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Abstract. Given an (irreducible) Mdobius covariant net A4, we prove a
Bisognano-Wichmann theorem for its categorical extension &9 associ-
ated with the braided C*-tensor category Rep®(A) of dualizable (more
precisely, “dualized”) Mobius covariant A-modules. As a closely related
result, we prove a (modified) Bisognano—Wichmann theorem for any (pos-
sibly) non-local extension of .4 obtained by a C*-Frobenius algebra @ in
Rep? (A). As an application, we discuss the relation between the domains
of modular operators and the preclosedness of certain unbounded opera-

tors in &9.
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0. Introduction

The notion of categorical extensions of conformal nets was introduced in [23] to
understand the relations between the tensor categories of conformal nets and
vertex operator algebras (VOA’s). A categorical extension & of an irreducible
conformal (or Mébius covariant) net A is the Haag—Kastler net of bounded
charged fields (intertwiners) associated with A. & satisfies a list of axioms
similar to those of A, including, most importantly, the locality axiom, which
says that bounded charged fields supported in disjoint open intervals commute
adjointly. One main observation in [23] is that, in order to relate the tensor
category of a unitary VOA V with the one of the corresponding conformal
net Ay (assuming Ay exists), it suffices to show that the (usually) unbounded
smeared intertwining operators of V' give rise to bounded intertwiners satisfying
the axioms of a categorical extension, especially the locality. Similar to the
construction in [13] of Ay from V, proving the locality axiom is the most
difficult step, which amounts to proving the strong commutativity of certain
adjointly commuting unbounded closed operators.’

The Bisognano-Wichmann (B-W) Theorem [9] is a powerful tool for prov-
ing the locality of the conformal net Ay associated with a unitary VOA V. In
[13], Carpi-Kawahigashi-Longo—Weiner used this theorem to show that very
often, one only needs the strong commutativity of a small amount of smeared
vertex operators (which “generate V) to prove the strong commutativity of all
smeared vertex operators supported in disjoint intervals. 2 The main motiva-
tion of our present article is to generalize this result to intertwining operators
(charged fields) of VOA’s.

Let us first recall the B-W theorem in (algebraic) chiral conformal field
theory [7,16,20]. Let A be an (irreducible) M6bius covariant net with vacuum
representation Hy and vacuum vector §2. The representation of PSU(1,1) on
‘Ho is denoted by U. By Reeh—Schlieder property, (2 is a cyclic and separating
vector of A(I) where [ is any open (non-dense non-empty) interval on the unit
circle St. Thus, one can associate to the pair (A(I),2) the modular operator
Ay and modular conjugation J; satisfying the Tomita—Takesaki theorem. Now,
the B-W theorem for A says that:

e (Geometric modular theorem) Al = §;(—27t), where 6; is the dilation
subgroup of the Mdbius group PSU(1,1) associated with the interval I
(see Sect. 6 for more details).

e (PCT theorem) The antiunitary map © := Jst (which is an involution

by Tomita-Takesaki theory) is a PCT operator for A, where S is the

upper semi-circle. More precisely, if we set v : S! — S,z — Z, then we
have OA(I)© = A(x]) and OU(g)© = U(rgr) for any g € PSU(1,1).

ITwo closed operators A and B on a Hilbert space H are said to commute adjointly if
[A, B] = [A*, B] = 0 when acting on suitable vectors; they are said to commute strongly
if the von Neumann algebras generated by A and by B commute. Strong commutativity
implies adjoint commutativity; the converse may not hold by the famous counterexample of
Nelson [36].

2For general quantum field theories, a similar result was proved in [15].
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More generally, one has the B-W theorem for Fermi conformal nets [2,12] and
irreducible finite-index non-local extensions of conformal nets [30].

To derive a B-W theorem for categorical extensions of A, we first need
to define the modular S and F operators for them. Before explaining the
definition, we first recall what are categorical extensions.

Let S be the lower semi-circle. If H;, H; are A-modules, then H; is
a left A(S!) module, and H; is a right A(S}) module defined by the action
z € A(SL) — ©z*0. Then the fusion product H;XH; is the Connes-Sauvageot
relative tensor product of H; and H; over A(S%). A(SL) and A(SL) act natu-
rally on ‘H; X'H; by acting, respectively, on the left and the right components
and can be extended to a representation of A on H; XH; using “path contin-
uations.” (See Sect. A or [23] chapter 2 for details.) Now, for each interval I,
one can define a dense vector space H;(I) = Hom 4(;/)(Ho, H;)S2, where I” is
the interior of the complement of I. H;(I) is defined similarly. Then, we know
that H; XH; has a dense subspace spanned by vectors of the form £ ®n where
€ € Hi(SL) and n € H;(SL). We then have bounded operators

L(f) S HomA(Sl_)(Hj7Hi X Hj), R(n) S HOIHA(S}*_)(HZ‘, H; X Hj)

defined by L(§)¢ = £®@ ¢ and R(n)y = ¢ @n for any ¢ € H;(SL), ¢ € H;(SL).
We understand L(&), R(n) as operators acting on any possible .A-modules. This
means that when x € Hy, we have L(&)x € H; K Hy, R(n)x € Hir X H,.

The L and R operators defined above should be understood as supported
in SL and S!, respectively. We would like to have them supported in any
interval I, so that we have nets of sets of L operators and R operators. It turns
out that in general, such nets can be defined not on S' but on its universal
cover. So one should consider the L and R operators localized not in intervals,
but in arg-valued intervals. If I is an interval of Sli then one can choose a
continuous argument function arg;. Then, the pair I = (I,arg;) is called an

arg-valued interval. We choose S} and S!. such that arggﬁr(eit) =t(0<t<m)
and that argg: (e'') = ¢ (—m < ¢ < 0). Then, one can define consistently the

L and R operators localized in any given arg-valued interval I. To be more
precise, for any A-modules H;, Hy and any £ € H;(I), one can define

L(&, 1) € Hom g7y (Hg, Hi X Hy), R(&,1) € Hom gy (Hy, He X H;).

Moreover, when I = SL we have L(¢, 1) = L(€); when I = SL we have
R T) = R(§). These L and R operators form a categorical extension of A.

We now focus on dualizable A-modules H;, H;, Hi, etc. Since H; is du-
alizable, we have an A-module H; (the dual object) and evaluations ev,; €
Hom 4 (H; X H;, Ho) and ev;,; € Hom 4(H; X H;, Hop) satisfying the conjugate
equations '

(ev;7 ®1;)(1; ® coevy ;) = 1; = (1; ® evy ;) (coev,; ; ® 1;),
(evy; ® 17)(1; @ coev, 3) = 17 = (1; @ ev; ) (coevy ; @ 17),
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where we set coev, ; = ev;?‘;, coev;; = ev{i. ev, ; determines the other ev and
coev. Moreover, we may and do assume that the ev and coev are standard,
which means ev; ;(F'®1;)coev, ; = ev; ;(1;®@ F')coev; ; for each F' € End 4 (H;).
(Cf. [4,29,40].) We say that (Hz,ev, ;) is a dualizing data and that a dualizable
object H; equipped with a dualizing data is called dualized. Dualized repre-
sentations with Mobious covariance form a rigid braided C*-tensor category
Repd(A), and for each dualized H;, we can choose a canonical dual object H;,
such that H; is also the dual object of H;. (See Sect. 3 for details.)

Now, for any f, we define the categorical S and F' operators Sy, ;. For
any dualizable H;, we have

SIN, FIN H — H{
with common domain H;(I) defined by

S7€ = L(&,I)*coev;:Q,  Fp& = R(E,I)*coevs .
These two operators are indeed preclosed. Moreover, they are related by
the (unitary) twist operator ¥ (proposition 5.7):

Fy = 9S;.

We can thus define the modular operator Ay and modular conjugation J; by
the polar decompositions:

1
S’;z(j;-A? F;:ﬁ3;~AI§7
where, for each H;, A7 is a positive closed operator on H;, and J;: H; — H;
is antiunitary. Indeed, J7 : H; — H; is an involution, i.e., 3; = 1. It turns
out that J; implements the conjugations of morphisms: for any morphism G €
Hom 4 (H;, H;) one can define its conjugate G € Hom 4 (Hz, H;) to be the ad-
joint of the transpose GV, where G is the unique morphism in Hom A(Hz, M)
satisfying

ev]-J(G ® 13) = eVi’g(li X GV)
We will prove that
G=3;-G-3J7

(see Proposition 5.16), which suggests that J; is the correct modular conjuga-
tion for categorical extensions.

The action of Aj on any H; can be interpreted as a Connes spatial de-
rivative (see remark 5.20). Indeed, our definition and treatment of S7 and Fj
are deeply motivated by the matrix algebra approach to Connes fusion prod-
ucts and Connes spatial derivatives in [19] and [38, Sec. IX.3]. Those matrices
of von Neumann algebras are described in our article by the C*-Frobenius
algebra Q = (Hy X Hz, y1, 1) in the representation category Rep®(A) of dual-
ized Mobius covariant A-modules, where ¢ € Hom4(Ho, Hir X Hy) is coevy,
and p € Homy(Hyr X Hy 8 Hy B Hy, H X Hy) is evy z(1k ® evg, @ 15).
As we will show, S7 and Fy are closely related to the S and F ope}ators of
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non-local extensions of A constructed from C*-Frobenius algebras. Thus, us-
ing the Tomita—Takesaki theory for those non-local extensions, we are able to
show that S; and F} are always preclosed and that A; and J; satisfy simi-
lar algebraic relations as those in Tomita—Takesaki theory (see, for example,
Proposition 5.18). The idea here is the same as in [19] and [38].

We emphasize that the categorical extensions and the non-local finite
index extensions (by C*-Frobenius algebras) of a conformal net A are closely
related. So are their modular theories. As we will see, the proof of the B-W
theorem for categorical extensions relies on that for non-local extensions and
vice versa. Let us now point out some key ideas in the proof.

Just like the proof of many other versions of B-W theorem, the starting
point of our proof is the following well-known consequence (cf. [2,30]; see also
Lemma 6.2) of Borchers’ theorem [11]: for a non-local extension B constructed
from the C*-Frobenius algebra Q, z(t) = A¥5T(27rt) is a one-parameter group

independent of the arg-valued interval I. To show that z(t) = 1 when Q is
standard, we need to first show that the modular operator for B (f ) is the inverse
of that of B(f’); here, I’ is the “clockwise complement of f, i.e., it is the interior
of the complement of I in St equipped with the arg-function arg;, satisfying
arg; < arg; < arg; +2m. This fact is obvious when @ is commutative (i.e.,
when B is local extension, which means B(I’) is the commutant of B(I));
especially, this is true when Q is the identity object, namely B = A.2 But this
is not an obvious fact when the standard @) is in general non-commutative.
It turns out that our Categorical Extensions provide a natural framework for
proving this fact: we prove it using the previously mentioned crucial relation
F5 = 985 for categorical S and F operators (Proposition 5.7). (In particular,
the property that the categorical S and F operators have the same absolute
value Ay is remarkable.) We also use the fact that the categorical Sy and Fy

can be related directly to the S operators for B(I) and its commutant B(I)’
(cf. Proposition 5.10; see also the non-local Haag duality in Theorem 4.7).

Once we have proved the B-W theorem for standard non-local exten-
sions, it is not difficult to prove categorical B-W theorem by restricting to
A-subrepresentations of ). Then, using this categorical B-W theorem, one
can also prove easily the (modified) non-local B-W theorem for non-local ex-
tensions of A associated with a non-necessarily standard C*-Frobenius algebra
Q. These two B-W theorems are the main results of our paper, which are stated
in details in Theorems 6.4 and 6.12. Roughly speaking, the categorical B-W
theorem says:

Theorem 0.1. (Categorical B-W theorem). We have
Al = §(—2mt) (0.1)

3Note that one does not need the B-W theorem for the conformal net A to prove that z(t)
is a one-parameter group independent of I. Tt is rather the opposite: that this fact proves
the B-W theorem for A. Thus, it should now be clear to the readers that our proofs of B-W
theorem for non-local extensions and categorical extensions do not rely on the B-W theorem
of A, but rather, it follows the same pattern as the proof of the latter.
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when acting on any dualizable H;. Moreover, © := 3@; is a PCT-operator for
+

the (rigid) categorical extension.

Let Q = (Ha,p,t) be a C*-Frobenius algebra in Rep(A), where 1 €
Hom 4(Ho, H,) and p € Homa(H, K Hq, Hy). Let Hg and evg g be the dual
object and the standard evaluation. Let € be the unique invertible morphism
in Hom 4 (H,, Hg) satisfying

evaa(e®1,) =t .

(e will be called reflection operator in our paper.) We remark that e*e is
independent of the choice of Hg and ev, gz for H,. Then, we have:

Theorem 0.2. (Modified non-local B-W theorem). Let B be the non-local ex-
tension of A obtained through Q. For any I € J, Let Dy and J? be the modular

operator and conjugation associated with (B(I),:Q). Then,
DiI~t = (e*e)it6;(—2rt), (0.2)

and OF := 35 is a PCT operator for B and its “clockwise dual net” B'.

L
Some remarks on these two theorems:

e Equivalent forms of equation (0.1) already appeared in [18,26] and in [32].
In [18,26], the S operators are defined for reduced field bundles, which
are an alternative model for charged fields (intertwining operators) of
conformal nets. For our purpose (see the beginning of the introduction),
categorical extensions might be more convenient than reduce field bun-
dles. In [32], Longo showed that the dilation group ¢y is related to Connes
Radon—Nikodym derivatives, which are in turn related to Connes spatial
derivatives and hence related to our Ay (see remark 5.20).

e Similar to [21,26], the conformal spin statistics theorem ¥ = *7L0 is a
consequence of the PCT theorem for (rigid) categorical extensions (see
Theorem 6.8).

e The C*-Frobienius algebra @) is standard if and only if € is unitary. Thus,
by (0.2), for the non-local extension B of A obtained by @, the standard
geometric modular theorem Dift = J7(—2xt) holds if and only if Q is
standard.

e When @ is irreducible (as a left @-module), Theorem 0.2 was proved by
[30] proposition 3.5-(ii).

