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ABSTRACT. We investigate Sarnak’s Mobius Disjointness Conjecture through asymptotically
periodic functions. It is shown that Sarnak’s conjecture for rigid dynamical systems is equiv-
alent to the disjointness of Mobius from asymptotically periodic functions. We give sufficient
conditions and a partial answer to the later one. As an application, we show that Sarnak’s
conjecture holds for a class of rigid dynamical systems, which improves an earlier result of
Kanigowski-Lemanczyk-Radziwill.
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1. INTRODUCTION

Let N ={0,1,2,...} denote the set of natural numbers and N* = {1,2,...}. Functions from
N (or N*) into C are called arithmetic functions. Many problems in number theory can often be
reformulated in terms of properties of arithmetic functions. For example, the Mdbius function
p(n) is defined by 0 if n is not square free (i.e., divisible by a nontrivial square), and (—1)" if n is
the product of r distinct primes. It is well known that the Prime Number Theorem is equivalent
to that ) __pu(n) = o(x); the Riemann Hypothesis holds if and only if > _ u(n) = o(x27e),
for any € > 0. N

An arithmetic function f is said to be disjoint from another one g if ZnNzl f(n)g(n) = o(N).
Disjointness is a commonly concerned relation between arithmetic functions. The disjointness
of Mobius from arithmetic functions plays an important role in number theory since they reflect
certain random distribution among the values of the Mobius function and are closely related
to the distribution of primes. For example, the disjointness of u(n) from periodic functions is
equivalent to the prime number theorem in arithmetic progressions. Sarnak ([Sar10]) conjectured
that the Mobius function is disjoint from all arithmetic functions arising from any topological
dynamical systems with zero topological entropy. More specifically,

Conjecture 1 (Sarnak’s Mobius Disjointness Conjecture (SMDC)). Let X be a compact Haus-
dorff space and T a continuous map on X with zero topological entropy, then

N—o0

N
lim %;u(n)f(T"xo) —0

for any xo € X and f € C(X).



In recent years, a lot of progress have been made on Conjecture 1. See [Boul3, BSZ13, FJ17,
FH18, GT12, HWY17, KLR19, LS15, LOZ18, Pecl8, Veel7, Wanl17, Wei21, Xul9], to list a few.
In the following, we shall discuss only the results that are more related to this paper. Sarnak
proved that SMDC is implied by Chowla’s conjecture which is stated as follows [Cho65].

Conjecture 2 (Chowla’s conjecture). Let ag,aq,as, .. .,a,, be distinct natural numbers, and
is € {1,2} for s =0,1,2,...,m, not all iy are even numbers. Then
| N
B S S+ ) (4 an) =0

Chowla’s conjecture is a longstanding open problem in number theory. It is open even in one
of its simplest forms: S u(n)u(n+2) = o(N). This estimate should be closely related to the
twin prime conjecture.

1.1. Asymptotically periodic functions. In order to use tools from operator algebra to
study Sarnak’s conjecture, Ge introduced the following notion of asymptotically periodic func-
tion in the survey paper [GE16] and proved that the Mobius function is disjoint from certain
asymptotically periodic functions.

Definition 1.1. A function f € [*°(N) is called asymptotically periodic' if for any mean
state E, there is a sequence {n;}32, of positive integers such that f — A" f has limit zero in Hp.

In the above definition, the action A on [*°(N), the algebra of all bounded arithmetic functions
endowed with the pointwise addition and multiplication, is defined as

Af(n) = f(n+1), (1)
for all f € [*(N) and n € N. The mean states £ on [*(N) are given by certain limits of
~ SV f(n) along “ultrafilters” and Hg is the Hilbert space obtained by the GNS construction
on [*°(N) with respect to E. We refer readers to Section 4 for more details.

In this paper, we further study the Mobius disjointness of asymptotically periodic functions
and give some applications of these results to Sarnak’s conjecture. We first introduce the
following subclass of asymptotically periodic functions.

Definition 1.2. A function f € [*°(N) is called strongly asymptotically periodic if for any
mean state E, there is a sequence {nj}J‘?‘;l of positive integers such that when j goes to infinity,
f— A f converges to zero in Hy uniformly with respect to all | € N.

Here are some examples. The function €*™V" is a strongly asymptotically periodic function.
For any strictly increasing sequence {N;}22, (No = 0) and any bounded sequence {a;}?2, of
complex numbers, define f(n) = a; when N; < n < N,;;. Then f is strongly asymptotically
periodic. If # is an irrational number, then e?™"? is an asymptotically periodic function but not in
the strong sense. The function 2™ with @ irrational is disjoint from all asymptotically periodic

'This definition is a little weaker than [GE16, Definition 5.7], in which the sequence {n; }321 is independent
of E.
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functions. These results and more examples of strongly asymptotically periodic functions are
shown in Section 4.

In [Ebe48], Eberlein introduced the notion of weakly almost periodic (WAP) functions. These
functions have been studied in dynamical systems (see e.g., [GMO06, Vee73]). Moreover, all these
functions can be realized in topological dynamical systems with zero topological entropy (see
[Veel7, Theorem 9.1]). We shall show that WAP functions belong to the class of asymptotically
periodic functions satisfying conditions (4) and (5) below, see Proposition 5.5.

Interestingly, there are strongly asymptotically periodic functions that cannot be realized in
any topological dynamical system with zero topological entropy. In the following we give an
example to illustrate it.

Proposition 1.3. Suppose s > 1 and mq,...,ms € N with at least one m; > 1. Let f =
A (p?) - A™s(u?). Then f(n) is a strongly asymptotically periodic functions. Moreover, f(n)
cannot be realized in any topological dynamical system with zero topological entropy, i.e., there
does not exist a topological dynamical system (X, T) such that the topological entropy of T is
zero and f(n) = F(T"xq) for some F € C(X) and o € X.

1.2. The Mobius disjointness of asymptotically periodic functions. We are interested
in the following problem.

Problem 1. Is u disjoint from all asymptotically periodic functions?

We now explain a motivation for us to investigate the above problem. The positive answer
to Chowla’s conjecture implies that the set {A"u : n > 0} is an orthogonal set (with respect
to a given mean state) of vectors of the same norm. Denote the norm of x as ¢. By Bessel’s
inequality, we have

1
neN

for any f € [*°(N). Assume that f is an asymptotically periodic function, then there is a
sequence {n;}32, of distinct positive integers such that lim; o [(A"u, f — A" f)| = 0. This
implies that lim; . |[(A™ u, f)| = [(u, f)|, then (i, f) = 0 by the inequality (2).

The process of exploring Problem 1 motivates us to study the average value of the Mobius
function in short arithmetic progressions. Precisely, we should estimate the second moment of
this average: 27]:[:1 | 25;1 p(n + kI)|?. About this, we show the following result.

Theorem 1.4. Let k be a positive integer. Then for any h > 3,

1 & i
lim sup N Z

<
N—oo n=1

h
k loglogh 2

o) logh ®)

p(n + ki)
1

=

Throughout this paper, f < g means that there is an absolute constant ¢, such that |f| < ¢|g|;
f =9+ 0O(h) means f — g < h. We use ¢(k) to denote the Euler totient function.

We are more concerned about whether the left hand side of formula (3) is still o(h?) when k
is far large than h. The estimate presented in formula (3) implies that this holds for k as large
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as exp(h°) since k/p(k) < loglogk. We expect that the right hand side of formula (3) is
o(h?) independent of k& > 1. This is likely to be true because the positive answer to Chowla’s
conjecture implies that the left hand side of formula (3) should be %h.

In Theorem 1.4, we can replace i by non-pretentious 1-bounded multiplicative functions
such as the Liouville functions and p(n)x(n), where y is a Dirichlet character, see Lemma 6.1.
Moreover, we recently extended Theorem 1.4 to the case that p(n) is replaced by p(n)e(P(n))
for any P(x) € Rlz| ([Wei2l]), and this is possible to be generalized to p(n) twisted by any
nilsequence.

Using Theorem 1.4, we give a partial answer to Problem 1, which states that p(n) is disjoint
from a class of asymptotically periodic functions. Precisely,

Theorem 1.5. Let f € [*°(N) satisfying that for any mean state E, there are sequences {h;}52,
and {n;}32, of positive integers with

loglogh; n;

lim =0 4
B Toghy o) @
such that ,
: 1 d Inj £12y _
Jlgroloh—j;E(lf—A fI) =o0. (5)

Then we have

lim x Z p(n)f(n) = 0.

N—ooo N

By the definition of strongly asymptotically periodicity, it is not hard to check the following
result as an application of Theorem 1.5.

Corollary 1.6. Problem 1 holds for all strongly asymptotically periodic functions.
For solving Problem 1 completely, we provide a sufficient condition as follows.

Proposition 1.7. Assume that
2

N h
. 1 9
hfvnfo‘ip N ; ; p(n+kl)| = o(h7), (6)

where the little “0” term is independent of k > 1. Then Problem 1 holds.

It is unknown if the converse of the above proposition is true. It is proved in Proposition 4.9
that the disjointness of Mobius from all strongly asymptotically periodic functions is equivalent

to that for any given k,
2

= o(R?).

| N
lim sup N Z

N—o0 —
n=1

p(n + ki)
1

=

Although many asymptotically periodic functions cannot be realized in topological dynami-
cal systems with zero topological entropy, they can be approximated measure-theoretically by
realizable functions (see Theorem 7.2). This leads to the following result.
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Theorem 1.8. Assume that Sarnak’s Mobius Disjointness Congjecture is true, then Problem 1
holds.

1.3. Applications to Sarnak’s conjecture for rigid dynamical systems. Before introduc-
ing more results, we first recall the definition of rigid dynamical system. Let (X,B,v,T) be a
measure-preserving dynamical system, i.e., X is a compact metric space, T" a continuous map
on X, B the Borel o-algebra of subsets of X and v a T-invariant Borel probability measure.
Such a dynamical system is called rigid if there is a sequence {nj};?‘;l of positive integers such
that for any f € L*(X,v),

: n; 2 _
Jim [[f o T™ = fllz2q) = 0.

Rigid dynamical systems contain dynamical systems with discrete spectrum and a large class
of Anzai skew products [LC94]. In the following for simplicity, we use (X,v,T) to denote a
measure-preserving dynamical system.

From the viewpoint of dynamical systems, asymptotically periodic functions correspond to
rigid measure-preserving dynamical systems (see Theorem 5.3). The major tool we use to build
this connection between arithmetics and dynamics is angie (of natural numbers), which was
introduced by Ge in [GE16]. We refer readers to Section 3 for knowledge on anqgie. Based on
this connection, corresponding to Problem 1, it is natural to consider the following problem.

Problem 2 (Sarnak’s conjecture for rigid dynamical systems). Let X be a compact metric
space and 1" a continuous map on X. Suppose that o € X satisfies the following condition: for
any v in the weak* closure of { Zivz_ol drngy - N =1,2,...} in the space of Borel probability
measures on X, there is a dense set F C C(X), such that for each g(z) € F we can find a
sequence {n;}32, (may depend on v, g) of positive integers satisfying

: mn; 2 —
Jlim flg o™ — g|z2(,) = 0. (7)
Is it true that for any f € C(X),

L
lim — Z p(n) f(T"xy) = 07
n=1

N—>ooN

Proposition 1.9. Problem 1 holds if and only if Problem 2 holds.

When v satisfies the condition in Problem 2, (X, T, v) is rigid and then has zero measure-
theoretic entropy (see e.g., [Pet83, Example 5.3.3]), while (X,7") may not have zero topologi-
cal entropy, see the paragraphs below Proposition 7.1 for an example. Recently, in [KLR19],
Kanigowski, Lemanczyk and Radziwilt gave a partial answer to Problem 2.

Theorem 1.10. [KLR19, Theorem 2.1] With the same assumptions as Problem 2, if T is a
homeomorphism and for each g(x) € F we can find a sequence {n;}3<, (may depend on v, g)
of positive integers satisfying either

(BPV rigidity): there is a constant ¢ > 0 such that Y. , 1 < c foranyj=1,2,..., and

plnj p

: n; 2 o
Jlim flg o T™ = gllz24,) = 0.
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or
(PR rigidity): for some 6 > 0, the following holds:

né

lim Z |g o T —gHLz = 0.

j—o0
l——n;s

Then for any f € C(X),
NILH;ONZ“ =0
Employing the estimate we obtained in Theorem 1.4, we improve the above theorem to the

following.

Theorem 1.11. With the same assumptions as Problem 2, if T is a continuous map and for
each g(x) € F, there are sequences {h;}32, and {n;}32, of positive integers with

loglogh; n;

=0 8
jroo logh; ¢(n;) ®)
satisfying
h.
: ]' - l'I’LJ‘ 2
jlggoh—j;HgoT — gll32(,) =0. (9)
Then for any f € C(X),
N
1 mn
Jim ;u(n)f(T z) =0

Moreover, the above disjointness also holds over short intervals in average, that is

h—o0 Nooo

hmhmsup—Z‘Z/Ln—l—l F(T™zg)| = 0.
n=1 [=1

In comparison with Theorem 1.10, we relax T' to a continuous map. Also both BPV rigidity
and PR rigidity are included in the scenario described by conditions (8), (9). See Remark 8.1 for
details. There are examples that satisfy conditions (8), (9), but not BPV rigidity and PR rigidity
(see Remark 8.3). Indeed, we show that conditions (8), (9) hold for any (X, v, T") with discrete
spectrum in Proposition 5.4, while the set of these dynamical systems are not strictly contained
in the set of rigid dynamical systems satisfying BPV rigidity or PR rigidity (see Remark 8.4).

