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ABSTRACT. Kronheimer-Mrowka recently proved that the Dehn twist along a 3-sphere in
the neck of K3# K3 is not smoothly isotopic to the identity. This provides a new example
of self-diffeomorphisms on 4-manifolds that are isotopic to the identity in the topological
category but not smoothly so. (The first such examples were given by Ruberman.) In
this paper, we use the Pin(2)-equivariant Bauer-Furuta invariant to show that this Dehn
twist is not smoothly isotopic to the identity even after a single stabilization (connected
summing with the identity map on S? x S?). This gives the first example of exotic
phenomena on simply connected smooth 4-manifolds that do not disappear after a single
stabilization.

1. INTRODUCTION

Understanding smooth structures on 4-manifolds remains one of the most difficult topics
in low dimensional topology. In this dimension, many results that hold in the topological
category will not hold in the smooth category. Such phenomena are called “exotic phe-
nomena.” To motivate our discussion, we list three major instances of exotic phenomena:

e By the groundbreaking work of Donaldson [I3], 14] and Freedman [I5] (and many
subsequent works), there exist many pairs of simply-connected, closed, smooth
4-manifolds that are homeomorphic but not diffeomorphic.

e Ruberman [26] gave the first example of self-diffeomorphisms on 4-manifolds that
are isotopic to the identity in the topological category but not smoothly so. Further
examples are given by Auckly-Kim-Melvin-Ruberman[4], Baraglia-Konno [7] and
Kronheimer-Mrowka [20)].

e By the combined work of Wall [29], Perron [24], Quinn [25] and Donaldson [13],
there exist pairs of embedded 2-spheres in 4-manifolds with simply-connected com-
plement that are topologically isotopic to each other but not smoothly so. (See
[3, 4] for explicit families of such examples.)

Exotic phenomena appear in all these three problems, which we call as the “diffeomor-
phism existence problem”, the “diffeomorphism isotopy problem” and the “surface isotopy
problem”. A basic principle, as discovered by Wall [30, 29] in the 1960s, states that these
exotic phenomena will eventually disappear after sufficient many times of stablizations on
the 4-manifolds. (Here stabilization means taking connected sum with S2 x $2.) More
precisely, now we know the following results:
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e Wall [30] proved that any pair of homotopic equivalent, simply connected smooth
4-manifolds are stably diffeomorphic. Namely, they become diffeomorphic after
sufficiently many stabilizations.

e Gompf [I7] and Kreck [19] further proved that any pair of homeomorphic orientable
smooth 4-manifolds (not necessarily simply connected) are stable diffeomorphic.
They also proved that non-orientable pairs can be made stably diffeomorphic
by first doing a twisted stabilization (i.e., connected summing a twisted bundle
S2%S5?). In fact, for any G with H'(G;7Z/2) # 0, Kreck [18] constructed examples
of homeomorphic non-orientable smooth 4-manifold pairs with fundamental group
G which are not stably diffeomorphic. (Another constructing of such examples
were given by Akbulut [2].) This implies that a twisted stabilization is indeed
necessary in the non-orientable case.

e Quinn [25] proved that homotopic diffeomorphisms of any simply-connected smooth
4-manifold are smoothly isotopic after sufficient many stablizations. Here stabi-
lization means first isotoping the diffeomorphisms so that they all fix a small ball
B pointwisely and then taking connected sum with the identity map on S? x S2
along B.

e The work of Wall [29], Perron [24] and Quinn [25] shows that for any pair of
homologous closed surfaces of the same genus embedded in a 4-manifold with
simply-connected complement, they become smoothly isotopic after sufficiently
many times of external stabilizations. Here external means that the connected
sums with S? x S? are taken away from the surfaces.

These results motivate the following natural question:
Question 1.1. How many stablizations are necessary in each of these three problems?

There has been a speculation that one stabilization is actually enough in all three
problems. This is based on several known results:

e It is shown in [II] that exotic pairs of nonspin 4-manifolds produced by ‘standard
methods’ (logarithmic transforms, knot surgeries, and rational blow downs) all
become diffeomorphic after a single stabilization.

e In the large families of examples (of embedded surfaces and self-diffeomorphisms)
established in [3| 4], exactly one stabilization is needed.

e Auckly-Kim-Ruberman-Melvin-Schwartz [5] proved that any two homologous sur-
faces F1, F» of the same genus embedded in a smooth 4-manifold X with simply
connected complements are smoothly isotopic after a single stabilization if they
are not characteristic (i.e. [F;] is not dual to the Stiefel-Whitney class wa(X)).
This shows that in the non-characteristic case, one stabilization is indeed enough
in the surface isotopy problem. (When the surfaces are characteristic, they proved
a similar result involving a single twisted stabilization.)

In this paper, we prove the the following theorem.

Theorem 1.2 (Main Theorem). Let § be the Dehn twist along a separating 3-sphere in
the neck of the connected sum K3#K3. Then & is not smoothly isotopic to the identity
map even after a single stabilization.
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To the authors’ knowledge, Theorem [I.2] provides the first example that exotic phenom-
ena on simply connected smooth 4-manifolds do not disappear after a single stabilization.
In particular, it implies that one stabilization is in general not enough in the diffeomor-
phism isotopy problem.