This article is organized as follows. The first three sections provide back-
ground materials of this article. In Sect. 1, we review the definitions of Mobius
covariant nets and conformal nets and their representations. In Sect. 2, we re-
view the definition and basic properties of categorical extensions of conformal
nets. In Sect. 3, we review some important facts about dualizable objects, their
duals and standard evaluations. Later on, we will focus on the rigid braided
C*-tensor category Repd(A) of dualized objects, i.e., dualizable objects with
chosen duals and standard evaluations.
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Construction of non-local extensions of conformal nets via C*-Frobenius
algebras (or Q-systems) was first studied in [28] using endomorphisms of von
Neumann algebras. A parallel construction using bimodules and Connes fu-
sions was given in [34]. In Sect. 4, we use categorical extensions as a new
method to realize such construction of non-local extensions. Our method em-
phasizes the close relation between the charged field operators of a conformal
net and the field operators of its non-local extensions and explains the slogan
“non-local extensions are subquotients of categorical extensions” proposed in
the Introduction of [23]. In Sect. 5, we define the S and F' operators for rigid
categorical extensions and prove many elementary but important properties
for these operators; especially, we relate them with the S and F' operators
of non-local extensions. In Sect. 6, we prove the main results of this article,
namely Theorems 0.1 and 0.2. In Sect. 7, we use the modular theory of cat-
egorical extensions to study the preclosedness of certain unbounded charged
fields of conformal nets. Although our main motivation of this article is to
study the functional analytic properties of these charged field operators, here
we do not give a systematic study of this topic but leave it to future works.

Categorical extensions of conformal nets are closely related to Connes
fusion. In section A, we briefly explain this relation for the convenience of the
readers who are not familiar with this topic. We hope that appendix section
would help them understand the axioms in the definition of categorical exten-
sions. In section B, we prove that the rigid categorical extensions of Md&bius
covariant nets are Mobius covariant. This result parallels the conformal covari-
ance of the categorical extensions of conformal (covariant) nets proved in [23]
section 2.4 and theorem 3.5. Indeed, our proof of the Mdbius covariance in this
article can be adapted to give a simpler proof of the conformal covariance in
[23]; see the end of section B.

1. Backgrounds

Let J be the set of all non-empty non-dense open intervals in the unit circle S*.
If I € J, then I’ denotes the interior of the complement of I, which is also an
element in 7. The group Diff " (S') of orientation-preserving diffeomorphisms
of S! contains the subgroup PSU(1,1) of Mdbius transforms of St. If I € 7,
we let Diff(I) be the subgroup of all g € Diff (S') acting as identity on I'.
In this article, we always let A be an (irreducible) M6bius covariant net,
which means that for each I € J there is a von Neumann algebra A(I) acting
on a fixed separable Hilbert space Hg, such that the following conditions hold:
(a) (Isotony) If I} C I, € J, then A(I;) is a von Neumann subalgebra of
A(ILz).
(b) (Locality) If I, I € J are disjoint, then A(I1) and A(I2) commute.
(¢) (Mobius covariance) We have a strongly continuous unitary representa-
tion U of PSU(1,1) on Hy such that for any g € PSU(1,1),I € J,,

Ul(g)A(I)U(g)" = A(gI).
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(d) (Positivity of energy) The generator Ly of the rotation subgroup g is
positive.

(e) There exists a unique (up to scalar) PSU(1, 1)-invariant unit vector {2 €
Ho. Moreover, (2 is cyclic under the action of \/;. , M(I) (the von Neu-
mann algebra generated by all M(I)).

A satisfies Haag duality [20, Thm.2.19], i.e., that A(I") = A(I)". This
result plays a crucial role in the construction of categorical extensions and
is thus an input in the proof of Haag duality for non-local extensions (cf.
Proposition 4.5 or Theorem 4.7).

We say that A is a conformal (covariant) net if the representation U of
PSU(1,1) on Hy can be extended to a strongly continuous projective unitary
representation U of Diff " (S') on Hy, such that for any g € Diff*(S!), I € 7,
and any representing element V € U(Hy) of U(g),

VAI)V* = A(gl).
Moreover, if g € Diff(I) and = € A(I’), then
VaV* = .

Let H; be a separable Hilbert space. Recall that a (normal) representation
(H;,m;) of A (also called an A-module) associates with each I € J a unital
*_representation m;  : A(I) — B(H;), such that for any I, I, € J satisfying
Iy C Iy, and any =z € A(Iy), we have m; 1, (x) = m; 1,(x). We write m; 1(x) as
m;(x) or just x when no confusion arises.

Let 4 be the universal covering of Diff T (S!). The corresponding projec-
tive representation of ¢ on H is also denoted by U. Then, ¢4 has a central
extension

1-U(1) =%y —9 —1

associated with the projective representation of Diff™(S') on Hy. In other
words, we set

Ga={(9,V) €9 xU(Hp)|V is a representing element of U(g)}.

% 4 actually only depends on the central charge of o7; see [23]. This fact will
not be used in the present article.

Then, the projective representation Diff " (S') ~ H, gives rise to an ac-
tual unitary (continuous) representation of ¥4 of Hy, also denoted by U. For
each I, we let 4(I) be the connected component containing 1 of the preim-
age of Diff(I) under the covering map ¥ — Diff " (S'). Similarly, let ¥4(I)
be the preimage of ¢(I) under ¥4 — ¥¢. If A is conformal covariant, then
any A-module H; is conformal covariant, which means that there is a unique
representation U; of 44 on H; such that for any I € J and g € 94(1),

Ui(g) = m:(U(9))- (1.1)
Moreover, this representation of ¥4 continuous. These facts follow from [1]
(only for irreducible representations) and [25] theorem 11. (See also [23][Thm.

2.2] for a detailed explanation.) Moreover, the generator of the rotation sub-
group acting on H; is positive by [39] theorem 3.8. From (1.1) and the fact that
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94 is algebraically generated by {Z4(I) : I € J} proved in [25] Lemma 17-(ii)
(see also [23] proposition 2.2), it is clear that any homomorphism of conformal
net modules is also a homomorphism of representations of ¢ 4. Moreover, for
any g € 94 and x € A(I) one has

Ui(g)mi,1(x)Ui(9)" = mig1(U(g)2U(g)"). (1.2)
Very often, we will write U(g) and U;(g) as g for short.

Let P’S\ﬁ(L 1) be the universal cover of PSU(1, 1), regarded as a subgroup
of 4. By [10], the restriction of any strongly continuous projective representa-
tion of ¢ to Pféﬁ(l, 1) can be lifted to a unique strongly continuous unitary
representation of PASTJ(L 1). Thus, PASTJ(L 1) is also a subgroup of ¥4. Note
that the action of P@ﬁ(l, 1) on Hj also preserves Q. We say that an .A-module
H; is Mdbius covariant if there is a strongly continuous unitary representation
U; of PSU(1,1) on H; such that (1.2) holds for any g € PSU(1,1) and I € J.

In the literature, a Mobius covariant representation is often also assumed
to have positive generator of rotation group (or equivalently, positive generator
of translation group [39, Lemma 3.1]). Since in our article we are mainly in-
terested in dualizable representations (equivalently, representations with finite
indexes), the positive energy condition is automatic by [3, Cor. 4.4].

2. Categorical Extensions

Let Rep(A) be the C*-category of A-modules whose objects are denoted by
Hi,H;, Hi, ... Then, one can equip Rep(A) with a structure of braided C*-
tensor category either via Doplicher—Haag—Roberts (DHR) superselection the-
ory [17,18], or via Connes fusion [5,6,23]. These two constructions are equiva-
lent by [23] chapter 6. The unit of Rep(A) is Ho. We write the tensor (fusion)
product of two A-modules H;, H; as H; X'H;. We assume without loss of gen-
erality that Rep(.A) is strict, which means that we will not distinguish between
Ho, Ho ¥ H;, H; W Ho, or (H; ®H;) X Hj, and H; X (H; K Hy) (abbreviated
to H; ®H; K Hy). In the following, we review the definition and the basic
properties of closed vector-labeled categorical extensions of A (abbreviated to
“categorical extensions” for short) introduced in [23].

To begin with, if H;, H; are A-modules and I € J, then Hom 41y (H;, H;)
denotes the vector space of bounded linear operators 1" : H; — H; such that
Trip(x) = mjp(x)T for any x € A(I'). We then define H;(1) = Hom 4.1
(Ho, H;)2, which is a dense subspace of H;. Note that I C J implies H;(I) C
Hi(J). Moreover, if G € Hom 4(H;, H;), then

If I € J, an arg-function of I is, by definition, a continuous function
arg; : I — R such that for any e € I, arg;(e®®) —t € 2nZ. I = (I,arg;) is
called an arg-valued interval. Equivalently, I is a branch of I in the universal

cover of S'. We let 7 be the set of arg-valued intervals. If I = (I,arg;) and J =
(J,arg;) are in J, we say that I and J are disjoint if I and J are so. Suppose,
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moreover, that for any z € I,¢ € J we have arg,(() < arg;(z) < arg;(() +2m,
then we say that I is anticlockwise to J (equlvalently, J is clockwise to I )
We write I C J if I € J and ‘argy |; = arg;. Given I € J, we also define
I' = (I',arg;,) € J such that I is anticlockwise to I’. We say that I’ is the
clockwise complement of I.

Definition 2.1. A (closed and vector-labeled) categorical extension & =
(A, Rep(A),K, H) of A associates, to any H;, Hr € Obj(Rep(A)) and any
Ie€J,€e€H;(I), bounded linear operators
L(&,1) € Hom 47y (Hr, Hi B Hy,),
R(&, 1) € Hom g1y (Hy, Hi KB H,),
such that the following conditions are satisfied:
(a) (Isotony) If I} C I, € J, and € € Hy(I), then L(¢, 1) = L(&, o),
R(¢,1;) = R(¢, I) when acting on any Hy, € Obj(Rep(A)).

(b) (Functoriality) If H;, Hy, Hi € Obj(Rep(A)), F € Hom 4(Hy, Hyr), the
following diagrams commute for any I € J,¢& € H;(I).

My —2 My He €D, 30 mH,
L(&f)l L(g,f)l Fl F®1ll . (2.2)
H BH, 25 H, R Hye Ho RED, 4

(c) (State-field correspondence?) For any H; € Obj(Rep(A)), under the iden-
tifications ‘H; = H; K Ho = Ho X 'H;, the relation

LD =REDA=¢ (2.3)

holds for any Ie J Ee€eH; ( ). It follows immediately that when acting
on Ho, L(¢,1) equals R(¢,T) and is independent of arg;.

(d) (Density of fusion products) If H;, Hy € Obj(Rep(A)), I € J, then the
set L(H;(I), I)Hy, spans a dense subspace of H; X Hy,, and R(H;(I), 1) Hy,
spans a dense subspace of Hy K H;. (Indeed, they span the full space
H; X Hy, and Hy X H;, respectively.)

() (Locality) For any Hj € Obj(Rep(A)), disjoint I,.J € J with I anti-
clockwise to J, and any & € Hi(I),n € H;(J), the following diagram
(2.4) commutes adjointly.

Hi Rn.7) He D H,
J
L(&f)l L@j (2.4)

Hi®H —0D L 4 KM, B,

4For general (i.e., non-necessarily closed or vector-labeled) categorical extensions, this axiom
is replaced by the neutrality and the Reeh—Schlieder property; see [23] section 3.1.
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Here, the adjoint commutativity of diagram (2.4) means that R(n,j )

L&, I) = L(&I)R(n,J) when acting on Hy, and R(n,J)L(§,I)* =
L(¢,1)*R(n, J) when acting on H; X Hy.

(f) (Braiding) There is a unitary linear map 8; ; : H; XH; — H; K H; for
any H;, H; € Obj(Rep(A)), such that

B L(& I)n = R(&,1)n (2.5)
whenever I € J,¢ € Hi(I), n € H;.

Note that 8; ; is unique by the density of fusion products. Moreover, 8; ;
commutes with the actions of A, and is the same as the braid operator of
Rep(A); see [23] sections 3.2, 3.3. The existence of & is also proved in [23]
sections 3.2.°

Remark 2.2. We see that L(¢,I) and R(§,I) can act on any object in Rep(A).
If we want to emphasize that they are acting on a specific object Hy, we write
L(&, 1|y, and R(E, I)|x,,- It is noteworthy that for any « € A(T),

L@, D, = R, D, = mes(2). (2.6)
See the end of [23] section 3.1. By the locality and the state-field correspon-
dence, it is also easy to see that

L(&, I)n = R(n, J)§ (2.7)
whenever £ € H,;(I), n € H;(J), and I is anticlockwise to J.

Another useful fact is that if F' € Homa(H;, Hy), G € Homa(H;, H;1),
&€ Hi(I), and n € H;, then

(F®G)L(E I = L(FE DGy, (G F)R(S, n = R(FE )G, (2.8)
This was proved in [23] section 3.3 using Connes fusion, but it also follows
directly from the axioms of categorical extensions. To prove the first equation,

it suffices to assume that n € H,(J) where J is clockwise to I. Then, by the
functoriality and relation (2.7),

(F®G)LED = (10 G)(Fo1)LE Dy = 10 G)(F @ 1)R(y, J)¢

=(1®G)R(n,J)F§¢ = (1® G)L(FE I)n = L(FE, I)Gn.

The second relation follows from the first one and (2.7).
We now prove some fusion relations for the L and R operators of &.

Proposition 2.3. Let H;, H;, Hi € Obj(Rep(A)), I € J, and & € H,(I).