Related to the above result, we recently proved that Sarnak’s conjecture holds for product
flows between rigid dynamical systems satisfying conditions in Theorem 1.11 and affine linear
flows on compact abelian groups of zero topological entropy [Wei21].

Our paper is organized as follows. In Section 2, we list some frequently used notation, and
prove some preliminary results. In Section 3, we study properties of angies and describe the
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topological characterizations of angies in terms of the generating arithmetic functions. We per-
form the GNS constructions on anqgies, and show some examples of asymptotically and strongly
asymptotically periodic functions in Section 4, where Proposition 1.3 is proved. In Section 5, we
study the connections between arithmetic functions and measure-preserving dynamical systems.
In Section 6, we show the estimate about the self-correlations of the Mobius stated in Theorem
1.4. In Section 7, we prove Theorems 1.5, 1.8, and Proposition 1.7. As applications, we prove
Proposition 1.9 and Theorem 1.11 in Section 8.

This work arose as part of my Ph.D. thesis at the Chinese Academy of Sciences [Weil6] under
the supervision of Professor Liming Ge. We refer to [Con90, KR83| for basics and preliminary
results in operator algebra, to [Gla02, IK04] for that on topological dynamics and number theory.
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the AMSS of the Chinese Academy of Sciences, and by Grant TRT 0159 from the Templeton
Religion Trust, and by the fellowship of China Postdoctoral Science Foundation 2020M670273.

2. PRELIMINARIES

In this section, we prove some preliminary results. First, we list some notation that will be
used.

Let ‘H be a Hilbert space. Denote by B(H) the algebra consists of all bounded linear operators
on H. By Riesz representation theorem, for any 7" € B(#), there is a unique bounded linear
operator T* satisfying (Tx,y) = (x,T*y) for any x,y € H. Such a T* is called the adjoint of
T. We call a norm-closed *-subalgebra of B(#H) a C*-algebra. In this paper, we always assume
that all C*-algebras are unital.

Suppose that A is a C*-algebra. We use A* to denote the set of all bounded linear func-
tionals on A. Denote by (A*); the unit ball in A%, ie., (A%, = {p € A* : ||p| < 1}. In
general, the space A’ can be equipped with many topological structures. Among them, the
norm topology and weak* topology are used most frequently. For p € Af, its norm is given by
o]l = sup,eajzi<1 l(z)]. When z € A, the equation o, (p) = |p(x)| defines a semi-norm on A%
The family {0, : * € A} of semi-norms determines the weak* topology on A*. Note that each
po € A* has a base of neighborhoods consisting of sets of the form {p € A" : |p(z;) — po(;)| < €}
(j=1,...,m), where ¢ > 0 and z1,...,x,, € A

A non-zero linear functional p on an abelian C*-algebra A is called a multiplicative state if
for any A, B € A, p(AB) = p(A)p(B).

Suppose now that A is an abelian C*-algebra and X is its maximal ideal space. We define
the map v: A — C(X) by

Y()p)=p(f), feApeX. (10)
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Here we use the fact that X is also the space of all multiplicative states of A. The map ~ is
known as the Gelfand transform from A onto C'(X), which is a *-isomorphism (see, e.g., [Con90,
Theorem 2.1]).

It is known that the above Hausdorfl space X is weak™ compact. Next we show that A is
countably generated as an abelian C*-algebra if and only if X is metrizable and the topology
induced by the metric coincides with the weak* topology. The sufficient part directly follows
from [KR83, Remark 3.4.15]. The necessary part is shown in the following proposition.

Proposition 2.1. Let A be an abelian C*-algebra. If A is countably generated, then (A*); is
metrizable and the toplology induced by the metric is equivalent to the weak™ topology on (A?);.
In particular, the mazimal ideal space of A is a compact metrizable space.

Proof. Since A is countably generated, there is a countable dense subset in A. Let {g1,¢2,...}
be a dense subset of (A);, the unit ball in A. For any p;,p2 € (A*);, we define d(py, p2) =
et M. It is not hard to check that d is a metric on (A*);. Moreover, for any net {p,}
of elements of (A*);, the net {d(pa,p)} converges to 0 is equivalent to the condition that, for
any i > 1, the net {p,(g;)} converges to p(g;).

Next, we show that the weak™ topology is equivalent to the topology induced by the metric d
on (A*);. Suppose that the net {p,} of elements in (A*);, weak* converges to p. Then, for any
i > 1, the net {p,(g;)} converges to p(g;). Thus the net {d(pa,p)} converges to 0. Conversely,
if the net {d(pa, p)} converges to 0, where p, € (A*)1, then {p,(g:)} converges to p(g;) for any
i > 1. Note that, for any «, ||pa|| < 1. Then for any g € A, the net {p,(g)} converges to p(g).
So the net {p,} is weak* convergent to p in (A*);.

By Alaoglu-Bourbaki theorem (A*); is weak™ compact. Let X be the maximal ideal space of
A. Then, relative to the weak* topology, X is a closed subset of (A*);. From the above analysis,
we see that the weak* topology on (Af); coincides with the topology induced by the metric d
on it. Thus X is a compact metrizable space. 0

Proposition 2.2. Suppose that A is a C*-subalgebra of 1°°(N) and X the maximal ideal space
of A. Let 1 : N — X be the map given by

u(n): f e f(n), (11)
for any f € A. Then the weak* closure of L(N) is X (write «(N) = X).

Proof. Assume on the contrary that «(N) # X. Choose y € X\ ¢(N). By Urysohn’s lemma, there
is a G € C(X) such that G(y) = 1 and G(z) = 0 for any x € «(N). By equation (10), for any
n €N, 0=G((n)) =tn)(y'G) = (v'G)(n). Then y(G) = 0 and G = 0 correspondingly.

This contradicts G(y) = 1. Hence «(N) = X. O

Z

If ¢ is injective, then we can view N as a subset of X. For A = [*(N), ¢ is injective. We
shall use AN to denote the maximal ideal space of {*°(N), which is also known as the Stone-Cech
compactification of N [Cec37]. Since [*(N) is not a separable C*-algebra, it is not countably
generated as a C*-algebra. Correspondingly, the maximal ideal space SN is not metrizable.



3. ANQIE OF N

In this section, we briefly introduce the concept of anqie and list some results that will be
used later. For more about angie, we refer to [GE16] and [Weil8].

Definition 3.1. Let X be a compact Hausdorff space and ¢ a map from N to X with dense
range. We call X an angie (of N) if «(n) — t(n + 1) is a well-defined map on t(N) and it can
be extended to a continuous map from X into itself. If we denote this extended map by o4, we
also call (X,04) an angie (of N).

We now explain a little about the above notion. For a general map ¢ : N — X, «(n) — ¢(n+1)
may not be well-defined, such as ¢ : N — S' (the unit circle) defined as ¢(n) = €>*V*. Even
though «(n) — «(n 4+ 1) is well defined, it may not induce a continuous map on X, such as
1 : N — S' defined as «(n) = ™% with @ irrational. So an angie of N preserves the addition
structure of natural numbers when N is mapped to X. Here is a simple example of angie.

Example 3.2. Let # be an irrational number with 0 < 6 < 1. Define ¢ : n — €™ a map from
N into S. It is easy to see that ¢ has a dense range in S* and €270 s 2mi(n+1)0 — 2mif o2mind

induces a continuous map z — €*™z, denoted by o4 on S'. Thus (S, 0,4) is an angie of N.

Next we consider how to construct anqgies of N. One way to obtain anqies of N is to construct
point transitive topological dynamical systems. Recall that a topological dynamical system (or,
equivalently an N-dynamics) is a pair (X,7T'), where X is a compact Hausdorff space and T
a continuous map on X. Suppose that (X, T, xz() is a point transitive topological dynamical
system, i.e., the set {T"xo : n € N} is dense in X. Then ¢ : n — T"x; is a map from N to X
with dense range. It is easy to see that ¢(n) — ¢(n + 1) can be extended to the continuous map
T on X. Then (X,T) is an angie of N. Summarize the above analysis, we conclude that an
N-dynamics (X, 7T") is an angie of N if it is point transitive. In this construction, the structure
of anqgie depends on the choice of the transitive point.

Another method to construct angies is through C*-algebras.

Proposition 3.3. Suppose that A is a C*-subalgebra of I°°(N) and X the maximal ideal space
of A. Then X is an angie of N with the map ¢ given by equation (11) if and only if A is closed
under the action A defined in (1), i.e., Af € A for any f € A.

Proof. Suppose that X is an anqgie of N. Then the map ¢(n) — ¢(n+1) is extended to a continuous
map on X, denoted by g4. Given f € A, assume that F' = v(f) € C(X) (see equation (10)).
Note that Foos € C(X). Let g = ' (Fooy) in A. Then g(n) = Fooa(i(n)) = F(«(n+1)) =
f(n+1)=Af(n). Thus g = Af in A. This shows that A is A-invariant.

On the other hand, suppose that A is closed under A. Let o4 be the map from X to itself
given by oap(f) = p(Af) for any p € X and f € A. It is easy to see that o4(c(n)) = t(n+1).
Now we show that o4 is a continuous map on X. If {p,} is a weak™ convergent net of elements
of X, with limit p, then for any f € A, po(Af) = (0apa)(f) converges to p(Af) = (oap)(f).
Thus the net {o4p,} weak™ converges to o4p in X. Hence o, is the continuous map on X
extended by ¢(n) — ¢(n + 1) and X is an angie of N. O
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From the above proposition, we can obtain anqgies of N through constructing A-invariant C*-
subalgebras of [*°(N). In particular, we often consider the anqie generated by a single arithmetic
function f, i.e., the C*-algebra generated by {1, A’f : j € N}. Denote it by A;. We use X; to
denote the maximal ideal space of A;. From Proposition 3.3, we know that ¢(n) — ¢(n+ 1) can
be extended to a continuous map on Xy, denoted by 04. We also call (X, 04) or Ay the angie

generated by f. Let f(N) denote the closure of f(N) in the complex plane C. Since A contains
f, there is a continuous map from X onto f(N). But these two spaces may not be the same.
The following theorem describes X in terms of f(N) and gives a representation of o4 (corre-

sponding to the Bernoulli shift on a product space).

Theorem 3.4. [GE16, Theorem 2.3] Suppose that f is a function in [*°(N) and that Xy is the

mazimal ideal space of the angie Ay generated by f. Denote by [[ f(N) the Cartesian product

of f(N) indezxed by N, endowed with the product topology. Assume that B is the Bernoulli shift
on [[y f(N) defined by

B : (ag,a1,a9,...) — (a1, as,as,...).

Let F' be the map from Xy into [[ f(N), such that for any p € Xy,

F(p) = (p(f), p(Af), - ..)- (12)

The following statements hold.
(i) The space Xy is homeomorphic to F(Xy).

(ii) F(Xy) is the closure of {(f(n), f(n+1),...) :n € N} in [[ f(N).
(1ii) The restriction of the Bernoulli shift B on F(Xy) is identified with o4 on X;.

Remark 3.5. It follows from the above theorem that for f € [*°(N), X can be identified as the
set of all pointwise limits of sequences {A"f, n =0,1,2,...} in [*(N). This still holds when the
semigroup N is replaced by the group Z or a general abelian topological group G. While for the
case of Z or G, X has been extensively studied in dynamical systems (see e.g., [Ebed8], [Vee73]
and [GMO06]). In [Ebe48], Eberlein introduced the concept of weakly almost periodic function,
ie., f € 1°(G) with X; weak compact in {*°(G). Let W(G) denote the set of these functions.
In [VeeT73], Veech introduced a *-subalgebra K (G) of [*(G) consisting of all f € I*°(G) with X
norm separable in [*°(G), which contains W (G). Recently, the Mébius disjointness of W (Z) has
been proved in [Veel7] and that of K(7Z) has been proved in [HWY17].

Applying Theorem 3.4, we can obtain many interesting examples of angies (Xy,04). The
following two examples appear in the survey paper [GE16] whose proofs are given in [Weil§|.

Example 3.6. Let f(n) = ™" for n € N. Then X; is homeomorphic to {enf(n) :n €
N} U S, a subset of C, denoted by X. And o4 is the identity map on S', while, on the set

{e=n f(n):n € N}, 04 maps e = f(n) to e_n%lf(n +1).
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Example 3.7. Suppose that 6 is irrational and f(n) = e2min*0 then X ¢ is homeomorphic to
St x S, Moreover, if we identify S x S with R/Z x R/Z, then we can rewrite the map o, as

ontonan = (5 ) () + (3)-

At the end of this section, we state the following result which will be used in later parts of
this paper. Recall that for two topological dynamical systems (Xi,77) and (X5, T3), if there is
a continuous surjective map ¢ from X; onto Xy such that ¢ o T} = T o o, we call ¢ a factor
map and (Xo,Ty) a factor of (X;,T1). Moreover, if ¢ is a homeomorphism, we say that (X7, 7))
and (Xo,T3) are (topologically) conjugate (to each other).

