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ABSTRACT. We study degenerations of Grassmannians constructed using convex lattice configu-
rations in Bruhat-Tits buildings. Using techniques from quiver representations, we analyze their
special fibers, which are explicitly described as quiver Grassmannians. For a class of lattice con-
figurations, called the locally linearly independent configurations, we show that our construction
coincide with Mustafin degenerations, thus generalizing a result of Faltings. In such cases, our
analysis of special fibers also generalizes results of Cartwright et al. As an application, we prove

a smoothing criterion for limit linear series on arbitrary reducible nodal curves.
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1. INTRODUCTION

In this paper, we introduce a class of projective schemes called linked flag schemes (Definition
2.4). They are projective schemes representing some moduli functors defined using convex lat-
tice configurations in Bruhat-Tits buildings and produce flat degenerations in various situations.
The idea to consider such constructions dates back to Mustafin ([Mus78]) who, based on an ear-
lier work of Mumford ([Mum?72]), studied certain flat degenerations of projective spaces — now
known as Mustafin varieties (see [CHSW11]), in order to study non-archimedean uniformization
of higher-dimensional varieties. Following a result of Faltings’ ([Fal01]), Mustafin varieties are
special cases of linked flag schemes, and this description gives a moduli interpretation for them.
Much later on, Hébich ([H&b14]) generalizes the original definition of Mustafin in order to produce
flat degenerations of classical flag varieties. However, it was not known whether Faltings’ moduli
interpretation for Mustafin varieties generalizes to this generality. It is thus very natural for us to
study the problem from the opposite direction, i.e. if we consider schemes representing the natural
generalization of Faltings’ functors, when do they exhibit nice properties (eg. flatness, integrality,

Cohen-Macaulayness)?

The current paper focuses on a special case of linked flag schemes, namely linked Grassmannians,
which will be denoted by LG,.(T"), where r is the dimension of the subspace and I is a convex lattice

configuration. We restrict our base schemes to be spectra of discrete valuation rings.

Historically, Osserman first came up with the notion of linked Grassmannians in [Oss06], where
his main motivation was to provide a more functorial construction of the moduli of degenerations
of linear series on smooth projective curves, a.k.a. the moduli of limit linear series. Although
formulated differently, Osserman’s linked Grassmannians are relative quiver Grassmannians over
a base scheme, which is allowed to be an arbitrary integral, Cohen-Macaulay scheme, with respect
to some desired ambient representations of the double quiver of a type-A,, quiver. Later in [Oss14],
Osserman generalized this notion by allowing arbitrary underlying connected quivers, and called
the new objects pre-linked Grassmannian. However, unlike in the original version, these objects are
less well-behaved in general; for example, they are not always flat over the base.! Throughout this
paper, we shall refer to Osserman’s original definition of linked Grassmannian as Osserman’s linked
Grassmannian; the terminology pre-linked Grassmannian will also be reserved for Osserman’s

construction to avoid confusion.

Inspired by an earlier work of Hahn and Li ([HL20]), which connects the study of Osserman’s
linked Grassmannian with classical Mustafin varieties and local models of Shimura varieties, our
current formulation of linked Grassmannians has a couple of advantages. First of all, one may
apply ingredients in Bruhat-Tits theory and tropical geometry to talk about structures which are
otherwise harder to describe. Secondly, it shows a natural connection with quiver representations
and thus allows for new techniques which weren’t considered by Osserman or Hahn and Li. More
precisely, for each convex lattice configuration T', the special fiber LG,.(T")¢ of the linked Grass-
mannian LG, (') is a quiver Grassmannian associated to a finite quiver (Q(T"), Jr) with relations

induced from I', which parametrizes subrepresentations of a representation Mr of (Q(T'), Jr). This

1Tt is also not known how to impose further restrictions on the ambient representations so that the resulting pre-
linked Grassmannians become flat.



Degenerations of Grassmannians via lattice configurations 3

allows us to translate many problems about the geometry of LG,.(T")o into constructing or classi-
fying subrepresentations of Mr, eventually generalizing various results in the literature. Our main
theorem is the following:

Theorem 1.1 (Proposition 3.7, Theorem 3.8, 3.12). Let I' be a locally linearly independent lattice
configuration (Definition 2.17). We obtain a stratification of LG.(T')o indexed by subrepresenta-
tions of Mt (which we completely classify). We describe concretely the closure of each stratum,
and hence classify the irreducible components of LG, (T)g.

As a result, we show that LG, (T') is Cohen-Macaulay, integral, and flat over the base with

reduced fibers. In particular, it coincides with the Mustafin degeneration.

Our theorem generalizes Faltings’ moduli interpretation for classical Mustafin varieties to a
larger class of Mustafin degenerations. Moreover, our stratification of the special fiber and classifi-
cation of its irreducible components extends the corresponding results in [CHSW11] for r = 1. As
a byproduct, we also obtained a classification of the irreducible components of Osserman’s linked
Grassmannian over an algebraically closed field (3.10), thus answering an open question in [Oss06].
As already pointed out by Hahn and Li ([HL20, §2.6]), the standard local model of Shimura varieties
in [G6r01] can be interpreted as linked Grassmannians for some specific convex lattice configura-
tions, which are in general not locally linearly independent. In [Go6r01], Gortz showed that such
linked Grassmannians are flat over the base, with reduced fibers, and the irreducible components
are normal with rational singularities. Although considering different lattice configurations and
proved using distinct methods, our main theorem above can be seen as analogous to the main

results of loc.cit.

Besides the theoretical interest of its own right, our construction has direct application to the
study of limit linear series. The theory of limit linear series was invented by Eisenbud and Harris
[EH86] to prove several results in Brill-Noether theory, while providing a simplified proof of the
celebrated Brill-Noether Theorem. It turns out to be a powerful tool for studying the geometry
of algebraic curves. For example, Eisenbud and Harris used it to establish the birational type of
moduli spaces of curves M, (g > 24) ([HM82, EH87]). It was originally defined for curves of
compact type, i.e. curves whose dual graph is a tree, and later generalized by Osserman ([Oss19b])
to all nodal curves. Just as the moduli of linear series on a smooth projective curve are closed
subschemes of Grassmannians, the construction of moduli of Osserman-style limit linear series
involves linked Grassmannians. More precisely, Osserman defines auxiliary objects called linked
linear series ([Oss14]), whose moduli schemes we now know are (DVR-locally) closed subschemes
of linked Grassmannians (Theorem 1.2) and admit natural forgetful maps to moduli of limit linear

series.

The classic smoothing theorem of Eisenbud and Harris (Theorem 3.4, [EH86]) states that if the
moduli space of limit linear series on a compact-type curve is dimensionally proper, then every
limit linear series can be realized as the limit of linear series on nearby smooth curves. This was
later extended by Osserman using his theory of linked Grassmannian, to curves of pseudo-compact

type, i.e. curves whose dual graphs contain no cycle of length at least 3.
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However, to generalize Osserman’s result to other non-compact type curves, one has to con-
sider more general linked Grassmannians. Very often, knowing the geometric properties (e.g.

irreducibility) of the involved linked Grassmannians is crucial. In that regard, we have?:

Theorem 1.2 (Proposition 4.15, Theorem 4.17). For an arbitrary nodal curve, the moduli of
linked linear series is a closed subscheme of a scheme projective over the base which is DV R-locally
a linked Grassmannian associated to a conver lattice configuration.

Moreover, when the aforementioned linked Grassmannians satisfy certain conditions, (e.g. when
they are all locally linearly independent as in Theorem 1.1), and the moduli of limit linear series

has correct dimension, all the limit linear series smooth out.

It is worth-mentioning that linked linear series have proved to be useful in studying more
difficult question in Brill-Noether theory, such as the strong maximal rank conjecture (see [AF11]).
In [LOTiIBZ18], it played an essential role in verifying the conjecture in certain cases which are
recently shown to imply that the moduli spaces of curves Msys and Moz are of general type
([FJP20]). Since the study of linked linear series is very closely related to the study of linked
Grassmannians, it provides extra motivation for further development of the current project.

On the other hand, recently the authors (joint with E. Cotterill) constructed the moduli of
inclusion of limit linear series ([CHZ20]), which roughly considers degenerations of two-term flags
of linear series on curves where the sub-series has fixed amount of base-points. (Equivalently,
they can be seen as linear series on curves, whose images are exceptional with respect to their
secant planes.) The notion of linked chains of flags naturally arose in the main construction of
loc. cit. We believe that an in-depth study of (two-term) linked flag schemes will both simplify
and generalize the existing constructions.

In another related direction, our theory also provide potential tools for lifting divisors on the
graph G associated to a regular smoothing family X (Definition 4.13) to divisors on the generic
fiber X, of the same rank. More precisely, this can be achieved by showing that the moduli space
of limit linear series has expected dimension ([Oss16, Liul8, Hel8al), lifting the divisor on G to
a limit linear series on the special fiber Xy, and applying the corresponding smoothing theorem
of limit linear series. A similar approach can be found in [Hel9, §5]. See also [BJ16, §10] for a
survey on this problem, and [Hel8b] for results of lifting divisors while preserving both the rank
and ramifications. We expect to extend the lifting results to graphs G beyond those mentioned in

[BJ16] by applying our new smoothing criterion.

Roadmap. The plan for the remainder of this paper is as follows. In Section 2 we first give
the functor of points (2.2) of the linked Grassmannian LG, (I') over a DVR associated to any
finite convex lattice configuration ' (the notion also generalizes to linked flag schemes). We then
establish the quiver representation-theoretic foundation for analyzing the topology and geometry
of LG, (T"). More concretely, we associate to I" a finite quiver with relation (Q(T"), Jr) (2.7, 2.9) and
describe its bound quiver algebra Ar (2.15). Moreover, we obtain a representation Mr of Ar (2.10,
2.12, 2.15), encoding the topology and geometry of the special fiber of LG,.(I'). The definition of

locally linearly independent configurations is given in 2.17. We conclude Section 2 with motivating

2For technical precision, see Section 4.1.
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examples including Osserman’s linked Grassmannian (2.3.1), the standard local model of certain

Shimura varieties (2.3.2) and the construction of moduli of limit linear series (2.3.3).

In Section 3, we prove that when T' is locally linearly independent, LG,.(T') is integral, flat
over the base, and Cohen-Macaulay with reduced fibers (3.12). As a result, it coincides with
the Mustafin degeneration M,.(T"), for which the Cohen Macaulayness and reducedness of the
special fiber was unknown. The main effort was devoted to proving the irreducibility, which
involves classifying subrepresentations of Mr (3.1, 3.2), as well as the description of the irreducible
components of the special fiber LG,.(T')g and their general points (3.8). As a byproduct, we give
a concrete stratification of LG, (') (3.8), and provide a way to calculate the dimensions of the
strata using standard techniques from quiver representations (3.5, 3.6). The proof of the rest of

our main theorem is by a similar argument as in the case of Osserman’s linked Grassmannian
([HOO08]).

In Section 4, we establish a smoothing criterion for limit linear series on arbitrary reducible
nodal curves (4.17). This is done in the following way: the moduli scheme G of such limit linear
series on a family of curves is known to be a determinantal locus inside a particular projective
scheme G2. Since the data of multidegrees of a limit linear series give a tropically convex set
(4.11), G? admits a natural morphism 7 from a projective scheme which is DVR-locally a linked
Grassmannian (4.15). When 7 is surjective and those linked Grassmannians are all irreducible, one
can conclude that G has relative dimension no less than expected over the base of the family, and
hence conclude the smoothing theorem as classically stated. We end by giving two examples (4.4.1,
4.4.2) where the surjectivity and irreducibility are verified to show the validity of our smoothing

criterion, the second of which considers curves not of pseudo-compact type.

After the appearance of the first version of the paper on arxiv, we were kindly informed by
Ulrich Gortz that the equational description of Mustafin degenerations we cited from [H&b14] is
flawed. This called for a significant re-writing of the paper, which led to the present version. We
find it helpful to include Gortz’s counterexample to the aforementioned description so that the

curious readers may be aware of the issue.

Notations and conventions.

Notation 1.3. Throughout the paper, x will always be an algebraically closed field, R will always
be a discrete valuation ring with residue field £ and fraction field K, and 7 will always be a
uniformizer of R. We do not assume & is of characteristic zero unless otherwise stated. In Section

4, we will assume R to be also complete, but we do not make extra assumption on R elsewhere.

Notation 1.4. We use V to denote a d dimensional vector space over K. We denote B, for
the Bruhat-Tits building associated to PGL(V') ([ABO0S, §6.9]. See also [CHSW11, §2].). We also
denote %3 to be the set of homothety classes of lattices in V.3

Notation 1.5. For a graph G, we denote by V(G) and E(G) the set of vertices and edges of G,
respectively. If £ is a path (e.g. a directed edge) in G, we denote s(¢), t(¢) for its source and target
respectively. By a cycle we mean a path ¢ such that s(¢) = t(¢) is the only repeating vertex.

3Recall that the affine building for PGL,, is also the affine building for SLy,.
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Notation 1.6. Let n be any positive integer. We denote n to be the dimension vector (n,...,n)

of representations of a given quiver ). We denote by [n] the set {1,...,n}.

Convention on quiver representations. We refer the readers to [ASS06] for basic theory of
quiver representations. Throughout the paper, quiver Grassmannians are defined over k. Assume
that we are given a representation M of a quiver Q = (Qo, Q1) with the data (f¢)seq, of linear
maps between the underlying vector spaces (M;);cq,. A subrepresentation of M is represented by
a tuple of vector spaces (U;)ieq, such that U; C M; and fo(Us)) C Uy, V2 € Q1. For a path
0 =4,---f; in Q where {; € Q1 we denote fy the compositions of all fy,.