5In [23], we assume A to be conformal covariant for the simplicity of discussions. Most
results in that article (for example, the construction of Connes categorical extensions, the
uniqueness of braided C*-tensor categories, the uniqueness of vector-labeled closed categor-
ical extensions, etc.) do not rely on the conformal covariance and are also true for Mobius
covariant nets. The only exception is the conformal covariance of categorical extensions,
which should be replaced by Mobius covariance when the A is only Mobius covariant; see
Theorem 3.2 and section B.
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(a) Ifn € H;(I), then L(§, I)n € (H:®H;)(I), R(€, T)n € (H;¥H;)(I), and

L(&,T)L(n, D, = LIL(E ), 1), (2.9)

R(&, DR, I)lp, = R(R(E D)n, D3y, - (2.10)

(b) If ¥ € (H: ® H)(I) and ¢ € (H; & H,)(I), then L& 1)y € H,(I),
R(&,I)*¢ € H;(I), and

L&) Ly, I)|pg,, = LL(ET) Y, D, (2.11)

R(& 1) R(¢, D, = RR(E, 1) ¢, 1)|n,. (2.12)

As a special case, we see that if £ € H;(I) and = € A(I), then z¢ € H,;(I),
and

L(z¢&, 1) =2L(&, 1),  R(x¢,1) =aR(,1). (2.13)

Proof. We only prove the first equation of part (b); the second one follows sim-
ilarly. Part (a) follows either from a similar argument or from [23] proposition
3.6. Since L(&,1)*1hp = L(&,1)*L(1, )2, we clearly have L(¢,1)*¢ € H;(I).
Choose any x € Hk(f’ ). Then, by the adjoint commutativity of left and right
operators,

L(&I)"L($, Dx = L(& 1) Ly, D)R(x, I)Q = R(x. I') L(¢, I)"L(4), 1)
=R(x, I')L(&, 1) = R(x, I')L(L(&, I)"$)2 = L(L(&, 1)"¢)R(x, )92
=L(L(&, I)")x-

O

Next, we discuss the conformal covariance of &. For any I= (I,arg;) €
J and g € 94, we have gI defined by the action of Diff " (S') on S'. We
now set gf = (gI,arg,;), where arg,; is defined as follows. Choose any map
v i [0,1] — Y4 satisfying v(0) = 1,7(1) = ¢ such that v descends to a
(continuous) path in &. Then, for any z € I there is a path v, : [0,1] — S!
defined by 7.(t) = ~v(t)z. The argument arg;(z) of z changes continuously
along the path 7, to an argument of gz, whose value is denoted by arg,; (92).

Theorem 2.4. (/23] theorem 3.13). If A is conformal covariant, then &
(A, Rep(A),X, H) is conformal covariant, which means that for any g

Gl € T, H; € Obj(Rep(A)), & € Hi(I), there ewists an element g€g~*
Hi(gI) such that

Ligeg ' gI) = gL(& D)y, Rigég '.gI) =gR(EDg™"  (2.14)
when acting on any H; € Obj(Rep(A)).

m m |

It’s clear that we have

969~ = gL(&, T)g~'Q = gR(¢, g Q. (2.15)
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In particular, when ¢g € Pféfl(l,l) one has gég~! = g¢ by the state-field
correspondence and that g2 = Q. Therefore,

L(g¢, gI) = gL(¢&, D)™, R(g€,gI) = gR(E,I)g™" (Vg € PSU(1,1)

1))
(2.1

6)

The above property is called the Mobius covariance of &.

3. Rigid Categorical Extensions and Dualized Objects

Recall that a representation H; of A is called dualizable if there exists an object
H; € Obj(Rep(A)) (called dual object) and evaluations ev,; € Hom4(H; X
Hz, Ho) and ev;; € Hom 4 (H; X 'H;, Ho) satisfying the conjugate equations
(evi,; X 11)(11 X COGVg,i) = 12 = (11 ® ev;}i)(coeviyg X 11), (31)
(evy,; ® 17)(1; @ coev, ;) = 17 = (17 @ ev; 3)(coevy ; @ 17), (3.2)
where we set coev,; = ev’ -, coevy,; = ev: . It is clear that H; is also a dual
object of H;. /

Note that in each of (3.1) and (3.2), the first equation is equivalent to
the second one by taking adjoint. Note also that ev; ; is uniquely determined
by ev, ; since coev;; is so. Moreover, one can choose the evaluations to be
standard, which means that besides the conjugate equations, we also have

ev, ;(F ® 17)coev, ; = ev; (17 ® F)coev; ; (3.3)
for any F' € End4(H;). Then, there exist positive numbers d; = d; satisfying
ev, scoev, 7 = ev; ;coevy; = d;1g = d;lo, called the quantum dimensions of H;
and H;.

Standard evaluations exist and are unique up to unitaries. The uniqueness
means that if 7; is also a dual object of H;, and ev, > € Hom4(H; X H;, Ho)
is a standard evaluation, then ev, > := ev, 7(1; ® u) for a (necessarily unique)
unitary u € Hom 4(7;, H;). Moreover, we also have ev; , := ev; ;(u® 1;). We
refer the reader to [29] or [40] or [4] for more details.

Definition 3.1. We let Repf(A) be the C*-tensor category of dualizable M&bius
covariant representations of A.

Recall from Sect. 1 that when A is conformal covariant, the confor-
mal covariance and hence the Mo6bius covariance of dualizable representa-
tions are automatic. Then, Repf(.A) is a rigid braided C*-tensor category.%
We remark that H; is also Mobius covariant by [21] theorem 2.11. Therefore,
H; € Obj(Rep'(A)) if H; is so. That any A-subrepresentation of H; is Mobius
covariant follows from [21, Prop. 2.2].

We can now restrict & to Rep’(.A) to obtain a (closed, vector-labeled)
rigid categorical extension &' = (A, Rep!(A), X, H), which is also conformal

6That Rep! (A) is closed under fusion product X is known to experts. In Sect. B, we give a
proof of this fact.
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covariant when A is so. This means that when A is conformal covariant, defi-
nition 2.1 and Theorem 2.4 hold verbatim for &*, except that Rep(.A) should
be replaced by Repf(A). When A is only Mobius covariant, these are also
true except that Theorem 2.4 should be replaced by Md&bius covariance. Note
first of all that for any H; € Obj(Rep'(A)), the strongly continuous unitary
representations of PASﬁ(l, 1) making H; Mobius covariant are unique by [21]
proposition 2.2. As an easy consequence of this fact, any morphism in Repf(A)
intertwines the actions of PAS—I/J(I, 1) (cf. Lemma B.1). The following is proved
in Sect. B.

Theorem 3.2. Rep'(A) is closed under K. Moreover, & = (A, Rep'(A), K, H)
is Mobius covariant, which means that for any g € PSU(1,1),I € J,H; €
Obj(Rep’(A)), & € H,;(I), we have

L(g¢,gI) = gL(¢, g™ R(g€,9I) = gR(&, T)g™" (34)
when acting on any H; € Obj(Rep’(A)).

Since all the ev and coev for H; are determined by ev, ;, we define the
following:

Definition 3.3. For any dualizable H;, a dualizing data is (Hz, ev, ;) where H; €
Obj(Rep(A)) is a dual object of H;, ev, ; € Hom 4 (H; XHz, Ho) satisfies (3.1),
(3.2), and coev, ; = ev} -, coev;; = ev , and the evaluations are standard.

A dualizable ‘H; has infinitely many different dualizing data. However,
for the purpose of this article, we need to choose a canonical dualizing data
satisfying some nice property, such as that the double dual object equals the
original one. For this purpose, we introduce the following definition.

Definition 3.4. A dualizable Mobius covariant representation H; of A is called
dualized, if ; is equipped with a dualizing data (Hz,ev, ;).

Equivalently, a dualized object is a triple (H;, Hz,ev,;) where H; €
Obj(Rep(A)) and (H;, ev, ;) is a dualizing data of H;.

In this article, our main results are stated for the category Rep®(A) and
the categorical extension &9 modeled on it. They are defined as follows.

Definition 3.5. Rep?(A) is the rigid braided C*-tensor category of dualized
(M&bius covariant) representations of A. Morphisms of Rep?(.A) are the same
as morphisms of Rep’(A) (i.e., homomorphisms of representations of A). If
Hi, H; are dualized with dualizing data (Hz,ev, ;) and (Hj,ev,5), we define
their tensor (fusion) product to be H; K H; as a (dualizable Mébius covariant)
representation of A, equipped with dualizing data

(H7 ¥ Hz, ev,x; 7x7)
where

evim;gi = evii(li @ ev;5 @ 13).
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Moreover, for any H; € Obj(Rep?(A)) equipped with dualizing data (H;, ev; i)
we define its (canonical) dual object to be H; equipped with dualizing data
(Hi,ev;,;), where ev; ; is related to ev, ; by (3.1), (3.2), and coev, ; = evys, coevy; =
ev{i.

We let Ho € Obj(Rep?(A)) be the vacuum representation of A with
dualizing data (Ho, Ao,0) where, in general, Ag; : Ho X H; =, H, is the left
unitor.

The following is easy to see:

Proposition 3.6. Let H;, H; be dualized, and let Hz, H; be their respective dual
objects. Then, the dual object of Ho is Ho, the dual object of H; is H;, and
the dual object of H; W'H; is Hy W H;. If we identify H; with Ho K'H; (resp.
H; X Ho) using the left (resp. right) unitor, then their dualizing data are auto-
matically identified. If we identify (H; XH;) R Hy, with H; K (H; K Hy) using
the associator, then their dualizing data are also automatically identified.

Definition 3.7. The forgetful functor Rep®(A) — Rep'(A) defined by forget-
ting the dualizing data is clearly an equivalence of C*-tensor categories. We
pullback the categorical extension & along the forgetful functor to get a rigid
categorical extension

&% = (A, Rep’(A), K, H).
The following theorem follows obviously from Theorem 3.2.

Theorem 3.8. Theorem 3.2 holds verbatim for Rep®(A) and &9.

We close this section by recalling some well-known facts about rigid
(braided) C*-tensor categories. We state these facts only for Rep®(A).

Choose H;, H; € Obj(Rep®(A)) with dualizing date (H;, ev;7), (Mg, ev,;35),
respectively. Suppose that G € Hom4(H;,H;). Then there exists a unique
GY € Hom(Hy, H;) satisfying

ev;5(G @ 15) = ev;5(1; ® GY), (3.5)
called the transpose of G. We have GVV = G. Thus,
G = (GY) = (G")" (36)

which is in Hom 4 (H;, ij) and called the conjugate of GG. See, for example,

[40]. Tt is easy to see that G = G, that if I is another morphism and FG is
definable then FG = FG, that (G)* = G*, and that G is a projection (resp.
unitary, an isometry, a partial isometry) if and only if G is so.

Since Repd(.A) is a rigid braided C*-tensor category, we can define the
twist operator ¥; on any H; € Obj(Rep?(A)) to be the unique operator in
End 4 (H;) such that

ev;; = ev; B, *(197, ® 1{), (37)

1,27V,
where we recall that 8 is the braid operator of Rep(A), and the evaluations are
assumed to be standard. Then, by [35], 9; is a unitary operator independent
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of the dualizing data of H;, and the actions of 9 on all H; € Obj(Rep®(A)) (as
;) define a ribbon structure compatible with the braided C*-tensor structure
of Rep?(A). (Indeed, ¥; is unitary if and only if the evaluations are standard.)
This means, among other things, that ¢ is functorial (i.e., natural, which means
that it commutes with homomorphisms), that for any H;, H; € Obj(Rep®(A)),

B7; =0y (0, @07 1), (3.8)
and (hence) that
(1; ® ¥5)coev, ; = ﬁi_zlcoevh. (3.10)

(See also [24] the paragraph containing equation (3.29) for some explanations.)

4. Non-local Extensions

Q-systems were introduced by R.Longo [31] and are powerful tools for studying
local and non-local extensions of conformal and M&bius covariant nets [8,27,
28]. In this section, we give a construction of non-local extensions by Q-systems
under the framework of categorical extensions. We shall work with a general
C*-Frobenius algebra @) in Repd(A) and construct a non-local extension B of
A via Q. The results in this section hold verbatim for &, Repf(A), and their
C*-Frobenius algebras.

Recall that Q = (Hq, p,¢) is called a C*-Frobenius algebra in Rep?(.A)
if H, € Obj(Rep?(A)), u € Hom4(Hy K Hy, Ha),t € Homy(Ho, Ha), and the
following conditions are satisfied:

o (Unit) u(t®1,) =1, = u(l, ®@1).

o (Associativity) pu(p ® 1q) = p(1e @ p).

e (Frobenius relation) (1, ® p)(p* ® 1,) = p*p.
Note that the associativity and the Frobenius relation are equivalent to the
adjoint commutativity of the following diagram
1, Qu

H, MH, B H, Ho B H,
M®1al “l : (4.1)
Ho KM, a Ha

Let us fix a C*-Frobenius algebra Q). For any & € H,(I), we define
bounded linear operators on H,:

A(§7I):ﬂ'L(§7I)|Ha7 B(fal):N'R(§7])|Ha'

Definition 4.1. For any I € 7, B(I) (resp. B'(I)) is defined to be the set of all

A(&,1) (resp. B(&,1)) where € € Ho(I).

We shall show that B : I € J +— B(I) and B' : I € J — B/(I) are
two nets of von Neumann algebras extending A and that the Haag duality
B(I) = B'(I') is satisfied. First, notice that A(I) is also acting on H,. We
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also denote by A(I) the image of A(I) under 7, ;. The following lemma shows
that B and B’ are extensions of A.

Proposition 4.2. We have A(I) C B(I) and A(I) c B'(I).
Proof. Choose any x € A(I). Then, one has
A(xQ, 1) = mq 1 () = B2, I). (4.2)
Indeed, for any n € H,,
A@aQ, Ny = - L(ewQ, D = p(e ® 14) L(xQ, D)y = L(z, Dy = an,

where we have used (2.8), the unit property, and (2.6). The other relation is
proved in a similar manner. O

Proposition 4.3. If I is anticlockwise to J, then Jor any £ € Ho(I) and n €
Ha(J), A(&, I) commutes adjointly with B(n, J), which means that A(€,T)

B(n,J) = B(n, J)A(&,T) and A(¢,T)*B(n,J) = B(n, J)A(&, I)*.

Proof. Consider the following matrix of diagrams.

