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ABSTRACT. A fundamental problem in 4-dimensional topology is the following
geography question: “which simply connected topological 4-manifolds admit
a smooth structure?” After the celebrated work of Kirby—Siebenmann, Freed-
man, and Donaldson, the last uncharted territory of this geography question
is the “11/8-Conjecture”. This conjecture, proposed by Matsumoto, states
that for any smooth spin 4-manifold, the ratio of its second-Betti number and
signature is least 11/8.

Furuta proved the “10/8+2”-Theorem by studying the existence of certain
Pin(2)-equivariant stable maps between representation spheres. In this arti-
cle, we present a complete solution to this problem by analyzing the Pin(2)-
equivariant Mahowald invariants. In particular, we improve Furuta’s result
into a “10/8+4”-Theorem. Furthermore, we show that within the current
existing framework, this is the limit.

We discuss the Pin(2)-equivariant Mahowald invariants of powers of certain
Euler classes in the RO(Pin(2))-graded equivariant stable homotopy groups of
spheres. Our proof analyzes maps between certain finite spectra arising from
BPin(2) and various Thom spectra associated with it. To analyze these maps,
we use the technique of cell-diagrams, known results on the stable homotopy
groups of spheres, and the j-based Atiyah—Hirzebruch spectral sequence.

Contents

1. INTRODUCTION

1.1. The classification problem of simply connected 4-manifolds. A fun-
damental question in four-dimensional topology is the following:

Question 1.1. How to classify all closed simply connected topological 4-manifolds?
To start our discussion, let N be a simply connected topological 4-manifold.
There are two important invariants of IV:
(1) The intersection form @Qu: this is a symmetric unimodular bilinear form
over Z given by the cup-product
Qn: H*(N;Z) x H*(N;Z) — 1Z,
(a,b) +—— (aUb,[N]).
(2) The Kirby—Siebenmann invariant ks(N) (defined in [?]): this is an element
in HY(N;Z/2) = 7)2.
Question 7?7 was resolved by the following famous work of Freedman:
Theorem 1.2 (Freedman [?]).

(1) Two closed simply connected topological 4-manifolds are homeomorphic if
and only if their intersection forms are isomorphic and their Kirby—Siebenmann
invariants are the same.
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(2) When the form is not even, any combination of the symmetric unimodular
bilinear form and Kirby-Siebenmann invariant can be realized by a closed
simply connected topological J-manifold.

(8) When the form is even, the combination can be realized if and only if the
Kirby—Siebenmann invariant is equal to the signature of the form divided
by 8 modulo 2. (Note that the signature of an even form must be divisible
by 8. See [?, Section 1.1.3] for example.)

Therefore, given two manifolds, one can deduce whether they are homeomorphic
or not by computing their intersection forms and Kirby—Siebenmann invariants.
Moreover, Theorem ?? implies that any symmetric unimodular bilinear form can
be realized by exactly two non-homeomorphic closed simply connected topological
4-manifolds if it is non-even, and by exactly one manifold if it is even.

We will now move on to the smooth category.
Question 1.3. How to classify all closed simply connected smooth 4-manifolds?

By the work of Munkres, Hirsch, and Kirby—Siebenmann [?, ?, ?, ?, ?], the
Kirby—Siebenmann invariant of a smooth manifold is zero. This fact, combined
with Theorem 77, shows that two closed simply connected smooth 4-manifolds are
homeomorphic if and only if they have isomorphic intersection forms. Therefore,
Question 7?7 naturally breaks down into the following two questions:

Question 1.4. Given a symmetric unimodular bilinear form Q, can it be realized
as the intersection form of a closed simply connected smooth 4-manifold?

Question 1.5. Suppose that the answer to Question 77 is yes, how many non-
diffeomorphic 4-manifolds can realize the given form?

In other words, Question 77 is asking which closed simply connected topologi-
cal 4-manifolds admit a smooth structure. Question ?? is asking that if they do,
how many different smooth structures do they admit. Topologists often refer Ques-
tion 77?7 as the “geography problem” and Question 7?7 as the “botany problem”.

The main motivation of our work comes from the geography problem. In the
past thirty years, starting with Donaldson’s groundbreaking work in [?], significant
progress towards the resolution of the geography problem has been made.

Let’s divide symmetric unimodular bilinear forms ) over Z into two categories:
the definite ones and the indefinite ones. For definite forms, a complete algebraic
classification is still unknown. Nevertheless, Donaldson proved the following semi-
nal theorem.

Theorem 1.6 (Donaldson’s Diagonalizability Theorem [?]). A definite symmetric
unimodular bilinear form @ can be realized as the intersection form of a closed
simply connected smooth 4-manifold if and only if Q can be represented by the
matriz I or —1I.

This gives a complete answer to Question 77 in the case when @ is definite.

For indefinite forms, a powerful algebraic theorem of Hasse and Minkowski (see
[?]) states that if @ is not even, it must be isomorphic to a diagonal form with
entries +1, and if @ is even, it must be isomorphic to

kEs @ q ((1) é) (1.1)



INTERSECTION FORMS OF SPIN 4-MANIFOLDS AND MAHOWALD INVARIANT 3

for some k € Z and g € N (for negative k, kFs denotes the direct sum of |k| copies
of 7E8).

When the bilinear form @ is not even, by the theorem of Hasse and Minkowski,
Q can always be realized by a connected sum of copies of CP? and CP2.

When the bilinear form @ is even, by Wu’s formula [?], the closed simply con-
nected 4-manifold M realizing (Q must be spin. Furthermore, by Rokhlin’s theorem
[?], the integer k in (?7) must be even. By reversing the orientation of M, we may
assume that & > 0.

To this end, the following celebrated conjecture of Matsumoto [?] serves as the
last missing piece to this puzzle:

Conjecture 1.7 (The %—Conjecture, version 1). The form

0 1
2pEs @ q <1 0)

can be realized as the intersection form of a closed smooth spin 4-manifold if and
only if ¢ > 3p.

Remark 1.8. Note that Conjecture 7?7 is for general closed smooth spin 4-manifolds,
which are not necessarily simply connected.

The “if” part of Conjecture ?? is straightforward: if ¢ > 3p, then the form can
be realized by
# K3 # (5% x S?).
P q—3p
Recall that the intersection form of K3 and S? x S? are

2EgEB3((1) é) and <(1) é),
respectively.

The “only if” part of Conjecture ??7 can be reformulated as follows:

Conjecture 1.9 (The %—Conjecture, version 2). Any closed smooth spin 4-manifold
M must satisfy the inequality

11, .
(M) > X sign (M),
where ba(M) and sign(M) are the second Betti number and the signature of M,
respectively.

Definition 1.10. An even symmetric unimodular bilinear form is spin realizable
if it can be realized as the intersection form of a closed smooth spin 4-manifold.

By studying anti-self-dual Yang—Mills equations, Donaldson proved Conjecture 77
in the case when p = 1, under the additional assumption that H;(M;Z) has no
2-torsions [?, ?]. The condition on H; (M;Z) was later removed by Kronheimer [?],
who made use of the Pin(2)-symmetries in Seiberg-Witten theory. Later, Furuta
combined Kronheimer’s approach with a technique called the “finite dimensional
approximation” and proved the following significant result:

Theorem 1.11 (Furuta’s 22-Theorem [?]). For p > 1, the bilinear form

0 1
2pEs @ q <1 0)

is spin realizable only if ¢ > 2p + 1.
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As we will explain in Section ??, Furuta proved Theorem ?? by reducing it to a
problem in equivariant stable homotopy theory (Question ??), which concerns the
existence of certain stable Pin(2)-equivariant maps between representation spheres.
The main purpose of this paper is to provide a complete answer to this Pin(2)-
equivariant problem. A consequence of our main theorem (Theorem ?7?) is the
following:

Theorem 1.12. For p > 2, the bilinear form

0 1
2pEs @ q <1 0)

2p+2 p=1,2,56 (mod 8)
q><2p+3 p=3,4,7 (mod 8)
2p+4 p=0 (mod 8).

is spin realizable only if

Corollary 1.13. Any closed simply connected smooth spin 4-manifold M that is
not homeomorphic to S*, S? x S%, or K3 must satisfy the inequality

ba(M) > %|sign(M)| +4. (1.2)

Proof. Recall that the rank of Eg is 8, and that the signatures of Eg and (9 () are
8 and 0, respectively. Therefore, (?7?) is equivalent to the inequality

q>2p+2.

By Theorem 77, this is true when p > 2. By Theorem ?? and Theorem 77, the
only exceptional cases are the following;:

(pa Q) = (Ov 0)7 (Oa 1)v (173)
These cases correspond to §*, 5% x S2, and K3 by Theorem ??. O

As we will see in Section ??, Corollary 7?7 is the “limit” of Furuta’s original
method in the sense that will be made precise in Remark ?7.

1.2. Finite dimensional approximation in Seiberg—Witten theory. In this
subsection, we will give a brief summary of Furuta’s proof of Theorem 77.

Let M be a smooth spin 4-manifold. By doing surgery along essential loops in
M (which does not change its intersection form), we may assume that by (M) = 0.
The Seiberg—Witten equations (a set of first order nonlinear elliptic differential
equations), together with the Coulomb gauge fixing condition, can be combined to
produce a nonlinear continuous map

gﬁ/ : H1 — H2
between two Hilbert spaces H; and Hs. Instead of describing the map SW explic-
itly, we list three of its key properties:

(D SW can be decomposed into the sum L + C, where L : Hy — Hy is a
Fredholm operator and C' is a nonlinear map that send any bounded subset
of Hy to a compact subset of Hs.
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(IT) There exists constants Ry, € such that

1
0eSW (B(HQ,G)) C B(Hl,Ro), (13)
where B(—, —) denotes the closed ball in H; with center 0 and given radius.
(IIT) The Lie group
Pin(2) := {e} U {je’} c H
acts on both H; and Hs. Under these actions, the map SW is a Pin(2)-
equivariant map.

By choosing a finite dimensional subspace V5 of Hs that is invariant under the
Pin(2)-action, one can define the “approximated Seiberg—Witten map”

5'T/I//apr 3:L+prVQOC:V1 — Vs,
Here, V; := L™!(V3) and pry, : Hy — V5 is the orthogonal projection. For e > 0,
1
consider the set SW,  (B(V2,¢)). By property (II) above and elliptic bootstrapping

apr
arguments, one can show that whenever V5 is large enough, the following condition
holds

SW ape(OB(Vi, Ry + 1)) € Va \ B(Va, €). (1.4)
Now, consider the representation spheres
SV1 = B(Vi, Ry +1)/0B(Vi, Ry + 1)

and
S" =Va/(Va\ B(Va, €)).
Then by (?7?), the map SW,,, induces a Pin(2)-equivariant map

S'T//V+ : V1 V2,

apr
oot in
Applying ¥5°(—), the map X°(SW,,,) represents an element in 71'3, (2)(50), the

RO(Pin(2))-graded equivariant stable homotopy group of spheres. It was proved
by Bauer and Furuta [?] that this element is independent with respect to the choice
of auxiliary data (e.g., the Riemann metric and the spaces Vi, V3) and does not
change under diffeomorphism. This invariant is called the Bauer—Furuta invariant
and is denoted by BF(M).

The following theorem is due to Furuta [?]. We include a sketch proof for com-
pleteness.

Theorem 1.14 (Furuta [?]).
(1) Suppose Ing =2pEs ®q(94). Then

Pin(2) o0
BF(M) € m ") ",
Here, H is the four-dimensional representation of Pin(2), with Pin(2) acting

on it via left multiplication, and R is pull-back of the sign representation of
Z./2 under the group homomorphism Pin(2) — Z/2.
(2) BF(M) fits into the commutative diagram

i

T
ay

SO GoE,
a-~
R
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Pin(2) SO

and ag € 7 are stable classes that represents

where ay € WE}H?(Q)SO

the inclusions S° — S® and SO — S® of fized points.

Sketch proof. (1) The grading of BF (M) equals [V4] —[V2]. This is the index of the
operator L and can be computed using the Atiyah—Singer index theorem.

(2) By the specific definitions of H;, V7 and V5 are direct sums of H and R. There-
fore, the Pin(2)-fixed points of SV and S"2 are both 0 and co. By (??) and (?7?),

—~+
the map SW, . sends [0] to [0] and [oc] to [0o]. Therefore, it induces a homotopy
equivalence on the Pin(2)-fixed points. It follows that after applying the suspension

functor ¥5°(—), the map Ef(ﬁ[ﬂ_ ) induces an identity on Pin(2)-geometric fixed

apr

points. U
Definition 1.15. For p > 1, a Furuta—Mahowald class of level-(p, q) is a stable
map

D Lo Sk

that fits into the diagram

spi

QPT X

H

S0 —— SIE,
%

Using equivariant K-theory, Furuta proved the following theorem, from which
Theorem ?7 directly follows.

Theorem 1.16 (Furuta [?]). A level-(p,q) Furuta—Mahowald class exists only if
q>2p+1.

1.3. Main theorem. At this point, it is natural to ask the following question:

Question 1.17. What is the necessary and sufficient condition for the existence
of a level-(p,q) Furuta—Mahowald class?

At this point, one might hope that the answer to Question 7?7 is ¢ > 3p be-
cause this would directly imply the %—conjecture (Conjecture ??). Unfortunately,
John Jones showed that this is false by exhibiting a counter-example at p = 5.
Subsequently, he proposed the following conjecture:

Conjecture 1.18 (Jones [?]). For p > 2, a level-(p,q) Furuta—Mahowald class
exists if and only if

2p+2 p=1 (mod 4)

> 2p+2 p=2 (mod 4)
T |2p+3 p=3 (mod 4)
2p+4 p=4 (mod 4).

For the necessary condition, various progress has been made by Stolz [?], Schmidt
[?], and Minami [?]. Before our paper, the best result is given by Furuta—Kamitani:
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Theorem 1.19 (Furuta—Kamitani [?]). For p > 2, a level-(p, q) Furuta—Mahowald
class exists only if

2p+1 p=1 (mod 4)

> 2p+2 p=2 (mod 4)
“|2p+3 p=3 (mod 4)
2p+3 p=4 (mod 4).

Much less is known about the sufficient condition for the existence of Furuta—
Mahowald classes. So far, the best result is by Schmidt [?], who have constructed
a Furuta-Mahowald class of level-(5, 12).

In this paper, we completely resolve Question ?7. Our answer differs slightly
from Conjecture ?? when p =4 (mod 8). The following theorem is the main result
of our paper:

Theorem 1.20 (The limit is % +4). Forp > 2, a level-(p,q) Furuta—Mahowald
class exists if and only if

2p+2 p=1 (mod 8)
2p+2 p=2 (mod 8)
2p+3 p=3 (mod 8)

0> 2p+3 p=4 (mod 8)
“|2p+2 p=5 (mod 8)
2p+2 p=6 (mod 8)
2p+3 p=7T (mod 8)
2p+4 p=8 (mod 8).

Remark 1.21. The “only if” part of Theorem 77 directly implies Theorem 77 and
Corollary ?7.

Remark 1.22. The “if” part of Theorem ?? implies something meaningful. It
implies that without further input from geometry or analysis, the best result one
can achieve (in proving Conjecture ??), using the existence of Furuta—Mahowald
classes, is %U + 4. In order to break this “limit” and to further attack the %—
conjecture, we need to use more delicate properties of the Seiberg—Witten map. In

particular, we should not merely treat it as a continuous map.

1.4. The Pin(2)-equivariant Mahowald invariant. Let G be a finite group or
a compact Lie group and let RO(G) denote its real representation ring. One can
consider 77250, the RO(G)-graded stable homotopy groups of spheres. Unlike the
classical nonequivariant case, there are many non-nilpotent elements in 7'('2 SO, Here
are some examples:
(1) For each prime p, the multiplication-by-p map
p:S°— 80
between spheres with trivial G-actions is non-nilpotent.
(2) The geometric fix point functor induces a homomorphism
Y . 7§80 =[8°,89¢ — [8Y,5% =7
from the Burnside ring of G to Z. Since ®%(—) preserves smash products,

any preimage of the nonequivariant multiplication-by-p map is also a non-
nilpotent element in 7§’ S°.
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(3) Let V be a real irreducible representation of G. The Euler class ay is the
stable class in W?VSO that represents the inclusion

ay : 8% — SV

of the fix points. Since all the powers of ay induce nonzero maps in equi-
variant homology, ay is non-nilpotent in wf SO,

Definition 1.23. Suppose that o and  are elements in WESO with (8 is non-
nilpotent. The G-equivariant Mahowald invariant of « with respect to [ is the
following set of elements in 7T§ S0:

Mg(a) = {v|a =~B*, ais not divisible by g1},

In other words, an element v belongs to M BG () if the left diagram exists and the
right diagram does not exist for any class 7' € WESO.

S—kIBl G (k+1)|B]
ﬂk v ﬁk+1 t
g0« . g-la S0 @ S—lal

Remark 1.24. Tt is clear from Definition ?? that the RO(G)-degree of each of the
elements in Mg () is k|3] — |a].

Historically, the G-equivariant Mahowald invariant has been studied in many
cases:
(1) Let G = C3 be the cyclic group of order 2. The real representation ring of Cy is

RO(Cy) =Z & Z,

generated by the trivial representation 1 and the sign representation o. The clas-
sical Borsuk—Ulam theorem in the unstable category is equivalent to the following
statement when phrased in terms of the Cs-equivariant Mahowald invariant:

Theorem 1.25 (Borsuk-Ulam). For all ¢ > 0, the RO(C3)-degree of ME?(al) is

zero.
(2) Let G = Cs. Consider the homomorphism
% 1250 = [57, 99 — [97, %) = 7, S°

that is induced by the geometric fix point functor. For any non-equivariant class
a € 1,8°, consider all of its preimages under the map ®©2 and their corresponding
Cs-equivariant Mahowald invariants with respect to the Euler class a, .

Among all the elements in M,gf ((<I>C2)_1a)7 pick the element that has the highest
degree in its o-component. Then, apply the forgetful functor to the nonequivariant
world. Bruner and Greenlees [?] proved that this construction produces the classical
Mahowald invariant M («) of «, which has been studied extensively by Mahowald,
Ravenel, and Behrens [?, 7, ?].
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In particular, when n = 0 and « is a power of 2, Bredon [?, ?] made conjectures
about the degrees of the elements in MaC:f ((@CQ)_12Q) for ¢ > 1. His conjecture was
proved by Landweber [?], who used equivariant K-theory. Later, Bruner and Green-
lees [?] translated Mahowald and Ravenel’s work [?] and obtained an independent
proof of Bredon’s conjecture.

Theorem 1.26 (Landweber [?], Mahowald-Ravenel [?]). For ¢ > 1, the set M(29)
contains the first nonzero element of Adams filtration q. Moreover, the following
4-periodic result holds:

8k+1)o ifg=4k+1

8k+2)o ifq=4k+2

8k+3)0 ifg=4k+3
)

(
[ M2 ((92)~127)| = E
8k +T)o if q =4k +4.

We would like to mention that Bredon-Loffler [?, ?] and Mahowald-Ravenel [?]
have independently made the following conjecture:

Conjecture 1.27 (Bredon-Loffler, Mahowald-Ravenel). For any non-equivariant
class « that is of positive degree, we have the inequality

[M(a)| < 3|al.

Jones [?] proved that |M («)| > 2|« for all non-equivariant classes a of positive
degrees. The Cs-equivariant formulation of the classical Mahowald invariant gives
a simpler proof of Jones’s result (see [?, 7], for example).

(3) Let G = Cy, the cyclic group of order 4. The real representation ring of Cj is
RO(Cy) =ZSZ DL,

generated by the trivial representation 1, the sign representation o4, and the two-
dimensional representation A\ that corresponds to rotation by 90 degrees. The
Cy-equivariant Mahowald invariant of powers of a,, with respect to asy has been
studied by Crabb [?], Schmidt [?], and Stolz [?].
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Theorem 1.28 (Crabb [?], Schmidt [?], Stolz [?]). For ¢ > 1, the following 8-
periodic result holds:

8k if g =8k+1
8k if g = 8k +2
8k+2)\  ifg=8k+3
8k+2)\  ifg=8k-+4
A ifg=8k+5

( )
|MG2 (ad)] + goa = E ;
(8k+4)\  ifq=8k+6
( )
( )

a2x

8k+4)\  ifq=8k+7
8k+4)\  if q=8k+8.

Since Cy is a subgroup of Pin(2), Theorem ?? was used by Minami [?] and
Schmidt [?] to deduce the existence of Furuta—Mahowald classes. Crabb [?] also
studied the Cy4-equivariant Mahowald invariant of powers of a,, with respect to a.

For our case, we are interested in the group G = Pin(2) and its irreducible
representations H and R (defined in Theorem ??). By definition, it is clear that a
level-(p, q) Furuta-—Mahowald class exists if and only if the H-degree of

Pin(2 ™
M@ (ad)] + gR

is greater than or equal to p.

To prove our main theorem (Theorem ?7), we translate it into a problem of
analyzing the Pin(2)-equivariant Mahowald invariants of powers of ag with respect
to ag. After this translation, our main theorem is equivalent to the following
theorem:

Theorem 1.29. For g > 4, the following 16-periodic result holds:

(8k—1)H ifq=16k+1 | (8k+3)H ifq=16k+9

(8k—1)H ifq=16k+2 | (8k+3)H ifq=16k+ 10

(8k—1)H ifq=16k+3 | (8k+4)H ifq=16k+11

M) (g ) gl — ) (SEHDE g =16k+4 | (Sk+5)H if g =16k + 12
ax  \Of (8k+1)H ifq=16k+5 | (8k+5)H ifq=16k+13
(8k+2)H ifq=16k+6 | (8k+6)H ifq=16k+ 14

(8k+2)H ifq=16k+7 | (8k+6)H ifq=16k+15

(8k+2)H ifg=16k+8 | (8k+6)H if g= 16k + 16.

Note that when ¢ = 16k + 11,
| M) (al)| + gR = (8K + 4)HL.

If the answer had been (8k + 3)H instead, then Theorem ?? would be an 8-periodic
result and Jones’s conjecture (Conjecture ??7) would be true. This deviation from

Jones’s conjecture is explained in details in Step 5 of our proof (See Sections 7?7
and 77).

1.5. Summary of techniques. To resolve Theorem ?7?, which is a problem in
Pin(2)-equivariant stable homotopy theory, we first translate it into a problem in
non-equivariant stable homotopy theory. More specifically, we consider the sequence
of maps

X(m) — X(m—1) — - — SY,
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which are maps between certain Thom spectra over BPin(2) that are induced by
inclusions of subbundles. Given this sequence of maps, our Pin(2)-equivariant prob-
lem is equivalent to asking what is the maximal skeleton of each X (m) that maps
trivially to S°. The “vanishing” line that connects these skeletons is called Ma-
howald line. Intuitively, by drawing the cell diagrams for each X(m), we can
visualize the Mahowald line in Figure ??7. See Section ??7 for more details.

One can also form a Mahowald line for the computation of the classical Mahowald
invariants for powers of 2. The analogous diagram to Figure 77 in the classical case
has the cell diagram for X RP°°_ in each column. Maps between the columns are
the multiplication by 2 maps. The classical Mahowald line in this case is established
by Mahowald-Ravenel by proving a lower bound and an upper bound for the line,
and observing that they coincide. Our proof in the Pin(2)-equivariant case is in
the same spirit as Mahowald-Ravenel. However, as we point out below, it is much
more complicated and delicate than the classical arguments:

(1) Classically, the lower bound is proved by using a theorem of Toda, which states
that 16 times the identity maps on certain 8-cell subquotients of RP>° are zero.
This implies that the Mahowald line rises by at least 8 dimensions every time
we move by four columns. In our situation, the analogue of Toda’s result does
not hold. Therefore, our situation requires a more delicate inductive argument
that gives us control over several cells above the Mahowald line (this control is
not needed in the classical case).

(2) Classically, the upper bound is proved via detection by the real connective K-
theory ko. In our case, this techniques does not work at X (8k+3), k > 1, which
is the crux of the geometric application of our main theorem (Theorem ?? and
Corollary ?7). To handle this case, we need a careful study of both the j-based
and the sphere-based Atiyah—Hirzebruch spectral sequence of X (8k + 3).