Convention on the path algebra. Let @ be the path algebra of a quiver @ = (Qo, Q1). We
adopt the right-to-left convention when describing multiplication in «Q: let 1,5 be two paths
in Q. {5 -/, will be the element in k@ corresponding to the concatenation of the two paths
if t(¢1) = s(f2), and 0 otherwise. Note that this is opposite to the convention in [ASS06]. In
particular, our path algebra x(Q is the opposite ring of the corresponding definition in loc. cit., and
therefore when citing results thereof, “right modules” are replaced by “left modules”. We adopt
this convention in consistency with our convention for composition of morphisms. Moreover, we
shall denote €; for the idempotent element corresponding to a vertex i € Qy and Rg to be the ideal
of kQ generated by all the elements in @1, i.e. the arrow ideal of KQ (J[ASS06, Definition II1.1.9]).

Acknowledgement. The authors would like to thank Brian Osserman for useful conversations on
the subject of the current paper as well as tireless instructions during their PhD studies. Special
thanks to Ulrich Goértz for pointing out a mistake in a cited result in the first version of this
paper and providing us with a counter-example to that result (see Appendix A) as well as useful
suggestions via personal correspondence. We would also like to thank the anonymous referees,
whose suggestions both helped improve the quality of exposition and pointed us to a related

research article which we were previously unaware of.

2. LINKED GRASSMANNIAN: DEFINITION AND BASIC PROPERTIES

In this section, we start by giving the general definition of a linked flag scheme via the moduli
functor it represents. Afterwards and throughout the rest of the paper, we shall focus on the
special case of linked Grassmannians, and mostly on the cases corresponding to locally linearly
independent lattice configurations (Definition 2.17). This section also contains the representation-

theoretic preliminaries needed in the rest of the paper.

2.1. Definition and basic properties. Recall that R is a discrete valuation ring with fraction
field K and algebraically closed residue field k. Fix a uniformizer m of R. Let V be a vector
space of dimension d over K. Let I' = {[L;]}ser C BY be a convex collection of homothety classes
of lattices in V. This means that for any two lattices Ly, Lo such that [L;],[Ls] € T, we have
[LiNLy] €T. Let d = (dy,...,dp,) where 0 < d,,, < --- < dy < d are positive integers.

Notation 2.1. Fix a set of representatives {L;};c; of I. For each pair (i,7) € I? let n;; be
the minimal integer such that 7" L; C L;. Denote by F;; the map from L; to L; induced by
multiplying with 7. For each i,j € I denote L; = L;/wL; and fije L, — fj the map induced
by Fi ;.
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Definition 2.2. Let LF4(T") be the functor on R-schemes 7" such that a T-valued point of LF4(T")
is a collection of rank-d subbundles &™ < --- < & of L; ® Or, one for each i € I, such that for
each possible inclusion 7%: L, < L; where k € Z, the induced morphism L, ® O — Ly @ Op
maps &7 to éz’b] for all j. If m = 1, we denote the functor by £G4, (I") instead.

Proposition 2.3. The functor LF 4(T") is represented by a scheme LFq(I") projective over R which

is independent of the choice of representatives L;.
Proof. Let Flag,(L;) be the flag scheme of L; over Spec(R) with universal flag
Elm SR 51-1 0, =L;® OFlagd(Li)'

Then LFy(I') is the closed subscheme of the R-fiber product ;¢ Flag,(Li) which is the intersec-

tion of the vanishing loci of the composition of the morphisms
. FI i .
551 — O'Ll L= Oiz — Oi2 /552

for all 1 < j < m and (i1,iz) € I2. Hence LF4(T) is projective. Moreover, scaling L; gives an
isomorphism between LF4(I')s with respect to different choices of representatives of lattice classes
inT. ([l

Definition 2.4. We shall call LF;(T") the linked flag scheme of index d associated to I'. We shall

call it a linked Grassmannian and denote by LG4, (I') whenever m = 1.

By definition, LFy(T') is a closed subscheme of the R-fibered product [];c; Flag,(L;) whose
generic fiber is the “diagonal” Flag,(V'). A closely related notion is the Mustafin degenerations
introduced by Héabich [Héb14], which generalizes the notion of Mustafin varieties ([Mus78]) and

provides flat degenerations of flag varieties.

Definition 2.5. [Hib14, Definition 2.1]* The Mustafin degeneration associated to I' is the scheme
theoretic image of the natural morphism Flag,(V)) — [];c; Flagy(L;), where the product on the
right is fibered over R. We shall denote it by My(T") in general and My, (I') when m = 1.

Note that Mustafin varieties are just the special case of Mustafin degenerations where m =
di = 1. By construction, we have a natural inclusion ¢ : My(I") — LF4(T") realizing the Mustafin
degeneration as a closed subscheme of the corresponding linked flag scheme. When m = d; = 1, it
is the well-known that ¢ is an isomorphism (cf. [HL20]), and this is proved by Faltings [FalO1, §5]:

Theorem 2.6. We have LG1(T") = M;(T") as schemes.

From now on, we shall focus on the case m = 1, i.e., linked Grassmannians, and replace d; with
r. We shall see that for certain class of I, ¢ is also an isomorphism of schemes in this case (Section
3). In order to do so, we will first analyze the topology of the special fiber LG, (T')g of LG,.(T)
via the technique of quiver representations. The latter turns out to be useful, because one can
naturally associate a quiver with relations to any convex collection of homothety classes of lattices.
Following Notation 2.1, we define the T-weight of a sequence (i1, ...,is) in I to be ZZ: Niginsr -
We will simply call it the weight if the context is clear.

41n [Hab14] the author gave an “equational description” of the Mustafin degenerations below Definition 2.1. This
is not necessarily true due to a counter-example provided to us by Ulrich Géertz. See Appendix A.
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Definition 2.7. Following Notation 2.1, the quiver associated to a convex configuration I' is
defined to be a pair (Q(T"), Jr), where Q(T") is a finite quiver and Jr is an ideal of KQ(T') such that

e Let Q(I') = (Q(I')), Q(T)}) be the quiver such that Q(T')y = I and Q(T'); = {(4,5) € I?* |
i # j}, where (i, j) represents an arrow with source ¢ and target j. Then, Q(T") is obtained
from Q(T")" by removing all arrows (i, j) such that there exists a path i = i1,14a,...,4s = j
with length at least 2 in Q'(T") that has the same weight as (i, 5).

e Jr is the two-sided ideal of kKQ(T") generated by all paths (i1, ...,is) which fail to obtain
the minimal weight among all paths with same head and tail, together with the differences

of any two paths with same head and tail obtaining the minimal weight.

Remark 2.8. See Figure 1 for examples of quivers associated to convex lattice configurations.
Intuitively, one can think of the arrow (¢,7) in Q(T')" as indicating the injection F; ;: L; — L;. In
this way, Definition 2.7 can be seen as removing from Q(T")’ such inclusions that can be realized

as a composition of two or more other such inclusions.

Lemma 2.9. (Q(T'), Jr) is independent of the choices of representatives for lattice classes in T.

Moreover, Jr is an admissible ideal of kQ(T).

Proof. First, we check that (Q(T), Jr) is independent of the choice of representatives. It suffices
to check that changing L; with #*L; does not change the definition: this change has the effect
of changing the weight of any path starting and not ending (resp. ending and not starting) at

" is made based on

i€l =0Q[)y by —a (resp. by a). Since the removal of arrows from Q(T")
weight comparison between paths with same head and tail, Q(T") is unaltered under a change of
representatives. Same can be said for the definition of Jp.

Next, the weight w along an oriented cycle with source L; is strictly positive, since 7 L; C L;
and the vertices correspond to non-homothetic lattices. It follows that Jr contains all paths
containing an oriented cycle. On the other hand, since there are only |I] vertices in Q(T"), any path
consisting of at least || arrows must contain an oriented cycle, hence is in Jr. In other words,
Rg‘(r) C Jr, where Rg(ry represents the arrow ideal. It is clear that Jp C Ré(r), because by the
definition of Q(T"), any arrow from 4 to j in Q(T') is the unique path in Q(T") between these two
vertices obtaining the minimal weight (hence not contained in Jr) and there are no loops in Q(T").
Thus, Ry € Jr C RY,. O

Consider all f; ;’s as in Notation 2.1 such that (¢,j) € Q(I')1. This gives a representation of
Q(T) over k of dimension d enjoying special relations. This is the motivation behind the definition

of Jr and is summarized in the next two propositions.

Proposition 2.10. The maps f;; induce a representation Mr of Q(T') of dimension d. The

underlying vector spaces of Mr are (L;);cqry,. Furthermore, the set of closed points of LG.,.(I")g

is identified with the set of subrepresentations of My of dimension r.
Proof. Follows directly from construction. O

When verifying properties of M, including that it is a representation of (Q(T'), Jr), the convex-

ity of I plays an important role. In particular, one can take the convex hull of any two elements:



Degenerations of Grassmannians via lattice configurations 9

Lemma 2.11. Let {[Lo], ..., [La]} C T be the convex hull of [Lo] and [Ly] such that [L;] is adjacent
to [Lit1]. Then

(1) fo.a = fa—1,a0 -0 fo1 and foo = f1,00 -0 faa—1, in other words, ng, = 32070 niit1

and a0 = 3070 Miy1i;
(2) ker fiit1 =Imfiy1,; and ker fiy1, =Imf; ;41 for 0 <i<a—1;
(3) ker fi,i-l—l N ker fi,'i—l =0 fOT’ 1 < ) <a-— 1.

Proof. Up to a suitable choice of basis of V' and scaling the representatives, we may assume that
L, = span{ey,...,eq} and Ly = span{n®ey,...,m%ey} where a = a3 > -+ > aqg = 0. Moreover,
L; = span{m®ie;}1<;<q and a; ; = max(a; —¢,0) for 0 < i < a.

It follows that ng o = 140 = @ and n; ;41 = n41,; = 1 for 0 < ¢ < n — 1, this gives (1). On the
other hand, straightforward calculation shows that, for all possible i,

fit1,i(Liz1) = span{m®ie;la; > i} and fi_1;(Li—1) = span{m®ie;|a; < i}.
Hence
ker fiy1,; = span{m%i+iie;la; < i} and ker f;_1,; = span{n®i-tie;|a; > i}.

This gives (2) and (3). O

Proposition 2.12. Let Mr be as in Proposition 2.10. We have
(1) Foranyi,j € Q(I")o := I, there exists a path £ in Q(I') such that f; = fi ;;
(2) for any two paths 1, b in Q(T) such that s(£1) = s(f2), t({1) = t(l3) and fo, # 0 for both
i, we have fo, = fo,;
(3) for any non-trivial path £ in Q(T')" not of minimal weight (e.g. a cycle), we have f; = 0;
(4) if £ € Q(I)1, then [Lyp] is adjacent to [Lyy).
In particular, My is a representation of (Q(T), Jr).

Proof. (1) Take a longest path £ = (i, ..., is) in Q'(T") with the same source, tail and weight as the
arrow (i,j). Then fy: Ly — L; is induced by F;__,; o---oF; ;. = F; ;. Hence f; = f; ;. Note
that the weight of (7, ) is the minimal among all paths from ¢ to j. It follows that all arrows in £
are preserved in Q(T).

(2) Clearly, fo, = fs1),0060) = Fs(ea),t(t2) = fea-

(3) Again, let £ = (i1,...,45). Then F; _, ;. 0---oF; ;,(L;) C7F;, ;. (Liy) C wL;,. Thus fp = 0.

(4) According to Lemma 2.11 (1), the convex hull of Ly and Ly gives a path in Q'(T") with
the same weight as £. Since ¢ has length one and ¢ € Q(T");, the path given by the convex hull
must also have length one. Therefore, [L,)] is adjacent to [Ly)]. a

Remark 2.13. Proposition 2.10 and 2.12 almost imply that LG,.(T')o is a pre-linked Grassmannian
over £ in the sense of [Ossl4, Definition A.1.2], except potentially in the case where there exist
minimal paths ¢; and {5 in Q(T') with same heads and tails such that f,, = 0 while f,, # 0. We

will see later (in Remark 2.19) that LG, (I")g is a pre-linked Grassmannian at least for certain I's.

The importance of the above proposition lies within the fact that the bound quiver algebra of
(Qr, Jr) is a finite-dimensional s-algebra. In particular, its finitely-generated modules are com-

pletely decomposable, i.e. they can be decomposed into a direct sum of indecomposable modules
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in a unique way ([ASS06, Theorem 1.4.10]). Moreover, we get a complete list of indecomposable
projective modules: let Ar = kQ(T")/Jr and let ¢; be the idempotent element corresponding to
1€ Q(T)p. We have

Lemma 2.14. [ASS06, Lemma 1.5.3(b), Corollary II1.2.12] Ar (as a left Ar-module) admits a
decomposition of the form Ar = @;cqr), i, where each P; := Ar - € is a projective inde-
composable Ar-module. Moreover, each P; corresponds to the dimension-1 representation (e; -

Py, fr)jeqmoccq), of (Q(T),Jr), and every projective Ar-module is a direct sum of such P;’s.

Proof. Only the last part requires justification. Using the standard equivalence between modules
of bound quiver algebras and quiver representations F' : ModAr — Rep, (Q(T"),Jr) ( [ASSO06,
Theorem I11.1.6] ), F'(P;) = (¢; - Py, fo) jeq(r)o,teqQ(r),» Where fy(v) = £-v. By definition, ¢; - P; is
the vector space spanned by residue classes (mod Jr) of paths from ¢ to j. By the definition of Jr,
this vector space is 1-dimensional. O

Hereafter, we shall always use {P; | i € Q(I')o} to denote the complete set of indecomposable
projective representations of (Q(T), Jr). Note that for each j € Q(T")o, the vector space of P; on
7 is the image of the vector space of P; on 1.