H Rin.J) H, RH . K
L(E,I)l L(§,I)l L(ﬁaf)l
H,®AH, —D oy RH, RH, —=C o, KH, (4.3)

/Al I‘L®1al ul
R(n,J

Ha o) Ho®H, — — H,
The (1, 1)-diagram commutes adjointly by the locality of &. The (2,1)- and
(1,2)-diagrams commute adjointly by the functoriality of &¢. The (2, 2)-diagram
is just (4.1), which we know is commuting adjointly by the associativity and
the Frobenius property of Q. Thus, the largest diagram commutes adjointly,
which is exactly the adjoint commutativity of A(¢,I) and B(n,J). O

Definition 4.4. If & is a set of bounded linear operators on a Hilbert space
'H, its commutant &’ is defined to be the set of bounded linear operators on
‘H which commute adjointly with the operators in &. Then, & is a von Neu-
mann algebra. The double commutant &” is called the von Neumann algebra
generated by G.

Proposition 4.5. For any I € J, we have B(I)' = B'(I') and B'(I') = B(I).
As a consequence, B(I) and B'(I') are von Neumann algebras acting on H,.

We remind the reader that I’ is the clockwise complement of I.

Proof. We only prove B(I) = B'(I') as the other relation can be > proved in a
similar way. Note that by the previous proposition, we have B(I ) D B’(I .
To prove B(I)' € B'(I'), we choose any Y € B(I)" and show that Y € B/(I').
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Set n = YuQ. Since ¢+ € Homy(Ho, H,) and Y € Hom g(1)(Ha, Ha)
(by proposition 4.2), one has Yt € Hom 41y (Ho, Ha). Therefore, n € Hq(I').
Choose any £ € H,(I). Then, by proposition 4.6, we have

YE=YAEDQ = A(§, DY = A(§, I = A, T)B(n, I')192

~ ~ ~

=B(n, I')A(§, 1)1 = B(n, I')¢.
This shows Y = B(n, I’) and hence that Y € B/(I"). O

Proposition 4.6. For any I € J and & € H(I),

A(E, 1) = € = B(6, 1. (4.4)

As a consequence, we see that (2 is a cyclic separating vector for B(I)

and B'(I).

Proof. We shall prove the following more general relations:

A(gvf)L:L(fvfﬂHm B(gvf)L:R(ganHo (45)
Again, we only prove the first one as the second one can be argued similarly.
We compute that

A e =p- L(§ 1) - v = p(La ® ) L(E D)y = L& D)
where we have used the functoriality of &9 and the unit property of Q. O

Finally, if A is conformal covariant, we notice that for any g € ¥4, we
have gB(I)g~' = B(gl) and gB'(I)g~' = B'(gI). Indeed, we notice that the
actions of g commute with p (see the discussion after (1.1)). Therefore, the
conformal covariance of &9 implies the two equations. If A is only Mdbius
covariant, we also have similar relations for g € P@U(l, 1). We summarize the

above results as follows. (Note that (4.6) follows from lemma 4.6.)

Theorem 4.7. B: 1 € J +— B(I) and B : I € J — B'(I) are families of von
Neumann algebras satisfying the following properties for any I,J € J.

(a) (Extension property) A(I) C B(I)NB'(I).

(b) (Isotony) If I C J, then B(I) C B(J) and B'(I) C B'(J).

(¢) (Rech-Schlieder property) B(I)i2 and B' (1)) are dense subspaces of Hy.
Indeed, we have

B(1)u2 = B' (1) = Hq (). (4.6)
(d) (Haag duality) B(I) = B'(I'). -
(e) (Mébius/conformal covariance) For any g € PSU(1,1) one has

gB(I)g~ =B(gl),  gB(I)g~* = B'(g]). (4.7)

When A is conformal covariance, the above relations are also true when
gEY,.
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We say that B and B’ are the non-local extensions of A associated with
the C*-Frobenius algebra @, and that B’ is the clockwise dual net of B. The
latter name is justified by the Haag duality B(f)’ = B’(f’).

Given Q = (H,, it,¢) and the associated non-local extensions B, B’, we
define Q' = (Hq, 1/, ), where p/ = iy 4.

Proposition 4.8. The non-local extensions of A associated with the C*-Frobenius
algebra Q' are B’ and B”, where B" is the clockwise dual net of B'.

Proof. We let By, B} be the non-local extensions associated with @', and show
that By = B'. The operators in By(I) are written as p/L(€,1)|p, where
€ € Ha(I). By the braiding axiom of &%, W/ L(&, 1), = pBL(E D)y, =
pR(E, 1|, which is inside B/(I (I I). Moreover, any operator in B'(I) is of this
form. This proves By (I) = B'(I). O

We describe the relation between B and its clockwise double dual net

B’. Let I" be the clockwise complement of I’. Then, we have I” = I and
argr, = argy —2m.

Proposition 4.9. B”(I"") = B(I) for any I € J.
Proof. We have B(I) = B/(I') and, similarly, B/(I') = B"(I"")". O

5. Categorical Modular Operators and Conjugations

We first recall the Tomita—Takesaki theory for von Neumann algebras associ-
ated with cyclic separating vectors; details can be found in [38] or [37]. Let
M be a von Neumann algebra acting on a Hilbert space H, and assume that
O € H is a cyclic and separating vector of M. (We do not require [|2||= 1.) One
defines unbounded antilinear operators S : MQ — MQ and F : M'QQ — M'Q
such that for any x € M,y € M/,

Sxf) = x*Q, FyQ = y*Q.
S and F' are indeed preclosed operators, whose closures are also denoted by
the same symbols S and F', respectively. Moreover, S* = F. Let S = JAz
be the polar decomposition of S, where the positive operator A = S*S is
called the modular operator, and the antiunitary map J is called the modular
conjugation. We have A =30 =Q,8 = §71, 32 =1, § = JAz = A~2].
Let i = +/—1. For any t € R, we have
AP MATE =M, JMI=M.

Tomita—Takesaki theory can be applied to non-local extensions without
difficulty. This will be used to derive a categorical Tomita-takesaki theory in
this section.

Definition 5.1. For each H; € ObJ(Rep (A)) with dualizing data (H;,ev,;)

(see Sect. 3), and for any I € J, we define unbounded antilinear operators
S7, Fy : 'H; — H; with domains H;(I) such that for any & € H;([1),

S = L(&, ’Iv)*coevl-ng, F5¢ = R(g,f)*coevhﬁ. (5.1)
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Recall (cf. Definition 3.5) that H; is assumed to have dualizing data
(Hi,evm).

Remark 5.2. We also understand S7 and Iy as categorical operators, which
means that they can act on any object of Rep?(.A). We write S 7 as Sjly, and
similarly F; as Fj|y, if we want to emphasize that Sy and Fy are acting on
the object H; € Rep®(A). Then, their domains are H;(I). Later we will show
that S7|y,, Fjln, are preclosed (with the same absolute value), and will use
the same symbols to denote the closures. Then, the domains of S|, I
will be a dense subspace of H; containing H,;(I).

The following proposition describes how S, F; depends on the dualizing
data.

Proposition 5.3. Suppose that H;, H; € Obj(Repd(A)) are equal as represen-
tations of A, with possibly different dualizing data given by (Hs, ev,;) and
(H5,ev; 7), respectively. By the uniqueness of standard evaluations (cf. Sect. 3),
there is a unique unitary u € Hom s(Hz, H5) such that

ev;7=ev,;(1; ® uh).

J)J

Then, for each Ie j,
Sf|7-[j = U,Sf|7-[i7 F~|H

Note that we do not assume H; and H; are the same objects of Rep(A),
even though H;, H; are so.

Proof. Recall the functoriality: for any ¢ € H;(I) = Hj(I ) and n € 'H;, we
have (1; @ u=)L(E, 1) = L&, Nu and (v @ 1,)R(E, 1) = R(¢, T)u~" when
acting on H5. Therefore,

Siln,;§ = L(¢, I coev,; 500 = L(E, N (1 i ® u)coev, ;)
=uL(§,I) coev, ;0 =

The relation for F-operators is proved in the same way. O

We shall show that S; and Fj; are involutions. First of all, we need:

Proposition 5.4. Choose H; € Obj(Rep®(A)). If € € Hi(I), then S;¢ € Hz(I),
F53¢ € Hy(I). Moreover, for any Hy € Obj(Rep(A)) we have
L(S]Né.af)h'(k = L(E,f)*(coevi’;@) 1k>7 (52)
R(F7, 1), = R(€,1)" (14 ® coevy,,). (5.3)

Note that in the above two equations, L(§,I~)* is a bounded linear op-
erator from H; X H; X Hy to H; X Hy, and R(ﬁ,IN)* from Hi X H; X H; to
Hj ®H;. Also, Hy, is not assumed to be dualizable or dualized. Then, H; K Hy,
and H; X H; have no dualizing data if H; is not dualized.
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Proof. That S3¢ and F3{ are inside Hz(I) follows from the obvious fact that

L(¢, f)*coevij and R(@ff)*coev;,i are in Hom 4(;y(Ho, Hz). For any x € Hy,
we use proposition 2.3 to compute that

L(S3,I)x = L(L(f, I)*coev, 31, I)X = L(g,])*L(coevi’;Q,I)X

L(f,f)*(coevi,;@)lk)L(Q,f)X (2:6) L(£7f)*(coevi7;®1k)x.

The other equation is proved similarly. O

(2.8)

Proposition 5.5. For any H; € Obj(Rep?(A)) and & € H;(I), we have S%f =
F2e=¢.

T
Proof. We compute

Slgf SCDN L(S7, f)*coeva (5:2) (evzﬁ ®1;)L(E, ff)coeva

—(ev,; ®1;)(1; @ coevy ) L(&, NQ 2L (¢, )0 = €.

Similarly, we may use (3.2) to show FT2§ =¢. O
The above two propositions imply immediately the following result.

Corollary 5.6. For any H; € Obj(Rep®(A)), Hx € Obj(Rep(A)), & € Hi(I),¢ €
H; K Hy, v € Hi XH;,
L(&, 1) ¢ = (evi; ® 14)L(S7€, 1), (5.4)

R(E& D)™ = (Lp @ ev, 5) R(FFE, D). (5.5)
Next, we relate S7 and Fj.

Proposition 5.7. We have
Fr =985 (5.6)

More precisely, for any H; € Obj(Rep(A)) and & € Hi(I) we have F3¢ =
9;55€.

Recall that ¢ is the (unitary) twist operator of Hj.

Proof. By the braiding axiom of &4 we have R(&, I)|3. = 8, 7L(¢, 1) |7, There-
fore,

G 1, I)* (1 @ 9;)coev, ;0

F3 = R(&, Ff)*coev;’iQ = L(¢, IN)*B;;coeV;J-Q

=07L(§, I)"coev, 72 = 97S7¢.
O

We will see later that S7 and Fy are preclosed. Therefore SIfo = FIfFf
will be denoted by Ay. This fact is crucial for proving the geometric modular
theorems.

We now show the Mobius covariance of S; and Fy.
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Proposition 5.8. For any g € ﬁgﬁ(l, 1),

98797 = 8,7,

gFrg™" = F,;. (5.7)
Proof. The domain of Sg; is H;(gI), whereas the domain of gS;g*1 is gHi(I).
From (1.2), one clearly has gH;(I) = Hi(gI). Now choose any £ € H;(gI).
Then, g~1¢ € H;(I), and L(&,91) = gL(g~ ¢, I)g~"! by the Mébius covariance
of &4. Notice that  is PSU(1, 1)-invariant and that the morphisms intertwine

the actions of Pféﬁ(l, 1). Therefore,
S5 = L(ﬁ,gﬂf)*coeviygﬂ = gL(g_lf,f)*g_lcoevi_’;Q
:gL(gilﬁ,IN)*coevi,;gﬂQ =gL(g7'¢, f)*coevi’;ﬂ = gS;gflf.
U

The following proposition says that we can use morphisms to relate the
S7 and F5 on different dualized objects. Recall the conjugates of morphisms
defined by (3.6).

Proposition 5.9. For any H,;, H; € Obj(Rep” (A)) with (canonical) dual objects
Hz, Hy, respectively, and for any G € Hom 4(H;, H;), we have

G - Sila, C Siln, - G, G- Filn, C Filn, - G,

where the conjugate of G € Hom4(H;, H;) is defined using the dualizing data
of Hi, H;.

Proof. Notice GH;(I) C H;(I) and GH;(I) € H;(I). For any & € H;(I), we
have L(Gﬁ,f) =(G® 1)L(§,f) by (2.8). Therefore,

Silr, G§ = L(GE, I) coev,; Q0 = L(§, 1)*(G* @ 15)coev, 5
62 LD (1, G)coev, ;Q = GL(E, f)*coevi,;ﬂ = GSjln.€

We conclude G - S3|y, C Sjln, - G. The second relation follows from a simi-
lar argument or from Proposition 5.7 and the fact that the twist intertwines
morphisms. U

To prove further properties of S7 and I, we have to relate them with the
S and F operators of non-local extensions of A. First of all, if Q = (H,, p,¢) is
a C*-Frobenius algebra in Rep(A), then H, has a dualizing data (Hg, evaq).
On the other hand, notice that H, is self-dual and ev, , := ¢*p defines an
evaluation satisfying the conjugate equation

(eVae ®14)(1g ®coevy ) = 1q = (14 ® evyq)(COevy o ® 1,).

We say that @ is standard if ev, , is a standard evaluation. Therefore, when @
is standard, (Hq,evqe,q = t*p1) is another dualizing data for the representation
H, of A. By the uniqueness of standard evaluations, we have a unitary e €
Hom 4 (H,, Hg) satisfying

evaga(e®@1,) =" =eveg(ly ®¢), (5.8)
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called the reflection operator of ().

In the remaining part of this section, we shall always assume that Q
is a standard C*-Frobenius algebra in Rep?(A), and H, has dualizing data
(Ha,eva.g) which defines the reflection operator e. Let B and B’ be the pair of
non-local extensions of A obtained by @. Then, according to Proposition 4.6,
for each I € J, 18 is a cyclic separating vector for B(I) and B'(I).

