-u=0 (xeR*\Qp) (4)
U+ () =vi+ o (x—X)" (XETy, i=1,-+,No) (5)
/T(u, p)dsx =0 (6)

I
/ (T(u, p), (x —X))H)dsxy =0 7

L

u(x+mier +mpey) =uX) (mq,myecZ) (8)
p(x+mie; +myey) =p(x) (m.myeZ). (9)
Here (-, -) is the Euclidean inner product for vectors in R2. ug(x) = )/(?)Cz is the background shear flow with the given

lattice shear rate y, which is a Stokes solution when paired with the pressure field po = 0. Then (u, p) can be viewed as
the perturbation of this velocity and pressure field, which, once obtained, can be added to (ug, pg) to recover the physical
velocity and pressure t =u+ug and p = p + po. Both (ug, po) and (u, p) satisfy the governing equations of Stokes flows (3)
and (4). Equation (5) enforces rigid body motion of ;. Equations (6) and (7) state that the net force and torque (induced by
(u, p)) on the boundary I'; are zero. It can be verified directly that (ug, pg) does not contribute to the net force nor torque,
ie. fl“i T(ug, po)dsx =0 and fl"i (T(ug, po), (X — xf)J—)dsX =0, which implies that the physical force and torque (induced by
(u, p)) are also zero. Finally, (8) and (9) enforce lattice periodicity of the solution.

Remark 2. The periodicity condition (8) and (9) are equivalent to the unit cell matching conditions

ug —u; =0 (10)
T(u, p)g —T(u,p)L =0 (11)
uy —up =0 (12)
T(u, p)y —T(u, p)p =0, (13)
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where the notation ug is used to mean the restriction of u to the wall R. It is straightforward to show that equations (8)—(9)
imply (10)-(13). The converse follows by the unique continuation of Cauchy data (u, T) as a solution to the 2nd-order Stokes
PDE.

Once the quasi-static solution (u, p) is obtained at a given time t, the effective viscosity can be retrieved (in the case
where no object intersects the bottom wall D) by

1
Wer(t) = —/t-T(u+uo,p)dsx, (14)
yleq| J

where t = (1, 0) is the unit tangent vector on D. Its interpretation is simply the total horizontal (shear) force transmitted
through the bottom wall by the fluid. This formula bypasses the more complicated extraction of weg(t) as a cell average of
stress common in chemical engineering [15, Eq. (8)]. In Sec. 6.4 we will present a variant of (14) that is more efficient to
evaluate, and which remains valid when particles intersect D.

We can show that the above BVP has a three-dimensional nullspace, which relies on the following lemma.

Lemma 3. If (u, p) satisfies (3)—(9) with ug = 0 (homogeneous case), then
/(u,T(u, p)dsx=0. (15)
T

Proof.

/ (u, T(u, p))dsx = / (vi + w; (x — xi‘)l ,T(u, p)) dsx

T T

vi, / T(u, p)dsx | + o / ((X—xf)l,T(u, p)) dsx
I T
Vi, 0)+w;j-0=0. O

Combining this with the divergence theorem, we get the following lemma on the uniqueness of the solution to the BVP.
Lemma 4. If (u, p) satisfies (3)-(9) with ug = 0, then u(x) = const, and p(X) = const.
Proof. Letting (-, -) : R2*2 x R2*2 be the Frobenius inner product, we have

/(e(u),e(u))dV: / (Du, e (u))dV

U\, U\QA
1
= f (u,e(u)-n)dsx—i / (u, Au)dv
AU\RA) UNQA
1
= f (u,e(u) -nm)dsy — — / (u, Vp)dVv
2u
AU\RA) U\QA
1 10
5 [ (w(rfo T]rrmew)n)en
oU\2n)
1 & 1
:—EZ/(U,T)dsx+ﬂ/(U,T)d5x
=1r, ou

1
= —/(u,T)dsx =0.
2un
ou

The second line follows from Green’s first identity, the fourth line follows from the divergence theorem, and the last line
combines the result of Lemma 3 and the periodicity of u and T.

5
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As a result, we get:
00
e(u)z[o 0}, XeU\Qy . (16)

Thus, u is a rigid body motion, i.e. u(x) = vo + wo(X — Xo)~.
Letting X; € L and Xxg =X; + e € R, we get:

u(X1) = Vo + wo (X, — Xo) ™ (17)
u(x, +e1) = Vo + wo(X, +e1 —Xo) " . (18)
Subtracting (18) and (17) and recalling the periodicity in u leads to a)oell =0, which means wg =0, and thus u(x) = vg.

Substituting this into equation (3) yields Vp =0, which further means p = const. O

Remark 5. The existence of a solution to the quasi-static BVP comes from that of the integral formulation and will be proved
in Section 5.

4. Green’s functions and Stokes layer potentials

In this section we review some basic properties of the free space Stokes Green’s function and layer potentials, then
propose a generalized periodic Green'’s function that exists even in the case of non-zero net force in the unit cell. Its con-
struction, both analytically and numerically, involves a direct sum of only the nearest free-space image sources, plus an
auxiliary Stokes solution that corrects for their failure in periodicity. When the net force is zero, as occurs in our applica-
tion, this Green'’s function will in fact be periodic.

4.1. The free space Green’s function and layer potentials

For convenience we gather some standard potential theory formulae for Stokes in 2D [23, Sec. 2.2, 2.3], following the
notation of [2]. The free space Green’s function to the Stokes equation (also called Stokeslet or single-layer kernel) is defined
to be the tensor G(x,y) with components:

1 I 1 TiTj .o . .
Gu(x,y)zm Sijlog—+-5"). Lj=12 r=x-y r:=|r, (19)
and the single-layer pressure kernel is the vector GP with components
171
Pxy=—-=, j=12. 20
iy 7 72 J (20)

We will also need the single-layer traction kernel G! with components

2
1rirr-n*

G ¥) =D 0G4y, GLCYIOMf = ———F— i k=1,2, (21)
j=1

where the target x is assumed to be on a surface with normal n*.
The Stokeslet allows us to express the velocity field u = (uq, uy) and pressure field p induced by a point force f = (f1, f2)

at yo = (Yo1, Yo2) as:

2 2
ui=y Gxyo)fji, p=) G xyo)fj (22)
j=1

j=1

Let T be a smooth closed curve in R? with exterior QF and interior Q™. Let ny, be the unit outward normal at
Xo € I'. The single layer Stokes potential represents the velocity field u(x) and pressure field p(x) induced by a surface force
p(X) = (p1(X), p2(X)) on a boundary I' as:

u(x) = Sr[pl(x) = / Gx.y)p(Wdsy, px =S8L[pl= / GP(x,y)p(y) dsy. (23)
r r
The associated traction is given by:

T(x) = Sp[p](x) = / G' (X, y)p(y)dsy. (24)
r
It is well known in classical potential theory that the single layer potential has the following properties.

6
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Lemma 6 (jump relation). Let u(x) = Sr[p](X) and T(x) = S%[p](x) be the velocity and traction of a single layer potential with
density p defined on T. Then Srp (X) satisfies the Stokes equations (3) and (4) in R?\I" and continuous in R?. The single layer
traction satisfies the jump relations:

. 1
Jim T00 =3 00) + ' x0.v)p ) dsy (25)
xeQ* r

where fr indicates the principal value integral over the curve T'.