Proposition 2.15. Ar satisfies the following properties:

(1) dim, Ar = |I|> and can be presented as @D jco), - li,j, where l; j are defined as follows:
when © = j, {; j = €; when i # j, we fir a choice of a path ¢; ; in Q(I') from i to j such
that the induced linear map L; — L; along that path is non-zero.

(2) The algebra structure of Ar is determined by the following rule: £y ;- £; » = 0 if and only
if Uiy = Uiiv - i i, where k is the index in I such that [Ly) = [Fy ;(Ly) NwL;] is the point
in the convex hull of {[Ly],[L;]} that is adjacent to [Ly].

(3) Let Mt be as in Proposition 2.10. It corresponds to a projective Ar-module if and only if
elements in ' belong to one apartment in B,.

Proof. (1) The dimension statement follows directly from the decomposition in Lemma 2.14 and
the fact I = Q(I')o. The presentation of Ar follows as one can take ¢; ; to be a basis of ¢; - P;.

(2) Notice that the existence of such a vertex k follows from the convexity of I'. By Lemma
2.11 (1), £y j = Ly - L i, thus the “if” part is clear. The “only if” part reduces to showing
that £y - ;1 # 0, provided that ¢ ;- ¢; » = 0. Suppose F; , = n%, Fy i = 7 and F; = 7°.
We just need to check a + b = c¢. Further set Fjy; = 7' and without loss of generality take
Ly = Fi/’j(Lil) n 7TLj = 7TtLi/ M 7TLj.

Since ¢y j - £; v = 0, we have 7°*'L; C wL;. Also, 7°*'L; C ©'L;/, hence 7“**L; C Lj. On
the other hand, 7“~'L; ¢ L, hence 7“™*~1L;, ¢ Lj and F;; = n°". It then further reduces
to showing b = —t. First of all, 7¢Ly C L; by construction, hence b < —t. Secondly, since
ntLy C Lj, we have Ly, = n'Ly NwL; D w1 L;. Therefore, Ly C 7'~ 'Ly and b > —t — 1. Thus
b= —t.

(3) Assume first that T' is contained in an apartment and choose representatives such that

L, = <7Tai’161, ...,Wai’d6d>7ai7j €7, Vie Q(F)O = 1.
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Let ¢;: L; — L; be the quotient map, and denote V5 = qi(m%ie;) € L;. We claim that, for every
1 < j < d, there exists exactly one i; such that v;; ; € fij is non-zero and the representation
Rj = (k- fi; x(vi; j))keq(r), is isomorphic to P;; (hence also to (k - vk j)keQ(r),)-

Let i; € Q(I')o be an index such that fi; (vk;) = 0 for all k& # 7;. Such index must exist,
otherwise for every n € Q(I") one can find n’ # n such that f, ,(vn ;) = vy, ;. Consequently, one
gets an infinite sequence ny,ng, ... such that f,, . n, (Un,.,.5) = n,.; # 0. This would violate (3)
in Proposition 2.12. It remains to show that f;, x(vi; ;) 7# 0 for all k& # i;. Let [Ly] be the point in
the convex hull of [L;;] and [Lg] that is adjacent to [L;;]. Since fs ;;(vn ;) = 0, by Lemma 2.11 (2),
Up,; is in the image of f;, . Hence we must have f;, n(v;; ;) = vn,; # 0. It follows from Lemma 2.11
(3) that fi; x(vi; ;) # 0, and hence f;, x(vi;.;) = vk j. Thus, L, = span{ fi, x(vi; ;) | 7 = 1,...,d}
for all k and Mr = @7_, R; =2 PI_, P;,.

Conversely, suppose M = @?21 P;, is projective. Fix e; € L;; such that v; := ¢;,(e;) € fij
generates the direct summand P;;. By Nakayama’s Lemma, Ly = span{f;, x(v;) | j = 1,...,d}
implies L = span(F;, x(e1), ..., Fi, x(eq)) = span{n™irey, ..., m"a*eq) (Notation 2.1). In other
words I' is contained in one apartment. This completes the proof. ([l

Remark 2.16. We will prove in Section 3 that if I' is a locally linearly independent configuration

(Definition 2.17), Mr is projective and hence I lies within one apartment of B4 (Proposition 3.2).

2.2. Local linear independence. In this subsection we introduce a special kind of configura-
tion T' in %3, namely the locally linearly independent configurations. It turns out not only are
the corresponding quivers Q(T") relatively simple, but also the subrepresentations of Mr can be
completely classified (see Section 3).

Definition 2.17. Let I' = {[L;]}ics be a convex collection of lattice classes. We say that T' is
locally linearly independent at [Lo)] € T if, letting {[L;]}icr c1 be the set of lattice classes in I' that
are adjacent to [Lo], then the spaces {f; 0(L;) = ker fo;}icrs are linearly independent in Ly. We

say that I' is locally linearly independent if it is so at all points.

We say a graph G is a double tree if it is obtained from a tree T by adding one edge between
each pair of adjacent vertices. We call T the associated tree of G.

Lemma 2.18. Let I' = {[L;]}ier be a locally linearly independent configuration. Then
(1) for any i, j, the arrow (i,j) is in Q(I')1 if and only if [L;] is adjacent to [L;];
(2) the underlying (un-directed) graph G of Q(T') is a double tree;
(3) let T be the tree associated to G. For any i,j7 € Q(I')o considered as vertices of T, let
i =11,...,0s = j be the minimal path in T from i to j. Then the convex hull of {[L,], [L;]}
is {[Li, ) hi<i<s, and fij = fi, i, 00 firins
(4) If[L] € T corresponds to a leaf of T, then T\[L] is still a locally linearly independent convex

configuration.

Proof. (1) By Proposition 2.12 (4), it remains to show the “if” part. Suppose now (i,7) € Q(I');1.
Then, by Proposition 2.12 (1), we must have f; ; = f;,_, ., 0---0 fi, i, where iy =4,...,is = j
is a path in Q(I'); and s > 3. Since f;; # 0, by Proposition 2.12 (3), [L;, ,] # [L;]. Since
[L;, ] is adjacent to [L;], and f; ;(L;) C fi._,.j(Li. ), [Li] is not adjacent to [L;] by local linear
independence at [L;].
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(2) According to part (1), it suffices to show that there is no cycle in G with length > 3.
Suppose (i1, -..,1s,%1) is a cycle in G with s > 3. By local linear independence and induction,
we have f;, | i 0---0 fi i, # 0, hence f; i, = fi;_,i; 00 fi,q, for all 1 < j < s. Indeed, if
fi;_1i; ©--0 fiy iy = 0, then by the inductive hypothesis and Proposition 2.15 (2) we have

fi1,i_7’—1 = fij—Zyij—l OO fi17i2 = fij,i_;’—l o filyij'

This contradicts the local linear independence at [L;,_,]. Now setting j = s we have f; ;, =
fis_1is © firin_,- This again contradicts with the local linear independence at [L].

(3) According to (1), the convex hull gives a path in T (and also in Q(T")) from 4 to j. Since
T is a tree, this path must be the same as i1, ..., 75, which proves the first part. The expression of
fi,; follows from Proposition 2.12 (1) since there is only one path in Q(I') from ¢ to j.

(4) We only need to check that T'\[L] is convex, which follows directly from (3). O

Remark 2.19. Suppose I is locally linearly independent. For [L;],[Ls] € T', by Lemma 2.18 there
is exactly one minimal path ¢ in Q(T') from [L;] to [Ls], hence f; = f12 # 0. By Remark 2.13,
LF,.(T)g is a pre-linked Grassmannian. Note also that in this case the projective subrepresentations

of Mr corresponds to simple points of LF,.(T")g in the sense of Osserman ([Oss14, Definition A.1.4]).

Example 2.20. We give a few examples of locally linearly independent configurations. See also
Figure 1 for their associated quiver.

(1) We say that I' is a convez chain if it is the convex hull in BY of two lattice classes. A convex
chain is a locally linearly independent configuration by Lemma 2.11.

(2) We say that I' = {[L;]}ier is a star-shaped configuration if there is an ig € I such that
L;, = span{ey, ...,eq} and there exists disjoint subsets J; C {1, ...,d} such that

L; = span{n“ejle; = —11if j € J; and €; = 0 otherwise.} V i € I\{iop}.

A star-shaped configuration is locally linearly independent: it is straightforward to verify that
[L;] is only adjacent to [L;,] and fi,, (L;) = ker f;,.; = span(€;);es, for i € I\{io}.

(3) One can check that for any tree T, there is a locally linearly independent configuration
I' c BY whose associated tree as in Lemma 2.18 is exactly 7. Indeed, let V(T) be the set of
vertices of T" and d = |V(T)|. Pick a basis {e, },ev () of V. For u,v € V(T') denote by p, . the
minimal path in 7' connecting v and v. Fix a root ug of T', and denote by a,, the number of
edges in Py .y, NPuw. Let L, CV be the lattice generated by {n®*ve,},. Then the configuration
I' = {[Lu]}uev(r) is convex and locally linearly independent, and its associated tree is naturally
identified with T'. This follows from the fact that for any u, v, the convex hull of [L,] and [L,] is
the set of all [L,,] such that w is a vertex in p,, ,. We leave the details to the reader.
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¢ 40
61,0 la1 gnm_l Zox 0 fn,o
0 e ° o—-——-0e =————e 2% o<—€ =e 7
lor 1 bl 2 n—1 t-1n / fon

FIGURE 1. The quiver associated to a convex chain (left) and a star-shaped con-
figuration (right). The extra relations in the path algebra of the left quiver are
given by ¢; ;11 - 4iy1,, =0 for 0 < i < n — 1, while the extra relations of the right
quiver are given by £; - {p; =0 for 1 <i <n.

2.3. Examples of linked Grassmannians. In this part, we show some examples of linked Grass-
mannians, which motivate the study of the subject. These include Osserman’s linked Grassman-
nians, standard local models of Shimura varieties of PEL-type and moduli of linked linear series.

We continue using R, 7, K as before.

2.3.1. Osserman’s linked Grassmannian. We recall Osserman’s notion of linked Grassmannian,
which was first introduced in [Oss06] for the construction of a moduli scheme of limit linear series
on reducible nodal curves. To have a better comparison with our notion of linked Grassmannian,

we also adopt the notion of linked chain from [MO16].

Definition 2.21. Let S be an integral and Cohen-Macaulay scheme, Fj, ..., E,, be vector bundles
on S, each of rank d. Suppose we are given g; : E; — E;11 and h; : E;y1 — E; for 1 <i<n—1.
(1) (MO16, 1.1]) Let s € Og, we say that E = (E,) is an s-linked chain on S if:
(i) gioh; = h;og; = s-1id, for all i.
(ii) The closed subscheme of S where rank(g;) + rank(h;) < d is empty.
(iii) The subschemes of S where rank(g;) > rank(g;11 © g;) and where rank(h;+1) > rank(h; o
hiy1) are both empty.
(2) ([Oss06, A.2-A.4]) Fix r < d. Let E be an s-linked chain. Let OLG,(E) be the functor
associating to each S-scheme T' the set of subbundles V1, ..., V,, of Ey 1, ..., E, 1 of rank r satisfying
9,7 (Vi) C Vigq and hy p(Vi11) C V; for all i. It is represented by a scheme OLG, (E) projective

over S, which we call an Osserman’s linked Grassmannian over S.

Proposition 2.22. (1) An Osserman’s linked Grassmannian associated to a m-linked chain on
Spec(R) is a linked Grassmannian associated to a convex chain in B and vice versa. (2) An
Osserman’s linked Grassmannian associated to a 0-linked chain on Spec(k) is the special fiber of a

linked Grassmannian associated to a convex chain in BY and vice versa.

Proof. (1) Given a 7-linked chain E on Spec(R) as in Definition 2.21, we may assume that none of
the g;’s or h;’s is an isomorphism. Then mapping all F; to F gives an identification of E; with a
lattice in By ® K. More precisely, denote L; = hy o---0h;_1(F;) C E1 C F1 ® K, then condition
(i) implies that 7L; C L;41 C L;. We claim that I' = {[L;]}1<i<n is the convex hull of [L;] and
[L,]. Indeed, for each i, we have L; C Ly N7~ 'L;yq. Ifu € LyNa~1L; 11 is a vector that does not
lie in L;, then mu € L;11 C L;. Tt follows that h;(mu) # 0 and hy o - -- o h;(wu) = 0 over the closed
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point of Spec(R), which contradicts condition (iii). Hence L; = Ly N7 1L;;1, which implies the
claim. Hence OLG,.(E) = LG,(T).

The converse direction is basically covered in [HL20, §3.2]. We include the proof for the sake
of completeness. Suppose Ly C Lo C -+ C L, gives the convex hull of [L1] and [L,,] in %2, hence
[L;] is adjacent to [L;y1]. Then the morphisms

Fi,i+13 Ll — Li+1 and Fi+1,i: Li+1 — Li, where F7;+1’i(z) =Tz,

give a m-linked chain E on Spec(R). Indeed, note that F; ;41 and F;11,; are exactly the maps
constructed in Proposition 2.3. Condition (i) in Definition 2.21 (1) is satisfied by construction;
conditions (ii) and (iii) are just Lemma 2.11 (2) and (3) since F;; is an isomorphism over the
generic point of S. Hence LG, (I') = OLG,(E) is an Osserman’s linked Grassmannian.

(2) According to part (1), it remains to show that an OLG,.(E) of a 0-linked E on & is the
special fiber of LG, (T") for a convex chain I". Note that the bundles E, are k-vector spaces of

dimension d. Again, we may assume that none of the g;’s or h;’s is an isomorphism. For [ < i, set
gii *= gi—1°Gi—20-:-0g; and h;;:==hjohj10---0h;_q,
and 9ii = hi,i =id.