Proposition 3.8. Let f be an arithmetic function realized in (X, T), i.e., there is a continuous
function g € C(X) and xy € X such that f(n) = g(T"x¢). Suppose that Xy is the mazimal ideal
space of the angie generated by f. Let Y be the closure of the set {T"xo : n € N} in X. Then
(Xy,04) is a factor of (Y,T).

Proof. Since p : n — T"z( is a map from N to Y with dense range, it induces an embedding
from C(Y) into {*°(N) (denoted by o again), i.e., for any h € C(Y), o(h)(n) = h(T™xq). Then
o(C(Y)) is a C*-subalgebra of [*°(N). Denote the maximal ideal space of o(C(Y')) by Y. By
Proposition 2.2, the map T"zq +— ¢(n) can be extended to a homeomorphism from Y onto Y
(denoted by o again). Note that o(g) = f. So Ay, the angie generated by f, is a *-subalgebra
of o(C(Y)). _

Since each multiplicative state on o(C(Y")) (an element in Y') is also a multiplicative state on
A¢ (an element in X;) and that every maximal ideal in Ay extends to a maximal ideal (may

not be unique) in p(C(Y)), the induced map 7 from Y onto X given by
r(0)(h) = p(h). pe V. he Ay

is continuous and surjective. It is not hard to check that mo o : Y — Xy is a factor map. Then
(X¢,04) is a factor of (Y, T). O

4. MEAN STATES AND ASYMPTOTICALLY PERIODIC FUNCTIONS

In number theory, we are often concerned with estimates of the form %an f(n). For

this purpose, we shall consider states on [*°(N) given by certain limits of % 2711\1:—01 f(n) along
“ultrafilters”. Then the inner product of two functions f and g given by the states is exactly
certain limits of sums like - SV F(n)g(n).

Recall that SN is the maximal ideal space of [*°(N). Elements in SN \ N are called free
ultrafilters. By Proposition 2.2, N is dense in SN. Given a free ultrafilter w, for any f € [*°(N),
there is a subsequence {m;}32, of N (depending on f) such that w(f) = lim; o f(m;). We
usually write w(f) = lim,,_,, f(n), called the limit of f at w.

For a C*-subalgebra A of *°(N), the linear functional p is called a state on A if p(1) = 1 and
p(f) > 0 for any f € A with f > 0. We shall study the A-invariant states on angies defined
below.
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Definition 4.1. Suppose that A is an A-invariant C*-subalgebra of I*°(N), i.e., Af € A for
any f € A. A state p on A is called A-tnvariant, or “invariant” for short, if p(Af) = p(f)
for any f € A.

Invariant states may or may not be related to average values of functions. Here we give an
example to explain this phenomena.

Example 4.2. Let G = U2 {n* —n,n* —n+1,...,n* — 1} be a subset of N, and G,, = {i €
G :0 <i<mn-—1}. Define F,(f) = ﬁZieGn f(@@) for f € [*°(N). Then for each given f
the function n — F,(f) gives rise to a function in [*°(N). Choose w € SN\ N, and define
F,(f) = lim,, F,(f). Then F, is an A-invariant state on [*°(N). If ys is the characteristic
function supported on G, then F,(ys) = 1. But the relative density of G in N is zero. Thus
F,(f) does not depend on the average sum %Zz:ol f(@).

On the other hand, there are A-invariant states depending on average values of functions,
which are called “mean states” in [GE16, Definition 5.3].

Definition 4.3. Suppose w € N\ N is a given free ultrafilter. For any n € N and any f in
[*(N), we define E,(f) = %Z;Z& f(4). Then, for each given f, the function n — E,(f) gives

rise to another function in [*°(N). The limit of E,(f) at w is denoted by E,(f). Then E, is an
A-invariant state defined on [*°(N) or called “a mean state” (or, “a mean” for short).

From now on, we shall use E to denote a given mean state on [*°(N) (depending on a free
ultrafilter). For a real-valued function f € [*°(N), we always have:

n—1 n—1
1 1
lim inf — ) < B < lim sup — ).
minf - jE:o f) < E(f) < msup ]E:O f()

Suppose A is a countably generated angie of N. For each N € N, define the state py on A
by pn(f) = %Z;i}lf(j). So {pn}_; is a sequence in (A¥);. By Proposition 2.1, (A*); is
metrizable and compact, so there is a subsequence {py,, }>_; that converges to some p € (A*);.
We call this p the limit of py,, or the state given (uniquely) by the sequence {N,,}5°_,. It is
not hard to check that p is an A-invariant state, and for any free ultrafilter w in the closure of
{N;:m=1,2,3,...} in SN, the restriction of E, on A is p.

Now we perform the GNS construction on {*(N) with respect to E. Define (f,9)r = E(gf),
the semi-inner product on [®(N) and ||f||z = ((f, f)£)2, the semi-norm on [®(N) (see [KR83,
Proposition 4.3.1]). We use K to denote the subalgebra of [*°(N) containing all f so that
E(|f1?) = {f, f)r = 0. Then K is a closed two-sided ideal in {**(N). Thus B := [*(N)/K is a
C*-algebra, and ( , ) induces an inner product on B. For f € [*(N), we may use f (or simply

f if there is no ambiguity) to denote the coset f + IC in B. When f,§ € B, we still use

n—1

(F.0e = E(f9) = lin = 3 f(7)() (13
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to denote the inner product on B and
_ o 1 n—1 1
1l = (F. fre)t = (lim 5§%|f<j>|2) (14)
=

for the (Hilbert space) vector norm on B. The completion of B under this norm is denoted by

He.

Remark 4.4. Our later results will depend on E but not on a specific one. Therefore, our
definitions or properties stated later are for any mean state E. For example, if f and g are
orthogonal, E(fg) = 0 holds for any mean state E. The orthogonality of arithmetic functions
may be viewed as disjointness between two functions in number theory.

Next, we study some properties of (strongly) asymptotically periodic functions (Definitions
1.3 and 1.4). We start from the following generalized notion of periodicity that introduced in
[GE16, Section 5]. An arithmetic function f € [*°(N) is said to be essentially periodic (or “e-
periodic”) if there is an integer ny > 1 such that f = A" f in Hg. The smallest such ng (> 1)
is called the e-period of f. From the definition of strongly asymptotically periodic functions, it
is easy to see that e-periodic functions belong exactly to this class.

In the following, we use e(x) to denote €*™ for simplicity, and 1g to denote the indicator of
a predicate S, that is 1¢ = 1 when S is true and 1g = 0 when S is false. It is not hard to check
that e(y/n) is an e-periodic function of e-period 1. Note that arithmetic functions satisfying
f(n) = f(n+1) for all n must be constant ones. Thus e-periodic functions are far from periodic
ones. In the following, we shall construct e-periodic functions with e-period k, for any £ > 1.

Example 4.5. Let {m;}32, and {n;}32; be two sequences of positive integers with lim; ., m; =
lim; o nj; = oco. For any given ¢, choose a = {0,1,...,1}, 5 = {1,0,...,0} as two vectors of

length ¢q. We construct the function f (written as {f(n)}52,) successively:

aa---afBB--Baa---afB B

mi ni ma2 no

Then f is an e-periodic function with e-period ¢, and so a strongly asymptotically periodic
function.

The proof of the above fact is more involved. Here are some details.

By lim;_,,c m; = lim; ., n; = oo, for any € > 0, there is an j, such that gm;, qn,; > % +1
when j > jo. Then the number of n between 1 and N satisfying f(n + ¢) # f(n) is less than
2¢jo + gNe. Moreover, limy oo + 30 [ f(n+q) — f(n)]> < limy 00 (22 + ge) < ge. Since € is
arbitrarily small, limy_,o + SN 1f(n+4q) — f(n)]? = 0. Tt is casy to see that for any positive
integer | < ¢ —1, limy_,00 & SN If(n+1) — f(n)]* # 0. Hence f is an e-periodic function with
e-period q.

In Example 4.5, if the two sequences {m;}22, and {n;}52, further satisfy lim; .., 7:—]] =a #0,
then we can show that f is not the weak limit of periodic functions. That is for any mean state
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E, there does not exist a sequence {f,,}>°, of periodic functions, such that the limit of f — f,
is zero in Hg.
Using a similar argument to the proof of Example 4.5, we have the following result.

Example 4.6. Let {N;}22, be a sequence of natural numbers with No = 0 and lim; o (Nj1 —
N;j) =o00. Letq > 1 and a > 0 be given integers. Define f(n) to be a;l,=q(mod q) when N;j <n <
Njy1 forj =0,1,..., where {a;}32, is a sequence of complex numbers with sup; |a;| < oo. Then
f is an e-periodic function with e-period q, and so a strongly asymptotically periodic function.
By Definitions 1.1 and 1.2, e-periodic and strongly asymptotically periodic functions are
asymptotically periodic. There are many asymptotically periodic functions that are far from

e-periodic ones. For example, if 6 is irrational then f(n) = e(nf) is asymptotically periodic.
But it is not the weak (or [?-) limit of e-periodic functions. In fact, we have the following result.

Proposition 4.7. Let 0 be an irrational number and f(n) = e(nf). Then f is orthogonal to all
e-periodic functions, that is for any e-periodic function g, E(fg) = 0 holds for all mean states
E.

Proof. Suppose that the e-period of g is k. Given a mean state E, by the A-invariance of F,
E(fg) = <f> g>E = <Alkf7 Ale)E = <Alkf7 g>E for any l 2 1. Thus <f7 g>E = <% Z;ll Alkf? g>E
For any € > 0, we can choose a sufficiently large integer m such that |L 37" e((n + lk)0)| =

|L > e(lkd)| < € for any n € N. Hence |- Y% A% f||p < e. It follows from the Cauchy-
Schwarz inequality that |[(f, ¢)r| < €||g]|;~. Letting ¢ — 0. Then (f, g)r = 0. O

Next, we provide another example of strongly asymptotically periodic function.

Example 4.8. Let f € [*(N). Suppose that the closure of {(f(n), f(n+1),...) : n € N} in
[ Iy f(N), endowed with the product topology, is countable. Then f is a strongly asymptotically
periodic function.

In the following, we give some detailed argument for the above nontrivial fact. Denote Ay
as the anqgie generated by f and X; as the maximal ideal space of A;. By Theorem 3.4,

Xy is homeomorphic to the closure of {(f(n), f(n +1),...) : n € N} in [] f(N) and so is a
countable space. Let E be a mean state on [°°(N). Then the restriction £ on Ay is an invariant
state on Ay. By Theorem 5.1, there is a o4-invariant probability measure v on X such that
E(g)=J X g(x) dv for any g € Ay. Since Xy is a countable and compact metric space, v must

be an atomic measure. Assume that v is supported at 1, z,... in X;. For each z;, there are
two nature numbers s; and t; such that A=%{x;} N A~%{x;} # (. Thus there is a k; such that
Akig; = x;. Set nj = [[)_, ki So for each | > 1,

If = A fE = E(F - AP
= [ A= g0 am)@) an
Xr

= S 1f(wm) = £ 0 A ()2 v({an})
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= Y [f(wm) = fFo A (2) P v({zm}).

m=j+1
Then
If = A" fl15 < AllFI7 DD v({am}) =0
m=j5+1

as j goes to oo. Hence f is a strongly asymptotically periodic function.

Proposition 4.9. The Mdbius function is disjoint from all strongly asymptotically periodic
functions if and only if for any given integer ¢ > 1,

hmsup—z Z,u n+ql

N—oo
Proof. We first prove “ = 7 part. Given integers ¢ > 1 and a > 0. Take a; = e(f;) such that

> um)|.

Nj §n<Nj+1
n=a(mod q)

— o(h?). (15)

S )e(6;) Luatman o =

Nj S’I’L<Nj+1

Then the Mdbius disjointness of f(n) for any f(n) defined as in Example 4.6 is equivalent to

> un)

Nj §n<Nj+1
n=a(mod q)

m—1

. 1
Jm =)

j=0

=0

for any sequence {N;}32, with Ng = 0 and lim; o (N;j41 — N;) = oo. This is further equivalent
to (see e.g., [GW20, Lemma 5.2])

| X m+h
hh_)nolo h]Ianolip N mz:l nz:;n pu(n)| = 0. (16)
n=a(mod q)
It is not hard to check that for N large enough,
m-+hgq
Z Zu n+ql) ZZ Z wu(n)| + O(N). (17)
n=1| I= a=1 m=1 n=m

n=a(mod q)

Note that ¢ is given and by the trivial estimate,

thUP—Z Z,u n+ ql) <hmsup—z

N—o00 i N—o00 —
By equations (16) and (17), we obtain equation (15).