(3) Classically, the lower bound and the upper bound are proven independently,
and they happen to coincide. In our case, the proofs for the lower bound and
the upper bound are not independent. More precisely, we first establish a rough
lower bound and a rough upper bound. These rough bounds do not coincide,
but they do give us some information on the cells that are located in between
them. Using this information, we refine the lower bound and the upper bound
step-by-step, while updating information about the undetermined cells until
the two bounds finally match each other.

1.6. Summary of contents. We now turn to give a summary of the paper. In
Section ??, we provide an outline-of-proof for our main theorem (Theorem ?7).
We first reduce the Pin(2)-equivariant statement regarding the existence of a level-
(p, q) Furuta—Mahowald class into a non-equivariant statement (Proposition ?7).
The non-equivariant statement is determined by the location of the Mahowald line.
Theorem 7?7 proves the exact location of the Mahowald line, from which our main
theorem directly follows. Our proof of Theorem 7?7 consists of seven steps, described
in Sections ?7-77. The readers should regard Section 7?7 as a roadmap to the rest
of the paper, as it contains all the main statements needed to prove Theorem 77.
In Section ??, we define maps between certain subquotients of X (m) that will
be useful in the later sections. In Section 7?7, we prove certain attaching maps in
X (m). Sections ??7-?? prove all the statements that are listed in Sections ?77-?77.
This paper has two appendices. Appendix 77 proves the combinatorial state-
ments that are needed for the arguments in Sections 7?7 and ?7. Appendix 7?7
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recalls the definition of cell diagrams, a tool that we use for illustration purposes
throughout the paper.
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2. OUTLINE OF PROOF FOR MAIN THEOREM

In this section, we give an outline of our proof for Theorem ?77.

2.1. Equivariant to nonequivariant reduction. Recall that there is a Cy-action
on the space BS' = CP>, given by:

(21,22, 23, 245 - - -, Z2n—1, 22n) > (=22, 21, — 24,23, - - - , —Z2n, Z2n—1)- (2.1)
The quotient space of BS! with respect to this Ch-action is the classifying space
BPin(2).

Let A be the line bundle associated to the principal bundle
Cy < BS' — BPin(2)
and set
X (m) := Thom(BPin(2), —mA).
Note that there is a fiber bundle
RP? < BPin(2) — HP™.

The cellular structure on HP> (one cell in dimension 4k for each k > 0) and RP?
(one cell in dimensions 0,1,2) induces a cellular structure on BPin(2), and hence on
X (m). Given this cellular structure, we use X (m)§ to denote the subquotient of
X (m) that contains all cells of dimensions between a and b.

For m > n, the inclusion nA < mA\ of subbundles induces a map

i(m,n) : X(m) — X(n).
Let
¢(0) : X(0) = ¥*°BPin(2)y — S°
be the stabilization of the base-point preserving map that sends all of BPin(2) to

the point in S that is not the base-point. For m > 0, define the map c¢(m) to be
the composition

X(m) 2 x(0) 22 g0,

We will also define the map c(m)* to be the restriction of ¢(m) to the subcomplex
X (m)*:

c(m)*: X(m)F — S°.

Proposition 2.1. A level-(p,q) Furuta—Mahowald class exists if and only if the
map
@)X (@) S

18 2€ro.
Motivated by Proposition 77, we make the following definition:

Definition 2.2. The function £ : N — N is defined by setting £(k) to be the
largest integer such that the map

c(k)SHF) X (k)*®) — 80
is null-homotopic.

Definition 2.3. The function £(k) can be visualized by drawing a line over the
£(k)-cell in the cell-diagram of X (k). When we connect these lines for all k£ > 0,
the resulting “staircase” pattern is called the Mahowald line.



FIGURE 1. The Mahowald line.

In light of Proposition 77, our goal is to find the exact location of the Mahowald
line.
Theorem 2.4. The function £(m) takes values as follows:
£00) =£(1) = 2(2) = -1,
£B3) = 0
and for all k > 1,
£(16k 4 4) = 16k,
£(16k + 5) = 16k,
£(16k 4+ 6) = 16k + 1,
£(16k 4+ 7) = 16k + 1,
£(16k 4 8) = 16k + 1,
£(16k 4+ 9) = 16k + 2,
£(16k 4 10) = 16k + 2,
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FIGURE 2. Various bounds for the Mahowald line.

£(16k + 11) = 16k + 6,
£(16k + 12) = 16k + 8,
£(16k + 13) = 16k + 8,
£(16k + 14) = 16k + 9,
£(16k + 15) = 16k + 9,
£(16k + 16) = 16k + 9,

£(16k + 17) = 16k + 10,
£(16k + 18) = 16k + 10,
£(16k + 19) = 16k + 10.

Theorem ?7 directly implies Theorem ??. Our proof of Theorem 7?7 consists of
sevens steps, each giving a new bound on £(k) (see Figure 77):

(1) Step 1 proves a lower bound for £(k).
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(2) Step 2 proves an upper bound for £(k). This upper bound agrees with the
lower bound in Step 1 except at £(8k + 3), k > 1.

(3) Steps 3-5 prove that £(8k +3) <8k —2 for all k > 1.

(4) Step 6 proves that £(8k + 3) > 8k — 2 when k is odd;

(5) Step 7 proves that £(8k + 3) = 8k — 6 when k is even.

Proof of Proposition ?7?7. Consider the diagram

g0 2 | gqR (2.2)
A
S(pH)+
In the diagram above, maps 1 and 2 are the unit maps. The left column is the
cofiber sequence
S(pH); — S° — SPH,

where S(pH) is the unit sphere of the representation pH. By our discussion in
Section ?7, a level-(p, q) Furuta-Mahowald class exists if and only if there exists a
map g that makes diagram (??) commute.

Since the first column is a cofiber sequence, g exists if and only if the composition
4 = 2 0 3 is null-homotopic. The Spanier—Whitehead dual of map 2 is the map

D2: S ® 5 50
Map 4 is null-homotopic if and only if the map
5:=D2A3: S~ %A S(pH), — S°

is null-homotopic.
Map 5 can be written as the composition

Dz/\ids(p[.ﬂ)+

5: S~ A S(pH). S(pH), -5 S°.

Note that S~ A S(pH)+ is Pin(2)-free for all ¢ > 0 and Pin(2) acts trivially on
S0, Therefore, 5 is null-homotopic if and only if the nonequivariant map

(S A S(PH) 1) h pin(2) = (S(PH) + )1 Pin(2) 2,50

is null-homotopic (see Theorem 4.5 in [?]). Here, (=), pin(2) = ((—=) A £ Pin(2), )/ Pin(2)
is the homotopy orbit. The maps 7 and 8 are induced by D2 A idgm), and 3,
respectively.

The short exact sequence

1— S — Pin(2) — Cy — 1
implies that there is an equality

(S~ A S(PH) 1 ) pinzy = <(Siqié A S(pH)Jr)hsl)hc

= (s azecy)

2

hCy

To identify (S‘q" A EOO(CP_EP_l)hC , note the following two facts:

2
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(1) The cellular structure on BPin(2) induces a cellular structure on BS! where
the (4p — 2)-skeleton of BSt is CP?P~L.
(2) The Pin(2)-action on S(pH) induces a Cs-action on the quotient space
S(pH)/S* = CP?r~1. This is exactly the action (??), restricted to CP?*~! C
CP.
It follows from these two facts that
(ST AS®CPP e, = X (@720

Under this identification, maps 7 and 8 are equal to i(m,0) and ¢(0) respectively.
The map c(q)*?~27 is exactly the composition map 8 o 7, which is null-homotopic
if and only if a level-(p, ¢) Furuta—Mahowald class exists. a

2.2. The Mahowald line at odd primes. For each prime p, we can localize the
map c(m)* : X (m)¥ — S° at p to obtain a map

c(m)y) : X (M) — Sy
Similar to Definition ??, we define the function £¢,) : N — N as follows: £,)(k) is
the largest integer such that the map

e(k)Ee ™ X (k)" — 50

null-homotopic. It is clear from this definition that for all k € N,
ﬁ(k‘) = min ﬁ(p) (k‘)

p prime
The line determined by the function £, called the p-local Mahowald line.

We show that, at any odd prime p, the p-local Mahowald line is above the 2-local
Mahowald line (see Figures ?? and ??). This will reduce our problem to a 2-primary
problem. After this subsection, we will focus on the case when we localize at the
prime p = 2 for the rest of the paper.

Recall the fiber bundle

RP? < BPin(2) — HP>.

As discussed in Section ??, the cell structure for RP? and HP* induce a cell
structure for BPin(2).

The standard cell structures for RP? has one cell in dimensions 0, 1, and 2.
The 2-cell is attached to the 1-cell by 2, which is invertible when localized at p.
Therefore,

Zy when x =0,

2. —
H.(RP%; Zy)) —{ 0  otherwise.

This implies that when we localize at p, there is a cellular structure for RP? with
only one cell in dimension 0, and no cells in other dimensions. Since the cell
structure for HP® has one cell in dimension 4n for all n > 0, the induced cell
structure for BPin(2) from the fiber bundle above also has one cell in dimension 4n
for all n > 0.

The bundle 2 is orientable because its first Stiefel-Whitney class is 0. There is
a Thom-isomorphism

H* (X (2m); Zy)) = H*(Thom(BPin(2), —2m\); Zy)) = H* P2 (BPin(2); Z,))-
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X(28)  X(24)  X(20) X(16) X(12) X(8) X4)  X(0)

X(30)  X(26) X(22) X(18) X(14) X(10) X(6)  X(2)

FIGURE 3. The lower bound of the p-local Mahowald line at p > 2
(black) is above the 2-local Mahowald line (gray).

This Thom-isomorphism implies that

/ when * = —2m 4+ 4n, n > 0,
H. (X (2m);i L)) = { O(p) otherwise.

It follows that there is a cell structure for X (2m)(,) with one cell in dimension
(=2m + 4n) for all n > 0. Note that by the cellular approximation theorem, Propo-
sition ?? and Definition ?? do not depend on the cellular structure of X (m).
Therefore, we can use this specific cell structure to deduce a lower bound for the
p-local Mahowald line (see Figure ??). This lower bound is above the 2-local Ma-
howald line (shown in gray).

2.3. Step 1: lower bound. From now on, we localize at the prime p = 2.

Theorem 2.5. For every k > 0, there exist maps
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o fr: XQBk+4)gG, — S0
o gp: ST X8k +4)g% 4
o aj 1 S%F — X(8k —4)5 77
o by X(8k—4)5 7 — S°
with the following properties (see Figure 77):
(i) The diagram
X(8k +4) —= §° (2.3)

|

X(8k 4+ 4)85 41

commutes.

(ii) The map gi induces an isomorphism on Hgii4(—;F2). In other words,
S§8k+4 s o HFy-subcompler of X (8k + 4)g541 via the map gy, (see Defini-
tion 7).

(iii) The following diagram is commutative:

SEHAC T o X (8k +4)3, (2.4)

- A

X(8k— )4 g0

(iv) Let ¢y : S®*+1 — SO be the restriction of fi. to the bottom cell of X (8k +
4)§11- Then for k > 1, the map ¢y satisfies the inductive relation

Gk — Pk—2 - Xk € (Pr—1,2, k),

where 1y, € {0,80} in mr and xi is some element in mg. We will show in
Lemma 7?7 that ¢9 = n and we set ¢_1 = 0.

We prove Theorem 7?7 by using cell-diagram chasing arguments.
Remark 2.6. Property (i) immediately implies that the map
c(8k +4)%% . X (8k + 4)%F — S°

is null homotopic, and therefore it is the main property that we desire for f.
Properties (#) and (4i) are added so that we can construct fj inductively from
fr—1. Property (iv) is an additional requirement on f; that will be useful in the
next step.

Corollary 2.7. For any k>0 and 0 < m <7, we have the inequality
L8k +m+4) > 8k + 7(m),

where
0 m=0,1
T(m)=<1 m=234
2 m=25,6,T.

This line is shown in blue in Figure 77.
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XSk 4 43,

g8kHe .

S8k+1

4.1//@\._./.

second lock

X(8k )t

first lock

FIGURE 4. Constructing fr and proving a lower bound for the
Mahowald line.

Proof. When m = 0, the claim directly follows from diagram (??). When 1 < m <7,
the claim follows from the case when m = 0 and the following commutative diagram:

c(8k+4)
— >

X8k +4+ (m—1)) X (8K +4) 50

X(8k+4+m)

X8k +4+m)¥F+7(m) o~ X(8k + 4+ (m — 1))8k+70m=1) o ... X(8k + 4)%k+4
O

2.4. Step 2: upper bound detected by KO. Using Pin(2)-equivariant KO
theory, we prove the following proposition:
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Proposition 2.8. For any k > 1, the composition

8k—4 C(8k+2)8k74
= 5

X (8k +2) S* — KO

18 NONZETO.
Proposition 77 has the following corollary:
Corollary 2.9. The map c(8k +2)8 75 : X(8k + 2)3=5 — SO is nontrivial.

Proof. For the sake of contradiction, suppose that the map c(8k +2)8 =9 is trivial.
Then the map
c(8k +2)% 1. X (8k +2)%F4 — §°
will factor through the quotient map X (8k + 2)8% =% — §8%—4 via some map f : S84 — SO,
Since no element in 7mgy_4S is detected by KO, the composition
X (8k + 2)8—4 o g8h—4 L, 60 KO

is trivial. This is a contradiction to Proposition 77. (]
Corollary 2.10. The equality

L8k +m +4) =8k +7(m)
holds for all k > 0 and 0 < m < 6. Here, 7(m) is defined as in Corollary 77.
Proof. Corollary ?? implies that

£(8k +6+4) < 8k + 7(6).
This directly implies that

L8k +m+4) <8k +7(m)
for all 0 < m < 6. The claim follows by combining this inequality with the inequal-
ity in Corollary ?7. (|

2.5. Step 3: identifying the map on the first lock as {P*~1h$}. After estab-
lishing the lower bound for £(k), the (8% —5)-cell and the (8k —1)-cell in X (8k+3)
will play significant roles for the rest of our argument. We call them the “first
lock” and the “second lock”, respectively (see Figure ?7). In this step, we will
focus on the first lock. Combining Theorem ?? (iv) with an inductive Toda bracket
computation, we prove the following proposition:

Proposition 2.11. For all k,m > 0, we have the relations
¢ - {P"hi} = {P™F R}

The following corollary is a consequence of Proposition ?? and Theorem ?7? (i):

Corollary 2.12. For all k > 0, the diagram
X(8k +3)8F=5 —— GBS
\ J{P’“’lfﬁ} (2.5)
c(8k+3)8k=5 0

commutes.

Corollary ?? identifies the map on the first lock as {P*~1h3}.
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2.6. Step 4: A technical lemma for the upper bound. To prove an upper
bound for £(k), we make use of the spectrum j”, which is defined as the fiber of
the map

3_
ko L4 ko(2).

Here, ko(2) is the 1-connected cover of ko. The following proposition is proved by
analyzing the interactions between j" and the spectrum kog,7.

Proposition 2.13. For any k,m > 0, the map
JOSIY s X Bk 4 8)17 ) 26)
induced by the quotient map X (8k + 3)g™ 3 — S4™+3 s injective.

Proposition ?? can be interpreted as follows: in the j”-based Atiyah—Hirzebruch

spectral sequence of X (8k + 3)6“”"'37 any nonzero class of the form

a[4m+3}’ anNO(S4m+S)

survives. Using this, we can further show that in the j”-based Atiyah-Hirzebruch
spectral sequence of X (8k + 3)*™+3 a nonzero class

a[dm + 3]
with a € j79(84m+3) can only be killed by a differential of the form
b[—1] — a[dm + 3],
where b € j"71(S™!) = Z(2). Note that j”~1(5™) = 0 for m < —2, so this implies
that a cell of dimension < —2 cannot support a differential with target a[4m + 3].

2.7. Step 5: the second lock is not passed.

Proposition 2.14. There exists a map
tr: X (8k +3)5k 5 — S°
with the following properties (see Figure 77):
(i) The map
c(8k +3)%% 1. X(8k +3)% 1 — g0
factors through the quotient map
X(8k +3)%~1 — X(8k + 3)5k 2
va ty:
X(8k + )kt ST g
| / (2.7)
X(8k +3)5r_+
(i) The map ti factors through a quotient map
X(8k +3)gr s — S¥°Cw

via a map
th : X800y — 8O
(1i1) The restriction of t}, to its bottom cell is the map

{P*'h}y: 855 — 50,
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Ssk~l

SSk—5

241 1] — B8k — 1]

S0

FIGURE 5.

(iv) The map ty has order 2 in j”. In other words, the following composition is
zero:

_5 2}, .
S0y =5 S0 —

Properties (i) and (iii) in Proposition ?? are direct consequences of diagram (?7?).
Property (ii) and (iv) is established by a local cell-diagram chasing argument.

Lemma 2.15. In the j"-based Atiyah—Hirzebruch spectral sequence of X (8k + 3)%%—1,
there is a differential

2= 1] — $[8k — 1], (2.8)
where ¢ is a nonzero element in j"°(S8*~1).

To prove Lemma 7?7, we first construct a map

X (8k+3)% — n83CPiit

that is of degree one on both the top and the bottom cell. Then, we prove a differen-
tial in E’Sk’SCPf,fj:ll by computing certain e-invariants using the Chern character.

Pulling back this differential to X (8% + 3)%~! proves the desired differential.
Theorem 2.16. The composition map

. 8k—1
FoX(8k+ )81 BEED g0

s not zero.
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Proof. For the sake of contradiction, suppose that f is zero. Consider the compo-
sition

g: X@Bk+3)%% " —— X(@8k+3)%L ey g0

By Proposition ??(i), the map f is the composition in the top row of the following
diagram:

X(8k +3)%=1 —— X(8k+3)% " —1 j”

-
-
-
-
-

Y X (8k +3)72.
Since the sequence
X(8k+3)% 1 —— X(8k+3)% ! —— NX(8k +3)2

is a cofiber sequence and [LX (8k + 3)72,5”] = 0 (j” has no negative homotopy
groups), the map g is zero.

Let 8 € j"(X(8k + 3)5) be the pullback of 1 € j7°(S°) = Z under the
composition

X(8k +3)8F 1 ——» X(8k+3)%-L =, 50

Let o € 5"0(X (8k 4 3)3*75) be the pullback of § under the inclusion

X (8k +3)8F5 —— X(8k+3)5F 1.

Then the following three facts hold:

(i) 28 =0.
(ii) B pulls back to 0 € j"°(X (8k 4+ 3)%~') under the map

X(8k+3)% 1 —— X(8k+3)5F 1.

(i) a # 0.
Fact (i) is true by Proposition ??(iv). Fact (ii) is true because the map g is zero.
To see that fact (iii) is true, note that by Proposition ??(iii), « can be represented
as the map

5 PF=1n3 .
X (8k + 3)8° gsk—s _1 b, g0 "
Since {P*~1h3$} is detected by j”, the composition
G8k—=5 {P*~"hl} S0 j//

is nonzero. Proposition 7?7 then implies that « # 0.
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Consider the following commutative diagram, where the rows are induced from
cofiber sequences:

a B 0

J"0(8%) T (X (8K +3)5" ) —— JO(X (8K +3)%)

| ! !

j”O(SO) o’ "/O(X(Sk +3)gk—5) j”O(X(Sk—I—S)S_kl_S).

o r—— a#0

By fact (ii), 8 = d(a) for some a € j"°(5°) = Z). By the definition of o and fact
(i), & (a) = a # 0.

By Lemma ??, 9(2*%~1) = v, where v € j"°(X (8k + 3)5!) is the pullback of a
nonzero element ¢ € j0(S%~1) under the map

X (8k+3)5" 1 ——» 581
Since « pulls pack to 0 € j70(8k + 3)5¥7° 9(2*%~1) = 0. This implies that
via) <v(2™ N =4k -1
(here v(—) denotes the 2-adic valuation). Therefore,

o= 0"
(24;1) 9(2a)

()
= 0 (by fact (i)).

This is a contradiction because v # 0 by Proposition 77,

Corollary 2.17. We have the inequality
L£(8k +3) <8k —2
for all k > 0.

2.8. Step 6: the first lock is passed when k is odd. In this step, we will show
that when k is odd, £(8k+3) > 8k —2. To prove this, we first construct a spectrum
$71Z(k), which is defined as the homotopy fiber of a certain map

Zf8k73CP48]§7;11 58k77.

The spectrum %! Z (k) has bottom cell in dimension (—1) and top cell in dimension
(8k — 5).

Proposition 2.18. There exists a map

p: X(8k+3)%72 — 717(k)
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such that the following diagram commutes:

X (8k + 3)8h2

!

X (8k + 3)3% 2

le

S Z(k) ——s S5

c(8k+3)8F 2 (2.9)

{PF=hi 50
Proposition 2.19. When k is odd, there is a differential
244 1] — {PF1R3Y 8k — 5 (2.10)
in the S°-based Atiyah—Hirzebruch spectral sequence of =17 (k).
Proposition ?? is proven by considering Tyx—_3, the (4k — 3)-layer of the Adams

tower for S°. Using the connectivity of the 0-connected cover of Ty _3, we prove
that there exists a differential of the form

2= 1] — a8k — 5], a € j"(S%7P)

in the S%-based Atiyah—Hirzebruch spectral sequence of X~1Z(k). By computing
the e-invariant of the element a using Chern character, we show that a = { P¥~1h$}.
It follows from Proposition ?? that the composition map

{P*~1h3}
—

S1Z(k) —» S8F5 S0

in diagram (??) is zero. Therefore, the composition
X(8k +3)%572 — X (8k 4+ 3)5F—2 — g0
is also zero by the commutativity of the diagram.

Corollary 2.20. When k is odd, we have the inequality
L(8k +3) > 8k — 2.

2.9. Step 7: the first lock is not passed when £ is even.

Proposition 2.21. When k is even, the class
24k—4—1/(k)[_1]

is a permanent cycle in the 5" -based Atiyah—Hirzebruch spectral sequence of X (8k + 3)8%=5.

The proof of Proposition 77 is analogous to that of Proposition ?7?. First, we
construct a map
X (8k +3)%75 — »712(0),
where ¥71Z(0) is a spectrum that is constructed similarly as, but different from
$71Z(1). Then, we establish a permanent cycle

24k—4—v(k) [_1]
in the j”-based Atiyah-Hirzebruch spectral sequence for ¥~ Z(0) via Chern charac-

ter computations. This permanent cycle is then used to prove the desired permanent
cycle.
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Theorem 2.22. When k is even, the composition map

sk—5 c(8k+3)8F~5
—_—

X (8k + 3) SO — 4" (2.11)

is not null.
Proof. By Corollary 7?7, one can rewrite (?7) as the composition
8k—5 8k—5 {Pkilh?} -1
X(8k +3) —- S — . (2.12)

For the sake of contradiction, suppose that (??) is null-homotopic. By Proposi-
tion 7?7, there must exist a differential of the form

b[—1] — {P*1h3}[8k — 5] (2.13)

for some b € Z(y).
Recall that in Lemma 7?7, we established the differential

2471 [—1] — ¢[8k — 1]
for some nonzero element ¢ € j7°(S®~1). This, combined with differential (?7?),
shows that there exists a differential
2b[—1] — y[8k — 1]. (2.14)
Furthermore, the elements ¢ and 7-24;—;1, when considered as elements in 50 (X (8k + 3)5F 1),
are equal. Since

94k—1

1/< 5 > >4k —1—-(14+4k-5—-v(k)) =3+ v(k)

and j"°(S8%=1) = 7,/(2*t(K)) 4 must be the generator of j/0(S%+~1).
Consider the exact sequence

§O(SBRTYY = 50X (8k + 3)8L) — O (X (8K + 3)8F ) — §"O(X (8K + 3)%F7P)
that is induced from the cofiber sequence

X (8k +3)3 =% — X(8k + 3)%% 71 — X (8k + 3)5K 1.
Differential (??) implies that the map

F7O(SERTYY = 570 (X 8k + 3)5r L) — 50 (X (8K + 3)%F 1)
is zero. Therefore, the map
30X (8k + 3)% 1) — j70(X (8K + 3)%+77)

is injective. However, our induction hypothesis states that the composition map

8k—1
X (8K + 3)8%5 s X (8k + 3)sh-1 LT,

is zero. The injection above will imply that the composition map

SO N j//

c 8k—1
X (8k + 3)8k—1 DT,

is also zero. This contradicts Theorem ?77. O

SO N j//

Corollary 2.23. When k is even, we have the equality
L£(8k +3) =8k —5.