Lemma 7. Let u(x) = Sr[p](x) and T(x) = S}[p](x) be the velocity and traction of a single layer potential with density p defined on
I'. Let T_ and T4 denote the limits of the traction from the interior and exterior respectively. We have the following:

/T+dsx=—/p(x)d5x, /T_dsxzo, (26)

r r r

and

and

u-ndsy =0, (29)

e—

which can be interpreted as the net force, torque and flux respectively.

4.2. A generalized periodic Stokes Green'’s function

We now must generalize the concept of a periodic Green’s function, since a single Stokeslet source (having non-zero
net force) cannot be periodized. This fact is analogous to the non-existence of a domain Green’s function for the interior
Laplace Neumann problem; yet, in that setting there is a “Neumann function” [27] which, when applied to zero-mean
data, recovers a solution obeying the Neumann boundary conditions. Our generalized Green’s function is analogous to this
Neumann function: it distributes the net force in a prescribed fashion on the boundary, so that when the net force is non-
zero, the traction is not periodic across unit cell walls (Remark 13). One motivation is the rigorous analysis in this paper;
another is to numerically handle non-zero net force case in a predictable, linear way, for stability in the iterative solver.

Definition 8. Let I/ be a unit cell with four walls comprising its boundary 9/ = L U RU U U D. For each source point y € I/,
and each force vector f, let the pair (wy ¢(X), gy (X)) be the solution of the Stokes BVP:

—AW + Vg =féy inU (30)
V-w=0 inu (31)

wWg—w; =0 (32)

T(w, q)r —T(W,q)L = f/2]ey] (33)
wy —wp =0 (34)

Tw, q)u —T(W, q)p = f/2leq]. (35)

Here e and e; are the unit cell lattice vectors, and dy is the delta function centered at y. Considering two specific choices of
the force f= (1, 0) and f= (0, 1), the generalized periodic Green’s function, as a function of X e I/, is defined as Gper(X,y) :=
[Wy (1,0)(X), Wy (0,1)(X)]. Its associated pressure and traction kernels are similarly defined:

Gher(X, ) := [Gy, (1,0)(X); Gy, (0,1)(X)] (36)
Gler (X, Y) 1= [T(W(1,0), Gy.(1.0) X), TWy, 0,1), dy,0,1)) X)] . (37)

7
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We will prove later in this section that this generalized periodic Green’s function Gper is determined only up to a
constant ¢ € R2. Similarly Gge, is determined up to a constant ¢ and GE,ET is determined up to a constant cnx. Gper is a
smooth perturbation of G, and the difference can be found by solving the following subproblem that we call the “empty
BVP.” This is a periodic version of the construction of the domain Green’s function in classical PDE theory [14, Sec. 7H].

For a given discrepancy vector g = [g1; 82; 83; 84], the empty BVP (EBVP) seeks a function pair (v, q) solving:

—UAV+Vg=0 inU (38)
V.v=0 inU (39)

VR —VL =g (40)

TV, r —T(V.q)L = & (41)
Vy —Vp =83 (42)

Tv,q)u —T(V,q)p =84 . (43)

We now extend the consistency and uniqueness of the EBVP given in [2, Prop. 4.2] to include existence, which was not
proven in that work. We are interested in smooth solutions, which requires a technical condition that g is generated from
a smooth flow and pressure function pair (w,r). Note that (w,r) need not satisfy the Stokes equations, and w need not
even be divergence-free. Its proof is in Appendix A.

Theorem 9. Let the discrepancy data g = [g1; €2; €3; 84] be smooth in the sense that it is extracted as follows from a C>(I{) smooth
function pair (w,1):

g1 =Wg—wp (44)
£ =T(w,rg —T(w,1); (45)
g3 =Wy —Wp (46)
g1=T(w,rny —T(w,rp . (47)
Let g also be consistent in the sense that three scalar conditions hold:
/gzds + / g4ds=0 (zero net force), and (48)
L D
/ n-gds+ / n-gsds=0 (volume conservation). (49)
L D

Then there exists a C*°(U) solution (v, q) to the EBVP (38)-(43), and its nullity is 3. Specifically, the solution is unique up to transla-
tional flow and additive pressure constants, with solution space (v + ¢, q + ¢), for (c, ¢) € R3.

Utilizing the solution to this subproblem as a building block, we now proceed to construct the periodic Green’s function,
or equivalently, the solution of the BVP (30)-(35) for a given point force f = (f1, f2) at y = (y1, y2). We begin by defining a
nearby image source sum, then a metric of the failure to be periodic.

Definition 10. Let y € I/ be a point in the unit cell, and f € R? be an arbitrary vector. Let ¢/ be the expanded unit cell with
the same center and walls parallel to that of the original cell abut twice their length (as is illustrated in Fig. 2). w™ and
q" are defined to be the sum of neighboring copies of the free space Stokeslets that are inside U/, i.e.

W (X) = Grear (X, y)f := > G(x,y+me; +ney)f (50)
m,neZ: y+me,+ne,eld
4V (X) = Ghegr (X, y) - f:= > GP(x,y + me; +ney) -f. (51)

m,neZ: y+me,+ne,eld

Definition 11. Let 2/, y and f be the same as in Definition 10. w™ and g% are defined to be the solution to the empty
box BVP (38)-(43), with the “discrepancy vector” g = [g1; 82; 83; 84] as follows:

8
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M source points ~ * * *** e
.

{y;}on Qbdry . U .
L R,
4m collocation ..
points {x; } — 9/ . .
. - y:
. D . y]2

\oo.oo.-oo-yM

Fig. 2. lllustration of the solution method for the “empty box” BVP which is used to correct the deviation from periodicity in the near image sum.

g1 = — (Wi — W) (52)
g = — (T —T[*") +£/2|ey| (53)
g3 = — (Wi —wp) (54)
g1 =—(T§" —TE™) +1£/2le1|. (55)

We now claim that the specific choice of g just defined leads to existence of an EBVP solution (v, q). The following is
proved in Appendix B.

Theorem 12. Let the discrepancy vector g = [g1; €2; &3; 84] be given by (52)-(55). Then a solution (v, q) to the EBVP (38)-(43) exists
and is unique up to additive constants in v and q.

Note that the inclusion of all the image sources lying in an dilation of the unit cell in w™®" and q"®*" from Definition 10
actually results in cancellations of all nearby source contributions to the discrepancy g; see [2]. This results in g being
smooth, so that the numerical solution of the empty BVP (section 6.1) will be rapidly convergent, needing only O(1) effort.

