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1. Introduction
1.1. Background

Let G be a connected complex reductive algebraic group, and E a complex elliptic
curve.

The moduli of G-bundles on F play a distinguished role in representation theory, gauge
theory and algebraic combinatorics (for example [13,36] as the setting of the elliptic Hall
algebra), and its geometry has been the subject of a long and fruitful study. Atiyah [3]
classified vector bundles on F in terms of line bundles and their extensions. In particular,
he showed rank n vector bundles with trivial Jordan-Holder factors are in bijection
with unipotent adjoint orbits in GL(n), with the unique irreducible such vector bundle
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corresponding to the regular unipotent orbit. This initiated the organizing viewpoint
that vector bundles on E form an analogue of the adjoint quotient of GL(n), where
the “eigenvalues” of a vector bundle are the line bundles appearing as its Jordan-Holder
factors. In a beautiful series of papers, Friedman, Morgan and Witten [17,15,16] extended
this to any G, definitively describing the Jordan-Holder patterns and the geometry of
the coarse moduli of semistable bundles. Our focus here is the moduli stack of semistable
bundles, and specifically the construction of an analytic uniformization of it by finite-
dimensional subvarieties of the loop group of G. We discuss motivations and applications
at the end of the introduction.

1.1.1. Holomorphic loop group with twisted conjugation

Thanks to complex function theory, the uniformization E ~ C*/¢%, with |¢| < 1, has
been known since the 19th century. Let Jac(E) be the Jacobian variety parameterizing
degree zero line bundles on E. (Thanks to Serre’s GAGA, one can equivalently consider
algebraic or holomorphic bundles.) The Abel-Jacobi map E — Jac(E), z — Og(z — )
is an isomorphism, inducing a similar uniformization Jac(E) ~ C*/¢%.

This isomorphism also results from the following geometric observations. By the uni-
formization E ~ C*/q%, holomorphic line bundles on E are equivalent to equivariant
holomorphic line bundles on C*. Since every holomorphic line bundle on C* is trivi-
alizable, equivariant holomorphic line bundles are encoded by their equivariance up to
gauge. Such data can be represented by elements of the holomorphic loop group L, C*
up to g-twisted conjugacy. Within this identification, one finds the uniformization of
Jac(E) by the constant loops C* C Lj,;C* up to g-twisted conjugacy by the coweights
Z ~Hom(C*,C*) C Ly, C*.

Now let Gg := Bunés’o(E) denote the connected component of the trivial bundle in
the stack of semistable G-bundles on E. By the uniformization E ~ C*/¢%, isomorphism
classes of G-bundles on E are in bijection with ¢-twisted conjugacy classes in the holo-
morphic loop group Ly, G (see for example [4] where this is attributed to Looijenga).
We would like to enhance this to an analytic uniformization of G g by finite-dimensional
subvarieties of Ly, G. As a first attempt, we could take the constant loops G C Lj,G,
but unfortunately, in general, the natural map G/G — Gg from the adjoint-quotient
is neither surjective nor étale. We will correct for both of these shortcomings by con-
sidering multiple charts together with their gluing; see the main results as described in
Sect. 1.2.

1.1.2. Connections on a circle with gauge transformation

Our arguments also apply to an easier situation to give a similar uniformization
of G/G in terms of (open subsets of) adjoint quotients of reductive Lie algebras.
In this case, the role of Ly, G with the action of twisted conjugation is replaced
by the affine space of connections on a circle with the action of gauge transforma-
tion.
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1.2. Main results

Assume that G is semisimple and simply-connected. Let T' C G be a maximal torus,
and denote by X, (T') = Hom(C*,T) the coweight lattice.

The real affine space tg := X.(T) ® R has a natural stratification by simplices coming
from the hyperplanes

Hypn={zctr|alx)=n}, foraarootof G,necZ

Let C be an alcove of tg, i.e. a top dimensional simplex. There is a naturally defined
category .Z¢ of faces of C, whose objects are faces of C, i.e. simplices in C, and whose
morphisms are given by the closure relation.

For any J € ¢, we have canonically associated finite-dimensional connected reduc-
tive subgroup Gj; C Lp,G, whose Lie algebra g; C Lpog is spanned by t and those
affine root spaces whose affine root vanishes on J.

We introduce an analytic twisted adjoint-invariant open subset g% C g (resp. G C
G j) of elements with “small eigenvalues” with respect to J. Roughly speaking, an eigen-
value in t (resp. T') is small with respect to J if its real part (resp. g-part) lies in a simplex
whose closure contains J (for details, see definition before Proposition 5.36 for G%, and
Theorem 5.40(6) for g%°). Denote by G;/'G j(resp. g;/'G ) be the quotient stack w.r.t.
the twisted conjugation (Sect 1.1.1) (resp. the gauge action (Sect 1.1.2, which we shall
also refer to as a “twisted” action)).

Theorem 1.1 (Theorem 5.40(6), 5.38). There are isomorphisms of complex analytic stacks
(1) colimyez, 0%/ Gy = G/G
(2) colimye 7. G% /Gy —— Gg
One of our motivations for the above is to study co-categories of complexes of sheaves
with nilpotent singular support. To this end, we show by a propagation and an untwisting

argument that:

Proposition 1.2 (Proposition 6.5, 6.7, 6.8). For sheaves with nilpotent singular support,
there are equivalences, compatible with the diagram F¢:

Shar(gs/Gy) ——= Sha(gs/)'Gy) ——= Shp (g5 /G )
Shar(Gy/G ) —== Sha(Gy/)'Gy) —= Shar (G5 )'G )

where G;/Gy,95/Gy are the quotient stacks by usual conjugations.
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We deduce the following main result of the paper:

Theorem 1.3 (Theorem 6.12). There are equivalences of co-categories:

(1) Sha(G/G) —= lim e zor Shr(g./G.r)

(2) Sha(Gp) —— lim ez Shy(Gy/Gy)

Remark 1.4.