In light of Proposition ??, our main theorem (Theorem ?7) follows directly from
the various bounds that we have established for the Mahowald line (see Figure 77).
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3. PRELIMINARIES

In this section, we set up some preliminaries that will be useful in the later
sections. In Section ??, we define maps between certain subquotients of X (m). In
Section 77, we discuss the transfer map.

3.1. Maps between subquoteints.

Definition 3.1. Let m, n, and [ be integers with m > n > 0. The function
h(n,m,l) € Z is inductively defined as follows (see Figure ?7?):

-1 if l+n=0,3 (mod 4),

l otherwise.

e h(m,n,l) =h(m—1,n,h(n,n —1,1)) when m —n > 2.

e h(n,n—1,1)=

We also set h(m,n,co0) = co.

Intuitively, the integer h(m,n,1) can be described as follows: start with the [-cell
in X(m) and walk to the right (towards X (n)), moving down one cell every time
we encounter an empty cell. The cell we reach at X (n) is h(m,n,l).

Definition 3.2. For k£ > 0 and 0 < m < 7, define
ho(4+ 8k +m) =8k +7(m) +1,

where the function 7(m) is defined as in Corollary ??. In other words, the ho(4 + 8k + m)-
cell of X (4 + 8k + m) is the first cell that is above the lower bound line proved in
Section ?? (the blue line in Figure ?77?).

Proposition 3.3. Let m, n, [, j be integers such that the following conditions hold:

(a) m=8k+4+a and n =8k +4+b, where k >0 and a,b € {0,...,7};
(b) m>n;

(¢) 1= ho(m);

(d) j = h(m,n,l).

Then there exists a map
i(m,n,l,j) : X(m)ﬁm(m) — X(n){m(n).

Furthermore, the maps i(m,n,l,j) are compatible with each other in the sense that
the following three properties hold:

(1) (Compatibility with respect to quotient). The following diagram commutes
for all m > n:

oo i(m,n,00,00) o
XMl — = X))

i(m,n)

X(m)

X(n).

(2) (Compatibility with respect to inclusion). If (m,n,l',j") is another tuple
satisfying the conditions above with I' < | and j' < j, then the following
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o]

o= v = ©®|
s
S
S
=

FIGURE 6. Maps between subquotients.

diagram commutes:

i(m,n,l,5)

X(m)l, o X () ) (3.1)
x v i(m,n,l’,5") X i’
(m)ho(m) —_— (”)ho(n)'

(3) (Compatibility with respect to composition). If (m,n,l, j) and (n,p,j,q) are
two tuples satisfying the conditions of the proposition, then

i(m,p,1,q) =i(n,p,j,q) oi(m,n,l,j).
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To avoid clustering the notations in the later sections, we will simply use the
special arrow

l N j
to denote the map i(m,n,l,j) when the context is clear.
Proof. We will construct the maps i(m,n,(, 7) in four steps, increasing the level of

generality at each step.

Step 1: m = n + 1,1 = j = oco. By our definition of ho(—) and the cellular
approximation theorem, there is always a map

X (n+1)r+D=1 __ x(p)holm)=1,

Furthermore, this map makes the bottom square of the diagram

X+ Dpongr)y —"--- » X (1) ho(n)
X(n " 1) i(n+1,n) X(TL)

J J

X(n+DrotD=1 _______, X(p)ho(m)—1,
commute. Since both columns are cofiber sequences, there is an induced map
i(n+1,n,00,00) : X(n+ 1)ho(n+1) — X(n)ho(n)

between the cofibers making the whole diagram commute. The top square of the
commutative diagram above implies that property (1) holds for m = n + 1.

Step 2: m = n+1, j = h(n+1,n,l). Note that by the definition of h(n+1,n,1),

h(n+1,n,l
X (g = X ()i ™

We define the map i(n + 1,n,1, h(n + 1,n,1)) to be the map

h(n+1,n,l)
ho(n) ’

The map i(n + 1,n,l, h(n + 1,n,1)) fits into the following commutative diagram:

X(n+ Dhyniry — X (o) = X (1)

i(n+1,n,00,00)

X(n+ 15 i) X (n)pe o)
T (3.2)
X(Tl + l)l i(n+17’ﬂ,lvh(n+17n7lg)X(n)h(n—&-l,n,l).

ho(n+1) ho(n)

Step 3: m = n 4+ 1. We define the map i(n + 1,n,l,j) to be the composition
i(n+1,n,l,h(n+1,n,l))

h(n+1,n,l ;
Xty ™ Xy

We now prove that property (2) holds when m = n + 1. The case when [ = oo
is directly implied by diagram (?7?).
Suppose that [ < co. Consider the two compositions

X (n+ 1)ty

i(n+1,n,l,5) X(H)J

1: X (n 4 1)y = X(n+ 1) () ho(n)
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and
, i(n+1,n,l",5") i’ i
2: X(n+ 1)20(,1“) X(n)flo(n) — X(n)io(n)
in diagram (??). We want to show that these two compositions are equal. After

post-composing with the inclusion map

X(n){m(n) = X(n) o (n):

the maps 1 and 2 are homotopic to each other (this is because we have already

verified Property (2) when £ = o).
Consider the cofiber sequence

STX ()33 — X7, ) = X ()70 (5

Since the difference 1 — 2 is null after post-composing with the map X (n);bo n) <

X(n);‘;(n), it factors through the fiber via a certain map 3 : X(n + 1)Z0(n+1) —
Y1 X (n)55,:

X(n+ 1)}
3

|

1

|

|
v

STIX(n)%, —— X(n){lo(n) — X(n)72 -

If the left vertical arrow in diagram (??) is the identity map, then diagram (?7?)
commutes by definition. Otherwise, it is straightforward to check that the dimen-

sion of the top cell of X(n + 1)Zo(n+1) is less than the dimension of the bottom

cell in ¥71X (n);"jrl Therefore, the map 3 is zero by the cellular approximation
theorem. This implies 1 = 2 and that property (2) holds when m =n + 1.

Step 4: General m,n,l, 5. Choose a sequence l,,,l;,—1, .- .,l, such that
1) L =1, 1, =7.
(2) ls > h(s+1,8,ls41) forallm—1>s>n.

We define the map i(m,n,l, j) to be the composition

m

H i(?}?’ - 17Z7’7 lrfl) = Z(n + ]-vnu ln+17 Zn) 6---0 Z(m7m - la lmv lm71)~
r=n+1
Note that by our discussion in step 3, this composition does not depend on the choice
of the sequence (I, lm—1,...,1n). Property (3) holds immediately by definition.
Properties (1) and (2) hold by our discussions in steps 1 and 3, respectively. O

3.2. Transfer maps.
Proposition 3.4. There is a cofiber sequence

X(m + 1) X, ¥ () Sy =mepee (3.3)

Proof. One can rewrite the map i(m + 1,m) as the map
(S(ccH)4 A S~ +DR A 50), pin(2) — (S(coH)4 A SR ) SR)hPin@)
induced by the map ag : S° — SR By the cofiber sequence
SO U5 SR (Cy)s,
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one obtains the cofiber sequence

X(m+1) L, ¥ (m) 225 (S(00H)s A SR AS(C) 4 n pince)-
Note that
(S(ooH), A S VF AS(CH) npmey = ((S(ooH)y A S ™R AS(Co) st e,
= (CPE® A ST AS(CY) 1 )ne,
= CPEAS (MFU A
= X "CPP.
We have established the cofiber sequence (?7). O

Let V' be the rank-3 bundle over BSU(2) = HP> associated to the adjoint
representation of SU(2) on its Lie algebra su(2).

Proposition 3.5. There exists a transfer map

Tr: Thom(HP>,V) — X(-1) (3.4)
that induces an isomorphism on (HFg)4,13 for any n.
Proof. For a general fiber bundle F < E 25 B with fiber F being a manifold, the
tangle space of F' forms a vector bundle over E, called vertical tangle bundle and

denoted by Tyert E. Given any vector bundle W over B, there is a stable transfer
map

Tr : Thom(B, W) — Thom(E,p"W — Tyert E).

This map is constructed as follows: When B is compact, one can embed E into the
bundle R™ @& W (R™ denotes the trivial bundle over B with dimension m > 0).
By collapsing a tubular neighborhood of this embedding to a single point (namely,
the Pontrjagin-Thom collapsing), one obtains a map

Thom(B,R™ @ W) — Thom(E, N) (3.5)
where N is the normal bundles of F' in the fiber of R™ @ W. Note that
TvertE DN = Km EBp*E,

the map Tr is induced by (??). When B is noncompact, one apply this construction
on compact subsets and take limit.
Next, given a Lie group G with a closed subgroup H, one has a fiber bundle

G/H — BH % BG

Moreover, let Vi (resp. Vi) be the vector bundle over BH (resp. BG) associated to
the adjoint representation on the Lie algebra. By a careful unwinding of definition,
one can show that p*(Vg) — Tvert = V. Therefore, we obtain the transfer map

Tr : Thom(BG, Vi) — Thom(BH, V).
Specifying to our case:
G=05U(2), H=Pin(2), Vg =V and Vg = A,

we obtain the map (?7?).
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Now we show that Tr induces an isomorphism on (HF3)3. Consider the pull back
of Tr under the inclusion point — HP>. One obtain the following commutative
diagram:

Thom(HP>,V) — 2= X(1)

] o]
83 ——2 5 Thom(RP?, \|gp>)

Note that (HF3)s of all for terms in the diagram are all Fo. Further more, since
the map 3 is induced by the inclusion of fiber of the bundle
RP? < BPin(2) — HP>.

and the Serre spectral sequence for this bundle collapse, 3 induces an isomorphism
on (HF9)s. Since the map 2 is the Pontrjagin-Thom collapsing map, it induces
isomorphism on (HF3)s. From this, we see that Tr must induce an isomorphism
on (HFQ)g

To see that Tr induces isomorphism on (HF3)4y,+3 for any n, we note that
both H,(Thom(HP>,V);Fy) and H.(X(1);F2) are modules over H*(HP>;F,).
Moreover, by its construction , Tr induces a map on HIF5 which preserves this
module structure. Using this fact, we can reduce to the case n = 0, which have

been proved.
|
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4. ATTACHING MAPS IN X (m)

4.1. HF3-subquotients. We recall the following definition and lemma from [?]:

Definition 4.1. Let A, B, C' and D be CW spectra, i and ¢ be maps
At B, B—4s .

We say that (A,7) is an HFy-subcomplex of B if the map 4 induces an injection
on mod 2 homology. An HFs-subcomplex is denoted by a hooked arrow as above.
Similarly, we say that (C,q) is an HF3-quotient complex of B if the map ¢ induces
a surjection on mod 2 homology. An HFFp-quotient complex is denoted by a double-
headed arrow as above. When the maps involved are clear in the context, we may
ignore the maps ¢ and ¢ and just say that A is an HF3-subcomplex of B, and C' is
an HFy-quotient complex of B.

Furthermore, D is an HFs-subquotient of B if D is either an HF5-subcomplex of
an HIFF5-quotient complex of B or an HFs-quotient complex of an HFF3-subcomplex
of B.

Note that from Definition ??, HF;-subcomplexes and HF;-quotient complexes
are not necessarily subcomplexes and quotient complexes on the point-set level.
Our definitions should be thought of as in the homological or homotopical sense. A
motivating example to illustrate this is the following: the top cell of the spectrum
RP‘;’ splits off, so there is a map from S3 to RP? that induces an injection on mod
2 homology. Therefore S® is an HF5-subcomplex of RP? in our sense. However, on
the point-set level, the image of the attaching map is not a point and so S is not
a subcomplex of RP? in the classical sense.

It follows directly from Definition ?? that if (A, ) is an HFs-subcomplex of B,
then the cofiber of i is an HF5-quotient complex of B. We will often denote this
quotient complex as B/A. Dually, if (C,q) is an HF3-quotient complex of B, then
the fiber of ¢ is an HFs-subcomplex of B.

The following lemma is useful in constructing HFo-subquotients.

Lemma 4.2. Suppose that (A, 1) is an HFy-subcomplex of B. Let C' be the cofiber of
i and let (D, j) be an HFg-subcomplex of C. Define E to be the homotopy pullback
of D along B — C. Then E is an HFg-subcomplex of B. Moreover, A is an
HF;-subcomplex of E with quotient D.

Dually, suppose (C,q) is an HFy-quotient complex of B. Let A be the fiber of q.
let (F,p) be an HFg-quotient complex of A. Define G to be the homotopy pushout
of F along A — B. We have that G is an HFy-quotient complex of B. Moreover,
C is an HF3-quotient complex of G with fiber F.

Lemma ?7 follows from the short exact sequences of homology induced by the
following commutative diagrams of cofiber sequences and diagram chasing.

A——FE ——» D

b

A—3 B ——»C

A——>s B2y C

ool

F——nG—C
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Definition 4.3. For any element « in the stable homotopy groups of spheres, we
say that there is an «-attaching map from dimension n to dimension n + |a| + 1 in
a CW spectrum Z if ¥"Ca is an HFs-subquotient of Z. Here, |« is the degree of
a and Ca is the cofiber of a.

Lemma 4.4. Suppose that Z is a CW spectrum, with only one cell in dimension
n. Then the following claims hold:

(1) There is a 2-attaching map from dimension n to dimension n+ 1 in Z if
and only if the map

Sq' : H"(Z;Fy) — H" Y (Z;Fy)

18 monzero.
(2) There is an n-attaching map from dimension n to dimension n+ 2 in Z if
and only if the map

Sq* : H"(Z;Fy) — H""2(Z;Fy)
1S monzero.

Proof. This follows from naturality and the fact that Sq¢' # 0 in H*(C2;F,) and
Sq* # 0 in H*(Cn; Fy). O

4.2. The 2 and n-attaching maps in X (m). Recall that
X (m) = Thom(BPin(2), —mM).

Proposition 4.5. The mod 2 homology of X (m) is as follows:
e form =0 (mod 4),

_ [ F, j=0,1,2 (mod4),
HjX(m)_{ 0 j7=3 (mod4).
e Form=1 (mod 4),
4 _J Fy j=0,1,3 (mod4),
H]X(m)—{ 0 j=2 (mod4).
e Form =2 (mod 4),
_ [ F; j=0,2,3 (mod4),
HjX(m)_{ 0 j=1 (mod4).
e Form =3 (mod 4),
4 | Fy j=1,2,3 (mod4),
H]X(m)—{ 0 j7=0 (mod4).

Proof. When m = 0, X (0) = BPin(2), which is a bundle over HP* with fiber RP.
The corresponding Serre spectral sequence collapses at the Es-page, from which we
obtain a computation for H, X (0).

The homologies for all the other X (m)’s follow from the homology of X (0) and
the Thom isomorphism. ([

Recall from Proposition ?? that there is a cofiber sequence

Sm.

X(m+1) — " X(m) —" > »-mCP>

(4.1)

for every m > 0.

The notation r,, is
inconsistent with the
notation i(m+1,m).
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Lemma 4.6. The induced homomorphisms ry,, and s, on mod 2 homologies can
be described as follows:

(1) The map
Tmsx ¢ H]X(m+ 1) — HJX(m)

is an isomorphism if and only if
e m=0 (mod 4) and j =0,1 (mod 4);
e m=1 (mod 4) and j =0,3 (mod 4);
e m=2 (mod 4) and j = 2,3 (mod 4);
e m=3 (mod4) and j = 1,2 (mod 4).

In other words, rm, ts an isomorphism when both the domain and the

codomain are nonzero.

(2) The map

Smx : HjX(m) — H;(E7"CP™)

s an isomorphism if and only if

)
) ( )
e m =2 (mod 4) and j =0 (mod 4);
e m=3 (mod4) and j =3 ( )

Intuitively, part (2) of Lemma ?? is saying that for the cells in X~™CP>, the
ones in dimensions 4k 4+ 2 —m come from X (m), and the ones in dimensions 4k —m
come from XX (m + 1).

Proof. The proofs for both part (1) and (2) follow from the associated long exact
sequences on mod 2 homology groups from the cofiber sequence (77?). (I

Proposition 4.7. In the mod 2 homology of X (m),

(1)
Sq* . H' X (m) — H' X (m)

is monzero if and only if

e m=0 (mod 4) and j =1 (mod 4);
e m=1 (mod4) and j =3 (mod 4);
e m =2 (mod 4) and j =3 (mod 4);
e m=3 (mod4) and j =1 (mod 4)

(2)

is monzero if and only if
e m=1 (mod 4) and j =3 (mod 4);
e m=2 (mod 4) and j =2 (mod 4).

Proof. Recall that BPin(2) is a bundle over HP> with fiber RP?. The existence of
the S¢'’s and the Sq¢*’s in H*X (0) = H*BPin(2) follows from the collapse of the
Serre spectral sequence. More precisely,

H*BPin(2) = Fy[q,v]/(¢> = 0)
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where || = 1 and |v] = 4. If we denote Sq = }_,5,5¢" to be the total Steenrod
squaring operation, then

Sq(1) = 1+ 5¢(1),

i>3
Sqala) = q+d*+>_ 5S¢ (q),
i>3
Se(d®) = @+ 54 (),
i>3
Sq(v) = v+ Z Sq'(v).
i>3

To deduce the Sq'’s and S¢®’s in X (m) when m > 1, note that by the Thom
isomorphism,
H*X(m) = H*"TX(0) - ®_,».
Here, ®_,,» € H ™X(m) is the Thom class associated with the virtual bundle
—mA. For any o € H*™ X (0),

Sqlo- D)

Sq(a) - 5q(P—ma)
Sq(a) - w(=mA) - P_p», (4.2)
where w(—) denotes the total Stiefel-Whitney class. Since
1=w(0) =wA® =) = wA\)w(=N)
and w(\) = 1 + ¢, we have that
w(=mA) = w(=A)" = W =(1+q+q)™
Substituting this into equation (??) and letting « take values from elements in

H*X(0) produce all the Sq!’s and S¢?’s in X (m).
O

Corollary 4.8. There are 2 and n-attaching maps in X (m) if and only if they are
marked in Figure 77.

Proof. The 2 and n-attaching maps follow from Lemma ??7 and Proposition ?7. O

Lemma 4.9. Suppose that m and j satisfy one of following conditions:
(mod 4) and j =2 (mod 4);
(mod 4) and j =1 (mod 4);
(mod 4) and j =0 (mod 4);
(mod 4) and j =3 (mod 4).

W N = O

3333

Then the map

Si+1

—— X(m+ 1)) ————— X ()] ==

8 1.
Proof. By Lemma ?7?, the cofiber the map is
(ZTmCP)Ite

Since there is a nonzero Sqg? in its cohomology, this cofiber is indeed ¥7Cr). (]
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FIGURE 7. Some attaching maps in X (m).
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Taking cofibers, we have the following commutative diagram:

SHOn == X(m +1)]*?/89+2 - — — — — = X(m)] " /$IH? == Ca
X(m+ 1)1+ X (m)} ™
gi+2 id Si+2

Since X(m)giJrg/SjJr2 is a 2 cell complex, it must be the cofiber of a class a €
in the stable homotopy groups of spheres.

Jj+3 Jj+3

X(m+ 1)1 —— X (m)I* X(m+ 1)/ /8972 - — = X (m)I+? /5742

It is clear that we must have o = 2. If it is not, then X(??”L);Jr?’/.S'jJr2 would
split as S7 v §913, and we would have a map

ey — 87

whose restriction to the bottom cell is n by Lemma ??. This is not possible.
(2) Case 2: m =2 (mod 4) and j =3 (mod 4). Consider the map

X(m)7™ — X(m— 1)1+

From the 2 and n-attaching maps in Corollary ??, this map is the Spanier—
Whitehead dual (up to suspension) of the map

X(m+ 1)§+3 — X(m)§+3
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in the case when m =1 (mod 4) and j =1 (mod 4). Therefore, we must have
the n2-attaching map.

(3) Case 3: m =3 (mod 4) and j = 2 (mod 4). The proof is similar to the case
when m =1 (mod 4) and 5 =1 (mod 4). Consider the map

X(m)iF? — X(m— 1)1

By Corollary 77, the cells in dimension j + 1 are not attached to the lower
skeletons of X (m);-"r3 and X (m— 1);-+3. Therefore, they are HFs-subcomplexes.
Taking the cofibers, we have the following commutative diagram:

N O ==X (m)} ">/ - - — - - = X(m— 1)1 /S —=xiCy
X (m)i*? X(m— 1)

id S]+1
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Since X(771)§+3/SJJrl is a 2 cell complex, it must be the cofiber of a class ¢ €
in the stable homotopy groups of spheres.

X(m)I® —— X(m — 1)1+ X(m)i 3§91 = = = X(m — )7+ /5741

It is clear that we must have ¢ = n?. If it is not, then X(771);:+3/5v'frl would
split as S7 v $7*3, and we would have a map

Sit3 s %iC.

By Lemma, ??, post-composing this map with the quotient map %/Cn — S3+2
would give 7, which is not possible.
(4) Case 4: m =0 (mod 4) and j =2 (mod 4). Consider the map

X(m+ 15" — X(m)i .

From the 2 and n-attaching maps in Corollary 77, this is the Spanier—Whitehead
dual (up to suspension) of the map

X(m)i™? — X(m—1)*°

in the case when m =3 (mod 4) and j =2 (mod 4). Therefore, we must have
the n2-attaching map. Alternatively, one may also prove this n?-attaching map
by considering the map

X(m)i* — X(m— 1)1
Now, we will show that in the other four cases, there do not exist n2-attaching

maps.

(1) Case 1: m =3 (mod 4) and j =3 (mod 4). Consider the map

X(m+ 1)1 — X(m)7 .

By Corollary 77, the cells in dimension j + 2 are not attached to the lower
skeletons of X (m+ 1)§.+3 and X (m);+3. Therefore, they are HFy-subcomplexes.
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Taking the cofibers, we have the following commutative diagram:

SIHLY SIS —= X (m + 1)172 /9942 - — — — = X (m)’ "3/ 87+2 »iCa!
X(m+1)I* X(m)i+
Gi+2 id gi+2

Since X(m);+3/5’j+2 is a 2 cell complex, it must be the cofiber of a class o/ €
in the stable homotopy groups of spheres.

Jj+3

i+3 i+3 i+3 /i i+3 /@i
X(m+ 1) —— X(m)?* X(m+1)57°/87%2 = — > X (m)J*°/57+2

It is clear that we must have o/ = 0. Otherwise, we would have o/ = n? and

there would be a map

ST — IO

Post-composing this map with the quotient map L/Cn? — S713 gives us the

identity map. This is not possible.
(2) Case 2: m =0 (mod 4) and j =1 (mod 4). Consider the map

X(m)§+3 — X(m — 1)?_3.

From the 2 and n-attaching maps in Corollary 7?7, this is the Spanier—Whitehead
dual (up to suspension) of the map

X(m+ 1) — X(m)I*™
in the case m =3 (mod 4) and j = 3 (mod 4). Therefore, there cannot be an

n2-attaching map.
(3) Case 3: m=1 (mod 4) and j =0 (mod 4). Consider the map

X(m)i*? — X(m— 1)1
By Corollary 7?7, the cells in dimension j 4+ 1 are not attached to the lower

skeletons of X (m)§+3 and X (m— 1);+3. Therefore, they are HF5-subcomplexes.
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Taking cofibers, we have the following commutative diagram:

2j0¢/ L X(m)§+3/5j+l 77777 . X(m _ 1)§+3/Sj+1 — GJ vy §itl
X (m)y* X(m = 1)3*°
Sj+1 id Sj+1

Since X(m);:JF?’/Sj+1 is a 2 cell complex, it must be the cofiber of a class ¢’ € m
in the stable homotopy groups of spheres.