It is trivial to observe that both the “near part” (w"9, ") and the “correction part” (w'™,q®™) satisfy equations
(30)-(31), and that the discrepancy (52)-(53) of (W™, ™) exactly cancels that of (w" q"®"), Consequently the sums
w=w"" + wO and q = g™ 4 ¢ form a solution to the BVP (30)-(35), hence give the periodic Green’s function. By
taking f=(1,0) and f= (0, 1), and letting Gcorr = [vvg,‘,’(r{,o) X), w;‘,’(rg,l)(x)], we obtain the useful decomposition:

Gper(X,¥) = Gpear (X, ¥) + Georr (X, Y). (56)

The same decomposition holds for the pressure:

Gher(X,Y) = Ghogr (X, ¥) + Glorr (X, Y). (57)

This split is a useful tool for both the analysis and the numerical method, and will be revisited in later sections.
As in the free space case, we now can define the periodic single layer potential induced by p(X) = (01(X), 02(X)) on a
boundary I" as:

ux) =Sk [pl(x) = / Gper(X, Y)p(Y) dsy, p(x)=SF"P[p]= / Gher (X, y)p(y) dsy. (58)
r r

The associated traction is given by:

T(x) = 8P = / Gler (X, ) p(Y) dsy. (59)
r

Equations (56) and (57) motivate a similar decomposition for the single layer potential:

S Ip1(X) = SPU[p1(X) + ST p1(X) (60)
SEPIp1x) = S P p1(x) + SE P [p1(x), (61)

where ST¢[p](x) and S.*"P[p](x) are the sums over the near copies of the unit cell of Sr[p](x) and SR[p](x) re-
spectively, while (S¥"[p](x), S;™""P[p](x)) is a solution to the empty box BVP (38)-(43), with the discrepancy vector
g =[81: 82; 83; 84] given by:
g1 =—(Srg —Sr1) (62)
8= —(SEF = SPY) + F/2ley| (63)
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(Snear Snear) (64)
g1 = (sile{'f C—SEDD +F/2len], (65)

where F = [, pds is the net force.

Remark 13. The “periodic” single layer potential is doubly periodic in the directions e; and e; if and only if the net force
F= frpds = 0. In the general case where this condition is violated, the velocity field remains doubly periodic while the
traction acquires a constant jump across the walls.

Remark 14. The difference between the periodic single layer potential and its free space counterpart is smooth in /. Thus
the jump relation of the single layer potential as stated in Lemma 6 holds without any changes. In fact, the properties stated
in Lemma 7 also generalize directly to the periodic case. To prove this statement, we require the following lemma.

Lemma 15. Let (u°'", p€®™) be the correction terms implied by (60) and (61). They do not contribute to the net force, net torque, or
the net flux. More specifically, we have

/T(ucorr, pcorr) ds=0 (66)
r
/ ((X _ XC)J_, T(ucorr7 pcorr)> ds=0 (67)
r
/um” -nds =0, (68)
r

where ' = 02, Q € U is any domain in the unit cell.
Proof. Let D =1/\, and recall the divergence theorem for the Stokes equation:

/(_MAUCD)”Y + VpCOTT‘) dX —— /‘T(ucorr’ pCDﬂ’) dS. (69)
aD

Since (u®'", p) satisfies the Stokes equation in D, the left hand side vanishes. And the right hand side can be expanded
into:

‘/‘T(uCOTT’ pCOTI’) dS — /T(uCOFT, pcorr) dS _ /T(ucorr! pCOTr) dS (70)
aD ou r
- _ /T(ucorr7 pcorr) ds, (71)
r

which implies (66).
The proof of (67) relies on Green’s first identity for the Stokes equation:

/Z(Mu, am)v,———/ Z(a,uj+a]u1)(alv1+ajvz>+/ZT (u, p)vi (72)

Kll i,j=1 dKll

where K is an arbitrary domain. By taking IC = D, (u, p) = (u", p®") and v = (x — x°)*, we have:

dvi+djvi=0, i,j=1,2 (73)

2
[ S uau - apwi=o (74)
D i=1

2
/ZTi(u, p)vi=0, (75)
au =1

leading to [i. ((x — X)), T, p'™)) ds = 0.

10
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(68) is a direct consequence of the divergence theorem and the periodicity of u®:

/uc"”.ndstuC""-nds:/V-uc"”dx:O. O (76)
r ou u

5. Integral equation representation of the mobility BVP
The above definitions and analysis enables us to seek a solution (u, p) to the quasi-static BVP in the form of a periodic

single layer potential. Our ansatz is that it is represented by unknown density functions p;(x) on each boundary I';. Recalling
that each density p;(X) is a vector function p;(X) = (0i1(X), pi2(X)), we stack the set of unknown scalar functions as follows,

PX) = (p11(X), p12(X), - -+, PN,1(X), PNy2(X))- (77)
This density induces, via the periodized single-layer potential, the flow and pressure fields
No
u) =S el =Y SE1p;1x) (78)
1::\]0
P =Sl =) SE P01 . (79)

i=1
Recall that (u, p) is the perturbation from plain shear flow; the physical flow is (u+ ug, p + po). Were the above represen-
tation to result in a physical flow whose interior surface traction limit was identically zero on all of I'" := U,N:°1 I';, then, by
uniqueness of the interior traction BVP up to rigid body motions [23, Sec. 2.3.2], the representation would be a rigid flow
inside each body, and would thus (by continuity of u) solve the desired quasi-static BVP. This motivates (in a precise way)
the single-layer representation, with the modified boundary conditions

T_(u,p)(X) +T(up, po)(x) =0  xel.

Notice that this differs from the common double-layer representation for velocity (Dirichlet) boundary conditions. Recalling
the periodic case of the jump relation (25), applying the interior traction boundary condition gives the following Fredholm
integral equation of the second kind:

1
<51 + K) p(x) =—T(ug, po)(X), xel, (80)
where
I
I
I= , (81)
In,
and
Kii Ki2 ... Kin,
K21 K2 ... Kayn,
K= ) . . ) (82)
Kng,1 Knp,2 Ko, No

Here each Kjj is the periodic single layer traction operator from the jth boundary component to the ith boundary
component, which is given by:

Kijlp 1) :S{ffr’t[pj](X) =/G;er(x, Yp;(Wdsy, xeli,i#], (83)

Ty

and the self-interaction operators are
Kiilpil®0) = SE™ 010 = ?§ Ghrer X, Y)P;(W)dsy,  XeTy. (84)

¥

11
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Equations (26), (27) and (28) (the periodic version) enable us to reformulate the force and torque constraints as:

/pi(x)dsxzo (85)

T

/((x—xif){pi(x)) dsxy=0. (86)
I
Following [38], we use the following rank-three perturbation operator £;, defined on T'j, associated with the above
constraints on the ith body,

L= [ pwdsy+ x-x0)* [ (=%t o) dsy. xer, (87
I T

and also define the rank-3N, block-diagonal operator £ by

L4
L
L= , : (88)

LN

0

It is straightforward to verify that if p(x) satisfies equations (80), (85) and (86), then the representation (u,p) =
(SE"1p1, SE"PIp]) solves the BVP (3)-(9). In particular, (85) implies that the total force Y 1, Jr, Pidsx =0, so that u
generated by the generalized Green’s function is actually periodic. Here the operator (%I + K) has a 3N,-dimensional null
space. The purpose of the 3N, constraints is to select the particular solution with zero net forces and torques on all bodies.
However this constrained BIE, when discretized, leads to a rectangular linear system that is less favorable than a square
one. Thus, following [26,38], we propose instead to solve the following perturbed integral equation, which turns out to be
full rank and require no additional constraints:

<%I + K+ E) p(x) = —T(ug, po)(X), xel, (89)

or, writing out explicitly the interactions between all pairs of bodies,

N
1 2 1 i
SPI0+ D Kijp i)+ / pi(W)dsy + (x—xF) f ((v=x)". pi(w)) dsy
=1 T T
= —T(ug, po)(x), XxeTy, i=1,....No. (90)
It is trivial to verify that equations (80), (85) and (86) imply (89). [38, Lemma 8] proved in the free space case that they

are in fact equivalent. The same statement holds for the periodic case. Here we state it as a lemma and leave the proof,
which is very similar to the free space case, to the reader.

Lemma 16. If p solves (89), then it solves (80), (85) and (86).

