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Complete unitarity is a natural condition on a CFT-type regular vertex operator algebra
(VOA), which ensures that its modular tensor category (MTC) is unitary. In this paper
we show that any CFT-type unitary (conformal) extension U of a completely unitary
VOA V is completely unitary. Our method is to relate U with a Q-system A in the C*-
tensor category Rep"(V) of unitary V-modules. We also update the main result of [30]
to the unitary cases by showing that the tensor category Rep*(U) of unitary U-modules
is equivalent to the tensor category Rep"(4;) of unitary A;-modules as unitary MTCs.
As an application, we obtain infinitely many new (regular and) completely unitary VOAs
including all CFT-type ¢ < 1 unitary VOAs. We also show that the latter are in one-to-
one correspondence with the (irreducible) conformal nets of the same central charge c,

the classification of which is given by [29].

Introduction

This is the 1st part in a series of papers to study the relations between unitary vertex
operator algebra (VOA) extensions and conformal net extensions. We will always focus
on rational conformal field theories, so our VOAs are assumed to be CFT type, self-
dual, and regular, so that the categories of VOA modules are modular tensor categories
(MTCs).

Although both unitary VOAs and conformal nets are mathematical formulations

of unitary chiral CFTs, they are defined and studied in rather different ways, with the
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former being more algebraic and geometric, and the latter mainly functional analytic. A
systematic study to relate these two approaches was initiated by Carpi-Kawahigashi-
Longo—Weiner [7] and followed by [9, 10, 21, 43-45], etc. In these works the methods of
relating the two approaches are transcendental and have a lot of analytic subtleties. Due
to these subtleties, certain models (such as unitary Virasoro VOAs, and unitary affine
VOAs especially of type A) are easier to analyze than the others. On the other hand,
when studying the extensions and conformal inclusions of chiral CFTs, the main tools
in the two approaches are quite similar: both are (commutative) associative algebras in
a tensor category C (called C-algebras); see [8, 23, 30] for VOA extensions, and [5, 29, 31]
for conformal net extensions; see also [16, 17] for the general notion of algebra objects
inside a tensor category. In this and the following papers, we will see that C-algebras are
also powerful tools for relating unitary VOA extensions and conformal net extensions in
the above-mentioned systematic and transcendental settings.

There is, however, one important difference between the C-algebras used in the
two approaches: for conformal net extensions the C-algebras are unitary. Unitarity
is an essential property for conformal nets and operator algebras but not quite
necessary for VOAs. However, it is impossible to relate VOAs and conformal nets
without adding unitary structures on VOAs (and their representation categories).
This point is already clear in [21], where we have seen that to relate the tensor
categories of VOAs and conformal nets, one has to first make the VOA tensor categories
unitary.

In this paper our main goal is to relate the C*-tensor categories of unitary VOA
extensions with those of unitary C-algebras (also called C*-Frobenius algebras or (under
slightly stronger condition) Q-systems [33]). As applications, we prove many important
unitary properties of VOA extensions, the most important of which are the complete

unitarity of VOAs as defined below.

Complete unitarity of unitary VOA extensions

A CFT-type regular VOA V is called completely unitary if the following conditions are

satisfied.

e TV is unitary [11], which means roughly that V is equipped with an inner
product and an antiunitary antiautomorphism ©®, which relates the vertex
operators of V to their adjoints.

e Any V-module admits a unitary structure. Since V-modules are semisimple,

it suffices to assume the unitarizability of irreducible V-modules.
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7552 B. Gui

e For any irreducible unitary V-modules W;, Wj, W, the non-degenerate invari-
ant sesquilinear form A introduced in [19] and defined on the dual vector

space of type (lk]) intertwining operators of V is positive.

The importance of complete unitarity lies in the following theorem.

Theorem 0.1 ([19] theorem 7.9). If V is a CFT-type, regular, and completely unitary
VOA, then the unitary V-modules form a unitary MTC.

However, compared to unitarity, complete unitarity is much harder to prove
since not only vertex operators but also intertwining operators need to be taken care
of. In this paper, our main result as follows provides a powerful tool for proving the

complete unitarity.

Theorem 0.2. Suppose that V is a CFT-type, regular, and completely unitary VOA, and
U is a CFT-type unitary VOA extension of V. Then U is also completely unitary.

Roughly speaking, if we know that a unitary VOA U is an extension of a
completely unitary VOA V, then U is also completely unitary. As applications, since
the complete unitarity has been established for unitary affine VOAs and ¢ < 1 unitary
Virasoro VOAs (minimal models) as well as their tensor products (proposition 3.31),
we know that all their unitary extensions are completely unitary. In particular, these
extensions have unitary MTCs. We also show that these tensor categories are equivalent
to the unitary MTCs associated to the corresponding Q-system. To be more precise, we

prove the following:

Theorem 0.3. Let V be a CFT-type, regular, and completely unitary VOA, and let U be
a CFT-type unitary extension of V whose Q-system is Ay. If Rep"(U) is the category of
unitary U-modules, and Rep"(4y) is the category of unitary A;-modules, then Rep"(U)

is naturally equivalent to Rep"(A4y) as unitary MTCs.

A non-unitary version of the above theorem has already been proved in [8]:
Rep"(U) is known to be equivalent to Rep"(Ay) as MTCs. The above theorem says that
the unitary structures of the two MTCs are also equivalent in a natural way. We remark
that the unitary tensor structures compatible with the x-structure of Rep"(U) are unique
by [6, 41]. Thus [6, 41] provide a different method of proving the above theorem.

We would like to point out that our results on the relation between unitary

VOA extensions and Q-systems also provide a new method of proving the unitarity
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of VOAs. For instance, the irreducible ¢ < 1 conformal nets are classified as (finite
index) extensions of Virasoro nets by Kawahigashi-Longo in [29] (table 3), and their VOA
counterparts are given by Dong-Lin in [12]. However, Dong-Lin were not able to prove
the unitarity of two exceptional cases: the types (4, Eg) and (A,g, Eg) (see remark 4.16
of [12]). But since these two types are realized as commutative Q-systems in [29], we can
now show that the corresponding VOAs are actually unitary. This proves that the c < 1
CFT-type unitary VOAs are in one-to-one correspondence with the irreducible conformal
nets with the same central charge c.

We have left several important questions unanswered in this paper. We see that
Q-systems can relate unitary VOA extensions and conformal net extensions. But [7] also
provides a uniform way of relating unitary VOAs and conformal nets using smeared
vertex operators. Are these two relations compatible? Moreover, do the VOA extensions
and the corresponding conformal net extensions have the same tensor categories?
Answers to these questions are out of scope in this paper, so we leave them to future

works.

Outline of the paper

In chapter 1 we review the construction and basis properties of VOA tensor categories
due to Huang-Lepowsky. We also review various methods of constructing new inter-
twining operators from old ones and translate them into tensor categorical language.
The translation of adjoint and conjugate intertwining operators is the most important
result of this chapter. Unitary VOAs, unitary representations, and the unitary structure
on VOA tensor categories are also reviewed.

In chapter 2 we relate unitary VOA extensions and Q-systems as well as their
(unitary) representations. The 1st two sections serve as background materials. In section
2.1 we review the relation between VOA extensions and commutative C-algebras as
in [23]. Their results are adapted to our unitary setting. In section 2.2 we review
various notions concerning dualizable objects in C*-tensor categories. Most importantly,
we review the construction of standard evaluations and coevaluations in C*-tensor
categories necessary for defining quantum traces and quantum dimensions. Standard
reference for this topic is [32]. We also explain why the naturally defined evaluations
and coevaluations in the tensor categories associated to completely unitary VOAs are
standard. In section 2.3 we define a notion of unitary C-algebras, which is a direct
translation of unitary VOA extensions in categorical language. This notion is related to
C*-Frobenius algebras and Q-systems in section 2.4. The equivalence of ¢ < 1 unitary

VOAs and conformal nets is also proved in that section. A VOA U is called strongly
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unitary if it satisfies the 1st two of the three conditions defining complete unitarity.
Therefore, strong unitarity means the unitarity of U and the unitarizability of all U-
modules. In section 2.5, we give two proofs that any unitary extension U of a completely
unitary VOA V is strongly unitary. The 1st proof uses induced representations, and the
2nd one uses a result of standard representations of Q-systems in [5].

In chapter 3 we use the C*-tensor categories of the bimodules of Q-systems to
prove the complete unitarity of unitary VOA extensions. We review the construction and
basic properties of these C*-tensor categories in the 1st four sections. Although these
results are known to experts (cf. [37] chapter 6 or [39] section 4.1), we provide detailed
and self-contained proofs of all the relevant facts, which we hope are helpful to the
readers who are not familiar with tensor categories. We present the theory in such a
way that it can be directly compared with the (Hermitian) tensor categories of unitary
VOA modules. So in some sense our approach is closer in spirit to [8, 30]. In section 3.5
we prove the main results of this paper: theorems 0.2 and 0.3 (which are theorem 3.30

of that section). Finally, applications are given in section 3.6.

1 Intertwining Operators and Tensor Categories of Unitary VOAs
1.1 Braiding, fusion, and contragredient intertwining operators

Let V be a self-dual VOA with vacuum vector 2 and conformal vector v. For any v € V,
its vertex operator is written as Y(v,z) = >, Y(V)nz‘”‘l. Then {L, = Y(v),,4; : n € Z}
are the Virasoro operators. Throughout this paper, we assume that the grading of V
satisfies V=CQ & (@nez>0 V(n)) where V(n) is the eigenspace of L, with eigenvalue n,
that is, V is of CFT type. We assume also that ¥V is regular, which is equivalent to that
V is rational and C,-cofinite. (See [13] for the definition of these terminologies as well
as the equivalence theorem.) Such condition guarantees that the intertwining operators
of V satisfy the braiding and fusion relations [25, 26] and the modular invariance [27,
48] and that the category Rep(V) of (automatically semisimple) V-modules is indeed an
MTC [28].

We refer the reader to [4, 14, 46] for the general theory of tensor categories, and
[28] for the construction of the tensor category Rep(V) of V-modules. A brief review of
this construction can also be found in [18] section 2.4 or [21] section 4.1. Here we outline
some of the key properties of Rep(V), which will be used in the future.

Representations of V are written as W;, W] Wy, etc. If a V-module W; is given,
its contragredient module (cf. [15] section 5.2) is written as W5 . W, the contragredient

i
i

module of W5, can naturally be identified with W;. So we write i = i. Note that the
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symbol i is now reserved for representations. So we write the imaginary unit «/—1 as i.
Let W, be the vacuum V-module, which is also the identity object in Rep(V). The product
of V-modules is constructed in such a way that for any W;, Wj, W, there is a canonical

isomorphism of linear spaces

y:Hom(Wigr/vj,Wk)iv(,k,), a Y (1.1)

ij «

where V(ikj) = V(7 ) is the (finite-dimensional) vector space of intertwining operators

w;W;
of V. For any w® e wW;, we write Y,(w?,2) = > Y, (w?)z=5"! where z is a
complex variable defined in C* := C\ {0} and Y, (w®), : W; — W, is the s-th

mode of the intertwining operator. We say that W;, W;, Wy are respectively the charge
space, the source space, and the target space of the intertwining operator ),. Tensor
products of morphisms are defined such that the following condition is satisfied: if
F € Hom(Wy, W;), G € Hom(W;,, W;), K € Hom(Wj, W), then for any w® e w,,

VkaFo6) w®,z) = KY, Fw®, 2)G. (1.2)

One way to realize the above properties is as follows: notice first of all that
V has finitely many equivalence classes of irreducible unitary V-modules. Fix, for
each equivalence class, a representing element, and let them form a finite set £. We
assume that the vacuum unitary module V = W, is in £. If W, € £, we will use the
notation ¢ € £ to simplify formulas. We then define W; X W; to be P,¢ V(itj)* ® W,
[24] (here V(itj)* is the dual vector space of V(itj)). Then for each t € £ there is a natural
identification between Hom(WlMWj, w,) and V(itj), which can be extended to the general

case Hom(W; X W;, Wy) ~ V(ikj) via the canonical isomorphisms

Hom(W; ¥ W;, W) ~ @5 Hom(W; X W;, W,) ® Hom(W,, W), (1.3)
tef
k t
i ~Pv ; ;) @ Hom(W,, Wy). (1.4)
te€

The tensor structure of Rep(V) is defined in such a way that it is related to
the fusion relations of the intertwining operators of V as follows. Choose non-zero z, ¢
with the same arguments (notation: argz = arg¢) satisfying 0 < [z —¢| < [¢] < |z|. In
particular, we assume that z, ¢ are on a common ray stemming from the origin. We also
choose arg(z—¢) = arg ¢ = argz. Suppose that we have W,, Wj, Wy, Wy, Wp, Wq in Rep(V),
and intertwining operators Y, € V(; lp),yﬁ € v(jpk),yy € V(iqj),yg € V(qlk), such that for
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7556 B. Gui
any w® € W;, w' e W, the following fusion relation holds when acting on W;:
Y, w?, 2)V,w?, 1) = (yy(w“),z —w?, c) : (1.5)

Then, under the identification of W;X (W; W) and (W; X W,) KWy (which we denote by
W;XW;XW,;) via the associativity isomorphism, we have the identity «(1;® 8) = §(y ®1),

which can be expressed graphically as

= 5 . (1.6)

Here we take the convention that morphisms go from top to bottom.

Convention 1.1. When we consider fusion relations in the form (1.5), we always assume

O0<|z—¢| < |¢| <|z| and arg(z — ¢) = arg¢{ = arg z.

The braided and the contragredient intertwining operators are two major ways
of constructing new intertwining operators from old ones [15]. As we shall see, they

can all be translated into operations on morphisms. We first discuss braiding. Given

Y, € V(ikj), we can define braided intertwining operators B, ),,B_Y, of type V(jki) in
the following way: choose any w® e W;, w) € W;. Then
BV W, 2w = 1Y, (W, e T 2w?. (1.7)

Then the braid isomorphism 8 = 8; ; : W; X W; — W; X W; is constructed in such a way
that BY, = V,ogt1. Write B, Y, = Vp , and B_Y, = Vg ,,. Then B, = a 0 B8*!. Using /\/

and X to denote B and B!, respectively, this formula can be pictured as

i / i j\ i

% ? Y _ { . 08
L o B_« a

k k k k
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Let Y; = Y;(v, 2z) be the vertex operator associated to the module W;. Then Y; is
also a type (Oi ;) intertwining operator. It's easy to verify that B, Y; = B_Y; as type V(iio)
intertwining operators, which we denote by ), ; and call the creation operator of W;.
Then the canonical isomorphism of the left multiplication by identity W, X W; = W; is
defined to be the one corresponding to Y;. Similarly the right multiplication by identity
w, X W, = W, is chosen to be « (7).

One can also construct contragredient intertwining operators C,), =
Ve qC_Yy = V¢ o of V,, which are of type (ijE)' such that for any w® e W, w" ¢
w;, wh e W,

Veoa W@, 2w®, W) = (w®, y, 1 (772~ Hlow D, 2w D). (1.9

Here, and also throughout this paper, we follow the convention argz” = rargz (r € R)
unless otherwise stated. To express contragredient intertwining operators graphically,
we first introduce, for any V-module W, (together with its contragredient module
W;), two important intertwining operators ye"i,z € V(ioi) and yevi’i € V(zoi), called the
annihilation operators of W; and W;, respectively. Recall that V is self-dual. Fix an
isomorphism V = W, ~ Wy and identify W, and W; through this isomorphism. We now

define
yevﬁ = C_yk(l) = C_Bin. (1.10)

The type of ), shows that ev;; € Hom(W; X W;, V), which plays the role of the
evaluation map cl)lf W;. ev;; € Hom(W; X W;, V) can be defined in a similar way. We write
ev;; =and ev;; =i A =1\4; A =NKi J/, following the convention that a vertical line
with label i but upward-pointing arrow means (the identity morphism of) W;. We can
now give a categorical description of C_« with the help of the following fusion relation
(cf. [19] remark 5.4)

Yoo, WP, Ve oW ,0) = Yoy, (Vo uaW? 2= )W, ¢}, (1.11)

which can be translated to

joi k J ik
N
C.aa = _ (1.12)
) e’
J
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7558 B. Gui

By [28] section 3, there exist coevaluation maps coev,; = m € Hom(V, W; X W;) and
coev;; = m = m € Hom(V, W; X W;) satisfying
(evy; ® 1Hd; ® coev; ;) = L=0® ev; ;)(coev;; ® L), (1.13)

(ev;; ® L ® coev;;) = L=0%® ev; 7)(coev; ; ® L). (1.14)

Thus, let W; tensor both sides of equation (1.12) from the left, and then apply coev;  ®

I; ® I to the tops, we obtain the following:

Proposition 1.2.  For any V-modules W;, W;, W, and any ), € V(ikj),

C.a = o’ ] (1.15)

Finally, we remark that the ribbon structure on Rep(V) is defined by the twist
9 = 0; := e?"lo ¢ End(W;) for any V-module W;.