(1)

In the limit, the arrow from J to J’ is identified as parabolic restriction w.r.t. the
parabolic subalgebra p7, (resp. subgroup P7,) defined by the relative position be-
tween J and J' (Definition 3.6). Similarly, the (higher) commutativities are given by
(higher) transitivity isomorphisms between parabolic restrictions.

Shar(g/G) is by definition the category of character sheaves on g. Fourier trans-
form gives an equivalence T : Shya(g/K) — Sh(N/G). The latter category is
studied in the generalized Springer theory initiated in [29]. For characteristic 0 coef-
ficients, Sh(N/G) is explicitly calculated in [34,35]. For characteristic p coefficients,
the abelian category Perv(N/K) is the subject of modular generalized Springer the-
ory [1].

By [31], Sha(G/G) agrees with the category of character sheaves introduced by
Lusztig, which serves as a geometric avatar for the character theory of the finite
group of Lie type G(F,).

The group G is explicitly known: let C be the standard alcove, and denote by Sy
the set of affine simple roots, then there is natural identification between .#2’ and
P°(Sp) = the category of proper subset of Sy, via J — {a € Sp : a(J) = 0}.
Under this identification, G; is generated by the one parameter subgroup corre-
sponding to the roots in J. Hence the Dynkin diagram of G is J viewed as a
subdiagram of the affine Dynkin diagram of G. In particular, when J is a vertex of
the alcove, Gy is isomorphic to either G or a Pseudo-Levi subgroup of G (a con-
nected maximal rank reductive subgroup of G that is not contained in any parabolic
subgroup), and all Pseudo-Levi subgroups arise in this way, cf. Borel-de Siebenthal
[11].

Recall that the conjugation actions in Theorem 1.1 are twisted (which depends on
q). Nevertheless, in the last theorem, the conjugations are the usual (untwisted)
ones. To achieve this, one needs to untwist all the conjugations compatibly with
the diagram 2. (This essentially comes down to the fact that the simplices J's
are contractible, and the nilpotent cone in g;/G; (resp. G;/Gy) is constant along
the direction of J.) Hence the right hand sides of Theorem 1.3 are completely Lie
theoretic, and in particular, the right hand side in (2) is irrelevant to the elliptic
curve F.
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(6) For a torus T, let Loc(T/T) (resp. Loc(Tg)) be the co-category of local systems
on the adjoint quotient (resp. on the degree zero component of T-bundles on E).
Theorem 1.3 can be thought of as an analogy for a simple, simply-connected group,
of the statement:

LOC(T/T) $' hmBX* (T) LOC(t/T)

Loc(Tg) —— limpx, 7y Loc(T/T)

where BX,.(T') denotes the classifying space of the coweight lattice (viewed as an co-
groupoid), the object in BX,(T') goes to Loc(t/T') (resp. Loc(T/T)), and all (higher)
morphisms go to the identity. Indeed, the first equivalence (and similarly the sec-
ond one) can be seen as follows: a local system on T'/T is a local system on pt/T
together with X, (T')-action by monodromies, these data are equivalent to an object
in limpx, (1) (Loc(pt/T)), which is equivalent to an object in limpx, (1) (Loc(t/T)),
since t is contractible.

Combining the statements for a simple, simply-connected group and a torus, one
can obtain a general statement for any reductive group.

Example 1.5. (G = SLy) Theorem 1.3 (1) gives:

Shpr(SLa/SLs)

= lim{ ShN([g g}/ ~) ShN([‘g g}/ ) J— ShN([Cf_l %}/ ~) }

where the matrices stand for the corresponding Lie subalgebras of Lsls, and / ~ is short-
hand for taking the quotient by the corresponding adjoint action. The arrows “—” in
the diagram are parabolic restrictions with respect to the indicated parabolic subalge-
bras.

Example 1.6. (G = SL3) Theorem 1.3 (1) gives
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coo
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where the 2-arrows “=-" in the diagram are the transitivity natural isomorphisms between
parabolic restrictions.

Remark 1.7. The theorem is compatible with Springer theory in the sense that there is
a commutative diagram:

C [Wag]-mod¥ —=— lim ¢ %, C[W;]-mod"

o

Pervy (G/G) — limjez. Pervar(gs/G )

|

lim ez, Sha(97/G )

~

Shy(G/G)

where W is the Weyl group of G; (which equals the centralizer/stabilizer of J in the
affine Weyl group Wag := W x X,(T)); A-mod” is the abelian category of A-modules.
Perv(X) denotes the category of perverse sheaves on X; the first and second limit is
taken inside %at the category of categories, and the last limit is taken inside %Fat..
the category of co-categories. Note that the first isomorphism follows from the Coxeter
presentation of Wyg, hence Theorem 1.3 can be thought of as a Coxeter presentation of
character sheaves. One can also upgrade the first line to an oco-categorical statement, see
[25] for details.
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We also define more general descent diagrams for general reductive groups. See Sec-
tion 2.2 below for more details.

1.5. Applications

1.3.1. Global Fourier/Radon transform

There are natural integral transforms on each term in the right hand side of The-
orem 1.3. Namely, the Fourier transform T; : Shp(g;/Gs) — Sh(Ny,/Gy) in (1),
the Radon transform Ry : Sha(G;/Gj) — Sh(Bj\G;/Bj) and the inverse Radon
transform Ry : Shy(Bs\G/Bs) — Sh(G/aaGs) in (2), where By := PZ, is a Borel
subgroup of GG;. The integral transforms are compatible with the diagram, hence pass
to the (co)limit:

T : Shy(G/G) = lim Sh(N,,/G.)
JEF ¢

JeFc

v

R: COlimJechh(BJ\GJ/BJ) — COlimJechhN(GJ/GJ) ~ Sh/\[(GE)

We refer to these functors as the global Fourier/(inverse) Radon transform. Note that
in the last row, we identify limit in co-categories with colimit in oco-categories (with
continuous functors), see [18, Lemma 1.3.3].