By [OiB14, Lemma 2.3], we can find a set of linearly independent vectors W; = {1, ..., ujx, } C
E; for each 1 < j < n such that Zj k; = d and for each ¢, the set of vectors

U' gjyi(Wj)) U ( U hj,i(Wj))

generates F;. Now pick lifts W, C R? of hj71(Wj) C Ei, and let L; C K¢ be the lattice generated

by
U ﬂijo)U< U Wﬁin>.
1<j<i—1 i<j<n
It is then easy to verify that I" := {[L1], ..., [Ln]} is the convex hull of [L1] and [L,], and the special
fiber of LG,(T") is isomorphic to OLG,(E). O

2.3.2. Standard Local models. ([Gor01, §4.1], [RZ16, Definition 3.27]) Let ey, . . ., eq be the standard
basis of K¢ and I be the set of the lattices:
Li:= (" er,..,m tes i1, eaq), 0<i<n—1.

The standard local model, denoted M°°, of Shimura varieties is the R-scheme parametrizing the
functor .# from (Schp) to (Sets) such that for any B-scheme S, . (S) is the set of all isomorphism
classes

Los —— Liyg ——> ++ —— L1 — Los
Fo Fi Fno1 — Fo
where F; is a subbundle of rank r of L; g. Notice that I' = ([Lo), ..., [Ln—1]) clearly gives a convex

collection of lattices as we have Ly C Ly C ... C L,,_1 C m~'Lg. One then checks that .# agrees
with the functor £G,(T") in Definition 2.2.
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The geometry of the special fiber I°° of the standard local model can be interpreted from the
perspective of quiver representations. In [Gor01, §4.3], Gortz concluded that M has (f) many
irreducible components, indexed by the length-d integer sequences w(u), where w is any element
in Sg and p = (1,...,1,0,...,0). Moreover, let v = (v4,...,14) be such a vector, and denote

AR

T times

I ={ki,...,k.} to be the index subset such that vy = 1 if and only if k € I. The general element
in the component S, corresponds to a projective subrepresentation of Mr isomorphic to

Poit18 - & P

where we set P, 11 = P;. This representation-theoretic interpretation for irreducible components
(that its general points correspond to projective representations) is similar to our conclusion for
locally linearly independent configurations (see Section 3). Moreover, we would also like to point
out another connection to our approach, namely, the Kottowitz-Rapoport stratification of HIOC
can also be interpreted in the context of quiver representation. The main point is that the group-
theoretic data for each stratum correspond to ranks of (compositions of) linear maps viewed from
the perspective of quiver representation. See [GY10, §2] for further detail.

2.3.3. Degeneration of linear series. Another important example comes from studying degenera-
tion of moduli spaces of linear series on algebraic curves. We only sketch the general idea here as
the details will be carried out in Section 4.

We start with a relative curve X/ Spec(R) whose special fiber is a reducible nodal curve (Defini-
tion 4.13). Then there is a space Q~2 in which the moduli of linked linear series is cut out. Moreover,
G? is projective over the relative Picard scheme Pic(X/B) of line bundles with fixed multidegrees
on each fiber of X. For any section s: B — Pic(X/B), the fiber product G2 Xpic(x/B) B is a
linked Grassmannian (Proposition 4.15). It turns out that there exists a forgetful map from G2 to
another B-scheme G2 inside which one can construct the moduli scheme of limit linear series on
X/ Spec(R). Such a description of the moduli of limit linear series eventually allows us to prove a

criterion for smoothing of limit linear series over arbitrary nodal curves (Theorem 4.17).

3. GEOMETRY OF LINKED GRASSMANNIANS IN THE LOCALLY LINEARLY INDEPENDENT CASE

Recall that one interesting feature of linked Grassmannians is that their special fibers become
quiver Grassmannians for quivers with extra relations. In this section, we study the topological
properties of linked Grassmannians in the locally linearly independent case via analysing their
points as quiver representations.

Through out this section, all schemes are assumed to be x-schemes. I' will always denote a locally
linearly independent lattice configuration in BY, Q(T) the associated quiver as in Definition 2.7,
and T the induced tree of Q(T') as in Lemma 2.18. As usual, E(T') and V(T will denote the sets
of edges and vertices respectively. Note that T', as well as Q(T")o, is identified with V(T") and we
will write I' = {[Ly]}vev(r). Let Mp = (L, := L,/7L,), be the representation of Q(I') induced
by T as in Proposition 2.10. Let Gr(z, Mt) be the quiver Grassmannian of Mt with dimension
vector z € ZZ(()T). Recall from Proposition 2.10 that Gr(r, Mr) is isomorphic to the special fiber
LG, (T')g of the linked Grassmannian LG, ().
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We denote by E(T) the set of directed edges of T, hence E(T) = Q(I);. For each e, let & denote
an orientation on e and € the reversed orientation of €. As usual, s(€) = t(€) and t(€) = s(&) will
denote the source and target of € respectively. For each vertex v, denote by E, the set of edges
containing v which are oriented outwards from v, and E, the set of oriented edges obtained by
reversing the edges in Ev. For each edge €, let Az be the set of vertices v such that the minimal path
from v to s(€) does not pass through ¢(€). Then Az = V(T')\As. See Figure 2 for an illustration.

...... >ﬁ — >. ><_.
e Az E, B,

FIGURE 2. The left part is the set of vertices (in red) contained in Az and As.
The right part is the set of oriented edges (in red) contained in E, and E,.

Recall from Notation 2.1 that we have maps f, . : L, — L, defining Mp induced by the
inclusion L, i> L./, where n is the minimal number such that such inclusion exists. According
to our convention on quiver representations, the map fyz),¢(e) will also be denoted by fz.

We will consider the following representations of Q(T'): for u € V(T) let P, be the dimension-1
projective representation associated to u as in Lemma 2.14. In other words, for € € E(T ), we
set fz = id if € is pointing outwards from u and fz = 0 otherwise. Take a directed edge r. We
construct a representation Ry = (UU)UGV(T) as follows: we set U, = xk if v € Ay and U, = 0 if
v € Ay. For €€ E(T), if s(€) € Ay and € is pointing outwards from s(7), we set fz = id, otherwise

fz =0. See Figure 3 for an example.

id _e id _e
eid ,— eeid ,—
i i
[ ] id ° ° 0 °
u\li id _e / 0 0 °
id —— A TN,
. l id . 0
[ ] [ ]
P, Ry

FIGURE 3. Two types of representations of Q(T'), where T' is locally linearly in-
dependent. The missing arrows are assumed to be all zero.

We would like to comment that, in this section, Ry will often occur in pairs with Ry. More
specifically, if u is a vertex of the edge ¢, then R ® Ry can be realized as a specialization of P,,.
See Proposition 3.7 and Example 3.11 for an illustration of the later fact.

Finally, for all n € Zx( recall that we denote by [n] the set {1,...,n}.
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3.1. Subrepresentations of Mr. In this subsection we consider subrepresentations of Mr (of
arbitrary dimension). It turns out that their decompositions are quite simple. This provides a

very efficient way via quiver representation for analyzing the geometry of LG, (T")o = Gr(r, Mr).

Lemma 3.1. Any subrepresentation of Mr decomposes as a direct sum of subrepresentations of

dimension < 1.

Proof. Let M = (Uy)yev(r) be a subrepresentation of Mr with dimension z = (z,),ev(r). We
prove the theorem by induction on [I'| and |z| = Y, x,, which we will refer to as the wvalue of
z in this proof. The base case |z] = 0 or |I'| = 1 is trivial, hence we may assume |z| > 1 and
IT| > 2. Let u be a leaf of T adjacent to u’. Note that T'\[L,] is still convex and locally linearly
independent by Lemma 2.18 (4). If U, = 0, then any decomposition of M as a representation of
Q(T\[L,]) extends to a decomposition of M as a representation of Q(I"). Hence by induction on
IT'|, we are done. We next assume U, # 0.

1) If fouw(Uy) # 0, take a,, € U, such that f, . (a,) # 0 and denote a, = fy v(ay) for v # u.
Note that a, # 0 by Lemma 2.18 (3) and local linear independence. Take V,, C U, inductively
with respect to the distance between v and u for all v € V(T') such that

(i) U, = V£ S5 <av>§

(ii) if '€ B, is the (unique) edge such that u € Az, then V, contains f(Vy); and

(iii) for all € € E,\7, V, contains ker fz N U,.

.
.t
.

FIGURE 4. Case 1 of the proof of Lemma 3.1

We verify the existence of V,,, see Figure 4. Since u € Ay, we can apply the inductive hypothesis
for w := s(7): V,, contains ker f;NU,, and does not contain a,,. It follows that a, = f{aw) € Vi)
By the local linear independence of I' at [L,], the spaces fi(U,) and {ker foNU, } . Fy\; ATe linearly
independent; this verifies the existence of V;,. Since V,, contains f+(V,,) as well as ker fzNU,,, which
contains fz(Usz)) for € € EU\Z, we get a subrepresentation (V,,),cv () of Mr of dimension x — 1.
Therefore, M = ({ay)), ® (Vy), and we apply the inductive hypothesis on the representation (V;),,
whose dimension vector has value |z| — |V (T)|.

2) Suppose fy . (Uy) =0. If fur o(Uy) # Uy, take a, € U\ fu o (Uy) and V,, C U, such that
Uy, =V, @ (ay) and fyr o, (Uy) C V. Set V,, = U, and a,, = 0 for v # u, then M = ((ay))» ® (Vy)w
and we use the inductive hypothesis on (V,),, whose dimension vector has value |z| — 1.

3) Suppose fyu (Uy) = 0 and fy o (Uy) = Uy. If 2, < s, then we can take 0 # a, € Uy
such that f, ,(a,) =0, hence fu/ ,(ay,) # 0 for all v # u by the local linear independence of I" at
[Ly]. Take V,,, C Uy, such that U, = {a,) ®V, and V,, contains ker fzNU, for all € € E, such
that t(€) # u. Argue as in 1) for all branches of T at v’ but the one containing u, we get subspaces
Vo C U, for v # w such that (Uy)yzu = ((@v))vtu @ (Vi)vzu as representations of Q(I'\[L,]). Set
a, =0 and V,, = U, then M = ({(a,))» ® (V3), and we apply the inductive hypothesis on (V;,),,

whose dimension vector has value |z| — |V(T)| + 1.
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4) Suppose fyuw(Uy) =0, fu uw(Uy) = U, and z, = x,. Then f, , is an isomorphism. By
induction on |I'|, we have (Uy)vzu = @ (Uu,k)vru as representations of Q(I'\[L,]), where each
representation (Uy x)vzy has dimension < 1. Set Uyx = furu(Uw k); then M = (Uy)yev(r) =
@D (Uy k)» where each direct summand (U, k), has dimension < 1. O

Knowing that each subrepresentation of Mr has a decomposition as in Lemma 3.1, it is now
very easy to classify all the indecomposable subrepresentations of Mr, and also calculate the

decompositions of the decomposable ones.

Proposition 3.2. Suppose I is a locally linearly independent configuration.

(1) All indecomposable subrepresentations of Mr are of the form P, or Rg.
(2) If M = (Uy,), is a subrepresentation of My, then we have the decomposition

M= (P Pre( D RY)
veV(T) EeE(T)
where
ry =dimU, — > dim(ker fzNU,) and rz = dim(ker fz N Uy(z) — dim fz(Uye)).
EcE,
In particular, M is projective if and only if rz =0 for all €, and
Mp= @ PP, whered,=d- ) dimkerfsand Y  d,=d.
veV(T) eckE, veV(T)
(3) If M has dimension r then rz = rg for all €, and M can be decomposed as a direct sum of

subrepresentations of dimension 1.
(4) T is contained in an apartment.

Proof. (1) It is easy to verify that both P, and Rz are indecomposable. Now let R = (U,), be
an indecomposable subrepresentation of Mr of dimension < 1. We prove by induction on |T'| that
R must either be of the form P, or Rs. Let u be a leaf of T and IV = T'\{[L,]}, and u’ the
unique vertex adjacent to u. If f, . (Uy) # 0 then R = P, and we are done. We next assume
fuw (Uy) = 0. Since R is indecomposable, fu (Uy) = U,,.

By Lemma 2.18 (4) we know that I" is still locally linearly independent. If the restriction R’
of R on Q(I') can be decomposed as Ry & R, where Ry = (U})yz, and Ry = (U2),zy, such that
dimU}, > dim U2, then (Uy,, R1) @ (0, R2) gives a decomposition of R. Hence we may assume
that R’ is also indecomposable. By induction, R’ is either P or R’ as subrepresentations of Mr.
Hence so is R as a subrepresentation of Mp.

(2) By part (1), M can be represented as a direct sum of P,’s and Rg’s. Let us denote by W,
(resp. Weg) the v-th (resp. s(€)-th) component of Pj» (resp. R>%). It is then easy to verify that

ker feNU, = We@® fs(Uyz))
for all €' € Ev, which gives rz. It also follows that

Uy =Wy @ (@D (ker f2N 1)),

eck,
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which gives r,. The fact that rz = 0 for all € is equivalent to the projectivity of M follows from
Lemma 2.14; and the decomposition of Mt follows from Lemma 2.11 (2).
(3) We have rg = r — dim fz(Us(e)) — dim fz(Uge)) = re. By (2), we have

M%( &y P,f")@( <5 (R€€9RE)T€),

veV(T) e€E(T)

which is a direct sum of subrepresentations of dimension 1.
(4) Follows from Proposition 2.15 (3) and part (2). O

We end this subsection with a lemma that will be used to analyse the smoothing property of
limit linear series (see Theorem 4.17).