1.2 Unitary VOAs and unitary representations

In this section, we only assume that V is of CFT type and discuss the unitary conditions
on V and its tensor category. We do not assume, at the beginning, that V is self-dual. In
particular, we do not identify W, with ;. As we shall see, the unitary structure on V is
closely related to certain V-module isomorphism € : W, — Wj.

Suppose V is equipped with a normalized inner product (-|-) (“normalized” means
(Q|Q2) = 1). We say that (V, {-|-)) (simply V in the future) is unitary [7, 11], if there exists

an anti-unitary anti-automorphism © of V (called PCT operator) satisfying that
(Y (v, 2)v,|vy) = (v, |V (e (—z-2)00v, z 1)v,). (1.16)

We abbreviate the above relation to

Y(v,2) = Y& (—z-2)lo@y, z- 1), (1.17)
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with  understood as formal adjoint.
By our definition, ® : V — V is an antilinear (i.e., conjugate linear) bijective map

satisfying

(ulv) = (Bv|Ou), (1.18)
OY(u,z)v=Y(Ou,z)0v (1.19)

for all u,v € V. Such @ is unique by [7] proposition 5.1. Note that Ov = OY(Q,z)v =
Y(0Q,z)Ov, which implies ®Q = Q. Also ®v = v by [7] corollary 4.11. Indeed, by
that corollary, under the assumption of anti-automorphism, anti-unitarity is equivalent
to ®v = v, and also equivalent to that ® preserves the grading of V. Note also
that © is uniquely determined by V and its inner product (-|-), and that ®% = 1,
([7] proposition 5.1).

Later we will discuss the unitarity of VOA extensions using tensor-categorical
methods. For that purpose the map © is difficult to deal with due to its anti-linearity. So
let us give an equivalent description of unitarity using linear maps. Let V* be the dual
vector space of V. The inner product (-|-) on V induces naturally an antilinear injective
mapC: V — V*, v (-|v). Weset V = [V, and define an inner product on V, also denoted
by (:|]-), under which C becomes anti-unitary. Equivalently, we require (u|v) = (Cv|Cu) for
all u,v € V. The adjoint (which is also the inverse) of 0 : V — V is denoted by 0 : V — V.
The reason we use the same symbol for the two conjugation maps is to regard [ as an
involution. We also adopt the notation ¥ = Cv and ¥ = v. We will use both ¥ and C for
conjugation very frequently, but the latter is used more often when no specific vectors

are mentioned.

Proposition 1.3. (V,(:|-)) is unitary if and only if there exists a (unique) unitary map
€ : V — V, called the reflection operator of V, such that the following two relations
hold forallv e V:

Y(v,2) = Y21 (—z-2)loey, z-1)T, (1.20)
eY(e*v,z)e* =CY(v,2)C. (1.21)

When V is unitary, we have
Ce = ¢*C. (1.22)

Note that the 1st and the 3rd equations are acting on V, while the 2nd one on V.
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Proof. ¢ and © are related by ¢ = (®. Then €V = v, 'V = ©7lv. It is easy to see
that (1.20) and (1.21) are equivalent to (1.17) and (1.19), respectively. The uniqueness of
¢ follows from that of ©. When V is unitary, be = ® = @1 = ¢*(. [

In the following we always assume V to be unitary. Let W; be a V-module,
and assume that the vector space W; is equipped with an inner product (:|-). We say
that (W;, (-|-)) (or just W;) is a unitary V-module, if for any v € V we have Y;(v,2z) =
Y; (e (—z—2)l00v, z-1)" when acting on W;. Equivalently,

Y;(v,2) = Y (€1 (—z-2)loew, z— 1), (1.23)

A V-module is called unitarizable if it can be equipped with an inner product under
which it becomes a unitary V-module. An intertwining operator ), of V is called unitary
if it is among unitary V-modules.

Note that just as the conjugations between V and V, given a unitary V-module
W;, we have a natural conjugation C : W; — W; whose inverse is also written as C : W; —
W;. (Indeed, we first have an injective antilinear map 0 : W; — Wy. That (w; = w5,
that is, that vectors in CW; are precisely those with finite conformal weights, follows
from the fact that (Lj - |-) = (-|Ly-), which is a consequence of (1.23) and the fact that
€v = Ov = v.) Fix an inner product on W; under which C becomes anti-unitary. Then w;
is also a unitary V-module. For any w® € W,, write w® = []w(i),ﬁ = Cw® = w0,
Recall by our notation that ¥; and Y; are the vertex operators of W; and W;, respectively.
The relation between these two operators is pretty simple: Y;(®v,z) = Cy;(v,2)C, acting

on W:. (See [18] formula (1.19).) Equivalently,
Y:(ev, z) = CY,(v,2)C. (1.24)

This equation (applied to i = 0), together with (1.21) and (1.22), shows for any v € V that
€Yy (v, z)e* = Y;(v,z), where Y, = Y is the vertex operator of the vacuum module V, and

Y5 is that of its contragredient module. We conclude the following:

Proposition 1.4. If V is a unitary CFT-type VOA, then V is self-dual. The vacuum
module V = W, is unitarily equivalent to its contragredient module V = Wy via the

reflection operator e.

Convention 1.5. Unless otherwise stated, if V is unitary and CFT type, the isomor-
phism W, = Wy is always chosen to be the reflection operator ¢, and the identification

of V =W, and V = Wy is always assumed to be through .
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1.3 Adjoint and conjugate intertwining operators

We have seen in section 1.1 two ways of producing new intertwining operators from
old ones: the braided and the contragredient intertwining operators. In the unitary
case there are two extra methods: the conjugate and the adjoint intertwining operators.
In this section, our main goal is to derive tensor-categorical descriptions of these two
constructions of intertwining operators.

First we review the definition of these two constructions; see [20] section 1.3
for more details and basic properties. Let V be unitary and CFT type. Choose unitary
V-modules W;, W;, Wy. For any Yy, € V(lk]) its conjugate intertwining operator Cya =

Ve, = V5 is of type V(;Ej) defined by
Vo (w®,z) =0y, w?,2)C (1.25)

for any w® e W;. Despite its simple form, one cannot directly translate this definition

into tensor categorical language, again due to the anti-linearity of C. Therefore we need

to first consider the adjoint intertwining operator y; =Y, € V(i]k)' defined by
a'=Cla=C_ga, (1.26)

which will be closely related to the x-structures of the C*-tensor categories. Then for

any w® e w;,
Vi (w®,z) =Y (71 (e 7 z-2)low ), z-1)T, (1.27)

Note that 1 is an involution: «'f = «. Moreover, by unitarity, up to equivalence of the
charge spaces e : V 5V, Y, is equal to its adjoint intertwining operator, and obviously

also equal to the conjugate intertwining operator of Y;. Another important relation is
 — (DT
ev;; = k(1) (1.28)

by [18] formula (1.44). Recall from section 1.1 that, up to the isomorphism W, >~ Wy,
ev;; is defined to be C_« (i). Due to convention 1.5, the more precise definition is ev;; =
e~ ! o C_x(i). We will use (1.28) more often than this definition in our paper.

We shall now relate o' with the unitarity structure of the tensor category of
unitary V-modules. Let V be a CFT-type VOA. Assume that V is strongly unitary [42],

which means that V is unitary, and any V-module is unitarizable. Then Rep"(V), the
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category of unitary V-modules, is a C*-category, whose * structure is defined as follows:
if w;, W] are unitary and T € Hom(W;, Wj), then T* ¢ Hom(Wj, W;) is simply the adjoint
of T, defined with respect to the inner products of W; and w;.

Assume also that V is regular. To make Rep"(V) a C*-tensor category, we have
to choose, for any unitary V-modules W;, W; a suitable unitary structure on W,; X w;.
Note that it is already known that W; X W, is unitarizable by the strong unitary of V.
But here the unitary structure has to be chosen such that the structural isomorphisms
become unitary. So, for instance, if W, is also unitary, the associativity isomorphism
(W; X Wj) X Wy S W; X (W; X W) and the braid isomorphism 8 : W; X W; S w; X w;
have to be unitary. Then we can identify (W; X W)) X W} and W; X (W; X W}) as the same
unitary V-module called W; X W; X W;.

To fulfill these purposes, recall that W; X W; is defined to be P,¢ V(itj)* ® W,.
Since every W, already has a unitary structure, it suffices to assume that the direct sum
is orthogonal, and define a suitable inner product A (called invariant inner product) on
each V(itj)*.

Let us first assume that we can always find A, which make Rep"(V) a braided
C*-tensor category. Then we can define an inner product on V(itj), also denoted by A,
under which the anti-linear map V(itj) — V(itj)*, Y, — A(|Y,) becomes anti-unitary.
Here we assume A(-|-) to be linear on the 1st variable and anti-linear on the 2nd one.
Let (Y, :a € Eﬁ,ﬁ be a basis of V(itj), and let ()% :a € EfJ) be its dual basis in V(itj)*. In
other words we assume for any «, 8 € Efj that (Y, 375) = 84,8 The following proposition

relates A with the categorical inner product.

Proposition 1.6. Forany ),, Y, € V(itj) we have

ap* = A, 1Vp)l; (1.29)

Proof. Assume that Ef] is orthonormal under A. Then so is (J* :« € Efﬁ' For any
o € EfJ, let P, be the projection mapping W; X W; = Pr-e V(itj)* ® W, onto ) ® W,,
and let U, be the unitary map ) ® w, — W, V* @ w® > w®. Then we clearly have
a=U,P,. Soaa* =1,.If B € Efl and B # «, then clearly PgP, = 0, and hence «f* = 0.

Thus (1.28) holds for basis vectors, and hence holds in general. [ |

We warn the reader the difference of the two notations o' and a*. If ), V(itj)
then of € Hom(W; X W, Wj), while «*, defined using the *-structure of Rep"(V), is in
Hom(W,, W; ) W;). Thus, ), is the adjoint intertwining operator while ). makes no
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sense. This is different from the notations used in [18, 19], where o« is not defined
but ),. (also written as )}) denotes the adjoint intertwining operator. Despite such
difference, ' and «*, the VOA adjoint and the categorical adjoint, should be related in a

natural way. And it is time to review the construction of invariant A introduced in [19].

Definition 1.7. Let w;, W; be unitary V-modules. Then the invariant sesquilinear
form A on V(itj)* for any t € £ is defined such that the fusion relation holds for any

@ .0 .
wi,wy’ € w;:

Yj(yeviri(w_é“,z—c)wi”,c)=z S OAQE) - Vw2V, w0 (1.30)

te€ o, peBl;

Equation (1.30) can equivalently be presented as

i i i J
U = > AP t o (1.31)
te& ogﬁ&Eij. /BT
J J

It is not too hard to show that A is Hermitian (i.e., AQ*|Vf) = AQP|Y?)).
Indeed, one can prove this by applying [19] formula (5.34) to the adjoint of (1.30). (The
intertwining operator ); in that formula could be determined from the proofs of [19]
corollary 5.7 and theorem 5.5.) Moreover, from the rigidity of Rep(V), one can deduce
that A is non-degenerate; see [22] theorem 3.4 (The relation between the bilinear form in
[22] theorem 3.4 and the sesquilinear form A is explained in [19] section 8.3.), or step 3
of the proof of [19] theorem 6.7. However, to make A an inner product, one has to prove
that A is positive. In [18, 20] we have proved the positivity of A for many examples of
VOAs. As mentioned in the introduction, one of our main goal of this paper is to prove
that all unitary extensions of these examples have positive A. We first introduce the

following definition.

Definition 1.8. Let V be a regular and CFT-type VOA. We say that V is completely
unitary, if V is strongly unitary (i.e., V is unitary and any V-module is unitarizable),
and if for any unitary V-modules W;, w; and any t € £, the invariant sesquilinear form

A defined on V(itj)* is positive. In this case we call A the invariant inner product of V.
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As we have said, since A is non-degenerate, when V is completely unitary A
becomes an inner product on V(itj)* (and hence also on V(itj)), which can be extended to
an inner product on W; X w;, also denoted by A. Then W; X w; becomes a unitary (but
not just unitarizable) V-module. In other words it is an object not just in Rep(V) but
also in Rep"(V). Moreover, as shown in [19], A is the right inner product, which makes

all structural isomorphisms unitary. More precisely:

Theorem 1.9 (cf. [19] theorem 7.9). If V is regular, CFT type, and completely unitary,
then Rep*(V) is a unitary MTC.

In the remaining part of this paper, we assume, unless otherwise stated, that V
is regular, CFT type, and completely unitary. The following relation is worth noting; see
[19] section 7.3.

Proposition 1.10. If W; is unitary then coev,; = evz‘i.
We are now ready to state the main results of this section.

Theorem 1.11. For any unitary V-modules W;, W;, Wy and any ), € V(ikj), we have
af =(ev;; ® 1,)(I; ® ¢*). In other words,

of = a¥ . (1.32)

Proof. It suffices to assume W) to be irreducible. So let us prove (1.32) forallk =t € £

—

and any basis vector « € Ef] Here we assume &; ; to be orthonormal under A. Choose
o € Hom(W; X w;, W,) such that o' equals (ev;; ® lj)(lg ® o). We want to show o = «.

By proposition 1.6 we have a* = §, gl, forany o, g € Ef] This implies

- Z Z tY o - (1.33)

te€ el ;
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Tensor I; from the left and apply ev;; ® lJ- to the bottom, we obtain

i i LrJ

v = > > t; : (1.34)

te€ ekt j

which, together with equation (1.31), implies

@' =D AQUIIB = D s ppT =l

ot mt
ﬂeuiJ ﬁeuiJ
Thus @ = «. u

Corollary 1.12.  For any unitary V-modules W;, W;, Wy and any ), € V(ikj),

(1.35)

Proof. Wehavea =C, C_a = (C_a)'. By propositions 1.2, 1.10, and the unitarity of 8,
(C_a)* equals

(1.36)

By theorem 1.11, one obtains (C_a)" from (C_a)* by bending the leg i to the top. Thus
(1.36) becomes the right hand side of (1.35). |
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2 Unitary VOA Extensions, C*-Frobenius Algebras, and Their Representations
2.1 Preunitary VOA extensions and commutative C-algebras

In this chapter, we fix a regular, CFT-type, and completely unitary VOA V. W = Vis
identified with W, = V via the reflection operator €. Thus ¢ = 1. Let U be a (VOA)
extension of V, whose vertex operator is denoted by yu. By definition, U and V share
the same conformal vector v and vacuum vector 2, and V is a vertex operator subalgebra
of U. As in the previous chapter, the symbol Y is reserved for the vertex operator of V.
Then Y is the restriction of the action YV, U~ UtoV ~ V. More generally, let Y, be
the restriction of yu to V.~ U. Then (U,Y,) becomes a representation of V. We write
this V-module as (W,, Y,), or W, for short. (So by our notation, U equals W, as a vector
space.) Since all V-modules are unitarizable, we fix a unitary structure (i.e., an inner
product) (-|-) on the V-module W, whose restriction to V is the one (-|-) of the unitary
VOA V. Such (U, (-|:)), or U for short, is called a preunitary (VOA) extension of V. It
is clear that any extension of V is preunitarizable. Finally, we notice that ), is a type
(%) = (WT:/{}VQ) unitary intertwining operator of V.