Zu n+ ql)|.
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We then prove “ < 7 part. Let f(n) be a strongly asymptotically periodic function. It
suffices to show that for any mean state F, (f, u)p = E(fp) = 0. By the strongly asymptotical
periodicity of f, for any € > 0, there is a positive integer ny such that

If =A™ fllp <e (18)
for any [ € N. By equation (15), there is a sufficiently large Iy such that
T em |1 & ’
lim sup — — n+In < €.
NHOOP N ; o ;M( 0)
This implies
1 &
=N A™p|p <e. 19
Iy oAl <« (19

Note that for any l e Na <f7 M)E = <Aln0f7 Aln0H>E = <Aln0f - f7 Alno:u>E + <f7 Alnou)E- Then

lo lo
(ot =1 DA™ ] = oA (£, > A, (20)
=1 =1

By the Cauchy-Schwarz inequality and equations (18), (19), (20), we conclude that |(f, u)g| <
€(|| flli= + 1) for any € > 0. Letting e — 0, (f, u)g = 0. O

There are many arithmetic functions that are not asymptotically periodic, such as f(n) =
e(n%0) with 0 irrational. This follows from the fact || f — A™f||z = v/2 for any m > 1 and any
mean state . Moreover, this function is orthogonal to all asymptotically periodic functions,
which is claimed in [GE16, Theorem 5.9] without proof. Here we give the proof in the following
theorem.

Theorem 4.10. Let f(n) = e(n?0) with 0 irrational. We have
(i) For any 1 # m, (A'f, A" f)g = 0 for any mean state E.
(ii) The function f is orthogonal to all asymptotically periodic functions in [*°(N).

Proof. (i) This result is true as
N

1
(AYf A" fyp = e((? = m?)0) - Jim — Z;e«zl 2m);j6) = 0.
J:
(ii) Let g be an asymptotically periodic function. Assume on the contrary that |(f, g)g| > 0 for
some § > 0. By definition, there is a sequence {n;}32, such that lim; ., [|A"g — g||z = 0. So
when j is large enough, ||[A"g — g||g < §/2. By the Cauchy-Schwarz inequality and the fact

that || f||z = 1, we have
(g, A% flel = [(g—A"g, A" f)p + (AVg, A" f)g]

(A" g, A% f)p| — (g — A" g, A™ [)E|
5/2.

ALY,
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It follows from (i) that the set {A™ f : j = 1,2,...} is an orthogonal set in Hg. By Bessel’s
inequality, [|gl|% > Y272, [(g9, A™ f)g|* = co. This contradicts the fact that g € [*(N). Hence
(f,9)rp = 0 for any mean state F. O

Remark 4.11. Based on the above proof, an arithmetic function is orthogonal to all asymp-
totically periodic functions if it satisfies condition (i) of Theorem 4.10.

Theorem 4.12. Let r > 2 and u,(n) = 1 if n is r-th power-free and zero otherwise. For any
s>1and my,...,ms € N, [[;_; A™(u,) is strongly asymptotically periodic.

Proof. 1t suffices to prove that p, is strongly asymptotically periodic. Let p; be the j-th prime,
define the sequence {n;}32, by n; = pips - --pj. By [Mird9], for any positive integer m, we have
for any mean state F,

(s A ) = A % ;l‘r(”)m(n +m) = H(l — ]%) H (1+ = 1_ 2)_

P p"im
So for any positive integer I, (., A™ ) g > (g, A% u,) . Moreover,

|7 — Alnj“f”?ﬂ <[ ptr — Anj“?“”?ﬂ = 2(ptr, ) B — 2{ptr, A" ir) B

23 o0 oy

P>pj
1 1 _
[J0- - TJ0+ 1))
p , p
p pP>pj
tends to 0 when j goes to infinity. Then {y, — A", }>2, converges to zero in Hp uniformly
with respect to all [ € N. O

Now we prove Proposition 1.3.

Proof of Proposition 1.5. By Theorem 4.12, f = A™ (u?) -+ A™ (u?) is strongly asymptotically
periodic. Let (Xy,04) be the angie generated by f. Then by Theorem 3.4, we describe Xy

A~

as a closed subspace X; of {0,1}" and represent o; as the Bernoulli shift B on the space. It

follows from [Sar10] that (X, B) has positive topological entropy and then (X, o4) has positive
entropy. Assume on the contrary that there is a dynamical system (X, 7T") with the topological
entropy of 1" zero, such that f(n) = F(T"z) for some F € C(X) and zy € X. By Proposition
3.8, the topological entropy of 1" is greater than or equal to that of o4. This contradicts the
assumption that the topological entropy of T' is zero. Hence f(n) cannot be realized in any
dynamical systems with zero topological entropy. ([l

In the next section, we shall see that the anqie of N generated by any asymptotically periodic
function is closely related to a rigid dynamical system.
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5. 0A-INVARIANT MEASURES

Suppose that (X, 04) (or A) is an anqgie of N. It is a basic fact that a continuous map on X is
always (Borel) measurable. Then o4 is a measurable transformation. We call a (Borel) measure
v on X oa-invariant if for any Borel set F of X, v(F) = v((04)"'F). In the following, we
show that for any given invariant state on A, there is an induced o 4-invariant Borel probability
measure on X.

Theorem 5.1. Let (X,04) (or A) be an angie of N. Suppose p is an invariant state on A.
Then there is a unique o 4-invariant Borel probability measure v on X such that for any g € A,

mmzém@w, (21)

where g(x) is the image of g under the Gelfand transform (see equation (10)).

Proof. Since p is an invariant state on A4 and A = C'(X), p can be viewed as a state on C'(X)
satisfying p(f o o4) = p(f) for any f € C(X). By the Riesz representation theorem, there is a
unique Borel measure v on X, such that for any f € C'(X),

o) = [ (o) dv (2)
X
Moreover, v is regular and it has the property that for any compact subset K C X,

v(K) =inf{p(h) : h € C(X), h|x = 1}. (23)

In the following, we show that v(o ;' (F)) = v(F) for any Borel set F. First we prove that if
v(F) =0, then v(o;'(F)) = 0. In fact, by the regularity of v, for any € > 0, there is a compact
set K C o;'(F) such that
v(oH(F)) < v(K) +e. (24)

Note that o4(K) C F. So v(o4(K)) = 0. By equation (23), there is an h € C(X) such that
hloaky = 1 and p(h) < e. By equation (23) again, v(K) < p(hooas) = p(h) < e. Then
v(o ;' (F)) < 2¢ by equation (24). Since € can be arbitrarily small, v(o,*(F)) = 0.

Now we assume that v(F') # 0. By Lusin’s Theorem, there is a sequence {f,,}>°; in C(X) and
a Borel set G with v(G) = 0, such that || f,|| < 1 and lim,,_, fn(2) = xp(z) for any z € X \ G,
where xr is the characteristic function supported on F. Thus lim,, o fn 0 0a(z) = xF 0 0a(x)
for z € X \ 0;'G. By the analysis in the above paragraph, v(c,'G) = 0. By equation (22) and
the Lebesgue Dominated Convergence Theorem,

lim p(f,) = lim | fule) dv = v(F)
n—oo n—oo X

and
lim p(fpo0a) = lim [ f,o04(x) dv=v(o;'(F)).

n—oo n—oo X

Since p(f,) = p(fn 0 A), we obtain v(F) = v(o ;' (F)) as claimed.
Finally, it follows from p(1) = 1 that v(X) = 1. Thus v is a o4-invariant Borel probability
measure on X. 0
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We call the o4-invariant (Borel) probability measure v given by equation (21) the measure
induced by p. Suppose A is a countably generated angie of N, then by Proposition 2.1, (A*); is a
compact metrizable space. Hence for any mean state E on [*°(N), there is a sequence { NN, }>°_,
of positive integers such that for any g € A, E(g) = lim,, N—lm 27]:[20_1 g(n). By Theorem 5.1,

there is a o -invariant probability measure v on X such that for any g € A,

%gjzgmmaémwA (25)

On the other hand, for any x € X define a Borel probability measure d, on X such that for any
Borel set B in B, 6,(B) = 1 if z € B, and 0 otherwise. For each N > 1, define

1 N—-1
n=0

It is easy to check that oy, is a Borel probability measure on X. Now fix x = ¢(0), i.e., the
multiplicative state on A given by ¢(0) : f — f(0) for any f € A. Then

N’"L_ ]V'm_1

1
1 1
d5 — d5 n = —
/Xg(x) Nona(0) = nE:(] /Xg(x) ()" (O) = nE:o g(n)

holds for any g € A, correspondingly g(x) € C'(X). By equation (25),

i [ g(o)din, 0 = [ gle)dr
We call v the (weak™) limit of dy,, ). In [EKPLR17], ¢(0) is also called the quasi-generic for v
along {Nm ).

Remark 5.2. Let A, be the anqgie generated by f and X; the maximal ideal space of A;. By

Theorem 3.4, X is the closure of {(f(n), f(n+1),...):n € N} in [[ f(N). Suppose that p is
an invariant state on Ay, and v the measure induced by p. Naturally, v can be extended to a
probability measure (denote by ¥) on [ f(N), which is defined by #(F) = v(F N X;) for any
Borel set F' of [ f(N). It is easy to see that v is B-invariant, where B is the Bernoulli shift

on [ [y f(N). In the following, we still use v to denote v if it makes no ambiguity.

Next, we discuss the connection between asymptotically periodic functions and rigid dynam-
ical systems.

Theorem 5.3. Suppose that f is an asymptotically periodic function. Let (Xy,04) (or, As) be
the angie generated by f. Let E be a mean state and v the measure induced by E on Xy. Then
(X¢,v,04) is rigid.

Proof. By the definition of asymptotically periodic function, there is a sequence of positive
integers {n;}52, with lim;_, E(|A" f — f|*) = 0. It is not hard to check that for any g € Ay,
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lim; o FE(|A" g — g|*) = 0. Thus for any g(x) € C(X;), by equation (21), we have

lim lgo (04)™(z) — g(x)|*dv = 0. (27)

j —00
J Xf

By Lusin’s Theorem, for any Borel set F' of Xy, there is a sequence {g,},>; of continuous
functions on Xy with ||g,|| < 1 such that lim,_, ¢,(z) = xp(x) for almost all z. Then by
Lebesgue’s Dominated Convergence Theorem, for any € > 0, there is a g,,, such that [ X, IxF(x)—

Gno(2)|dv < €/3. By equation (27), there is a sufficiently large K such that fo |Gno © (04)™ () —
Gno(T)]?dv < €/3 when j > K. Thus

v((04) WFAF) = /X X 0 (04) () — xp ()]

< [ o oa) (@) = o (@) (@)ldr
X
+/ |gno © (04)™ () — Gno(2)|dv +/ |gno (%) — xF(7)]dV < €.
Xy X
Hence lim;_,o, v((04) ™ FAF) = 0. O

It is known that for a measure-preserving dynamical system (X, v, T) with 7" a homeomor-
phism, if v has discrete spectrum, then T is rigid (see e.g., [Pet83])). In the following, we show
that this rigidity satisfies conditions (8), (9) in Theorem 1.11.

Proposition 5.4. Let X be a compact metric space and T : X — X be a homeomorphism.
Let v be a T-invariant probability measure on X. Suppose that v has discrete spectrum. Then
(X,v,T) satisfies conditions (8), (9) in Theorem 1.11. That is, for any g(x) € L*(X,v), there
are sequences {h;}52, and {n;}52, of positive integers with

loglogh; n;

=0 28
e logh; ¢(n;) (28)
such that
1O
: ln]‘ _ 2 _
jlggoh—jlzlﬂgoT gll3>0) = 0. (29)

Proof. Since v has discrete spectrum, by definition there is a standard orthogonal basis {gs(z)}2°,

in L?(X,v) with g,(Tx) = > g,(x) for some real number \,, where s = 1,2,.... Let g(z) #

0 € L*(X,v), write g(z) = 3°2, asgs(z). Then ||g(/75, = >oog las)* < oo. For j =1,2,...,

choose €; = ||g[[72(,)/j and N; > 1 with 357\ las|* < Z. Let t; = 2[|g|[72(,,e"7 /¢;. Choose

n; such that |e*™"i*s — 1| < 1/¢; for s = 1,..., N;, where 1 < n; < t;vj. Let h; = t;/Q. By the
nj

choice of n; and h;, as well as the estimate oy K loglogn;, it is not hard to check that they
J
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satisfy condition (28). Then

h; %) )
1 & . n;
W D llgo T = gllFag) = 1Y asga o T (x) = > awgs(x)| 720
=1 s=1 s=1
A
= 2D lafleinr —ap
J =1 s=1
1 hj N ‘ hj ‘
= oY P 1P TS e Pl 1
7 =1 s=1 T =1 s=N;+1
h; 2
1 « ¢ NJHQHH(V) €; .
< h_jZNngH%Q(V)ﬁ + 5] < T + 5] <e — 0, as j — o0.
=1 J

O

Proposition 5.5. Let f € I®°(Z) be a weakly almost periodic function (see Remark 3.5 for
definition). Then f1 (=f restricted to N) belongs to the class of asymptotically periodic functions
described by conditions (4) and (5). That is, for any mean state E, there are sequences {h;}32,
and {n;}32, of positive integers with

loglogh; n;

=0 30
jggo logh; ¢(n;) (30)
such that
1
lim — Y E(|f— A" f12) = 0. 31
jggohj; (If =A™ fP7) (31)

Proof. Let Ay be the C*-algebra of [*°(Z) generated by 1 and {A"f : n > 0}. We use X; to
denote the maximal ideal space of A; and o4 the homeomorphism on X induced by n +— n+1
on Z. Let E be a mean state on [*°(N) depending on w (see Definition 4.3), where w is in the
weak™ closure of the sequence {N,,}°_; of positive integers in SN. Then E can be naturally
treated as a state on Ay in the way that

9~ E(g)

for any g(n) € Ay, where g;(n) is the restriction of g(n) to N. Define the state py,, on As by

PN (9) = 7o N =1 g(n) for any g € Ay, So E is in the weak* closure of {py,, }2°_; in (AE«)L

Since (.Agc)l is compact and metrizable, there is a subsequence {N,, }32, of positive integers
satisfying for any g € Ay,
Nong—1

S’_mm Z g(n). (32)
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By Theorem 5.1, there is a 0 4-invariant probability measure v on Xy such that for any g € Ay,

Nong—1

1 S
lim — gn:/ g(x)dv, 33
i 3 o= [ g (3)

where g(x) is the image of g(n) under the Gelfand transform. Thanks to [HWY17, Proposition
5.1], v has discrete spectrum. By Proposition 5.4, there are sequences {n;}32, and {h;}32, of
positive integers satisfying condition (30) such that

lim h_z 1F((04)™) — (@H%‘z(u) = 0.