Note that Kronheimer-Mrowka [20] proved that ¢ itself is not smoothly isotopic to the
identity, using the nonequivariant Bauer-Furuta invariant for spin families. Our result is
based on Kronheimer-Mrowka’s theorem and makes use of the Pin(2)-equivariant version
of the Bauer-Furuta invariant. This invariant was defined in [I0] (for a single manifold)
and in [31), 27] (for families). It has been extensively studied in many papers including
[6, 8] and it is the central tool in Furuta’s proof of the i-theorem [16]. The idea of using
gauge-theoretic invariant for families to study isotopy problem first appears in [26]. The
idea of using Pin(2)-equivariant Bauer-Furuta invariant to further study Dehn twists on
4-manifolds was suggested by Kronheimer-Mrowka in [20].

We outline the proof of Theorem as follows: By taking the mapping torus of §, we
form a smooth bundle N with fiber K3#K3 and base S'. Then it suffices to show that
the bundle N, formed by fiberwisely connected sum between N and (S? x §2) x S!, is not
a product bundle. This is proved by showing that the Pin(2)-equivariant Bauer-Furuta in-
variant BFF™(2)(N) is nonvanishing for both spin structures. Note that BEP™™(2)(N) equals
the product of BFY in(2)(N) with the Euler class ez (a stable homotopy class represented

by the inclusion from S = {0,00} to the 1-dimensional representation sphere SR). We
prove by contradiction and assume that

BFF@(N) . ez = 0 (1)

Then we obtain extra information on BFY™2) (N) and its S*-reduction BFS' (N) € {QR+2H goR}S!
We can explicit compute the homotopy group {SRJFQ]HI,SGR}S1 as Z @ Z/2. Based this
computation, information from li and the fact that BFSI(N) gives a vanishing family
Seiberg-Witten invariant, we can prove that BFSl(N) = 0. This further implies that

the nonequivariant Bauer-Furuta invariant BF{®}(N) is vanishing, which contradicts with
Kronheimer-Mrowka’s result that BF{e} (N) equals the nonzero element 73 € 3.

The paper is organized as follows: In section 2, we give a brief review on some basic
Pin(2)-equivariant stable homotopy theory and recall definition of the equivariant Bauer-
Furuta invariant. We also use this section to set up notations and to adapt some standard
results to the setting we need. The actual proof of Theorem is given in Section 3. Ex-
perts may directly skip to Section 3 and occasionally refer back to Section 2 for notations
and results.

Acknowledgement: This author is partially supported by NSF Grant DMS-1949209.
The author would like to thank Tye Lidman and Danny Ruberman for very enlightening

conversations and thank Mark Powell for pointing out Kreck’s work [18].
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2. BACKGROUND KNOWLEDGE

2.1. Background on Pin(2)-equivariant Homotopy Theory. In this section, we col-
lect some standard results (mostly from [II, 23, 22]) on G-equivariant stable homotopy
theory in the case
G =Pin(2) = {} U {j -} c H.

Instead of stating the most general form of these results, we will only focus on the special
cases that are actually needed in our argument. We refer to [I] for an introduction to the
equivariant stable homotopy theory (in the case of finite group) and to [23], 22] for a more
general treatment.

Since all objects we study here are finite G-CW complexes, for simplicity, we will work
with the G-equivariant Spanier-Whitehead category [I] (instead of the category of G-
spectra). Of course, there are a lot of drawbacks (e.g. one can not always take lim-
its/colimits). But it is enough for our purpose.

2.1.1. Basic facts and definitions. Let U be an infinite dimensional G-representation space
equipped with a G-invariant inner product, which we call as “universe”. We assume that
U contains the following concrete representation

(@R) D@R) D(@H).

Here R is the trivial representation; R is the 1-dimensional representation on which S*
acts trivially and j acts as —1; and H is acted upon by G via the left multiplication in
quaternion.

To apply the results in [23] directly without checking further conditions, we further
assume that U is “complete”. This means that U contains infinite copies of all isomorphism
classes of irreducible G-representations. E]

We will use H to denote either the group G or its subgroups S' or {e}. By restricting
the G-action on U, we can also use U as a complete H-universe. We use Ry to denote
the set of all finite dimensional H-representations contained in U. We will treat R as a
subset of Rg1 and Ry by restricting the G-action.

For any V € Ry, we use SV to denote the 1-point compactification of V (called the
representation sphere) and use S(V) to denote the unit sphere. We set oo as the base
point of SV and we use S(V); to denote the union of S(V) with a disjoint base point.

Let X,Y,Z be based finite H-CW complexes (see for example [28, Chapter I] for def-
inition). We use the notation [X, Y] to denote the set of homotopy classes of based
H-maps from X to Y (i.e. maps that preserve the base point and are equivariant under

Given any V,W € Ry with V. W, let V! be the orthogonal complement of V in W.
Then smashing with the identity map on SV provides a map:

[SY A X, SV AY]H S [SY A X, 8 AY]H
ISince all G-CW complexes we consider in this paper can have only G, S* or {e} as the isotropy group,
all argument we make actually will still hold for the incomplete universe (BR) @(®R) P(DH), which is
oo} e} e}

more relevant to the geometric setting.
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One can check that these maps make the collection
{[SV A X, SV AY )} very,
into a direct system. We define {X, Y} as the direct limit of this system. As in the
nonequivariant case, the set {X, Y} is actually an abelian group. A based H-map
SYAX>SY AY for VeRy

will be called a stable H-map from X to Y. An element in the group {X,Y}? will be
called a stable homotopy class of H-maps.