Lemma 3.3. Let T' be locally linearly independent. Given a non-empty subset I C V(T) and

r-dimensional vector spaces V, C L, for v € I. Suppose for all u € T', the vector space
Wy = {z € Ly|fuv(x) €V, for all v € I}

has dimension at least r. Then there is an r-dimensional subrepresentation M = (U,), of Mr
such that U, =V, for allv € I.

Proof. We use a similar proof as in [Oss19b, Proposition A.6]. Note that W = (W,,), is a subrep-
resentation of Mr of dimension z > r and W, = V,, for all v € I. We proceed by induction on |z|.
The base case z = r is trivial, so we assume |z| > |r|. Then there is a pair of adjacent vertices
uy and ug such that dim W,,, = r and dim W,,, > r. Denote WM = @ Je(Wy@&). This is the

eeB,
vector space generated by the images from all W, for u # uy. We claim that dim W, <r.
Indeed, denote by 7 the directed edge from u; to us. By local linear independence at [L,,] we

have an injection

7/ fr

W, = P fe(Wya) <> ker frnW,, CW,,.

E€B,,\T

It follows that

dim W, = dim W, + dim f{(W,,) < dim(ker frN Wy, ) + dim fo(W,,) = r.

Now we can replace W,,, with any r-dimensional subspace that contains WUZ while keeping the
other W;’s. This gives a subrepresentation W’ = (W/) of Mp with dimension no less than r and
strictly less than r’. Since ug ¢ I, we still have W) =V, for all v € I. Hence by induction we are
done. O

3.2. The stratification of the quiver Grassmannians of Mr. Given a dimension vector x =
(Tp)y € Z‘;(()T). Let M € Gr(z, Mr) be a subrepresentation. We denote by Sy the set of all
dimension—_g subrepresentations of Mt that are isomorphic to M and Sf; its closure. This induces
a stratification (Sas)ar of Gr(z, Mr), where M runs through all isomorphic classes of dimension-z
subrepresentations of Mp. We associate a preorder “<” on Gr(z, Mr) where M < M’ if M € S§§,;..

On the other hand, we define a map ®,: Gr(z, Mr) — ZEBT) such that

M = (Uv)UGV(T) — (dlm fg(US(g)))éeE(T)'
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We also associate a partial order on Zf(()T) where (dg)z < (d%)e if de < df for all € € E(T). Then
it follows from construction that ®, is order-preserving: if M < M’ then ®,(M) < ®,(M’). We
will see in Proposition 3.7 (2) that the converse is also true. Moreover, following directly from
Proposition 3.2, we have

Lemma 3.4. The fiber of ®, at (de)e € Zg(()T) is, if non-empty, Sy, where

M = ( @ Pf;) D ( @ sz) with r, = z, — Z (7, —dg) and 1z = 14z — dg — dp.

veV(T) EcE(T) gckE,

We next show that the stratification Gr(z, Mr) = UjpSas is well-behaved, i.e., this is a strat-
ification by locally closed irreducible subsets. In principle, at least for characteristic zero, the
conclusion should follow from a standard argument of stratifications of quiver Grassmannians
(for acyclic quivers in characteristic zero see e.g. [CIFR12, §2]). However, to avoid unnecessary

reference checking, we include the proof.
Proposition 3.5. Sys is an irreducible locally closed subset of Gr(z, Mr) of dimension
dim Hom(M, Mr) — dim End(M).

Proof. Since the fibers of ®, are locally closed, so is Sp;. For the irreducibility, note that, if
M = M’ = P,, then M (resp. M') is generated by a vector z € L, (resp. 2’ € L,) such that
0 # fuw(z) € Ly (vesp. 0 # fun(2') € Ly) for all v € V(T). Hence for a general choice of ¢ € &, the
vector tx + (1 —t)z’ € L, has non-zero image in L, for all v. This gives rise to a subrepresentation
M; of Mr isomorphic to P,, and hence a rational map AL --+ Sp, where t — M;. Here Sp, is
considered as a stratum of Gr(1, Mr). The image of this map contains M and M’, hence they are
contained in the same irreducible component of Sp,. Therefore, Sp, is irreducible. Similarly, Sk,
is irreducible as a stratum of Gr(dim Rg, Mr). In general, for M = @, Pj» @ @z R.* we have a

rational dominant map
I sw> II S5 -8
veV(T) E€E(T)
given by taking the direct sum. Since the source is irreducible, so is Syy.
We now compute dim Sy following the proof of [CIFR12, Lemma 2.4]. Let X denote the

quasi-affine subvariety of
( H Hom(ﬁms(“f),kf‘(@))) X ( H Hom(n"”“,fv))
EeE(T) veV(T)
consisting of points ((gz)e, (Fy)s) € Y such that Fye o ge = fzo Fye for all € € E(T) and
that the F,’s are all injective. Note that X parametrizes all “embeddings” of z-dimensional

subrepresentations of Mp. We have
X
Y = Hom (k%@ g¥1@) Gr(z, Mr)
e E(T)

where p; is the forgetful map and p sends ((ge)z, (Fo)o) € X to ((Fo(K™)vev(r))-
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Moreover, denote GL; = [],cv (1) GLz, (k), there exists a GLg-action on Y and a free GL,-

action on X turning p; into a GLg-equivariant morphism: let (¢,), be an element in GL,, it
sends (ge)e € Y to (di(e) © 9o © 6 3)er and ((9e)e, (Fu)w) € X to ((die) © ge© b z)es (Fo 0 951 )o)
respectively. We have: (i) the GLg-orbits in Y precisely correspond to isomorphism classes of repre-
sentations of Q(I") of dimension z, and the orbit Oy in Y has dimension dim GL; — dim Aut(M) =
dim GL, — dim End(M); (i) the fibers of py are the (free) Grg-orbits of X, and py'(Sy) =
py 1 (Onr); and (iii) the fiber of p; over any point of Oy is the set of injections M < Mp. Thus,
one can conclude that Sj; has dimension

dim GL, — dim End(M) + dim Hom(M, Mr) — dim GL, = dim Hom(M, Mr) — dim End(M).
O

By Proposition 3.2 and Proposition 3.5, the computation of dim Sy, reduces to the computation
of the dimensions of the Hom spaces between the P,’s and Rg’s.

Lemma 3.6. We have:
(1) dimHom(P,, P,)

1 otherwise.
ifve As

1 otherwise.

=1.
€ Az
(2) dimHom(Rg, P,) { it
(3) dim Hom(P,, Rz) {

0 if Az, C Ag,.

(4) dimHom(Rg , Rz,) =
1 otherwise.

Proof. We only prove part (1), part (2,3,4) is similar and not used in the rest of the paper, so we
leave the details to the reader. Denote P, = ({(av))vev (1), Where 0 # a, € . Up to scaling, we
assume a, = fy»(ay) for all v. Hence for any morphism F from P, to P, := ({al)), we must
have F(ay,) = F(f(w,v)(aw)) = fuw(F(ay)). In other words, F is determined by F(a,,). On the
other hand, each choice of F(a,) € (al,) gives rise to a morphism F from P, to P,s. Hence we
have dim Hom(P,,, P,) = 1. O

We now give an alternate description of the preorder on Gr(r, Mr), namely, it is induced by ®

and the order on ZE(T).

Proposition 3.7. Let M, M' € Gr(z, Mr) be two subrepresentations. Write M = (Uy,), =
(D, P;") ® (PeRX) as in Proposition 3.2.

(1) If there is an T € E(T) such that vy > 0 and ry > 0, then there is a representation
N € Gr(z, Mr) such that Sy C 8%, and

N( @ rr)e( D Er)eRT R e P
veV(T) EEE(T\{F, T

(2) M < M’ if and only if ®,(M) < O, (M').
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Proof. (1) We may write

M=U),=( P P)o( P RrYYoRr'oR.
veV(T) EeE(M\{7, T

Let u = s(2) and v/ = (). Then M = M’ @® Ry ® Ry and we can pick vectors a € U, and
a’ € U, that generate Ry and Ry, respectively. It follows that fiy(a’) = 0 and fz(a) = 0, hence
we can find b € L, such that f(b) = o’ by Lemma 2.11 (2). Now for a general ¢t € x, we have
fla+tb) = ta’ £ 0, and, for & € E,\7, we have fz(a + tb) = fs(a) + tf=(b) # 0 since fz(a) # 0.
Hence, by local linear independence, a + tb generates a subrepresentation (Uy ), of Mp which
is isomorphic to P,. Moreover, for w € Ay, we know that U;, is independent with U], since
Upw = K+ fuw(a) is so; for w € Ay, we have Uy = K - fu w(a’) is also linearly independent with
Ul,. As a result, let Ny := M’ & (Uy y)v, then N, = N and N, 120, M, hence Sy; C S§;.

(2) Since ®, is order preserving, it remains to show that &, (M) < ®,(M’) implies M < M’.
We may assume @, (M) # ®,(M’), otherwise Spr = Sy by Lemma 3.4 and we are done. Pick a

E(()T) such that ®,(M) < D < ®,(M’), and |D — ®,(M)| = 1. We may assume that

tupleDeZ2
D—-o(M)=(0,...,0,150,...,0).

Then again, by Lemma 3.4, we have ®_1(D) = Sy, where N is the same as part (1). Note that
the existence of N, in other words the [;ositivity of rz and ry in M, is actually ensured by the fact
®,(M’) > D. Hence M < N by part (1). Now replace M with N and proceed inductively, we
have M < N < --- < M. O

3.3. The geometry of linked Grassmannians. In this subsection we investigate the geometry
of linked Grassmannians through the tools developed in the preceding two subsections. We start
from computing all possible strata of the special fiber of LG,.(I"), namely Gr(r, Mr). This amounts

to computing the image of ¢ := ®,.

Theorem 3.8. Let I' be a locally linearly independent configuration in %2. Suppose My = ©PI

where Y d, = d. Given a tuple D := (dg)E(T) € Z‘ZEO(T)‘,

(1) D is contained in the image of ® if and only if

0<de <r—dz <) ,ca.dy for all &

(3.1)
T =Y ek, (r—dg) >0 for all v € V(T).

(2) The irreducible components of Gr(r, Mr) are of the form S, where N =2 &P) runs over
all isomorphic classes of projective subrepresentations of My, which are classified by the
conditions > 1, =1 and

(32) B(N) = ( > ”)geﬁm = <§ d”)éeE<T>'

vEAZ

As a result, S§; is the set of subrepresentations M = (U,), such that dim fz(Use)) <

> vea.Tv for all € and Gr(r, Mr) has pure dimension r(d — ).
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To sum up, the stratification (Sas)[ar) of Gr(r, Mr) is naturally induced by the tuples D satis-
fying (3.1). Moreover, the strata contained in an irreducible component S§ correspond to all D
such that, in addition to (3.1), D < ®(N).

Proof of Theorem 3.8. (1) Step 1. Let M = (U,), be an r-dimension subrepresentation of Mr.
We have

0 < dim fe(Uge)) < dim(ker fz N Ug)) = r — dim fz(Uyz)) < dimker fz = Z dy.
vEAz

This proves the first inequality in (3.1). On the other hand, since T is locally linearly independent,

r > dim ( 3 (ker fen U,,)) = 3 dim(ker N U,) = 3 (r — dim fo(U,)).
eckE, écE, écE,
This gives the second inequality in (3.1).

Step 2: Suppose we have a tuple D satisfying (3.1). Recall that the projective direct summand
P2 of My is defined by a d,-dimensional subspace of L, whose image in L, under f, . still has
dimension d,. Pick a basis {Cf;}ie[dv] of this subspace of L,. Then for each u € V(T), the vectors
{fo,u(C)Yoev(r),icld,) form a basis of L. Let us call ¢} the i-th global basis vector on v.

To show the realizability of D, by Lemma 3.4, we should look for subrepresentations M := (U, ),
isomorphic to (B, Py*) ® (Pes R:), where

Sy =T — Z(r—dg) >0and sg =7 —dz —ds = s5 > 0.
EcE,
For simplicity, we set s, = sz = sg. Then, looking at the dimension of any U,,, we have ZvGV(T) Sut+

ZeeE(T) Se =T
For each u € V(T'), consider the item Pj* & (P,

naively should be s, basis vectors of U, that lie in ker fz (which generate the term RZ<); in other

R ); we see that for each € € E,, there

words, these basis vectors “come from the global basis vectors on Az”. Similarly, there should
be another s, basis vectors of U, coming from all global basis vectors, and these vectors should
generate the term P/+. To make this precise, U, must contain a subspace W, generated by, for
cach €€ E,, (here we are switching to the directed edges towards u), s. vectors “from Ag”

= Z Z af,féfu,u((é), where j € [Se],
vEAgi€[dy]
and s, vectors “from all global basis vectors”:

Z Z fuu ), where j € [s,].

vEV(T) i€[dy]

Here we consider all a2’s as coefficients in & of the basis vectors of L, which are not determined
for now. We now let M = (U,), be the minimal subrepresentation such that W, C U, for all u.
We claim that for a general choice of coefficients a3, M will have dimension r and satisfies that
dim fz(Ug () = dg for all €.

Step. 2.1. We first show that M has dimension r.