The next theorem establishes the existence and uniqueness of the boundary integral equation (89), which further implies
the existence of a solution to the quasi-static BVP.

Theorem 17. The boundary integral equation (89) has a unique solution.

Proof. We first prove that the operator %I + IKC + L is injective, following [37, Lemma 18] (this is the arXiv rather than
published manuscript; also see [10, Lemma 5] for a 3D free-space version). Let p solve (%I + K+ L)p = 0. Since, for any p,
by the jump relations, (%I + IKC)p is the interior limit of the traction T_ (u, p) of (u, p) given by (78)-(79), then applying the
periodic versions of (26) and (28) we get that p satisfies the force and torque constraints (85)-(86). Thus Lp =0, and so
(%I + K)p =0, which means that (u, p) solves the interior traction BVP in each body with homogeneous data, thus is rigid
inside each body. Thus by continuity of u across I', (u, p) is a solution to the homogeneous quasi-static BVP, i.e. (3)-(9) with
ug = 0. Thus by Lemma 4, u is constant in the exterior, and by continuity, the same constant in the body interiors, thus by
the traction jump relation, p = T_ — T+ = 0. Having proved uniqueness, by the Fredholm alternative a solution exists for
each right-hand side. O

12
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Theorem 18. There exists a solution to the quasi-static BVP (3)-(9).

Proof. Let p be a solution to the BIE (89). Then one may check that u(x) = SE[p](x) and p(x) = SE*"P[p]1(x) from
(78)-(79) solve the BVP. O

When combined with Lemma 4, this completely characterizes existence and uniqueness for the quasi-static BVP, we
believe for the first time in the periodic setting.

6. Numerical solution of the BIE

In this section, we discuss the numerical solution of the BIE (90). We assume that on each boundary component I';, we

are given a set of quadrature nodes {xl(k) }l’:lil and weights {ng) };:’;l such that

N;

/ Foodsex Y Foxywl
I k=1
holds to high accuracy for smooth functions f. In our examples the boundary I'; is parametrized by a 27 -periodic function
X;j(t), 0 <t <2m, so we use the periodic trapezoidal rule in t, giving xfk) =Xx;(2mk/N;) and wl.(k) = (27r/Nl-)||x;(27tk/Ni)||.

It is a well known fact in potential theory that the single layer traction operator X is smooth, as is the operator L.
Thus we apply the standard Nystrém discretization to the BIE, i.e. enforce (90) at the same nodes {xfk) tk=1,--- Nj,i=
1,---, Ny} to get:

No Nj N; N;
1 0 J X i i i X X i X X
ip’f +>°) G;er(x,(:),x,“))p’jwl(’) +) prwi + x) — x5t > ((x,(,? —x5H+, pT) wi)
j=11=1 m=1 m=1

= T(ug, p)x"),  k=1,---,Ni,i=1,--- N, (91)
where pf = (p¥, pk) := pi(xgk)) = (p,-l(xgk)), piz(xfk))). This is a square linear system of size 2N;N,.
To complete the numerical method, several problems remain to be addressed. We discuss them in details in the following
subsections.

6.1. Numerical methods for the empty box BVP

As mentioned in previous sections, numerical solution of the empty box BVP (38)-(43) is a necessary correction term in
the evaluation of the periodic Green’s function. There exist an abundance of methods for this problem. We find it simple,
efficient, and accurate to solve it by the method of fundamental solutions (MFS).

Defining the tensor function ¢;(X) := G(X,y;) and vector function ¢j.’ (%) := GP(x,y;), where G(x,y) and GP(x,y) are
the free space Green’s functions for velocity and pressure, and {Yj}j:1 are a collection of points lying on the walls of the

expanded unit cell I/, we approximate the solution in Z/ by a linear combination of such functions:

M

v(x)%Zdbj(x)gj, Xxel (92)
j=1
M

a0~y oT® &, xeU (93)
j=1

Here {I;']-}?”:] are unknown vectors in R2. Since each basis function is a solution to the Stokes equation (38)-(39), it remains
only to enforce the boundary conditions (40)-(43).

The 2M unknowns in the coefficient vector & := {& j}?”: ; are determined by matching conditions as follows. We let
{xiL}T=1 Cc L and {xip}?:] C D be two sets of m collocation points (Gauss-Legendre nodes, for example) on the left and
bottom walls respectively. Then, enforcing just (40) on the left wall gives

D o [pixii+en) —pixi)] € =gixi) . i=1,--.m, (94)

M
j=1

which can be summarized by Q& = dy, where Q1 =[Q]', Q{% Q?!, Q#?], with each block having entries (Q{‘l)i]. =

¢f’(xu +ey) — ¢j?’(xu), and dq := {g1(X;1)}{~.,. We order the vectors with all the 1-components followed by all the 2-
components.

13
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Fig. 3. Convergence study of the empty box BVP. (Left) shows the collocation points on the walls and the proxy points (on the expanded unit cell). (Middle)
shows the relative L* error vs the number of collocation points. (Right) shows the relative L error vs the number of proxy points.

Repeating this bookkeeping routine for the other three periodicity conditions (41)-(43), we get the linear system

Q& =d, (95)

where Q =[Q1; Q2; Q3; Q4] and d = [dy; d3; d3; d4], and each block corresponds to one of the conditions. This small dense
linear system (which is generally rectangular and ill-conditioned) is then solved in the least square sense. A convergence
test is given in Fig. 3.

Remark 19. The method we presented here is similar to that in [2], except that by using the expanded unit cell as the
“proxy surface” we improve the robustness of the solution for skewed unit cells with a wide range of aspect ratios.

The system matrix Q inherits the consistency conditions (48) and (49), which in terms of linear algebra, can be stated

as
w'Q ~ 03,m, (96)
where
0 0 w/ 0 0 0 w) 0
wi=1o 0 0 w o0 0 0 wh | eR¥Em, (97)

Tal we2 Tal Wi a2
w;e, w;e; 0 0 wpe wpe; 0 0

Example 1. As a verification of the method, we solve the EBVP with the discrepancy vector g generated by a known solution,
in unit cells with different aspect ratios. More specifically, we fix u = 0.7, yo = 1.5(c0s 0.1, sin0.1), and fo = (0.3, —0.6), and
let v(X) = G(X, yo)fo, and q(X) = GP (X, yp) - fo. In the first example, we choose the unit cell to be the unit square centered
at the origin with e; = (1,0) and e; = (0, 1). In the second example, we change e, to be (cos %, sin %), while keeping the
center and e; unchanged.

In both cases, g is generated by evaluating v(x) and T(v, q)(x) on the walls, and the resulting EBVP is solved by the MFS.
The solution is computed on a 100 x 100 grid in the unit cell and the error is obtained by comparing the computed solution
to the exact one. The error at the first grid point is subtracted to account for the fact that the solution is unique only up to
a constant.

The results are given in Fig. 3, which shows the convergence in the number m of the collocation points on each wall, and
in the number M of proxy points. In both cases, we observe an exponential convergence in both m and M. The numbers
required to achieve high accuracy are small, and relatively insensitive to the aspect ratio.