Fact 2.1. Given any based H-map f : X — Y, we form the mapping cone C'f and let
i:Y — Cf be the natural inclusion. Then for any Z, the functor {, ZY" is a generalized
cohomology theory [23, Page 157]. As a result, there is a long exact sequence

S (SEAx M e Syt D (x 2y S op SR Az - (2)
associated to the cofiber sequence X Ly 4, Cf.

Fact 2.2. Suppose the H-action on X is free away from the base point. Then there is a
natural map

gu X, Y — (X/H, Y /H} (3)
from the equivariant homotopy group to the nonequivariant homotopy group of the quotient
space. This map is constructed as follows: Since the H-action on X 1is free away from the
base point, any [f] € {X, Y} can be represented by an H-map f : SV A X — SV A Y
such that the H-action on V is trivial (see [I, Proposition 5.5]). The map f induces a
nonequivariant map between the quotient space.

f/H:SY A (X/H) = (S8V AX)/H - (SV AY)/H=S" A (Y/H).

Then we define qu([f]) as [f/H]. One can check that this does not depend on the choice
of f and V.

Fact 2.3. [I, Theorem 5.3] Suppose the H-action on X is free away from the base point
and the H-action on'Y is trivial. Then the map qg is an isomorphism.

For the rest of the section, we assume X,Y are based, finite G-CW complexes. The
next few facts concern various relations between the G-equivariant homotopy groups and
the S'-equivariant homotopy groups.

Fact 2.4. [I, Theorem 5.1] There is a natural isomorphism

~

XY S X A (SR)), V) (4)
constructed as follows: Take any [f] € {X,Y}5" represented by an S'-map
f:8VAX SV AY.
By enlarging V' if necessary, we may assume V € Rqg. Then we consider the G-map

287 2 X A (S004) = (82 X) x (1)) v (S X x (1)) = ¥



defined by setting
F@ % {1}) = f(@) and f'( x {~1}) = jf(""2)
for any x € SV A X. We let o([f]) = [f']. This map ¢ turns out to be an isomorphism.
Next, we recall the two operations about changing groups, namely the restriction map
Res$: : {X, Y}¢ - {X,Y}¥' (5)
and the transfer map
T (XY - (X, Y}C. (6)

The restriction map is defined by simply ignoring the j-action. To define the transfer map,
we consider the Pontrjagin-Thom map

p:SR—>SR/\S(ISR)Jr

that crushes all points outside a normal neighborhood of S (R) in SR, (Here we identify
the Thom space of the normal bundle of S(R) as S® A (S(R).).) Then the transfer map

is defined as the composition
(X715 5 (SR)L)AX,YC = (SEA(S(R))AX, SEAYIC 25 (SRAX, SEAY)C = (X, Y)C.
(7)

To describe the composition of transfer and restriction, we define the conjugation map
¢ XYY~ (XY (8)

as follows: Take any element [ f] € {X, Y}S1 represented by a S'-map f: SV AX — SV AY.
By enlarging V' if necessary, we may assume V € Rg. Then ¢;([f]) is represented by the
composition

SV/\XQSV/\XLSV/\YLSV/\Y.

Note that when the S'-action on X is free away from the base point, the maps c¢j and the
map gg1 defined in are compatible. That means

gg1(c;()) = joggi(a) o j L Vae {X, YV} 9)

Here j and j~' are treated as elements in {Y/S*,Y/S'}{¢} and {X/S*, X/S'}{¢} respec-
tively.

The following fact is a special case of the double coset formula [23, Chapter XVIII,
Theorem 4.3]. It can be verified directly by unwinding the definitions.

Fact 2.5. For any a € {X,Y}5", one has
Resngrgl (o) = a + cj(a) (10)

We end this subsection by an alternative description of the image of Trgl.
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Lemma 2.6. Let e € {S9, SR}G be the element represented by the inclusion map
S0 = {0,0} — SE. (11)
(This element is called the Euler class of ]@) Then the kernel of the map
(X,7}¢ & (x, 8% A Y)C (12)
equals the image of the transfer map (@

Proof. There is a cofiber sequence SO SR E Gk g (R)~. Smashing this sequence with
X and applying the functor {*, S® A Y}¥, we get the exact sequence:

((S®ASR),) A X, SEAYYES (SB A X, S® AYICE, (X, 5% A V)
So we see that image of p, equals kernel of the map . The lemma follows from definition
of Trgl (see ) O

2.1.2. The characteristic homomorphism. In this subsection, we define the characteristic
homomorphism

t: {SaR+bH Sdf&}sl -7

* Y Y
following [10], where a, b, ¢ are nonnegative integers with d > a+ 2. This homomorphism is
of interest to us because the (family) Seiberg-Witten invariant can be obtained by applying
t on the Bauer-Furuta invariant. Note that although R is trivial as an S'-representation,

we still distinguish it with R in order to keep track of the j-action.
To define ¢, we take the smash product of the cofiber sequence

SO — SUH SR A S(bH)
with the sphere SR and get the cofiber sequence
SaR N SaR+bH _ S(a+1)R A S(bH)+
This induces the long exact sequence

L {S(a+1)R7SdI§{}SI N {S(a+1)R/\S(bH)+7SdR}Sl N {SaR+bH75«dR}Sl R {SaRvst}Sl .
(13)
Since d > a + 2, the equivariant Hopf theorem [12 Section 8.4] states that the stable
homotopy class of an S'-equivariant stable map from S*® or S (@+1DR to5 SR is determined
by its mapping degree on the S'-fixed point sets. Since this mapping degree is always zero
for dimension reason, we get