— 00
J J =1

By equations (32) and (33),

h
1 In; ln] 2 _
jlggoh—z_: (|f — A" £]?) —llm—Z/ (04)" ) — f(z)|?dv = 0.
O

To summarize, through invariant states we establish a connection between arithmetics and
measurable dynamics. Specifically, for any given arithmetic function f in {*°(N), it corresponds
to a measure-preserving dynamical system (Xy,v,04). So we can apply tools in ergodic theory
to study the system (X, v, 04) and further study properties of f.

6. PROOFS OF THEOREM 1.4

Theorem 1.4 comes from a general result on the average of bounded multiplicative functions
in short arithmetic progressions (see Proposition 6.1 below). In the statement of the next result,
we shall use the following distance function of Granville and Soundararajan,

Dy(f(n), g(n); z) == (Z 1- Re(f(p)g(p))>2

D

p<zT

plk
for two multiplicative functions f(n) and g(n) with |f(n)|, |g(n)| < 1 for all n > 1. This distance
function was used in [BGS13] to measure the pretentiousness between any multiplicative function
f(n) and some function for which exceptional modulus & does exist. Throughout define

My (f;2;,T) - = ‘1|nf Dy (f,n +— n'; x)?,
t1<

L e . 2
My(f;k;2;T) = = @ggk)ﬁfifTD’“(fX’"'_)” ;).
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Proposition 6.1. Let X be large enough with 1 < k < (log X)'/32. Let 3 < h < X/k. Let f(n)
be a multiplicative function with |f(n)] <1 for alln > 1. Then

k

> D Z f(n)

(a,k)=1 X nEa(mod k)

k loglogh 1 Mk(f;k;X;QX)—i—l)

< thSO(k) <g0(k) log h (10g X)1/300 + exp(Mk(f; k; X QX))

(34)

The major ingredient of our proof of the above result is Matoméki-Radziwilt’s estimate [MR16]
on averages of multiplicative functions in short intervals and the large sieve. We defer the proof
to Appendix C. Here we list some recent results on averages of multiplicative functions in short
arithmetic progressions: the method used in [MRT15] can give that the coefficient before %2 10%’1
is k in formula (34); [KLR19, Theorem 3.1] gave the result that when f = p(n), then for any
€ > 0, the left hand side of formula (34)< eh?Xp(k), whenever Dok l/p < (L =€), 1/p;
For general multiplicative function, [KMT19, Theorem 1.6, Corollary 1.7] gave the result that
for any € > 0, the left hand side of formula (34)< eh?X (k) when k is h¢-typical (i.e., there are
not many prime factors of k less than hﬁz).

The reason that we give the estimate in form of formula (34) is that our main interest is to
concern about when £ is far larger than h, whether the first term of the right hand side of formula
(34) is still ”2X ¢(k)ox(1). According to our result, this is true if & is as large as exp(h°()) since
k/p(k) < loglog k. We believe that the coefficient before (loglogh)/log h(= 0x(1)) in formula
(34) can be as small as O(1), an absolute constant independent of k. Actually, note that

2 2

X | h k a+hk
1
99 SCEREIIEEED 3 SIS oY et
n=1|1=1 =1 2=1 =
n=a(mod k)
It is likely to believe that
| X o+hk 2
lim sup — n)| = o(h?), 35
X%opXk;; ; pn)| = o(h?) (35)
T 7 "n=a(mod k)
where the little “0” term is independent of k£ > 1. This is implied by a positive answer to the

Chowla conjecture. For a general non-pretentious multiplicative function f(n) with |f(n)| <1
for any n € N, equation (35) in which p(n) is replaced by f(n) would be implied by a positive
answer to Elliott’s conjecture (see [Ell92, Conjecture II], [MRT15]).

As an application of Proposition 6.1, we shall prove certain self correlations of the Mdbius
function which is stated in Theorem 1.4. In this proof, we need the following known result about
the non-pretentious nature of ji(n)l(, =1 (see e.g., [MRT15, Lemma C.1]).

Lemma 6.2. Let X be large enough with k <log X. Let f(n) = u(n)lpp=1. Then
inf My(f;d; X;2X) > (1/3 —€)loglog X + O(1),

1<d<k

where € > 0 is sufficiently small.
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Proof of Theorem 1.4. Given k > 1 and h > 2. For X large enough with log X > h%k,

Z|Zun+kl Z Z |iu(n+/€l)|2

n=X I=1
nEa(mod k)
k 2X/k h 2X/k (m+h+1)k
=33 1D pkm+ K+ a)]® + O(h*k) Z 1Y un)P +O0k)
a=1 m=X/k I=1 a=1 m=X/k n=(m+1)k
n=a(mod k)
z+hk x+hk
—ZZI > um)P+O0(h’k) ZZI > um)P+0(X) (36)
“ 1xk|:t n= QT(L”_lgd k) a=lo=X n= a?r?zgd k)
k/d 22X  x/d+hk/d
kZ Z SIS un)P+0(X)
it (a k/d) 11‘7 n= aT(L;igdk/d)
k/d  2X/d a+hk/d ) .
kZd oD X slepa)] +OX LY e(k/d) + O(X)
(a k;fd) =X —a(mod k/d) dlk
k/d  2X/d x+hk/d )
kZd X2 |2 Hlewa] +O(X),

(ah7d)=1 "= n=a(mod k/d)

Summarize the above, we have

2X h k/d  2X/d z+hk/d )
313 wtn+ kP kZd > Z\ > sl +0(X). 67
=X I=1 a=1 z=X/d n=

(ak/d) 1 (mod k/d)

Then for X large enough, by Proposition 6.1 and Lemma 6.2,

k/d loglogh 1
k)2 DX /dp(k)d
2';“’” <3 ; /D 7d) togh * o))

1. loglogh h2X _,loglogh h?X
=h2X(Y = <nX|la-1/p)!
h (Z d) log h + (log X)1/400 <h H( /p) log h + (10g )()1/400

d|k plk
k loglogh h?X
< h*X .
=TS logh T (log X)/0
Hence
k loglogh

lim sup — (n+ kD) < h*—— : 38
N—>oop Z | Z H ) o(k) logh (38)

n=1 [=1
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as claimed. 0

7. PROOFS OF THEOREMS 1.5, 1.8, AND PROPOSITION 1.7

As an application of Theorem 1.4, at the beginning of this section, we prove that the Mobius
function is disjoint from certain asymptotically periodic functions (i.e., Theorem 1.5).

Proof of Theorem 1.5. Assume on the contrary, there is an f € [*°(N) with conditions (4) and
(5) such that limy_ + SOV pu(n)f(n) # 0, then there is a constant ¢y > 0 and a mean state
E such that

[(f, 1)l > co (39)
By conditions (4) and (5), there are correspondingly sequences {h;}32, and {n;}32, of positive
integers with

loglogh; n;

=0 40
jroo logh; ¢(n;) (40)
and
1 O
lim —» E(|f—A"f])=0. 41
Jim hj; (If =A™ fJ2) (41)
Let 6 = 5yprs7y- By Theorem 1.4, formulas (40) and (41), there is a ko such that
T
o Al”k o 2 62
e 2 470 = 11 <
and
|
=3 Aol < 57
ko =1

For any l e N7 <fa :u>E = <Alnk0f7 Alnkolu>E = <Alnk0f - f7 Alnkolu>E + <.f7 Alnk0M>E' Then

P P

1 1
[(F bl == S (Ao f = Ao+ (f, S Ao
kO =1 ko =1
1 hikg 1 hikg
< S A f — flle - e+ Y A™oulle - [1£le
hg =1 hkg =1
T 1 1
<(7= oA s = 1) + Nl S A™opll - U115
Pk =1 P =1

<8I = + 1) = co/2

Here we applied the Cauchy-Schwarz inequality to the first and second inequalities in the above,
and the fact that ||u||lg < ||gllie =1 and ||f||g < || f]li=- This contradicts formula (39). Hence
the claim in this theorem holds. 0



26

Now we prove Proposition 1.7.

Proof of Proposition 1.7. Assume on the contrary that Problem 1 does not hold, that is, there is
an asymptotically periodic function f(n) such that limy_, + SOV u(n)f(n) # 0. Then there

is a cp > 0, a mean state E' and a sequence {n;}32, of positive numbers such that

{1 el = co
and
i A"~ £ = 0.
Let 6 = W By formula (6), choose a sufficiently large [y with

lo
1
H% > A%pllp <,
=1

for any k£ > 1. By equation (43), there is an ng such that

o 24
||A f_f||E<m-

Then by the triangle inequality,

lO lo l lo l

1 1 —1)n ing ]' no

L o = Al < DDA = A s = - 3 S = A <
=1

=1 j=1 =1 j=1
By the A-invariance of E and the Cauchy-Schwarz inequality,

lo

lo
(b = DoA™ F = £, A™p) (1,1 >0 A
=1 =1

lo [0
1 " 1 .
<5 = A el + 17 Do Al -
=1 I=1

< O(L+ [ fllie) = co/2.

This contradicts formula (42). Hence formula (6) implies Problem 1.

(42)

(43)

(44)

(45)

O

In the rest of this section, we shall prove Theorem 1.8, which states that if SMDC holds,
then p is disjoint from all asymptotically periodic functions. Before proving it, we need some

preparations. We first provide a property of asymptotically periodic functions.

Proposition 7.1. Let f be an asymptotically periodic function and p an invariant state on Ay.
Then for the measure-preserving dynamical system (Xy,v,04) with v the probability measure

induced by p on Xy, the measure-theoretic entropy of o4 is zero.
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The above proposition follows immediately from Theorem 5.3 and [Pet83, Example 5.3.3].
The basic connection between topological entropy (denoted by h(T")) and measure-theoretic
entropy (denoted by h,(T')) is the variational principle (see, e.g., [Wal82, Theorem 8.6]). It
states that for any topological dynamical system (X,T'), h(T) = sup{h,(T) : v is a T-invariant
Borel probability measure on X'}. By this principle, it is easy to see that if A(T) = 0, then
h,(T) = 0 for any T-invariant probability measure v.

Here is an interesting example about topological entropy and measure-theoretic entropy. By
Theorem 4.12, 42 is an asymptotically periodic function. So by Proposition 7.1, for any measure
induced by a mean state p on X 2, the measure-theoretic entropy of o4 is zero. While Peckner
proved in [Pecl4] that there is a 0 4-invariant measure on X2 such that the measure-theoretic
entropy of 04 is equal to 7% log 2, which equals the topological entropy of 4. So the measure-
theoretic entropy varies with respect to different measures.

The following lemma is a consequence of Proposition 7.1 and [EKPLR17, Lemmas 4.28,
4.29], which are used to prove the equivalence between SMDC and the Mobius disjointness of
completely deterministic sequences.

Lemma 7.2. Let f be an asymptotically periodic function and A; be the angie generated by
f. Suppose { N, }>°_, is a strictly increasing sequence of positive integers such that Np,|Npi1.
Further suppose the sequence { Ny, }5°_, satisfies the condition that there is an A-invariant state
p on Ay, such that for any h € Ay, p(h) = lim,,_, Nim Zgjl h(n). Then for any € > 0, there

is an arithmetic function g with finite range, and a subsequence { Ny, }i2, such that
(1) for (X,,04) the angie generated by g, the topological entropy of o4 is zero.

(ii) 2= 21" | f(n) = g(n)| < e.

Based on such connections between asymptotically periodic functions and arithmetic functions
with associated anqies having zero entropy, we are ready to prove Theorem 1.8.