Proposition 5.10. Assume that Q is standard. Then, ¢ 'S;|y, and e ' Fjly,

are, respectively, the (preclosed) S operators of B(I) and B'(I) with respect to

1. More precisely, for any X € B(I) and Y € B'(I),
€ 'S, - X = X0, € 'Fily,  YiIQ=Y"Q. (5.9)

Proof. We prove the second equation. To simplify discussions, we suppress the

|1, after F;. Choose any { € H,(I). We want to show that F;B(£,1)Q =

eB(&,1)*182. By proposition 4.6, we have F;B({,1)f2 = F5§. On the other
hand,

eB(&, 1) 1 = eR(E, 1) w1 65 €1y ® eVa,a)R(ij,f)M*LQ

=€(1a ®evag) ('t @ 1g) R(FF,1)Q = €(1, ® evaq) ('t @ 1g) - FFE.
By (5.8), we have (e ® 1,)u*t = coevg q. Therefore,
€1, ®evea) (W't ®1z) = (e®@eveg) (1t @ 1g)
=1z Qeve7)(e®1, @ 1z) ("t ® 1z) = (1 @ evez)((e® 14)u"t ® 17)
=(1g ® evgg)(coevg,, ® 1) = 15.

This proves the second equation. A similar argument proves the first one. [

Remark 5.11. Since ¥ commutes with homomorphisms, it commutes in par-

ticular with e. Therefore, the S operators of B(I) and B'(I) differ by a twist:
5_1Ff|Ha =1 6_1Sf|7-¢a.

By Tomita-Takesaki theory [38, Chapter VI], we know that S7|3, and
F3|y, are preclosed since e 'S7|y, and e ' Fy|y, are so. Using this fact, we
can show

Lemma 5.12. Let Q = (Ha, i, ¢) be a standard C* - Frobenius algebra in Rep® (A),
and let H; € Obj(Rep®(A)) be equivalent to a subrepresentation of H,. Then,
SH ;s Ffln, are preclosed.

Proof. Since the proofs for the two operators are the same, we only prove
the preclosedness of S;|3,. By Proposition 5.10 and Tomita-Takesaki theory

for the von Neumann algebras B(I), we know that Sj|s, is preclosed. Let
¢ € Enda(H;, H,) be an isometry embedding H; into H,. Let H; be the
(canonical) dual object of H;. Since p*p = 1;, we have §* - = 1;.

By Proposition 5.9, we have @ - Sjly, C S7ln, - - Let (:|-) denote the
inner product of H;. Then, for each &, n € H;(I),

<Sf 1€ S;\Hﬂ7> 2Pl <¢Sf 1€ @Sf|m77> = <5f|Ha<Pf‘5f|Has0ﬂ>~
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Choose any sequence &, in H;(I) such that &, — 0 and S7|#,&, converges.
Then, ¢, — 0. By the above relation, S7|, ¢ converges. So, by the pre-
closedness of S5y, , Sjln, ¢ converges to 0. By the above relation again, we
conclude S5|3,§ — 0. So S7|#, must be preclosed. O

Thus, to prove that S7 and F% are preclosed on any dualized object H;,
it suffices to show that any H; can be embedded into H, for some standard
C*-Frobenius algebra @ = (Ha,p,¢). This is well known. We review such
construction below and recall some important properties that will be used in
later sections.

First, assume Hj, € Obj(Rep®(A)) with dualizing data (Hz, evy 7). Then,
Q = (Hr ®Hy, 1, 0) is a standard C*-Frobenius algebra, where

L= coevy g, p=1; @evg, ® 1z (5.10)

Moreover, the dualizing data of Hj XHy; defined as in Definition 3.5 are clearly
(Hi ®Hy, * ). Therefore, the reflection operator is just

€ = 1k®E'

Now assume that {H; : ¢ € £} is a finite set of distinct objects in
Rep?(A), indexed by &. Let (H;,ev, ;) be the dualizing data of H;. Assume
He = @iee ‘H;, and let the morphism ¢; : H; — Hj be the inclusion. Fix a
dualizing data (Hz, ev,, ) for Hy. Since @5 = (¢})" and hence ev,, z(¢; ®7;) =
ev,. 5 (pipi ® 15) = d; jev, 7, we clearly have

Hy =~ @ H;, eViE = Z ev, (o ©Pi7), (5.11)
i€g i€€
because the right-hand side of the second equation of (5.11) times (¢; ® &)
also equals d;, jev, ;- Let @ be the corresponding standard C*-Frobenius algebra
for Hy X Hy; defined by (5.10). Then, we have a unitary equivalence of A-
representations

P v P HiRH; = H BH (5.12)
i,jeE ijeE
where
Vi =i ©P; (5.13)
is an isometry. We have
7 =v,5 (5.14)
Moreover, using (5.10) and (5.11), we see that for each i,j,l,m € £,
(5 ® Yim) = 050 - Yim(Li @ evy; ® 1), (5.15)
and hence
L*,Lb(z/%’j ® w]j) = (51"[ . evi®37sz. (516)

In the case that 0 € &, ie., {H; : i € £} contains Hy. Notice that
Hg = Ho. Then, for each 4,5 € &, by identifying H; with H; X Hy and H; with
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Ho X 'H; using the right and left unitors, respectively, and noticing (5.15), we
obtain an isometry

,u(’l/ii,o & 1/103) = wi,j H; X H; — Hip X H?' (5.17)

Now, for any H; € Obj(Rep(A)), we set Hy = Ho @ H,. Recall Hg =
Ho. Then, Hj, W H; defines a standard C*-Frobenius algebra. By (5.12), H; ~
H; W H, is a sub-representation of Hj, X Hz. Thus, we conclude:

Proposition 5.13. Sj and F; are preclosed operators on any H; € Obj (Rep?(A)).

Remark 5.14. In the following, we will always let S7, F; denote the closures
of the preclosed operators in (5.1). Then, it is clear that Propositions 5.3,
5.7, 5.8, 5.9 and Remark 5.11 still hold for S7, F;. The original operators
(without taking closures) will be denoted by S7|y, (1), F5l#,(r) (Whose domains
are precisely H;(I)).

We have a positive closed operator Az := S}S; = Flﬁ F5 definable on any
object H; € Obj(Rep?(A)). (We will write Ay as Ay after showing that Az
is independent of the choice of arg;.) So Ajls, is a positive closed operator
on H;. We call A; the modular operator of &4. Note that by proposition 5.3,
Aj|y, does not rely on the dualizing data of H;. We define the categorical do-

main ¥ (A%) which associates to each H; € Obj(Rep?(A)) the dense subspace

@(A?Hi) of H;. Then, .@(A%) = 9(S5) = 2(Fy). We also have (categorical)
polar decompositions

IS

S;=3;-4z,  Fy=93;-A (5.18)

~—

where J7, when restricted to any H; € Obj(Rep?(A)
erator

, is an anti-unitary op-

We call 37 the (left) modular conjugation of & 4. (The right modular conjuga-
tion is ¥J7 for the obvious reason.)

Our next goal is to use Proposition 5.9 to study the relations of modular
operators and conjugations on different dualized objects. To prepare for the
proof, we recall that two closed operators A and B on a Hilbert space H are
said to commute strongly if the von Neumann algebras generated by A and by
B commute.” If A is bounded, then A and B commute strongly if and only if

AB C BA, A*B C BA”. (5.19)

(Ct., for instance, [22, Sec. B.1].) We also recall the definition of strongly
commuting diagrams of closed operators introduced in [23].

"The von Neumann algebra generated by A is the one generated by U and all e*¥ where

A = UH is the polar decomposition of A.
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Definition 5.15. Let P, Q, R,S be Hilbert spaces, and A : P — R,B : Q —
S,C:P— Q,D:R — S be unbounded closed operators. By saying that the
diagram of closed operators

P —- 0

N (520

R 28
commutes strongly, we mean the following: Let H =P & Q@ & R & S. Define
closed operators R, S on H with domains 2(R) = 2(A) ® 2(B) 8 R & S,
2(8)=2(C)® Q& 2(D)& S, such that
RE®ndx®s)=000d A ® By (Ve 9(A),ne 2(B),x e R,c €S8),
Slendxds)=00CER0® Dy (Ve e 2(C),ne Q,xe ZD)seS).
(Such construction is called the extension from A, B to R, and from C, D to
S.) Then, R and S commute strongly. In the case that A and B are preclosed
antilinear operators, we choose anti-unitary operators U; on R and Us on S.

We say that (5.20) commutes strongly if the following diagram of closed linear
operators commutes strongly:

P - 0

UlAl UQBL (5.21)
» U, DUT! S
This definition is independent of the choice of Uy, Us.

Proposition 5.16. For any a € C, H;,H; € Obj(Rep?(A)), and G €
Hom 4 (H;, H;), the following equation holds when acting on H,;.

G- A?|Hl C A%l?—tj -G, G- 3T|Hi = 37‘7{]. -G. (5.22)
Moreover, if G is an isometry (i.e., G*G = 1;), then for each I € J,
1 1
G A2y, = A2,y G, G- ARy, = Afly, - G (5.23)
Thus, in the case that G is an isometry, we conclude

é‘Si H, ZSﬂHj -G, é'Fj H, ZFf|Hj -G (5.24)

Proof. Recall Proposition 5.9. Since G* = GV = é*, we also have G*S3w, C
S;\Hié*. Therefore, the following diagram of closed operators commutes strongly.

H,; L)Hj

Sfl SfJ/ . (5.25)
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If we take the polar decomposition of the two vertical S, then its phase and
any power of its absolute value commute strongly with the horizontal G and

G, i.e., the following diagrams commute strongly

H; <, H; H; -, H;
A‘;l A;l Jfl Sfl ) (5.26)
Hi —S— H,  H; —C M

This proves (5.22).

We already know G- A%|y, C A%|y, - G. Similarly, we have G* - A%[3; C
A%ln,-G*. Apply G(+)G to both sides and set p = G*G, we obtain p~A;~¥\HjG C
GA%|n,. So the domain of A%]y,G (which equals the domain of pA%[s,G)
is inside the domain of GA%|y,. This proves the second relation of (5.23). A
similar argument proves the first of (5.23). O

In the case that G is an isometry, the second relation of (2.1) has a more
geometric interpretation:

Corollary 5.17. Let H; € Obj(Rep?(A)), and let H; be an A-invariant sub-
space of H;, which is therefore an object of Rep'(A). Then,

‘@(A%h’h) = ‘@(A%|'HJ> N Hi7
and for any & inside this vector space, we have
Afln, &= AF|n, - &

The dualizing data of H; are irrelevant since the modular operator does
not rely on it.

Proof. Let G € Hom 4(H,;, H;) be the inclusion, and apply the second relation
of (5.23). g

The following are some easy consequences of the Tomita—Takesaki theory
[38, Chapter VIJ.

Proposition 5.18. The following are true when acting on any H; €

Obj (Repd (A).

2-1 (5.27)
1 _1
IAI = AT (5.29)

Recall that I’ is the clockwise complement of I.

Proof. We know that H; must be equivalent to a subobject of H, where @ =
(Ha, ,¢) is a standard C*-Frobenius algebra in Repd(.A). We let (Hq,t* 1)
be the dualizing data of H,. Then, the reflection operator € equals 1,. Let B
and B’ be the non-local extensions of A associated with @ (cf. Sect. 4). By
Propositions 5.10 and 5.7, Sj|y, and Fj,|x, = 9457 |n, are, respectively, the
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S operators for B(I) and B'(I') associated with the cyclic vector 1£2. So, by the
Tomita-Takesaki Theory for von-Neumann algebras, we have Jz|y, = 3}1|Ha

1 1
and polar decomposition Syx, = Jfln, A2 |1, = Az ? |, Ifln, (which proves

(5.27) and (5.29) on H,), and we also have 9,57, |, = 19(L3;/|HQAI§|HQ. Since
B(I) and B'(I’) are commutants of each other (Theorem 4.7), the S operator
for B'(I") (which is 9457 |#,) is also the F' operator for B(I), which equals
J7lHa A}% |+, - So, the uniqueness of polar decomposition implies (5.28) on H,.

We have proved (5.27)-(5.29) on H,. Let ¢ € Hom4(H;, H,) be an isom-
etry. It is now easy to prove these three on H; using Proposition 5.16. For
instance,

1 1 1 1
P Il A2 I, = Il A2 I, o = AL 2 I, Jpln, -0 =2 AP I Il
This proves (5.29) on H,;. A similar argument proves (5.27) and (5.28)
on H;. O

Corollary 5.19. For each I € J and H; € Obj(Rep(A)), we have F5ln, =
(Silre)"-

Proof. We compute

(5.29) —1 (5.28)

1
ﬁdf,A% = Ff"

O

Remark 5.20. We close this section with a brief discussion of the relations
between Aj and Connes spatial derivatives [14]. Fix I € J. Choose a non-
empty H; € Obj(Rep?(A)) and let N = m; 1/ (A(I')). The (normalized) state
on A(I') defined by (-Q|Q) is transported through the isomorphism 7; i to a
state ¢ on M. Let M = N’ be the commutant of N (acting on H;). Then,
M can be described by the left representation of @@ = (H; X Hz, 1, ¢) on H;
as follows: Let B be the non-local extension associated with ). Then, any

X € B(I) can be expressed as A(x, ) = pL(x,I) for some x € (H; X H;)(I).

We then define a representation of B(I) on H; by defining the action of A(x, I)

on any § € H; to be (1; ® evy ;) L(x, [)§. This representation is indeed faithful

(since B(I) is indeed a (type III) factor). Moreover, the image of B(I) under
this representation is exactly M. The state of B(I) defined by (-.9u€) is
transported through this representation to a state ¢ of M. Then, we actually
have
dip
do
Note that 9 is in general not normalized: By the fact that ¢ = coev, ; we
have 9(1) = d; where d; is the quantum dimension of H;, i.e. d;1¢ = ev, ;coev, 5
where the ev and coev are standard. We give another description of P: Let
E: M — m; 1(A(I)) be the minimal conditional expectation of the subfactor
i1 (A(I)) € M. Transport the state (-|2) of A(I) to m; ;(A(I)) and denote
it by 1. Then, the normalized state d; L equals g o €.