{SaR7SdR}Sl _ {S(aJrl)]R7 SdR}Sl —0.
Therefore, we get an isomorphism

¢: {S(a+1)R A S(bH)+7SdR}Sl = {SaR+bH’SdR}SI‘ (14)
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Note that the S'-action on S(@+DR A S(bH), is free away from the base point, with
quotient space S(@TDR A (CP_fb_l. By composing ¢! with the isomorphism gg1 given in
(13), we get the following isomorphism

~

e Og_l : {SaR+bH,SdR}Sl = {S(a-‘rl)R A (CP*Q_bfl’SdR}{e} (15)

Definition 2.7. Suppose d — a is an odd number less or equal to 4b — 1. Then we define
the characteristic homomorphism
‘- {SaR+bH Sd@}sl 7

)

by setting ¢(«) as the image of 1 under the induced map on the reduced cohomology

(@) : Z = BYS™) — HY(S@HIR A PPty = 7.

Here we use the standard orientations on SdR, S@+DR and CP5 to identify the ho-

mology groups as Z. If either d — a is even or d — a > 4b — 1, we simply define ¢ as the
Zero map.

To discuss the behavior of ¢ under the conjugation map c; defined in , we prove the
following lemma.

Lemma 2.8. For any a € {S“RerH,SdR}Sl, we have
¥(cj(a)) = (=1)"m o (a)
where m € {CP_%b_l, (CP?FZ’_I}{C} is the “mirror reflection map” defined as
m([z1, 22, 23, 24, -+, 22m—1, 22m]) = ([—Z2, 21, —Z4, Z3, -+ , —Z2m, Zom—1]) for z; € C.
Proof. By formula @D, Y(cj(ar)) equals the composition of 1)(«) with the elements
je {Sd]f{’ Sd@}{e}

and
jfl c {S(a+1)R A CP_%_b_l,S(aJrl)R A (CPEb—l}{e}’

which are just (—1)% and a suspension of m respectively. O

Corollary 2.9. When d — a is odd, we have t(cj(o)) = (—1)3d_2a_1t(04) for any «.

Proof. When restricted to CP', the map m is just the antipodal map so has degree

d—a—1

—1. Using the ring structure on H*(CP?~1), we see that m has degree (—1)" 2 on
HA (SR A CP21). Now the result follows from Lemma O

We end this section by the following result, which is essentially the algebraic version of
the vanishing result for Seiberg-Witten invariant of connected sums.

Lemma 2.10. Given any oy € {SUR+01H Sle}Sl and g € {SW2R+b2H Sd2R}Sl, we have
t(aqag) =0 if dy > a1 and da > as.
8



Proof. The product ajas belongs to the group

{S(al +a2)R+(b1 -‘rbz)H’ S(dl +d2)]]~{}s'1 )

Therefore, t(aae) can possibly be nonzero only if dy + do — a; — ag is odd. Without loss
of generality, we may assume d; — a1 is odd and dz — az is even.

Since d; > a; for i = 1,2, the group {S%~, SdiR}S1 is vanishing. By the long exact ,
we see that «; is in the image of some element

B; € {S@tDR A §(b,H),, SRS,

By the naturality of the exact sequence under smash product, we see that £(ajas)
can be written as the composition (5182) o« for some specific element

v e {S((by + ba)H) 4, S® A S(b1H) . A S(boH) 4 }.

The explicit description of v is not important here.
Moreover, checking the explicit construction of the map gg1 given in Fact we see
that gg1 also natural under the smash product and composition. Therefore, we have

Y(araz) = gg1(§(araz)) = gs1(B1582) 0 gs1(7)
and gg1(B152) equals the composition
Gt t2R A ((S(biH)y A S(boH)1)/S") —

(S DR A (S(brH).)/SN) A (S DF A (S(boH))/S1)) SR, gl g

Because dy — ag is even, the cohomology H%(S(@2+DR A (S(boH),)/S)) = 0. So qg1(B2)
induces trivial map on the reduced cohomology. This implies that 1 (aeare) induces trivial
map on HU79(x). Hence we have t(aias) = 0. O

2.2. The Pin(2)-equivariant Bauer-Furuta Invariant for Spin Families. In this
section, we briefly summarize the definition and some important properties of the Bauer-
Furuta invariant for spin families. This invariant was originally defined in [10] for a single
4-manifold. The family version was first defined in [3I] and [27] and later extensively
studied in [8 [6]. Because we want to construct the Bauer-Furuta invariant as a concrete
element in the G-equivariant stable homotopy group of spheres, some care must be taken
in the construction.

2.2.1. Spin structures on circle family of 4-manifolds. Let N be a smooth fiber bundle
whose fiber is a closed spin 4-manifold M and whose base is another closed manifold B.
For simplicity, we will make the following assumption throughout the paper:

Assumption 2.11. The bundle N satisfies the following property:
(1) M is simply connected;
(2) The signature o(M) < 0;
(3) Let M, be the fiber over the point x € B. Then the action of m1(B, z) on H?(My;7Z)

(given by the holonomy of the bundle) is trivial.
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We equip N with a Riemannian metric and let FrV(N) be the frame bundle of the vertical
tangent bundle of N. This is an SO(4)-bundle over N.

Definition 2.12. A spin structure s on NN is a double covering map 7 : P — Fr¥(N) that
restricts to a nontrivial covering map Spin(4) — SO(4) on each fiber. Two spin structures
(w, P) and (n’, P') are called isomorphic if there exists homeomorphism P — P’ that
covers the identity map on FrV(N).