The above discussion can be summarized as follows: the preunitary VOA
extension U is a unitary V module (W,,Y,); its vertex operator Y, is in V(). Thus

€ Hom(W, X W,, W,) by our notation in the last chapter. Let ¢ : W; — W, denote
a q

the embedding of V into U. Then clearly « € Hom(W,, W,). We write : =

a
Set Ay = (W, u,v). Then Ay is a commutative associative algebra in Rep"(V) (or

commutative Rep"(V)-algebra for short) [30, 40], which means

e (Associativity) u(p ®1,) = nd, ® w).
e (Commutativity) o8 = u.
e (Unit) u(t®1,) =1,.

Note that the associators and the unitors of Rep”(V) have been suppressed to simplify
discussions. We will also do so in the remaining part of this article.
Recall that B is the braid isomorphism 8, , : W, X W, — W, X W,. These three

conditions can respectively be pictured as

a a a a a a a a a a a
s a
— , — R a — .
a a a a a
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Indeed, associativity and commutativity are equivalent to the Jacobi identity for V,.
The unit property follows from the fact that ), restricts to ¥,. See [23] for more details.

Note that we also have
nwol" =p, uwl, @0 =1, (2.1)

for any n € Z. The 1st equation follows from induction and that u = uB88~! = uR~!. The
2nd equation holds because u(1, ® ) = uB, 1, ® ) = pn( @1,)B, 0 =1,8,9 =1,.

Recall that the twist is defined by e?7%0, Since L, has only integral eigenvalues
on W,, the unitary V-module W, has trivial twist: ¥, = 1,. We also notice that A is
normalized (i.e., (" = 1;) since the inner product on U restricts to that of V. We thus
conclude: if U is a preunitary extension of V then Ay is a normalized commutative
Rep®(V)-algebra with trivial twist. Conversely, any such commutative Rep“(V)-algebra
arises from a preunitary CFT-type extension. Moreover, if U is of CFT type, then Ay
is haploid, which means that dimHom(W,, W,) = 1. Indeed, if W; is a unitary V-
submodule of W, equivalent to W;, then the lowest conformal weight of W; is O,
which implies that @ € W; and hence that W; = W,. Therefore dim Hom(W,, W,) =
dim Hom(W,, W,) = 1 by the simpleness of V. Conversely, if A;; is haploid, then U is of
CFT type provided that any irreducible V-module not equivalent to W, has no homoge-
neous vectors with conformal weight 0. This converse statement will not be used in this

paper (except in corollary 2.22). We thus content ourselves with the following result.

Proposition 2.1 (cf. [23] theorem 3.2). If U is a preunitary CFT-type VOA extension of

V, then Ay is a normalized haploid commutative Rep"(V)-algebra with trivial twist.

A detailed discussion of unitary VOA extensions will be given in the following

sections. For now we first give the definition:

Definition 2.2. Let U be a CFT-type VOA extension of V, and assume that the vector
space U is equipped with a normalized inner product (-|-). We say that the extension
V C U is unitary (equivalently, that U is a unitary (VOA) extension of V), if (-|-) restricts
to the normalized inner product of V, and (U, (-|-)) is a unitary VOA.

A unitary VOA extension is clearly preunitary. Another useful fact is the

following:

Proposition 2.3. If U is a CFT-type unitary VOA extension of V, then the PCT operator

Oy of U restricts to the one ®, of V. In particular, V is a ®-invariant subspace of U.
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Thus we can let ® denote unambiguously both the PCT operators of U and of V.

Proof. By relation (1.17) and the fact that @%, =1y, ®2V =1y, for any v € V C U we have
Y(Oyv,2) = V(€1 (—z-2)v, z- 1) = v(O,v,2)

when evaluating between vectors in V. It should be clear to the reader how the condition
that the normalized inner product of U restricts to that of V is used in the above

equations. Thus Oy, = Oy,. |

2.2 Duals and standard evaluations in C*-tensor categories

Dualizable objects

Let C be a C*-tensor category (cf. [47]) whose identity object W, is simple. We assume
tacitly that C is closed under finite orthogonal direct sums and orthogonal subobjects,
which means that for a finite collection {W, : s € &} of objects in C there exists an object
W; and partial isometries {u; € Hom(W;, W) : s € &} satisfying u,uy = §; I (Vs,t € &)
and > . s Usug =1;, and that for any object W; and a projection p € End(W;) there exists
an object W; and a partial isometry u € Hom(W;, W;) such that uu* = I;,u*u = p (A
morphism u € Hom(W;, W)) is called a partial isometry if u*u and uu* are projections.
A morphism e € End(W;) is called a projection if e = e = e*.).

Assume that an object W; in C has a right dual W;, which means that there exist
evaluation ev; € Hom(W;XW;, W,) and coevaluation coev; € Hom(W,, W;X W) satisfying
(; ® evy)(coev; ® 1)) =1; and (ev; ® I))(I; ® coev;) = L;. Set ev;; = ev;, coev,; = coev;, and
set also ev;; = (coevi’;)*,coevz'i = (ev;,i)*. Then equations (1.13) and (1.14) are satisfied,
which shows that W; is also a left dual of W;. In this case we say that W; is dualizable.
Note that ev; ; determines the remaining three ev and coev. In general, we say that ev;; €
Hom(W; X Wy, Wy), ev; ; € Hom(W; ) W;, W) are evaluations (or simply ev) of W; and W;
if equations (1.13) and (1.14) are satisfied when setting coev;; = evz‘j,coev;’i = ev;i. In

the case that W; is self-dual, we say that ev;; is an evaluation (ev) of W, if, by setting

coev,;; = ev;; we have (ev;; ® 1,))(I; ® coev;;) = l;. Taking adjoint, we also have (I; ®
ev;;)(coev;; ®1;) =1,.
Assume that Wi,Wj are dualizable with duals w;, ij respectively. Choose

j- Then Wiz, := W; X W; is also dualizable with a dual

.

evaluations ev,;, ev;;,

Wj@; = Wj X W; and evaluations

VgV

eVimjjei = eVi il ® eV;3 L), eVig iy = vy @ evy; @ L. (2.2)
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Convention 2.4. Unless otherwise stated, if the ev for W;, w; and Wj, ij are chosen,

then we always define the ev for W;x;, Wik using equations (2.2).

Using ev and coev for W;, W] and their duals ws, ij one can define for any F €

Hom(W;, W) a pair of transposes F", 'F by

FY = (erJ- ® 1{) (lj RFR 1{) (lj ® COGVl-j),

F=0ev; ;0 F@L)(coev;; L.

Pictorially,

One easily checks that V(FY) = F = (VF)V, (FG)Y = GYFY,V(FG) = (YG)(VF), (FV)* =V (F*).

Standard evaluations

The evaluations defined above are not unique even up to unitaries. For any ev; 7, ev;; of
W;, W;, and any invertible K € End(W;), e~Vi,f = evi,;(K®llf) and é(lz'i = ev;li(l;@)(K*)_l) are
also evaluations. Thus one can normalize evaluations to satisfy certain nice conditions.
In C*-tensor categories, the ev that attract most interest are the so called standard
evaluations. It is known that for dualizable objects, standard ev always exist and are
unique up to unitaries, and that the two transposes defined by standard ev are equal.
We refer the reader to [3, 32, 47] for these results. In the following, we review an explicit
method of constructing standard evaluations following [47]. Since the evaluations
for VOA tensor categories defined in the previous chapter can be realized by this
construction, these evaluations are standard (see proposition 2.5).

Define scalars Tr;(F) and Trgz(F) for each F € End(W;) such that ev;;(F ®
lf)coevi’; = Tr;(F)l, and ev;’i(lg ® F)coev;li = Trgy(F)ly. Then Tr; is a positive linear
functional on End(W;). Moreover, Tr; is faithful: if Tr;(F*F) = 0, then ev;; o FeL
is zero (since its absolute value is zero). So F = 0. Similar things can be said about
Trgz. We say that ev;; is a standard evaluation if Tr; (F) = Trgz(F) for all F € End(WW;).
Since Tr;(FY) = Trgz(F) = Tr;(FY) by easy graphical calculus, it is easy to see that

ev;; is standard if and only if ev;; is so. Standard ev are unique up to unitaries: If

220z Re 21 uo Jesn Ausienun enybuisl Aq ///9609/055 /0 1/2202/310M4e/ulwl/wod dno-olwspese)/:sdjy wolj papeojumoq



7570 B. Gui

W; ~ W;, T € Hom(W, W;) is unitary, and ev; ;, év

1

find a unitary K € End(W;) satisfying ev, ; = ev (K ® T),evy; = ev; (T ® K). (See [47]

lemma 3.9-(iii).)

;1. €Vy ; are also standard, then we may

If W, is simple, a standard evaluation is easy to construct by multiplying ev; by
some nonzero constant A (and hence multiplying ev;; by 2~1) such that Tr;(1;) = Trgd).
In general, if W; is dualizable and hence semisimple, we have orthogonal irreducible
decomposition W; =~ @;6 W, where each irreducible subobject W; is dualizable (with a
dual Wg). Choose partial isometries {u; € Hom(W;, W) : s € &} and {vy € Hom(W;, W) :

s € 6} satisfying u,uy = §; 15, vivi = 85 Js and > ujug =1;, > vivy = I;. Then we define

ev;; = Z evs(us ® vy), ev;; = Z eV s (Vs ® Uy) (2.4)
seS se&

(where evg s and evg ¢ are standard for all s), define coev using adjoint. Then ev; ; and ev;;
are standard. (See [47] lemma 3.9 for details.) (In [47] the categories are assumed to be
rigid. Thus any orthogonal subobject of W;, that is, any object W, which is associated
with a partial isometry u : W; — W; satisfying uu* = 1, is dualizable. This fact is
also true without assuming C to be rigid. (Cf. [1] lemma 4.20.) Here is one way to see
this. Notice that we may assume Try, is tracial by multiplying ev;; by K ® I; where K is
a positive invertible element of End(W,). (Cf. the proof of [1] Thm. 4.12.) Thus, for any
F,G € End(W;), we have Tr;(GF) = Tr;(F'Y - G) in general and Tr;(FG) = Tr;(GF) by
tracialness, which shows FYV = F and hence FV = VF. Thus, (FV)* = (F*)V. So F is a
projection iff F is so. Let p = u*u. Then p* € End(W;) is a projection. Thus, there exist
an object Wy and v € Hom(W;, Wy) satisfying vv* = I, v*'v = p”. Then Wx is dual to W;

since one can choose evaluations ev g := ev,;(u* ® v*), evg ¢  := ev; (V' @ u*).)

Proposition 2.5. If V is a regular, CFT-type, and completely unitary VOA, then the ev
and coev defined in chapter 1 (same as those in [18, 19]) for any object W; in Rep"(V)

and its contragredient module W; are standard.

Proof. First of all, assume W; is irreducible. By [19] proposition 7.7 and the paragraph
before that, we have Tr;(l;) = d; = d; = Trg(ly). So ev,; is standard. Now, assume W,
is semisimple with finite orthogonal irreducible decomposition W; = @y W,. For each
irreducible summand W, define u (resp. vg) to be the projection of W; onto W (resp. W;
onto Wy). (Note that W; and W; are respectively the contragredient modules of W;, W;.)
Using (1.10), it is easy to see that Y, (W, 2) = 3 Ve, (usw, 2)vg for any w € W;. So the
1st equation of (2.4) is satisfied. Similfarly, the 2nd oné of (2.4) holds. |
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Convention 2.6. Unless otherwise stated, for any object W; in Rep"(V), W; is always
understood as the contragredient module of W;, and the standard ev and coev for W;, 145

are always defined as in chapter 1.

It is worth noting that standardness is preserved by tensor products: If standard
ev are chosen for W;, W] and their dual ws, WJf, then the ev of Wigj, ij defined by (2.2)
are also standard.

Standard ev are also characterized by minimizing quantum dimensions. Define
constants d;, d; satisfying ev;;coev;; = d;ly, ev; coev;; = dil,. Then standard ev are
precisely those minimizing d;d; and satisfying d; = d; (cf. [32]). We will always
assume d;, d; to be those defined by standard evaluations, and call them the quantum

dimensions of W;, wr.

2.3 Unitarity of C-algebras and VOA extensions

Let W, be an object in C, choose u € Hom(W, X W,, W,),« € Hom(W,, W,), and assume
that A = (W,, ,1) is an associative algebra in C (also called C-algebra (In [8, 23, 30],
commutativity is required in the definition of C-algebras when C is braided. This is not

assumed in our paper.)), which means

e (Associativity) u(n ®1,) = uld, ® w).
e (Unit) u(t®1ly) =1, =und, ®1).

Since W, is simple, we can choose D, > 0 (called the quantum dimension of A)

satisfying *uu*t = Dy1,. We say that A is

e haploid if dim Hom(Wy, W,) = 1;

e normalized if /*: = 1;

e special if uu* € Cl; in this case we set scalar d, > 0 such that pu* = d,l;

e standard if A is special, W, is dualizable (with quantum dimension d,), and
D,=d,.

Note that any C-algebra A is clearly equivalent to a normalized one.
Assume that W, has a dual W, together with (not necessarily standard)

evg o- Define ev for W, X W, and W; X W; using (2.2). Assume also that W, is
a
self-dual, that is, W, ~ Wz. Choose a unitary morphism ¢ = 1 € Hom(W,, W), and

a
a a a
write its adjoint as ¢* = 1 . Write also u* = a//L\ ,F :i .
a a

eVa'a,
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Definition 2.7. A unitary ¢ € Hom(W,, Wy) is called a reflection operator of A (with

respect to the chosen ev of W,, W), if the following two equations are satisfied:

n=(evg, ®l)E@u"), euE" @) =" (2.5)
Pictorially,
a a a a
= , (2.6)
a a
a a a a
= . (2.7)
a a

Proposition 2.8. The reflection operator ¢ is uniquely determined by the dual W, and
the ev of W, and Wx.

Proof. Apply * to the bottom of (2.6), and then apply the unit property, we have
evaya(e ®1,) = *u, which, by rigidity, implies

e=("n®lpd, ®coev, ). (2.8)
|

Definition 2.9. LetC be a C*-tensor category with simple W,. A C-algebra A = (W, i, t)
in C is called unitary, if W, is dualizable, and for a choice of W, dual to W, and ev
of W,, Wz, there exists a reflection operator ¢ € Hom(W,, Wy). If, moreover, the ev of
W,, W5 are standard, we say that A is s-unitary (The letter “s” stands for several closely
related notions: standard evaluations, spherical tensor categories, symmetric Frobenius
algebras [16].)°.

The definition of s-unitary C-algebras is independent of the choice of duals and

standard ev, as shown below:

Proposition 2.10. If A is s-unitary, then for any W, dual to W,, and any standard ev

of W,, W,,, there exists a reflection operators: W, — W,
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Proof. Since A is s-unitary, we can choose Wy dual to W, and standard ev of W,, W5
such that there exists a reflection operator ¢ : W, — W;. Let us define ¢ = (" ®
1)1, ® coev, ,) and show that £ is a reflection operator. We first show that # is unitary.
Choose a unitary T € Hom(W,,, W). Then by the up to unitary uniqueness of standard
ev, there exists a unitary K € Hom(W,, W,) such that ev,, = ev, (K ® T),ev, , =
evg (T ® K). By (2.3), ev, 5 (K ® I7) = ev, ;(1, ® KY). Therefore ev, ,, = ev, z(1, ® (K)T).
Thus ¢ = ("u ® Ip)1, ® T*(K¥)*)(1, ® coev,z) = 1y ® T*(KV)*)(*u ® Ip) (1, ® coev, z),
which, together with (2.8), implies ¢ = T*(K")*¢. Thus ¢ is unitary since ¢, K, T are
unitary.