Step. 2.1.1. A simple example. We start this step with illustrating the idea by an example.
Let T be the tree with vertices labeled by 1, 2, 3, and 4 as in the left part of Figure 5. Let us
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use the ordered pair (i,j) to denote the oriented edge of T with source i and target j. Consider
the case d = 4 and r = 2. Assume d; = 1 for all i € [4]. Let D be the tuple such that d 2y = 1,
di1,3) = d,4) = 2 and d(p,1) = d(3,1) = d,1) = 0. Straightforward calculation shows that s; = 1
and sz = s3 = 54 =0, and s(1,2) = $(2,1) = 1 and all other s(; ;)’s vanish. Hence we are looking for
a subrepresentation that is isomorphic to Py @ R(1,2) @ R(2,1)-

By assumption, there is exactly one global basis vector (; on each vertex :. We have W3 = 0
and W4 = 0. Moreover, W7 is generated by & = Z?:l a;1fi,1(G) and €21y = ag,(2,1)f2,1(¢2), and
Wy is generated by §(1,2) = Y20 @i (1,2) fi,2(Gi)-

For each i, by construction, U; is generated by fi,(W1) and f2,(W2). Accordingly, U; is
generated by £1,§(2,1) and f21(£(1,2)) = 0. Since &; and {3 1) are not proportional, for a general
choice of coefficients a,, U; has dimension r = 2. Similarly, Us is generated by &1 ), f1,2(§1) =
> iz2@i1fi2(Gi) and f12(§(2,1)) = 0, hence it has dimension 2. For j = 3,4, we have U; generated
by fi1j(§1) = Yizjai ;G and fi1;(§2,1)) = az,2,1)f2,5(C2), and f2;(§1,2)) = 0, hence also has
dimension 2.

Step 2.1.2. The proof. Fix w € V(T'); then U,, is generated by ( fu,.(Wu))uev ). Let I, C E(T)
be the the set of all directed edges pointing towards w. For each u # w, let €, € E, be the unique
edge that lies in I,. We denote A, = Az, and A,, = V(T) for convenience. See the right part of
Figure 5.

._,./

w

.
3 1 4 ‘/////% . ™ ‘\\\\o

f’LU Au

FI1GURE 5. The left part is the tree in Step 2.1.1. The right part illustrates the
oriented edges (in red) contained in I, and vertices (in blue) contained in A,,.

Note that fy w0 fo.u = fo,w if v € A, and 0 otherwise, and if & ¢ Iw, then f(&).w (& ) =0 for
all j € [s.]. It follows that U, is actually generated by the following candidate generators

{fowl€) =30 3 @i foun(c)} v, sy ™

vEA, 1€[dy]

{ft<é)w =D > akfuoul }~efw,je[se]'

vEAz iC|dy] €
Since the number of candidate generators above equals )", cy (1) Su + Y ccp(r) Se = 7, it suffices
to show that these vectors are linearly independent.
Consider the r x d matrix € of coefficients whose rows are labeled by the set of candidate

generators, namely, the set of tuples

{(w, ) huevin). jers. and {(8 )} aer, jeps.)s
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and columns labeled by the set of global basis vectors, namely the set of tuples {(v, i)}veV(T), icldy]-
Let x represent either u or €. Then the entry of € on the (x,j)-th row and (v, 7)-th column is aZJ*
if v € A,, and 0 otherwise. It is enough to show that € has a non-trivial » X 7 minor considered as
a polynomial in ag.

To see this, we associate each row (x,j) a distinct global basis vector on A,. This is possible
inductively: suppose we have picked distinct global basis vectors for all (u, j) where w is in a subset
S C V(T) and j € [s,], and all (€,7) such that & € I, N E, = E,\&, for some u € S and j € [s,].
We can further assume that w ¢ S and the maximal subgraph Ts of T' with vertices in V(T')\S is
connected. If Ts = {w} the inductive step is trivial since there are d > r global basis vectors on
A, = V(T) to choose. In the following we assume Tg # {w} and continue the process for a leaf
2 # w of Ts and all edges in E.\&, (see Figure 6).

3
/u\./ ? v S N
A 7

| -

= @— > @usnnns

o €y [y 4

’ﬂ‘ *

Ap
A,

FIGURE 6. The set of vertices and directed edges * (the ones that are not black)
such that the distinct global basis vectors are assigned for (x,7) for all j € [s,].
The left part is before the inductive step and the right part is after the inductive
step. Note that the set of edges with a same color (again, not black) is the set
EU\EU for some vertex v.

Given 7 € E,\&., denote v = s(7). By applying (3.1) for &€ = 7, we found that the number of
global basis vectors on A that are not picked yet is
Z dy — Z(S“+ Z Se) = Z dy — (sl,—f— Z (T—dg)) >r—d;y—dy=s,.
ueAr uEAy €6Eu\§'u uEAy é'EE_",,\F
Hence we are able to pick distinct global basis vectors for (Z,j), where j € [s,]. Suppose now the

global basis vectors are picked for all 7€ E.\&.. Applying (3.1) again for € = &, and v = z, the

number of global basis vectors on A, that are not picked yet is

Z du—( Z Su+ Z Z se) = Z dy— Z (r—dg) > r—ds, — Z (r—dgz) > s..
uEA, u€A\z uEA: ge o, \z, ucA, EcE.\e. EeE.\e:
Hence we are able to pick the distinct global basis vector for (z, j), where j € [s,]. This completes
the induction.

Recall that we let % represent either u € V(T or € € L. Suppose the distinct global basis
vector associated to (%, 7) is the i, ;-th global basis vector on v, ;. Let 9 be the r x r sub-matrix of

€ whose columns are labeled by all (v, ;,%. ;)s. Then the determinant of 9t contains the monomial
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term
I e I«
u€V(T), j€[su] gely, jElse]
In particular, we have det 9 # 0, hence U, has dimension r.
Step 2.2. It remains to show that dim f=(U,) = dz for all T € E,. Among all candidate
generators of Uy, the ones with non-trivial image in Uy () are all possible fuw(&))s and fu,w(ﬁé)s

such that u € A= and € € Eu\Eu . The number of such candidate generators is

Dlsut Y, s)=sut Y (r—ds)=dx

u€Az e, \eu ECE N\T
Moreover, the image of these candidate generators in Uy gives rise to dr candidate genera-
tors of Uy. By Step 2.1.2, these candidate generators in Uz are linearly independent, hence
dim fz(U,) = dz and we are done.

(2) The irreducible components of Gr(r, Mr) are of the form S§,;, where M is maximal with
respect to the preorder. Suppose S% is an irreducible component of Gr(r, Mr). If there is a direct
summand Rz in the decomposition of N, then by Proposition 3.2 (3), there must also be an Rs.
Hence Sy is contained in the closure of another stratum in Gr(r, M) by Proposition 3.7, which
provides a contradiction. Therefore N must be projective. On the other hand, if N is not maximal,
then by the proof of Proposition 3.7 (2), N must contain an Rz in its decomposition, hence can
not be projective. Therefore, the irreducible components of Gr(r, Mr) are parametrized by all
isomorphic classes of projective subrepresentations of M.

We now write N := (V,,), = @P]v. Then (3.2) is equivalent to (3.1) since dz := dim fz(V (&) =

> wea.Tv- Moreover, By Lemma 3.6 and the dimension formula Proposition 3.5, we have
dim Sy = dim Hom(® P!, ®P%) — dim End(®P!") = rd — r? = r(d — 7).
Thus Gr(r, M) has pure dimension r(d — r). O

Remark 3.9. (1) The idea in Theorem 3.8 can also be used to describe the geometry of Gr(z, Mr)
for general z. Although we may not have rz = rz as in Proposition 3.2 (3) for decompositions of
dimension-z subrepresentations of Mt (or, as in the proof of Theorem 3.8, sz = sz), one can still
compute all possible strata and hence describe its irreducible components.

(2) We can also describe the intersection of irreducible components of Gr(r, Mr) (codimensions,
strata in the intersection, etc.), as well as count the number of irreducible components with the
information in Theorem 3.8, which will extend the results for » = 1 in [CHSW11]. See also
Example 3.11 below. Moreover, as we will see later in Theorem 3.12, Gr(r, Mr) is isomorphic
to the special fiber of the Mustafin degeneration M,.(T'). Hence it is also possible to classify all
primary /secondary components of the special fiber of M, (T") ([Hab14, Definition 3.2]).

We leave all the details to the interested readers.

Example 3.10. Let I' = {[L4], [L2]} be a two-point configuration. The irreducible components of
Gr(r, Mr) = LG, (I")o correspond to non-negative numbers 71,79 such that r; +ro =7 and r; < d;
for i = 1,2, where d; = rank(f1,2) and dy = rank(fs,1) are positive intergers such that d; +ds = d.
This is exactly the description carried out in [Oss06, Example A.17]; recall from Proposition 2.22

(2) that an Osserman’s linked Grassmannian over & is isomorphic to LG, (I")g for a convex chain
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I'. Note that we completely described the points in each component of Gr(r, Mr) while [Oss06,
Example A.17] only identified the irreducible components. Moreover, our conclusion of Theorem
3.8 (2) for convex chains completely answers Question A.19 of loc.cit.

Example 3.11. Note that by Proposition 3.2 (2), d,, > 0if v is aleaf of . Suppose r = 1, then the
set of irreducible components of Gr(r, Mr) is identified with V/(T'): for each v € V(T), Z, := Sp,
gives an irreducible component and vice versa. Moreover, for each v, the strata contained in Z,
are exactly all Sp, where e is an edge containing v and R, = Rz @ Rs. As a result, Z, N Z,/ is
non-empty if and only if v is adjacent to v/, in which case the intersection is Sk, where e is the
edge connecting v and v’. This agrees with the results in [CHSW11, §2].

As a consequence of Theorem 3.8, we now prove the theorem of the global geometry of a linked
Grassmanian associated to a locally linearly independent configuration I'. Note that the case when

I' is a convex chain is proved in [HO08] via a local computation.

Theorem 3.12. Let T' be a locally linearly independent configuration. Then LG, (T") is irreducible
and flat over R. Moreover, both LG,(T') and its special fiber LG,(T')g = Gr(r, Mr) are reduced
and Cohen-Macaulay. As a result, LG.(T') = M.(T") as a scheme.

Proof. By Proposition 3.2 (3), we have a rational and dominant morphism
I z6.(@) --» LG.(T)
1<i<r
induced by taking the direct sum of the dimension-1 subspaces, where the product on the left is over
R. Since LG1(T) is irreducible by Theorem 2.6, so is the product. Hence LG,.(T") is irreducible.

The rest of the proof is similar to [HO08, Theorem 4.1]. We first show the Cohen-Macaulayness
of Gr(r, Mr) by induction on |I'|. The base case |I'| = 1 trivial since LG, (I') is a Grassmannian,
and the case |I'| = 2 is covered in [HO08, Theorem 4.1]. We now assume |I'| > 3 and let [L] be a
leaf of T and IV = T'\{[L]}. Let [L'] be the lattice class adjacent to [L] in " and I = {[L], [L']}.
According to Theorem 3.8 (2), Gr(r, M) has pure dimension r(d — r), and so are Gr(r, M) and
Gr(r, Mp»). It follows that Gr(r, Mr) is a local complete intersection in Gr(r, Myps) x Gr(r, Mp»).
By the inductive hypothesis and [Sta20, Tag 045Q)], Gr(r, Mr/) x Gr(r, M) is Cohen-Macaulay,
hence so is Gr(r, Mr).

By Remark 2.19 and Theorem 3.8 (2), the simple points of Gr(r, Mr) as a prelinked Grassman-
nian are dense. Thus, according to [Oss14, Proposition A.2.2], Gr(r, Mr) is generically smooth
and hence generically reduced. Therefore, Gr(r, Mr) is reduced by Cohen-Macaulayness. The
reducedness and flatness of LG, (I') now follows from the irreducibility and [Oss06, Lemma 6.13].
The Cohen-Macaulayness of LG,.(T") is a consequence of [Mat87, Cor., page 181]. O

Note that we proved in addition to the main theorem of [Hab14] that the Mustafin degeneration
of a locally linearly independent configuration is Cohen-Macaulay with reduced special fiber.
4. APPLICATION TO LIMIT LINEAR SERIES

In this section we investigate the connection between linked Grassmannians and moduli spaces
of limit linear series on nodal curves. As we shall see, the moduli space of limit linear series admits


https://stacks.math.columbia.edu/tag/045Q
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a natural map from the space of linked linear series (Definition 4.7), which, up to twisting by an
sufficient ample line bundle, can be written as an union of linked Grassmannians. Consequently,
we derive a criterion for the smoothing of limit linear series.

Throughout this section we assume that R is a complete discrete valuation ring with fraction
field K and algebraically closed residue field k. All curves we consider are assumed proper, (geo-
metrically) reduced and connected, and at worst nodal. Furthermore, all irreducible components

of a curve are smooth.

4.1. Definition of limit linear series. We recall the notion of limit linear series on nodal curves.
We will use Osserman’s notion and focus on curves with trivial chain structure, which is much easier
to phrase than the non-trivial case. See the precise definition of the later in [Oss19b]. Meanwhile,
we would like to mention that, when dealing with degeneration of linear series, it is possible to
replace limit linear series of non-trivial chain structures (when they appear) with the ones of trivial
chain structures; however, the underlying curve will be more complicated: it is obtained from the
curve of the former by inserting chains of rational curves.

Unless otherwise stated, all definitions in this subsection are from [Oss19b]. Let X, be a nodal
curve over k. Let G be the dual graph of Xy and Z, the irreducible component of X corresponding
to v € V(G). Let Z¢ be the closure of Xo\Z,.

The set of multidegrees on X is in one-to-one correspondence with the set of divisors on G in
a natural way. We say that a multidegree w is obtained from w’ by a twist at v € V(G) if the
divisor associated to w is obtained from w’ as follows: if v is adjacent to v, we increase the degree
of w’ at v' by one; we decrease the degree of w’ at v by the number of vertices adjacent to v. In

this case we also say that w’ is obtained from w by a negative twist at v.

Definition 4.1. A multidegree w is concentrated on v if there is an ordering on V(G) starting
at v, and such that for each subsequent vertex v/, we have that w becomes negative in vertex v’

after taking the composition of the negative twists at all previous vertices.
We relate the combinatorial notions to algebraic operations, starting from enriched structures.