Definition 2.13. The pair (N, s) is called a spin family. Two spin families (N1, s1) and
(N2, s2) over the same base B are called “isomorphic” if there exists a bundle isomorphism
f : N1 — N3 such that f*(s9) is isomorphic to s7.

We are mainly interest in the case that B is a circle or a point. By our Assumption
N has a unique spin structure when B is a point and has two spin structures when
B is a circle. We give an explicit description of these two spin structures as follows: Let
w2 Py — Fr(M) be the covering map given by the unique spin structure on M. Then
the bundle N is obtained by gluing the two boundary components of M x [0,1] via a
diffeomorphism f : M — M. The diffeomorphism induces a map fx : Fr(M) — Fr(M),
which has two lifts fi : Py — Py. These lifts differ from each other by the deck
transformation 7 : Py; — Pyp;. We use fF to glue the two boundary components of
Py x I and form two spin structures on N.

Definition 2.14. When N = M x S', the maps fi are just the identity map and the
deck transformation 7. We call the associated spin structures over N as the product spin
structure and the twisted spin structure respectively. Let s be the unique spin structure
on M. Then we use § to denote the former and use §” to denote the latter.

For general M, the product family and the twisted family are not isomorphic. For
example, Kronheimer-Mrowka [20] established the following example:

Example 2.15. The product family (K3 x S',5) and the twisted family (K3 x S!,57)
are not isomorphic, as can be proved by the nonequivariant Bauer-Furuta invariant.

However, for the special case of S? x 52, these two families are indeed isomorphic:

Lemma 2.16. The product family ((S? x S%) x S*,5) and the twisted family ((S? x S?) x
S1.57) are isomorphic.

Proof. There is an S'-action S? with two fixed points {0,00}. We use & : ST x $2 — 52 to
denote this action. As z varies from 0 to 27, the induced map

(idsz x £(z,))e : Tio) (5% x 5%) = Tyo(* x 52)

gives an essential loop in SO(4). Using this fact, one can verify that the the bundle
automorphism

f:(S?x 8% x St — (8% x §%) x §*

defined by f(y1,y2,z) = (y1,€(x, y2), z) satisfies f*(5) = 5. O
10



2.2.2. Definition of the Bauer-Furuta invariant. As in the case of a single 4-manifold,
a spin structure s gives rise to two quaternion bundles S* over N. Denote by ST the
restriction of ST to the fiber M,. Then the spin Dirac operator

D(M) : T(S]) — T'(S;)

is a quaternionic linear operator. We form the operator D over N by putting D(M,)
together.

Now we consider four Hilbert bundles V*,V~,U" and U~ over B. The fibers of V* are
suitable Sobolev completions of I'(SE). And the fibers of U+ and U~ are completions of
QY (M) and Q2 (M,) ® Q°(M,)/R respectively. We let G = Pin(2) acts on V¥ by the left
multiplication in the quaternion, and we let G acts on U+ by setting the S'-action to be
trivial and setting the j-action as multiplication by —1.

The family Seiberg-Witten equations give a fiber preserving, G-equivariant map

SW:UTeVt U eV
This Seiberg-Witten map can be written as [+c¢, where [ is the fiberwise Fredholm operator
l:=D®(d",d*)

and c is a certain 0-th order operator.

To apply the finite dimensional approximation technique on the map SW, we carefully
choose finite dimensional subspaces of V¥ and U+ as follows: First, we apply the Kuiper’s
theorem [21] to get canonical trivialization on the bundle

V™ =~ B x L*(H*) and U" = B x L*(R™). (16)

Here L?(x) denotes the completion with respect to the L?-norm. Choose m,n » 0 and
let U f c Ut and V~ < VYV~ be the subbundles corresponding to the bundle B x H™ and
B x R™ under the isomorphism . Let H, be the subbundle of U/~ consisting of all
self-dual harmonic 2 forms on M,. We set

U :=Hy ®((d",dU")cU .
(Note that (d*,d*) is injective by our assumption by (M) = 0.) We choose m large enough
so that V'~ is fiberwise transverse to D and we set V* := D~1(V ") c V*.
As explained [10], when m,n are large enough, one can apply the finite dimensional

approximation on the Seiberg-Witten map S to obtain a proper map from W' :=
Ut@®V*T to W™ :=U" @V~. This map induces a G-equivariant map
sw: WL — W,
between the one point compactifications W.
Restriction of gives canonical trivializations of the bundles V~ and U". By As-
sumptionm 71 (B) acts trivially on H?(M,). Therefore, as explained in [20], a homology
orientation of M determines a canonical trivialization of H2+ . At this point, we have ob-

tained canonical trivializations of U* and V~. Using these trivializations, we get the
following composition map

(SmR A Voér) ~ W&; Ssw W, ~ (S(m+b+(M))H~§+nH A B+) ﬂ) (m+b+(M))ﬂ~§+n]HI7 (17)
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where pj denotes projection to the first factor.

From now on, we specialize to the case that B is a circle or point. Note that V7T is
a quaternionic bundle of dimension (n — %J‘é[)) and the group Sp(n — %J‘é[)) has trivial
m; for i < 2. So the bundle VT has a trivialization (canonical up to homotopy). This

trivialization allows us to fix an identification

Vi = (528 p,)
and rewrite the map as a G-map
S SmR+(n_ U(llgﬂ H A By — S(m-‘err(M))]R-i-nH’ (18)

. . —~ _a(M) = .
which represents an element in [§w] € {S~ 16 " A By, SY" (MEKYG By checking the con-

crete construction of sw in [I0], one establishes the following fact:

Fact 2.17. Consider the map SmE A B,y — Sm+b* (M))R given by restricting sw to the
S1-fized point sets. This map can be explicitly described as the composition

Sm[@ A B+ projection SmR inclusion S(m-i—b*(M))R.