6.2. Evaluation of the periodic Green’s function

To solve (91) iteratively, the periodized Green’s function must be applied to arbitrary trial vectors. This amounts to

evaluation of sums of the following forms at the entire set of surface targets i =1, ..., N, for some large N.
N
Sper(xi)zcher(xi:Yj)fj (98)
j=1

14
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N

Sher(Xi) =Y Gher(Xiy;) - f; (99)
j=1
N

Sher®X) =Y Gl (i, Y. (100)
j=1

Here Gper(X,y) is the generalized periodic Green'’s function defined in section 4.2, and Gger(x, y) and G;er(x, y) are the
associated pressure and traction kernels. {yj}g."ﬂ are a given set of point sources lying in the unit cell ¢/, with given strength

{fj}?’:1v and {xi}f\]‘] are a given set of target points, also in the unit cell /. We now summarize the practical use of the

decompositions (56) and (57). There are four main steps:

1. Compute the “near part” of the sums at all targets,

N
Shear (Xi) 1= Z Grear (X, Yj)f
=1
N
Sﬁear(xi) = Z Gﬁear (i, Yj)fj
=1
N
S;ear(xi) = Z szear xi, ypf; .
i=1

This is most efficiently done using a fast algorithm such as a Stokes FMM.
2. Evaluate the discrepancy of the “near part” sums Speqr(x) and St (x) at the walls, namely: g= [g1; 82; 83; 84], where

81 = Snear,R — Snear,L
t t
g2 = Snear,R - Snear,L
g3 = snear,U - Snear,D
t t
84 = Snear,U - Snear,D .
Notice that cancellation may be exploited here, so that all evaluations are distant even when sources approach or lie on
the walls.
3. Use the MFS to solve the empty box BVP with the modified discrepancy g =gy — g, where go = [0; F/2|e2|; 0; F/2|eq]],
for total force F = Z?':] f;, to get the periodizing coefficients {Sj}?./’:].
4, Recover the periodic sums by evaluating the correction pair (v, q) at the targets via sums (92)-(93), then adding this to
the near results:

S(Xi) = Snear(X;) + V(X;) (101)
SP(Xi) = Shear (Xi) + q(X;) (102)
S'(Xi) = Sheqr (Xi) + T(V, Q) (X;) - (103)

Remark 20. It is a direct consequence of Theorem 12 that the discrepancy g obtained from the above procedure automat-
ically satisfies the consistency conditions for the empty box BVP. In the language of linear algebra, letting d = {g(yj)};V’: 1

and d = {g(yj)}j!/’:1 be the discretization of g and g respectively, we can write d = Pd, where P is the projection from d to

d. The statement is that W7d ~ 0 holds true up to the discretization error, i.e. the vector d always lies in the range of Q,
even though d in general does not.

Remark 21 (Complexity). Since the correction pair (v, q) is smooth inside the unit cell ¢/, only M = O (1) basis functions are
needed, independent of N. As a result, the linear system solves costs O (1), while direct evaluation of the discrepancy and
evaluation of the correction at the targets both cost O(N). The FMM evaluates the “near part” in O(N) time, so that the
total cost remains O(N). In practice the total time is dominated by the near-sum FMM from 4N sources to N targets.

Remark 22 (Pressure correction for GMRES stability). Armed with the machinery described in previous sections, we can now
apply iterative methods like GMRES to solve the linear system (91), with one caveat: due to the fact that the generalized
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Green’s function for the traction G;er(x, y) is determined only up to a constant cny, a direct implementation of this algo-
rithms results in a stagnation of GMRES. This is not an issue with ill-conditioning—recall that the underlying BIE (90) is
2nd-kind with no nullspace—rather that the application of the system matrix itself has a one-dimensional subspace (an overall
pressure constant) which is undefined.

Fortunately this problem can be fixed easily. We introduce T, (x) = T(X) + anx, where T(x) = K[p] is the traction of
the periodic single layer potential with density p. Letting x; € " be a fixed point on some boundary, we pick « so that
Tu(X1) - nx, =0, i.e. o = —T(X1) - ng,. We then replace T(x) = K[p] in the equation (89) by the modified T, (x). The rest
of the algorithm remains unchanged. This simple correction means that GMRES “sees” a stable system matrix, preventing
stagnation.

6.3. Special quadrature for evaluation close to the boundary

When simulating dense suspension of particles in viscous flows, we are often faced with the situations where particles
approach very close to each other. In order to use integral equation methods, we need quadrature rules for the accurate
evaluation of integrals in the form of (78), (79), and the corresponding traction, where the target x can be arbitrarily close
to the boundary T.

It is well known that a fixed smooth rule leads to the error of O(1) as x approaches I'. Fortunately special quadrature
rules have been developed for the evaluation of layer potentials with close to surface targets. Here we recommend the
exterior single-layer rule in [4], which builds upon the “globally compensated” rule of Helsing-Ojala [22]. Both exploit
barycentric-type quadratures for Cauchy integrals and their derivatives.

The Stokes single layer potential evaluator is obtained by expressing the single layer potential in terms of Laplace layer
potentials.

1 1 - 1 1
S[plx) = ESL[P] + §V5L[,0] - §X1V5L[,01] - 5X2V5L[/02], (104)

where p = (o1, 02), p(X) =X p(X).
In our formulation, we also need to evaluate the traction of the Stokes single layer potential, for which we introduce the
following decomposition to complete the story.

St[P](X) = X1 Hx(SL(01)) - Dy + X2 Hyx (SL(02)) - Dk
— Hx(SL(0)) - Ny — (3%, S[o1] + 0%, S[2]) - My,

where p = (p1, p2), p(X) =X- p(X), and Hy is the Hessian matrix with respect to X.

(105)

Remark 23. To further reduce the computational cost, we use the special quadrature rule in the following fashion. We divide
the solver into two phases: a precomputation phase where a sparse matrix is formed, corresponding to the correction of the
quadrature for points that are within 10h distance from a boundary, followed by a solution phase, where GMRES is called
to solve the linear system, where in each interaction an FMM is called and the sparse matrix is applied.

6.4. Efficient evaluation of the effective viscosity

It is important in applications to extract the effective (homogenized) viscosity, given by (14) in the case that no particle
intersects D. Since physically this formula integrates the horizontal force transmitted per unit cell, and every object € or
region of fluid is in static equilibrium (Reynolds number is zero), in fact any curve C may be used which connects a point
on L to its corresponding periodic image on R yet does not touch any objects. That is, fD in (14) may be replaced by fc;
the proof is via Gauss’ Law (26). Thus there is invariance to “deformation” of the integration contour, as in complex analysis.

Since in a large scale simulation with many particles it is common for at least one particle to be intersecting B, in-
tegration on D cannot be used. However, in this case of many particles, finding a C as above, and choosing a numerical
quadrature scheme sufficiently resolved to handle the rapid traction changes as C passes between nearly touching objects,
would be cumbersome. Thus, in the spirit of [2, Sec. 2.6], we propose a much more efficient and (we believe) elegant
contour deformation method that exploits the split of the periodic BIE representation into near sum and correction parts.
This method only involves distant interactions, thus allows O (1) quadrature nodes independent of the complexity of the
geometry.