1.3.1.1.  Sheaf theoretic Kirillov orbit method. The Kirillov orbit method is a heuristic
method in representation theory that states every irreducible character of a Lie group
should be given by the Fourier transform of an orbital distribution. The global Fourier
transform T : Shy (G/G) = lim ez, Sh(Ny, /G ) gives a sheaf theoretic realization of
this heuristic: any character sheaf is given by a compatible system of (nilpotent) orbital
sheaves. The appearance of the compatible system indexed by .%o reflects the feature
of sheaves: a sheaf is determined by its value on an open cover (indexed by %¢ in this
case) together with gluing, while an analytic function can be determined by its value on
a single open subset.

1.8.1.2.  Spectral description of character sheaves. The category Sh(Ny,/G ) is de-
scribed by the generalized Springer correspondence [29,35]. Based on that and the global
Fourier transform, the first author obtains the following spectral description of the cat-
egory Shy(G/G) of character sheaves on G: denote Wi := Ny, . (W) /Wy, Ay C W
the subgroup of translations, W/ := ,;]H/AJ, §J := dual torus of Ay ® C* and cy
the number of cuspidal sheaves on Ny, /G ;. Denote LX := X xxxx X the derived
loop space of X. Put G := L[Jeyc((ﬁ,Sv'J)/W‘])HcJ, and QCoh(@) the oco-category of

quasi-coherent sheaves on G.
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Theorem 1.8 (/25]). There is an equivalence of co-categories:
Sha(G/G) ~ QCoh(G)

1.8.1.3.  Global Radon transform and Betti Geometric Langlands. Let us first re-
call the Betti geometric Langlands conjecture proposed by Ben-Zvi-Nadler. Let B
be a Borel subgroup of G and denote by N its unipotent radical. Let G be the
Langlands dual group of G, Let ¥ be a compact Riemann surface, and denote by
Bung(X) := Map(X, BG) the derived moduli stack of holomorphic principal G-bundles
on X, and by Locsysx(X) := Map(I1%, BG‘) the derived moduli stack of G local system
on ¥, where IIX is the fundamental co-groupoid of 3. Denote by IndCoh y(Locsys (X))
the dg category of ind-coherent sheaves on Locsyss(X) with singular support in the
global nilpotent cone N C T*'Locsys(X) (cf. Arinkin-Gaitsgory [14]).

Conjecture 1.9 (/8, Conjecture 1.5]). There is an equivalence of dg-categories:
Lg : Shy(Bung(X)) ~ IndCoh y (Locsys(X))

Remark 1.10. We expect that Theorem 1.8 can be interpreted as semistable part of
Conjecture 1.9 for ¥ = nodal genus 1 curve.

We denote by I the Iwahori subgroup corresponding to the alcove C, and by
Nj(resp. Iy) the unipotent radical of Bj(resp. I). Denote by B the dual Borel sub-
group of é, and by N its unipotent radical. For a group T acting on X, denote by
Shrxr(X) C Sh(X) the full subcategory of sheaves which are locally constant on T'
orbits. Let Tr(A) := A ® agaor A be the trace of a monoidal category A.

Now for ¥ = E, we expect to define a functor:

L& : Shy(Gg) — IndCoh y, (Locsyss(E))
by the compositions of following functors:

(1) Shy(GE) = lim Shy (G5 /G).
This is our main theorem.

(2) lim Shpar(Gy/Gy) =~ colim Sha (G5 /G ).
Again, this is because we can identify limit in oo-categories with colimit in oo-
categories (with continuous functors).

(3) (expected) colim Shy (G /G ) ~ colim Tr(Shrxr(Ns\G/Ny)).
Denote by Sh¥, (=) C Shrxr(—) the full subcategory of sheaves with T'x T" acting
by unipotent monodromies. Define the unipotent character sheaves Shi(G/G) C
Shy(G/G) to be the image of Sh¥. ,(N\G/N) under inverse Radon transform.
This expected equivalence is known for unipotent monodromies by Ben-Zvi-Nadler
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[6, Theorem 1.8]: Shi-(G;/G ;) ~ Tr(Shi, (N;\Gs/Ny)) and it is expected for
general monodromies [6, Expectation 1.23].

(4) colim TI‘(ShTXT(NJ\GJ/NJ)) — TI‘(ShTXT(Io\LG/IQ))
This functor is induced by the monoidal functors Shrxr(N;\Gs/N;s) —
Tr(Shrxr(Io\LG/Iy)). o s

(5) (expected) Tr(Shrxr(lo\LG/I)) ~ Tr(IndCoh(B/B X 4, B/B)).
This is known for unipotent monodromies by Bezrukavnikov [10, Theorem 1 (2)]:
Shipp(I0\LG/Io) ~ IndCoh"(B/B x4, B/ B), where IndCoh"(B/Bx ¢ s B/ B) C
IndCoh(B/B % ¢ B/B) is the full subcategory of objects supported on N/N X ¢
N/N. Tt is expected for general monodromies [10, Conjecture 58].

(6) Tr(IndCoh(B/B X, B/B)) ~ IndCoh g (Locsyse (E)).
This is proved by Ben-Zvi-Nadler-Preygel [9, Theorem 4.4]. Denote by Locsys (E)
C Locsyss(E) be the substack of local systems whose first monodromies are unipo-
tent, and by
IndCohj,(Locsys s (E)) C IndCoh i (Locsys (E)) the full subcategory of sheaves
supported on Locsys, (E). Inside the equivalence above, we have the unipotent ver-
sion Tr(IndCoh"(B/B x ¢, B/B)) ~ IndCohj,(Locsys 5 (E)).