Az, = (5.30)



Vol. 22 (2021) Bisognano—Wichmann Property... 4045

6. Categorical and Non-local Bisognano—Wichmann Theorems

Let t: z € S' — Z = 27! € S! be the reflection, represented by ((1) (1))

(Le., v(z) = $£5.) Then, v = v, and g € PSU(1,1) — tgr € PSU(1,1) is
az+

an automorphism of PSU(1,1), and acts on S* as g(z) = 57+§ Recall that
B

any element in PSU(1,1) takes the form ¢g = (a ) where |a]? — |B]2 = 1.

ket
Then, we have tgr = (g g) We lift this automorphism to ﬁéﬁ(L 1) and

also denote it by t(-)r. For I = (I,argl) € J, we define tI = (xI, arg,;) where
arg,;(z) = —arg;(%) for any z € 1.

Define S} = {a+1ib € S* : b > 0} to be the upper semi-circle. Define éi

such that argsy takes values in (0, 7). Then, SL := tS} is the lower semi-circle

with arg values in (—7,0). Note that S is the clockwise complement of Si.
We write ASE’AST’ as Ay, A_, respectively. We also define © = SSZ’ called
the PCT operator of &9, which is an anti-unitary map from each H; to its
dual object H;.

The action of © on H; € Obj(Rep?(A)) is written as O, as usual, or
©; for short. Note that © is an involution by Proposition 5.18, i.e.,

0;=06;"

for each H; € Obj(Rep?(A)). Also, if g € ﬁéﬁ(l, 1) and I = gé\};, then by
proposition 5.8,

Jr=909"" (6.1)

The following noteworthy result follows from proposition 5.16, which says that
conjugates of morphisms are implemented by the PCT operator.

Theorem 6.1. For any morphism G of objects in Repd(A), we have
G=06-G-6.

Consider the rotation subgroup o(t) = (e(; i ) and dilation subgroup
e 2

L PN
5(t) = (C:;}llh2; _Czlsrlllhﬁ) of PSU(1,1). For each I € 7, define §;(t) =
g6(t)g~! where g € PSU(1,1) and ¢St = I. Then, 6; is well defined, and
o(t) = dst (t). We lift o and § to one-parameter subgroups of PSU(1,1) and
denote them by the same symbols.

Let Q = (Ha, i1, t) be a C*-Frobenius algebra in Rep?(A), and let B, B be
the pair of non-local extensions of A associated with @). The following result is
well known (cf. [2] theorem 2.1 or [30] proposition 3.2). We present the details
of the proof for the reader’s convenience.
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Lemma 6.2. Let D; and OF be the modular operator and conjugation for
B(SL) and the cyclic separating vector 1. Then, z(t) := 61(27Tt)DiI~t is a one-

parameter group of unitary operators on H, independent of f, and ©FgO?
equals the action of tgr when acting on H,.

—1i

11

(resp. positive) real line to the unit (resp. upper semi-) circle. Its inverse is
11

A7l = % > Let 74 (t) € PSU(1, 1) such that A='7, (t)A = (é i) and
T2

A7lr_(H)A = (1 . (1)) Then, 7 and 7_ are the one-parameter translation

Proof. Set A = corresponding to the Cayley transform sending the

T2
1
2

subgroups of PSU(1, 1) associated with S}F and S! , respectively. 74 fixes F1
and rotates the other points anticlockwisely when ¢ increases. It is well known
that these subgroups A=1'7y(t)A generate PSLy(R) = A~'PSU(1,1)A and
hence 7+ generate PSU(1,1). Indeed, one computes A~lp(t)A =
< cos(t/2) Sm(t/2)> and  the

—sin(t/2) cos(t/2) dilation  group  0(t)  satisfies

t/2
ATL5(HA = (60 8_2/2 ) Using these relations, one computes
o(4t) = 7o (tant)7_ (sin 2¢) 7 (tant),
5(2t) = T (—e)T_(1 — e Hr (D7 (1 — €h).
This proves the claim since 7, d, o generate PSU(1,1) by KAN decomposition
33).
We also let 7+ denote their lifts to PSU(1, 1). We claim that 71 generate
PSU(1,1). Since the preimage of 1 € PSU(1,1) under the covering map is

0(27Z), it suffices to show p(27) is inside the subgroup generated by 7. This is
true because the above relation for p(4¢) holds not just in PSU(1, 1), but also in

ﬁgﬁ(l, 1) due to the uniqueness of lifting whose initial value is 1 € PSU(1,1).
We compute that for each s,t € R,
§(—278) 71 (1)6(27s) = 7o (T2™5¢).

These relations hold in PSU(1, 1). Consider these as one-parameter subgroups
of the variable ¢ (and fixed s) and note that their lifts to PSU(1, 1) are unique,
we see that these relations also hold in PSU(1, 1). Similarly, one checks that

7 (t)e = 7(—1).
By [3, Cor.4.4], the generators of 71 are positive. (In the case that A is con-
formal covariant, this also follows from [39] Lemma 3.1 and Theorem 3.8.) For
any ¢ > 0, since 74 (¢)(S}) C SL, by Theorem 4.7, we have Adr (¢)(B(SL)) C
B(SL). Then, by Borchers’ theorem [11, Thm. I1.9], we obtain for any t € R
(when acting on H,) that

D¥ gD = §(—2ms)gd(2ms), 39939 = tge (6.2)
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when g is in 7. Similarly, since 7_ (t)(éz) C SE when ¢ < 0, we conclude that
(6.2) holds when g € 7_. Thus, it holds for all g € PSU(1,1).
The first half of (6.2) shows that z(t) := 65 (27nf)DiSfT |74, commutes with
+ +

any g € ﬁéﬁ(l,l). For each I € j, choose ¢ sending é\}; to I. Note that

gDSf;g_1 = Dy since g preserves (2 and gB(SL)g~! = B(f) by Theorem 4.7.
+

Thus, we conclude that z(t) = 61(27Tt)DiI~t|Ha. In particular, z(t) is independent

of I. Apply the first half of (6.2) to the case g = (27s), we see that DY
commutes with §(2ms). This proves that z(t) is a one-parameter group. O

Theorem 6.3. Let Q = (Ha, i, ¢) be a standard C*-Frobenius algebra in Rep” (A)
with reflection operator € € Hom4(H,, Hg) (see (5.8)). Hg is the dual object

of Ha. Let B (and also B') be the non-local extension of A associated with Q.
For any I € J, Aj|n, (resp. € 1©) is the modular operator (resp. conjuga-

tion) for B(I) (resp. B(SY)) and the cyclic separating vector 1Q2. Moreover, the
following are true when acting on H,.

(a) (Geometric modular theorem) For any t € R,
Al = 5 (—27t). (6.3)
(b) (PCT theorem) For any g € f/’gﬁ(l, 1),
€'0-g-0e=r1gr (6.4)
10 B(I)-Oc = B'(c]).

Note that in equation (6.4), tgr is in ﬁgﬁ(l, 1) and is acting on H,.

Proof. By Proposition 5.10, the modular operator and conjugation for B(I)
are Agly, and € '35, respectively. Thus, Lemma 6.2 implies (6.4) and
the fact that z(t) := 61(27rt)A‘I~t (acting on H,) is a one-parameter group
independent of I. Thus, §(2mt) A = 6_(2mt) A where 6_ = 51 . By (5.28),
we have Alt = A_T_it. We also have §_(27t) = o(m)d(27t)o(—7), which equals
0(—27t) by an easy calculation. Thus, z(¢) = z(—t), which forces z(t) to be
1. This proves the geometric modular theorem. By the non-local Haag duality
(Theorem 4.7), B'(SL) is the commutant of B(SY). Thus, by Tomita—Takesaki

theorem, (6.5) holds in the special case that I= SL. The general case follows
from the special case, the Mébius covariance of B, and equation (6.4). O

Theorem 6.4. For any Ie j, the following are true when acting on any H; €
Obj(Rep®(A)).
(a) (Geometric modular theorem) For any t € R,
AY = 5/ (—2mt). (6.6)
(b) (PCT theorem) For any g € P’gﬁ(l, 1),
©-g-0=rgr. (6.7)
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Moreover, for any H; € Obj(Rep®(A)) and & € H;(I), we have

0L, 1)- 0 = R(O¢,]). (6.9)

Proof. Let Q = (Ha,p,t) where H, = Hyp W Hy and Hy = Ho & H,. (See
the discussions starting from (5.10), especially the choice of dualizing data.)
Since € = 1, (6.6) and (6.7) hold on H, by Theorem 6.3. Note that O, is an
involution on H, (since H, is the canonical dual object of H,). ¥j0 : H; ~
Hjo — Ha (defined by (5.13)) is an isometry, whose conjugate is 157 by

(5.14). Since morphisms intertwine the actions of lggﬁ(l, 1) ( [21, Prop. 2.2]
and Lemma B.1), by Proposition 5.16,

15,007909; = 049390, = 090,10 = (tgt)Yj0 = ¥j0(tgr),

which proves (6.7) on H;. (6.6) on H; can be proved in a similar way.

Now we take Hy = Ho ® H; & H,; and define Q = (H,, i, ¢) in the same
way. Again, we use freely the notations starting from (5.10). Identify H; with
H; X H using the right unitor. Choose any & € H;(I). Recall the definition of
A, B in Sect. 4. Then,

OuA(1.06, 1Ot = O, A 06, Q2L 0,05, 06 = 14 104¢.

By the non-local PCT theorem, ©,A(v; o, I)O is inside B'(¢I). So there exists

1 € Ha(tI) such that ©,A(1;08,1)O, = B(n,tl). Again, by (4.4), we must
have 7 = 1 ;0,£. Therefore, ©;§ = o m € wagHa(tI) C H;z(eI). This proves
O -H;(I) C H;(eI). Similarly, © - H;(xI) C H;(I). Thus, we have proved (6.8).

We have proved that @aA(z/Jiyog,f)Ga = B(woj@i{“,tff). Let both sides
act on ;0. The left-hand side is

OaA(Yi,06, 1)Outhjo = OuA(ti ok, IN)%J@J' = OapL(¥i0€, f)%,j(aj

(2.8) ~ (5.17) ~ (5.14) ~
Outi(ti0 @y 7)L(E, 1)O; Ou¢; 7L(€,1)0;

which equals the right-hand side (acting on H,)

~ ~ (2.8) ~

B(170:8,¢1) )0 = pR(1y70:8, t1)vj 0 == (10 @ 1o ;) R(0:§, v1)
5.17 ~
Ly R(O:€, ).
Equation (6.9) is now proved. O

Convention 6.5. By (6.6), A7 depends only on I but not on arg;. Thus, we
will write Ay as A7 in the future.

Corollary 6.6. (/21] Thm.2.11). For any H; € Obj(Rep?(A)), I € J, and
x € A(I), we have

Om; 1(2)0 = 7Tg7d(@$@). (6.10)
Notice that ©20 € A(t]) by the PCT theorem for A.

¥;:9:=5L (€, 1)0;,
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Proof. Choose an arg;. Then, by (2.6), we have m; j(z) = L(zQ,1)|y, and
77.1(020) = R(O20Q, v1)|y, = R(Ox€, tI)|3. We may now apply (6.9) to

prove the desired equation. O

Remark 6.7. The above corollary gives an explicit construction of dual repre-
sentation of any H; € Obj(Rep®(A)). Namely, we choose any separable Hilbert
space H;, and choose an arbitrary anti-unitary map C : H; — H;. Define a rep-
resentation m; of A on H; such that for any I € J and = € A(I),

my () =0 mir(020) -0 (6.11)

Then, (H;, ;) is equivalent to the a dual object of (H,;, ;).

(2 7

The conformal spin statistics theorem is also an easy consequence of the
categorical PCT theorem:

Theorem 6.8. (/21] Thm. 3.13, [26] Sect. 4.1). On any H; € Obj(Rep®(A)),
we have

U = p(2m). (6.12)

Proof. By (5.28), we have © = J5 = J35. So I = -1@. Since SL =
L L L

o(—m)SL, by proposition 5.8 we also have SST = g(fw)SSE o(m), and hence

Jgr = o(=m)O0(T). So 9710 = o(—m)Op(). By the categorical PCT theorem,

Oo(t) = (vo(t)r)® = o(—1)O. Therefore, 9710 = o(—27)O and hence ¥ =
o(2m). O

We now want to generalize Theorem 6.3 to any (non-necessarily standard)
C*-Frobenius algebra @ = (Hg, i, ¢) in Rep? (A). Again, we choose a dualizing
data (Hg,ev,g) for H,. (Recall that ev,g,evg, are standard.) There is a
unique invertible € € Hom4(H,, He), also called (left) reflection operator,
such that

evaa(e®1,) =t . (6.13)

By the uniqueness of standard evaluations up to unitaries, it is clear that Q is
standard if and only if € is unitary.

Lemma 6.9. We have
eV =(e1)* and hence ¢ '=¢ (6.14)

Proof. The adjoint of (6.13) is (e ® 1,)coevg, = p*i. (6.13) also implies
evea(le ® €V) = t*p. By the Frobenius relation and the unit property of @,
we have

(pe1a)(1a@p"e) = (" ®1a)(1a @ p) (" © 1a)(1a ©¢)

= (T ® 1) pu(la ® 1) = 1a.
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Thus, (evegz(ly ®€) ®1,)(1, @ (€* ® 1,)coevg ) must be 1,. But
(evea(le ® €)®1,) (1, ® (" ® 1,)coevgq)
=(eveg ®1,)(1, ®€'e" ®1,)(1a ® coevg q)
=(evaa ®14)((€V€")Y ® 15 ® 14)(1a ® coevgq) = (7€),
So we must have €V = (e71)*, and hence, e~ ! = (eV)* = €. O

From this, one easily sees that coevg, = (¥ ® 1,)p*t and coev,z =
(1,®¢€)pu*e. Using these two equations, the following can be proved in essentially
the same way as proposition 5.10.