Now, from the definition of ¢, we see that ev, ,(¢®1,) = *u. Therefore ev,, ,(¢®
1,) = evg (e ®1,). Using this fact, one can now easily check that (2.6) and (2.7) hold for
¢ and the standard év of W,, W,,. ]

We now relate s-unitary C-algebras with unitary VOA extensions. First we need

a lemma.

Lemma 2.11. Let U be a preunitary CFT-type extension of V, Ay = (W, u,t) the
associated Rep"(V)-algebra, and W5 the contragredient module of W,. Then U is a
unitary VOA if and only if there exists a unitary ¢ € Hom(W,, W) satisfying for all
w@ e W, that

V,w®,2) =Y, (ew@, 2), (2.9)

ey, (S*W, z)e* = yﬁ(m, z). (2.10)

Proof. Suppose that such ¢ exists, then by proposition 1.3 and the definition of adjoint
and conjugate intertwining operators, U is unitary. Conversely, if U is unitary, then by
proposition 1.3 there exists a unitary map ¢ : W, — Wy such that (2.9) and (2.10) are
true. Moreover, by proposition 1.4, ¢ is a homomorphism of U-modules. So it is also a

homomorphism of V-modules. This proves ¢ € Hom(W,, W5). n
The following is the main result of this section.

Theorem 2.12. Let V be a regular, CFT-type, and completely unitary VOA. Let U be a
CFT-type preunitary extension of V, and let A;; = (W,, i, t) be the haploid commutative
Rep"(V)-algebra associated to U. Then U is unitary if and only if Aj; is s-unitary.
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Proof. Following convention 2.6, we let W be the contragredient V-module of W,,
and choose standard ev for W,, W; as in chapter 1. By lemma 2.11 and relation
(1.2), the unitarity of U is equivalent to the existence of a unitary ¢ € Hom(W,, W)

satisfying

n=p'e®ly), eulE*®e) =7 (2.11)

Now, by theorem 1.11, uf = (ev;, ® 1)z ® 1*). Thus u(e ®1,) = (evg, ® 1,)(e ® u*).
Therefore the 1st equation of (2.11) is equivalent to the 1st one of (2.5). By corollary 1.12,
=B, nHY = ((MB(;}Z)*)V, which equals (©*)" by the commutativity of A;. Therefore
the 2nd equation of (2.11) is also equivalent to that of (2.5). We conclude that ¢ satisfies
(2.11) if and only if ¢ is a reflection operator. Thus the unitarity of U is equivalent
to the existence of a reflection operator under the standard ev, which is precisely the

s-unitarity of A;. u

2.4 Unitary C-algebras and C*-Frobenius algebras

Let A = (W,, u,t) be a C-algebra. A is called a C*-Frobenius algebrain C if 1, ® u)(1* ®
1,) = nw*u. By taking adjoint we have the equivalent condition u*u = (1 ® 1)1, ® u*).
Assume in this section that all line segments in the pictures are labeled by a. Then these

two equations read

— = . (2.12)

A special (i.e., uu* € Cl,) C*-Frobenius algebra is called a Q-system (We warn the reader
that in the literature there is no agreement on whether standardness is required in
the definition of Q-systems. For example, the Q-systems in [5] are in fact standard
Q-systems in our paper.)’. We remark that the C-algebra A is a Q-system if and
only if it is special. In other words, the Frobenius relations (2.12) are consequences
of the unit property, the associativity, and the specialness of A; see [32] or [5]

lemma 3.7.
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The main goal of this section is to relate (s-Junitarity to Frobenius property.

More precisely, we shall show

UnitaryC-algebras = C*-Frobenius algebras

Special unitaryC-algebras = Q-systems

Special s-unitaryC-algebras = standard Q-systems. (2.13)

Moreover, under the assumption of haploid condition, all these notions are equivalent.
In the process of the proof we shall also see that (2.7) is a consequence of (2.6). Thus the
definition of reflection operator can be simplified to assume only (2.6).

ev-  of

To begin with, let us fix a dual W, of W, together with evaluations ev, aa

W,, W5. Choose a unitary ¢ € Hom(W,, Wy).

a,a’

Proposition 2.13. If ¢ satisfies (2.6), then ev; ,(e ® ;) = ev, z(1, ® ¢); equivalently,

=\ 214

Proof. Take the adjoint of (2.6) and apply (¢ ® 1,) to the bottom, we have

Bending the left legs to the top proves that u equals

(2.15)

We thus see that the right hand side of (2.6) equals (2.15). Finally, we apply ¢* to their

bottoms and use the unit property. This proves equation (2.14). |

Corollary 2.14. If ¢ and the evaluations ev, 5, evy , of W,, W; satisfy (2.6), then there

exists an evaluation ev, , for the self-dual object W, such that & := 1, € End(W,) and
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eVa also satisfy (2.6). Moreover, if ev ev-  are standard, then one can also choose

,a aa'*Va,a

ev, , to be standard.

Proof. We remind the reader that the definition of the evaluations of a self-dual object
is given at the beginning of section 2.2. Assuming that ¢ : W, — W, satisfies (2.6), we
simply define ev, , € Hom(W, K W,, W,) to be the left and also the right hand side of

(2.14), that is,

a,a

eV, q = €Vg,(e®1y) =ev,z(l, ®e). (2.16)

Then one easily checks that (v, , ®1,)(1, ® coev, ,) = 1, where coev,, , := (¥, ,)*, and
that 1, and ev, , also satisfy (2.6). If the ev for W,, Wy are standard, then ev, , is also

standard by the unitarity of . |

We shall write év, , as ev, , instead. Then the above corollary says that when
(2.6) holds, we may well assume that a = a, ev,; = evg, (which is written as ev, ,),
and ¢ = 1,. Pictorially, we may remove the arrows and the e on the strings to simplify

calculations. Moreover, by (2.6) and the unit property, one has ev, , = *u:

= Y. (2.17)

We now prove the main results of this section. Recall that C is a C*-tensor category with

simple W, and A = (W, u,t) is a C-algebra.
Theorem 2.15. A is a unitary C-algebra if and only if A is a C*-Frobenius algebra in C.

Theorem 2.16. If there exists W5 dual to W,, evaluations ev, 5, ev; , of W,, W, and a

a,a’

unitary ¢ € Hom(W,, W) satisfying (2.6), then ¢ also satisfies (2.7). Consequently, ¢ is a

reflection operator, and A is unitary.
We prove the two theorems simultaneously.

Proof. Step 1. Suppose there exists a dual object W, evaluations of W,, W, and a

unitary morphism ¢ : W, — Wy satisfying (2.6). We assume thata = a, ev, , :==ev,; =
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evg , is an evaluation of W,, and ¢ =1,. Then

M-

where we have used successively equation (2.6), associativity, and again equation (2.6)
in the above equations. This proves the 1st and hence also the 2nd equation of (2.12). We
conclude that A is a C*-Frobenius algebra.

Step 2. Assume that A is a C*-Frobenius algebra in C. We shall show that W, is
€ Hom(W, X W, W,) to be
ev, , = (*u (see (2.17)). One then easily verifies (ev, , ®1,)(, ® (ev, ,)*) =1, by applying

self-dual, and construct a reflection operator. Define ev, ,

respectively 1, ® ¢ and * ® 1, to the top and the bottom of the 2nd equation of (2.12),
and then applying the unit property. This shows that W, is self-dual and ev, , = *u
is an evaluation of W,. Therefore we can also omit arrows. Apply :* ® 1, and 1, ® «* to
the bottoms of the 2nd and the 1st equation of (2.12), respectively, and then use the unit

property and equation (2.17), we obtain

YN -

which proves that 1, and ev, , satisfy equation (2.6). Since the 1st and the 3rd items of

(2.18) are equal, we take the adjoint of them and bend their left or right legs to the top

Y

In other words, u is invariant under clockwise and anticlockwise “1-click rotations.”

to obtain

Thus u equals the clockwise 1-click rotation of the left hand side of (2.18), which proves

(2.7) for 1, and ev, ,. By (2.16), ¢ and the original evaluations ev, ;, ev; , also satisfy

a,a'~va,a
equation (2.7). Therefore ¢ is a reflection operator of A with respect to W, and the given

evaluations of W,, W. This finishes the proof of the two theorems. |
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Corollary 2.17. A is a special unitary C-algebra if and only if A is a Q-system.
Proof. Q-systems are by definition special C*-Frobenius algebras. |

We now relate s-unitarity and standardness. We have seen that if A is unitary
then ev, , = *u is an evaluation of W,. Therefore, setting coev, , = ev; ,, we have
ev, ,coev, , = Dyly by the definition of D,. By the minimizing property of standard
evaluations, we have D, > d,, with equality holds if and only if ev, , is standard. Note

that 1, is a reflection operator with respect to ev, ,. Therefore we have the following:

Proposition 2.18. Let A be unitary. Then ev, , := (*u is an evaluation of the self-dual

object W, and D, > d,. Moreover, we have D, = d, if and only if A is s-unitary.

Corollary 2.19. A is a special s-unitary C-algebra if and only if A is a standard Q-

system.

Proof. By theorem 2.15 and the definition of Q-systems, A is a standard Q-system
if and only if A is a special unitary C-algebra satisfying D, = d,. Thus the corollary

follows immediately from the above proposition. |

Thus we've finished proving the relations (2.13) given at the beginning of this

section.

Proposition 2.20. Assuming haploid condition, the six notions in (2.13) are equivalent.

Proof. LetA be ahaploid C*-Frobenius algebra in C. Then by [5] lemma 3.3, A is special.
The standardness follows from [32] section 6 (see also [36] remark 5.6-3, or [38] theorem
2.9). Therefore A is a standard Q-system. |

We can now restate the main result of the last section (theorem 2.12) in the

following way:

Theorem 2.21. Let V be a regular, CFT-type, and completely unitary VOA. Let U be a
CFT-type preunitary extension of V, and let A;; = (W,, i, t) be the haploid commutative
Rep"(V)-algebra associated to U. Then U is a unitary extension of V if and only if A;; is

a C*-Frobenius algebra. If this is true then A is also a standard Q-system.

Let us give an application of this theorem.
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Corollary 2.22. The ¢ < 1 CFT-type unitary VOAs are in one-to-one correspondence
with the irreducible conformal nets with the same central charge c. Their classifications

are given by [29] table 3.

Proof. As shown in [29] proposition 3.5, ¢ < 1 irreducible conformal nets are
precisely irreducible finite-index extensions of the Virasoro net A, with central charge
c. Thus they are in 1-1 correspondence with the haploid commutative Q-systems in
Rep®$(A,), where Rep®$(A,) is the unitary MTC of the semisimple representations of
A.. By [21] theorem 5.1, Rep®®(A,) is unitarily equivalent to Rep"(V), where V is the
unitary Virasoro VOA with central charge c. By [23] theorem 3.2, haploid commutative
Rep"(V)-algebras with trivial twist are in 1-1 correspondence with CFT-type extensions
of V. Thus, by theorem 2.21 and the equivalence of unitary MTCs, CFT-type unitary
extensions of V < haploid commutative Q-systems in Rep®*(A,). (The trivial twist
condition is redundant; see theorem 3.25.) But also CFT-type unitary extensions of V
< unitary VOAs with central charge c¢ by [11] theorem 5.1. This proves the desired
result. |

2.5 Strong unitarity of unitary VOA extensions

Starting from this section, A = (W,, u,t) is assumed to be a unitary C-algebra, or
equivalently, a C*-Frobenius algebra in C. We say that (W,, ;) (resp. (W;, ug)) (Later we
will write p; and ug as ui and /JL}'q to emphasize the dependence of u;, uz on the W,.)is a
left A-module (resp. right A-module), if W; is an object in C, and p; € Hom(W, X W,, W;)
(resp. ug € Hom(W; X W,, W;)) satisfies the unit property

nr(t®1,) resp. urd, ®0 =1, (2.20)

and the associativity:

prdy @ pup) =pr(u®ly)  resp.  ug(ug ®1,) = ur(; ® w). (2.21)

a i i ) i
We write u; = Y’Mz - a))\i"uR = Y,M; = i))\a. If (W;, uy) is a left A-module
(3 (3

and (W;, ug) is a right A-module, we say that (W,, u;, ug) is an A-bimodule if the

following bimodule associativity holds:

urug ® la) = ML(la ® UR)- (2.22)
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We leave it to the reader to draw the pictures of associativity and unit property. We
abbreviate (W;, u), (W;, ug), or (W;, uz, tg) to W; when no confusion arises.

Set ev, , = (*iu as in the last section. A left (resp. right) A-module (W;, uy) (resp.
(W;, ug)) is called unitary, if

up=(ev,, @A, ®up)  resp.  up=(A;@ev, )(ug ®1y). (2.23)

An A-bimodule (W, u;, ng) is called unitary if (W,, u;) is a unitary left A-module and
(W,, ug) is a unitary right A-module. Unitarity can be stated for any evaluations and

reflection operators:

w- and

evg , evaluations of W, = ar

aa'~Va,a aa’

Proposition 2.23. Let W5 be dual to W,, ev
e : W, — Wy a reflection operator. Then a left (resp. right) A-module (W, u;) (resp.
(W, ug)) is unitary if and only if

ng = (evg o ® L) (e ® uy) resp. nr=(A; ®ev,z)(ug ® ¢). (2.24)
Graphically,
a l a 1 7 a 1 a
\( = \J\ resp. \( = /L/ . (2.25)
Proof. This is obvious since we have equations (2.16). |

If W; and W] are left (resp. right) A-modules, then a morphism F € Hom(W;, Wj)
of C is called a left (resp. right) A-module morphism, if

url, ® F) = Fu; resp. ur(F®1l,) =Fug, (2.26)

pictorially,

= i resp. (2.27)
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We let Hom, _(W;, W)) (resp. Hom_ ,(W;, W;)) be the vector space of left (resp. right)
A-module morphisms. If W, W] are A-bimodules, then we set Homg,(W;, Wj) =
Hom, _(W;, W;) N Hom_ ,(W;, W) to be the vector space of A-bimodule morphisms.
In the case W; = W}, we write these spaces of morphisms as End, _(W;), End_ (W),
End, (W;), respectively. W; is called a simple or irreducible left A-module (resp. right
A-module, A-bimodule) if End, _ (W) (resp. End_ ,(W;), End, (W;)) is spanned by 1;. The

following proposition is worth noting:

Proposition 2.24 (cf. [39] section 6.1). The category of unitary left A-modules (resp.
right A-modules, A-bimodules) is a C*-category whose *-structure inherits from that
of C. In particular, this category is closed under finite orthogonal direct sums and

subobjects.

Proof. If W; W; are unitary left A-modules and F € Hom, _(W;, W,), one can easily
check that F* ¢ Hom, _(W;, W) using figures (2.25) and (2.27). Hence, the C*-ness of
the category of left A-modules follows from that of C. Existence of finite orthogonal
direct sums follow from that of C. If p € End, _(W;) is a projection of the unitary left
A-module (W;, ui), we choose an object W, in C and a partial isometry u € Hom(W,;, W)
such that uu* = I, u*u = p. Then (Wy, uplu*) is easily verified to be a unitary left A-
module. Note that the fact that p intertwines the left action of A is used to verify the
associativity.

The cases of right modules and bimodules are proved in a similar way. |

A left A-module (resp. right A-module, A-bimodule) W; is called C-dualizable if
W; is a dualizable object in C. W; is called unitarizable if there exists a unitary left
A-module (resp. right A-module, A-bimodule) WJ and an invertible F € Hom, _ (W, Wj)
(resp. F € Hom_ 4 (W;, W)), F € Hom, (W;, W))).