In particular, denote by Sh}-(Gg) := lim Sh{,(G;/G;) C Sha(Gg) the full sub-
category corresponding to unipotent character sheaves, then (3) and (5) above are
known for unipotent monodromies, so we have defined a functor L™ : Sh%.(Gg) —
IndCoh y(Locsys (E)"). Under Conjecture 1.9, we expect the following diagram to com-
mute:

ss,u
G

Shi(GE) IndCoh - (Locsys(E£)")
Shy(Gg) IndCoh y(Locsys(E))

:

L
Sha(Bung(E)) TG> IndCoh - (Locsys(E))

for j : Gg — Bung(F) the open embedding. Hence it is natural to expect:
Claim 1.11. ]Lés’(u) is fully-faithful.

Assuming the expected equivalences (3) and (5) above, this claim is equivalent to a
statement about affine Hecke categories:

Claim 1.12. The natural functor

COlimJ&-yCTI'(SthT(NJ\GJ/NJ)) - Tr(SthT(Io\LG/Io))
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is fully-faithful.

We shall prove these claims in a future paper. An analogous statement to Claim 1.12
for Weyl group has been proved in [26].

Remark 1.13. The word global Fourier/Radon transform refers to being global on the
moduli stack Bungs) (3), rather than on the Rieman surface X. Nevertheless, we expect
that localizing on moduli stack is related to taking nearby cycles along degenerations
of Riemann surface. This fits into the general framework of [8, Conjecture 4.15] where
they proposed an approach to Conjecture 1.9 via gluing (i.e. taking (co)limits) from

degenerations.

1.8.2. Topological nature of Shy (Gg)
We can also define the uniformizations universally over the moduli of elliptic curve
M 1, this gives a natural notion of parallel transport:

Proposition 1.14 (Corollary 7.5). The oco-category Sha(GE) of complexes of sheaves
with nilpotent singular support is locally constant over the moduli space of elliptic curves

My

Remark 1.15. As in Remark 1.4 (3), the right hand side in Theorem 1.3 (2) is irrelevant
to the elliptic curve E. However, the equivalence there depends on a choice of basis in
HY(E,Z) (and a point in E). Hence Theorem 1.3 (2) does NOT imply Shy(Gg) is
constant over M 1. It is only constant after making the choice of basis (i.e. after a base
change to the upper half plane H). And in fact the resulting sheaf of categories on M ;
has interesting monodromy. For G = SL,, this sheaf contains the monodromy of the
SL(2,Z) action on E[n]/S,, by considering the cuspidal objects, where E[n] is the set
of n-torsion points of E.

With modest further effort, and similar applications of the above results, one can
extend the corollary to the co-category Shy (Bung(F)) of complexes of sheaves with
nilpotent singular support on the entire moduli of all G-bundles on E. This category
contains the Hecke eigensheaves of the geometric Langlands program, and we expect
it to offer also a theory of affine character sheaves. Furthermore, under Langlands du-
ality /mirror symmetry, it is expected to correspond to a derived category of coherent
sheaves on the commuting stack. (Note that the commuting stack, and hence its coherent
sheaves as well, is evidently a topological invariant, only depending on the fundamental
group of the elliptic curve.) This is in turn the subject of beautiful recent developments
(Schiffmann-Vasserot [38,37,39] on Macdonald polynomials and double affine Hecke al-
gebras; Ginzburg [22] on Cherednik algebras and the Harish Chandra system) and in
particular its role as affine character sheaves was established in [9].
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1.8.3. Dependence of restriction functor on parabolic subgroups
During the proof of our main theorem, we also obtain the following result:

Corollary 1.16. Let Py, P, C G be two parabolic subgroups of a G with the same Levi L C
G. Then there is a (non-canonical) natural isomorphism between the parabolic restrictions

Resp, ~ Resp, : Sha(G/G) —— Shar(L/L)

Such statements have been proved for orbital sheaves on Lie algebras in [30], and for
perverse character sheaves on Lie groups in [20]. During the proof of our main theorem,
we define a restriction functor Ry : Sha(G/G) — Sha(L/L) depending on a choice
of retractable subset U C L. The idea is that both parabolic restriction functors are
isomorphic to the unique extension of the pullback along U/L — G/G. Hence each
choice of U gives such a natural isomorphism. In fact, the space of choices of such U is
connected but not contractible. This is explained in detail in Section 8.3.

1.4. Outline of the argument in an example

To illustrate the ideas, we give a first example in its most plain form.
Let G = SLy, g = slp, T,t the diagonal matrices in G,g. Let U := {X € g :

|Re(A(X))| < 1/2}, for A(X) an eigenvalue of X. Let V' be another copy of U. We have
U—Gby X —exp2miX)and V - Gby Y — _01 _01> exp(2miY). Let D = {H €
t:0 < A (H) < 1/2}, where A1 (H) is the first eigenvalue of H. We have D x G/T — U

by (H,g) — gHg ! and D x G/T — V by (H,g) — g(H — (1(/)2 _?/2>)g1. Notice

that [H, (1(/)2 _? /2>] = 0. The commutative diagram

PN
o

is cartesian. All arrows are open embeddings and U [[V — G is surjective. The diagram
is G-equivariant, and passing to the quotient, we have
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(1.17)
with all actions being adjoint actions. Passing to sheaves, the pullback functors preserve
nilpotent singular supports. Hence we have a

Sha(D/T)

Shar(G/G) ~ lim / \

Sha(U/G) Sha(V/G)