Proposition 6.10. 6715f|7-¢a and € F5ly, are, respectively, the S operators of

B(I) and B'(I) with respect to i5).

Proof. In Proposition 5.10, we assumed () is standard and used coevg, =
(€ ® 14)p*e (see the second paragraph of the proof) to show e 'Fj|y, is the
S operator for B'(I). In the current general case, since we have coevg, =
(eV ®1,)p*t, we apply the proof of Proposition 5.10 verbatim, except that we
replace € by €¥. So e~ ! is replaced by (e¥)~!, which equals €* by (6.14). This
proves € F';|y, is the S operator for B'(I).

Similarly, one may use coeveg = (1, ® €)u*t to show € 1S3y, is the
S operator for B([). Alternatively, we know that €* I}y, is the S operator
of B'(I') = B(I)' (recall non-local Haag duality in Theorem 4.7); thus, it is
the F' operator of B(f) It’s adjoint should be the S operator of B(:f) We use
Corollary 5.19 and Proposition 5.9 to compute this adjoint:

(G*Fj/|710)* = Sf‘Ha €= ESHHQ = 6715;‘7-[&.

Hence, we have:

Proposition 6.11. The modular conjugations and operators of B(I) and B'(I)
with respect to 1§ are described by the following polar decompositions:

6_1SI~|HG = (3;6(6*6)_%) . (A? (e*e)%) "

e, = 0@ (afeo )

, (6.15)

(6.16)

Ha
Proof. Recall the polar decompositions (5.18). By proposition 5.16, A; com-

1 — 1 1
mutes with any homomorphism, and we have 6’13TA12 = 3;6*1Af = SfeAf.

1 1 1
This proves (6.15). Similarly we have e*0J;A} = JIJ;e"A} = 19SI~6VAI§. In
addition, using (6.14) we have

(V)€ =tV = M) = (efe) L (6.17)
This proves the polar decomposition (6.16). O

We now prove the following modified Bisognano—Wichmann theorem.
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Theorem 6.12. Let Q = (Ha, p,¢) be a (non-necessarily standard) C*-Frobenius
algebra in Rep? (A), let B and B’ be the associated non-local extensions of A,
and let € be the reflection operator (see (6.13)). Choose any I € J. The fol-
lowing are true when acting on H,.

(a) (Modified geometric modular theorem) Let Dy and D’I~ be, respectively,

the modular operators of B(I) and B'(I) with respect to Q. Then, for

any t € R,
Dilf = (e*e) o (—2mt), (D%)it = (e*e) 16, (—27t). (6.18)
(b) (PCT theorem) Let ©F = (JSE e(e*e)_%) ’Ha, be the modular conjugation
of B(SL) with respect to 1. Then, for any g € PSU(1,1),
0%.g-0% =gt (6.19)
0% .B(I) 6% = B'(I). (6.20)

Proof. The proof of PCT theorem is exactly the same as in the standard
case (Theorem 6.3), which uses Lemma 6.2. By proposition 6.11, we have

Dlé = (A% (e¢)2) » and (D’T)% = (A% (e*¢)72) " Thus, equations (6.18)
follow directly from (6.3). O

Corollary 6.13. For the non-local extension B obtained by a C*-Frobenius al-
gebra Q in Rep?(A), the standard geometric modular Theorem (6.3) holds if
and only if Q is standard.

Proof. @ is standard if and only if the invertible homomorphism € is unitary,
if and only if €*e = 1,. O

7. Unbounded Field Operators in Rigid Categorical Extensions

In this section, we discuss the relation between the domain of AI% and the
preclosedness of certain unbounded operators in &f. Since the modular conju-
gations do not rely on dualizing data, we work with dualizable objects instead
of dualized ones. Recall that &F is the categorical extension associated with
the braided C*-tensor category Rep'(A) of dualizable Mébius covariant rep-
resentations of A. (Cf. Sect. 3.)

First, we recall the following well-known fact (cf. [38] section VI.1). A
proof is included for the reader’s convenience.

Proposition 7.1. Let M be a von Neumann algebra on a Hilbert space H with
commutant M’, and let Q be a cyclic separating vector of M. Let A,J be the
modular operator and conjugation of (M, ), and set S = JAL. For any € € 'H,
define an unbounded operator £ (&) with domain M'Q such that £ (&)yQ) = y&
for any y € M'. Then, the following two conditions are equivalent.

(a) Q€ 2(ZL(8)).

(b) € € 2(A}).
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If either (a) or (b) is true, then £ (&) is preclosed, and S§ = L(&)*QL.

Proof. Let J be the modular conjugation. Recall that S := JAz has core
MQ, F = §* = JA~2 has core M'Q, and Sz = 2*Q, FyQ = y*Q for any
re M,ye M.

First, we assume that (a) is true. Then, for any y € M’, we compute

(S*yQ[¢) = (¥ Q&) = (Uyé) = (QL()y2) = (ZL(§)"QyQ),

1

which shows that £ € 2(5) = Z(Az) and S§ = Z(§)*.
Next, assume that (b) is true. Choose any y1,y2 € M’. Then,

(Z(S)y1Q2y22) = (y15|y22) = (SE|y7y=) = (Fyiy22E) = (y53192E)
=(119Qy28) = (11 QL(§)y29Y),

which shows Z(S¢) C Z(£)*. Thus, Q € 2(Z(5€)) C 2(Z(£)*), and S¢ =
Z(58)Q = Z(€)*Q. Since .Z(S¢) has dense domain, so does .Z(§)*. Therefore,
Z (&) is preclosed. O

We would like to generalize the above proposition to &f. For any Ie
J , recall that I’ is the clockwise complement of I. We define ‘I € J such
that (‘\I) = I, and call ‘I the anticlockwise complement of I. Choose H; €
Obj(Rep(A)). (We do not assume H; to be dualizable.) For any ¢ € H;, we
let .2 (€,1) (resp. Z(¢,1)) act on any H; € Obj(Rep(A)) as an unbounded
operator H; — H; XM H; (resp. H; — H; XH,;) with domain H;(I’) such that
for any n € H;(I’),
L& Dn=Rn,I)§, resp. Z(&I)n=L(n, 1) (7.1)

It is clear that © is inside the domains of .Z(&,I)|x, and Z(&,I)|x,, and the
state-field correspondence

LE D=2 =¢ (7.2)
is satisfied. We also have that
$(€7T)|Ho :%(§7T)|H07 (73)

and that they depend only on I but not on the choice of arg;. Indeed, both
operators send any yQ € A(I')Q to y¢.
The following is obvious.

Lemma 7.2. Choose H;,H;, Hr,Hi € Obj(Rep(A)) and § € H;. If G €
Hom4(H;, H;) and K € Hom A(Hy, H;), then for each n € Hy(I'),

L(Ge,)Kn = (Go K).ZL( D, (7.4)

H(GE DK = (K@ G)Z(E

Proof. Note that Kn € H;(I"). We have
(2.8)

L(G¢, )Kn = R(Kn,I')GE (G® K)R(n,I')¢ = (G® K)Z(,Dn.

This proves the first relation. A similar argument proves the second one. [
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Definition 7.3. For any H; € Obj(Rep(A)) and I € J, HY"(I) is the set of

all & € H; such that Z(&,I)|n, = Z(&,I)|n, is preclosed. It is clear that
Hi(I) C HY'(I).

It turns out that for any £ € HY' (1), £(§, 1) is preclosed on any H; €
Obj(Rep(A)). To prove this, we first need a lemma.

Lemma 7.4. Let H;, H; € Obj(Rep(A)),f, J € J, and assume that J is clock-
wise to I. If € € Hy, &0 € 2((L(&,1)|n,)"), and n,no € H;(J), then

(Z(& DnlR(no, J)€o) = (R(mo, J) 0L (&, 1)"o)- (7.6)

Proof. Choose £, o, 7,10 as in the lemma. Recall that by proposition 2.3, we
have R(no,J)*n € Ho(J) and

R(R(no, J)* 0, 1) |3, = R(R(10, J)"n, J)|a, = R(no, J)*R(n, J)se,
Thus,
(Z(&,T)n|R(no, J)éo) = (R(n, J)E|R(1o, &) = (R(no, J)* R(n, J)E|&)

=(R(R(no, J)*n, I')€|€0) = (L (&, T)R(10, J)*n|&0) = (R(no, J)*n]-L(€,1)*Eo).
O

Theorem 7.5. Choose any H; € Obj(Rep(A)), I € 7, and & € HP"(I). Then,

L& )|, and (&, 1)|w, are preclosed for any H; € Obj(Rep(A)).

Proof. Let J = I'. Assume that 7, is a sequence of vectors in H;(J) con-

verging to 0 such that 2 (&, I)n, converges to x € H; X H,;. We shall show
that x = 0. Since Z(&, I)|#, is preclosed, W := Z((L (&, I)|n,)*) is a dense
subspace of H;. Since R(no,J) is bounded for any 7y € H,;(J), we con-

clude that R(H;(J), J)W is dense in R(H;(J), J)H; which spans a dense sub-
space of H; X H; by the density axiom of &. Therefore, it suffices to show

that (x|R(no,J)&) = 0 for any & € W and ny € H,(J). We notice that

(x|R(no, J)&o) is the limit of
T 7 (7.6) ~ _

(L&, I)nn|R(no, J)So) (R(no, J) 1| Z (&, 1)* o),
which converges to 0 since R(no, j) is bounded. This proves that X(f,f)mj

is precloded. As for Z(§, I)|y,, the argument is similar. O

We need two lemmas before we prove the main result of this section.

Lemma 7.6. Let A, B be densely defined unbounded linear operators on a Hilbert
space H with common domain 2(A) = P(B) = 2. Assume that the ranges
of A and B are mutually orthogonal and that there exist mutually orthogonal
projections p,q on H satisfying

A C Ap, B C Bg.
Then, A+ B is preclosed if and only if both A and B are so.
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Proof. First, assume A, B are preclosed. Let e, f be the projections of H onto
the ranges of A, B, respectively. Choose &, € 2 converging to 0 such that
(A + B)¢, converges. Then, A, = eA&, + eBE,, which converges. Since A is
preclosed, A&, — 0. Similarly, B, — 0. So (A + B)§, — 0.

Now, assume A + B is preclosed. Choose £, € Z converging to 0 such
that A&, converges. Since A C Ap, we have p&,, € p2 C 9, and ApE,, = A,,.
Similarly, gp&, € 2 and Bgpé, = Bpé,. But pg = 0. So Bp&, = 0. So
A&, = (A + B)p&,, which we know converges. Since A + B is preclosed and
p€, — 0, we must have (A + B)p&, — 0. So A&, — 0. So A is preclosed.
Similarly, B is also preclosed. 0

Lemma 7.7. Let H;, H;, Hi € Obj(Rep’(A)) and € € H;. Suppose that ¢ €
Hom(H;, Hy) is an isometry. Then, L (&, 1)|w, 1y (resp- Z (&, 1), 1)) is

preclosed if and only if L (&, 1) w1y 9" |11y (resp- (&, 1D)|a; 10y € |1y 1))
1S S0.

Proof. We prove this for .Z. It is an easy exercise that a preclosed operator
multiplied by a bounded operator from the right is preclosed. Thus, the “only

if” part follows immediately. The “if” part follows from that £(&, )|,

equals z(fvl)‘HJ(I’) . (p*|Hk(1/) times @‘Hj(I’)- U
~ 1
We now relate the preclosedness of .Z(£,I) with the domain of A7.
Theorem 7.8. Let H; € Obj(Rep!(A)) and I € J. Choose an arbitrary dual

object H; and standard ev, ;, ev; ; with adjoints coev, ;, coev; ;. Then, for any
& € H;, the following are equivalent:

[RA)

(a) Q is in the domain of f({,f)*coevﬁ,

(a’) 2 is in the domain of Z(§,I)*coev ;.
(b) & is in the domain of A%hﬂ.
If any of them is true, then & € HY'(I), and

S =Z(¢, I)*coevi,;Q, Fi = Z%(¢, I)*coeva. (7.7)

Proof. We consider dualized objects. In particular, we let (Hj, evzﬁ) be the
dualizing data for H;. Choose any £ € H;. Let Hp = Ho ® H;, let H, =
Hi X Hy, and consider the standard C*-Frobenius algebra @ = (Hg, g, ¢).
(See the discussions starting from (5.10).) Let B, B’ be the associated non-
local extensions of A. Identify H; with H; X Hy using the right unitor. Then,
Yio: Hi = H; ®Hog — H, defined in (5.13) is an isometry. Let M = B(f)
Since v; o€ € H,, we can define an unbounded operator .,%Q(z/}i,og) on ‘H, with
domain M’ such that £ (1h; o)yt = yig i€ for any y € M’ = B'(I).
Step 1. We first shown that & € HP'(1) is equivalent to that Z2(1; o)
is preclosed. Note that M'tQ = H,(I") by (4.6), and that elements in M’ are

of the form B(n, I') = uR(n, I')|3, where n € Hy(I'). We compute that for
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any n € Hq(I'),
L9 (i 0€)n
=L (i€, I)n

which shows

ECOR

L9i 0€)B(n, I = B(n, I')\; 06 = uR(n, T )i o€
= M(i/h',o & 10,)02”(57 f)na

L2 W.08) = (W0 © 1) L& Dlre, 11 (7.8)

with common domain H,(I").
Since 1, =), te{0,3} (R t’l/}S ; where each 9 79* ; is the projection of H,
onto a subrepresentation equ1valent to Hs X Hz, we have

LA o) = Z (Wi ® 1) (Li @ YL 5)-ZL (&, f)|Ha(I/)

s,t€{0,i}
(7.4) . = 1y
== Y u(¥io @)L & DY i)
s,te{0,i}
By (5.15), we have
L9 Wi08) = $i0L (& D ooy + 037l E DV lran. (1.9)
Apply Lemma 7.6 by choosing 7 = H,(I'), p = 0,0¥5,0, and ¢ = g 79y -

We see that £9(1); o€) is preclosed if and only if the two terms on the right-
hand side of (7.9) are both preclosed. The latter condition is, by Lemma 7.7
and Theorem 7.5, equivalent to that $(§,I~)|HO(1/) is preclosed, i.e., that £ €
HY'(I).