Corollary 2.25. The category of unitary C-dualizable left A-modules (resp. right A-
modules, A-bimodules) is a semisimple C*-category whose *x-structure inherits from that
of C.

Proof. Suppose W, is a C-dualizable left A-module. Then End, (W,) is a C*-subalgebra
of the finite-dimensional C*-algebra E(W;). Thus End,(W;) is a direct sum of matrix
algebras, which implies that W; is a finite orthogonal direct sum of irreducible left

A-modules. The other types of modules are treated in a similar way. |
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We are now going to prove the 1st main result of this section, that any C-

dualizable module is unitarizable. First we need a lemma.

Lemma 2.26. Let W, W, be C-dualizable left A-modules (resp. right A-modules, A-
bimodules). If W} is unitary, and there exists a surjective F € Hom, (W, W;) (resp.
F € Hom_ 4, (W, W;), F € Homy, (W, W;)), then W; is unitarizable. In particular, W; is

semisimple as a left A-module (resp. right A-module, A-bimodule).

We remark that this lemma is obvious when W; is already known to be
semisimple as a left, right, or bi A-module, which is enough for our application
to representations of VOA extensions. (Indeed, the extension U of V considered in
this paper is always regular, hence its modules are semisimple.) Those who are only

interested in the application to VOAs can skip the following proof.

Proof. We only prove this for left modules, since the other cases can be proved
similarly. Write the two modules as (Wi,ui),(Wk,/ﬂf). Note that F*F is a positive
element in the finite-dimensional C*-algebra End(W}). So limnﬁoo(F*F)l/” converges
under the C*-norm to a projection P € End(W;), which is the range projection of F*.
Set G = Pu’Lc and H = Pu’]f(la ® P), which are morphisms in Hom(W, X W, W;). Then
using (2.27) and the fact that F = FP, we obtain FG = FH, since both equal F,u’Lc
Therefore (F*F)"G = (F*F)"H for any integer n > 0, and hence (F*F)!/"G = (F*F)!/"H by

polynomial interpolation. Thus G = PG = PH = H. We conclude
k _ k
Pu; =Pu;(1, ® P). (2.28)

This equation, together with (2.25), shows (1, ® P)(u’]f)* = (1, ® P)(u’L‘)*P, whose

adjoint is

uka1, ® P) = PukQ, ® P). (2.29)

We can therefore combine (2.28) and (2.29) to get P/L’Lc = ;L]L‘(la ® P). In other words, P
is a projection in End, _ (Wy). Thus, by proposition 2.24, one can find a unitary left A-
module W; and a partial isometry K € Hom, _(W;, Wy) satisfying K*K = l; and KK* =
P. Therefore the left A-module W; is equivalent to W; since FK € Hom, (W;, W) is

invertible. u
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Theorem 2.27. (-dualizable left A-modules, right A-modules, and A-bimodules are

unitarizable.

In particular, when C is rigid, any left A-module, right A-module, or A-bimodule

is unitarizable.

Proof. For any C-dualizable object W; in C the induced left A-module (W, X W,, u ®
1,), abbreviated to W, X W;, is clearly C-dualizable. By the unitarity of A, one easily
checks that W, X W, is a unitary left A-module. Now assume that (W;, u;) is a left A-
module. Then y; € Hom, (W, X W;, W;). Moreover, y; is surjective since (¢t ® [))uy =1;
is surjective. Therefore W; is unitarizable by lemma 2.26. The case of right modules is
proved in a similar way. In the case that (W;, u;, ug) is a C-dualizable A-bimodule, we
notice that (W, XW;,XW,, n®1;®1,,1,8];®@n) is a unitary A-bimodule, and ug(u; ®1,) =
urd, ® ug) € Hom, (W, X W, X W,, W;) whose surjectivity follows again from the unit

property. Thus, again, W, is a unitarizable A-bimodule. |

In the case that A is special, there is another proof of unitarizability due to
[5], which does not require dualizability. To begin with, we say that a left A-module
(W;, up) is standard if pu;uj € Cl;. We now follow the argument of [5] lemma 3.22. For
any left A-module (W;, i), A := (u u})'/? is invertible. Therefore (W;, 1;) is equivalent
to (W;, i) where fi; = A~'u; (1, ® A). Using associativity and the fact that uu* = d,l,,
one can check that (W;, ;) is standard and pu;uj = djl;. In particular, if (W;, ;) is
standard then A is a constant and hence ji; = p;. Thus we must have u;u; = dyl;.
This proves that any left A-module is equivalent to a standard left A-module, that
any standard left A-module must satisfy u;u; = dyl,. Moreover, by [5] formula (3.4.5),
any standard left A-module is unitary. Conversely, if (W,, ;) is unitary, one can check
that u;u; € End, (W;) and hence A € End, (W;). This proves that pu; = u; and
hence that (W;, ;) is standard. Right A-modules can be proved in a similar way. When
(W;, i1, ug) is an A-bimodule, we define u;p = up(u; ® 1) = n 1, ® ng), and say that
the A-bimodule W; is standard if u;zujg € Cl; (cf. [5] section 3.6). With the help of
A = (MLR/LZR)I/Z one can prove similar results as of left A-modules, with the only
exception being that pu;zuiz = dil;. We summarize the discussion in the following

theorems:

Theorem 2.28. If A is a Q-system in C, then all left A-modules, right A-modules, and

A-bimodules are unitarizable.
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Theorem 2.29. Let A be a Q-system in C, and (W;, u;) (resp. (W;, ug), (W;, iy, ug)) a
left A-module (resp. right A-module, A-bimodule). Then the following statements are

equivalent.

e W, is unitary.
e W, is standard.
o upu; = dyl; (left A-module case), or uguy = dyl; (right A-module case), or

prriir = d3l; where p;p = ng(p; ®1,) = (1, ® 1g) (A-bimodule case).

If C is braided with braid operator 3, and if A is commutative, a left A-
module (W, u;) is called single-valued if u; = 1;8% (more precisely, u; = uyR; B, ;).
If (W;, u;) is a single-valued left A-module, then (W;, ug) is a right A-module where
ur = niB;, = MLIS;}. Moreover, by the associativity of (W;, u;), (W;, uz, pug) is an A-
bimodule. We summarize that when C is braided and A is commutative, any single-
valued left A-module is an A-bimodule. Moreover, if W; is a unitary single-valued left
A-module, the it is also a unitary A-bimodule. The category of (unitary) single-valued
left A-module is naturally a full subcategory of the (C*-)categories of (unitary) left A-
modules, (unitary) right A-modules, and (unitary) A-bimodules.

With the results obtained so far, we prove that any CFT-type unitary extension
U of V is strongly unitary. Let A;; = (W,, i, t) be the Q-system associated to U. Suppose
that W; is a U-module with vertex operator ym. Then W; is also a V-module, thus
we may fix an inner product (-|-) on the vector space W, under which W; becomes a

unitary V-module. We call W;, together with (.|-), a preunitary U-module. Moreover,

i
at

Hom(W,XW;, W;). One can check that (W, ;) is a single-valued left A;;-module. Indeed,

unit property is obvious, associativity follows from the Jacobi identity for ), , and

single-valued property follows from the fact that ), (-,2z) has only integer powers of

Y, can be regarded as a unitary intertwining operator of V of type ( ) Thus pu; €

z. Conversely, any preunitary U-module arises from a single-valued A;-module. Thus
the category of preunitary U-modules is naturally equivalent to the category of single-
valued left A;-modules. See [23] for more details.

To discuss the unitarizability of U-modules, the following is needed:

Theorem 2.30. Assume that V is a CFT-type, regular, and completely unitary VOA, U
is a CFT-type unitary extension of V, and W; is a preunitary U-module. Then W; is a
unitary U-module if and only if W; is a unitary left A;;-module. If this is true then W; is

also a unitary Ay-bimodule.
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Proof. Let W; be the contragredient module of W,, ev, g ev;, the evaluations of

a,a’
W,, W5 defined in chapter 1, and ¢ : U = W, — U = Wj the reflection operator with
respect to the chosen dual and evaluations. By equation (1.23) and the definition of
adjoint intertwining operators, W; is unitary if and only if ), w@,z) = yuz (W@, )
for any w@ € W, = U. From equation (1.2) we know that W; is unitary if and
only if pu; = uz(s ® 1,). With the help of theorem 1.11, this equation is equivalent to
ug, = (evg o ® I)(e ® uj), which by proposition 2.23 means precisely the unitarity of the
left A;-module W;. If we already have that W, is a unitary left A;-module, then, since

W, is singlevalued, it is also a unitary A-bimodule. [ |
We now prove the strong unitarity of U.

Theorem 2.31. If V is a CFT-type, regular, and completely unitary VOA, and U is a
CFT-type unitary extension of V, then U is strongly unitary, that is, any U-module is

unitarizable.

Proof. Since U-modules are clearly preunitarizable, we choose a preunitary U-module
W;. Then by either theorem 2.27 or theorem 2.28, W, is unitarizable as a left A;;-module.

Thus, by equation (1.2) and theorem 2.30, W; is unitarizable as a U-module. [ |

3 C*-Tensor Categories Associated to Q-Systems and Unitary VOA Extensions
3.1 Unitary tensor products of unitary bimodules of Q-systems

In this chapter, C is a C*-tensor category with simple W, as before, and A = (W, i, 1)
is a Q-system (i.e., special C*-Frobenius algebra) in C. Set evaluation ev,, = *u as
usual. We suppress the label a in diagram calculus. Let BIM"(A) be the C*-category
of unitary A-bimodules whose morphisms are A-bimodule morphisms. In this and the
next sections, we review the construction of a C*-tensor structure on BIM"(A). See [8,
30, 37] for reference. Note that our setting is slightly more general than that of [37],
since we do not assume C is rigid or A is standard. Nevertheless, many ideas in [37] still
work in our setting. To make our article self-contained, we include detailed proofs for
all the relevant results.

Choose unitary A-bimodules (W;, ,ui, u%), (Wj, /ﬂi, ué). Then W; X W] is a unitary
A-bimodule with left action u! ® 1; and right action 1; ® /. Define V;; € Hom, (W; X
W, R W;, W; X W)) and x; ; € End, (W; ¥ W) to be

V= 1k @1 -1 ® ), (3.1)

Xij = 4@ ) (k)" ® L) = (uk @ L)(1; ® (1])"). (3.2)
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Definition 3.1. Let W;, W, be unitary A-bimodules. We say that (Wj;, u; ;) (abbreviated
to W;; when no confusion arises) is a tensor product of W;, W; over A (cf. [8]), if
o W;= (Wij,ug,ug) is an A-bimodule, ;; € Hom, (W; ¥ W;, W;;) (One should
not confuse i X j and ij. By our notation, Wyx; = W; X W; is different from
Wij')’ and /"Li,j\yi,j =0.
e (Universal property) If (Wk,;ﬂf,ul’g) is a unitary A-bimodule, « € Hom, (W; X
W;, Wy), and a¥;; = 0 (Such « is called a categorical intertwining operator
in [8].), then there exists a unique & € Hom, (W;;, Wy) satisfying o = au,; ;. In

this case, we say that « is induced by « via the tensor product W;;.

The tensor product (Wy;, u; ;) is called unitary if W;; is a unitary A-bimodule and y; ; =

J
We write Kij = Y :““?,j = /)\] Then the equation Xij = pL;!‘J.,uiJ- reads
ij p
i) i J i J
>\< _ >/< _ % 7 (3.3)

which is a special case of the Frobenius relations for unitary tensor products to be

k
K it

proved later (theorem 3.14). (Note that the 1st equality of (3.3) follows from the unitarity
of W; and W;.)
The existence of a tensor product is clear if one assumes moreover that C is

abelian: Let W;; be a cokernel of V;;, and define the bimodule structure on W;; using

Qg
that of W; X W;. Then W;; becomes ; tensor product over A of W; and W;; see [31] for
more details. However, to make the tensor product unitary one has to be more careful
when choosing the cokernel. In the following, we proceed in a slightly different way
motivated by [5] section 3.7, and we do not require the abelianess of C. To begin with,

using upu* = dyl,, one verifies easily that Xi2,j = dAXi,j- Therefore,

Lemma 3.2 ([5] lemma 3.36). d;lxi,j € End, (W; X W) is a projection.
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By proposition 2.24, there exists a unitary A-bimodule W;; and a partial isometry
u;; € Hom,(W; W W;, Wy) satisfying u;;ui, = 1; and uju;; = d;lxij. Setting
Kij = \/dau;;, one obtalns nijtij = Xi; (equations (3.3)) and w;;u;; = dyl;. We now

show that (W, i i j) is a unitary tensor product.

Proposition 3.3. Let W;; be a unitary A-bimodule, and u; ; € Hom, (W; X W;, W;;). Then
(Wyj, 1 5) is a unitary tensor product of W;, W; over A if and only if '“ij“i,j = x;; and

Mi,j“i,j =dyly;.

Proof. “If": Since ,ufjui'j = Xij and the unitarity of the A-bimodule W;; are assumed, it

suffices to show that I¥;; is a tensor product. Since x; ;V; ; clearly equals 0, we compute

'U“L,] - dA Ml]“’l]“’l] - dA Ml]XL]\II =0. (3'4)

If Wk is a unitary A-bimodule, @ € Hom, (W; X W;, Wy), and a¥; ; = 0, then one can set

= d ,ui,j and compute

~ -1 -1 1 Qi
api;=dy opip;=dy ax;;=dy, a(up(up)* ®1) =«a,

where we have used a¥;; = 0 and pb(ub)* = dyl; (theorem 2.29) respectively to prove
the 3rd and the 4th equalities. If there is another @ satisfying also o = @pu;;, then o =
d;lfiui'juzj = d;lau;"j = «. Thus the universal property is checked.

“Only if”: This will be proved after the next theorem. |

Theorem 3.4. Let W;, W; be unitary A-bimodules. Then unitary tensor products over
A of W;, w; exist and are unique up to unitaries. More precisely, uniqueness means that
if (W, i M”) and (W o 17”) are unitary tensor products of W;, WJ over 4, then there exists

a (unique) unitary u € Hom, (W;;, W,,;) such that n; ; = up, ;.

l] !

Proof. Existence has already been proved. We now prove the uniqueness. Since 7, ; €
Hom, (W; X W W) is annihilated by ;i

exists a unlque u € Homy, (W, W,,;) satisfying n;; = up;;. In other words u is the A-

by the universal property for (W;;, u; ;) there

bimodule morphism induced by 7; ;. It remains to prove that u is unitary.

We first show that u is invertible. By the universal property for (W ), there

iejr i j)r

exists v € Hom, (W;,;, W;;) such that u;; = vn;;. Thus n;; = uvn;;. Therefore, uv is

lo] 4
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induced by 7; ; via the tensor product W,,;. But 1,,; is clearly also induced by 7, ; via W,,;.
Therefore uv = l;,;. Similarly vu = 1;;. This proves that u is invertible.

We now calculate
* ook % _ %
Mgt Whij = Mijlij = Xij = Hijhije

By the universal property, u ju*u and u} ;are equal since they are induced by the same
morphism via W;;. So u*up;; = p; . By the universal property again, we have u*u = lij.

Therefore u is unitary. u

Proof of the “only if” part of Proposition 3.3. By the “if” part of proposition 3.3 and
the paragraph before that, there exists a unitary tensor product (W;;, u;;) satisfying
,ui,jufj = d,l;;. By uniqueness up to unitaries, this equation holds for any unitary tensor

product. |

In the remaining part of this section, we generalize the notion of unitary tensor
product to more than two unitary A-bimodules. For simplicity we only discuss the case
of three bimodules. The more general cases can be treated in a similar fashion and are
thus left to the reader.

Choose unitary A-bimodules W;, W;, Wy, with left actions ,ui, ;ﬂi, ,u’L‘ and right
actions /L%, ,u%, ;LI’;, respectively. Then (W; X WJ X Wy, ,ui ® lj ®l,L® lj ® /leq) is a unitary
A-bimodule.