The singular support condition allows us to deduce that Shy(g/G) EMR Shy(U/G) is
an equivalence, for j : U — g the open embedding. Similarly we have Sha(t/T) ~
Shpa(D/T) and Shpr(g/G) ~ Sha(V/G). Hence we get

Shp(t/T)

Sha(G/G) =~ lim / \

Shar(g/G) Shar(g/G)

Moreover the functors on the right hand side can be identified with parabolic restric-
tion (see Section 6.1 for a detailed discussion). Hence this gives a description of the
category of character sheaves on a Lie group in terms of categories of character sheaves
on Lie algebras. It turns out that the charts U/G,V/G and D /T above appear naturally
in side the infinite dimensional gauge uniformizations.
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2. Preliminaries on category theory
2.1. The Grothendieck construction and Kan extensions

References for the Grothendieck construction (also referred to as unstraightening func-
tor) are [28, Sect 3.2], [19, 1.1.1.4]. We shall only define it in the context we need. By
a (2, 1)-category, we mean a strict 2-category, such that all 2-morphisms are invertible.
And a 2-groupoid is a strict 2-category, such that all 1 and 2-morphisms are invertible.
We can view a (2, 1)-category as an co-category and a 2-groupoid as an co-groupoid. For
any oo-category ¢, denote by €~ the oo-category obtained by add one final object * to
%. For a functor F' : 4% — 7 between oo-categories, we say F' is a colimit diagram if
the natural map colimy F' — F'(x) is an isomorphism in 7.

Definition 2.1. Let 4 be an ordinary category, and F : ¥ — Y<5 a strict functor to
the category <2 of small 2-groupoids. The Grothendieck construction [ “Fisa (2,1)-
category with

o objects: (x,E), for x € € and E € F(x);

e l-morphisms: (f,a) : (z,E) = (y,F), for f : © — y a l-morphism in %, and
a:F(f)(F) = F a morphism in F(y);

e 2-morphisms: 1, : (f,a) = (f,b) for a : a = b a 2-morphism in F(y).

There is a natural functor p : f(gF — €, via (z, E) — z,(f,a) = f, and 1, — id.

Definition 2.2. Given a functor p : &/ — 2% a functor between oco-categories and an co-
category 7, denote p* : [#,T] — &/, T] the induced functor. The left Kan extension
p1 is the left adjoint to p*.

We collect some basic properties of Kan extensions:

Proposition 2.3. Let K : o — 7 be a functor,

(1) Let 7 : o — pt (the one point category), then mof (pt) ~ colimy K, provided either
side of the equation exist.

(2) Letp: o — B,p: B — €, and assume that p)(K), o1(p1(K)) exist, then (@op)(K)
exist and (v o p)(K) =~ o1 (pi(K)).

(3) Let p:of — B, then colimy K ~ colimgp (K).

Proof. (1) follows from the definition of colimit. (2) follows from the fact that p* o p* ~
(¢ o p)* and that adjoints are canonical. (3) follows from (1) and (2), by taking € = pt
in(2). O

The following statement can be found in [19, 1.1.2.2.4].
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Proposition 2.4. Let p : fcg F — € the natural map, and K € [fcg F, 7].
Then pi(K)(x) = colimp(,) K, provided that the colimits exist.

2.2. The index category onp S,

Denote by A the simplex category, it is the category of finite non-empty linearly
ordered sets. Denote by [n] the linear ordered set {0 - 1 — ... > n} € A.

Definition 2.5. Let S be a set, I' a group acting on S.

(1) S//T denotes the set of orbits.
(2) S/T denotes the quotient groupoid.
(3) The (2,1)-category St has
e object s for every s € S;
e morphism v : s — ¢ for every v € I, s,t € S, such that v(s) = ¢;

Ly =4/, for every v,v : s — t.

e 2-morphism ~'vy~
The identity and composition are given by the obvious ones. We see that (—)r defines
a functor I'-Let = S<,.

(4) Let S® : A°P> — T-Zet be the functor [n] — ST with diagonal T-action, where

S9:= pt the one point set. And define S := (—)r 0 S® : AP> — o,

Proposition 2.6. The natural functor Sp — S//T is an equivalence of (2,1)-categories,
where we view a set as a (2,1)-category with trivial 1 and 2-morphisms.

Proof. This functor is clearly essentially surjective. Let s,t € S, we need to show the
map Homg,.(s,t) — Homg/ r(s,t) is an equivalence of ordinary categories. If there is
no v € I, such that y(s) = ¢, then both categories are empty. Otherwise, Homg, (s, t)
is the singleton category {*} and Homg,(s,t) consist of object v € T, with y(s) = ¢,
and any two objects 7,7’ are isomorphic by the arrow v/y~!. Hence Homg,. (s, t) is also
isomorphic to {*}. O

Remark 2.7.

(1) The indexing (2, 1)-category Sr is natural since the stacks we use are 1-truncated
(e.g. 9/G,G/G and Bung (C)), and such stacks form a (2,1)- Category IHSIde Stk
(2) The category f " S*//T has a final object, denote by pt. And f " Se//T ~

(J27 5%/ /Ty

Construction 2.8. Let X be a set with an action of a discrete group I'. Choose a I'-set
S, and subset V; C X, for each s € S, such that the collection of subsets {V; : s € S}
are [-invariant, i.e., y(Vy) = Vi, for any v € I',s € S. For any s = (s1, 2, ..., sx) € S*,
put |s| := {s1, $2, ..., Sk} C S, denote by Vs := Ve, I's the stabilizer of T at s (for
the diagonal action). Then we define a functor

s€(s
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A R —

(1) V(s) := V5/T's, where V(pt) := X/T;

(2) V(v) := Ac,, : V5 /T's = V.5 /T',s the action by v;

(3) for 2-morphism 7'y~ : v = 7/ : s — t. Define V(y/77) :=ny-1 0 Acy 1 Acy =
Acyr, where 1, -1 2 Idy, = Acyy-1 2 Vi /Ty — Vi /Ty is the canonical trivialization
of the action of 4/y~! € I'y as inner automorphism.