X(m)i"? ——= X (m—1)1*° X (m)iF? /St — — = X(m — 1)1+ 50+

It is clear that we must have ¢/ = 0. Otherwise, if ¢’ = 2, we would have a
map
Yicn? — &7
whose restriction on the bottom cell is the identity. This is not possible.
(4) Case 4: m =2 (mod 4) and j =0 (mod 4). Consider the map

i+3 J+3
X(m+1)7"" — X(m); ™.
From the 2 and n-attaching maps in Corollary 77, this is the Spanier—Whitehead
dual (up to suspension) of the map

X(m);+3 — X(m — 1);+3

in the case when m =1 (mod 4) and j = 0 (mod 4). Therefore, there cannot
be an n?-attaching map.
g

4.4. Some HFs-subquotients of X (m). In this subsection, we define and discuss
some HF2-subquotients of X (m).
We start with the 3 cell complex X(SIerél)SZrl1 and the 4 cell complex X (8k + 3)55+.
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Lemma 4.11. The 3 cell complexr X (8k + 4)221‘11 splits:
X(8k + 4)gpt] ~ 58+ v g8+ 02,

Proof. By Corollary ?? and Proposition ??, there are no  and n?-attaching maps

in X(8k+4)§:fll. The claim then follows from the fact that 71 = Z/2 and my = Z/2

are generated by 1 and n? respectively. (I
Lemma 4.12. The 4-cell compler X (8k + 3)5 & splits:

X(8k +3)55 L ~ w8 =50y v 28R 302,

Proof. Consider the (8k —2)-skeleton of X (8k +3)5¥~1 which is the 3 cell complex
X(8k+3)§’lz:§. By Corollary ?? and Proposition ??, there are no 1 and n2-attaching
maps in X (8k + 3)22:?. Since 71 = Z/2 and 7y = Z/2 are generated by 1 and n?
respectively, we have the following equivalence:

X (8k +3)g 2 ~ S¥5 v 2830,

This gives X8¥73C2 as an HF,-subcomplex of X (8k + 3)2’;:?, and, therefore, as an
HF,-subcomplex of X (8% + 3)85~1.
Now consider the attaching map

S8 — X (8k +3)5, 3
whose cofiber is X (8k + 3)22:;. By Corollary 7?7, the cell in dimension 8k — 1 is
not attached to the cell in dimension 8k — 2 by 2. It is also not attached to the cell

in dimension 8k — 3 by 1. Therefore, it is null homotopic and we have the following
homotopy equivalence:

X(8k + 3)5k—1 o~ w8k 302 v §8k-1,

This gives S ! as an HF;-subcomplex of X (8k + 3)5r 1.
By Lemma ??, we can pullback S8 ~1 along the quotient map

X(8k+3)g "5 — — = X(8k +3)5 5
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and obtain a 2 cell complex as an HFy-subcomplex of X (8k + 3)5: 1.

58k75( 28](?7501/ = SSk:fl

| |

SO X (8 5 e X+ 3

We claim that this 2 cell complex must be £8*~°Cu. In fact, consider the map
X (8k+3)g "5 — (ST TICP)g

induced by the map X (8k + 3) — X ~8=3CP>. Since there is a nontrivial Sq*
on H8=5(=86=3CP)8 1 we must have a nontrivial Sg* on H3*~5X (8k +3)5% 1
and the 2 cell complex. This produces the v-attaching map. Therefore, ¥3*=°Cv
is an HFs-subcomplex of X (8k + 3)3F~1.

In summary, we have shown that both £8*~3C2 and 28*~°Cv are HF,-subcomplexes
of X(8k+ 3)22:;. Their wedge gives an isomorphism on mod 2 homology and is

therefore a homotopy equivalence. This completes the proof of the lemma. O

Proposition 4.13. There exists a 4 cell complex E(k) that is an HFy-subcomplex
of X (8k + 4)55+4 . It has cells in dimensions 8k — 4, 8k — 3, 8k and 8k + 4.

Proof. First, by Corollary 77, the cells in dimensions 8k —2 and 8k are not attached
by n in X (8k + 4). Therefore, there is an equivalence

X (8k +4)5F ., ~ S8k g8k—2,

In particular, we have S8 =2 as an HFa-quotient complex of X (8k + 4)2’,2_2 and
X (8k+4)5F_,, and S®* as an HFy-subcomplex of X (8k+4)5k _, and X (8% + 4)55+32.
Define F(k) to be the fiber of the following composition:

X(8k +4)8F | ——= X(8k +4)8F , —— 582,

Then F(k) is a 3 cell complex with cells in dimensions 8k —4, 8k — 3 and 8k. This

3 cell complex is an HFy-subcomplex of X (8k + 4)5F_, and X (8k + 4)55. Tt is

clear that we have the following commutative diagram in the homotopy category:

X8k +4)5i "] == X8k + 4)5: 7}

| |

F (k)= X(8k + )57 — X(8k + 95373/ F (k)

| |

S X(8k + 4)55 15— X (8k + 4)55 5/ S%F

Therefore, we can identify the 4 cell complex
X (8k + 4)gt i/ F(k) = X (8k + 4)35 13/ 5%*.

Now, we claim that the top cell of X (8k+4)3FT4/F(k) splits off. In fact, consider
the attaching map

SO — X (8k +4)5; 15/ 5%,
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whose cofiber is X (8k + 4)5x 15 /S8, We will show that this attaching map is null-
homotopic. Consider the Fi-page of the Atiyah—Hirzebruch spectral sequence of
the 3 cell complex X (8k + 4)5:72/8% that converges to its (8k + 3)-homotopy
groups:

7T8k+358k+2 D 7T8k+358k+1 D 7T3k+358k72 =TT DT D7y = Z/Q D Z/Q.

The right hand side is generated by n[8k + 2] € mg+35%%2 and 7?[8k + 1] €
Terg35%F 1. By Corollary ?? and Proposition ??, there are no n and n?-attaching
maps in X (8k + 4)55T3 /S8*. This proves our claim.

Therefore, we have a splitting

X (8K + 4)5k 12/ 58k ~ G8RH4\/ X (8 + 4)58+2 /G8F,
In particular, this splitting exhibits S8 %4 as an HF;-subcomplex of
X (8k + 4)5k+3 /8% — X (8k 4 4)5k+4 /F (k).
Lastly, we pullback S8 % along the quotient map

X(8k + 4)gp T3 — X (8k + 434/ F(k) :

F(k)C E(k) G8k+4

| |

F(k) > X (8k +4)3H4 — o X (8K + 4)3 41/ F (k).

By Lemma ??, F(k) is an HFy-subcomplex of X(8k+4)§’gfj with cells in dimensions
8k — 4, 8k — 3, 8k and 8k + 4. This concludes the proof of the proposition. O

Definition 4.14. Define E(k) to be the 4 cell complex in Proposition ??. Define
F(k) to be the 8k-skeleton of E(k). Define

G(k) == X8k +4)g,_4/F (k)
and G(k)®**! to be its (8% + 1)-skeleton.
It is clear from Proposition ?? that
G(k)BH+1 = 28h—202,

Proposition 4.15. There is a 2 cell complex Y (k) with cells in dimensions 8k — 4
and 8k — 8, such that it is an HFy-quotient complex of X (8k + 4)§§:§,

Proof. It suffices to show that X (8% + 4)22:5 has an HIFy-subcomplex W with cells
in dimensions 8k — 7,8k — 6,8k — 3 and 8k — 2.

Firstly, by Corollary ??, we know that ¥8¥~7C2 is an HFy-subcomplex of X (8% + 4)2’;:;.
Secondly, by Corollary 7?7 and the fact that 74 = 0 and 75 = 0, we know that
¥8+=3(C2 is an HFy-subcomplex of X (8k + 4)22:; ¥.88=7(C2. Therefore, by Lemma ??,
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we have the following diagram and in particular we may define W.

»8k—=T(r9C 1774 »8k—309

|

SETO20 > X (8k + 4)5k 2 —= X (8k +4)5, 2/58k7C2

i |

Y (k) Y (k).
We then complete the proof by defining Y (k) to be the cofiber of the map

W X (8k + 4)5F 2.
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5. STEP 1: PROOF OF THEOREM 77

To be edited by Danny
In this section, we present the proof of Theorem ?7?, which states that: For every
k > 0, there exist maps
o fi: XBk+4)g% 1 — S0
o g S8 X(8k + 4)8%+1
o aj: S X(8k —4)5i 2
e b X(8k — 4)2::? — 50
with the following properties:
(i) The diagram
X(8k+4) —— 8° (5.1)

|

X8k +4)g 41

comimutes.

(ii) The map gx induces an isomorphism on Hgii4(—;F2). In other words,
S8k+4 is a HFp-subcomplex of X (8k 4 4)g7, via the map gj.

(iii) The following diagram is commutative:

SERHC T o X(8k+ 4)3 4 (5.2)

- B

X(8k—4)fh—d " g0

(iv) Let ¢y : S¥ 1 — SO be the restriction of fj, to the bottom cell of X (8k + 4)g7, ;.
Then for k£ > 1, the map ¢, satisfies the inductive relation

¢k - ¢k—2 * Xk S <¢k—17277-k}>a

where 7, € {0,80} in m; and xj is some element in 7. Note that by
Lemma ?? that ¢9 = n and we set ¢p_1 = 0.

5.1. An outline of the proof. In this subsection, we list the main steps of our
proof of Theorem ??. The intuition is explained later in Remark 77.
We need to show the existence of 4 families of maps

fk7 gk, Ak, and bk

for all k > 0, that satisfy two commutative diagrams, namely the ones in (i) and
(iii) of Theorem ??, a property for g, namely (ii) of Theorem ?? and a property
for fy, namely (iv) of Theorem ?7.

The strategy of our proof can be summarized as the following. We first prove
the existence of the maps ay for all £ > 0, and then construct the maps g for all
k > 0. We check that g satisfies property (ii) in Theorem ??. This is Step 1.1
and Step 1.2 of our proof.

In the rest of the proof, we show inductively the existence of the maps f; and
bk, and that the two diagrams in (i) and (iii) of Theorem ?? commute.
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FIGURE 8. Step 1 main picture.

We first define by to be the zero map and show the existence of fy. We check
that the two diagrams in (i) and (ii) of Theorem ?? commute. This is Step 1.3
that gives the starting case k = 0.

Next, we assume the maps fr_1 and bx_ exist and the two diagrams in (i) and
(ii) of Theorem ?? commute for the 4 maps (fx—1, gr—1, ax—1,bk—1). We define
the map b, and show the existence of fj, using information in the induction. Note
that there are choices for fi. This is Step 1.4.

Then, we check that the two diagrams in (i) and (ii) of Theorem ?? commute
for the 4 maps (fx, gk, ak, bg), for all choices of fj. This is Step 1.5.

Finally, in Step 1.6, we prove that there exists one choice of fj, such that
it satisfies an inductive relation between the restriction of fr, frx_1, fr_2 to the
bottom cell of their domains. For this choice of fj, this establishes property (iv)
and finishes the proof.

More precisely, the details of Steps 1.1-1.6 are stated as the following.

(1) Step 1.1: We establish the existence of the maps ay, for all k£ > 0.
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L. l %5

X(8k+4)% ) X(8k—3)%_,

G8k+4

X (8k — 4)58—1

FIGURE 9. Step 1.1 picture.

Proposition 5.1. For every k > 0, there exists a map ci that fits into the
following commutative diagram

E(k)—— X (8k +4)g5_4 (5.3)
G8k+4 X8k —3)%_~

— .

The proof of Proposition 77 is an extensive and careful study of the cell
structures of the columns between 8k + 4 and 8k — 3 and in dimensions
between 8k + 4 and 8k — 7. It involves the computation of stable stems 7,
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in the range s < 11. We define aj, as the composition
S X (8k — 3)5 "7 —— X(8k — 9577

Step 1.2: Using Proposition ??7 and the homotopy extension property,
which is stated as Lemma 7?7 in Subsection 7?7, we show the existence of
two maps uy and vy in the following Proposition ?7.

Proposition 5.2. For every k > 0, there exist maps uy, vi that fit into
the following commutative diagram:

E(k) > X(8k+4)%_, (5.4)

| T

G8k+aC_ Uk G(k) X(8k —3)3_,

=

X(8k = 3)5 7

Moreover, the map uy induces an isomorphism on Hgki4(—;F2). In
other words, (S8 +* uy) is an HFa-subcomplex of G (k).

We define the map g as the following composite

SERHICE o (k) G(k)gh = X8k +4)g

Note here we use the octahedron axiom to identify G(k)g5, ., with X (8k 4 4)g5 ;.
It then follows from Proposition 7?7 that the map g; induces an isomorphism
on Hgpya(—;F2), which establishes property (ii) in Theorem ?7.

Step 1.3: We define
bo: X(—4)"7 — S°

to be the zero map. Note that the 3 cells of X (—4)"7 are in dimensions
—4,—6,—7, so this is the only choice. Since w4 = 0, the following diagram
(iii) in Theorem ?? for k = 0 commutes regardless of the construction of

fo.
SI— s X (4)°
\Lao ifo
bo

X(~4)—7 —>—=8°

For the existence of the map fy, if suffices to show the following composite
is zero.
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This is a special case. This gives the following commutative diagram (i) in
Theorem ?? for k£ = 0.

X(4) — §°

7
7
e
i < fo

e
X(4)1°
This gives the starting case kK = 0 of our inductive argument.

(4) Step 1.4: For k > 1, we assume the maps fr_1 and by_; exist, the
two diagrams in (i) and (iii) of Theorem ?? commute for the 4 maps
(fk—1, gr—1, ak—1,bk—1), and fr_; satisfies property (iv) in Theorem ??.

We define the map by to be the composite
X(8k — 4)3E-4C o X (8k — 4)3_, L 50,
Using the commutative diagram (?7?) in (iii) of Theorem ?? for the case
k — 1, we have the following proposition:

Proposition 5.3. The following composite is zero.

Vi fkfl

G8k—2C G(k) X(8k —3)g_r —=XBk—4)x_,—=S5° (5.5)

Note that the first map is the inclusion of the bottom cell of G(k), and
that the map vy is established in Step 1.2 before the induction.
As a result, there exist maps

s X(8k +4)F 11 = G(k)giy = G(k)/S% 72 — 8°
that fit into the following commutative diagram:

S8k—2

_
I

G(k) /5% -
(

X(8k+4),.

Note that there are many choices of fj that makes the above diagram (?7?)
commute.

(5) Step 1.5: In this step, we prove the following proposition.
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Proposition 5.4. For any choice of fi in Step 1.4, the two diagrams
(??) and (??) in (i) and (iit) of Theorem 7?7 commute for the 4 maps
(flm 9k, Qk, bk)

The proof is a straightforward cell-diagram chasing argument.

(6) Step 1.6: In this step, we prove the following proposition.

Proposition 5.5. Let ¢,, : S®*1 — SO be the restriction of f, to the
bottom cell of X(8k + 4)g, . Then there exists one choice of fi in
Step 1.4 such that the following property is satisfied:

Ok — k2 Xk € (Pr—-1,2,Tk) (5.7)
where 11, € {0,80} and xx € m16(S°). Note that by Lemma 77 that ¢g =1

and we set ¢_1 = 0.

This proves that this choice of fi satisfies the relation in (iv) of Theo-
rem 7?7 and therefore completes the induction.

Remark 5.6. The critical part of Theorem 77 is the existence of the map fr. We
want to prove it inductively. Namely, we assume that fr_1 exists and want to show
that fi. exists. This induction would follow easily if the following map were zero:

X8k +4)8F , ——~ X8k —4)_.. (5.8)

However, this is not true. Intuitively, the (8k — 2)-cell in X (8k + 4)5¢_, maps
nontrivially to the (8k — 4)-cell in X (8k — 4)$5_, by n*>. More precisely, one can
show that the above map (7?) factors through S®* =2 as an HFy-quotient, and the
latter map in the following composite

X8k +4)8F , —— 582 > X8k —4)F_..

is detected by n*[8k—4] in the Atiyah-Hirzebruch spectral sequence of X (8k—4)33 .
Therefore, we have to show the composite

X(8k+ 4)3E , — e S 2 L X(8k — )3, L 50, (5.9)

is zero. It turns out that we can show the composite of the latter two maps in (?7)
is zero. This follows from a technical condition that fr_1 can be chosen to satisfy:
o fi_1|gsk—4 factors through X (8k — 12)2::}%.

Here note that S*=* is an HFy-subcomplex of X (8k — 5_7. In fact, this is due
to the composite

2
G8k—2 n G8k—4 X(Sk B 12)22:% — G8k—12\, 328k—1579

corresponds to an element in the group (mg + m11C2) -772 =0.
Now to complete the induction, we need to show that fi, can be chosen to satisfy:
o filgsk+a factors through X (8k — 4)2’;:‘%.
Firstly, in X (8k+4)g5._,, the (8k+4)-cell is only attached to the cells in dimen-
sions 8k —4, 8k—3 and 8k, all of which map trivially to X (8k—4)g5,_;. As a result,
we can choose fi such that the restriction fi|gsw+a factors through X (8k —4)g5 ..
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X8k +4)_4 ) —> X8k+ 1) s

X (8k + 1)5575

F1GURE 10. Step 1.1.1 picture.

Secondly, by some local arguments that involve attaching maps in X (8k +4—m)
for m = 0,--- 7, we can show that fi can be chosen such that fi|gsk+a factors
through X (8k — 4)8F—1.

This allows us to complete the induction and to prove Theorem 77.

We’d like to comment that our actual argument is a little different from our
discussion above. We actually analyze X (8k — 3)3; 1 instead of X (8k — 4)55 3.
This is used to deduce the inductive relation (?7), based on which we identify the
first lock.

In the remaining subsections of this section, we will prove Propositions ?77-77
one by one.
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5.2. Proof of Proposition ??. The proof of Proposition ??7 consists of many
steps. The goal is to construct a map

cp s SEFHY X (8k — 3)2::?,

such that it is compatible with the map
E(k) — X8k +4)g,_4 — X(8k —3)gh_7-
Since the top cell of E(k) is in dimension 8% + 4, we have the maps

E(k) < X(8k + 4)3+4 « x(8k — 3)5k+1.

So roughly speaking, we want to show that the bottom 3 cells of F(k) maps trivially
to X (8k—3)5¢+1 and the image of F(k) does not involve the cells in X (8k—3)3F "1,
Our strategy is to carefully study the cell structures of the intermediate columns
of finite complexes, and to get rid of certain cells gradually.

Step 1.1.1: In this step, we focus on column 8k + 1. We use the n-attaching
maps in column 8k + 1 between cells in dimensions 8k — 5 and 8k — 3, 8k + 3 and
8k + 5, to get rid of the cell in dimension 8k — 4 of FE(k), and to lower the upper
bound of the image to dimension 8%+ 1 in column 8k + 1. More precisely, we prove
the following lemma.

Lemma 5.7. There exits the following commutative diagram:

Ek) s X8k +4)35_, — XSk + 1) _, (5.10)
E(k)/ S84 L X (8k + 1)5k+]

Proof. Firstly, we have the following commutative diagram:

SR e g8k L S8R+3C X (8k + )543
E(k)— X (8k + 4)3: "4 X(8k + 1) 53— X (8k + 1)5;15
B(k)E_ = X (8k + 4)55+2 —— X(8k + )5+ —— X (8K + 1)}

(5.11)
By Lemma ??, we have that the map in middle of the top row of diagram (??) is
7. By Corollary ??, we have an n-attaching map in X (8k + 1)§£ig between the
cells in dimensions 8k + 3 and 8k + 5. This corresponds to an Atiyah—Hirzebruch
differential

1[8% + 5] — n[8k + 3].

Therefore, the composition of the maps in the top row of diagram (??) is zero. In
particular, pre-composing with the map

E(k) s 58k+4

is also zero. By the cofiber sequence of the right most column, we know that the
map from E(k) to X (8% + 1)57"2 maps through X (8k + 1)5; 1.
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Secondly, we have the following commutative diagram:

E(k)/ S84 X (8k 4+ 4)5K 8 ——~ X (8k + 1)5i+] —— X (8k + 1)55 11

T 8k—4 8k—1
B(k)——— X(8k + 4)5") X(8k+ 1572 X(8k+ 1) s
G8k—4 — g8k—4 n §8k—5¢ X(Sk‘ + 1)22:2

(5.12)
By Lemma ??, we have that the map in middle of the bottom row of diagram (??)
is . By Corollary ??, we have an n-attaching map in X (8k + 1)%2:? between the
cells in dimensions 8k — 5 and 8%k — 3. This corresponds to an Atiyah—Hirzebruch
differential

1[8%k — 3] — n[8k — 5].
Therefore, the composition of the maps in the bottom row of diagram (??) is zero.
In particular, post-composing with the map
X(8k +1)5 3¢ X(8k + 1)5+1

is also zero. By the cofiber sequence of the left most column, we know that the
map from E(k) to X (8k + 1)8F] factors through E(k)/S8F 4,
This gives the required map
1: B(k)/S®* — X(8k + 1)8F1.

O
Remark 5.8. We will use arguments similar to the ones in the proof of Lemma 77
many times in the rest of this paper. Instead of presenting all details in terms of
commutative diagrams, we will simply refer them as “similar arguments as in the

proof of Lemma 77”7 or “cell diagram chasing arguments” due to certain attaching
maps.

Step 1.1.2: In this step, we focus on column 8k—2. We show that in E(k)/ S84,
the cells in dimensions 8k and 8k — 3 maps through S$%6 in column 8k — 2. More
precisely, we have the following lemma.

Lemma 5.9. There exits the following commutative diagram:
B(k)/S%F* —> X (8k + D3kt — X (8k — 2)3f

J

—— B(h)%_, —2 §3k—6C X(8k —2)5k4
(5.13)

SSk Vi SSk—3

Proof. By Proposition ??, there is no n?-attaching map in E(k)g’,j_3. This shows
that
E(k)Sk_, ~ 58k v §8k=3,

We may therefore consider the cells in dimensions 8% and 8k — 3 separately.
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For S8 -3 it maps naturally through the (8k — 1)-skeleton in column 8k —2. By
Proposition ?7, there is an n2-attaching map in X (8k — )Bk 5 between the cells
in dimensions 8k — 4 and 8k — 1. A similar argument as in the proof of Lemma 7?7
shows that S8 3 maps through S® =6 in column 8k — 2.

For S8 firstly note that by Corollary ??, there is an n-attaching map in X (8k+
1)2?_’% between the cells in dimensions 8k — 1 and 8k + 1. A similar argument as
in the proof of Lemma ?? shows that S maps through the (8k — 3)-skeleton in
column 8k + 1. Then it maps naturally through the (8% — 4)-skeleton in column

8k — 2. To see that it actually maps through S% =6 we only need to show the
following composite is zero.
SBF > X (8k — 2)5K "8 —— X (8k — 2)5i 2 = g8k—1\/ G8k—5

This is in fact true, since m4 = w5 = 0.
Combining both parts, this gives the required map

2: 5% v 5% = B(k)gr_g — 5% 0.

(]

We enlarge the above Diagram (?7) to the following Diagram (?77). We will
establish the maps 3,4 and 5 in Steps 1.1.3, 1.1.4 and 1.1.5:

SSk+1 vV SSk—2

S8kta X(8k — 2)8k 2;‘ (8k — 3)8k 3

- -~ -
-~ - —
. - - 3
-~ -
~ - —
~ -~ —
~ —
~ - —
~

B(k)/S™= — L X (8k + )5t == X (8k — 23 — = X(8k — 3)3_,

\\
5 ~
-
-
-
N

Sk g3 2 gsk—6C L x(8) — 2)% 1~ X(8k — 3)%h 4
(5.14)
Step 1.1.3: In this step, we establish the map 3, making the triangle under 3
in Diagram (7?) commute.
By Lemma ?7?, we have that the map

SO X(8k — 2)5_¢ — X (8k — 3)55_7

is 7 mapping into the bottom cell of X (8k — 3)8X .. Since
77'71-3:07 77'776:0a

the composition of maps in the bottom row of Diagram (??) is zero. In particular,
post-composing with the map

X (8k — 3)gp 3 X (8k — 3)3_;
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is also zero. By the cofiber sequence of the left most column, we know that the map
from E(k)/S% =% to X (8k — 3)8% . factors through S84, which gives the desired
map 3, making the triangle under 3 commute.