Definition 2.18. Suppose B is a point. Then M = N and we have S_%]?H ANBy =

S_o'

M) . . . . .

ic "' In this case, we define the G-equivariant Bauer-Furuta invariant as
—~ _U(]\/I) s

BF%(M,s) := [50] € {16 1, 50" (MRYG,

We will neglect the spin structure s in our notation when it is obvious from the context.

Example 2.19. BFY(S?*) is an element in {S°, S°}¢ represented by a G-map from the

SmREnH 46 jtself. By the equivariant Hopf theorem [28, Chapter I1.4 |, such stable homo-
topy class is determined by its restriction to the S'-fixed points. Hence by Fact we
see that BFG(S%) = 1.

Example 2.20. BFG(S? x $?) € {S°, SR}G is represented by a G-map from SME+nH o
S(m+DR+nH - Quch map are also determined by its restriction on the S'-fixed points. B
Fact again, we see that BFY(S? x §2) = eg. Here ey is the Euler class defined in

When B is a circle, we identify it with the unit sphere S(2R) in S?®. Consider the
cofiber sequence

S(2R) U {0} — §% — 52’ B R\ (S(2R) U {0}). (19)
The map p, which is just Pontryagin-Thom map for the inclusion S(2R) < S?® can be

treated as a stable map from S® to B,. This stable map induces the map

o : {SJ%“H A B+7Sb+(M)]R}G N {SRJQ?H?SH(M)R}G

that sends o to v o (id A D).
( s—ﬁ(%ﬁﬂﬂ p)

Definition 2.21. When B = S(2R), we define the G-equivariant Bauer-Furuta invariant
as
BFG(N, s) := p*[50] € {S® Z55 0, gv* (MR}G.
12




In both cases, we define the S'-equivariant Bauer-Furuta invariant and the nonequivari-
ant Bauer-Furuta invariant as the restriction of the G-equivariant Bauer-Furuta invariant:

BF® (N, 5) := Res$i (BFE(N, 5))
BF{?(N, s) := Res(, (BFY(N,s)).

In [20], Kronheimer-Mrowka gave an alternative definition of BF{e} (N, s): Take a generic
section r of the bundle W~ that is transverse to the map sw. Then the preimage sw~!(r)
is a manifold. When B is a point, the canonical trivilizations of the bundles W* determine
a stable framing on sw!(r). When B is S(2R), we fix a stable framing on B that bounds a
framed disk. Then together with the trivilizations of W=, this determines a stable framing
on sw~1(r). In [20], the family Bauer-Furuta invariant is defined as the framed cobordism
class of swi(r).

Recall that the framed cobordism classes of smooth n-manifolds are classified by ele-
ments in the n-th stable homotopy group of spheres. The following lemma states that our
definition of BF{¢} is essentially identical to Kronheimer-Mrowka’s definition.

Lemma 2.22. The framed cobordism class of sw™'(r) is classified by the nonequivariant
Bauer-Furuta invariant BF¥} (N, ).

Proof. By Sard’s theorem, we can take r to be a constant section that sends the whole
B to a generic point ro € ST MR - Then giy=1(r) = 50! (rg) and it is also the
preimage of the point

{0} X 10 € SR-i—(m-&-b*(M))]R-i—nH
under the composition

p) G2R+mR+(n— ACCOY) N GRA(m+b (M) R+nH (20)

(ids]f% A\ éTU) o (ids(n—%)]ﬂ-#m@ AN

Because r¢ is a regular value of sw and any point in {0} x B, is a regular value of p,
we see that {0} x r¢ is indeed a regular value of the map . Recall that an element in
the stable group of spheres defines a stably framed manifold by taking the preimage of a
regular value and taking the induced framing. The proof is finished by observing that the
stable framing on B that bounds a framed disk (the one we used to fix the framing on
sw™l(r)) is exactly the framing induced by the inclusion B < S%&, O

2.2.3. Some properties of the Bauer-Furuta invariant. In this subsection, we summarize
some important properties of the Bauer-Furuta invairant. We start with a vanishing result.
Recall from Definition that on the trivial bundle N = M x S', there are two spin
structures: the product spin structure s and the twisted spin structure s7.

Lemma 2.23. The Bauer-Furuta invariants BFC, BFS' and BF{ of the product spin
structure s are all vanishing.

Proof. The cofiber sequence induces a long exact sequence

N {S’%H, SH(M)[@}G a* {Sf”(lf)HAB+’Sb+(M)R}G P {SRf%]g)H’ SH(M)R}G .
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where ¢* is induced by the map ¢ : By — S° that preserves the base point and sends B

to the other point. By its definition, the map 5w for (M x S',5) is just pull-back of the

corresponding map for (M, s) via the map ¢. So [sw] € Image(q¢*), which implies
BFY((M x §',5)) = p*([50]) = 0.

The invariants BFS' and BF{®} vanish because BF® is vanishing. O

Regarding the Bauer-Furuta invariant of the twisted spin structure, Kronheimer-Mrowka
[20] proved the following result by studying the stable framing on the moduli space.