(4) for 6 : s — &', then V5 C V, and Ty C Iy, this gives U() := V5/T's — Vo /Ty

s/

op,>
Let Vo: [ av Sp ——= . be the functor by same formula above except we replace /

.. . . AP \4 o
by //. Hence V| is isomorphic to the composition [ Sp—— S —— Set C S

Proposition 2.9. Assume that |J,c4 Vs = X, then the natural morphisms in . are an
equivalence:

colim pacr g0 V —~ > V()= X/T .

Assume further that for any x € Vi, the stabilizers satisfy I', C T's, then the natural
morphism is an equivalence:

colim jacr go Vo —~ > Vo(x) = X//T .

Proof. Denote p : onp Sp — A° the natural map. By Proposition 2.4, we have
p(V)([n]) = colimgu V/T's = [jgesn /v, fix s a tist of (s) Vs/T's = (sesn Vo)/T

Hence p'V is isomorphic to the functor [n] — (J],cq Vs)%/I', where for any map
Y — X, denote by Y¢ = Y xx .. xx Y the n-fold fiber product. Therefore
colim.onp S;V ~ colimporp1'V =~ X/T. For the second statement, note that under the
additional assumption, the functor V takes 1-morphisms to fully-faithful morphisms in
.7, hence the second equivalence follows from the first one. O

Remark 2.10. The upshot of this construction is that the charts V5 /T's — X/T" are usually
op

non-Galois. The category [ A SP gives a way to organizes these non-Galois charts. The

main example we have in mind is when X = tand I' = W,g.

2.3. The co-category of correspondence

The reference is [19, Chapter 7]. We shall use the oco-category of correspondences to
organize the higher morphisms between various restriction functors in our main theorem.
Morally speaking, the advance of using correspondences is that the higher coherence
follows from cartesian property of certain squares.
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Let % be an oo-category.

Definition 2.11. Define Corr(%) the oo-category via Morga; ([n], Corr(%)) =
Grid29" (%), where GridZ%" (%) c Morga_ (([n] x [2]°P)29" %) is the full oo-
subgroupoid consist of commutative diagram c:

Co,n — = Co,n—1 l €o,1 €0,0
Cip — = Cpn-1 —= ... —=C11

.l.

Cn—1,n > Cp—1,n—1

Cn,n
such that all squares are cartesian.

Remark 2.12. Corr(%) can be defined as an (oo, 2)-category. However, for our purpose,
we only viewed Corr(%) as an oco-category as defined above.

There is an canonical equivalence can : Corr(€)°P ~ Corr(€), by switching the source
and target for a correspondence (i.e. flipping along the main diagonal of the above
diagram). For any functor F : .# — Corr(%), denote by

F :=cano F? : #°P — Corr(%). (2.13)

2.3.1. Functors into the category of correspondences

Assume that % is an oo-category with a final object *. Then we can view
Moregat. ([n], Corr(€)) as a full subgroupoid of Morgas ([n] X [n]°P, %), by sending
all entries below the off-diagonal to . For any co-category .#, write .# = colim;, ¢ |[i],
then we can view Morg,s__ (-, Corr(%)) as a full subgroupoid of Morgat_ (& x F°P,F).
For .# = [1] x [n], we have the following:

Proposition 2.14. Moras  ([1] % [n], Corr(€)) C Morgas, (([1] x [1]°P x [n] x [n]°P), %)
is the full co-subgroupoid consists of (>0 « O — ¢V, such that ¢* € Grid=98"(%)
and the following labeled squares are cartesian, for all i,j:
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N At 1,1
Cit1,j+1 Ciliv1 Ci g (2.15)
oo 0,1 0,1
Cit1,j+1 Cij+1 Cij
00 0,0 0,0
Cit1,5+1 Cij+1 Cij

Proof. Let ¢ = ¢» 6 Morgat (([1] % [1]°P X [n] x [n]°P),€). Then
ce Morcgatoc([l] x [n], Corr(%))
< for any f:[m] — [1] x [n], f*c € Morgas_ ([m], Corr(%)),
< for fi : [n+1] — [1] x [n], fc € Morgas., ([n + 1], Corr(%)), where f; is the
(n + 1)-simplex (0,0) — (0,1) — ... = (0,¢) = (1,7) = ... = (1,n), for i = 0,1, ...,n
<= for i =0,1,...,n, the following squares are cartesian:

0,1 0,1 0,1 0,0 0,0 0,0

Co,n Com—1 Coi Co,i Co,1 €0,0
0,1 0,1 0,1 0,0 0,0

Cin Cln—1 Ci,i Ci,i €11
0,1 0,1 0,1 0,0

Cin Cin—1 Cii Cii
1,1 1,1 1,1

Cin Cin—1 Cii

1,1 1,1

Cnfl,n Cnfl,nfl

1,1

cn,n

The squares can be divided into five groups: (1) two rows consisting of cl ! and cz *, (2)

two columns consisting of ¢} and ¢ 25 (3) the left upper corner consisting of 2L (4)

K
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triangle on the right consisting of cﬂzﬁ; (5) triangle on the bottom consisting of c,lkji. Then
(1), (2) corresponds to the two cartesian squares in (2.15), and (3), (4), (5) corresponds
to the condition that ¢* € Grid=9"(%). O

Corollary 2.16. Let ¢ — d € Morga,_ ([1] X [n] X [n]P,€), such that ¢, d € Grid=9€"(%).