Note that we haven’t shown the triangle above 3 commutes. We will show it
later in Step 1.1.5.

Step 1.1.4: In this step, we establish the map 4, making the parallelogram
below 4 in Diagram (?7) commute.

By the cofiber sequence in the left most column, it suffices to show the following
composite is zero.

B(k)/ S —— S8R 2o X (8K — 3)8F_; —= X (8k — 3)3F

Since both the triangle under 3 and the upper rectangle in Diagram (??) commute,
it is equivalent to show that the following composite is zero.

E(k)/.S'gk*4 — > Q8K X (8k — 2)2’,:_2

X(8k —3)5i_s
This is in fact true, since the composition of the latter two maps are already zero.
Lemma 5.10. The following composite in Diagram (??) is zero.
S o X(8k— )8, —— X(3k— 3%,
Proof. We first show that the left map factors through the bottom cell S8 ~2 of
the codomain. In fact, the composite
S8R o X(8k —2)8k , ——= X(8k —2)5F | = ¥8k—1C2

corresponds to an element in 75C2. Since w4 = 75 = 0, the group 75C2 = 0.
Therefore, it must factor through the bottom cell S8 =2, We have the following
commutative diagram.

sSk“H\X@k — )8, —— X(8k—3)%_, (5.15)
§8k—2 n G8k—3

By Lemma ?7?, the map in the bottom row of Diagram (?7) is n. Since
n-Te = 07
this completes the proof. ([

Step 1.1.5: In this step, we establish the map 5, making all parts of Diagram
(??) commute.
It suffices to show the following lemma.

Lemma 5.11. The following composite is zero.

§8k+4 0 G8k+1 \, g8k—2 4 X(8k—3)§§_3

In fact, by Lemma ??7 and Step 4, the following composite is zero.

Chal 2 X (8k — 3)22—7 — X(8k — 3)2’13—3
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Then by the cofiber sequence in the right most column of Diagram (??), the map
3 must map through X (8k — 3)%:‘;, establishing the desired map 5.

To see that all parts of Diagram (?7) commute, first note that by Lemma ?? and
Lemma 7?7, both the triangles above the map 3 and under the map 4 commute.
Next, by the construction of the map 5, the triangles above it commute. Finally, by
Step 1.1.3 and the cofiber sequence of the left most column in Diagram (?7), the
triangle under the map 5 commutes. Therefore, all parts of Diagram (??) commute.

Now, let’s prove Lemma ?7.

Proof of Lemma ??7. The composite in the statement splits into the following two
composites.

G8k-+4 S8k 8 o X (8k —3)8k (5.16)

G8k+-4 S8—2 T x(8k—3)8k (5.17)

For the first composite (??), let’s study the second map 6. By Proposition ??
and Corollary ??, X (8k — 3)5¢ . is a 3 cell complex, with cells in dimensions
8k, 8k — 1, 8k — 3, and with a 2 and n?-attaching map. Since n® # 0, there is a
nonzero differential

n[8k] — n3[8k — 3]

in the Atiyah-Hirzebruch spectral sequence of X (8k — 3)5%_,. It follows that the
second map 6 must map through its (8k — 1)-skeleton: S8 1\ S8 =3 Gince
74 = 0, the map 6 must further map through S®~! and the composite (??) can
be decomposed as

S8k+4 58k+1 S8k71( X(Sk _ 3)21]:_3 .
Therefore, due to the relation
T2 - T3 = 07

the first composite (??) is zero.
For the second composite (?7?), the second map 7 must map through the (8% — 2)-
skeleton of X (8k — 3)5F ., which is S8 ~3. Then it follows from the relation

7T1'7T6:O

that the second composite (??) is zero. This completes the proof. O

Now we claim that the map 5 is our desired map ¢ in Proposition ?7?. In fact,
part of Diagram (?7) gives us the following commutative diagram.

E(k)/ S —— X (8k + )i —— X (8k = 3)§ _; (5.18)

| )

S = X (8k = 3)5: 7
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X(SEF DR

F1GURE 11. Step 1.1.5 picture.

Putting Diagrams (??) and (?7?) together, we have the following commutative dia-
gram.

E(k)——— X8k +4)3_, — X@Bk+1)g5_s — X8k —3)% _-

i

E(k)/S% - X (8k + 1)gi 5 —— X (8k = 3)§_;
GBkH - X(8k — 3)g8 7

Forgetting some terms in this diagram, we obtain Diagram (??) in Proposi-
tion ?7.
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5.3. Proof of Proposition ??. The following Lemma 77 is essentially the homo-
topy extension property.

Lemma 5.12. Suppose that we have the following commutative diagram in the
stable homotopy category

(5.19)

2

.

BJA C/A T
\ |

where B/A and C/A are the cofibers of the maps 1 : A - B and 2 : A — C
respectively. Then it can be extended into the following commutative diagram:

A=———A

|

B——=C

LN

BJ/A--=CJ/A- ->G

~_|

F

sg
|

_
|

Proof. We can first extend the commutative diagram (?7?) to the following commu-
tative diagram:

A A
1 2
B—2 s¢C
\
4 6
B/A-2>C/A G
11
10 7 \ Ts
YA S A F

Note that the map 9 : B/A — C/A is not unique in general. We choose one and
stick with our choice. Since the composite

502=50301=8070401:4A—G
is the zero map, there exists a map

12: C/A — G,



62 MICHAEL J. HOPKINS, JIANFENG LIN, XIAOLIN DANNY SHI, AND ZHOULI XU

making the diagram commute.

c
AN
C/A2sq

Now consider the map
13=1209-807:B/A— G
The map 13 is not zero in general. If it were zero, we then have the commutative
diagram as requested.
The fix is to modify the map 12. Note that the composite
1304=120904—-80704=120603—-503: B— G

is the zero map. Therefore, by the cofiber sequence

B—2-p/A2% ¥4

)

there exists a map

14: A — G

such that 14 0 10 = 13. We define the map
12" :=12-14011:C/A — G.

Then the following diagram commutes as requested.

A A
Pl
B—2% s
T
B/A—2s0/A 2 oG
!
7
F

In fact, we have that

12’06 =1206—1401106 =1206 = 5,

12709=1209—-1401109=1209—-14010=1209—-13=807.



INTERSECTION FORMS OF SPIN 4-MANIFOLDS AND MAHOWALD INVARIANT 63

X(8k+4)_4

G(k) I
gekea kg Uk > b X(8k - 3)g /7

FI1GURE 12. Step 1.2 picture.

From the commutative diagram (??) in Proposition ?? and the definitions of
F (k) and G(k), we have the following commutative diagram

F(k) =——=F(k)
E(k)—— X8k +4)g _4
G8k+4 G(k) X (8k —3)g_7

X (8k — 3)5 7
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By Lemma 7?7, we can extend it to the following commutative diagram
(k) ———
E(k)—— X8k +4)3%_4

| D

58k+4\ (8k —3)g%_~
X (8k —3)3

Removing the terms F'(k), we have the commutative diagram (??) in Proposi-
tion ??. Tt is clear that The map u induces an isomorphism on Hgji4(—;F2). In
other words, (S8+%, u;) is an HFy-subcomplex of G(k). The completes the proof
of Proposition 77.

5.4. Proof of Proposition ?7?7. In this subsection, we prove Proposition 7?7 that
for k > 1, the following composite is zero.

vk fr—1

X(8k —3)3%_ X8k —4)3,_, —=S°

S0 G(k)

We start with the commutative diagram (?7) for the case k — 1 in (iii) of Theo-
rem ??. We enlarge the commutative diagram (?7?) for the case k—1 in the following
way

X(8k —3) . —— X(8k — ) _, T 50 (5.20)
X(8k —3)5 3 —— X(8k —4)5 "7 br1
gk~ S X (8k — 12371

We next state a lemma about the map vy, whose proof we postpone until the end
of this subsection. This Lemma 7?7 will also be used in Subsection 5.6.

Lemma 5.13. There exists a map
wy : G(k)SF — X (8k — 3)5k—1
that fits into the following commutative diagram

Uk

G(k)

X8k —3)%_ - (5.21)

J

(k) —> X (8k — 3)5, 7
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Ve

G(k) ) X (8k —3)3%. 7 b X(8k—4)3%_ -

X (SN A2)57 33

. SO
F1cURE 13. Step 1.4 picture.
Putting these above two diagrams (?7?) and (??) together, we obtain the following
commutative diagram
SH2C o Gk) — e X(8k — 3)3_, —— X (8k — )3, ci 50
G(k)*FH1 5 X (8k — 3)5K 2~ X(8k —4)55 1 bi1
e8k—2_ _ __ ______1_________ > G8k—4 - X(8k —12)

(5.22)

8k—12
8k—15
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It is clear that Proposition 7?7 follows from the following Lemma 7?7, Lemma 77
and the above commutative diagram.
Lemma 5.14. The following composite
_ Wi 8k—4 8k—4
S8R=2C > G(k)BM T — X (8k — 3)g; 7 — X (8k — 4)5, 7

SSk—4

factors through , giwing the map 1 in the diagram (?7).

Lemma 5.15. The following composite is zero.

1 Ap—1
S8k72 5 S8k74

X (8k — 12)g; 713
We first prove Lemma 7?7 and Lemma 7?7, and then prove Lemma 77.
Proof of Lemma ??7. By Lemma ?7?, the 3 cell complex X (8% — 4)22:? splits as
G8k—4 \/ 528k=T (19
To show that the map
S8 X(8k — 4)5; "7 ~ Sty BT

maps through S8 % we need to check the following composite is zero.

S8E=2 > X (8k — 4)55 3 — STC2
This composite corresponds to an element in the group

Tgr_2(E87TC2) = 1502 = 0.

The last equation follows from the fact that 74 = w5 = 0. This completes the
proof. O

Proof of Lemma ?7?. By Lemma 77, the 3 cell complex X (8k — 12)2’;:%2 splits as
G8k—12 |/ 528k—15 1o
Therefore, the composite

SSk_Q 1 SSk—4 ap—1 X(8k} _ 12)22:%? _ SSk—lQ vV ZSk_15CQ

corresponds to an element in the group
(msr—aS* 12 @ mgi_a (B3 T15C2)) - 528%™ = (15 B 111C2) - o
C mg - mo @ w3C2 = 0.
The last equation follows from the facts that
mg - Mo =0, Mo =m3 =0.
This completes the proof. O
Now we present the proof of Lemma ?77.
Proof of Lemma ?7. From the cofiber sequence
X(8k = 3)gr 7 X (8k — 3)33_; — X(8k = 3)3_ ,
we need to show that the composite

G(k)SkJrl( G(k)

Vi

X(8k —3)%_ — X(8k —3)35_, (5.23)
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8k+1

is zero. By Proposition ??, G(k) is a 2 cell complex with an n?-attaching map:

G(k)Sk-‘rl — 28]{7—20772.

Our strategy to show the composite (??7) being zero is to first deal with the bottom
cell and then the top cell.

By the cellular approximation theorem, the restriction of the composite (?7) to
the bottom cell S8 =2 of G(k)® ! maps through the bottom cell S8 3 of X (8k —
3)e5 _3, by either n or 0. The possibility of 1 is ruled out by a cell diagram chasing
argument due to the n-attaching map between the cells in dimensions 8k — 3 and
8k — 5 in X (8k — 3)g%_5-

Therefore, the composite (?7) factors through the top cell S8*+! of G(k)3F+1,
We can further require it factor through the top 2 cells of G(k)®*2, namely

G(k)git == C2.

By the cellular approximation theorem, it maps through the (8% + 2)-skeleton of
X (8k—3)g5_5. Note that there is no cell in dimension 8k+2 in X (8k —3)g5_5, so it

maps through the 4 cell complex X (8/6—3)2],?::15. We have the following commutative
diagram.

SSk72

N =0

G (k)= G(k)* 2 —— X (8k — 3)51 53— X(8k — 3)g

8k—3
-
-~
-
-
-~
~

y8h+1C2 X (8k —3)8F_,

4
—
—
—
—
—

58k+1__,,/’/

To prove this lemma, it suffices to show the following composite is zero.
SEFHIC o ¥8EHICD - X (8K — 3)55 L. (5.24)
Firstly, post-composing with the quotient map
X (8k — 3)g L5 —= S

must be zero. This is due to the fact that it maps through the mod 2 Moore
spectrum. Therefore, the composite (??7) must map through the 8k-skeleton of
X (8k — 3)3FF 1 namely the 3 cell complex X (8k — 3)8F .

S8R X (8K — 3)8k .. (5.25)

Now let’s consider the Atiyah—Hirzebruch filtration of this map (??). It cannot
be detected in filtration 8k, since there is a nontrivial differential in the Atiyah—
Hirzebruch spectral sequence of X (8k — 3)5k .-

n[8k] — n°[8k — 3],

which is due to the n2-attaching map by Proposition ??. If it is detected in filtration
8k — 3, then it must be zero since my = 0. Therefore, if it is nonzero, then it
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must be detected by n?[8k — 1]. In this case, post-composing with the inclusion to

X (8k — 3)§Zf§ is zero, due to the n-attaching map between the cells in dimensions
8k — 1 and 8k + 1, and therefore the Atiyah—Hirzebruch differential

n[8k + 1] — n*[8k — 1].

In sum, regardless of the actual Atiyah—Hirzebruch filtration of the map (??), the
following composite is always zero.

sokt L X8k — )3 X(3k - 3)57L,

This completes the proof of the lemma. O

5.5. Proof of Proposition ??. We check that the two diagrams (??) and (?7?) in
(i) and (iii) of Theorem ?? commute for the 4 maps (fx, gk, ak, bk).
For the diagram (?7?) in (i) of Theorem ?? for the case k, we put together the
following commutative diagrams
o diagram (?7?) in Step 1.4,
o diagram (??) in (i) of Theorem ?? for the case k — 1,
e the upper right corner of diagram (??) in Proposition ?7?.

X (8K + 4)

X (8k — 3) X8k —4) ———= 8

| i

X(8k +4)gi—g — X (8k = 3)gjr — X (8k —4)g5_7

X (8k +4)g

The commutativity of the upper left corner of this diagram is due to the compati-
bility of each columns.
For the diagram (??) in (iii) of Theorem ?? for the case k, we put together the
following commutative diagrams
e diagram (??) in Step 1.4,
e the lower half of diagram (??) in Proposition ??.

P X (k3 e X (3k— )3

- | [

G(k) Uk X8k —3)%_, —— X(8k —4)_-

| -

X(8k+ 4%, I S0
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S8k—|—1

FIGURE 14. Step 1.6 picture.

By the definitions of gi in Step 1.2 and by in Step 1.4, the composites in the left
and right columns give us g; and by respectively.

Therefore, we have the diagram (?7?) in (iii) of Theorem ?? for the case k. This
completes the proof.

5.6. Proof of Proposition ?7?. In this subsection, we prove Proposition ??: There
exists one choice of f; in Step 1.4 such that

Gk — Ph—2* Xk € (Pr—1,2,Tk) (5.26)

where ¢, € Tgm11 is the restriction of f,, to the bottom cell of X (8% + 4)g5,,
7 € {0,80} and xi € m(S°). Note that by Lemma ??, ¢9 = 1 and we set
$-1=0.
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Consider the following composite

Gk o X(8k — 3)5E~1 X (8k — )BT X (8k — 4)3_, 15 0
(5.27)

By Lemma ?7, the 3 cell complex X (8k — 4)2::? splits:
X(8k — 4)5k—2 o~ w8702 v S8R,

Therefore, the composite (??) can be written as the sum of the following two
composites (??) and (?7).

G(k)¥H e ST X (8K — 4)3_, Lo S0, (5.28)
(k)P 2o g8t 2 X (sk — )z L 0, (5.20)

For the composite (?7?), first note that the map 1 equals zero when restrict to
bottom cell S8 =2 of G(k)8*+!. In fact, it corresponds to an element in

Tgp—2 Xk 702 = m15C2 = 0,
which follows from the fact that 74, = 75 = 0.

SSk—Q

J -
fr—1

G(k)8 1 L5 w8702 > X (8k — 4)38_, ——> S0

7
-
-
-
-
-

58k+1

Next note that the composite
ST 09 = X (8k — 4)3E0C o X (8k — 4)3_, -5 50

restricts to ¢r_; on the bottom cell S8%~7 of %8%=7C2. Therefore, we have the
following commutative diagram:

Gkt 0 g0 (5.30)

S8k+1
where & € (¢g_1,2,7,) with 7 an element in 77 that is annihilated by multiplica-
tion by 2, namely 0 or 8c.
For the composite (??), by the diagram (??) for the case k — 1, we can rewrite
it as

Gt 2§t M (3 - 12)3T 2 S0 (531)

Using the splitting
X (8k — 12)3; 712 ~ S 12 v 538671502,
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we can rewrite the composite (??) as the sum of the following two composites (?7?)
and (77).

G<k)8k+1 2 §8k—4 G8k—12 g0 (5_32)

G(k)3F+1 25 g8k—4 SH1502C o X (8 — 12)% 15 2> S0 (5.33)

The composite (??) is zero. In fact, since G(k)®**! = %8*~2C0n? and
my - mg =0, m3 =0,

the composition of the first two maps in (??) is already zero. Therefore, the com-
posite (??) can be identified as (?7).
For the composite (??), we have the following lemma.

Lemma 5.16. The following composite is zero:
G(k.)Sk-i-l 2 g8k—4 78k—1519 G8k—14 (5.34)

Proof. Consider the following diagram.

SSk—Q

G(k)8k+1 4 G8k—4 »8k—1519 G8k—14
7

SSk—i—l -

Pre-composing the composite (??) with the inclusion of the bottom cell S%~2 of
G(k)8*! gives us the zero map. This is due to the fact that 75 = 0.
The map from S%*+! to S8 14 can be written as a Toda bracket of the form

<Oé, 6) 772> g 15,

where 3 € ma = Z/2 generated by 7%, and « € w19 = Z/2 generated by {Ph?}. For
a precise argument of this fact, we refer to Lemma 5.3 of [?].
The indeterminacy of this Toda bracket is

-5+ msz -0t =0,

since m5 = 0, m3 = 0. We claim that this Toda bracket contains zero, therefore it
is zero as a set. This completes the proof of the lemma.
In fact, the only potential nonzero element that this Toda bracket contains is

{Pri}n*,n?).
The corresponding Massey product
(Ph3,h3,h) = 0

in filtration 9 of the Adams FEs-page, which is higher than all nonzero elements in
the Adams E..-page. Therefore, this potential nonzero element is also zero. O
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By Lemma ??, the composite (??) maps through the bottom cell S8=1% of
Y8 =150C2, and we have the following commutative diagram:

STQ S8k—14 (5.35)
GRS+ 2 g3k SER15 020> X (8k — 12)37_ 15
| ]

Since w3 = 0, the following composite is zero.
S8k—2( G(k)Sk-H S SSk—lS.

Therefore, the composite (??) further factors through the top cell S8+1 of G(k)8k+1.
We denote by xj the corresponding element in 71¢.
Removing some of the terms in (??), we obtain the following diagram:

(77)

G (k)8k+1 S0 (5.36)
58k+1

Adding the diagrams (??) and (??) together, we have the following commutative
diagram

G (k)Br+H1 7 g0

i ktdr—2-Xk
58k+1

which can be enlarged into the following commutative diagram:

58k72 S8k72
G(k)8k+1<—> G(k)
§8k+1 X(8k+4)3541

SO
et dr—2Xk
SO
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Using the homotopy extension property that we proved, namely Lemma 7?7, we
have the following commutative diagram.

SSI\—2 Sslj—2
G(k)8k+1(—) G(k‘)

| |

gkt B X8k +4)g

HSO

8k+1 I

Ektdr—2XE

Note that the map {) induces an isomorphism on Hgg11(—,F2) and therefore is an
HF5-subcomplex. In sum, we have constructed a choice of the map fj that satisfies
the condition (??) in Proposition ??. This completes the proof of Proposition ?7.
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6. STEP 2: UPPER BOUND DETECTED BY KO
In this section, we prove Proposition ?7:

Proposition 6.1 (Proposition ??). For any k > 1, the composition

c 8k—4
X(8k 4 2)8k—4 ST,

S — KO
18 monzero.
Recall that X (8k + 2)3 % is the homotopy orbit of the free Pin(2)-action on
SRR A G4k, .
Therefore, we have the following isomorphism:

KO°(X(8k +2)8%%) = KOB, ) (S~ CH2R A S(4kH) ).

6.1. Some facts about the Pin(2)-equivariant KO-theory. In this subsec-

tion, we list some facts about the group KOO(SQH‘H’@) for various a,b € Z. These
facts can be found in [?, Section 5] and [?].

(I) There is a commutative and associative multiplication map (given by tensor
product of virtual bundles)

KOgin(z)(SaH+bﬂi) ® KOlgin(2)(SCH+m) - Kolgin(Q) (S(a+c)H+(b+d)@)~
(IT) There is a ring isomorphism
KOIODin(Q)(SO) = RO(Pin(2))
Z|D,A,B)/(D*> —1,DA — A,DB — B, B?> — 4(A — 2B))
(note that there is a slight typo here in [?]).

I

The generators are defined as follows:

(a) D=[R].

(b) A= K — (14 D), where K is a 2-dimensional real representation. The
representation space of K is C = R ¢ iR, with the unit component
St = {e} of Pin(2) acting via left multiplication and j acting as
reflection along the diagonal.

(¢) B=[H] -2(1+ D).

(ITII) There are elements (called Euler classes)

’Y(D) € KOg’in@) (SiR)7

Y(H) € KOpip(9)(S™).
They satisfy the following property: for any a < b and ¢ < d, the map

(D) ()

KO0 (8541F) KO, 0)(5)

equals the map on KO%in(Z)(—) that is induced by the inclusion GaH+eR
GUH+dR

(IV) There are elements (called Bott classes)
bom € KO%in(Z)(SzH)v

bsp € KO%in(Q)(SSR)a
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such that the following maps are isomorphism for all a and b:
KO (S™%) 225 K OBy, ) (S H2HH),
KOgin(Q)(SaHerR) bsn KOPln (SaH-'r(b-i-S)]ﬁ)'

(V) The relation
(D +1)v(D) = 24(D) = By(D) =0

holds.
(VI) The following relations hold:
’y(D)SbgD = 8(1 — D),
Y(H)?*bog = A—2B—2D+2.

(VII) There is an isomorphism
KOy a)(S ™) = 2.6 (©021Z/2).
generated by the elements v(D)? and A™v(D)?, n > 1.
6.2. Proof of Proposition ?7. Let
Cllgin(Q) : S(4kH) 4 — S°

be the base-point preserving map that sends the entire S(4kH) to the point in S°
that is not the base-point. Consider the composition

= id Ack,
Cpin(2) (8K + 2)%F 1 . 5= (KD gy, — T, G- (SRR T, g0
where 7 is induced by the the inclusion
S0 S(8k+2)n§
Lemma 6.2. The map
(cpin(2)(8E+2)%71)" : RO(Pin(2)) = KOy, (%) — KOy (0) (S~ *PFAS (4kH) 1)
sends 1 € RO(Pin(2)) to a nonzero element.