Definition 4.2. An enriched structure on a nodal curve X consists of the data, for each
v € V(G), of a line bundle &, on Xy and a section s, € I'(Xg, 0),), satisfying:
(1) for any v € V(G) we have 0|z, = Oz,(—(Z5N Z,)) and Oy|ze = Oz:(Z5N Zy);

(2) ®v€V(G) O, = ﬁXo'
(3) s, vanishes precisely along Z,.

Now let (&, s,)vev () be an enriched structure on Xo.

Notation 4.3. Fix a multidegree wy on Xy. Let G(wg) be the directed graph with vertex set
V(G(wp)) € ZV(%) consisting of all multidegrees obtained from wq by a sequence of twists, and an
edge from w to w’ if w’ is obtained from w by twisting at any vertex of G. Given w,w’ € V(G (wy)),
let P = (w;wvy,...,Um) be a minimal path from w to w’ in G(wg), where the vertex v; indicates the

edge in G(wyg) corresponding to twisting at v;, we set

m m
Op o = ® Oy, and 8y, 4 = ®sv
i=1 i=1
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The following proposition ensures that the notations &, ,, and s, ., are well-defined.

Proposition 4.4. [Oss19b, Proposition 2.12] In the minimal path P(w;v1,...,vy) from w to w’,
the number m and vertices v; are uniquely determined up to reordering. More generally, paths
P(w,vi,...,v],,) and P(w,v{,...,v/.) starting from w have the same endpoint if and only if the

multisets of the v, and v differ by a multiple of V(G).

Notation 4.5. Suppose .Z is a line bundle on X, of multidegree wy. For any w € V(G (wp)) set
L =L Q Oy, . Take also w' € V(G(wy)). Let P = (v1, ..., ) be a minimal path from w to w’
as in Notation 4.3. We have a natural map fy, o : £y — £ induced by multiplying with sy, ..

We now have all the ingredients to define limit linear series.

Definition 4.6. Let Xy and G be as above. Fix a multidegree wy with total degree d, and fix a
number r < d. Choose an enriched structure (&, s,,), on Xo, and a tuple (w,)yev(a) C V(G (wo))
of multidegrees on Xj such that w, is concentrated on v. Let G(wg) be the subgraph of G(wy)
consisting of multidegrees w in V(G (wy)) such that, for all v € V(G), w, can be obtained from
w by twisting vertices other than v. A limit linear series on X consists of a line bundle .Z of
multidegree wy on Xy together with subspaces V,, C I'(Xy, . Z,,) of dimension (r + 1) such that

for all w € V(G(wy)), the kernel of the linear map

(4.1) I(X0,%w) = P T(Xo, L)/ Ve
veV(Q)

induced by @, fi,w, has dimension at least r + 1.

According to [Oss19a, Corollary 2.23] and [Oss19b, Proposition 3.8], the definition of limit
linear series above is equivalent to the one defined in [Oss19b], which is independent of the choice
of multidegrees (wy),.

We next introduce the notion of linked linear series, which is closely related to limit linear series.

Definition 4.7. [Oss14] Use the same notation as in Definition 4.6. A linked linear series on X
consists of a line bundle .Z on Xj of multidegree wq together with subspaces V,, ¢ H°(Xo,.%,)

of dimension (r + 1) for all w € V(G (wyp)) such that

(4.2) fwaw (Vi) C Vi for all w,w’ € V(G(wp)).

Remark 4.8. Suppose w, € V(G (wp)) for all v, which is possible according to Remark 4.12 later.

Given a linked linear series (V,,) ) we get immediately a limit linear series by setting

weV (G(wo)
(Vo)vevia) = (Vw,)vev(a)- This actually gives a forgetful map from the moduli space of linked

linear series to the moduli space of limit linear series.

By convention, we also denote a limit/linked linear series by a limit/linked g7, when the degree
and rank are specified.

4.2. Tropical convexity of the set of multidegrees of limit linear series. Let us label
the vertex of G as wvg,v1,...,v,. Recall from [DS04] that we have the tropical projective space
TP" := R""1/R-1, and a subset S of TP" is tropically convez if for any (g, ..., ¥,) and (2§, ..., 2},)

in S, we have

(min(a + zg, b + z(), ..., min(a + x,, b+ z,) € S for all a,b € R.
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We can identify V(G(wp)) with the integral points in TP™ as follows. If w € V(G(wy)) is
obtained from wy by subsequently twisting x,, ; times at v;, then w is identified with (2,0, ..., Tw,n)-
This is well-defined by Proposition 4.4.

Definition 4.9. We call a set S of lattice points in TP" integrally tropically convez if it is the
set of all lattice points in a tropically convex set. The integral tropical convex hull of a lattice set
S is the smallest integrally tropically convex set that contains S.

It is straightforward to verify that integral tropical convexity of a subset of V(G(wp)) is inde-
pendent of the choice of wy.

Notation 4.10. For 0 < ¢ < n, suppose w,, is obtained from wy by twisting a; ; > 0 times at
v; successively for 0 < j < n. Then w,, = (a;0,...,a;). Let V(G)®" C TP" be the integral
tropical convex hull of all w,,.

Proposition 4.11. V(G(wy)) is integrally tropically convex. Moreover, we have V(G (wg)) C

V(@)™ and V(G(wo)) = V(G)™ if and only if

(4.3) Ak,s — Ok,j > Qi — a; 5 for all 0 <4, 5,k < n.

Proof. For each w € V(G(wy)), fix a path in V(G(wy)) from wy to w and let z,, ; > 0 be the number
of twists of v; in the path. Then for each 0 <7 < n, w,, is obtained from w by twisting a; j — T4 ;

times at v; for each 0 < j < n. We have w € V(G(wy)) if and only if a;; — zw,; < aij — Ty, ; for
all 0 <47 <nand 0 < j <n by Proposition 4.4. In other words, we must have

(4.4) Ty — T j = Qi — a5 for all 0 < 4,5 < n.

Note that w is identified with (24,0, .., Tw,n) In TP™. It is easy to see that V(G(wy)) is integrally
tropically convex, since each single inequality in (4.4) defines a tropically convex set, and so is their

intersection. On the other hand, for (yo,y1, ..., yn) € V(G(wy)), by (4.4) we have

(y07y17 J/n) = min ((ai,07ai,17 ~'~7ai,n> + (yz - ai,i) : (1a ]-7 eeey 1))7

0<i<n

where by minimum we mean taking the coordinate-wise minimum. Hence V(G (wq)) C V(G)“™.

If (4.3) is satisfied then we immediately have w,, € V(G(wy)). Hence V(G (wp)) = V(G)©v. O

Remark 4.12. Condition (4.3) can be satisfied if we choose w, “sufficiently concentrated” on v.
More precisely, given a tuple (w, ), of concentrated multidegrees, replace each w, with w! obtained
from w, by negatively twist sufficiently many times at v; then we get a tuple (w)), of concentrated
multidegrees that satisfies Condition (4.3). In particular, the new w! is contained in the new

V(G(wyp)), which is the integral tropical convex hull of all ws.

4.3. The moduli space of limit linear series and smoothing property. We first recall the

notion of a regular smoothing family as in [Oss19b].

Definition 4.13. We say that a flat and proper family 7: X — B = Spec(R) of curves is a regular
smoothing family if (1) X is regular and the generic fiber X, is smooth; (2) the special fiber X of
7 is a (split) nodal curve; and (3) 7 admits sections through every component of Xj.
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Since R is complete, the reduction map from X, (K) to the smooth locus of Xy is surjective
according to [Liu02, Proposition 10.1.40(a)] (This is used in Proposition 4.15 and Theorem 4.17).
Fix wg,d and r as in Definition 4.6, and recall that we denoted the dual graph of Xy by G and
components by (Z,),ev (). Fix also concentrated multidegrees (w,), that satisfy (4.3), namely
that w, € V(G (wp)) for all v € V(G), which is possible by Remark 4.12. We recall the construction
of the moduli space of (limit) g;s on X/B. The enriched structure on Xy is naturally chosen to be
O, = Ox(Zy)|x, and s, = 1|x,. For a multidegree w on G of total degree d denote by Pic"(X/B)
the moduli scheme of line bundles of relative degree d over B which have multidegree w on Xj.

Let .%, be a universal bundle over Pic® (X/B)xp X. Take an effective divisor D =}~ ¢y (q) Do
on X such that D, is a union of sections of X/B that pass through Z, and avoid the nodes of
Xo. Assume D is “sufficiently ample,” in other words, d, = deg D, is big enough relative to all

w in V(G(wp)) and the genus g, of Z,. In fact, we will see later that it is enough for us if for all
w € V(G(wp)) and £ a line bundle on X, with multidegree w (resp. for all . a line bundle on
X, with degree d), we have h'(Xo,.Z(Dy)) = 0 (resp. h'(X,,Z(D,))=0), where Dy (resp. D,)
is the special fiber (resp. generic fiber) of D. Denote d= > o do-

Let P := Pic"°(X/B). Consider the diagram:

PxpX — Pic"(X/B) xp X "+ X

| [

P —™ . Pic“(X/B).

Here ¢, is induced by tensoring with &x(Z,) each time v appears in the minimal path in G(wp)
from wo to w (when restricted to Xy, this is just tensoring with &, ., in Notation 4.3). For
simplicity we denote the pullbacks of the denoted maps above by themselves, if there’s no confusion.
Let £, = qjj,(Z,@ﬂ':jjOX(D)) and &y = py«Ly. Forv e V(G) let L, = g, (Z,q,®w;U0X(D)|DU)
and £, = py,+ Ly over P. Then &, (vesp. &,) is a rank-(d+d—g+1) (resp. rank-d,,) vector bundle
by the choice of d, and [FKM94, §0.5]. Let Gr(r + 1,&,) be the relative Grassmannian over P,
and G! be the product of all Gr(r + 1, &, )s over P, where v runs over V(G). Similarly, let G' be
the product of all Gr(r + 1,&,)s over P, where w runs over V(G(wp)). Then G* (resp. G') is the
ambient space inside which we will define the moduli space of limit (resp. linked) linear series. To
reduce the notation, in the rest of construction, for the pullback of a vector bundle, we will not
mention the morphism of the pullback but only specify the scheme that the vector bundle lies on.
Let V,, be the universal subbundle on Gr(r + 1,&,) and G2 be the locus in G* where

(45) gw—> @ g’wv/va
veEV(G)

has rank at most d +d — g — 7 for any w € V(G (wp)), where the map &£, — &,, is induced by
multiplying with 1 € Ox(Z,) each time u appears in the minimal path in G(wp) from w to w,.
(Again, when restricted to Xo, this is just fi ., in Notation 4.5 up to tensoring with the special
fiber of D.) Accordingly, let G2 be the locus in G' over which the composition of the morphisms

(46) Vw — Ew — 5w//Vw’
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vanishes for all w,w" € V(G(wp)). Now conditions (4.5) and (4.6) match with conditions (4.1)
and (4.2) respectively. The only issue now is that we are tensoring everything with &x (D) in
the beginning. Hence, let G (resp. G) be the locus in G2 (resp. G2) where the map V,, — &,
vanishes identically for each v € V(G). Then G and G are the desired moduli spaces. Namely, the
generic fiber G, (resp. g~,,) is the moduli space of gjjs on X, and the special fiber Gy (resp. QNO)

parametrizes limit (resp. linked) gfs on Xy of multidegree wy.

Remark 4.14. Tt is unclear whether the scheme structure of G agrees with the moduli space con-
structed in [Oss19b], although they are the same as topological spaces. The main subtlety is that
the determinantal condition in (4.5) for G is imposed for all w € V(G (wy)), whereas in [Oss19b]
it is imposed for all w € V(G(wp)). See for example the proof of [LO19, Proposition 3.2.7]. Nev-
ertheless, the proof of our smoothing theorem will only involve dimension estimation, hence the

scheme-structure of the moduli space is irrelevant.

We next prove a smoothing property of limit linear series on X under certain technical assump-
tions. This is essentially a consequence of dimension estimation of G. Since it is an intersection of
determinantal loci in G2, we need to first examine the dimension of G2. To do this, note that there
is a natural forgetful map 7: G2 — G2 as explained in Remark 4.8, and recall that the notion of

limit linear series is independent of the choice of concentrated multidegrees.

Proposition 4.15. Let (w,), be a set of concentrated multidegrees that satisfy (4.3). Then G? is
covered by linked Grassmannians. More precisely, let s: B — P be any section of P — B, then
the fiber product G? xp B is isomorphic to the linked Grassmannian LG,11(Ts) associated to a
convex configuration I's of lattice (classes) in I'(X,, L(Dy)), where L is the line bundle on X,

corresponding to the generic point of s. Moreover, for w € V(G (wo)) let L., be the extension of L
to X with multidegree w on Xo and Ly, = L,,(D), then T's is the convex hull of {I'(X, Ly, ) }vev (a)-

Proof. By construction, G! x5 B is the product over B of the Grassmannians Gr(r+1, (X, Ly,)) for
w € V(G(wy)). For w' € V(G(wy)), suppose the minimal path in V(G (wp)) from w to w’ contains
a, twists at v, then the twisting map from L., to L, is just the inclusion L., <= Ly, (3 ayZy) = Ly
Hence, by the definition of G2, it remains to show that the configuration {I'(X, L)}
the convex hull of {T'(X, Lu, ) }vev(a)-

Note that the intersection of global sections

D(X, Luy (Y a0 Z0)) NT(X, Ly (Y boZ)) = T(X, Luy (> min{ay, by} Z,))

is compatible with taking the minimum of the coefficients of each Z,. Also, we have

™ T(X, Ly (Y a0 Z0)) = T(X, Ly (Y _(a +1)Z0)).