(1) Assume that for any i,j the square

Cij+1 —> Cij

b

dij1 —>d;j

is cartesian. Then ¢ <— ¢ — d € Morgat__ ([1] % [n], Corr(¥)).
(2) Similarly, assume that for any i,j the square

Cij = Ci+1,5

b

dij —> dit1,j

is cartesian. Then ¢ <— ¢ — d € Morgat__ ([1] % [n], Corr(€)°P).

2.8.2. Correspondences and sheaves

See Appendix A for our convention on analytic stacks. Let .#tk® C .tk be the
subcategory consist of analytic stacks and morphisms which are representable up to
unipotent gerbes.

For f : X — Y in .#tk°, the functors fi, f., f', f* are defined. For F : X — Y a
morphism in Corr(#tk°) given by X Lz Y, we define Sh(F) := g.f' : Sh(X) —
Sh(Y) a morphism in %ate. Following the method in [19, Chapter 7, Theorem 3.2.2,
Theorem 5.2.4], we extend Sh(F) to a functor

Sh : Corr(tk°) — Cateo-

Example 2.17. Let X; « Y; — Z;, i = 1,2 be two 1-simplices in Corr(.#tk°). Then by
Proposition 2.14, the following commutative diagram
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X1<—Y1—>Z1

|1l

X<~—Y ——7

EE

XQ%YQHZQ

gives a map between these two 1-simplices (i.e. a functor from Al x A! — Corr(.7tk°)).
Composing with Sh we get the following morphism between 1-simplices in Fate:

Sh(X1) —— Sh(Z1)

|

Sh(Xz) — Sh(Z2)

The commutativity is induced by base change isomorphisms of the two cartesian
squares.

3. Preliminaries on Lie theory
3.1. Groups generated by reflections

A reference for this section is [12, V].

We will denote by A a real affine space of finite dimension, and by L the vector space
of translations of A. Assume that L is provided with an inner product. Let $) be a set
of hyperplanes of A, and W = Wy be the subgroup of automorphism of A generated
by orthogonal reflections ry with respect to the hyperplanes H € §). We assume the
following conditions are satisfied:

(1) For any w € W and H € §), the hyperplane w(H) belongs to $);
(2) The group W, provided with the discrete topology, acts properly on A.

Given two points z and y of E, denote by R{x,y} the equivalence relation:
for any hyperplane H € $), either x € H and y € H or x and y are strictly on the same
side of H.

Definition 3.1.

(1) A facet of A is an equivalence class of the equivalence relation defined above.
(2) A chamber of A is a facet that is not contained in any hyperplane H € .
(3) A wertex of A is a facet that consists of a single point.
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(4) For S C A subset, the star of S is Sts := U} tacer 5n720 3 a0d Ws = {w € W :
w|s = id} denotes the group of elements fixing S. Note that for S, J facets, then
SNJ#0if and only if S C J.

(5) Let J be a facet, A face of J is a facet I, such that I C J.

(6) For a facet J, denote by % the poset of all faces of J, and for I,I’ € F;, we say
I<TIifIcC T. We also view .7 J as a category with morphism given by the partial
order.

We collect some facts:

Theorem 3.2.

(1) For J C A a facet, the group Wy is generated by {ry : J C H}.
(2) For any chamber C, the closure C of C is a fundamental domain for the action of
W on A, i.e., every orbit of W in A meets C in exactly one point.

Fix a chamber C, for faces J,J’ of C' (which are automatically facets of E), such
that J C J’, we have St;» C Sty and W C W;. The maps Sty /Wy — St;/W; and
Sty //Wy — Sty//Wy give two functors Fo — 7.

Proposition 3.3. The morphism in & :
colim gop St 5 /W ——= A/W
colimggr St s/ /W ——= AW
are equivalences, where Sty and A are equipped with discrete topology.

Proof. The two statements are equivalent since all arrows (including the augmen-
tations) in the diagram are fully-faithful maps. For the second statement, we have
St;//W; = St;nC, and A//W = C by last Theorem. Hence colimgopSt;//W; =
e IN(z/ZP)| x {a} ~ 1, ca{z} ~ C. Where x/.ZF C ZZF is the full subcategory
consists of faces I, such that « € St;, and [N(—)| denotes the geometric realization of the
nerve of —. We see that z/.ZZF = Z;7, for I the face containing x, hence |N(z/FZF)| ~ I

is contractible. O
3.2. Lie theoretic reminder

Notation 3.4. Let G be a reductive algebraic group, 7' C G a maximal torus. Denote
by ® = ®(G,T) the set of roots, by X, (T) := Hom(C*,T') the coweight lattice, and by
tr = X.(T) ® R. The Weyl group W := Ng(T')/T acts naturally on T, X,.(T) and tg.
Let Wag := W x X.(T) be the affine Weyl group and @, := {ag—n:ap € d,n € Z} C
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Map(tg,R) be the set of affine roots. Denote by g the Lie algebra of G, by Lg and LG
the polynomial loop algebra and loop group. For any ag € @, denote by go, C g the root
space of ag, and for @ = ag —n € P,g, denote by go := ga,2" C Lg the root space of
a. Fix a lift of set W — Ng(T') C G. It gives a lift Wag — LG. For w € W,g, denote its
lift by w.

Assume further that G is semisimple and simply-connected. Then tg carries an inner
product induced by the Killing form. Denote by $ := {{a(z) =0 : z € tr}oca} and
Hat = {{a(x) =0: z € tr}aca, ) two collections of hyperplanes in tg, let Wy, W _,
be the corresponding groups generated by reflections. The inclusion Z C R induces
X (T) C tg.

Theorem 3.5. Viewing X.(T) as translations of tg, we have the following equality as
subgroup of affine linear transformation of tg:

(1) Wo =W
(2) Wf)aff = Waff.