Proof. Consider the map
KOPm(2 (SO) — Kolgin(Q) (S_(8k+2)R)
that is induced by i. By (??), i*(1) = v(D)®*2. By (??) and (??), we have an

isomorphism

KO(F)’in(2)(S_(8k+2)]R) =27 (On>12/2),
generated by the elements (b_gp)* - y(D)? and (b_gp)* - A"y(D)? n > 1. Here,
b_sp is the unique element in KOP. 2)(5 ) such that bgp - b_gp = 1. By (??)
and (?7), we have

V(D)2 = A(D)* - 4(D)

= y(D)* - (bsp)" - (b—sp)* - 7(D)?
= 8" (1-D)* - (b_sp)* -7(D)* (by (?7))
= 2. (1-D)* - 4(D)* - (b_sp)"
= 2°0.2% y(D)*- (b_sp)*  (by (77))
= 2"%(b_sp)* (D)%
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To finish the proof, it suffices to show that
(Pin(z) Aid)* (2% (b—sp)*y(D)?) # 0. (6.1)

We will prove this by contradiction. Suppose (??) is not true. Counsider the cofiber
sequence

S (8k+2)R A S(4KH), ABinc2) S (8k+2)R _>S4kH—(8k+2)ni

that is obtained from S(4kH),; — S° — S*H by taking S—(BR+DR o (—). This
cofiber sequence induces the sequence

id Ac
KOPm(2 (S4kH (8k+2) ) ’Y(H KOPln (S (8k+2) ) % KOPm (S (8k+2)R/\S(4kH) )
which is exact in the middle. ~
Since (c’liin@)/\id)* (2*%(b_sp)*v(D)?) = 0, there exists an element « € KOPIH(Q)(SMH*(%“)R)
such that
2% (b_gp)E9(D)? = A(H)™ - (6.2)
By (??) and (??), a can be written as
(bam)** (b—sp)"Y(D)* - P(A)
for some polynomial P(A). By ("”) and (?7), equation (??) can be rewritten as
2 (b_gp) (D) = (3(E)*(ba)?) - (b-sp)" - ¥(D)? - P(4)
= (A—2B-2D+2)% . (b_sp)* - 1(D)?- P(4) (by (7))
= (A—2B—-2D+2)* .4(D)?- (b_gp)* - P(A)
(A+4)* -y(D)* - (b_sp)"* - P(A) (by (?7))
(A +4)*" P(A) - (b-sp)*+(D)?
This implies that
2% = (A +4)**P(A) (mod 2A4).
By comparing the coefficients of A° and A%, we see that this is impossible. O

By definition, under the isomorphism
(SR A S(AKH) 1, Slpina) = [X (8% +2)% 4,57,

the element ¢(8k+2)%~* corresponds to the element cpiy () (8k+2)%~*. Therefore,
we have the following commutative diagram:

(c(8k+2)8F—4)*

KOO(SO) KOO(X(8k+2)8k_4)
J’ CPin(2 k 8k —4y\* H —
KO, ) (80) — 2oV R O0, 0 (SR A S(4kH).).

In the commutative diagram above, the left vertical map sends 1 to 1. Therefore,
Lemma ?? implies that the map

(c(8K +2)%F=4)* : KO°(S°) — KO°(X (8k + 2)%F%)

is nontrivial. This finishes the proof of Proposition ?7.
Recall that the restriction of the map fi : X(8k +4)g,; — S° to the bottom
cell of its domain is denoted

¢k . 58k+1 — SO
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(see Theorem ?7?). The following corollary will be used in the next section:
Corollary 6.3. For k > 0, the map ¢y, is detected by KO.

Proof. For the sake of contradiction, suppose that ¢, is not detected by KO. Then
the composition

c 8k+1
X(8k + )8kt ST g0 o

is zero. Since the map c(8k + 7)8%*2 : X (8k + 7)%+2 — SO factors through c(8k +
4)8k+1 " the composition

Sk+2 C(Bk+7)%MH2
L

X(8k+T7) S% — KO

is zero. Moreover, since mggt3(KO) = 0, the composition

8k+3 C(8k+7)*H?
e

X(8k+17) SY — KO

is also zero.

By Proposition ??, the map c(8k+10)8**4 is detected by KO. This maps factors
through the map c(8k + 7)%+3, which, as we have just shown, is not detected by
KO. This is a contradiction. |

7. STEP 3: IDENTIFYING THE MAP ON THE FIRST LOCK AS {P*~1h3}

In this section, we prove Proposition ?7: For all k,m > 0, we have the relations
¢ - {P™hT} = {P™F hi}.
Combining Corollary ?? and part (iv) of Theorem ?7?, we have shown that the
family
{pr : SBFFT — 80| k> —1}
satisfies the following two properties:
(1) For k > 0, ¢ can be detected by KO;
(2) For k > 1, we have that

Pk — Pr—2* Xk € (Ph—1,2,Tk), (7.1)
for some 1, € {0,8¢0} in w7 and X € m6. Here ¢ =10, ¢_1 = 0.
Since mgx11ko = Z/2, generated by the Hurewicz image of the element {P¥h;} in
mgk+1 of the sphere spectrum, we make the following definition due to property (1)
of the family ¢ above.
Definition 7.1. Define
Y-1= 07 Yo = Oa
and for k > 1,
o = ¢r — {P"ha}.
It is clear that the Hurewicz image of ¢y, in mgx41ko is zero for all k.
Then Proposition 7?7 follows from the following lemma for the elements ¢y in
T8k+1-

Lemma 7.2. For all k > —1, m > 0, the following relations hold:
or - {P™h3} = 0.
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Proof of Proposition ?7. By Definition 7?7 and Lemma 77, we have

or - {P"h3} = (pr + {P*hi}) - {P™h3} = {P™FFRp3Y.

Now we prove Lemma 77.

Proof of Lemma ?7. We first show that the elements 7, are 8¢ for all £ > 1.
Suppose that for some k, we have 7, = 0. Then we would have

Ok — Gr—2 - Xk € (Pr—1,2,0) = pp—_1 - 7, (7.2)

where x1 € m. Since no elements in 7g and 74 can be detected by the ring spec-
trum KO, mapping the above relation (??) to m. KO gives us ¢ = 0 in 7gp+1KO.
This contradicts property (1) that ¢y is detected by KO. Therefore, we must have

T, = 80

for all £ > 1.
Substituting ¢x = @1 + {P*h1}, the relation (??) becomes

or + {P*h1} € pp—2 - X + {P* 21} x
+ (pr-1,2,80) + ({P*"'h1},2,80).

Here we set {P~!h;} = 0 to unify the notation.
We have the Massey product

P*hy = (P*"Yhy, ho, hihs)

on the Adams Es-page with zero indeterminacy. Then by Moss’s theorem [?, The-
orem 1.2], we have the Toda bracket

{thl} € <{Pk71h1}32’80—>‘
Therefore, we have
Ok € Yr—2 Xk + {P*2hi} - Xk + (Qr-1,2,80)
+ {Pkilhl} - Mg + Tgk—6 - ST

for all £ > 1.
Using this relation, we complete the proof of Lemma 7?7 by induction on k, which
states that for all k > —1, m >0

or - {P™h3} = 0.

The cases k = 0, —1 are trivial, since both ¢_; and ¢q are zero.
For k > 1, suppose the lemma holds for @1 and ¢p_o.
Multiplying { P™h?3}, We have

pu{PPIZY € (PRI g + (PR
+ {p-1,2,80) - {P™h}.
Note that both {P¥*™m=2h3} and {Pk¥T™~1h3}) are divisible by 2. Since
2.-mg=0, 2 -m=0,
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we have
ok - {P"hi} € (pr-1,2,80) - n{P"h}
= ¢r-1-(2,80,m) - {P"h1}
3 ¢p—1 - {Phi} - {P"h}
= -1 {P" " hi}
=0.
The indeterminacy
Or—1-m8-n-{P"h1} +pr_1-2-mg - {P"h1}
is zero, since 2 - mg = 0 and that
pr-1-1-{P"} = pr1-{P"hi} =0
by induction. Therefore, we have that
- {P"hi} =0

79

for all m > 0. This completes the induction and therefore the proof of the lemma.

O
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8. STEP 4: A TECHNICAL LEMMA FOR THE UPPER BOUND

In this section, we prove will prove the follow proposition, which is Proposition 77
in Section 77.

Proposition 8.1. For any k,m > 0, the map
JO(SH) s 10X (8K + BT (81)
induced by the quotient map X (8k + 3)3m+3 — S4mE3 s injective.

The proof makes essential use of two spectra, kog,z and j’, which we review
now.

8.1. The spectra kog,z and j'. Let kog,z be the cofiber of the map
kOZ — kOQ.
This spectrum satisfies the following Thom isomorphism:

Lemma 8.2. Let V, E be virtual vector bundles over a space A, and let B be a
subspace of A. Furthermore, suppose E has dimension n and is spin. Then there
is a relative Thom isomorphism

ko™(Thom(A,V)/Thom(B,V|g) ;Q/Z) = ko™ " (Thom(A, VOE)/ Thom(B, (VEE)|); Q/Z).

This isomorphism is natural in the sense that if C is a subspace of B, then the
isomorphism above fits into the following commutative diagram:

ko™(Thom(A,V)/ Thom(B,V|g); Q/Z) = ko™ (Thom(A,V @ E)/ Thom(B,(V & E)|5); Q/Z)

| |

ko™ (Thom(A, V)/ Thom(C, V|¢); Q/Z) —— ko™ ™ (Thom(A,V & E)/ Thom(C, (V & E)|¢); Q/Z).
(8.2)

Proof. The proof consists of three steps:
Step 1: In this step, we construct a map

1: Thom(A4,V®E)/ Thom(B, (VOE)|g) — X" M SpinA(Thom(A,V)/ Thom(B,V|g)).

By taking direct sums with a trivial bundle of large dimension (which changes the
Thom spectra by suspensions), we may assume that V and E are actual vector
bundles over A. Let D(V') and S(V') denote the disc bundle and the sphere bundle

(over A) of V, and let E be pullback of E to D(V):
E——
D(V) —

The projection map p : E— D(V) induces a map
2: D(E)/D(E|p(vsyusv)) — DV)/(D(V]p) US(V)).

=

p

o

The diagonal map D(E) — D(F) x D(E) induces a map

3: D(E) [ (S(B)UD(Elpwimus) — (DE)/SE))A(DE)/D(Elpwisusm)) -
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Note that we have the following equivalences:

Thom(A,V)/ Thom(B,V|g) = X*D(V)/(D(V|g)US(V))
Thom(D(V),E) = X*D(E)/S(E)
Thom(A,V & E)/ Thom(B, (V & E)|5) = Thom (D , )/Thom (D(V|B) US(V), ED(V,B)US(V))

= S*D(B) [ (S(B)UD(Elpwisusw)) -
These equivalences, together with the maps 2 and 3, produce a map
4:Thom(A,V & E)/ Thom(B,(V & E)|p) =  I¥D(E )/( (E )UD(E|D<V|B>us<v>))
A (E“D )/D(E|pwis) usm))
(E"OD )/ D(E|p V|B)US(V)))
Thom(D(V), E) A (D(V)/(D(V]5) US(V)))

= Thom(D(V), ) (Thom(A,V)/ Thom(B,V|g)).
Now, recall that M Spin is the Thom spectrum for the universal bundle over BSpin.
Since F is a rank-n spin bundle, there is a map
5 : Thom(D(V), E) — X" M Spin.
The map 1 is obtained by composing 4 and 5. It satisfies the following natuality
property: suppose C'is a subspace of B, then the diagram

z73 (ZOOD )/S(E )
/\

= Thom(D

Thom(A,V & E)/ Thom(C, (V & E)|¢) —— S"MSpin A (Thom(A, V')/ Thom(C, V|¢))
l l (8.3)
Thom(A,V @ E)/ Thom(B, (V & E)|g) —— X"MSpin A (Thom(A,V)/ Thom(B, V|z))

commutes. Here, 1’ is the map corresponding to 1 for the pair (A, C). The vertical
maps are induced by the inclusion of the pair (4,C) — (A4, B).

Step 2: The Atiyah—Bott—Shapiro construction [?, Section 11] provides a map
my, : MSpin A ko — ko

that makes the spectrum ko a module over the ring spectrum M Spin. This con-
struction can also be carried out with coefficients in Q to give a map

mgq : MSpin A kog — kog.
These two maps fit into the following commutative diagram:
M Spin N ko —— M Spin A kog —— M Spin A kog/z, — M Spin A Y ko

I
J{mz J{mQ } mg,/z J{mz
J

ko kog kogz ————  X'ko.

Therefore, there exists a map mg,z making the above diagram commute.
Step 3: We construct a map T,z

T,z : ko™ (Thom(A,V)/ Thom(B,V|p); Q/Z)
— ko™ (Thom(A,V @& E)/ Thom(B, (V @& E)|g); Q/Z).
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An element « € ko™ (Thom(A,V)/ Thom(B,V|g); Q/Z) is represented by the map
a : Thom(A,V)/Thom(B,V|g) — X"kogz.

The map Ty 7 sends the element o to the element Ty z () € ko™*™(Thom(A,V)/ Thom(B,V|p); Q/Z)
that is represented by the composite map

Thom(A,V & E)/ Thom(B, (V @ E)|p) Ly S"MSpin A (Thom(A,V)/ Thom(B,V|g))

A% S M Spin A X" kog)z,

Moy Zm+nk0@/z.

Q

This construction can be also carried out for ko and kog by replacing the map mg,z
with myz and mgq, respectively. We obtain maps

Ty : ko™ (Thom(A,V)/ Thom(B, V|p); Z)
— ko™t (Thom(A,V @ E)/ Thom(B,(V & E)|g); Z)

and

Ty : ko™ (Thom(A,V)/ Thom(B,V|g); Q)
— ko™ (Thom(A,V & E)/ Thom(B, (V & E)|5); Q).

The classical Thom isomorphism theorem in ko-theory states that the maps Tz and
Ty are both isomorphisms. By the five-lemma, the map T, is also an isomorphism.
Diagram (??) follows directly from diagram (?7?). O

Next, we introduce a slight variant of the spectrum j”: we define j' as the fiber
of the map

3_
ko X1 ko.
Note that j°(S%) = Z @ Z/2 while j"°(S°) = Z. The map ko(2) — ko gives a map
j"" — j’ that induces isomorphism on 7,(—) for any n # —1,0. This proves the

following simple lemma:

Lemma 8.3. Let S be a finite CW-spectrum with no cell of dimension < 0. Then
3"(8) = j"(S).

These two spectra j” and kog,z are related via the following lemma:

Lemma 8.4. Let j'(1) be the 0-connected cover of j'. There is a map
v §(1) = S kogyz,

that induces an injection on wam—1(—) for any positive integer m.
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Proof. Consider following commutative diagram

1 PP-1
b)) k‘OQ4>E k‘OQ

E_lk‘OQ/Z 2_1]{?0@/2

¢i-1

ko ——— ko

¢i-1

kog ————— kog.

83

In the commutative diagram above, the columns form cofiber sequences. By the

3x3-Lemma, we can extend this diagram to the following diagram

3_
$2kog Sty A S kog — e £ 1kog

272]‘:0@/1 —_— Efljb/z # EilkOQ/Z —_— EilkOQ/Z
g

3_
ko ;' ko—""1 ko

h

1 ; PP -1
Y™ kog Jo kog kog,

where all the rows and columns are cofiber sequences.
Now, consider the commutative diagram

—1,7
X oz

Jo-

Since j'(1) is 0-connected and 7;(jg) = 0 for i > 1, the composition h o i equals to
zero. Therefore, the composition factors through the fiber of &, and there exists a

map
1:5'(1) — 27 g,
making the diagram above commute. The composition
. l 1. f —
L1y — % 13@/2 —— X 1I<;OQ/Z

is our desired map.
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To prove that ¢ induces an injection on 74,—1(—), first note that f induces an
injection on 74,1 (—) because 7r4m_1(2’2k0Q/Z) = 0. Furthermore, since 7y, (j@) =
0 for all k£ > 0, the map ¢ induces an isomorphism on m4,—1(—) (just like the map
i). Therefore, | induces an isomorphism on 7my,,—1(—). It follows that ¢ induces an
injection on mam,—1(—). O

8.2. Proof of Proposition ??. Note that X (m)® is the Thom spectrum

Thom(—mA| g pin(2)atm, BPin(2)**™).

Set
A = Bpin(2)4m+8k+6’
B = BPin(2)4m+8k+57
C = BPin(2)8*%
Vo= (=8k-3)\,
E = (8k+4)\

Since 4\ is spin, E is spin. By Lemma 7?7, we obtain Thom isomorphisms that fit
into the following commutative diagram:

k071(54m+3; Q/Z) o~ k08k+3(54m+8k+7; Q/Z) (8.4)

| |

ko (X(8k+3)1"7Q/2) = ko HI(X(-1)5 I Q/Z)

I

Set Y = Thom(HP>,V) where V is the bundle associated to the adjoint repre-
sentation of SU(2). Recall that there is a transfer map

T:Y - X(1)
that induces isomorphism on Hyy,43(—,F2) (see Proposition ??) for any integer n.

Truncating this map, we obtain a commutative diagram:

Gdm+-8k+17 = Gdm+-8k+7 (8.5)

8k+aAm+T

8k+4m+7 8k+5 8k+4m+7
Yot ™ —————— X (-1 is™"
For algebraic reasons, the kog,z-based Atiya—Hirzebruch spectral sequence of Y
collapses. Therefore, the map f induces injection on k:o%k/;?’. By diagram (?7), the
pinch map g also induces injection on ko®***+3(—;Q/Z). By (??), the pinch map
l: X(8k + 3)}™ "3 — §4m+3 induces an injection
1% ko™ N (S*"3,Q/Z) — ko' (: X(8k 4+ 3)7";Q/Z).

Now we relate ko, and 4’: the map

L ]/<1> — EilkOQ/Z
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in Lemma ?7 provides us with the following diagram:

Lx

J (12§ ————— ko (S'"%,Q/Z) (8.6)

llj/m ll’“’

7P (X (8k + 3)17+) — ko) (X (3% + 3)1"+%,0/2)

Since both ¢, and [¥° are injective, the map P g injective as well.
Finally, since both $*™*3 and X (8% +3)7™"3 have no 0 and —1 cells, j°(—) and
4'(1)9(—) are identical for them. It follows that the map

lj’ lj/0(54m+3) —>j/O(X(8k+3)%m+3)
is injective. By Lemma ?7, the map
lj” :j”O(S4m+3) - j”O(X(8k+ 3)zllm+3)

is also injective, as desired.
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9. STEP 5: UPPER BOUND

9.1. Proving differentials using the Chern character. In this subsection,
we introduce an useful technique for proving differentials in the j”-based Atiyah—
Hirzebruch spectral sequence.

Definition 9.1. A finite CW-spectrum W is called ko-injective if the map
ch(c(=)) : ko®(W) — € H*(W;Q)
*>0

given by a — ch(c(«)) is injective. Here, ¢(a) denotes the complexification of «.

Theorem 9.2. Let W be a finite CW-spectrum that satisfies the following proper-
ties:

(1) W has a single top cell in dimension 4m;
(2) W has no cells in dimension (dm — 1);
(3) The (4m — 2)-skeleton W42 of W is ko-injective;
(4) The 2-skeleton W2 of W is homotopy equivalent to Cn.
Furthermore, suppose there is an element o € ko®(W) that satisfies the equality
ch(c(a)) =2"+d, de H*™(W;Q) = Q. (9.1)

Then in the j"-based Atiyah—Hirzebruch spectral sequence of S 'W, the following
results hold:

(1) If v(d) > 1(m), then the class 2[—1] is a permanent cycle. Here, t(m) = 0
when m is even and ((m) = 1 when m is odd.
(IT) If v(d) < t(m), then there is a nontrivial differential

2—1] — ~[dm — 1]
for some ~y € j"0(S4m1).
To prove Theorem 7?7, we first introduce some lemmas.

Lemma 9.3. Let ag € ko® (W4 =2) be the pull-back of a under the inclusion map
WAm=2 — W. Then ag € ker(¢® — 1).

Proof. Recall that we have the equality
char (V°(9)) = 3" chz,(9)
for all ¢ € k°(W). Since ch(c(ap)) = 2!,
ch(c((¥® = 1)) = ch(¥3c(ap)) — ch(c(ag)) = 28 — 2L = 0.

By our assumption, W42 is ko-injective (property (3)). Therefore ag € ker(z)> —
1), as desired. O

Lemma 9.4. In the j"-based Atiyah—Hirzebruch spectral sequence for X~ 1W4m=2,
the element 2'[—1] is a permanent cycle.

Proof. The cofiber sequences
3_
j' — ko Y= ko

and
SO N W4m72 s W24m—2
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induce the following commutative diagram:

3_
o € j/O(W4m—2) 1 ap € koO(w4m—2) P -1 kOO(W4m—2)
3 2
l (id,0) l P31 l

i8S =Z>7Z/2

FUSTWE2) By JO(STIE) = jO(SY) = Z/2 8 22

ko°(S°%) =7Z ko®(S°%) =7

Consider the element oy € ko®(W4™=2). By Lemma ??, (¢ — 1)ap = 0. This
implies that there exists an element ¢¢ € j/°(W*™~2) such that
1(¢0) = ao.

Furthermore, 2(ag) = 2! because of the commutative diagram

koO(W4m_2) c kO(w47n—2) ch @*20H2*<W4m—2;(@)

| | |

o' (89) ———— k(%) —— Dz H*(S% Q).
Since the the map
7°(8%) — k°(SY)
ZoL]2 — Z
is (id,0),
3(¢o) = (2',b)
for some b € Z/2.
We claim that b = 0. To see this, consider the composition
504:5°(5%) — (9"
ZOL]2 — Z/2®7Z/2
Since W2 ~ Cn (property (4)), this map is induced by 7 : S — S° and sends
(a,b) € ZHZ/2 to (a,b) € Z/2 ® Z/2. Therefore, under the composition 504 o 3,
¢o is sent to
(0,0) =504 03(do) =504(2",b) = (0,b).
Therefore b = 0.
Consider the following commutative diagram:

7080 =z =22 0(80) = Z& 7/2

| [

j//0(271W24m—2) = j10(271W24m—2).

The bottom horizontal arrow is an equivalence because of Lemma ?7. By the
previous discussion, 4(2!,0) = 403(¢g) = 0. Therefore, the left vertical arrow sends
the element 2! € j79(S%) to 0 as well. This is equivalent to saying that element
2![—1] is permanent cycle in the j”-based Atiyah-Hirzebruch spectral sequence for
yoiwam=2, O

Lemma 9.5. W is ko-injective.
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Proof. Let ¢ be an element in ko®(W) with ch(c(¢)) = 0. Since W*™~2 is ko-
injective, the pulls-back of ¢ under the inclusion W4™~=2 <5 W must be zero.
Therefore, ¢ is the pull-back of some element

b€ ko' (S'™) = Z
under the pinch map 7 : W — S4™. Since
ch(c(b)) =24™ b =0,
b must be 0. It follows that ¢ = 0 and W is ko-injective, as desired. O

Proposition 9.6. The element 2'[—1] is a permanent cycle in the j"-based Atiyah—
Hirzebruch spectral sequence of X~ W if and only if v(d) > 1(m).

Proof. If v(d) > +(m), then we can find an element b € ko®(S*™) such that
ch(c(b)) = d € H*™(S*™).
Given this element b, we have the equality
ch(e(a — (b)) = 2,
where 7 : ko®(S*™) — ko®(W) is induced from the pinch map m : W —» S4m,
Using Lemma ??, we can prove that 2/[—1] is a permanent cycle by the exact same

argument as the proof of Lemma ?77.
Now, suppose that v(d) < ¢(m). Consider the commutative diagram

7080 =z 12 j0(59%) = 2.6 7,/2

l |

j//O(E—1W24m,) = j/O(E_1W24m').

To prove that 2![—1] is not a permanent cycle, it suffices to show that the element
(2,0) € 5°(S%) is not sent to 0 under the right vertical map.

For the sake of contradiction, suppose that (2!,0) € 5°(S%) is sent to 0 €
O (Z71Wgm). Consider the following diagram:

FOW) —3—s kO (W) 224 koo(W)

| I
(21,0) € j0(S%) —B— ka®(59) 15 ko0 ()
I
FO(s i),
Since 1(2%,0) = 0, there exists an element 7 € j/°(W) such that 2(7) = (2',0) by

the exactness of the left column.
Let £ = 3(7). Since the diagram is commutative,

4(¢) = 5(2',0) = 2\

It follows that ch(c(¢)) = 2.
Consider the element o — & € ko®(W). We have

ch(c(a—¢€)) =d € H*™(W)
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Since W4m~2 is ko-injective, the element a—¢& equals 7* (b) for some b € ko®(S*™) =
Z2). By comparing the Chern character, we obtain b = 2(% This is impossible
because W(Lm) ¢ Za). O

Proof of Theorem ?7?7. The claim follows directly from Lemma ?? and Proposi-
tion ?7. O
9.2. Proof of Proposition ??. For k > 1, we define t; to be the composite

X (8K +3)3-L X (8k — 4)3_, L 50, (9.2)

Then diagram (77?) follows directly from diagram (?7).
By Lemma 7?7, we have a splitting
X(8k + 3)5h—1 o w850y v 18302,
Under this splitting, we can write
t =t VL,

where ¢}, and ¢} are the following two composites (?7) and (?7?).