Lemma 3.5. x;; ®l; and I; ® x;; commute. Define y;;; € End, (W; X W; X Wy) to be

their product. Then d;zxi,j'k is a projection.

Proof. The commutativity of these two morphisms is verified using the commutativity
of the left and right actions of W;. Thus d;lxi'j ®1; and d;'l; ® Xjk are commuting

projections, whose product is therefore also a projection. |

Definition 3.6.  (Wyj, n; ;) (or Wiy for short) is called a unitary tensor product of
W;, W;, Wy over A, if
o Wy = (Wijk,ugk,ugk) is a unitary A-bimodule, wijx € Homy, (W; X w; X
Wi, W), and Mij (Wi ® I = Mi,j,k(li QW) =0.
e (Universal property) If (Wl,MlL,ufR) is a unitary A-bimodule, « € Hom, (W; X
W; KXWy, Wy, and a(¥; ; ® L) = a(1; ® ¥; ) = 0, then there exists a unique « €
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Hom,, (Wyj, W) satisfying o = apu,; ;. In this case, we say that o is induced
by « via the tensor product Wjj.

° (Unltarlty) Xi,j,k = “i,j,k“?,j,k'

Proposition 3.7. Let W;; be a unitary A-bimodules, and u;;; € Hom,(W; X W; X
Wy, Wij). Then (Wi, iy jx) is a unitary tensor product of W;, W;, Wy over A if and only if

* _ * - ]
I3tk = Xiga @nd i = dglie.

Theorem 3.8.  Unitary tensor products of W;, W; W exist and are unique up to

unitaries.

We omit the proofs of these two results since they can be proved in a similar

way as proposition 3.3 and theorem 3.4.

3.2 C*-tensor categories associated to Q-systems

We are now ready to define the unitary tensor structure on the C*-category BIM"(A)
of unitary A-bimodules. The tensor bifunctor X, is defined as follows. For any unitary
A-bimodules W;, W;, we choose a unitary tensor product (Wy;, u; ;). Then W; X, W; is
just the unitary A-bimodule W;;. To define tensor product of morphisms, we choose
another pair of unitary A-bimodules W;, WJ-/, and choose any F € Hom,(W;, W;) and
G € Hom, (W;, W). Of course, there is also a chosen unitary tensor product (Wyjrr iy )
of Wy, W; over A. Since FQG : W;XW; — W;XW; is clearly an A-bimodule morphism, we
have u; (F® G) € Hom, (W; X W;, W;;), and one can easily show that n; ;(F® G)¥;; = 0.
Therefore, by universal property, there exists a unique morphism in Hom, (W;;, Wy;),
denoted by F ® 4 G, such that

This defines the tensor product of F and G in BIM"(A). We now show that X, is a *-
bifunctor. Notice that F* ® , G* is defined by ui,j(F* ®G") = (F"Qy G*)ui,J/. Therefore,
using (F ® G)* = F* ® G* we compute

(F®, 6 = d;luiju;‘;(F ®y G =dy' ni(F® &*up = dy' 1;(F* ® Gy

=d, (F* @4 Gy juy j = F* @, G*.
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To construct associativity isomorphisms we need the following:

Proposition 3.9.  Let W;, W;, Wy be unitary A-bimodules. Then (W, iy x (14;;®1x)) and
(Wi ik (1; ® 1)) are unitary tensor products of W;, W;, Wy over A.

Note that here W;;, is understood as the unitary tensor product of W;; and Wy

over A, and W, is understood similarly.

Proof. The two cases can be treated in a similar way. So we only prove the 1st one.
Set wijx = mijx(iy; ® L). By proposition 3.7, it suffices to prove uj; u;jr = Xijk
and p ity = dilijk' The 2nd equation follows directly from that u; ;u;; = d,l; and
Mij,k“?j,k = dyl;ji- To prove the 1st one, we compute (recalling that we have suppressed
the label a)

(R I
¥ 1)
M kMg = = = J
(N I
T J  k
= = Xij,k-
(R B

Corollary 3.10.  For any unitary A-bimodules W;, W;, Wy there exists a (unique) unitary
mi,j,k € HomA(W(ij)k, Wi(]'k)) satisfying

Pijey @ i) = Az 5k - i k(i @ L) (3.6)
We define the unitary associativity isomorphism W, — Wy, to be 2, ; ;.

Proof. This follows immediately from the above proposition and theorem 3.8. |
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Proposition 3.11 (Pentagon axiom). Let W;, W;, Wy, W; be unitary A-bimodules. Then
A; ®4 s DA k1R ®a L) = A j gy i1 (3.7)

Proof. One can define unitary tensor products of W;, W;, Wy, W; over A in a similar way
as those of three unitary A-bimodules. Moreover, using the argument of proposition
3.9 one shows that (W k(i x(i; ® 1) ® 1)) is a unitary tensor product of
w;, W] Wy, W; over A. We now compute

A ®4 A D211 i ik ®a L) - g re(i; @ L) @ 1)

(3.5)

A ®a4 A kDU ket~ Pigro 1 i @ 1) (g ey j @ L) @ 1)

=1 ®4 A kDU g i (i - i e (iy @ L)) @1p)

(3.6)

A ®a4 A kDU kg - Pigr 1 (i ki © 1y 1) @ 1))

= (; ®4 Ak D jes - Migro 1 (ijie @) T; @ wjp ® 1)

(3.6)

A ®4 Aj e D1t ion s @ e DA @ 1y ®1p)

3.5
== gy @A e DA @ i DA; @ e ® 1)

= iy ® @jrr - k(e ® 1))

(3.6)
= iy i ® wj ;@ pg ),

and

;i a1 Hiapkg (i e (ig ® L) @ 1)

= i aNij el Mkt e @ 1)y j @ L ® 1)

(3.6)

;i iy ® mg )y j @ ® 1)

= ip Hijrai; @ LA @ L ® py )

(3.6)
= Wikl I ® Mj,kl)(li ® lj ® pg) = i ik §® Mj,kl(lj ® fg,)-

Thus equation (3.7) holds when both sides are multiplied by s k(i k(i ® 1) ® 1.
Hence equation (3.7) is true by the universal property for the unitary tensor products of
W;, Wj, Wy, W, |
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We choose the vacuum bimodule (W, u, 1) to be the identity object of BIM"(A).
Then by proposition 3.3, for any unitary A-bimodule (W, MZL u%), we have that (W, Mi) is
a unitary tensor product of W, X W; and (W, i) is a unitary tensor product of W; X W,.
By uniqueness up to unitaries, there exist unique unitary [; € Hom,(W,;, W;) and t; €

Hom , (W;

ir

W,) satisfying

ar
i =lilkai MR = Yl (3.8)
Proposition 3.12 (Triangle axiom). For any unitary A-bimodules W;, w; we have
L®a A =1®a1; (3.9)
Proof. Similar to (and simpler than) the proof of pentagon axiom, we show that
U ®a ;g5 tiaj(ig ®L) = ;0 @ i) = ;1 @ L) = (6, @4 L) - g (1114 ®1),
which proves triangle axiom by universal property. |

We conclude the following:

Theorem 3.13. With the x-bifunctor X,, the associativity isomorphisms, the unit
object, and the left and right multiplications by unit defined above, BIM"(A4) is a C*-

tensor category.

In the following, we identify different ways of unitary tensor products via
associativity isomorphisms, and identify W, with W; and W,, with W; via [; and t;
respectively. Then BIM"(A) can be treated as if it is a strict C*-tensor category. We
have (ij)k = i(jk), both denoted by ijk, and also ai = i = ia. Thus the

identity morphisms. Therefore u! = K, ir ph = I; o, @nd in particular u = u, ,. Moreover,

ijkr [i' t; are all

equation (3.6) now reads

K = Gk (3.10)

220z Re 21 uo Jesn Ausienun enybuisl Aq ///9609/055 /0 1/2202/310M4e/ulwl/wod dno-olwspese)/:sdjy wolj papeojumoq



Completely Unitary Vertex Operator Algebras 7593

which means that the left action i ~ j and the right action j ~ k commute. These two

actions indeed commute adjointly, as indicated below.

Theorem 3.14 (Frobenius relations).

ij ok ij k i gk i gk
Moo YW -
i gk i gk ij  k ij k

Proof. Let F and G be the 1st and the 2nd item of (3.11). One computes

(3.3) — Ik
J
i gk i gk
i j k t K
Jk K
LI ik e0 ik =Gy ® 1)
1 Jk v Ik

Therefore F = dZIF(Mi,j ®1k)(ﬂi,j ®l)* = d;lG(ui,j ® lk)(uiJ ®1,)* = G, which proves the
1st equation. The 2nd one is the adjoint of the 1st one. |

The above Frobenius relations are the decisive property that makes a tensor
product theory unitary. They are indeed closely related to the locality axiom of the
categorical extensions of conformal nets [21] where the adjoint commutativity of left
and right actions plays a central role. In subsequent works we will relate the C*-tensor
categories of conformal net extensions and unitary VOA extensions using Frobenius

relations.
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We close this section by showing that the C*-tensor structure of BIM"(A)
is independent of the choice of unitary tensor products. Suppose that we have two
systems of unitary tensor products: for any objects W;, W; in BIM"(A) we have unitary
tensor products (W;,;, u;;), (Wy,;, ;) of W;, W; over A, which define (strict) C*-tensor
categories (BIM"(A),X,), (BIM"(4),[1,). Tensor products of morphisms are written as
®,4,0,, respectively. By uniqueness up to unitaries, there exists a unique unitary
®; ; € Homy (W;, j, W;,;) such that

Nij = Pjjkij- (3.12)

Proposition 3.15. & is functorial: for any unitary A-modules W;, W, W;, W; and any
F e Hom,(W;, W;), G € HomA(WJ-, W]-/),

D i(FR,G) = (FO, ;. (3.13)
Proof. We compute
Qy i (F®p GO pjj =Py yyFQG) =0y FQG)=FO, G)nyj=FO, )Py 1y
Thus the desired equation is proved by universal property. |

Theorem 3.16. & induces an equivalence of C*-tensor categories (BIM"(4),X,) =~
(BIM"(A), [J,). More precisely, for any unitary A-bimodules W;, W;, Wy,

e The following diagram commutes.

1,Q4P; &
Wixjxk - VVZ’X(jOk)
q’i,j@Alkl Pijok l . (3.14)
q)i- ik
W(ioj)xk‘ . Wiojok
e The following two morphisms equal 1,.
cI>zz,i
Wi = Waxi Waoi = Wir (3.15)
Diq
w.=w.,, A — W, =W (3.16)

l ixa leq 1
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Proof. To prove the 1st condition, we calculate

Dk ®a Pji) - My ki ® 1) = Pyjer - Lokl @ P )y @ 1)

(3.12) (3.10)
=@; ok - Hijek i ® ®ji - 1) === ek (; @ i 1) === M44j 1 (n;; ® L),

and also

(3.10)

D (Pij ®a L) - iy ® 1jp) D (Pij ®a L) - sysjac(;j ® L)

(3.12)

=ik Minj k(Pij @ L) (i @ L) = Pigj k- i) k(P ity j ® 1) Miej k(i @ Lg).
This proves (3.14) since (W, jy ., iijxx(1; ® i x)) is a unitary tensor product of W;, W;, Wy,
over A by proposition 3.9.

Let ,ui,/x% be the left and right actions of W;. Then under the identifications
i=axi=ixa=aeli=1iea, weknow by equations (3.8) that u, ; n,; both equal ny
and p; 4, 1; o both equal pk. Thus, by (3.12), @, ; =1, = @, ,. [ ]

3.3 Dualizable unitary bimodules

Let (W;, ut, ub) be a unitary A-bimodule as usual. Recall that W; is called C-dualizable
if it is dualizable as an object in C. The notion of BIM"(A)-dualizability is understood
in a similar way. In [37] section 6.2, it was shown that if W; is C-dualizable, then it
is BIM"(A)-dualizable. The converse is also true by proposition 6.13 of [37] (Note that
although A is assumed in [37] to be standard, the results there also apply to the non-
standard case since any C*-Frobenius algebra is isomorphic to a standard Q-system by
[38] theorem 2.9.). In this section, we give a slightly different proof of this result; see
theorem 3.18.

We first assume that W, is C-dualizable. Our proof of the BIM"(A)-dualizability
is motivated by [30] lemma 1.16 and [8] proposition 2.77. Notice that W, x;x, = W, X
W; X W, is naturally a unitary A-bimodule with left action © ® 1; ® 1, and right action
1, ® I; ® . Moreover, uly = ph(ui ®1,) = pid, ® pk) : W, R W; KW, — W; is an
A-bimodule morphism, and dZI;&R is a partial isometry with range 1,. Therefore W; is
a sub A-bimodule of W, X W; X W,, and hence it suffices to show that W, X W; X W, is
BIM"(A)-dualizable.

Let W5 be a dual object of W;, and choose ev; 7, ev;; of W;, Ws. Then a natural
candidate of dual bimodule of W, X W; X W, is W, X W; X W,,. Let us first understand

their unitary tensor product over A. For this purpose, we choose a general unitary A-
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bimodule (W, ;ﬂi, u%), and check easily using proposition 3.3 that (W, X W; X W, X W; X
Wy 1, ®1;® u®l; ®1,) is a unitary tensor product of W, X W; X W, and W, X W; X W,
over A. We thus define the unitary tensor product of W, X W; X W, and W, X W; X W,
over A in this way. Briefly, (a X i X a)(a X iKa) =aXiXKaXiKa, and similarly,
@RiNa)(aXiKa) =aRiKaXKiXKa.

A

. A _
We now define eV NiRaakida © Hom, (W, zix.xixg We) and eV NiXa,aRike ©

Homy (W, mixemime: Wa) bY

evsgi&a,axma =y @ (ev;; @ ) ®ly),

_ - _ *
evi&i&a,aw&a = ulg ® (ev;(; @17 ® 1)) ®1,).

Since we also have (a XiXa)(aXiKa)(aXiXKa) =aXiXKaXiXakXikKa, we check
using (3.5) and the associativity of A that

1 =, ®L®ev"

aRiRe ®a evﬁlﬂi&a,a&f@a aRiRa,aRika’

=ev”

aXiNa,aXiXa ® li ® 1“'

OV iMa, axima O laRiKa

A . . . . . . . . . . _
and that eV NN aRika sazlsfles similar relazons. Using these equations it is straight

forward to check that eV NiRa,aki=a and eV MiRa,aRika
w, X wW; X W, and W, X W; X W,, which proves that W, X W; X W, and hence W; are
BIM"(A)-dualizable.

To prove the inverse direction we need the following lemma.

are evaluations in BIMY"(A) of

Lemma 3.17. Let W; be a unitary A-module, not yet known to be dual to W;. Suppose

: A _ A a
that we have morphisms evi; € Hom, (W;, W,) and evs, € Hom, (W5, W,). Set
o % . _ - oA
ev;; =1 ev‘i,‘z Ky ev;; =1 ev‘ilyl. 5 0 (3.17)
d al A _ A \k A _ A \x o _\k - - )*. Th
and also set coev;. = (evi i) , COBVE, = (evii) ,COeV, : = (ev; )", coev; , = (ev;,)™. en

(; ® ev;5)(coev;; ® ) = (I; ®4 eviy)(coevs, ®, 1), (3.18)

(ev;; ® L ® coev; ;) = (ev‘i“Z ®41)1;®,4 coev‘{‘i). (3.19)

We say that ev;; and ev‘i“z, ev; ; and ev‘{‘i are correlated if they satisfy (3.17).
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Proof. The two equations can be proved in a similar way, so we only prove the 1st one.
Let L, R be respectively the left and right hand sides of (3.18). Then

(3.11)

Now if W; is BIM"(A)-dualizable, then we can find a unitary A-bimodule W;
dual to W;, and evaluations evfi, ev?i of W;, 145 in BIM"(A). Define ev;; ev;; by equations

(3.17). Then equations (3.18) and (3.19) imply that ev,;, ev; ; are evaluations of W;, W; in

i’

C. Thus W; is C-dualizable. This finishes the proof of the following theorem.

Theorem 3.18. If W, is a unitary A-bimodule, then W; is C-dualizable if and only if W;
is BIMY(A)-dualizable. Moreover, one can choose correlated evaluations ev, ev4 in C and
BIMY(A).