We now present a method to evaluate the force integral fc T(u, p)dsx, where C is a deformation of D, needed for (14).
Without loss of generality, we assume that the unit cell I/ is centered at the origin. We consider K =1 (a single object
in the unit cell); the generalization to K > 1 is straightforward. If this object Q intersects the wall D, we assume that C
has been deformed to pass below €2, and that its endpoints are the same as those of D. We split the boundary of Q as
= Ulel“i, where T'; is the part of " that lies in the ith “quadrant” (in the sense of the skew unit cell). See Fig. 4. Define

the (possibly disconnected) curve ['=U?_ T, where I'y =T —e; —e;, [, =T —e;, [3=T3 and T4 =T —ey.
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—e1—e2 —e

Fig. 4. Illustration of the deformation of contour technique for the evaluation of effective viscosity. (a) shows one unit cell / with one object that intersects
the bottom wall. The integration on the bottom wall can be replaced by that on the curve C. (b) shows four unit cells (/ is in the upper-right), with the
shifted pieces of the boundary (solid red) and the shifted copies of C (blue). Gauss’ Law is applied on the closed contour in blue, which encloses T'; and
I';. (c) shows the same four unit cells as (b) but with only the used contributions. Cancelling the terms involving shifted copies of C leaves sources on
the shifted pieces of the boundary and (well-separated) targets on the shifted walls (solid blue) only. (For interpretation of the colors in the figure(s), the
reader is referred to the web version of this article.)

Proposition 24. Let T = Sf-er’t[p] = ST [p] +T(v, q) be the traction on C of a periodic single layer potential that is decomposed
into a near direct image sum plus a correction part given by velocity field v and pressure q, as in (103). Define p on I in the natural
way so that i)|l:i = plr;. Then,

desX: / S%[i)]dsx— / sff[b]dsx+2 f S%[i}]dsx
C

R—ey L—ei—ey D—ej—e)

(106)
+2 / S}[b]dsx - / pdsx +/T(v, q -
D—e; rur; D

Proof. Since the free space kernel G'(x,y) = G'(x —y) is translation invariant, it is straightforward to verify that

SEPI0 = SHIPIX) + SHIPIX — e1) + SLIPI(X — €2) + SEIPI(X —e1 —e2) , (107)
simply by fixing the sources to be I" and shifting the targets accordingly. Integrating both sides on C leads to

/ STt [ p]dsy = / SL[pldsy + / SLIpldsx + / SLIPIdsx + / SEAldsx . (108)

C D C—eq C—ey C—ei1—e;

However, (26) implies

/S%[ﬁ]dsxz / pdsx = f pdsx . (109)
B

1’71 Ul:z ur,

where B is the closed loop given by the six curves L —e; —ey, C —e; —e3, C— ez, R — ey, C, and C — eq, oriented in the
counterclockwise sense. Note that B is the boundary of the two (deformed) unit cells &/ —e; —e; U Uf — e, and encloses
the sources ' and Ty, giving (109). See Fig. 4. We now add (108) and (109), and observe cancellations of the wall terms C
and C — eq, leaving (106) except with C in place of D on the right-hand side. Finally, since they are around half a unit cell
from any sources, C and C — e; may be deformed back to D and D — e; respectively without any effect. C may similarly be
replaced by D in the final correction term of (106) because (v, q) is a Stokes pair throughout a neighborhood of &/. O

Remark 25. The formula (106) involves integration in the far field of source curves only (all distances are at least half a
unit cell), and the term involving v is also smooth. As a consequence, a smooth quadrature rule with O (1) nodes is enough
to compute it accurately. In addition, a little bookkeeping shows that the values of Si:[p] on the four shifted walls R — e,
R—e; —ey L —e; —ey and D — ey — e also appear when forming the discrepancy vector. Consequently no extra cost is
needed in evaluating Sz[6] at the quadrature nodes. They are readily available as a byproduct of the periodization by the
MEFS.

7. Time evolution and time stepping

So far we have presented the solution of the quasi-static problem for a given unit cell and particle geometry. Recall that
the quasi-static solver takes as input the viscosity u, the shear rate y, the current lattice vectors e1 and ey, and the current
boundaries of the rigid particles {I'; ] °,» and returns the linear velocities of the particles {v] e °,, their angular velocities
{‘Uj}j:p and the velocity field u(x) and pressure p(x) for x € ./\Q25. However, the effects of the evolving particle positions
and angles, and the resulting changes in viscosity, are more of interest.

17



J. Wang, E. Nazockdast and A. Barnett Journal of Computational Physics 424 (2021) 109809
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-0.5 0 0.5

Fig. 5. Geometry for Example 1: two ellipses with aspect ratio 2 that are a small distance d apart.

We assume that the background flow is shearing in the y-direction at a constant rate y, so have e;(t) = (1,0) and
e, (t) = (yt —round(yt), 1), where round(x) is defined as the integer nearest to x € R. Here the rounding operation causes
ey (t) to jump backwards, once per shear time, in a way that remains consistent with the periodicity of the lattice of
particles. This ensures a lattice whose skewness remains bounded. (More general prescribed time-dependent shear of a

general unit cell is of course possible, as long as the skewness is kept small in a similar fashion.) Let {xj(t)}?’;] and

{9,-(t)}?’il be the centers and angles of the particles, whose initial configuration was {I" j(O)}?’i]. Since particle shapes remain
unchanged in time, there exists a fixed function X, that maps the centers and angles to the boundaries: I'; = X}, (xi, 0j). We
further assume that the function X} is given explicitly and at t = 0 the initial values of the centers and angles are given by
Xj’,o and 9]?’0.

We stack the centers and angles into one vector s = (x§, - - ,xﬁ,ﬂ, 01,---,6n,), and observe that vj = dd—)?, and wj = %.
Using these notations, we can reinterpret the quasi-static solver as a function F that maps (t, s) to the velocity %, leading
to the following standard first-order ODE system that governs the evolution:

{% = Ft.9) (110)
s(0) =sp.

In our case of constant shear rate, this ODE is autonomous.

Many numerical methods for ODEs can be applied, the simplest one being Forward Euler, which leads to s+ = s
AtF(ty, s™), where s™ :=s(t;). Higher order and/or adaptive methods can also be applied [31] but with one caveat: when
objects become too close to each other (here, less than ©(h?)), accuracy is lost in the quasi-static solve, limiting the accuracy
of the time evolution. In practice it is common to add non-hydrodynamic short-range repulsion forces, or non-overlapping
constraints [47], in such simulations; however, that is beyond the scope of this paper. Instead, since much of our focus is
on the fast quasi-static solver, we study only Forward Euler with various fixed time-steps.

8. Numerical examples

Example 1. As a first example, we carry out a convergence study for the quasi-static problem. We define the boundaries to
be two ellipses I'1 : {(x1 +0.25c0s6,0.125sin0), 6 € [0,27]}, and Ty : {(x, + 0.125co0sH, 0.25sin0), 6 € [0, 27 ]}. x; and x;
are chosen so that I'y and I', are distance d apart, i.e. |x; — x| =d + 0.375. It is well known that as d shrinks, the traction
becomes more and more sharply peaked, requiring more discretization points on the boundary. In fact it is pointed out in
[39,45] that the width of the “bump” scales as O(,/d/k), where x = k1 + k3 is the sum of the curvatures of the boundaries
at the close to touching point.

In this example, we have carried out experiments for d = 1071, 1073, 107>, each for different numbers of discretization
points on the boundaries. Results are shown in Fig. 6 where we measure the resolution by the residuals from recovering
the rigid body motion as well as the errors in the linear and angular velocities. In all the experiments, we set the tolerance
of the FMM to be 10~'2 and the tolerance for the GMRES to be 10710, The reference solution is computed with 10* points
on the boundary.