S5 OpC e X (84 3)SEL - X(8k— 4)3_, R 50 (9.3)
SH302C o X(8k +3)5L X8k -4, LT 50 (9.4)

We will show the following claims on ¢} and t}. They directly implies Properties
(ii) through (iv).
e Claim 1: ¢} =0.
e Claim 2: t} is of order 2 in j'. In other words, the following composite is
Zero.
s8h—50y 2 wsksoy, g0 g, (9.5)
e Claim 3: The restriction of ¢, to the bottom cell S8k=5 g
{PE Ry = (PR
in T8k—5-
It is clear that by Corollary 7?7 in Step 2 in Subsection 2.4 that Claim 3 is true.

In the rest of this subsection, we first prove Claim 1, and then prove Claim 2.
For Claim 1, note that ¢} equals to the composite

S0 X (8k +3)5 ] X(8k - 3)_, —— X(8k — )3, 5 50

By exactly the same cell-diagram chasing argument as the one in Step 1.1.2, we see
that the restriction of the composite

Sk=3C2— X (8k + 3)gh s — X (8k —3)35_;
to the bottom cell S8 =3 is zero. Therefore, we can rewrite t} as the composite

N30 e §8K2 Lo X (8 — 3)% ; —— X (8k — 4)%_, 1> 80
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for some map 1. By cellular approximation theorem, the map 1 maps through
X(8k — 3)5—%:

S8—2 2 o X (8k —3)3 3 X(8k —3)5 .
Moreover, due to the n-attaching map in X (8% — 3)2’,::? between the cells in di-
mensions 8k — 5 and 8k — 3, the composite

G8k—4 2 o X (8k — 3)3k =3 s g8k—3

must be zero. Therefore, the map 1 maps through X (8k — 3)2’;:‘;, and we can
rewrite ¢} as the composite

SR80 e §862 3 (8 — ST X (8K — 4)_, L 50

for some map 3. By Theorem 77, there is an HFp-subcomplex

g1 SEFTIC—— X (8k — 4)5 21— X (8k + 4)$5 ;.

By Lemma ?7, the 3 cell complex X (8k — 4)2’,2:4% splits:
X(8k —4)55— 2 ~ 28 =TC2 v §8F—4,
Since my = 75 = 0, we have
Tsk—2X (8k — 4)55 8 = m502 = 0,

and the map 3 maps through the HFy-subcomplex S8 4. In other words, we can
rewrite the composite

S92 2 X (8 — )3 X(3k — )3
as the composite
Sk=2 Ao g8k—d TTL N (8K — 4) s,
for some map 4 in my. Therefore we can rewrite ¢} as the composite

»8k—3 19 G8k—2 4 G8k—4 9k—1

As in the proof of Proposition ??, the composite

SSk72 4 S8k74 gk—1 X(Bk—4)§2,7 Fra S0

is zero. Therefore, we have ¢} = 0. This completes the proof of Claim 1.

For Claim 2, note that the composite 2 - tj maps through X (8% + 2)g%_5. Due
to the 2-attaching map in X (8k + 2)g5_- between the cells in dimensions 8k — 5
and 8k — 4, the composite

GEk=5C__o y8k—50y, 2M ysk-50,C 5 X(8k +3)3K T —~ X (8k+2)3
is zero. Therefore, we can rewrite 2 -t} as the composite

SOy e G 5 X (8K ) X(8k — ), LT 50,
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where 5 is a map that induces a trivial homomorphism on Hg,_1(—;F2). By the
cellular approximation theorem and the 2-attaching map in X (8k+2)g5,_5 between

cells of dimension 8k and 8% — 1, the map 5 maps through X (8% + 2)22:?:

G818 o X (8k 4 2)3F 2 X (8k + 2)8k2.

Therefore, we can rewrite 2 - t}, as the composite

SRS 0 e S8 O X (8 4 2)372 = X(8k — )3T X (8 — 43, L S,

By Lemma ?7?, the 3 cell complex X (8k — 4)2’;:4% splits:
X(8k — 4)55—2 o~ w8k -T2 v S8R,

So we can write 2 - ¢} as the sum of the following two composites (??) and (?7?):

S50y e g8 T ST X (8K — 4)3 . 50, (9.6)
S5Oy o L 8 gsk—c T gy gy Tl g0 (9.7)

For the map 7 in the composite (?77), it corresponds to an element in the group
7T8k_128k_702 = 71'602 = Z/Q,

which is generated by v on the bottom cell of X8*~7(C2. Since v? is not detected
by the spectrum j’, post-composing (??) with the map S° — j is zero.

For the composite (?7?), note that by Part (iii) of Theorem ??, the composite
Gk—10 fr—11s

. bie—
Sk—4 T X (8k — 12)55 712 60
Therefore, the composite (??) can be rewritten as
ap_ br_1
S8R50y s 581 B g8h—4 T X (g — 12)36712 L 60 (9g)
Using again the splitting
X(8k —12)55 712 ~ 38k =150 v G8F—12)

the composite (?7?) can be written as the sum of the following two composites (?7?)
and (?7):

78k—507, G8k—1 _ 8  g8k—4 _ 9 g8k—12 S0, (9.9)
Y8k—5(7,, g8k—1 _ 8 g8k—4 10 _v8k-1579_ GO (9.10)

The composite (?7?) is zero, since 9 o 8 corresponds to an element in
g - M3 — 0.
The composite (?7?) is zero, since 10 o 8 corresponds to an element in
7T11C’2 T3 = 0

In fact, m11C2 = Z/2 & Z/2, which is generated by {Phs}[0] and {Phy}[1]-n. Both
generators are annihilated by 3.

Therefore, the composite (??), which equals to the composite (?7?), is zero.

In sum, we have that 2 -t} = 0 in j’. This finishes the proof of Claim 2.



92 MICHAEL J. HOPKINS, JIANFENG LIN, XIAOLIN DANNY SHI, AND ZHOULI XU

9.3. Proof of Proposition ??. Recall that there is a map

(8K +3) 1 X(8k + 3) L2, yy-8k=3C poo

that induces an isomorphism on (HF3)4y,—1(—) for any m (see formula (??)). Trun-
cating this map, we obtain a map

G(8k + 3371 X(8k + 3% - »7lz,
where
Z = x782CPy = Thom(CP*™, (4n + 1)(L — 1)).
Here, L denotes the canonical bundle on CP°.
The Thom isomorphism gives an identification

H*(Z;Q) = Up - H*(CP";Q) = Uy - Qla]/(a""*),

where x = ¢1(L) and Uy is the Thom class for homology.
In order to apply Theorem ?? to Z, we need the following lemma:

Lemma 9.7. For any odd integer n > 0 and any m > n, the spectrum L ~2"CP™
is ko-injective. (See Definition 77.)

Proof. We show that for the spectrum Y =2"CP™, where n > 0 is odd and m > n,
the map
¢: k®(X7"CP™) — ku®(X2"CP™)

is injective. Since the Chern character map is injective for this spectrum, this would
prove the lemma by Definition ?7.

The complexification of real vector bundles corresponds to the following map on
the spectra level

c: ko — ku.

For degree reasons, the ku-based Atiyah—Hirzebruch spectral sequence for $~2"CP™
collapses at the Fy-page. In particular, the group ku®(X~2"CP™) is a direct sum
of copies of Z’s.

Since n > 0 is odd, the bottom two cells of S=2"CP™ is C'n. More generally, we
can decompose ¥ ~2"CP™ by its subquotients (with certain attaching maps among
them) of the form ¥4 Cn for j > 0, and with one possible copy of $?™~2" when m
is odd. In this case, we have that 2m — 2n is divisible by 4. Since

koA Cn ~ ku,

the ko-based Atiyah—Hirzebruch spectral sequence for 3=2"CP™ collapses at the

Fs-page. This means that we only need to check that the following maps are
injective

c: ko’ (BYCOn) — ku® (XY Cn), (9.11)

c: ko?(S* ) — kul(S%m ), (9.12)

where j > 0 and 2m — 2n is divisible by 4.
Due to the compatibility of real and complex Bott periodicity, the map

c:ko— ku

maps v to v} in 7. So in particular, it induces an isomorphism on g for all
k > 0. Tt is also well known that, the generator of m4ko maps to 2v? in m4ku. So
it induces an injective homomorphism on 7gg14 for all k£ > 0. This proves that the
map (?7) is injective.
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For the map (?7?), since the Spanier-Whitehead dual of Cn is X~2Cn, we may
rewrite it as
7T4j+2k‘u = 7T4j+2(k0 A C’f]) — 7T4j+2(ku A C’l]) = 7T4j+2(]<1u V ZQkU),

which is an inclusion of a splitting summand.
Combining the injectivity of the maps (??) and (??), this completes the proof
of the lemma.
O

Lemma 9.8. There exists an element ¢ € k°(Z) such that
ch(¢) =2%72 4 d. Uga'™ (9.13)
for some d with v(d) = —2.
Proof. There is a Thom isomorphism
K(2) 2 Uk - KO(CP™) = Upc - Zy ]/ (w*™ ),

where w = L — 1 and Uk is the K-theoretic Thom class for the virtual bundle
(4n + 1)w. We have the relations

ch(w)=¢€"—1

and

ch(Uk) Un - x((4n + 1w)

= Un x((4n+1)L)

€ _ 1 an+1
(22
x

4n—1)

Now, suppose
¢=Uk - (ap + 1w + - - agn_1w

where a; € Z) for all 0 < i < 4n — 1. Our goal is to determine the coefficients a;
so that condition (??) holds.
Applying ch(—) to both sides of the equation and using the formulas above, we

get

et 1 4n+1 4n-—1 . .
Ch(¢)_UH'< ) ~Zai(e - 1)~

x
i=0

Now, make the substitution z := e* — 1. Then z = In(z+ 1) and the above equation

becomes

z

In(z 4 1)\ " — i dn+1
<) ch(¢) =Upy - Z a;z" € Uy - Qz]/(= ). (9.14)
=0
Condition (?7?) requires

ch(¢) =2%"2 14 .Uy - 2*"

for some a with v(a) = —2. By comparing the constant terms in (?7?), we deduce
that cho(¢) = ag and

1 1 4an+1 4dn—1 ]
( n(z + )) (24k—2 +d- ) = Z a7t + O(z17 .

z :
=0
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. . In(z+1) dntl 2
Let the power series expansion of <f> be 1+ b1z + byz® +---. By
comparing the coefficients of 2’ in the equation above, we obtain the relations

ag =2"%"2 d=ag - bay,

and

a; =2"""2 . by, fori=1,---,4n — 1.
By Lemma 77, we see that v(d) = —2. By Lemma 77, we see that a; € Z) for all
0 < i < 4n — 1. Therefore, ¢ belongs to k°(X). a

Now, set a = 7(¢). then one has
chic(a)) = 2%~  2d - Uga?™.

By Lemma 7?7, we can apply Theorem 7?7 to Z and conclude the existence of the
following differential

21 1) — 48k — 1]
in the j”-based Atiyah-Hirzebruch spectral sequence of ¥71Z, with v # 0 €
4"°(S®=1). By naturality of Atiyah-Hirzebruch spectral sequence, we can pull-
back this differential to X (8% + 3)~1 using the map j(8k + 3)%%~!. This finishes
the proof of Proposition 77.
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10. CONSTRUCTION OF Z(k)
By Proposition ??, there is a cofiber sequence
X (8k +4) — X(8k+3) =25 n-Bk3)Cpoe,

By restricting to the subquotient (—)87]“1727 we obtain a cofiber sequence

X (8k +4)% 72 —— X(8k + 3)%72 5 w3 CpsE
Consider the quotient map
X(8k+4)%72 — X(8k+4)52.

By Proposition ??, there is a 2 cell complex Y (k) with cells in dimensions 8k — 4
and 8k — 8 such that it is an HFy-quotient complex of X (8k + 4)5; 2. There is a
commutative diagram

Y (k) 0 *
1 5
X(8k+4)*? —— X(8k+3)%72,

where the left vertical map is the composition

X(8k+4)% 72— X(8k+4)5 "2 — Y (k).

By the 3 x 3-Lemma, we can extend this commutative diagram to the following

commtuative diagram, where the rows and columns are cofiber sequences:

Y (k) 0 * Y (k)

1 P 1
X(8k+4)%2 — X(8k+3)% 2 —— n-@k3)Cp>

] ]

X8k +3)%2 —2 5 »-1Z7(k).

The complex Z(k) is defined to be the cofiber of the map
N-EEEICP® — 5 NV (k).
By Lemma ?7?(2), the map p induces an isomorphism on (HF3)40—1 for all 2.

Lemma 10.1. The complex Z(k) satisfies the following properties:
(1) Z(k)8k—8 = - Bk+2)Cpsk—3.

8k—4 452_18’
STV §°F TSk even,
(2) Z(k)gk,8 - { ESk_SCn3 k odd.

Proof. Property (1) is straightforward from the definition of Z(k). Jianfeng is going
to prove Property (2) O
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11. PROOF OF PROPOSITION 77

Consider the map
tr: X (8k +3)5i 5 — S°

in Proposition ??. By properties (ii) and (iii) in Proposition ??, there exists a

factorization of the map tk|y g 3502 : X(8k + 3)5—2 — S0 as follows:
8k—5

b ‘X(8k+3)22:§

X(8k+3)5: 2 S0

Uil gsk—s={P" ' h}}
§8k—5

Here, the vertical map is the restriction of the quotient map
X(8k +3)8 1 —— w85y

to the (8k — 2)-skeleton.
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12. STEPS 6 AND 7: FIRST LOCK AND SECOND LOCK
In this section, we will prove the claims in Section 7?7 and Section ?7.

12.1. Bundles with simple Chern character. Recall from Section ?7 the spec-
trum Z, which is defined as the Thom spectrum

Thom(CP*™; (4n + 1)(L — 1)) = B~-E+Acpiil.

We have that Zg'—¢ ~ S5"~4v §8"=6_ (draw a cell diagram) Note that this splitting
is not necessarily unique, so we fix one once for all. Therefore, there are two maps

@i : ngﬁ:g ~ SSn—4 vV SSn—G N S8n—6

for ¢ = 0,1 that are of degree one on the bottom cell. These two maps ¢y and ¢,
correspond to the elements 0 and 7? in 7g,_S%" ™% = 7,59 respectively.

Definition 12.1. For i =0, 1, let Z(i) be the fiber of the composition

;o Z8n—4 Zgnfél Pi g8n—6
Diagram to be added here.
Lemma 12.2. We have the following homotopy equivalences
Z(O)EZ:;} ~ G8n=8\/ g8n—4
Z(1)gn =g ~ X80P,

Proof. By definition, the spectra Z(i)gﬁ:g for ¢ = 0, 1, fit into the following cofiber
sequence

ST —— Z(i)in s> Zgn g —= S C. (12.1)
By the complex James periodicity, we have that
Zgg:él _ Z—(8n+2)CP887?:§. ~ SSn—4 v ZS”_SCn.

Consider the natruality of the Atiyah—Hirzebruch spectral sequences with respec-

tive to the map Z(i)3""g < Z§"~4. Since the element 1[8n — 8] is a permanent

cycle in the Atiyah—Hirzebruch spectral sequence of Zg::g ~ G§8n—d y i8-8y
the element 1[8n — 8] in the Atiyah-Hirzebruch spectral sequence of Z ()51 g must
either be a permanent cycle or kill something that is divisible by 7, due to the
n-attaching map in ZSSZ:;L. The only nonzero element in 73 that is divisible by 7 is

n>. These two possibilities correspond to the two spectra
SSn78 vV SSn74 and E8n78c773

By considering the image and pre-image of the element 1*[8n — 7] in 7g,,_55%"~"
in the long exact sequence of homotopy groups associated to the cofiber sequence
(??), we have that
Z(O)SZ:g ~ SSn—S vV 51871—47
Z(1)§h—g = X8 =803,
two cell diagrams here

This completes the proof of the lemma.
O

In this subsection, we will construct virtual bundles over Z(i) with simple Chern
characters. As before, we denote the generator of H?!(Z8"~%;Z) by x'.
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Lemma 12.3. There exists an element v € k°(Z%"~*) such that

ch(y) = oin=b-v(n) 4 po a4 g6 TP + cgpoax 2, (12.2)
with v(cgp—g) = —1 and v(cgn—q) > 0.
Proof. There is a Thom isomorphism

BO(Z54) 2 Uy - RO(CPA™2) & U - g ] /('™ ),

where w = L — 1 and Uk is the K-theoretic Thom class for the virtual bundle
(4n + 1)w. We have the relations

ch(w) =¢e"—1
and
ch(Ux) = Un-x((4n+1)w)
= Up-x((4n+1)L)
x an+1
— Uy (e 1) .
T
Suppose

4n—>5
v=Ug (Z aiwi> .
i=0
After taking Chern characters on both sides, we get

et _ 1)4n+1 4An—5

Z a;(e® —1)%

i=1

Just like before, we make the substitution z = e¢* — 1. With this substitution,
equation (?7) is equivalent to the following equation:

An+14n—5
z n nz: CLiZi _ 2471_5—1/(77,) + O(Z4n_4)- (123)
In(z + 1) P

This equation is equivalent to the equation

4dn—5 4n+1
Z (liZi _ (IH(Z + 1)) (24n—5—1/(n) + O(Z4n_4)). (124)

i=0 o
By comparing coefficients on both sides of equation (??), we obtain the relations

a; = 24n75711(n) b,

for all 0 < i <4n—5. By Lemma ??, v(b;) > v(n) — (4n—5) for all 0 < i < 4n —5.
Therefore, the coefficients a; € Z(3) and we have found a v that satisfies equation
(?7).

To show that the rest of the coefficients in ch(y) satisfies the conditions of the
lemma, note that by the definition of the coefficients b;,

o0

4n+1
z n Z 24n—5—u(n)bizi _ 24n—5—1/(n) )
In(z +1) P



INTERSECTION FORMS OF SPIN 4-MANIFOLDS AND MAHOWALD INVARIANT 99

4An—

Subtracting equation (??) from this equation and using the relation 24"~ = 0, we

obtain the following equation:

4n+1
z
.24n—5—u(n)_ b dn—4 b 4n—3 bap_ 4n—2
(ln(z+1)> (ban—a2 + O04n—3% + O4n—2% )

= chgn—s(7) + chgn—6(7) + chgn—a().

Substituting e — 1 back as z, the above equation becomes

4n+1
-1
(6 - ) . 24n—5—y(n) . (b4n,4(6$ o 1)411—4 + b4n,3(6$ . 1)4n—3 4 b4n72(6x _ 1)4n—2)

= chgn—s(7) + chsn—6(7) + chgn—a(7).
After rearranging, we get

(2411—5—1/(71)

1,4n+1 ) . (b4n_4(6$ _ 1)8n—3 4 b4n_3(€z _ 1)8n—2 4 b4n_224n—2(€r _ 1)811—1)

chgn—s(7) + chgn—6(7) + chgn—a(7)
— CSn—8x4n_4 +08n_6x4n—3 +C8n—4x4n_2-

An—4

Expanding the left hand side and comparing the coefficients of x and %2 on

both sides of the equation, we obtain the relations

24n—5—u(n)

“ban—s,
8n —3)(3n—1)
3

C8n—8

24n75fl/(n)(( b4n—4 —+ (477, — 1)b4n—3 + b4n—2)

8n—3)(3n —1)
3

C8pn—4 =

_ _24n—3—v(n)b4n_3 + 24n—5—u(n) ( ban—a + 24n—5—v(n) (b4n—2 _ b4n—3)-

By Lemma 77,
v(cgn—g) =4n —5—v(n) + (v(n) — (4n —4)) = —1.

By Lemma 7?7, 7?7, and ??, when n is odd, all three terms in the formula for cg,_4
are 2-local integers, so v(cgp—4) > 0. When n is even, the lemmas show that the
first term is a 2-local integer while the other two terms are 2-local half-integers
(they have 2-adic valuations —1), and so v(cg,—4) > 0 again. This concludes the
proof of the lemma. O

Proposition 12.4. There ezist elements ag € ko®(Z(0)) and ay € ko®(Z(1)) such
that

ch(c(ag)) = 2 i)
chclon)) = 20n=4vin) 4 ggin=2, (12.5)
with v(d) = 0.

Proof. When i = 0, let 4" be the pullback of v under the map Z(0) — Z8"~% and
let o/ =r(y") (r: k°(Z(0)) — ko°(Z(0)) is the restriction map). By Lemma ?7,

Ch(C(O/)) — 24n—4—u(n) + 20871—81'4”_4 + 26871—4-174”_2-

Let
01,62 € ko’ (Z(0)3,75) = ko®(5°" %) @ ko® (5 1)
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be the generators for the first and the second summand, respectively. Since the

composition map

ko®(517) %5 kO(s1) Ly 1 (51 Q)
is multiplication by 1 when n is even and multiplication by 2 when n is odd, we
have

ch(c(¢r)) = ="~

and
ch(c(go)) = 2242,
Now, set
/ * *
ag = a' —2cgn—g - Py(P1) — Csn—a - Po(P2),
where

po: Z(0) — Z(0)5 5

is the quotient map. Note that this construction is valid because both 2cg,,_g and
Ccsn—4a belong to Zy) by Lemma ??. Tt follows that o satisfies (77).

When i = 1, let 4/ be the pullback of v under the map Z(1) — Z8"~% and let
o =r(v"). By Lemma ?7,

Ch(C(Oé/)) — 24n—4—y(n) + 208n78x4n_4 + 20871741'4”_2-
There is an element
¢3 € ko"(Z(1)57=5) = ko (Crp°)
such that
Ch(C((bg)) — x4n—4 + 6{E4n_2

for some e with v(e) = 0 (this is because the e-invariant of ® has 2-adic evaluation
0).

Now, set

o1 =’ —2cgn g5 pi(¢3),
where
p1:Z(1) » Z(1)gh s
is the quotient map. Then
ch(c(ar)) = ch(e(a’)) — 2csn—sch(c(pi(ss)))
24n—4—l/(n) + 2087178374”_4 4 208n74$4n_2 _ 2C8n78(x4n_4 + 6:L,4n—2)
24n—4—u(n) + (20871—4 — 2C8n_g - 6)$4n_2.

By Lemma ??, d = (2cgn—4 — 2¢spn—s - €) has 2-adic valuation 0. Therefore, a;
satisfies (?7), as desired. O

12.2. Mapping X (8n+3)%""° to ©~'Z(i). Need to change here a bit for Z(1) In
this subsection, we will prove the following proposition:
Proposition 12.5.
(1) When n is even, there exists a map hy, : X (8n + 3)%7° — ©=1Z(0) that
induces an isomorphism on HY™=1(— Fy) for all m.
(2) When n is odd, there exists a map h, : X(8n 4 3)¥"™° — ©~1Z(1) that
induces an isomorphism on H¥™~1(— Fy) for all m.
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Proof. Recall that the map X(8n 4+ 4) — X(8n + 3) induces isomorphisms on
Hymy1(—;F2) and Hyyyo(—;Fs). The cofiber of this map is X8 +3CP>.
By truncating each term of the cofiber sequence

X(8n+4) — X(8n +3) — L8 T3CP>,
we obtain the cofiber sequence
X(8n+4)3"6 = X(8n+3)¥ % 1y n-lz,

Here, 1,, induces an isomorphism on H*™~1(— F;). By truncating this cofiber
sequence further so that each term only have cells of dimensions between 8n — 8
and 8n — 4, we obtain the cofiber sequence

X(8n+4)5778 — X (8n + 3)5r=2 2 m-l(Z80h.
This cofiber sequence can be rewritten as
S8y BITTC2 o BITTO2 v SO 2y g8 TRy 8T
Therefore, there exists a factorization of the map 2,, through
X(8n+3)5n"% — S8,

In other words, there exists a map 3,, : S877% — 8875\ §87=7 5o that the following
diagram commutes:

SSn—5 [ S8n—5
|
X(8n+3)§2 !; S8n 5\/5811 7

This implies that 3, 0 X~ 1¢; = 0 for some i € {0,1}. For that i, the following
diagram exists:

S8n 5 SSn 7
X (8n+3)8" 3 2 yolzdnd

| g

X (8n +3)%37 e DEVALS

. hn
N . 4,

T 2-1z3)
In the diagram above, the map h,, exists because the right vertical sequence
E*lz(z) 44 271Z8n 4 Vi S8n 7

is a cofiber sequence by definition and the map ; 0 1,, is zero by the commutativity
of the diagram. The map h,, will also induce an isomorphism on H4™~1(—;F,) for
all m because both 1,, and 4,, induce isomorphisms.