Step 2. We now show that the (a) of this theorem is equivalent to that
of Proposition 7.1, namely, that ({2 is in the domain of -Z%(1; o£)*. We have

Y700 === (Yi,0 ® P 3) " p" 1 ——=

and similarly

(5.15)

coevigoﬁggﬁ = coev, (),  (7.10)

(5.15) (5.16)

¥i o182 (i0 @ 0,0)" "1 === 0. (7.11)

Thus, by (7.9), that ¢Q is in the domain of £ (1; 0€)* is equivalent to that
coev, ;€2 is in the domain of (Z(&, I)¥y 5|, 11))* This is true if and only if
the function

1 € Ha(I') = (L(& D)5 mlcoev, ;Q)

is continuous. Using (2.1), it is easy to see that the above is equivalent to the
continuity of

0 € Hi(I') = (L& Dnleoev,52),
which is precisely (a) of our theorem.
Step 3. By Proposition 5.10, the modular operator for B(I) and (£ is
Arlw,. The vector ;o€ is inside the domain of AI%\HQ if and only if ¢ is

in the domain of A1%|Hi, H, = AI%|H(L¢¢70 due to
Proposition 5.16. Thus, by Proposition 7.1, we see that (a), (b), and £ €
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HY*(I) are equivalent. Moreover, if they are true, then by the last statement
of Proposition 7.1, (recall Proposition 5.10 and note € = 1) we have

St vio€ = L9 (1 08) "1,
which by (7.9), (7.10), (7.11) equals

wo’g.f(f, I)*coeviygﬂ.

Since ¥;0 = vo; and hence ¥g;S7,§ = Sjlu,1iof, we obtain
S = Z(¢, I)*coev, ;0.

To prove the equivalence of (a’) and (b) and the second equation of (7.7),
construct @ = (HzXHy, i, ¢) where Hy, = Ho®H,;, and use similar arguments
by choosing M = B’ (f ) and considering %% (v ;£) defined by sending each
Yy € M2 to yihg €. O
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A. Connes Categorical Extensions

In appendix section, we sketch the construction of categorical extensions via
Connes fusion. Details can be found in [23]. We do not assume the represen-
tations to be dualizable in this section.

Recall that we set H;(I) = Hom 4(1/)(Ho, H;)$2. For any { € H;(I), we

define Z(£, 1) to be the unique element in Hom 4(;/)(Ho, H;) satisfying & =

Z(&,1)Q. If J is disjoint from I, we define a (degenerate) inner product (-|-)
(antilinear on the second variable) on the algebraic tensor product H;(I) ®
H;(J) such that for any &1,& € H,;(I) and n1,m2 € H,;(J),

(Gr@ml& @n2) = (Z(n2, J) Z(m, J)Z (&2, 1) Z (&1, 1)), (A1)

This is nothing but the formula of Connes relative tensor product. We let
Hi(I) ®H,;(J) be the Hilbert space completion of H;(I) ® H,(J) under this
inner product. Note that A(I) and A(J) can naturally act on H;(I) ® H;(J)
by acting on the first resp. second component of the tensor product.

If Iy € I and Jy C J, then H;(Iy) and H;(Jy) are dense in H;(I) and
H;(J). Note that H;(Iy) ® H;(Jo) is also dense in H;(I) ® H;(J) under the
above inner product. (Indeed, H;(I) ® H,;(Jy) is dense in H;(I) ® H;(J) since
the Z operators associated with the vectors of H;(I) are bounded. Likewise,
Hi(lo)®@H;(Jo) is also dense in H; (1) @H;(Jo) since the Z operators associated
with the vectors of H;(Jy) are bounded.) Thus, we have a natural unitary
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map H;(Io) X H;(Jo) — Hi(I) K H;(J) induced by inclusion of intervals. Its
adjoint H, (I) R H,;(J) = H,(Io) KH;(Jo) is the natural unitary map induced
by restriction of intervals. Both maps commute with the actions of A(Iy) and
A(Jy).

Let I, I> be disjoint, respectively, from Ji, Jo. First, assume that these
two pairs of intervals ”overlap properly,” which means that Iy NI, J1NJs € J.
Then,

Hi (1) RH;(J1) = Ha(L N L) R0 Jo) = Hi(la) MH;(Ja)  (A2)

defines a natural unitary map H; (1) XH;(J1) — Hi(Is)XH,;(Jz). In general,
we need to choose a path v : [0,1] — Confa(S!), where Coan(Sl) ={(z,w) €

1z # w}. We assume that v(0) € I; x J; and v(1) € Iy X Jo. Then, we
can define a natural unitary map ~v* : H,;(I1) X H;(J1) — Hi(Iz) K H;(J2)
by covering 7 by a chain of pairs of open intervals (Ki, L1), ... (K, Ly), such
that Ky = I, L, = J,,K,, = I>, L, = Jo, and that for each [ = 1,2,...,n
(Kj-1,L;—1) and (K, K;) overlap properly. Then, we can use a chain of unitary
maps induced by restriction and inclusion of intervals (as in (A.2)) to define ~°.
We say that +° is the path continuation induced by ~. If we have paths 1,72,
then (1 * 72)® = v7735. Moreover, v* depends only on the homotopy class of
. Then, we can transport the actions of A(l1), A(J1) from H;(I1) X H;([1)
to H;(I2) XH,;(I2) through the map ~°. Indeed, the result of transportation is
independent of the choice of 7. It turns out that we have a well defined action
of A on any Connes fusion H;(I) K H,(.J) so that it restricts to the standard
actions of A(I), A(J) on H;(I) ¥ H;(J) and that the actions of A commute
with all path continuations. Thus, H;(I) K H;(J) becomes a representation of
A, and the path continuations are unitary isomorphisms of A-modules.

In the construction of the tensor category Rep(A), we let H; K H; be
Hi(SY) X H,;(SL), where SL,S! € J are, respectively, the upper and lower
semi-circle. Choose args: (resp. argg: ) to be the one whose values are inside
(0,7) (resp. (—m,0)). This defines S} and SL. Now, for each I=(I,arg;) eJ
and ¢ € H,(I), we describe the operator L(¢, I). Recall that I’ is the clockwise
complement of I, which means that I’ is (the interior of) the complement of
I, and I’ is clockwise to I. We write I’ = (I’,arg;,). The action Z(¢,1) : 1 €
H;i(I')—&®ne H;(I)®H,;(I") is a bounded operator which intertwines the
actions of A(I'). Thus, Z(&, 1) € Hom a¢p)(H;, Hi(I)®H;(I")). We now choose
apath v : [0,1] — Confy(S!) from I x I’ to SL. xS’ such that the arguments of
I and I’ are changing continuously to those of S1 and Sl_, respectively, along
~. Then, for each n € H;, L(&, 1) is defined to be

L&, Dy =~"Z(¢&,I)n € H; B H;. (A.3)

Define a path p : [0,1] — Confy(S') from S} x St to SL x SL by p(t) =
(ei”(%’t)7 ei”(féft)). Then,

p* i Hi W H; = Hi(SL) R H,;(SL) — Hi(SL)RH,;(SL) ~H; ®BH;  (A4)
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is the braiding 8; ;. We define R(&,I)n = 8, ;L(§,I)n. That these operators
define a categorical extension & = (A,Rep(A),X,H) of A (called Connes
categorical extension) was proved in [23].

B. Mobius Covariance of Categorical Extensions

Let & = (A, Rep’(A), X, H) be the rigid (vector-labeled and closed) categor-
ical extension of the M&bius covariant net 4 as in Sect. 3. Recall that we as-
sume objects in Rep'(A) (which are dualizable) to be Mobius covariant, which
means there is a strongly continuous unitary representation U; of PASTJ(I, 1) on
‘H; such that (1.2) holds. (Recall that such representation is unique by [21].)
In this section, we prove Theorem 3.2, namely, that the fusion of two Md&bius
covariant representations is also Mobius covariant, and that &t is Mobius co-
variant. We remark that the arguments in this section can also be used to show
that & is conformal covariant when A is so; see the end of the section.
We first notice the following easy fact:

Lemma B.1. Any morphism in Repf(A) commutes with the actions ofﬁng(l, 1).

Proof. Let 'H;, H; € Repf(A) and G € Homy(H;, H;). Let Hyp = H; & H,.
Then, the unique representation Uy, of ﬁéﬁ(l, 1) on Hy, is described by U (g) =
diag(U;(g),U,(g)) for any g € ﬁéﬁ(l, 1). We regard G as an endomorphism of
‘Hj; by acting trivially on H;. Then, it suffices to show that any endomorphism
of H; commutes with the action of P@fj(l, 1) on Hy. By linearity, it suffices
to prove this for any unitary V' € End4(Hj). Then, by the uniqueness of
the representation of P’STJ(l, 1) on Hy, we have Ui(g) = VUi(g)V* for any
g€ PASTJ(L 1). Therefore, V' commutes with the action of PASTJ(L 1). O

Choose any H,; € Obj (Rep' (A)), I € 7, and define a unitary representa-
tion V; of PSU(1,1) on H; K H; by setting
Vi(9)L(&. T)n = L(g€, gT)gn (B.
for any & € H;(I),n € H;(I'),g € PSU(1,1). Note that we have gH;(I) =
Hi(gl) since, by (1.2), we have gHom 4(;/)(Ho, Hi)g~ " = Homu(yr)(Ho, Hi).
Thus, we have

—_
~—

L(g¢,gI) = gL(§, g™
when acting on Hy. Now, we choose any &1,& € H;(I),m1,m2 € H;(I"), and
use the locality of &F and the fact that ¢Q = Q to compute that

(L(g€1, 9D)gm|L(gE2, gT)gne) = (L(g1, gI) R(gns, gT')QUL (g2, gT) R(gna, 91 )2)
=(L(g&.91)" L(g&1, 91)Q R(gm, gI')* R(gnz, g1') )
=(gL(&.1)"L(&1, DQ|gR(m, I')* R(nz, T'))

= <L(§2,f)*L(fl,T)Q|R(771j/)*3(772j/)9>

—(L(&, Dm|L(&, Dna). (B.2)
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This proves the well-definedness and the unitarity of V3(g).

Notice that V7 is independent of 1. , namely V7 = Vfo when 1, ,INO e J.
Indeed, it suffices to check this when fo C I. In that case, the actions of
Vi(g) and Vi (g) on L(H;(1o), T)Hj(f’) are clearly the same. So they must be
equal. We write V7 as V' for short. From our definition (B.1), it is clear that
V(gh) = V(g)V(R) for any g,h € PSU(1,1). Thus, V is a representation of
PSU(1,1).

We choose .70 c I such that Iy cC I. To check the continuity of the repre-
sentation V', we need to show that for any sequence of elements g,, in I§SVU(17 1)
converging to 1, L(gn&gnfo)gnn converges to L(¢, fo)n for any & € H;(Ip) and
n € H;. Assume without loss of generality that g,ly C I for any n. Since g,7
converges to 7, it suffices to show that L(gné,gnfo)mj = L(gnf,f)mj con-
verge strongly to L(&, I ) and are uniformly bounded over n. By the locality
and the state-field correspondence of &, L(g,¢ I )X = R(X, )gn§ converges
to R(x, I')¢ = L(&, Iy for any x € H;(I'). Set & = L(&, 1)"L(&, 1), € A(I).
Then 7, := gnag;; equals L(gn&, gnl) " L(gn&, gnl)|ry- S0 202 = L(gn&, gnl)* gné.
Hence, by proposition 2.3,

1L(gn&s Dl 1= 11L(gn&s 1)* L(gn&, D, = 1L(L(9n&, 1) g, D, |

= L(@ns, gn D)3, 1= 11759, 1 (@) < l2nll= [

This shows that || L(gn&, ) |7, is uniformly bounded over all n. Thus L(g,¢&, I)

converges strongly to L(¢, :f)
To show that V' makes H; W H; Mobius covariant, we need to check that

V(9)mimj,s(x) = mimj g0 (929 )V (9)

for any g € P@fﬂl,l),J € J,xz € A(J). It suffices to verify this equation
when both sides act on L(H;(I), T)Hj(J) where I is disjoint from J. This is
easy. Therefore, H; XM H; is Mobius covariant, and the unique representation
of PASTJ(I,l) is described by (B.1). From (B. 1), it is clear that L(g¢,gl) =
gL(&,1)g™ " is always true on any H; € Obj (Rep (A)). By the braiding axiom
of &% and lemma B.1, we also have R(gﬁ,g[) = gR(¢, I) —1. This proves the
Mobius covariance of @“ £

Finally, we explain how the above arguments can be adapted to show the
conformal covariance of & when A is conformal covariant. Let A be conformal
covariant. Recall that for any H; € Obj(Rep(A)), £ € H;(I), and g € G4, we
have g€g~! € H;(gl) where g€g~ 1 := gL(ﬁ,f)g_lQ = gR(ﬁ,IN)g_lQ. Thus, for
any H;,H; € Obj(Rep(A)), one can define an action of ¥4 on H; X H,; by
setting

Vi(g)L(&,I)n = L(geg ™", gI)gn (B.3)
for any £ € H;(I),n € H;(I'),g € 9. Note that (B.3) also equals
L(geg™", gD)gR(n,I')g~ g = L(gg™", g R(gng ™", gI")gQ2
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since we have gR(n,f’)gf1 = R(gngfl,gf’) when acting on Hy. Using this
relation and the calculations as in (B.2), one checks that V;(g) is well defined
and unitary. Similar arguments as in the above paragraphs show that V7 is

independent of I, , that V respects the group multiplication of 44 (which follows
clearly from the definition of V3(g), that the representation V' : ¥4 ~ H; X'H;
is continuous, and that (1.1) holds. Thus, V is the unique representation of ¥4
making H; X H; conformal covariant. The relations (2.14) follow easily from
the definition (B.3) of V.
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