Proposition 2.24. We have

n-BFEH(M,s) when o(M)=16 mod 32

BF{} (M x S§',57) = 21
(M > §7,87) {O when 32 | o(M). (21)

Here n € {S®, SO} denotes the Hopf map.

Remark 1. It would be interesting to prove a generalization of Lemma for BF% (M x
St 57) and BFS' (M x St 57).

Next, we give a connected sum formula for the family Bauer-Furuta invariants. This
formula was orginally proved by Bauer [9] for a single 4-manifold.

To set up the theorem, we let (N;,s;) (i = 1,2) be two spin families over B = S(2R) with
fiber M;, both satisfying Assumption [2.11] To form the connected sum, we pick sections
v; : B — N;. By our Assumption m (i), the section ~; is unique up to homotopy. We
remove small, standard 4-balls around these sections to form the family N; — D* x S! of
4-manifolds with boundary. Then we can form the fiberwise connected sum by identifying
the collars of their boundaries. To fix such identification, we need to choose a smooth
family of orientation reversing isomorphisms

QZ) = {¢x : T’)q(az)(Ml)w = yg(x)(M2>x}xeB-
We use Nl#q;Ng to denote the resulting bundle over B, with fiber M;#Ms. In general,
the result N1# ;N2 will depend on choices of ¢ up to homotopy. Because m1(S0(4)) = Z/2,

there are essentially two choices.

Lemma 2.25. There exists exactly one choice ofgg such that the spin structures s1,%2 can
be glued together to form a spin structure on Nl#(z;Ng. We denote this choice as ¢(s1,52)
and denote the resulting spin structure by s1#s2.

Proof. Denote by gZ;i the two choices of (% Then they provide gluing maps
fr:0(Ny — D* x 8Y) - o(Ny, — D* x S1)
which differ from each other by a Dehn twist on 0(No — D* x S'). Under any boundary
parametrization d(No — D* x S1) =~ §3 x Sl this Dehn twist can be written as
(v, ) = (ax)v, x) for (v,2) € S x S,
where a : S' — SO(4) is an essential loop. Because S® x S!, regarded as the product

S3-bundle over S', has two family spin structures (the product spin structure and the
14



twisted spin structure), which are related to each other by (. We see that exactly only
of the two maps f* sends §1]an,—pixst) tO $2]an,—pixst). This finishes the proof. We

also note that when ¢ = &(51,52), the gluing map on the boundary has two lifts to the
gluing map on the spin bundle, but they give isomorphic spin structures on the connected
sum. 0

From the discussion above, there is a unique way to take connected sum of two spin
families (INV;,s;) together. The resulting spin family (Nl#(g(51 52)]\72,51#52) will also be
written as (N, s1)# (N2, s2).

To talk about the Bauer-Furuta invariant of connected sum, we also need to specialize
a rule for homology orientation as follows: Given homology orientations on M, Mo, we let
the homology orientation on M1Ms be defined by putting the oriented basis for H 3 (M)
in front of the oriented basis for H2 (Ms).

Proposition 2.26. Let (M x S1,3) be the product family for some spin 4-manifold (M, s).
Then we have
BF"((Ny,81)#(M x 5',5)) = BE"(Ny,s1) A BF (M, 5)
for H=G,S! or {e}.
Proof. The proof is essentially identical with the single 4-manifold case in [9]. (See [20]
for a sketch proof for the family version (in the nonequivariant setting). A central step is
an excision argument that builds a homotopy between the approximated Seiberg-Witten
maps Sw for the bundle
Ny U (M x SYu (8 x Sh,
viewed as a family over S with fiber M; U M U S* and the bundle
(N#(M x S1) U (S* x S1)) U (S x S1),

viewed as a family over S with fiber (M;#M) u §* U S*. This homotopy is constructed
by multiplying various sections by scalar-valued real cut-off functions and applying various
terms in the Seiberg-Witten map, which are all G-equivariant. Therefore, this homotopy
is G-equivariant. O

As a corollary, we get the following result that computes the Bauer-Furuta invariant
under family stabilization:

Corollary 2.27. Consider the product spin structure 5o and the twisted spin structure s{)
over the product bundle ((S? x S?) x SY). Then for any spin family (N,s) that satisfies
Assumption|2.11], we have

BF((N, 5)#(((S? x S?) x S'),5)) = BF¥(N, ) - ez, (22)
and

BFC (N, s)#(((S? x $2) x 81),5)) = BFC(N,5) - e (23)
Here eg € {S°, SR}G is the Euler class defined in .

Proof. The formula follows from Proposition Example The formula

follows from and Lemma O
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3. PROOF OF THE MAIN THEOREM

3.1. The Key Proposition. In this subsection, we prove a homotopy theoretic proposi-
tion (Proposition , which will be the key ingredient in the proof of our main theorem.

Recall that the group {S®+2H §6%}S" admits a conjugation action c; (see ) The
following lemma computes this group and this action.

Lemma 3.1. The characteristic homomorphism t : { SR+, Sﬁﬂé}s1 — 7 is surjective and
has kert = Z/2. The conjugation action c; acts trivially on kert.