A spectral convergence is observed in each case. The onset of the convergence shows a 0(1/+/d) scaling with respect to
the distance, consistent with the asymptotic analysis. In the d = 10~ case, it requires around 60 points to achieve an error
of 10712, while in the d =10~ case, it requires around 6000 points to get an error of 108, demonstrating the robustness
of our method for close-to-touching boundaries.

Example 2. In this example, we demonstrate the efficiency of our solver for the quasi-static BVP with complex geometry.
We create a large number K of random geometries where each boundary takes the form r(0) = s(1 + acoswé + ¢), with ¢
random, uniformly in [0, 0.5], @ randomly chosen from {2, 3, 4, 5}, and s varying over a size ratio of 4. They are then scaled
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Fig. 6. Convergence study for the quasi-static BVP, where the boundaries are two ellipses placed at a certain distance apart (Example 1). In all three plots,
N is the number of points on each ellipse. A spectral convergence in N is observed in each case, while the onset N of the convergence is seen to scale as

0(1/v/d).

A O .‘,\_la'i 0
e '.!ﬂ!" o

0.4

0.2

-0.6

Fig. 7. Pressure field of the quasi-static BVP with complex boundaries (Example 2). In the left plot, the boundary consists of 100 closed curves and in the
right plot, there are 1000.

and shifted to fill out the unit square, where overlapping ones are discarded. The geometries with K =100 and K = 1000
are shown in Fig. 7.

The quasi-static BVP with viscosity ; = 0.7 and shear rate y =1 is then solved for K =100, 200, - -- 1000. In each case,
we put down Ny = 350 discretization points on each boundary, and fix the FMM tolerance to be 10~ and the tolerance of
the residual to be 1078,

As is pointed out in Remark 23, the solver consists of a precomputation phase and a solution phase. The CPU time
consumed in each phase and the number of interactions are given in Fig. 8. We see that the time per iteration and the
time of precomputation have a clean linear growth with respect to the complexity of the boundary, and the number of
interactions has a mild growth. The overall complexity is roughly linear.

Example 3. In this example, we study the evolution of the effective viscosity over a long time, for which we combine our
solver for the quasi-static BVP and the Forward Euler time stepping method for the resulting ODE system as in equation
(110).

The initial configuration is chosen to be 25 ellipses with aspect ratios in [1, 2], centered on a uniform 5 x 5 grid on the
unit square, as is illustrated in Fig. 9. The volume fraction is 0.32. We fix viscosity i = 1 and shear rate y = 1, and discretize
each ellipse with 200 points. Solutions of u(x, t) and p(x, t) are computed on a 200 x 200 grid on the unit cell, as well as

the linear and angular velocities of the ellipses {(v;(t), w; (t))}?jl, and the effective viscosity (e at t € [0, 50]. Snapshots of
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Fig. 8. Scaling of the number of iterations, the CPU time consumed in each iteration, the total GMRES time, and the precomputation time with respect to
the complexity of the geometry.
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Fig. 9. Snapshots of the solution at different times for 25 ellipses (Example 3). The pressure field is shown in color, and the positions of the boundaries and
extra tracer points (white dots) are plotted. The last snapshot is at t = 15.67 where pqf(t) is very close to a peak (see Fig. 10); note the diagonal force
chains (compressional high-pressure lines pointing at around 5 o’clock, extensional lines at around 1 o’clock).

Table 2

Self convergence study of pefr(t). Two regimes are tested: at the beginning when t € [0, 1], and when the system enters equilibrium around t € [10, 11].
Function values at t =1 and t = 11 are given, as well as the L2 error over these time intervals, and the empirical order of convergence. This shows O (At)
convergence even at later times, although with an increased prefactor.

At (1) It ar — m2aelli2qo,1) Order ©(11) llae — m2aelli2 0,117 Order
1.000e-2 1.788484 N/A N/A 2.345831 N/A N/A
5.000e-3 1.788799 1.43e-3 N/A 2.336161 7.43e-2 N/A
2.500e-3 1.788956 7.11e-4 1.00 2.331546 5.83e-2 0.35
1.250e-3 1.789035 3.55e-4 1.00 2.329596 3.65e-2 0.68
6.250e-4 1.789074 1.77e-4 1.00 2.328734 2.04e-2 0.84
3.125e-4 1.789093 8.90e-5 0.99 2.328325 1.08e-2 0.92

the solution at different times are shown in Fig. 9, and the effective viscosity is shown in Fig. 10, which suggests that the
system has reached a stochastic steady state with diagonal force chains continually forming and breaking up.

We validate the convergence in time by carrying out a self convergence study in [ieg(t) over time intervals [0, 1] and
[10, 11]. The results are given in Table 2, which shows that first order convergence is always achieved for t € [0, 1], while
for t € [10,11], a much smaller At is required for the expected order to be observed. This growth in prefactor in the
convergence is to be expected if the ODE system increasingly amplifies deviations in initial conditions with time, for instance
if there is a positive Lyapunov exponent.

Example 4. We continue the study of the time evolution of the effective viscosity, with a small number of more com-
plicated shapes. In this example, we define the boundary to be a star shape, which, as in Example 2, takes the form
X(0) = (r(0) cosb, r(0)sinb), where 6 € [0, 2] and r(0) = 0.25(1 + 0.5cos(40)). We then place two such stars in the unit
square, one centered at (0.25,0.25) and the other centered at (0.75,0.75); see Fig. 11. As in Example 3, we fix the back-
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Fig. 10. Time-evolution of the effective viscosity for the 25 ellipses in Example 3.
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Fig. 11. Jamming with reservoir trapping (Example 4). There are two smooth “star” shaped particles per unit cell. Top row: three snapshots of the evolution,
with pressure field in color and tracer points as white dots (times t =0, t = 0.2, t = 0.46). Bottom left: finite-time blow-up of pag(t). Bottom middle:

the best fit (shown on log-log scale) of waff(t) to the power-law form (111), giving g ~ 2.43. Bottom right: lubrication theory pipe flow asymptotic model
predicting the power g =5/2.

ground viscosity ;¢ =1 and shear rate y =1, and use forward Euler as the time stepping method, with At =5.0e — 4. Each
boundary is discretized using 2500 points.

Snapshots of the solution and the effective viscosity are shown in Fig. 11. Approaching t = 0.46, weg(t) grows rapidly
without limit, apparently heading towards an infinite value within finite time. This is associated with the geometry becom-
ing “jammed”, i.e., approaching a geometry where the rigid objects themselves prevent further shearing. One might question
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Fig. 12. Jamming with single point contact (Example 5). There are again two smooth “star” shapes per unit cell, with different parameters from Fig. 11. Top
row: three snapshots of the evolution, with pressure field in color and tracer points as white dots (times t =0, t = 0.2, t = 0.44). Bottom left: finite-time
blow-up of peg(t). Bottom middle: the best fit (shown on log-log scale) of jqg(t) to the power-law form (111), giving B ~ 1.3. Bottom right: lubrication
theory viscous adhesion asymptotic model predicting the power g =3/2.

whether this blow-up is a numerically credible; however, we have tested convergence of the spatial solve and find that
errors are below 107 for ueff < 10°, i.e., for all points in the bottom left panel of Fig. 11.