By the above theorem, we will no longer distinguish between C- and BIM"(A)-
dualizability. Using the same argument as lemma 3.17 one also proves that under cor-
related evaluations, the C-transposes and BIM"(A)-transposes of a unitary A-bimodule
morphism F are equal. Therefore the symbols YF and FV are defined unambiguously.

Compare [37] lemma 6.10.

Proposition 3.19. Let W;, w; be dualizable unitary A-bimodules. Choose dual objects
w;, W, and evaluations ev, ev? (with suitable subscripts) in C and BIM"(A), respectively.
Assume that ev, ev4 are correlated. Then for any F € Hom, (W;, W), its transposes in C

are the same as those in BIM"(A). More precisely, we have

LEeev; ) ®FQ® lj)(CoeVi,i ®L)

:(li ®A evﬁj‘) (1{ ®A F ®A ljf)(COBV?i ®A lj)r (320)
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(er,j ® lz) (1]* RFR® 1;) (1]* ® COGVilz)
=(ev§f]. RGO Fe, )L, coev‘s{). (3.21)
Recall that for any F € End(W,), one can define scalars Tr; (F), Trg(F) such that
ev;;(FQ® lg)coevilz = Tr; (F)l, and ev;’i(lg ® F)coev;; = Trg (F)l,. If A is simple in the sense
that End, (W,) = Cl,, and F € End, (W;), one can similarly define scalars Tr{ (F), Tr4(F)

such that evﬁE(F ®a lg)coevff = Tr{ (F)l, and ev‘gi(lg ®a F)coev%i = Trg(F)l,. In the case

that ev” and ev are correlated, these two traces satisfy very simple relations:

Proposition 3.20. If A is a simple Q-system, W;, W; are mutually dual unitary A-
bimodules, and the ev and ev? for W, are correlated, then for any F € End, (W),

we have

Tr, (F) = D, Tr{ (F), Trg(F) = D, Tra(F). (3.22)
A

As a consequence, ev” are standard if the correlated ev are so.

Proof. We only prove the relation for left traces.

(3.17)

Try (F)ly = ev; :(F ® lp)coev, ; L*BV?Z u;(F® 1{)(Mi’f)*COGV€{L

=L*ev‘3{(F Ry L) - /Li’;(uij)*coev%t = dAL*eV?i(F Ry L) - coev‘%t

=d , Tri (F)*t = D, Try (F)l,.
|

Note that a simple C*-Frobenius algebra is always a simple Q-system, since pp*
is in End,(W,), which must be a scalar and hence proves the specialness. Examples
of simple Q-systems include haploid C*-Frobenius algebras, since in general we have
dim Hom(W,, W,) = dimEnd, (W,) > dimEnd,(W,) (cf. [38] remark 2.7-(1)). Recall
that haploid C*-Frobenius algebras are also standard (D, = d,) by proposition 2.20. As
a consequence, the C-algebra A associated to a unitary VOA extension U is haploid and

hence a simple standard Q-system.

Construction of dual bimodules and correlated evd
In the remaining part of this section we assume that A is standard. Then for a dualizable

unitary A-bimodule (W;, u};, ,u}'q) one can explicitly construct the dual bimodule and ev?
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following [30] figures 9-11 or [39] section 4.1. This construction will be used in the next
section to understand the ribbon structure of the unitary representation category of A.

Since A is now standard, ev, , := (*u is a standard evaluation of W,. Choose
an object W; in C dual to W;, and choose standard ev for W;, W;. Recall convention 2.4.

Motivated by corollary 1.12, we define

ph = (b)Y, ph = (b)Y, (3.23)

Then using graphical calculus it is not hard to verify that (W, ME: u};) is a unitary A-
bimodule. (Note that the standardness is used to verify the unitarity.) Moreover, using

the above definition, and noting that (-)¥ = v(.), one checks that

1 /)
Cii = = € Hom 4 (W; <1 W5, W,), (3.24)
) 1
i - = € Hom, (W5 <1 W;, W), (3.25)
and that ¢;;¥;; = 0 = ¢;,;¥;;. Therefore there exist ev - € Homy( ”,Wa),ev‘{‘i €
Hom, (W; ;, W,) satisfying
Cp=OVihig G = Vil (3.26)

By unit property, ev and ev; s evf and ev;; are correlated. Therefore, by lemma 3.17,
ev and ev, are evaluatmns of W W; in BIM“(A). If, moreover, A is simple, then ev4
are standard, and Tr;(F) = Trg(F) = d,Trd(F) = d,Trg(F) for any F € End,(W,) by
proposition 3.20. By the uniqueness up to unitaries of standard evaluations, the values
of traces are independent of the choice of standard evaluations. Therefore we have (cf.

[30] theorem 1.18 and [37] proposition 6.9.):

Theorem 3.21. If A is a simple and standard Q-system, W; is a dualizable unitary A-
bimodule, and Tr := Tr; = Try and Tr? := Tr{ = Try are defined using (not necessarily
correlated) standard ev and standard ev?, respectively. Then Tr(F) = daTI‘A(F), where
d, is the (C-)quantum dimension of W,. In particular, the C-quantum dimension of W,

equals d, multiplied by the BIM"(4)-quantum dimension of W;.
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3.4 Braiding and ribbon structures

In this section, C is a braided C*-tensor category with (unitary) braiding $ and
simple W, and A is a commutative Q-system in C. Let Rep"(A) be the C*-category of
single-valued unitary left A-modules. As discussed in section 2.5, single-valued unitary
left A-modules admits a canonical unitary bimodule structure, Rep“(4) is a full C*-
subcategory of BIM"(A), and Hom, ,Hom_,,Hom, are the same for Rep"(4). If W, 14
are in Rep"(4), (Wy, /,le, ;le;{) is in BIM"(A), and « € Hom, (W;XW;, Wy) satisfies al;; =0,
then one can show easily using graphical calculus that leﬁk,a (@®1,) = pk(@®1,). Now
we choose a unitary tensor product (W, u; ;) of W;, W; over A, where W;; is a unitary
A-bimodule with left and right actions Mijrﬂg- Set W), = Wij,
,ulL]ISijﬂ = pj since (@ @ L) (@ ®1,)* = (i ® 1) ; ®1,)* = dyly; ®1,. Similar argument

-1
a,ij

o = p;;. Then we have
shows Mfrs = ,ug. Therefore W;; is single-valued with left and right actions related by
B. We conclude that Rep“(A) is closed under unitary tensor products. In other words,
Rep"(A) is a full C*-tensor subcategory of BIM"(A).

Proposition 3.22 (cf. [30] theorem 1.15). If A is standard, and W, is an object in Rep“(4),
then W; is Rep"(A)-dualizable if and only if W, is BIM"(A)-dualizable (equivalently, C-
dualizable).

Proof. We have seen in theorem 3.18 that BIM"(A)-dualizability and C-dualizability
are the same. Rep"(A4)-dualizability clearly implies BIM"(A)-dualizability. Now assume
that W; is C-dualizable. In section 3.3 we have constructed a unitary A-bimodule W;
dual to W;. It is easy to check that the left and right actions of W; defined by (3.23)
are related by the braiding 8 of C. In particular, W; is an object in Rep"(4). Thus W; is
Rep"(A4)-dualizable. |

Braiding

We now define braiding for Rep“(4). Let W;, w; be objects in Rep"(4), and let (Wi i j)
and (Wj;, u;;) be respectively the unitary tensor products over A of W;, W; and W;, W;
used to define the tensor structure of BIM"(A). Since the braiding of C is unitary, using
proposition 3.3 one easily shows that (W;;, u;;8;;) is also a unitary tensor product of

. Wji) such that

W;, W; over A. Hence there exists a unique unitary IS‘{}J. € End, (W;

wiiBij = Biymi. (3.27)

Theorem 3.23. (Rep“(4),Xy, R4) is a braided C*-tensor category.
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Proof. The hexagon axioms

B ®a1)1; ®, BY) = B,

((Béyi)_l ®A 1])(11 ®A (Béy])_l) — (leg,lj)—l

(for all W;, W;, Wy in Rep“(4)) can be proved in a similar way as pentagon axiom
(proposition 3.11): one shows that both sides are equal when multiplied from the right

by w;jic(y ® wjx) = i (i ® L) n

Now assume that we have two systems of unitary tensor products (W;,;, u; ),
(Wiaji i) which define two braided C*-tensor categories (Rep%(A4),X,,R4) and
(Rep¥(A4),[J,,04). By theorem 3.16, the functorial unitary ® defined by (3.12) induces

an equivalence of the C*-tensor categories. Indeed, it also preserves the braidings:

Theorem 3.24. The functorial unitary ® defined by (3.12) induces an equivalence of
the braided C*-tensor categories (Repu(A),&A,ISA) ~ (Repu(A),DA,aA), which means
that ® satisfies the two conditions of theorem 3.16, together with the condition that for
any objects W;, W; in Rep"(4),

q>jlifg;.‘}j = g{f}.q>ilj. (3.28)

PI‘OOf. One Verifies that q)],lBAH’l,] = O';?]T]l'] = O':?]q)

ij i

Ribbon structures

Let us now assume that C is rigid, which means that any object of C is dualizable. By [35]
proposition 2.4, there is a canonical twist operator ¢ = ¢#; € End(W;) for any object W;
in C: Choose 145 dual to W;, standard ev;; ev;; and corresponding coev for W;, ws. Then
by standardness of ev one can show

191‘ = (eVili ® ll)(lf ® Bi,i)(CoeVz,i ® ll)

=1 evi’z)(ﬁili L ® coev; 7). (3.29)

(Note that by uniqueness up to unitaries of standard ev, ¥; is independent of the choice
of standard evaluations.) By this relation, © is unitary. Moreover, © defines a ribbon

structure on C (i.e., ¥ commutes with all morphisms, ¥;x; = (¢; ® ¥,)8; 8, ;, and ¥;" = ;).

i
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Then (C,X, B, ¥) is arigid C*-ribbon category. Using the definition of #;, one easily shows

ev;; = ev; B;;

¥ ®1L), (3.30)
which completely determines the morphism ¢;. In the case of Rep"(V), we have shown in
[19] section 7.3 (especially equation (7.30), which relies on [18] formula (1.41)) that e%7Lo
satisfies the above equation. Thus the twist 9 = €70 defined in the end of section 1.1 is
the canonical twist of the braided C*-fusion category (unitary braided fusion category)
Rep™(V).

Suppose now that A is haploid. By the commutativity of A, haploidness is
equivalent to simpleness since End, (W,) = End,(W,). A is also standard by
proposition 2.20. Therefore, by theorem 3.22, Rep*(4) is rigid. Thus Rep"(A4) also admits
a canonical twist ¥4 under which Rep%(4) becomes a C*-ribbon category. The twist

satisfies

0, = (evfl. ®41) 1 ®, Is;-‘fi)(coevfi ®4 1)

=1, ®,4 ev‘%)(ﬁfi @411 ®, coev‘s;), (3.31)

; are standard evaluations for

W;, W;. We now show that the ribbon structures of C and Rep"(A) are compatible.

where W; is an object of Rep"(4) dual to W;, and ev‘i‘l{, ev‘{‘

Theorem 3.25. Suppose that C is a rigid braided C*-tensor category, A is a haploid
commutative Q-system in C, and ¢ and 94 are the canonical unitary twists of C and
Rep“(A4), respectively. Then ¢; = 19;.4 for any object W; in Rep“"(4).

As an immediate consequence, W, has trivial (C-)twist since 94 =1,.
Proof. Choose any W; in Rep"(A). Using the definition of twist one checks easily that
¥; € End,(W;). Let W; be a dual object in C, equip W; with a unitary A-bimodule
structure by (3.23), and use equations (3.24), (3.25), and (3.26) to define standard

Rep“(A)-evaluations evA correlated to standard C-evaluations ev for W;, W;. We now

prove ; = ¥{* by showing

evi: = evi BL(D; @4 1. (3.32)

Ll 11
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We compute

A (326 (324
CVig " Hii b

(3.25), (3.26) (3.27)
- A :uz zﬁz K (19 ® 1

AN

eV BL 7 (0; © 1) == eviiBh (0 ®a 1

2,2 1,2 2,2 1,2 )

An MTC is called unitary if it is a (rigid) braided C*-tensor category, and if its

twist is the canonical unitary twist associated to the rigid braided C*-tensor structure.

Corollary 3.26. Let (C,X,8,9) be a unitary MTC. If A is a haploid commutative Q-
system in C, then (Rep"(4),X,, R4,9) is also a unitary MTC.

Proof. We have shown that A has trivial C-twist. Thus by [30] theorem 4.5, Rep"(4)
is an MTC (Our Rep“(A) is written as Rep®(A) in [30].). By the above theorem, when
restricted to Rep%(A), ¢ is the canonical unitary twist #4 of Rep“(4). Thus Rep%(4) is a
unitary MTC. |

3.5 Complete unitarity of unitary VOA extensions

Recall that V is a CFT-type, regular, and completely unitary VOA. Let U be a CFT-
type unitary extension of V, and let A; = (W,, u,t) be the corresponding standard
commutative Q-system. (Note that the trivial twist condition for A is now redundant by
theorem 3.25.) Recall by theorem 2.30 that any unitary U-module is naturally a single-
valued unitary left A;-module, and any single-valued unitary left A;;-module can be
regarded as a unitary U-module. Thus Rep"(U) is naturally equivalent to Rep“(4y) as
C*-categories. Note that U is also regular (equivalently, rational and C,-cofinite [1]) by
the proof of [34] theorem 4.13 (Although [34] theorem 4.13 only discusses orbifold-type
extensions, the argument there is quite general and clearly applies to the general case.
Note that the nonzeroness of quantum dimensions required in that theorem is obvious
in the unitary case.). Thus, just as V, the tensor category of U-modules is (rigid and)
modular. In the following, we shall show that U is completely unitary, which implies
that Rep"(U) is a unitary MTC. Moreover, we shall show that the unitary MTCs Rep"(U)

and Rep"(4y) are naturally equivalent.
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Let W;, W;, Wy be unitary U-modules, which can be regarded respectively as
unitary A;-bimodules with left actions /L‘L MJL, /ﬂf and right actions M%, u%, Mﬁ related by
R. Recall (1.1). Then yui , yﬂ,i , yuch are the vertex operators of U on W;, W] W, respectively.
We let Vy (lk]) be the vector space of type (lk]) intertwining operators of U. Again, V(ik].)
denotes the vector space of type (lk]) intertwining operators of V. Since any intertwining
operator of U is also an intertwining operator of V, VU(ikj) is a subspace of V(lk]) We
give a categorical interpretation of VU(ikj). Note that W; X W; is naturally a unitary
Ay-bimodule, with left and actions defined by the left action of W; and the right

action of W;.
Lemma 3.27. Any o € Hom,, (W; X W;, W) satisfies a¥; ; = 0.

Proof. This is easy to prove using graphical calculus and the fact that the left actions
of W;, W;, Wy are related by 8 to the right ones. |

Proposition 3.28 ([8] section 3.4). The map Y : Hom(W; X Wj, W) = V(ikj), at— Y, (see

section 1.1) restricts to an isomorphism ) : Hom,  (W; X W;, Wy) = VU(l.k].).