Proof. Smashing the cofiber sequence S — S%H — SR A (S(2H),) with S®, we get a
cofiber sequence S® — SR+2H _, G2R .\ (§(2H), ), which induces the long exact sequence
N {S2R 56@}51 N {S2R A (S(2H)+) Sﬁ]f&}Sl N {S]RJrZH SGR}Sl N {S]R S6]1~§}Sl N

By the equivariant Hopf theorem [28, Chapter I1.4 |, we have {S¥, S’m}s1 = {S?R, S6R}S1 =
0. Hence we get the isomorphism

{578, §O%S" = (527 A (S(2H) ), S%F)5.
Note that the S'-action on S?® A (S(2H), ) is free way from base point. By Fact we
have s ~

(S’ A (S(2H), ), SOR}S" = {S2R A (CP?), 5OR}ieh,

The cofiber sequence CP1 — CP3 — CP3/CP! induces the exact sequence
(SPEA(CPL), S (SR A (CP?), S s (528 A (CP3/CPY), SR} — (528 A(CPL), S},
By the cellular approximation theorem, we have

(S3® A (CPL), §E e = {S2R 1 (CPL), SR} — ¢
So we obtain the isomorphism
(S?E A (CP3), S} ~ (§2% A (CP?/CPY), §5% e,

To understand the stable homotopy tpye of CP3/CP! as a nonequivariant space, we let
x be the generator of H2(CP3;Z/2). Then the total Steenrod square is given by

Sq(z) = Sq°(z) + Sq?(z) = = + 2°.
By the Cartan formula, we get
Sq(z?) = (z 4+ 2%)? = 2° € H*(CP3,7Z/2).
In particular, we get SqQ(a:2) = 0, which implies that the attaching map between the 6-cell
and the 4-cell in CP3, regarded as an element in the stable homotopy group m = Z/2, is
trivial. Therefore, we conclude that CP3/CP! is stably homotopy equivalent to S% v S4&.
This implies )
{SZ’ A (CP3/CPY), SRV — o @y = Z/2 @ Z.
The projection to the mg-summand can be alternatively defined as the mapping degree
on HS(x;7Z), so it is exactly the characteristic homomorphism ¢. We have shown that
t is surjective with kernel Z/2. By Corollary we have t(cj(a)) = t(a) for any a €
16



{GR+2H 5’6@}51. So c¢; must send kert to kert. Since ¢; is an involution, it acts trivially
on kert. g

Proposition 3.2. Let o be an element in {SK+2H SﬁR}G that satisfies the conditions
t(ResSi (@) = 0, and a - ez = 0.
Then Resgl (o) = 0.

Proof. By Lemmam we see that o = Trg’l (B) for some § € {SR+2H SGR}Sl. Therefore,
by the double coset formula , we have Res§i (o) = 8 + ¢j(8). By lemma we get

0 =1(B+¢;(B)) = 2¢(B).

So [ is in the kernel of ¢, which is Z/2 by Lemma By Lemma again, we have
cj(B) = B. So we get Resg’l(a) =28=0. 0

3.2. Proof of Theorem Let X be the K3 surface and Xy = S? x S2. Let s; be
the unique spin structure on X; for ¢ = 0,1. We consider the Dehn twist

0: Xq# X1 — Xh#Xy

along the separating S in the neck. We want to show that § is not smoothly isotopic
to the identity map even after a single stabilization. Without loss of generality, we may
assume that the stabilization is done in the first copy of X;. Then we need to show that
the map
53 = idxo#(s . Xo#Xl#Xl — Xo#Xl#Xl
is not smoothly isotopic to the identity map. As in [20], we will prove this by forming the
mapping torus
Nss := (Xo#X1#X1) x [0,1])/(x,0) ~ (6°(x), 1)

and show that it a nontrivial smooth bundle over S*.

By Corollary the product spin structure over the trivial bundle has vanishing BFS.
Therefore, it suffice to show that both spin families associated to Ngs has nontrivial BFS.

To prove this, we consider the product family (X; x S',5;) and the twisted family
(X; x S',57). Then the bundle Njs can formed as the fiberwise connected sum

(Xo % SY)H# 0.8 (X1 X SN # @5 (X1 x ST
as well as the fiberwise connected sum
(Xo x Sl)#@(ﬁg,ﬁf)(Xl X Sl)#q;(ﬁ{,gl)(Xl x Sh.
Hence the two spin families associated to Ngs are
(Xo x S*,80)#(X1 x ", 81)#(X1 x §*,5])
and
(Xo x S',50)#(X1 x 5, 8])#(X1 x §1,81).
We will show that

BFY((Xo x S',80)# (X1 x S',§)#(X; x S',5])) # 0
17



and the other family is similar. We use a to denote the element
BFC((X; x S',5)#(Xy x S1,57)) e {SFH2H g6F1G.
By Proposition Resgl (o) can be decomposed as the product of the elements
BFS' (X1, s1) € {SH,$38)5" and BFS'((X; x S!,57)) e {SBTH g3E)S",

By Lemma the Seiberg-Witten invariant t(Resgl (o)) = 0. (This can also be proved
by checking the explicit description of the Seiberg-Witten moduli space given in [20].)

By Corollary we have
BFY((Xo x 8%, 50)#(X1 x 81, 51)#(X1 x SL,5]) = a-ep

For the sake of contruction, we suppose a - ez = 0 . Then by Proposition we have
Resgl(a) = 0, which implies

BF{®((X; x S',51)#(X; x SY,57)) = Resg}(a) = Res?;} o Res§i (a) = 0.

However, Kronheimer-Mrowka [20), Proposition 5.1] computed this nonequivariant Bauer-

Furuta invariant as n® # 0 € 73. (Kronheimer-Mrowka’s definition of BF {e} coincides with
ours because of Lemma ) This is a contradiction and our proof is finished.
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