Proof of Theorem 1.8. Assume on the contrary that there is some asymptotically periodic func-
tion f such that imy_,e0 & ZnNzl p(n)f(n) # 0, then there is a constant ¢o > 0 and an increasing
sequence {N,,}°°_; of positive integers with N,,|N,,.1 such that

2 Co- (46)

S uln)f(n)

1
Np,
For each N,,, define a state py,, on Ay by pn,,(h) = N—lm S Nm h(n) for any h € Ay, Tt follows
from Proposition 2.1 that there is a subsequence {pn,,, }i<; and a state p on Ay, such that

p(h) = lim;_, ﬁ ij;”l“’ h(n) for any h € Ay. Then p is A-invariant. By Lemma 7.2, there is

a g(n) with the topological entropy of (X, 04) zero, and a subsequence of { N, }°; (denoted
by {Nm@ }i2, again), such that

Nty

> 1fm) —g(m)| < - (47)

n=1

1
Ny
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Applying Sarnak’s Mébius Disjointness Conjecture to (X, 04),

Ny

> u(m)g(A™((0))) = lim : > un)g(n) =0, (48)

n=1

l—00 Nm(l)

where g(z) is the image of g(n) in C(X,) under the Gelfand transform (see equation (10)). By

equations (47) and (48), we obtain a result which contradicts formula (46). Then pu is disjoint

from all asymptotically periodic functions. U
8. DISJOINTNESS OF MOBIUS FROM RIGID DYNAMICAL SYSTEMS

In this section, we shall prove Theorem 1.11, Corollary 8.2 and Proposition 1.9.

Proof of Theorem 1.11. Assume on the contrary, there is an f € C'(X) such that

hm—z,u 0) #0,

Nooo N

then there is a constant ¢y > 0 and an increasing sequence {N,,}5°_; of positive integers such

that
Z p(n) f(T"xo)

Since X is a compact metric space, C' ( ) is countably generated as an abelian C*-algebra. By
Proposition 2.1, there is a subsequence of { N,,,}*°_; (denoted by {N,,}°_, again for convenience)
and a T-invariant measure v on X, such that vy, = 1 ZN’" ! drng, weak™ converges to v as
m — oo, i.e., for any f € C(X),

> 200. (49)

lim f( Ydvy,, = hm — Z f(T"x0) / f(x

m—00

By formula (49) and the condition stated in this theorem, there is a ¢ € C'(X) and sequences

{h;}32, and {n;}32, of positive integers with lim; ., loig’;ffj %;j) = 0, such that
=
: el ln; 2 —
Jim - ; lgo T — g7,y =0, (50)
and

Zu

Choose a free ultrafilter w in the closure of {N,, :m=1,2,3,...} in BN. Then the mean state F
on [*°(N) defined by E(h) = limp,, . N S N h(n) for any h € 1°°(N) is A-invariant. Recall

the GNS construction in Section 4, we use (, )g and || - ||z to denote the inner product and

> Cp- (51)
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norm induced by E on Hpg, respectively (see equations (13) and (14)). Let g(n) = g(T™zo).
Then by equation (51), we have

(G, 1) el > co. (52)
For any [ =1,2,..., note that

n, : 1 ntn 3
g 0T — 9||%2(V) = mh_fgo N, E—o fg(Tl 70) — g(T" o) .
So by equation (50),

lim — Z |AMG — |2 = 0. (53)

j‘)OO h

By an argument similar to the proof in Theorem 1.5, we have |(g, 1) g| < ¢o/2. This contradicts
formula (52). Hence we obtain

]\}1_{1;0 — Z p(n) f(T"xy) = 0. (54)

This completes the proof of the first part of this theorem.
In the rest, we show the second part of the claim in this theorem, which states the above
disjointness holds over short intervals in average, that is

lim hmsupNhZ’Zu (n+0)f(T" " )‘ = 0.
n=1 =

h—=o0 N_oo

It is not hard to check that the above is equivalent to for any increasing sequence {N;}52, of
natural numbers with Ny = 0 and lim;_,o(N;41 — N;) = o0,

m—1
: 1 n
Jm =D | D um (M) =0,
]:O NjSTL<N]’+1

(see e.g., [GW20, Lemma 5.2]). Take {6;}52, such that

ST un) F(T a)eld)) =

Nj§n<NJ-+1

Y um) (T )|

NjS’fl<Nj+1

Define s(n) = e(f;) when N; < n < Nj41, j = 0,1,.... According to the above analysis, it
suffices to prove that

lim — Zu 0)s(n) = 0. (55)

N—oo N
Then s(n) is an e-periodic function Wlth e—perlod 1. Namely, for any mean state F and [ € N,

E(|s(n +1) — s(n)|*) = 0.
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Let (Xs,04) be the anqie generated by s(n) and 5(z) be the image of s(n) in C'(X;) under the
Gelfand transform. Let G be the algebra generated by {1,50 (64)"(z) : n=0,1,...}. Then G
is dense in C'(X). By Theorem 5.3, for any mean sate E, it induces a measure x in the weak™

closure of { ZN ! Sy : N =1,2,...} in the space of Borel probability measures on X,
satisfying

E(|s(n+1) — s(n)]?) = / 5o (04)'(2) — 3(2)|?dk = 0

for any [ € N. By the above equation and the triangle inequality, it is not hard to check that
conditions (8) and (9) in Theorem 1.11 hold for (X x X, T X 04, (zo,¢(0)) with F x G a dense
set in C(X x X;). By a similar argument to prove (54), we have

Nhgéo—zu F(T20)3((04)"(0)) = 0.

Note that $((04)"t(0)) = s(n). We obtain equation (55). Now we complete the proof of this
theorem. ]

Remark 8.1. Both BPV rigidity and PR rigidity in Theorem 1.10 are included in conditions
(8), (9) in Theorem 1.11. Firstly, since #ﬂj) =L, ;55 = I, (1 - %)_1 <L exp(X %) -
O(1) by the BPV rigidity, (8) holds for any sequence {h;}32, with lim; ,., h; = cc. By BPV
rigidity, there is a subsequence of {n;}52, (denoted by {n;}52, again for convenience) such that
|lgoT™ — glli2(w) < 57. Choose hj = j. Then by the triangle inequality and T-invariance of v,
lgo T = gllr2wy < UgoT™ = gllr2w)- So

h.
1 & , 2 ,
= llg o T = gllfay) < 4 0, as j = oo,
J =1

as claimed in formula (9). Secondly, we explain that PR rigidity is a special case of (8) and (9).

Let hj = n?. Then lim; loﬁgi@ SOZZ' ;= 0 since o2 5 < loglogn;.

Next, we give an example that satisfies conditions (8), (9), but not BPV rigidity and PR
rigidity. Let n = (p2(0), #(1),...) and B the Bernoulli shift on {0,1}". Let X, be the closure
of {B"n:n=0,1,...} in {0,1}. We call (X,, B) the square-free flow. The study of dynamical
properties of the square-free flow have received much attention (see, e.g., [CS13, Pecl4, Sar10]).
In [Sar10], Sarnak proved that (X, B) is proximal (i.e., for any x,y € Xy, inf,5q d(T"2, T™y) =
0) and it is topologically ergodic having topological entropy 5 1log 2. As a result of Theorem
1.11, we obtain the following M&bius disjointness for the square-free flow 2.

2There are some other methods to prove Corollary 8.2. Our primary interest here is to provide an example that
distinguish Theorem 1.11 we obtained from [KLR19, Theorem 2.1] (presented in Theorem 1.10 in this paper).
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Corollary 8.2. Let (X,), B) be the square-free flow. Then for any f € C(X,),

13520—2# -0

Proof. For ¢ = 0,1,..., let m; : X;,, — {0,1} be the projection map from X, onto its i-th
coordinate. Let F be the *-subalgebra of C'(X,) generated by {m,m,...}. By the Stone-
Weierstrass theorem (see, e.g., [KR83, Theorem 3.4.14]), F is dense in C(X,)). By [Sar10], there

is a B-invariant measure v such that L Z 5 pny weak™ converges to v as N — oo. Let p; be

the I-th prime and n; = pip3 - - - j. By an argument similar to the proof in Theorem 4.12, for
1=0,1,...,
e,
Imi 0 B — mill,) = Jim — 3" |m( B ) — m(B)?
n=0
R 2 2 2
:Nh_I)nooﬁnZ:O\u (i+1In; +n) — p (i +n)|
N-1
= lim — ; |12 (In; +n) — p?(n)?
12

A
2|
=
|
—
=
_I._
[e]
|
[\
L

Then, for any increasing sequence {h; };’;1 of positive integers,

hj—1
1 J
lim — Z |7 o B™ —7T1HL2(V < hm u Z

]*)OO h

p>p]
It is not hard to check that for any g € F,

hj—1
1 J
lim — B™ — g%, = 0.
Jg?o h; lz:; lg o 9||L2(u)

Hence by Theorem 1.11, we obtain the claim in this corollary. U

Remark 8.3. In the following, we explain that for any m;, ¢ = 0,1, ..., in the above dense set
F of C(X), there is no sequence {n;}32, satisfying BPV and PR rigidity in Theorem 1.10.
On one hand, by the argument in Corollary 8.2,

N 12 I
Imio B —milffay = — (1= [T+ 5—)7).

2—2
p?n; b
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If lim;_,o ||m; 0 B™ — 7TZ'||%2(V) = 0, it is not hard to check that there is a subsequence {n;, }2°,

with pf - - - p%|n;,, where p, is the s-th prime. Then me 5= ZKS% — 00 as s — 0o by
Mertens’ Theorem (see e.g., [IK04]). So {n;}32; does not Satlsfy BPR rigidity in Theorem 1.10.

On the other hand, for a given § > 0 and (n])% <I<hj= n? with j sufficiently large, note
that the number of distinct prime factors of in; is Os(logn;), we have

. 12 .
Imi0 B — i3, =5 (1= [[ 1+ 5—5)7)

-2
pin; b

2<h p2|lnj

12 1 logn;
WQ(l—H( ) 1 O) flogh

Hence, lim;_,q E;L |m; o Bini — mH%Q(V) # 0. So the sequence {n;}32, does not satisfy PR
rigidity in Theorem 1.10.

Remark 8.4. For the square-free flow (X, B), let v be the B-invariant measure such that n
is generic for v. Then v has discrete spectrum by [CS13]. From Corollary 8.2 and Remark 8.3,
we know that (X, B, v) satisfies conditions (8), (9) in Theorem 1.11, but not BPV rigidity and
PR rigidity in Theorem 1.10.

By a similar argument to the proof of Corollary 8.2, the conclusion also holds for 1 replaced
by the point ([T:2, pr(mi), [Ty per(mi + 1), < T2, e (mi +m), - - +), where r > 2, w > 1 and
mi, ..., my, € N are given, p,.(n) =1 if n is r-th power-free and zero otherwise.

At the end, let us prove Proposition 1.9.

Proof of Proposition 1.9. We first show that Problem 1 implies Problem 2. Let f € C(X).
Then for any v in the weak* closure of {+ SN Gpna, - N =0,1,2,...} in the space of Borel
probability measures on X, there is a sequence {n]} °, (may depend on v) of positive integers
satisfying
lim |[f o T" — f|72(,) = 0. (56)
j—oo

Let g(n) = f(T™x). In the following, we want to show that g(n) is an asymptotically periodic
function. Let A, be the anqie generated by g(n) and E be a mean state. Then there is a sequence
{Nn}25_, of positive integers such that for any h € Ay, E(h) = limy, 00 5 ZN’"_I h(n). By
Theorem 5.1, there is a probability measure v; on Xy, such that

Nin—1

B0 = Jim - 32 0 = [ bt o), (57)

m

where h(zx) is the image of h(n) under the Gelfand transform in C(X;). This implies that

ﬁ Zivjofl drny, weak™ converges to v in the space of Borel probability measures on Xy. Choose
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a v in the weak* closure of {-— N ZNm_l Orngy }o0_, in the space of Borel probability measures
on X. When restricted to Xy, v is identified as vy by Proposition 3.8. Then by equation (56),
there is a sequence {n;}52, of positive integers such that

lim |f o T" (x) — f(x)|*dv(z) = 0.

j—)OO

Note that the image of A™g(n) under the Gelfand transform is f o 7" (z) in C'(Xy). Then by
equation (57),

lim E(|A"g — g|*) =
Jj—o0

So g is an asymptotically periodic function. Assume that Problem 1 holds, then

J&EWZM ZJ&IL&NZ“ =0

In the remaining part, we prove that Problem 2 implies the disjointness of y from all asymp-
totically periodic function. Suppose that h(n) is an asymptotically periodic function, i.e., for any
mean state £, there is a sequence {n;}32, of positive integers such that lim; ,, [|h — A" h||p =
0. Let (Xp,04) (or Ap) be the angie generated by h. Let zy = ¢(0) (corresponding to
(h(0),h(1),...))€ X,. Suppose that Nl—m SNt O(oa)mao Weak™ converges to a Borel probability
measure v as m — 00. Choose a free ultrafilter w in the weak™* closure of {N,, : m =1,2,3,...}
in SN. Then applying Theorems 5.1 to the mean state £ depending on w, we obtain for any

f(n) € Ay,

Np—1
Eﬁﬁng&ﬁgggﬂm:‘wﬂwww»

where f(z) is the image of f(n) under the Gelfand transform (see equation (10)). Then for any
f(x) € C(Xp), im0 || f o (04)™ (x) = f(2)]|L2() = 0. So (X4, 04, x0) satisfies the condition in
Problem 2. Hence

r
2

hm—ZMWMw%%ﬁg%ZMWMVO

APPENDIX A. MEAN AND LARGE VALUES THEOREMS

In this section, we list some lemmas that are used in the proof of Lemma C.1. They are
hybrid versions of the corresponding results in [MR16]. We refers readers to [KMT19, Section
3] or [MonT71, Theorems 6.4; 8.3] for detailed proofs about Lemmas A.1, A.2, and A.4.
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Lemma A.1. Let T, N,k > 1 and {a,}>, be a sequence of complex numbers. Then

) / |3 st < (T + PNy 3 o

x(mod k) n<N n<N
(n,k)=1

Lemma A.2. Let TN,k > 1 and {a,} be any complex numbers. Let €& be a subset of
{x(mod k)} x [=T,T] satisfying that |t — u| > 1 whenever (x,t), (x,u) € & with t # u. Then

> anx(n) ”|2<<(¢<k)T+$ )1og (3k) > anl®
(x,t)e€ n<N (:;)Jil

Applying the above lemma with an argument similar to the proof of [MR16, Lemma 8], we
have the following.