Proof. We sketch the proof here; details can be found in the reference provided. Choose
any « € Hom(W; X W;, Wy). Then ), being an intertwining operator of U means precisely
that ), satisfies the Jacobi identity with the vertex operator of U. By contour integrals,

the Jacobi identity is well known to be equivalent to the fusion relations
Y, 2V, (w?,0) = Y, (Vi (w, 2= Ow®, ), (3.33)
Vo, 0V e (w,2) = VoV, (w,z = Ow'?, 0) (3.34)
foranyu e U = Wa,w(i) € W;, where0 < |z—¢| < |¢| < |z| and arg(z — {) = arg¢ = argz
in the 1st equation, and 0 < [ —z| < |z| < |[¢| and argz = arg ¢ = 7w +arg(z—¢) in the 2nd

one. (See for instance [18] proposition 2.13.) By [18] proposition 2.9, (3.34) is equivalent

to the fusion relation
VoW, 0OV (w,2) = Y, (Vs W, ¢ — 2)u, 2). (3.35)

The categorical interpretations of (3.33) and (3.35) are respectively « € Hom,,  _(W; X
W;, Wy) and a¥; ; = 0, which are clearly equivalent to that « € Hom, (W;X W, W). ®
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Recall the definition of VOA modules in section 1.1. Recall by theorem 2.31 that
any irreducible U-module admits a unitary structure. We choose a representative W, for
each equivalence class [W,] of irreducible unitary U-modules (equivalently, irreducible
unitary single-valued left A;;-modules), and let all these W, form a set ;. That W, € &
is abbreviated to t € £;. We also assume that the vacuum U-module W, is in &£;. Then

the tensor product of U-modules W;, W; is

t *
tely

We choose an inner product Ay for any VU(itj)*, and assume that the above direct sum
is orthogonal. The vertex operator for W;; is (9,1® Yt where u} € Hom, (W, X W,, W,)
is the left action of the A -bimodule W;,.

Define a U-intertwining operator ), . of type (ll]]) = (WV:/T’/V] ), such that for any
w® e W, w? e Wt € &,Y, € Vy()), and w® e W (the contragredient unitary U-
module of W,),

Y, WP, 2w?,Y, @ w?) = (3, w?®, Hw?, w?). (3.37)

To write the above definition more explicitly, we choose a basis Tit ; of the vector space
Hom, (W; R W;, W,). Then {J, : « € Ti’fj} is a basis of VU(itj) whose dual basis is denoted
by {*:a € Tfj}. Then

Y, w? =3 > 3 eV,w? 2w (3.38)

t
tely aeY];

Note that y;; € Hom, (W; X W;, W;;). Then the above relation can also be written as

nij= . > V" ®a (3.39)

t
tefy aeYf;

By lemma 3.27 we have p; ;¥;; = 0. We claim that Vi satisfies the universal
property that for any unitary U-module W, and any ), in VU(ikj) (equivalently, o €
Hom, (W; ® W;, Wy)) there exists a unique U-module homomorphism & : W;; — Wy
(equivalently, o € HomAU(Wij, Wy)) such that ), = &yﬂilj (equivalently, « = aﬂi,j by (1.2)).

Indeed, since the vector space Homy (W;;, W) of U-module morphisms from W;; to W, is
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naturally identified with HomAU(Wi]-, W), just as (1.1), we have a natural isomorphism

of vector spaces

~ k ~

It is easy check for any o € Hom, (W;;, W) that
Vo =0y, (3.41)

which by (1.2) also equals y&mj. Now, by proposition 3.28, for any o € Hom, (W; X

w;, W), we can find an « satisfying
V, =Y. (3.42)

Thus we have ), = 37& = aym,j = J}am],, which shows o = &;Li'j. Recalling definition 3.1,
we conclude that (W;;, u;;) is a tensor product of the Ay-bimodules W;, W; over Ay.

Indeed, under suitable choice of Ay, the tensor products become unitary:

Theorem 3.29. There exists for each ¢t € £ a unique inner product Ay on the vector
space Vy (itj)* such that (W;;, 1; ;) becomes a unitary tensor product of the Ay-bimodules

W;, W; over Ay. Moreover, Ay is the invariant sesquilinear form of U (cf. section 1.3).

Proof. Let (W,

of the proof of theorem 3.4, tensor products of unitary bimodules of a Q-system are

o+ 1i7) be a unitary tensor product of W;, W; over Ay. By the 1st half
unique up to multiplications by invertible morphisms. Thus there exists an invertible
K € Hom, (W, W) such that n;; = Ku; ;. Therefore, the decomposition of W;,; into
irreducible single-valued left A;-modules is the same as that of W;;, which takes the
form (3.36). Now, using linear algebra, one can easily find an inner product A; on any
Vy (itj)*, such that K becomes unitary. Then the tensor product (W, n; ;) defined by such
Ay is clearly unitary. This proves the existence of Aj. The uniqueness of Ay follows
from the uniqueness up to unitaries of the unitary tensor products of A;-bimodules
(theorem 3.4).

Now assume that (W;;, u;;) is a unitary tensor product. We show that Ay is the

invariant sesquilinear form. Assume that for each ¢t € &, Titj is chosen in such a way
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Vo . ky . A\
that {J“ : @ € TiJ} is an orthonormal basis of VU(i j) under Ay. Then by Xij = “;j“i,j

and equation (3.39), we have

-~
<
~.

<

= D> >ty (3.43)

te€y aeYt ;

-~
~
~.
<

and hence

t (0%
= 22 U (3.44)

tefy aeTt

which by theorem 1.11 implies for any wgi), wg) € W, the fusion relation

Vi (yw;gﬁ(wg)rz— C)Wf),;) => > Vw2V, w, o). (3.45)

t
tely ae);

Recall that yMJL is the vertex operator of U on w;. Since u% = ,uifsa'i, we have yﬂ; = BJ%
by (1.8), which shows that yu% € Vy(;",) is the creation operator of the U-module W;. (See
section (1.1) for the definition of creation and annihilation operators). Thus by (1.28),
yw% ) € VU({ZL.) is the annihilation operator of the U-module WJ Therefore, by definition
1.7, we see that (3.45) is the fusion relation that defines invariant sesquilinear forms
for U. This shows that {)* : « € Tgfj} is also an orthonormal basis of VU(itj)* under
the invariant sesquilinear form, which proves that the latter is positive definite and

equals Ay. |

Theorem 3.30. Let V be a CFT-type, regular, and completely unitary VOA, and let U be
a CFT-type unitary VOA extension of V. Then:

e U is also (regular and) completely unitary.
e Under the natural identification of Rep"(U) and Rep"(Ay) as C*-categories,

the monoidal, braiding, and ribbon structures of Rep"(U) agree with those of
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(Rep"(Ay), M,/ RAU, 94U defined by the system of unitary tensor products
(Wi, wy ) (for any W;, w; in Rep"(Ap)) as constructed in (3.36) and (3.37) under

4
the invariant inner product Ay.

By “natural identification,” we mean that each unitary U-module W, is identified
with the corresponding single-valued unitary left A;;-module W;; a homomorphism F :
wW; — W, of unitary U-modules is identified with F, considered as a homomorphism of

Ay-bimodules.

Proof. As mentioned at the beginning of this section, the regularity of U is proved in
[34]. By theorems 2.31 and 3.29, U is completely unitary. Hence Rep"(U) is a unitary
MTC. That Rep"(U) and Rep"(Ay) share the same tensor and braiding structures is
proved in [8]. In order for this paper to be self-contained, we sketch the proof as follows.

For any objects W;, W;, Wy, let A; ;i : Wi = (W; Ky W) Wy Wy — Wi, = W; Ky
(w; Xy W) be the associativity isomorphism of Rep”(U). It is shown in [21] proposition
4.3 that under the identification of W;;, and W, via A; ; ;, one has the fusion relation

Vg W2V, w0 =y, ¥, wz—w?, ) (3.46)

forany w® e w;,, w? e W;. This means that relation (3.10) holds under the identification
via A; ; ;. But we know that due to equation (3.6), the same relations also hold under the
identification via 2, ;,
Next, we know that in Rep"(U), the identification W,; >~ W; is via the vertex

the associativity isomorphism of Rep"(Ay). Thus A;;;, =2

ijk:

operator ), i of U on W;, and the identification W;, >~ W, is via the creation operator
of the U-module W;, which is yﬂ%, as argued at the end of the proof of theorem 3.29.
W;) and v; € Hom, (W;
section 3.2, we know that I; and v; define respectively the equivalences W, ; ~ W; and
W,, ~ W; in Rep"(4y) (as a full C*-tensor subcategory of BIM"(A)). On the other hand,
by (3.42) we have yﬂi = )7[i. Therefore [; : W,;, = W, X; W, — W, is the U-module

homomorphism corresponding to the vertex operator of the U-module W,. Thus, by the

Define [; € Hom, (W, « W;) using equations (3.8). Then, from

definition of the monoidal structures of VOA tensor categories (see section 1.1), [; also
defines the equivalence W,; ~ W; in Rep"(U). Similarly, t; is the U-module morphism
corresponding to the creation operator of W;. Hence it defines the equivalence W;, >~ W;

in Rep"(U). We have now proved that the (C*-)monoidal structure of Rep”(U) agrees with
that of Rep"(4p).
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Let 8. € Homy (W;;, Wj;) be the braiding of W; &, W; in Rep”. We want to show
that BU equals the braiding 847 of Rep"(A). By (3.27) it suffices to check that for any

object Wy in Rep”(Ay) and any o € Hom,  (W;;, Wy),
a8y = FRT1; (3.47)

where 8 is the braiding of Rep"(V). Set o = &pu;; € Hom, (W; X W;, Wy). Then by (1.8),

yag.]. = B, )Y,, and similarly V;.v = B,);. Note that the braiding B, defined for V-
1, l,j

intertwining operators and for U-intertwining operators are the same since U and V

have the same Virasoro operators. We now compute

(1.2)

(3.41) (3.42)

~nlU
aBi,jylLiJ

y&ﬁgjﬂi,j y&ﬁl{] = B+ya B+y0( = yafSiJ = ya/j,j'ifsi'j'
Finally, for both categories, the twists are defined by the rigid braided C*-tensor

structures. Therefore the ribbon structures agree. |

3.6 Applications

To use theorem 3.30 in its full power, we first prove the complete unitarity for another

type of extensions (which do not preserve conformal vectors).

Proposition 3.31. Let V and V be CFT-type and regular VOAs. Then V ® V is (regular
and) completely unitary if and only if both V and V are completely unitary. If this is true
then Rep*(V ® V) is the tensor product of Rep"(V) and Repu(?).

Proof. Clearly V®V is CFT type. Note that V®V is also regular by [13] proposition 3.3.
Assume first of all that V and V are completely unitary. By [11] proposition 2.9, V @ V
is unitary. By [15] theorem 4.7.4, any irreducible V ® V-module is the tensor product of
an irreducible V-module and an irreducible V-module, which by the strong unitarity of
V and V are unitarizable. Therefore the V ® V-module is also unitarizable, and hence
V ® V is strongly unitary.

We now show that V ® V is completely unitary. Choose unitary V-modules
w;, W; and unitary V-modules ws, Wj Choose W, in £. Let also € be a complete set of

representatives of irreducible V-modules, and choose any W; in €. Choose bases E!.

- - > > S
of V(itj) and E% of V(;ti) (the vector space of type (;tf) intertwining operators of V) so

that their dual bases {J* : a € Efj} and {JV/& o € AE:%} are orthonormal under the
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invariant inner products in V(;' )* and 17(1)* respectively. Then equation (1.30) holds
for V with A(;)V)“Dviﬁ) = 80”3, and a similar relation holds for V. Let YJ®J be the vertex
operator of the V ® V-module W; ® W;, and let Y, _ _ be the annihilation operator

z®l i®0
of W; ® W;. Then Y Vier = YV, 0 Y5 and JJBVE@ = yevh ® yevT. Set Vyog = Vo ® Vi

. . t®t~ . o s T s =t F’.':‘?
which is a type (i®.j®j) intertwining operator of V@ V if @ € E; J ,a € 7 Then for
@ .0

any w)”, w,’ € W, wé”, Wff) € W5 we have the fusion relation

~ @) () @) @
Yiej (yevm@l (WZL Bwy,z - é“) (vl @ wy') '5)

=SS Ve W e w2 Ve w? @ W, o). (3.48)

tek, te€ ae:t] actt t]

t~®? ’T) * iS

From this relations, we see that the invariant sesquilinear form A on V(i®i].®]

positive. Moreover, by the non-degeneracy of this A, E! ij % m; is a basis of V(l@f{@]t@)
hose dual basis is therefore orth 1in V(2% 9", Thus V(, %1 ) = V() @ V(&
whose dual basis is *ere ore orthonormal in (i®ij@)* us (l®l]®1) (; j) ® (i J-),
.~
and the A on V(i@?}fzf) equals A ® A on V(itj) ® V(;tf) . That Rep™(V ® V) = Rep™“(V) ®

Repu(V) now follows easily. (It also follows from [2] theorem 2.10.)

We now prove the “only if” part. Assume that V ® V is completely unitary. We
want to prove that V (or similarly V) is completely unitary. Let € be the vacuum vector
of V. Then V can be regarded as a (non-conformal) vertex subalgebra of V ® V. The
inner product on V ® V restricts to one on V, which makes V unitary. Now let W, be
an irreducible V-module. Write V = Wyg as the unitary vacuum V-module. Then the
V ® V-module W; ® Wg admits a unitary structure. The restriction of the inner product
of W; ® Wi to W; ® Q produces a unitary structure on W; (cf. [43] proposition 2.20).

Now choose unitary V-modules Wl-,WJ-, and choose W, in £ again. Notice the
i%D ]®0) sending ), € V(itj) to ), ® Y;. Here Yj is the

vertex operator of V (on the vacuum module Wpg). Such map is clearly injective. It is

t®0
i®0 jQO.

subspaces W; ® S~2,Wj ® Q, W, ® Q to produce the desired preimage. Note that the A

natural isomorphism V(itj) = V(4

also surjective, since any intertwining operator in V(, 5) can be restricted to the

~ * ~
on V(@%@]%a) is positive definite by the complete unitarity of V ® V. Choose a basis in

V(z@%%%pﬁ) whose dual basis is orthonormal under A. Using a suitable fusion relation, it
is straightforward to check that the corresponding basis in V( ) also has orthonormal
dual basis in V(ij)* under A. In particular, A is positive on V(ij) . This proves the

complete unitarity of V. |
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The above proposition implies a strategy of proving the completely unitarity of
a non-conformal unitary extension U of V. Let V¢ be the commutant of V in V¢ (the coset
subalgebra), which is unitary by [7]. Then U is a unitary (conformal) extension of V' ® V¢
by [44] proposition 2.21. Now it suffices to show the regularity and complete unitarity

of V and V¢, the proof of which might require a similar trick applied to V and V°.

Corollary 3.32. Let V be a (finite) tensor product of ¢ < 1 unitary Virasoro VOAs, affine
unitary VOAs, and even lattice VOAs. Let U be a CFT-type unitary extension of V. Then
U is regular and completely unitary. Consequently, the category of unitary U-modules

is a unitary MTC.

Proof. The affine unitary VOAs of these types are regular by [13] and completely
unitary by [19] theorem 8.4, [20] theorem 6.1, and [45] theorem 5.5. The ¢ < 1 unitary
Virasoro VOAs (resp. even lattice VOAs) are regular also by [13] and completely unitary by
[19] theorem 8.1 (resp. [21] theorem 5.8). Therefore, by theorem 3.30 and proposition 3.31,
CFT-type unitary extensions of their tensor products are also regular and completely

unitary. |

The above corollary is by no means in the most general form. For example, we
know that W-algebras in discrete series of type A and E are completely unitary by [45]

theorem 5.5. So one can definitely add these examples to the list in that corollary.

Corollary 3.33. Let U be a CFT-type unitary VOA with central charge ¢ < 1. Then U is

completely unitary. Consequently, the category of unitary U-modules is a unitary MTC.

Proof. By [11] theorem 5.1, U is a unitary extension of the unitary Virasoro VOA
L(c, 0). |
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