Remark 26 (Lubrication theory). It is possible to use a thin-film Stokes model to predict an asymptotic blow-up of the form

Pefe(t) ~ clt — 7P, (111)

where t* is the time where objects touch. As Fig. 11 shows, the dominant cause of force is high pressure within a “reservoir”
(red) whose volume is contracting approximately linearly in time. The resulting constant flow rate Q must exit through two
narrow channels whose width shrinks like d oc |t —t*|. Taking local coordinates where x is location along the narrow channel,
the Reynolds equation for channel flow [36, Sec. 22.1] is dp/dx = —12Q w/h(x)3, where h(x) is the local width. (See bottom
right panel of Fig. 11.) For a smooth curve, h(x) =d + cx? + 0 (x*) holds for small x, so that dp/dx is a “bump” function of
height 0(d—3) and width 0(d'/?). Thus integrating p on (—o0, c0) gives a pressure drop O (d~>/2), giving 8 =5/2 in (111).

We take the values of ug(t) for t € [0.4, 0.44], where the spatial solve is accurate and fieg(t) is in an asymptotic regime,
and apply nonlinear least squares to fit the parameters c, t* and B. The results are ¢ =2.187, t* = 0.458 and g = 2.431,
with a relative residual of 0.0004 and excellent agreement visible in Fig. 11. The g value is thus very close to the predicted
2.5.

Remark 27 (Single-contact jamming). The e blow-up observed above relied on a reservoir trapped by two contact points.
Another type of jamming is possible, with a single approaching contact point between two smooth surfaces. This situation is
known as viscous adhesion [36, Sec. 22.5]. By contrast, now the flow depends on location, Q (x) o x, and a similar asymptotic
analysis as above gives a pressure peak of 0(d—2), width 0(d'/?), thus the weaker power g = 3/2. (See bottom right panel
of Fig. 12.)

Example 5. An initial configuration giving single-contact jamming is as follows. The two star shapes are x(6) =
(r(@)cosb,r(@)sinh), where 6 € [0,27] and r(0) = 0.275(1 + 0.5cos(46)). We then shift them so that the first one is
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centered at (0.25, 0.25) and the second at (0.75, 0.75). The second star is then rotated counter-clockwise by 7 /4. We keep
other parameters unchanged and run the same simulation.

As Fig. 12 shows, jamming is observed for t ~ 0.47. We take the values of . (t) for t € [0.4,0.45], and as before fit the
parameters in (111), getting ¢ = 12.16, t* = 0.472, and B = 1.31, with a relative residual of 0.006. Thus the power law does
not match the predicted 8 = 1.5 as well as in Example 4, but is still quite close.

9. Conclusion

We have developed an integral equation based fast solver for the highly accurate simulation of a doubly-periodic suspen-
sion of arbitrary smooth rigid particles in a shearing Stokes flow. The effort per time-step scales linearly in the complexity
of the geometry. Our method combines a general framework for periodization which is robust and flexible, a Stokes FMM,
and a special quadrature rule for close to boundary targets. The latter gives spectral accuracy in the spatial (quasi-static)
solve. With reasonable sampling of each particle’s boundary, our method proves to be accurate even for particles separated
by distances as close as 10~* times the particle size. A first order explicit Euler method is adopted for time stepping, al-
though our formulation easily allows higher order time stepping. The solver models pure hydrodynamic interactions without
artificial repulsion between particles; we have found that, at least for ellipses at moderate volume fractions, that accurate
spatial solutions and small time steps mean that no collisions occur even after tens of shear times. With more complex
shapes chosen so that collisions occur in finite time, we demonstrate that a lubrication theory model correctly predicts the
numerical asymptotic power-law force blow-up.

The solver presented could find application in studying complex nonlinear rheology, the shape and volume fraction de-
pendence of effective viscosity, and transport/mixing statistics. It can trivially be generalized to time-varying shear rate to
study hysteretic or finite-frequency shear oscillation effects. It is also easy to include gravitational forces to study sedimen-
tation.

There are several challenges that we plan to address in future work. For guaranteed accuracy in the spatial solve at
closer distances, adaptivity (e.g. using panel-based discretization of the boundaries) would be needed [35,45]. Higher-order
time-stepping is essential to exploit, but it remains an issue to handle the apparent stiffness when two or more particles
come close to each other [31]. At higher volume fractions it appears that one cannot avoid including artificial repulsions
or collision-avoidance [29,47]. The generalization to three dimensions is relatively straightforward, via high-order surface
quadratures, or schemes for spheres [47], and will be reported at a later date.
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Appendix A. Proof of Theorem 9

We are given a smooth pair (w, r) which generates the discrepancy g via (44)-(47). We wish to prove existence of (v, q)
solving the EBVP (38)-(43). Let h:= uAw — Vr € (C®°())? and h := —V -w € C® ). Now associate I/ with the flat torus
T2 with the same lattice vectors, and notice that h and h, as functions on T2, are generally discontinuous but bounded,
hence in L2(T'?2). Then let (u, p) be a periodic solution pair to the inhomogeneous Stokes BVP on T?:

—uAu+Vp=h  inT? (A1)
V.-u=h inT?. (A.2)

Recall that the Stokes system is elliptic in the Douglis-Nirenberg sense (see, e.g., [42, Sec. 2.2.2]). The manifold T? has
no boundary, so ellipticity implies that the Stokes operator in this domain is Fredholm (e.g. [44, Theorem 8.53]). It is also
self-adjoint. Thus if (h, h) is orthogonal to the nullspace, a solution to (A.1)-(A.2) exists. That the nullspace is precisely the
span of the constant functions, hence is 3-dimensional, is a simple result proven in [2, Prop. 4.2]. Thus we need only show
that h and h defined above integrate to zero. We compute, using the divergence theorem for Stokes (69),
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/hzf(;mw—Vr)=/T<w,r)=/gz+/g4=o,
u u ou L D

by the consistency condition (48) on g. Similarly, using the usual divergence theorem,

/h:—/v-w:—/n-w:—/n-gl—/n-g3:0,
u u au

L D

by (49). Thus, (u, p) exists. Finally, let v=w+u, and g =r + p. Since the volume right-hand side terms cancel, it is easy to
check that (v, q) satisfies the EBVP (38)-(43).

By ellipticity of the Stokes system, since the driving (h,h) is C* in the interior U/, the same is true for the solution
(u, p), and hence, by smoothness of (w, r), also for (v,q). O

Appendix B. Proof of Theorem 12

We first show that g is consistent in the sense of (48)—(

/g2d5+/g4ds=/(_Tzear+T?ear )ds—i—/( Tnear Tgear_i_ﬁ)ds
L D L
= L/ds /ds+/T"e“rds
2|ey] 2leq|
L ou
=f-f=0.

/ ndS+/g3 nds_/(wnear near) nds+/( near wnear) nds

L D
/w“e”r ds—/w nds=0

We must now show that there is a (w,q) which generates the g given in (52)-(55). Since y is in the open set U/,
thus a nonzero distance from 94, there exists a mollifier ¥ € C*° (/) which is identically 1 in a neighborhood of 8/ but
identically zero in a neighborhood of y. Then the smooth functions w = yyw™ and q = ¥q™" generate (in the sense
of Theorem 9) the bracketed terms in (52)-(55). Smooth functions may then be added to w to generate the additional
f-dependent constant terms in g, and g4. To see this, for example, when the unit cell has height 1, one may check using
n; = (0, 1) that the smooth vector function w(x1, x) = (f1/2, f2/4)x%/u|e1 |, and g =0, generates g4 = f/2]e1| as needed

in (55). The term needed in g; may be similarly generated by rotating a similar function. Thus there is a (w, q) in C*® )
generating g. Finally, we apply Theorem 9. O
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