Lemma A.3. Let P T >2,k>1 andV > 0. Write
apX\P
(8) = Z 5 S( )
p<pzor P
with |a,| < 1 forp < 2P. Let R(T,V) be a subset of {(x,t) € {x(mod k)}x[-T,T] : P,(1+it) >
V1Y satisfying |t — u| > 1 whenever (x,t), (x,u) € R(T,V) with t # u. Then
og 1 T
#R(T,V) <« (k:T)Q%V2 exp <2% log log(k:T)).
0
The following is a hybrid version of “Haldsz inequality for integers” stated in [MR16, Lemma
9.
Lemma A.4. With the same assumptions as Lemma A.2. We have

> anx(n) ’t2<<<#N+IS|(kT)§log(2kT)) > anl

(x,t)eE€ n<N n<N

When a,, is supported on the set of primes, we have the following hybrid version of “Halasz
inequality for primes” stated in [MR16, Lemma 11].

Lemma A.5. Let P,T > 2 and k < (log P)3~¢. Let £ be a subset of {x(mod k)} x [~T,T]
satisfying that [t — u| > 1 whenever (x,t), (x,u) € & with t # u. Then

- log P
Z | Z a,x(p)p"]? < (go(/f)P + |E| P exp(— o8
(x,t)e€ P<p<2P (log(P + T)) P<p<2pP

o +1)) Y Jul

where € is a sufficiently small positive number.
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Proof. By the duality principle applied to (x(p)p™) p<p<ap,(x.tes. it is enough to prove that for
any complex numbers 7, ,

log P
log p X ()P |” < (1€]P exp(— —)(log(P + 1))’
P;M | th)eg « ’ ( (log(P +1T7))3* )
P) Z |77xt‘

(xt)e€
Let f(x) be a smooth compactly supported function on [1/2,5/2] such that f(z) =1 for 1 <

Tr) = =
x < 2 and f decays to zero outside of the interval [1,2]. Let fdenote the Mellin transform of
f- Then f(x +iy) <a (1 + |y|=?) uniformly in |z| < A. Then

P<p<2P

Z logp‘ Z Mt X(p Zt‘ <Zlogp| Z Nt X (P

I, ilt|2 ¢ P
P)p |f(ﬁ)

(x,t)e€E (x,t)eE
l
il(t— b
< > el Y _(ogp)p™® o) f(5)]
(X,t),(X,tl)Eg pl
l
il(t— D
DL Il D (ogp)p" XA ()
(th)v(letl)eg pl
X17#X

When y is not a principal character modulo k, Perron’s formula with the zero-free region for
L(s, x) gives for |a| < T,

log P
> Px(p) < Pexp(———— 2 ———)(log(P + T))".
P<p<2P (log(P +1T))3

Combining with ab < #, we have

S Il > (ogp)p" N ()

(th)7(xlvt1)€g

P
P!
X17X
log P :
<2 (malF I P)Pexe(- —)log(P + 7))
(0b), (x1,t1)EE (log(P +1T))s*
X17X
log P
< g PeXp — 5 1 P+T n 2
E1P Pl 4 e U T2 Il

(x,t)eE
It follows from a similar argument to the proof of Lemma 11 in [MR16] that
!

S el Y (log p)p™ T xo(ph) f (]i)‘

P
(th)’(X7t1)€5 pl
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l
il(t—t1) (P
< D0 (I (] Yooz ()| 4 1og Plog k)
(th)»(thl)eg pl

log P

< (p(k)P + |E|Pexp(——=——
(p(k)P + [E| P exp( (log T)3+

)(log T)* + [E]log klog P) Y [nysl”

(x,t)eE

O

The proofs of the next two lemmas are almost the same as the proofs of Lemmas 12, 13 in
[MR16] with the following small differences: instead of the standard mean value theorem for
Dirichlet polynomials, we apply Lemma A.1; one obtains the extra factor ¢(k)/k due to the
coefficients are supported on the integers (n, k) = 1.

Lemma A.6. Let X,H > 1 and QQ > P > 2. Suppose that am,, = byc,, pt m, P <p < Q,
where the sequences {am tm, {bm}m,{cp}p are bounded. Let k > 1 and M be a collection of
Dirichlet characters modulo k. Let

Qv,H(X> S) _ Z CPX(p)

P<p<@ ) ps
eH<p<eU;FI
and by (1) .
m X 1T
R, y8) = . : :
(X 5) UZ o om* #HP<qg<Q:q|m,qisaprime}+1
Xe T <oXe H
Let T, C [— TT] andI:{jeN:LHlogPJ<j<HlogQ} Then
amx(m)
Z/ _we Pdt < Hlog ZZ/ Qa1 +it)Rju(x, 1 +it)|*dt
XEM Tx X<m<2X XEM jEL
p(k) o(k)T + (p(k)/k)X Ly | o(B)T + (p(k)/k)X |am|®
* k X (H * P) * X Z m

X<m<2X
(mk[Tp<p<qP)=1

Lemma A.7. Let k, T > 1, Y, > Y, > 2 andl = Hgg—};ﬂ. Let {am}m and {c,}, be bounded
sequences. Suppose that X is sufficiently large. Let

Qo= 3 o

S
Y1<p<2Y; p

R(x,s) = Z %(Sm)‘

X/Ya<m<2X/Ya

and

Then

k T k
Z / (¢, L+ it)' R(x, 1 +it)|2dt < %(g@(k})y + %)2%)(1 + )12
x(mod k)
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The following Parseval bound follows exactly in the same way as [MR16, Lemma 14| with no
need to consider the difference of two averages as the integral function.

Lemma A.8. Suppose that {a,,}5o_, be a bounded sequence. Assume that X > 2 and 1 < h <

X. Write a
A(s) := .
()= >, %
X<m<4X
Then
2X 14iX/h 142iT
]‘ 2 X/h 2
nlod d — A ds|.
) Y wbi [ AR e S [T AR (58)

x<n<x+h

APPENDIX B. LEMMAS ON MULTIPLICATIVE FUNCTIONS

In this section, we give some lemmas on the pointwise bounds of Dirichlet polynomials with
coefficients supported on integers coprime to a fixed number. We start from the following lemma
which has almost identical proof to that of [BGS13, Corollary 2.2] with the small modification:
one applies the refinement of the Haldsz-Montgometry-Tenenbaum result ([GS03, Corollary 1]),
rather than the Haldsz inequality. This leads to that the bound O(\/LT) is improved by O(%).

Lemma B.1. Letx >3, 1<k <z and1 <T < (log x)i. Let f(n) be a multiplicative function
with |f(n)| <1 for alln € N. Then

é ; fn) < @((Mk(ﬁxﬂj)+1)eXp(—Mk(f;g;;T))_|_%)'
(n,k)=1

While for large T" in the above lemma, it follows directly from [KMT19, Lemma 2.2] that

Lemma B.2. Letz >3, 1 < k <z and (logz)1 < T < z. Let f(n) be a multiplicative function
with |f(n)| <1 for alln € N. Then

1 Y )< @((Mk(f;x;T)+1)exp(_Mk(f;x;T))+(105_,;95)_65‘1)'

Combining with Lemmas B.1 and B.2, we have the following Haldsz-type inequality for the
mean values of multiplicative functions.

Lemma B.3. Letx >3 and 1 < k,T < x. Let f(n) be a multiplicative function with |f(n)| <1
for alln € N. Then

LS s < P (0nfran ) + 1) exp(- M 7)) + o+ (o)),
<n7k<)i1

The following lemma follows immediately from Lemma B.3 and partial summation.
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Lemma B.4. Let x > 3 and 1 < k, Ty < x. Suppose that x is a Dirichlet character modulo k.
Let f(n) be a multiplicative function with |f(n)| <1, and let

Pl = 3 L)

r<n<2x
Let
LU Ty) = inf De(fx,n — nH; z)2. (59)
[to] <To
Then

k 1
(o +in)] < =P8 (e ) + 1) exp(- L0 7)) + 7 + (loga) ).
0
Actually, in the proof of Theorem C.1, we also need to apply the Haldsz-type inequality
to a Dirichlet polynomial of the form F, y(x,s) in Lemma A.6 with the coefficients not quite
multiplicative. Using Lemma B.4, a similar argument to the proof of Lemma 3 in [MR16] gives
the following result.

Proposition B.5. Let X > Q > P > 2. Let 1 < k, Ty < X and x be a Dirichlet character
modulo k. Let f(n) be a multiplicative function with |f(n)| <1 and

R = 3 L

vEdx W #{P<q<Q:qm,qisaprime}+1

—_

Suppose that d(n) is the characteristic function supported on the set of all integers between 1
and 2X which is coprime to HPSPSQP' Then for any t,

Blo 1+ i) <%@(<LW% XiTh) + 1) exp(~L(3fx: X: Ty)) + 7+ (logz) &)

log P k TO
log X log X
og
3log Q) log @
where L(8fx; X;To) is defined as equation (59).

+ (log X) exp(— ),

APrPENDIX C. PROOF OF PROPOSITION 6.1

In this section we shall first prove Proposition 6.1, which states that the average of a 1-
bounded multiplicative function is small for almost all short arithmetic progressions when it it
not x(p)p’ pretentious. The proof of this result can be reduced to proving the following lemma.

Lemma C.1. Let X be large enough such that 1 < k < (log X)'/32. Suppose that 2 < h < X/k.
Let f(n) be a multiplicative function with |f(n)| <1 for alln > 1, and let

R Y T

X<n<2X
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Then, for any T > 1,

(k)(
kO X/h |k

(k)T (k) k loglogh 1
—lt: )

F 1 t)|°dt
/ Flo L+t < ) logh " (log X)1/m

x(mod k)

n 902(2’“) (Mk(f; k; X;2X) + 1) exp(—Mj(f; k; X; 2X)>-

Some results used below are given in Appendices A and B. We first show that the above
lemma implies Proposition 6.1.

Proof of Proposition 6.1 (Assume that Lemma C.1 holds). By the Parseval bound stated in for-
mula (58) and Lemma C.1,

1
e aD I D SFIONI S
x(mod k) n=x
14+
x(mod k) 1 X<m<4X

+ max X/ kh Z /HQZT Z Jlm)x(m) |ds|

T=7% x(mod k) V1T x<m<ax
<<g02(l€)< k loglogh 1 > ©*(k) My(f;k; X;2X)+1
k2 \p(k) logh  (logX)!/300 k2 exp(My(f;k; X;2X))
Hence
koo2X a+hk
S Y sm)
(a?z)lzl r=X nEaT(L’:gd k)
1 k 2X z+hk 9
= 2 2| X @) X fexin]
90 a=1 =X X(mod k;) n=x
(a,k)=1
;] k a+hk athk
= > (X m@e@) (X rmam) (X Toxm)
2 =X x1,x2(mod k) (aaz)lz1 n=x n=x
z+hk 1 92X  z+hk 9
=[S s = - X[ s
z=X x(mod k) n=x ¥ x(mod k) X n=x
k loglogh 1 Mi(f;k; X;2X) + 1
Xk L :
Xl )<¢<k> ogh a7 ap Tk X 20))
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Now we start to prove Lemma C.1.