It remains to prove that when n is even, we choose ¢« = 0 and when n is odd, we
choose i = 1. This is a consequence of the next lemma. [



102 MICHAEL J. HOPKINS, JIANFENG LIN, XIAOLIN DANNY SHI, AND ZHOULI XU

Lemma 12.6.
(1) When n is even,

X(8n+3)gn_g = 8% v g5 v w810,
(2) When n is odd,
X (8n+3)8'—g ~ X8 00y3 v 8T 2.

Proof. This is proved by an extension of argument in Mike’s file. Use the transfer
map XVHP> — X(1) and compute the attaching map in VHP>. More details
to be filled. O

Lemma 12.7. For any m < 8k — 4, the m skeletons of Z(0) and Z(1) are both
ko-injective.

Proof. Note that Z(0)™ = Z(1)™ = $£=82CP}, ,, for some | > 4k + 1. Hence
both of them are ko-injective by Lemma ?7. O

12.3. First lock for n odd. In this subsection, we will prove the following theo-
rem:

Theorem 12.8. When n is odd, the composition
n—133
X(8n+3)%37° — 8= T g0
15 0.

Note that Theorem ?7? directly implies Proposition ?7.
By Proposition ??, there exists a map f, : X(8n + 3)&1"1_5 — ¥71Z(1) making
the diagram

8n—5 gn—s P"'hT o
X(8n+3)5n5 —y gon—s T g
B |
517(1) —— s T go

commutative. Given this commutative diagram, Theorem ?7 is an immediate con-
sequence of the following proposition:

Proposition 12.9. When n is odd, the composition
n—1;3

g3 1Z(1) » gons T g0
15 0.
Proof. Let f : ¥71Z(1)3° — S° be the boundary map induced from the cofiber
sequence

Sty tz(1) — 2 Z()ye
In other words, f fits in the sequence

Sl nlz(1) — 2z L S0

We will show that the following diagram is commutative:

n—113
yin- ﬂ ‘Xh (12.6)

Y1Z(1) —— 271 Z(1) —— 585,
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Our proposition will follow from the commutativity of this diagram. This is because
taking [—, S°] in the cofiber sequence

S12(1) — 91Z(1)F L 80

produces the sequence
(59,8 — [2712(1)3°,8° — [2712(1), 8°).

In this sequence, the element 247~% € [S° 9] first maps to 24" ~4f € [£~1Z(1)5°, 99,
and then maps to g € [£71Z(1), 5% by the commutativity of (??). Since the se-
quence is exact at [£71Z(1)5°, 5%, we deduce that g = 0.

It remains for us to prove that diagram (??) is commutative. Since X ~1Z(1)$°
has no 0-cells, the Adams filtration for the map f is at least 1. This implies that
the Adams filtration of the map 24"~ f is at least (4n —4) +1 = 4n — 3. Therefore,
the map 24"~ f can be lifted through a map £4,_3 : £71Z(1)$° — T4y, _3, where T;
(i > 1) is the ith stage of the Adams tower of S°.

T4n—3

1

T2 —_— H]FQ

|

f2 T1 —_— H]FQ
s

4n—4
21z 22 50 HF,.

The cells of X71Z(1)$° are in dimensions 1, 3, ..., 8n — 9, and 8n — 5. Since
7i(Tyn—3) = 0 for all 1 < i < 8n — 8, the (8n — 9)-skeleton of X ~1Z(1)3° maps
trivially to S° under the composition map

4n74f

(21219 — v-lz()e P 50,

Therefore, there exists a map S% 5 — T},,_3 such that the following diagram is
commutative:

Let p be the composition
SSn—5 —> Typ_3 — SO.

To finish the proof of our proposition, it suffices to show that pu = P"~1h3.
Since the Adams filtration of yu is at least 4n — 3, ju can be 0, P"~thy, 2P" 1hy,
or 4P""1hy = P""'h3. We will compute the e-invariant of e(u) and show that
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v(e(n)) = 0. This will finish the proof because the 2-adic valuations for the e-
invariants of the four possibilities above are

v(e(0)) > 1,
V(e(P"_lhg)) = -2
v(e(2P" thy)) = -1,

v(e(4P™ 'hy)) 0.

Consider the diagram

$1Z(1) —— 2120 —— S —— Z(1)

oo L e )

S-lou Gg8n—5 B, g0 Cp.

By the definition of the e-invariant, there exists an element ¢ € ko®(Cy) such that

ch(c(€)) = 1+ e(p).

This implies that when we pullback £ along the map h : Z(1) — Cu, the Chern
character ch(c(h*¢)) is equal to

ch(c(h*€)) = 2% 4 e(p)x*" 2. (12.7)

In Proposition ??, we constructed an element a1 € ko®(Z(1)) with Chern char-
acter

ch(c(an)) = 27 4 da'2 (v(d) = 0). (12.8)
Subtracting equation (??) from equation (??7), we get
ch(e(hE — ar)) = (e(p) — d)s™~2.

In particular, this shows that when we restrict h*¢ — oy to the (8n — 8)-skeleton
Z(1)8n78’

ch (c (h*f - a1|Z(1)8n,8>) =0.
By Lemma 77,
h*¢ — ai| z1ysn-s = 0.
Therefore,
h*€ — a1 = p*(¢)

for some ¢ € ko®(S%"~4). Here, p is the quotient map p : Z(1) — S®~%. The
Chern character of p*¢ is

ch(c(p* ) = ax*" 2,
where v(a) > 1. From the relation
(6(/1,) _ d)$4n_2 — a$4n—27

we deduce that e(y) = d + a. Since v(d) = 0 and v(a) > 1, v(e(p)) = 0. This
concludes the proof of the proposition. O
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12.4. First lock for n even.
Proof of Proposition ?7. In Proposition 77, we showed that there exists an element
ap € ko’ (Z(0)) such that

ch(c(ag)) = 244,

By Lemma ??, we can apply Theorem ?? to Z(0). Theorem ?? shows that the

element
24n7471/(n) [7 1]

is a permanent cycle in the j”-based Atiyah—Hirzebruch spectral sequence of ¥~ Z(0).

The map h,, constructed in Proposition 77 induces a map of spectral sequences
from the j”-based Atiyah-Hirzebruch spectral sequence of £71Z(0) to that of
X (8n +3)%"7°. Therefore, the element

24n—4—z/(n) [_ 1]

is also a permanent cycle in the j”-based Atiyah—Hirzebruch spectral sequence of
X (8n +3)%"7% and X (8n + 3)"~5. This finishes the proof of the proposition. [

4n+1
APPENDIX A. COEFFICIENTS OF (M)

Let b; be the coefficient of 2% in the power series expansion of
4n—+1
In(1+z)\ " z 22 28
= ——— = 1 _—— —_—— — DR .
I ( 2 23 T
In this section, we prove several facts about the 2-adic valuations of b; that we are

going to use in the rest of the paper.

Notation A.1. For any r € Q, let v(r) be the 2-adic valuation of r. For example,
v(4)=2,v(3)=0, and v (§) = —3.

In the power series expansion of
In(1+ 2) antl z 22 28 ntt
= —— = 1 _—— —_—— — ...
o= () TR ,
the coefficients for 2™ is
bm = Z b(co,cl,CQ,...),
(co,c1,c2,...)
where the sum ranges through all tuples (co, c1, ¢, . ..) such that
(1) ¢ >0 for all ¢ > 05
(2) co+ci+e+---=4n+1;
(3) c14+2c2+3c5+---=m.

In all the cases that we are interested in, m will always be at most 4n, so the tuple
(co,c1,cC2,...) will always be finite. Each tuple (cg, ¢1,co,...) corresponds to the

monomial o oo
o (LA (2.
) ( 2) ( 3 ) '

The number b, ¢, c,,...) is the coefficient of this monomial, which is

S ) .
C0,C1,C2,...

C0,C1,C2, ... 2c13c2 ...
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Here,

Cp,C1,C2, ... CO!Cl!CQ!"‘
In particular, this number is an integer.

( dn+1 )_ (4n 4 1)!

Lemma A.2. v(by,) = —4n for all n.

Proof. For any tuple (co,c1,...) with > 3,50¢; = 4n+ 1 and ) 5, ic; = 4n, the

valuation
1
(g 2~

except when (cg,c1,...) = (1,4n,0,...). Since

dn +1 1
b = (-D* C—
(1,4n,0,...) ( ) ( 1,471 ) 94n
(4n+1)
= 24n ’
the valuation v(bs,) is equal to —4n. O

Lemma A.3. The inequality v(b,,) > —(4n—2) holds for alln and 1 < m < 4n—1.

Proof. For any positive integer ¢, we have the inequality

1 >
v —c.
c+1) — ¢

Equality is achieved only when ¢ = 1. This implies that

1 .
3

From this, we deduce that f(b;,) > —(4n —2) for all 1 <m < 4n — 2.
For by, —1, given any tuple (cq, ¢1,co, . ..) with Eizo ¢; =4n+ 1 and Zizl ic; =

4n — 1, the valuation
1 > —(4 2
v 2c13c2 ... __(n_ )
=

2,4n —1,0,...). Since

in+1 1
-1 An—1 .
(=1) (274711) 24n—1

(dn+1)n
- 24n—2 '

except when (co, 1, ca,...)

b2,4n-1,0,...)

the 2-adic valuation of the denominator is still at least —(4n — 2). Therefore,
V(ban—1) > —(4n — 2). O

Lemma A.4. v(byy—2) =v(n) — (4n — 3) for all n.

Proof. The coefficient of the monomial 13 (7%)4n72 in f(z) is
dn+1 13 (75)4”—2  (An+1)(n)(dn—1) 22
3,4n — 2 2 N 3! 24n—2

— odd. —— . 242,

’ 24n—3
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The valuation of this number is exactly v(n) — (4n — 3). We will prove that the
coefficients of all the other monomials in f(z) of degree 24" ~2 have 2-adic valuations
strictly larger than v(n) — (4n — 3).

Consider the monomial

dn +1 . 2\ 1 22 c2 23 c3
(1) (,> S S
Cp,C1,C2,y ... 2 3 4

where only finitely many of the ¢;’s are nonzero and ¢; + 2¢co + 3¢z + -+ - =4n — 2.
To prove our claim above, it suffices to show that the fraction

(epreren, )™ (3)™ (5)7 (1) -+

- 4n—2
(5721 (3)™

is an even 2-local integer.
This fraction is equal to

_ An+1
24TL 2 . (Co,cl,CQ,...)
c19c2 4¢3 . .. 4dn+1
()
22 (4 - 2)13)
T 2a3edes - goleylegl -
94n—2 3! (4n —2)!

2¢13c24¢s . .. . Co(Co — 1)(00 — 2) (CO — 3)!01!02! s

24n—2 3! dn — 2
T 2a3e4% . coco — 1)(co — 2) (co —3,¢1,¢C2,.. )
The condition ¢y 4+2co+3c3+- - - = 4n— 2 essentially guarantees that the product of
the first two terms is an even integer when (¢, co, . ..) differs from (3,4n —2,0,...).
There are two exception cases. They are (4,4n—4,1,0,...) and (5,4n—5,0,1,0,...).
For the first exception case, the product is

24n—2 3! 4n — 2
2in—a3l " 4.3.2 "\1,4n—4,1)"
The product of the first two terms is odd, but the last term is w, which

!
is even.
For the second exception case, the product is

24n—2 3! dn — 2
24n—5.41 5.4.3 (2,4n—5,1>'
The product of the first two terms is odd, but the last term is
(4n —2)(4n — 3)(4n — 4)
2!1! ’
which is even again. Therefore, v(by,—3) = v(n) — (4n — 3), as desired. O

Lemma A.5. v(byy—3) = v(n) — (4n — 3) for all n.

Proof. The proof is very similar to the proof of Lemma ?7. Given a monomial
in f(z) of degree 24" ~3, the smallest 2-adic valuation of its coefficient is achieved
when (cg,c1,c2,...) = (4,4n — 3,0, ...). This coefficient is

(4n + 1) 1 (4n +1)(4n)(4n — 1)(4n — 2) 1

4 f9an=3 4! " 9dn—3"
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Its 2-adic valuation is v(n) — (4n — 3).

To prove that the 2-adic valuations of the all the other coefficients are strictly
bigger than this number, we make a similar computation to the proof of Lemma 77
and reduce the problem into showing that the ratio

24n—3 1 in — 3
2c13e2gea ... (%0) (co —4,01,02,...)

is even when ¢; + 2¢o + 3¢3 + -+ = 4dn — 3 and (¢, ¢1,¢2,...) # (4,4n — 3,0,...).
the product of the first two terms is an even number. O

Lemma A.6. v(by,—4) =v(n) — (4n —4) for all n.

Proof. The proof for this is again similar to the proof of Lemma ?? and Lemma 77.
We claim that the smallest 2-adic valuation is achieved only when ¢y = 5, ¢ =
4n — 4, and ¢; = 0 for all ¢ > 2. The corresponding coefficient is

<4n + 1) 1 (4n +1)(4n)(4n — 1)(4n — 2)(4n — 3) 1 n

5 ’ 24n—4 = 51 ) 924n—4 =odd- 247174'

The 2-adic valuation for this number is ¥(n) — (4n —4). To prove that all the other
coeflicients have bigger valuations, we need to show that the ratio

gdn—4 1 ( dn —4 )
9c13c24¢3 ... (CE?) co — 5,01,02, v

is even for all the other tuples (co,c1,...) such that ¢; +2¢o + 3cg +-+- = 4dn — 4.
The product of the first two terms will always be an even number except when
(c1,¢2,¢3,...) = (4n —9,1,1,0,...). For this exceptional case, the ratio is

24n—4 o1 ( dn —4 )
24n—9 .31 .41 (g) 3,4n—9,1,1
The product of the first two terms is odd but the last term is
(4n — 4)(4n — 5)(4n — 6)(4n — 7)(4n — 8)
3! ’
which is even. O

Lemma A.7. We have
B =v(n) — (4n —4), n even,
V(ban—2 — ban_3) { >v(n) — (4n —5), n odd.

Proof. To prove the lemma, it suffices to consider all the coefficients in by, _o and
ban—3 whose valuation is at most v(n) — (4n —4). For by, _o, they are the following:

< dn +1 >(1)5 (_i>4n_2 = n+1)tn)dn — 1 ! . 242

3,4n — 2 2 3! 24n=2
_ Wn+1){dn-1) =n . An—2
- 3 924n—3
dn+1 ) (_3)471—4 A\ (Un+)@n)(n—1)@En—-2(4n-3) 1 1 .
4,4n — 4,1 2 3 N 411! 24n—4 3
_ (dn+1)(4n —1)(2n — 1)(4n — 3) N an—2

9 ’ 24n—4

4n—2
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All the other coefficients have 2-adic valuations at least v(n) — (4n —4). For by, 3,
only the term

dn+1 4 Z\4n3 (dn+1)(4n)(4n — 1)(4n — 2) 1 An—
<4,4n—3>( ) (_5) - 41 T 9in—3 * ’
B (dn+1)(4n—-1)(2n—1) n An—3
- 3 " 9an—3 '~

will matter. All the other coefficients have 2-adic valuations at least v(n) — (4n—4).
We have

An+1)4n—-1) n An+1)dn—-1)2n—-1)(4n—-3) n

3 " 94n—3 9 " 94n—4
[ Un+DH@dn—-1)2n-1) n )
( 3 24n—3
 (4n+1)(4n —1) n 1 2n—-1)4n-3) 2n-1
B 3 C9in—1” (2 3 T )
(An+1)4n—-1) n (2n —1)(4n — 3)
= 3 ) 24n74 ’ < 3 + n) .

w 4+ n is odd, and the 2-adic valuation of the last

expression is exactly v(n)—(4n—4). When n is odd, %3(4"73)4—71 is even, and the
2-adic valuation of the last expression is at least v(n)—(dn—4)+1 = v(n)— (4n—>5).
This proves the lemma. O

When n is even,

Lemma A.8. For a fized n, the inequality v(by,) > v(n) — (4n — 5) holds for all
m < 4n — 5.

Proof. We claim that the 2-adic valuations of all the coefficients for b, satisfy
v(n) — (4n — 5). We will divide the proof into four cases:

Case 1: there exist ¢,j > 1 such that ¢;,¢; # 0 in the tuple (co, c1,...). Consider
the ratio

(W )™ (1) (1) ()"

24n—5
(4n+1)(4n) dn—1 1 24n=>5
CiCj €0,Cly---sC—1,...,c5 —1,... ) 1c02c13¢2 ... n
_ dn —1 . dn+1 qgin—
Co,Cl,...,Ci—1,...,Cj—1,... CiCj-1602C1302'~' '
Since ¢1 4+ 2¢2 4+ 3c3 + - - =m < 4n — 5 and v(cicj) < ¢ + ¢,

v(cicj -1902913%2 ... ) <4dn —5

and the last expression is even. Therefore, the 2-adic valuation of the coefficient is
at least v(n) — (4n — 5).
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Case 2: There exists only one ¢ > 2 such that ¢; # 0, and that ¢; is at least 2.
Consider the ratio

4n+1 1
(corercs) TGO _ 4n—1 \ (n+D@n) 1 2P
Cp,C1,C; — 2 ci(ci — 1) 2¢ (’L + 1)Ci n

4dn —1 24n—3
. (4 1) -
(co, c1,C; — 2) (4n+1) ci(e; —1)201 (i + 1)@

_n
24n—5

Since ¢1 +2¢o +3cs+ - =m < 4n —5 and v(¢;(¢; — 1)) < ¢,
vici(e; —1)2 (1 + 1)) <4dn—5
and the last expression is even.

Case 3: There exists only one ¢ > 2 such that ¢; # 0, and that ¢; is 1. Consider the
ratio

4n+1 1
(gert) "zt ((4n—1Y (@n+Dan 1 205
n co—1,c1 co-1 2C1(Z+1) n

pro=
in—1 gin-3
= 4n 1) —2
<c0—1,c1) A Y Ay

4n —1 24n—3—m+i
- S(n+1)-
(col,cl) Un+1) G mmri—m)

where we have used the facts that ¢y +7=m and ¢g +¢; = 4n. Let a =7+ 1, and
b=4n+i—m. Thena>2+1=3 and

b—a=UAn+i—m)—(i+1)=4dn—-m—-1>4n—(4n—-5)—1=4.
The term
24n—3—m+i
(t+1)(4n+1i—m)
pAand

in the last expression is equal to =-—. This number is an integer for all positive
integers (a,b) where a > 3 and b —a > 4.

Case 4: There exists no ¢ > 2 such that ¢; # 0. Consider the ratio

(4n—:-1?j71n,m) 2}n . 4dn — 1 (4n + 1)(4’/7,) L 2477,75
s - \Un—-1-mym/) @dn+1-m)(dn—m) 2™ n
4n — 1 24n—3—m
= (dn +1) -
<4n—1—m,m> (4n+1) (An+1—m)(4n —m)

Since exactly one of 4n+1—m and 4n—m is even and 4n—m > 4dn— (dn—5) = 5,

the number
24n737m

(dn+1—m)(4n —m)

is always an integer.
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APPENDIX B. CELL DIAGRAMS AND ATIYAH-HIRZEBRUCH SPECTRAL SEQUENCE

The theory of cell diagrams is a very powerful tool when thinking of finite CW
spectra. See [?, 7, ?] for example. We use them as illustration purpose in our paper.
In this section, we recall the definition of cell diagrams from [?] and talk about its
connection to the Atiyah-Hirzebruch spectral sequence.

Definition B.1. Let Z be a finite CW spectrum. A cell diagram for Z consists of
nodes and edges. The nodes are in 1-1 correspondence with a chosen basis of the
mod 2 homology of Z, and may be labeled with symbols to indicate the dimension.
When two nodes are joined by an edge, then it is possible to form an HFs-subquotient

Z//z// — Sn vf €m7

which is the cofiber of f with certain suspension. Here f, the attaching map, is an
element in the stable homotopy groups of spheres. For simplicity, we do not draw
an edge if the corresponding f is null.

Suppose we have two nodes labeled n and m with n < m, and there is no edge
joining them. Then there are two possibilities.

The first one is that there is an integer k, and a sequence of nodes labeled n;,0 <
1 <k, withn =ng <ny <--- < ngp=m, and edges joining the nodes n; to the
nodes n;11. In this case we do not assert that there is an HFy-subquotient of the
form above; this does not imply that there is no such HFs-subquotient.

The second one is that there is no such sequence as in the first case. In this case,
there exists an HFg-subquotient which a wedge of spheres S™ Vv S™.

Remark B.2. In [?]’s original definition, they use subquotients instead of HF5-
subquotients.

The following example shows the indeterminacy of cell diagrams associated to a
given CW spectrum.

Example B.3. Let f be the composite of the following two maps:

2 .
52150t o,
where the second map @ is the inclusion of the bottom cell. Consider C f: the cofiber
of f, which is a 3 cell complex with the following cell diagram:

®

©

It is clear that the top cell of Cf splits off, since n? can be divided by n. So we
do not have to draw any attaching map from the cell in dimension 3 to the one in
dimension 0. Note that the cofiber of n? is in fact an HFy-subcomplex of Cf.
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We give two more interesting examples.

Example B.4. Consider the suspension spectrum of CP3. It is a 3 cell complex
with cells in dimensions 2, 4 and 6. It was shown by Adams [?] that, the secondary
cohomology operation VU, which is associated to the relation

Sq*Sq" + 5¢*°Sq' Sq* + Sq' Sq* =0,
is nonzero on this spectrum. In other words, there exists an attaching map between
the cells in dimension 2 and 6, which is detected by hoha in the 3-stem of the Adams
E page. Note that hoho detects two homotopy classes: 2v, 6v. Their difference

is 4v = n3, which is divisible by 1. Therefore, we have its cell diagram as the
following:

©)

We can also consider the Spanier—Whitehead dual of the suspension spectrum of
CP3. It is a 3 cell complex with cells in dimensions -2, -4 and -6, with the following
cell diagram

2| (D)

In a way, the attaching maps drawn in the cell diagram of a CW spectrum corre-
spond to certain differentials in its Atiyah-Hirzebruch spectral sequence. We illus-
trate this idea through Example ?7?7. For notations regarding the Atiyah-Hirzebruch
spectral sequence, we refer to Sections 3 and 6 of [?].

Example B.5. For the suspension spectrum of CP3, the attaching map 1 corre-
sponds to the do-differential
1[4] — n[2]
and its multiples
ald] = a-n2]
for any element « in the stable stems, in the Atiyah-Hirzebruch spectral sequence
of CP3. The 2v-attaching map then corresponds to the dy-differential

1[6] — 2v[2]
and its multiples. Note that 2[6] — 4v[2] = n3[2], which is already killed by a
do-differential. Therefore 2[6] is a permanent cycle.
For its Spanier—Whitehead dual, the attaching map n corresponds to the da-
differential
1[=2] = n[—4]



INTERSECTION FORMS OF SPIN 4-MANIFOLDS AND MAHOWALD INVARIANT 113

and its multiples. For the 2v-attaching map, it does mot correspond to a dy-
differential
1[_2] 7L> 21/[_6]a

since 1[—2] already supports a nonzero da-differential so it is not present at the E4-
page anymore. However, this d4-differential still “exists”, in the sense that some of
its multiples still exist. More precisely, suppose that B is an element in the stable
stems such that -n = 0. Then B[—2] survives to the E4-page and we have a
dy-differential

Bl=2] = 8- 2v[-6],
which might or might not be zero, depending on whether 3-2v is zero. For example,
we have a nonzero dy-differential

2[—2] — 4v[—6] = n*[—6].