Thus the conclusion reduces to the integral tropical convexity of V (G(wp)) as a set in TP!V (I~

weV (G (wo)) is

which follows from Proposition 4.11 and the choice of (wy),. O

Remark 4.16. We warn the reader that in the proof of Proposition 4.15 different multidegrees w
may give homothetic lattices I'(X, L,,). For instance, see Proposition 4.18 (2). However, this won’t
affect the proof.
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Theorem 4.17. Let X/B be a smoothing family with special fiber Xo. Let wg be a multidegree on
G of total degree d, and choose concentrated multidegrees (w,), satisfying (4.3). Suppose

(1) the map 7: G2 — G2 is surjective;

(2) the linked Grassmannians LGr11(I's) in Proposition 4.15 are irreducible for all sections s.
If the moduli space Gy of limit glys of multidegree wy on Xo has dimension p = g— (r+1)(g—d+7)
at a given point, then the corresponding limit linear series arises as the limit of a linear series
on the geometric generic fiber of X. More precisely, G has universal relative dimension at least p
over B; and if Gy has dimension exactly p at a point, then G is universal open at that point; if
furthermore Gg is reduced at a point, then G is flat at that point.

Moreover, if T's is locally linearly independent for all sections s, then (1) and (2) are satisfied.

Proof. The fact that local linear independence implies (1) and (2) follows from Theorem 3.12 and
Lemma 3.3. We now mimic the proof given in [Oss19b, §6]. By [Ossl5, Proposition 3.7] it is
enough to show that the map G — B has universal relative dimension at least p over B. By
[Oss15, Corollary 5.1] it remains to check that each component of G, as a closed subscheme of G!,
has dimension at least p + 1.

Since 7 is surjective, the fiber product G xp B is irreducible for any section s: B — P of
P/B by condition (2). Hence its special fiber G xp r is contained in the closure of its generic
fiber G2 xp K. Since K is complete, the reduction map from X, (K) to the smooth locus of X,
is surjective. Therefore, each point of the special fiber of P = Pic*°(X/B) is contained in the
closure of a K-point of the generic fiber P, = Picd(Xn). It follows that the special fiber G3 of G2 is
contained in the union of special fibers of the product G2 x » B with respect to all sections of P/B,
hence contained in the closure of the generic fiber g%. Obviously Q% is a relative Grassmannian
over Py, hence it is irreducible of dimension d’ = g+ (r + 1)(d + d — g — r). Thus G?, as an
irreducible closed subscheme of G', has dimension d’ + 1 by [Oss15, Proposition 6.6]. It follows

that G, as an intersection of determinantal loci in G2, has component-wise dimension at least

d+1- Z (r+1)d,=p+1.
veV(G)

O

4.4. Examples of smoothing limit linear series. In this subsection we give two examples
of a reducible curve for which the two conditions in Theorem 4.17 are satisfied. Hence we get
the smoothing theorem provided that the moduli space of limit linear series has the expected
dimension. Moreover, in the first case the configuration I'y, as in Proposition 4.15, of the induced
linked Grassmannian is a convex chain, while in the second case T’y is star-shaped (see Example
2.20 for definitions). As before, let X/B be a regular smoothing family with special fiber Xj.

4.4.1. The two-component case. Suppose Xy only has two components Z,, and Z,. Then all I',’s
in Proposition 4.15 are the convex hull of I'(X, L,,, ) and I'(X, L,,, ). Alternatively, one can write
the convex hull as {T'(X, Ly, ), T'(X, Ly, (Z4)), ..., T(X, Ly, (aZ,)) = T(X, Ly, )} for some integer
a > 0. This is a convex chain, hence locally linearly independent. In this case the conditions of
Theorem 4.17 are satisfied, and we get the smoothing theorem for limit linear series. Moreover, one

can derive from this case a smoothing theorem for limit linear series on curves of pseudo-compact
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type. The idea is to realize the space of limit linear series on a pseudo-compact curve as a closed
subscheme of a product of spaces of limit linear series on curves with two components, where each
two-component curve corresponds to a pair of adjacent vertices of the dual graph of the original
curve, hence the dimension estimation of the former follows from the estimation of the later, which
leads to the smoothing property. See the proof of [Oss19b, Theorem 6.1] for further details.

Note that it is unclear to us whether the lattice configuration associated to a (pseudo)compact
type curve is locally linearly independent in general. Nevertheless, there are evidences showing that
at least when the multidegree of the limit linear series is relatively small, the corresponding lattice
configuration is locally linearly independent, and potentially one can also realize the associated
tree of this configuration as a subdivision of the tree induced by the dual graph of the original

curve. See Proposition 4.18 (4) for an example.

4.4.2. The three-rational-component case. Let Xy be a curve consisting of three (smooth) rational
components Z1, Zo and Z3. For i # j, suppose Z; intersect Z; at n; ; points Pi’fj, where 1 < k <

n;,;. Then Xy is not of pseudo-compact type if n; ; > 0 for all 7, . Let v; be the vertex in the dual
graph of X corresponding to Z;.

A Z3 Zo
\. ZQ /
P} P} 2
I, AEE 7z, P, 1, Py, Zs
1,3 ’
X() XO

FIGURE 7. Two curves with three rational components: on the left each pair of
the components intersect at n; ; = 1 point; on the right we have n; 3 = 0 while
ni,2 = N2,3 = 2, and the curve is of pseudo-compact type.

Fix a multidegree wy = (a1, as2,as) such that a; < 2 1<¥213D,7é,ni,j- Let e; be the multidegree
<G<B,j#i

that vanishes at (v;),x; and has degree 1 on v;. Set

Wy, = wp + Zni,j(ei —e;) and w; = wy — an(ei —ej).
J#i J#i
Then w,, (resp. w;) is obtained from wy by negative twisting (resp. twisting) at v;. It is easy to
check that w,, is concentrated on v;, and that

V(G(wo)) = {w07 Wy y Wyy s Wyz, W1, W2, U/S}

is the integral tropical convex hull of w,,,w,,,w,,. See G(wg) on the left of Figure 8 for an
example. In the sequel we denote V(9G(wyg)) = {w1, wa, w3}

We choose D C X with relative multidegree Y, (3, nij —a; — 1)e; in the construction of the
moduli space G of limit linear series. Let L be a line bundle on X,, induced by a section s: B — P
and L,, its extension to X as in Proposition 4.15. Let L., be the restriction of L., on X, and recall
that we have map fu, @ Ly — Ly defined similarly as in Notation 4.5 up to tensoring with the
special fiber of D. By the first part of the following proposition, the divisor D C X is “sufficiently
ample,” hence is an appropriate choice for the construction of moduli of limit linear series on X
with multidegree wy.
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Proposition 4.18. Let L, L,, and L., be as above.

(1) For all w € V(G(wy)), we have h'(Xo, Ly) = 0 and h°(Xo, Lw) = 3 nij-

(2) Forw € V(90G(wy)) we have that fu, . induces an isomorphism I'(Xo, Ly,) ~ T'(Xo, Ly),
and dim fu,,w,, (0(Xo, Lu,)) = Sjziniy for 1. < i < 3. In particular, T'(X, Ly,) is
homothetic to I'(X, L,,) as lattices in I'(X,,, L) for w € V(0G(wy)).

(3) The subspaces fu,, w, (F(Xo,fwvi)), which has dimension n;, ;, where {i1,i2} = {1,2,3}\{¢},
are linearly independent, hence generates T'(Xo, Ly, )-

(4) The convex configuration T's is star-shaped, in particular, locally linearly independent.
Moreover, if one of the m; ;’s is zero (namely, Xo is of pseudo-compact type), then T's

is also a convex chain.

Proof. (1) The conclusion follows since L,, has multidegree w + 3, (3, nij — a; — 1)e;.

(2) The first claim follows from the fact that fi, . is zero along one component and injective
along the other two, hence has trivial kernel on I'(Xg, Ly, ). Similarly, Juwo,w,, is injective along Z;
and zero along the other two components, hence its kernel along I'(Xg, L., ) has dimension n;, ;,
where {i1,42} = {1,2,3}\{¢}.

(3) By (1) and (2) we have

dim fu, wo (F(Xo,fwvi )) = dim ker fuwo,w, |F(X0,Zw0) =N, iy-

For the second claim, take three vectors (0, g1, h1), (f2, 0, h2), (f3, g3,0) in the image of T'(Xo, L, ),
I'(Xo, quz) and T'(X, LwU3) respectively, where the i-th component denote the restriction of the
vector to Z;, and suppose they sum to zero. Then hy; + ho = 0. As h; vanishes at P{f3 and hy
vanishes at Py, both of them vanish at Pﬁ3 and P2k73. Hence hy = hy = 0 as they are both
of degree nj 3 + ng 3 — 1 and there are n; 3 + ng 3 zero conditions. Similarly f; = fo = 0 and
91 =92 =0.

(4) Take &; ; € T(Xo, Ly, ), where 1 < j < ny, i, such that fu, w,(@i;) generates fu, w,(T(Xo, Lu,,))-
Lift €; ; to

€ij € N(X, Lu,,) = T(X, Ly, (=Zi)) C T(X, Lu,) C T'(Xy, L).
By (3) and Nakayama’s Lemma, I'(X, Ly, ) is generated by {e; ;}i ;. Since fu, . (€i;) generates

the kernel of fu w,, on I'(Xo, L, ), fwo,w,, (I'(Xo, Luw,)) is generated by the images of all ey ;’s,
where k # i. Hence I'(Xo, Ly, ) is generated by {&;;}; and {fu, w,(€kj)}rzij- As a result
I'(X, Ly, (—Z;)) is generated by {e; ;}; and {mex_j}rzi;;. This proves the first part. Moreover, if
n;; = 0, we can take [ € {1,2,3}\{4,j}, then I'(X, L, (—Z;)) = 7T(X, Ly, ), i.e., the two lattices
are homothetic. Therefore, I'y is a convex chain which consists of three lattice classes. O

The configuration I'y and the associated quiver Q(T's) are illustrated in the right part of Figure
8. As a direct consequence of Proposition 4.18 (4) and Theorem 4.17, we have:
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I(X, L,y (= 22))
/ > s =(2,2,-1) H 2

wO:(1,1,1) / [(X, Lu,) \
78NN

F(X7Lw0( Z3) (X Lwo( Zl))

FIGURE 8. The left is G(wp) in the case n; ; = 1 and wg = (1,1,1), the arrows
represent twisting a vertex of the dual graph of Xy. The right is the quiver of T';.

Corollary 4.19. Let Xy and wg be as above. Let X/B be a smoothing family with special fiber
Xo. Then any limit linear series on Xy with multidegree wq arises as the limit of a linear series on

the geometric generic fiber of X, if the moduli space of limit linear series is of expected dimension.

APPENDIX A. A COUNTER-EXAMPLE BY GORTZ

n [Héb14], Habich stated an equational description of the Mustafin degeneration Mgy(I") as
a subscheme of a product of projective spaces without proof. This was the key ingredient in the
proof of the main theorem in the first version of the present paper, namely that linked flag schemes
always agree with Mustafin degenerations as schemes. However, this claim is not true in general
due to a counter-example communicated to us by Ulrich Gortz, which results in a gap in our
previous proof. We now illustrate the (simplified) counter-example by Gortz.

We first recall the description of My(T') by equations in [Hab14], where I' = {[L;]};er C B
is a convex collection of homothety classes of lattices in a d dimensional K-vector space V', and
d = (dy,...,d,) where 0 < d,, < --- < dy < d are positive integers. For each lattice L, the

4)_1
]P’S;j) by the

Pliicker embedding. For each i pick a basis e!, ..., €%, of L;. Then the respective multihomogeneous

flag scheme Flag,(L) is embedded into the product of projective spaces P = [T/,

coordinates on P are

{p§j§___7ldj =ef, A A, t1<h < <ly < dhigiem.

1

Fix a reference lattice L and basis ey, ...,eq. We define p;, . similarly as above and let A; be

la
the matrix such that A’p, la, = pl(f?...,ldj' Then My(T') is cut out in [ jer P by the ideal
Iny = anNRJ. ,pl(j) iy ,...}, where « is is the ideal generated over K by all 2 x 2-minors of the
matrices
(@)
A;plj lag
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d

whose rows are parametrized by I and columns are parametrized by the coordinates of }P’E{lj - for
all 1 < j < m, and the ideal generated by the equations cutting out the product of flag schemes
[izjer Flag,(I').

The gap in this description is that, intuitively, My(T") should be by definition a scheme over
R that is the closure of its generic fiber; however, the description above only guarantees that
My(T) is a closed subscheme of such a scheme (cut out by the equations of those flag schemes).
In other words, instead of looking at the ideal generated by In; and the equations cutting out
[Tizjer Flagy(T'), as above, one should look at the ideal o/ N R[...,pl(f)’___’ldj,...L where o' is the
ideal generated by a and the equations (over K) cutting out [iz)er Flagy (V). We illustrate by an

example that these two ideals do not always cut out the same subscheme of [];zjep P-

Example A.1. (The same example is also discussed in [Gorl9, Remark 2.25].)
Consider d =4 and I = {1,2}. Take a basis ey, €2, e3,e4 of V and let

4 4
Ly = @Rei and Ly = 7 'Re; @ @Rei.

i=1 =2
Set m =1 and d; = 2. We have (see Notation 2.1)

m 1
Fl,g = 1 and F2,1 =

1 ™
Straightforward calculation shows that the point (z1,z2) € Gr(2,4), x Gr(2,4), where

1

1
= and 19 =

is not contained in LG3(T"), let alone My (T).
On the other hand, after passing to the Pliicker embedding we have

z1 = (1,0,0,0,0,0) and x5 = (0,0,0,1,0,1)

and, setting L = Lo, we have A} = diag(w, 7,7, 1,1,1) and A% = Id. It is now easy to check that
(71, 22) € P8 x PY is contained in the subscheme defined by Iy since Alz; = (0, ...,0) on &, which
provides a contradiction to Habich’s claim.
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