Proof of Lemma C.1. Since the hybrid mean value theorem (see Lemma A.1) gives the bound
O(@(% + @)), we can assume that 7' < X. Let x; be the character modulo £ minimizing
the distance infjy<ox Di(fx,n — n'; X). Let t; be the real number minimizing Dy (fx1,n —
n*; X). Then for any x(mod k) and |t| < 2X, Dip(fx,n — n'; X) > Di(fx1,n — n't; X).
Next we claim that for x # x; and any ¢ with ]t\ <2X,

2D, (fx,n = n'; X) > ( €)y/loglog X 4+ O(1 (60)

and for y = x; and |t —¢;] > 1,

M fra,m > it X) > (% —o)/loglog X + O(1), (61)
where € > 0 is sufficiently small. In fact, suppose first that f is unimodular, i.e., |f(n)| =1 for
all n > 1. By the triangle inequality of Dy (see, e.g., [BGS07, Lemma 3.1]),

2D (fx,n = 0" X) > Dy(fx,n = n' X) + Dy(fxa,n = '™ X)
= Di(fin = x()n™" X) +Di(f,n = xai(n)n™; X)
> Di(ff,n = Xox(m)n' @7 X) = Dp(1,n = xax(n)n'™ 5 X).

If f is not unimodular, by means of the method used in [KMT19, Lemma 2.2], we can model
f by a stochastic multiplicative function f such that {f(n)}, being a sequence of unimodular
random variables defined on certain probability space, and for each prime p the expectation
Ef(p) = f(p). By linearity of the expectation, we thus have

]Dk(f)(a n— nit; X)2 _ Z 1- Re(p_;?x(p)Ef(p)) _ ]E<]D)k(fXa n— nit; X)Q)

p<z
ptk
Since f is unimodular, 2D, (fx, n — n'; X) > Dy(1,n — Yrx(n)n'@=; X). Hence formulas (60)
and (61) hold.
Write [0, 7] = £, U Lo, where

Ly ={0<t<T:|t—t]< (log X))o},

Loy={0<t<T:[t—t]> (logX)s}.
We now first estimate > .04 5 [z, [F(X; 1 + it)|*dt. By means of similar ideas in the proof
of [MR16, Proposition 1], we first split the integral over Ly into several parts according to
the typical factorization when n is restricted to a dense subset S C [X,2X]. Recall that S

in [MR16] is defined to be the set of all integers X < n < 2X having at least one prime
factor in each interval [P;, Q] for j < J, where J is chosen to be the largest index j such that

Q; < exp((log X )z). The choice of P;,Q; needs to satisfy some requirements as in [MR16].
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1_ 1
Now we set the same parameters a; = 3 — n(1 + %), n = 1/150, H; := 2P " /(log Q)5,
Z; :=[veN: |H;logP;] <v < H;logQ;] as in [MR16]. Define for v € Z;,
3 f(m)x(m) 1

ms  #H{P<p<Qj:pm}+1

Ry, (x, 1 +it) :=

Xe~ v/H;

i<m<2Xe~ v/Hj

and

Qu,m,; (X, 8) = Z M

S
P;<q<Q; q
1J/H] <q<e(v+1)/H

Let 7; denote the set of all (x,t) € {x(mod k)} x Lo with j the smallest index such that for
all v € Ty, [Qu (X, 1 +it)| < e ~ov/H; Tet U be the complement of union of 7;. We may also
write that for some sets T;,, U, C £2, Ti = Ugmod 01X} X Tix and U = U, noa 1 X}t x Uy
Then

/|FX,1—|—zt|dt Z > / F(x,L+it)dt+ ) |F(x, 1+ it)|?dt.

x(mod k) J=1 x(mod k) x(mod k) U
(62)
By the the fundamental lemma of the sieve,
S exf®leh o L oMl ko
X max k logQ; , 2r<0, p k logQ;¢(k)
(muknpjgngj p)=1 plk

Using Lemma A.6 with H = H;, P = P;,(Q = Q; and a,, = b,, = f(m)x(m),c, = f(p)x(p) and
the above inequality, we obtain

Z/ X,1+zt|dt<<HlogQJ > Z/ Qo (X, 1+ it) Ry iy (x, 1 + it)[dt
T

x(mod k) ] x(mod k) veEL;

(k) (k)T + (p(k)/k)X 1 k log P
+ 2 ST B )

Here the second term contributes totally to the right-hand side of formula (62),

(k) o(k)T + (p(k) /)X =~/ 1 1  k logP
e > (Z+ 5" Aies)

k j=1 J ’ J gp(k) IOg Qj
(k) o(k)T + (p(k)/k) X ((log Q)5 log Py
< k X ( i +Z Pj long) (63)

< PR o(W)T + (p(k) /)X ((10g Q)i |, Kk log Pl)
k

+ .
X pi w(k)log Qs
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1 1
In the above, we use the relation that H; = j2P° "/(log@,)3 and log P; > 8;52/nlogQ; 1 +

1652 /nlog ;.
Now for 1 < j < J, we focus on bounding

E; = HjlogQ; Z Z/ |Qu,i, (X, 1+ i) Ry, (x, 1 + it)[*dt.

x(mod k) veZ;
Estimate of E;. We repeat the argument in [MR16, Section 8.1] with the difference that the
standard mean-value theorem is replaced by the “hybrid mean-value theorem” (Lemma A.1),

p(k)T (k) (10gQ1)%<P(k)'

E < 64

1 (X/Ql k ) Pl%_n k ( )
Estimate of E; for 2 < j < J. Let T, = {t € Tj,|Qrnu,_,(x,1+it)] > e THo }forreZ;
Then T; UTEI T T =0, We set fTr |Qr,i1,_, (X, 1 +it)|*dt = 0. Then

B<Hlozg,Y Y Y / (Rur, (0 1+ it) .

vEL; r€Zj_1 x(mod k) Ti'x

By an argument similar to [MR16, Section 8.2] and Lemmas A.1, A.7, we obtain
p(k) e(B)T (k) 1
E; .

Estimate of 3 .4 » fu |F(x, 1+ dt)[*dt. Let P = exp((logX)%) Q = exp(%),ﬂ =
(log X)si. Set Z = [|Hlog P|, Hlog Q). For v € Z, write

Qules= Y fe)x(p)

P<p<@
ev/ngge(zH»l)/H

and

B f(n)x(n) 1
Ry (X, s) = Xe_U/HS%S:QXG_U/H n®  H{pe[P,Q]:pn}+1

Note that k£ < log X and then <k7HP§pSQp) = 1. Applying Lemma A.6 with a,, = b,, =
f(m)x(m),c, = f(p)x(p), we have that for some vy € Z,

> L\ > Lo

x(mod k) X X<m<2X

< H?log?(= Z \QUOH X, 1+ it) Ry, 1 (x, 1 +it)|*dt
p(k) (k)T ( (k )/k) 1y (k)T + (p(k)/k)X log P o(k)
+ k X <E+F>+ X log@Q k




43

Recall that W C [0,7] is called a set of well-spaced points if for any ti,t, € W, we have
|ty — ta| > 1. There is a well-spaced set £, C U, such that

’QUO:H<X7 1+ it)Rvo,H(X7 1+ it)‘zdt < Z ‘QUO,H(Xﬂ 1+ it>Rvo,H(X7 1+ it>’2'
Ux teLy

Let

U= J {xxLy

x(mod k)
Since log Py — 1 > %log log@Qyi1 > %log log X, P; > (logX)%. By definition of U’, for each
,t) e U, there 1s a v € Ly such that |Q)y g, (x, 1 +t)| > eI, emma A.J,
X U', there i T; such th 061+ av/Hy By 1, A3
| < | T, |(kT)> D (kT)1 X0 « Ta71X°W.

We now also consider separately the cases

Us = {(x,t) €U : |Quorr(x, 1+ it)| < (log X )10},

Uy, = {(X7t> cu: ’Q’UO:H<X7 I+ Zt)| > (10gX)7100}'
For Ug, applying Lemma A .4,

Z |Qvo7H(X7 1+ it)Rvo,H(Xv 1+ it)|2dt

(x:t)EUs
1 .
log X)0 D Ryl 1+it))
(xt)eUs
(log X )200 s 8N Yoo S (log X)190°

Now it remains to estimate
Z ‘Q’Uo,H(X? 1 + it)Rvo,H(Xa 1 + Zt)|2
(X,t)EZ/IL

By Lemma A.3, we obtain [Uz| < exp((log X)'/64+°(1))  We now give a pointwise bound to
Ryo.m(x,1+it) for (x,t) € U’ as follows.

: p(k) —Llg (1)10gQ
R, 1+t 22 (log X)) 16+0 . 66
(X{%gJ o1+ it)| < ’ (log X))~ 16 og P (66)

We mainly use Proposition B.5 to prove the above inequality. Suppose 0(n) = 17, _, n=1(n).
Then o

Q

Du(foxon o s X)2 =3 1- Re(p—itépfp)X(p)f(p)) > Dy(from s it X)? — Z%
oy r=P7 (67)

» 1
>SDi(fx,n > n'; X)? — 6—410g10gX.
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By bounds (60) and (61), for x # x; and any t with |t| < 22X

Dy (fox,n — n'; X)? > (1/16) loglog X (68)
and for y = x; and |t —¢;] > 1,
Dy (féx1,n + n'; X)* > (1/16) loglog X. (69)
Hence applying the above bounds and Proposition B.5 with T = %(log X )%, we conclude
. p(k) 1 ,mlog @
1+t ——(log X) 167V ==,
Dmax max [ Ry, i (x, 1+ it)] < == (log X) s og P (70)
X#X1
and for y = x,
k 1 1
max RO, 1+ )] < P8 (15 )=o) 108 @ (71)
|| <X,|t—t1]>(log z) 61 k log P

Note that U, C Ly = {t € [0,T] : |t — t1] > (log X)s1}. Hence we obtain formula (66). Based
on the Haldsz bound (66) and the condition that k& < (log X)'/32, it follows, from the similar
process in [MR16, Section 8.3] with the Halasz inequality for primes replaced by a hybrid version
of it (Lemma A.5), that

2 /M ‘ > W%t«@(w(kﬁ/ﬁf + ((k) /k))(log X)"ar oM (72)

(mod k) Ux ' X<m<ax
Combining bounds (63), (64), (65), (72) with formula (62), we obtain
@(k)T+<P(k))<(10g1C21)é k_log Py 1 :
X/Q1 k P ¢(k)log Q1 (log X)es
Thanks to equation (70), an argument similar to the proof of (73) leads to

<k>(so<k>T+so<k>)<<logQ1>% k logP 1
k2 X/Qr  k Plé*n p(k)log Q1 (log X)w

k
> |F(x, 1+it)|2dt < @; )(
x(mod k) L2

). (73)

> |F(x, 1+it)|2dt < 2

x(mod k) L
XFX1

). (74)

Now we are just left with estimating

|F(x1,1 4+ it)|*dt.
Ly

We first assume that
(M (fx1; X5 2X) + 1) exp(—Mi(fx1; X 2X)) > (log X) 751, (75)
Now we write £; = Lo1 U L2 as a disjoint union, where
Loi={te Lt —t] < (Mp(fxi; X;2X) + 1) exp(My(fx1; X;2X))},
and
Loz ={t € L1+ (M(fx1: X;2X) + 1)~ exp(My(fx1; X;2X)) < [t — 1] < (log X)

5

61}
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For t € Lo, by Lemma B.4 with Ty = (log X)&, we have for [t| < T < X,

F(xi,1+it) < @(Mk(fXHX; 2X) + 1) exp(— M (fx1; X;2X)).

For t € Ly2, by Lemma B.4 with Tj = ‘t;t1‘7 we have for [t| <T < X,

: elk) 1
F 1+t T —
(Xla +2)<< k |t—t1‘7
this is because that (Mg(fx1;X; 2X) + 1)_ exp(My(fx1; X;2X)) > 1 and (L(fx1; X;To) +
1) exp(—L(fx1; X; Tp)) < (log X)~12°M) by equation (61). Hence
2
. p(k
i |F(x1, 1+ it)Pdt < k(Q )

Note that My(fx1; X;2X) = Mg(f;k; X;2X). Therefore, collecting equations (73), (74) and
(76), we conclude that

p(k) p(K)T (k) ((logQ1)s =k logPi 1

”%d:k/ X’1+Zt|dt<< (X/Q1+ k )( Pl%_?7 +90(k5>10gQ1+(10gX)615)

(k)
k2

(M (fx1; X;2X) + 1) exp(— Mg (fx1; X;2X)). (76)

(My(f;k; X;52X) + 1) exp(—M(f; k; X;2X)).
(77)
If condition (75) does not hold, then My (fx1; X;2X) > (5/64 — o(1)) loglog X. So equation

(69) holds for any |t| < 2X by equation (67). Further using (68) and Proposition B.5 with
TO - (IOg X)%7
(k) + (1)10gQ

1
1 2 (log X) 16t .
(%Xk)lrggll%voﬂ(x, +it)] < ——(log X)71 log P

By the above pointwise bound, an argument similar to the proof of equation (73) leads to

3 r o s@(k')(so(k)T+so(k))<(log621)§+ k logh 1) )

F 3 ]_ + /lt dt << 1 1
; [F'(x )| kO X/Qq k Plgfn (k) log Oy (log X)ss

which implies formula (77).
40
Note that 7 = 1&. In case h < exp((log X)'/?), we choose Q; = h and P, = (logh)™ ; in case

exp((log X)7) < h < X, we choose Q; = exp((log X)2), P, = Q{"/Vsh” Y Hence from the
formula (77), we obtain the inequality in the statement of this lemma. 0

x(mod q)
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