3.2.1. Levi and Parabolic subgroups associated to facet geometry
Definition 3.6. Let J be a facet of tg equipped with 9.4.

(1) @5 :={a € Pug: a(J) =0}.
(2) Denote by g; C Lg the Lie-subalgebra:

g =td @ Jas

acd;
where g, C Lg is the root space of a. Denote by G; the corresponding subgroup of

LG.
(3) Let J,J' two facet with J C .J’, denote by pJ, C g, the subalgebra:

pg’ =10 @ Ja-

a€d j,a(J)>0

Denote by P7, the corresponding subgroup of G.
(4) For a € tg, put G, = G for J the affine facet J containing a.

Theorem 3.2 (1) implies:

Proposition 3.7. W; C G ;.
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3.2.2. Transitivity of parabolic subgroups
Let R C G be a parabolic subgroup with Levi K, and () C K be a parabolic subgroup
with Levi L. Denote by P := Qo R := ) xx R. We have the following diagram:

P
g2 P1
Q O R
2NN
L K G

Denote by [, p, q, ¢, t, g the corresponding Lie algebras.

Proposition 3.8. There are commutative diagrams of stacks with the middle squares being
cartesian, where all actions are adjoint actions:

p/P
;17/ D1
q/Q O t/R
2N 2N
/L /K g/G
P/P
y D1
Q/Q O R/R
L/L K/K G/G
Proof. We have
BP
BQ O BR
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Therefore, for any stack X, we have

Map(X, BP)
G2 p1
Map(X, BQ) O Map(X, BR)
27N TN
Map(X,BL) Map(X, BK) Map(X, BG)

Then we obtain the first diagram by taking X = B@a, and second diagram by taking
X=5" 0

The following proposition is easy to check:
Proposition 3.9. Recall gJ,pf, as in Definition 3.6, we have:

(1) g C pJ Cgs, and p7, is a parabolic subalgebra of g; with Levi factor g .
(2) phiopt =ph,.

4. Preliminaries on singular support

A reference for this section is [23]. In the following sections, we assume for simplicity
that the coefficient ring k& has characteristic 0, see Remark 4.12 about how to drop this
constrain. Actually many of the statements hold for more general (possibly non-stable)
coefficients.

Let X be a differentiable manifold, F' € Sh(X) a sheaf on X. Then the singular
support of F' is the subset of T*X defined by the following equivalent conditions:

(1) (@,8) ¢ SS(F).
(2) For any differentiable function f on X, with f(z) = 0 and df, = &, the map
colimys, F(U) = colimys, F(U N {f < 0}) is an isomorphism.

For X be a smooth analytic stack, SS(F) C T*X is defined via descent. The singular
support relates the sheaf theory on X to the symplectic geometry of T X:

Theorem 4.1.

(1) SS(F) is a closed conical coisotropic substack of T*X.
(2) SS(F) is a Lagrangian substack if and only if F' is weakly constructible, i.e., there is
a stratification {S;}icr of X, such that Flg, is a locally constant sheaf for all i € I
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[24,21] showed that the global nilpotent cone in T*Bung is a Lagrangian, hence all
sheaves we considered are actually weakly-constructible. For A C T* X, put Shy(X) :=
{F € Sh(X) : SS(F) C A}, D4(X) := {F € Shy(X) : F is constructible } the oco-
category of constructible sheaves, and Pervy(X) := {F € D}(X) : F is perverse} the
category of perverse sheaves. Our results in the remaining of the paper will be stated for
Sha(X), but they also apply to D§ (X) and Perva (X).

Let f:Y — X be a map between smooth analytic stacks. For any A C T* X, denote
FA = TPfHA)) and foA = fo(FF(A)):

Ty < Y xx T*X I px

Assume further that f is smooth, then SS(f'(F)) = SS(f*(F)) = f*SS(F). Hence we
have:

Proposition 4.2. In the context of Theorem A.8, let A C T*X(x). For any I € 7,
put fr == X(I — %) : X(I) = X(x). Then the functor: Shx n : S>°P — Cats, by
I — Shy:a(X(I)) is a limit diagram.

4.1. Fourier and Radon transform

Let V be a complex vector space, denote by Shgr+ (V) C Sh(V') the fully subcategory
of conical sheaves, i.e. sheaves that are locally constant along R*-orbits. The Fourier-
Sato transform is by definition T := go1¢f[dimc V] : Shr+ (V) — Shgr+(V*)

Vv q1 Q q2 V*,

where Q = {(z,y) € V x V*| Re({z,y)) < 0}. The functor T is an equivalence between
oo-categories (with this shift, T also preserves perverse sheaves).

Let G be a reductive group, the Radon transform and inverse Radon transform are
by definition R := s,r', R :=rs*:

M <% G/xnaB —=G/G
Let P be a parabolic subgroup of a reductive group G with Levi factor L, define
the parabolic restriction with respect to p to be the functor Res, := ¢.p' : Sh(g/G) —

Sh(l/L):

q p

/L p/P 9/G (4.3)

And similarly Resp := ¢,p':
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L/L é P/P L— G/G

Assume further that P contains B, put Bp, Ny the image of B, N under P — L.
Then By, is a Borel subgroup of L, and Ny, is the nilpotent radical of By. Define the
corresponding parabolic restriction for Hecke categories Resp := q.p':

NA\L/N, _ 9 N\P/N P _ N\G/N
T T T

Statement (2) below was pointed out to us by Sam Gunningham:
Proposition 4.4.

(1) Identify g* ~ g, I* ~ [ via an invariant bilinear form k, then Res, naturally commute

with Fourier transformation T :

Shr+ (g/G) m‘ ShR+([/L)

TLN le

Resy,
Shr+(g/G) — Shg+(I/L)
(2) Resp naturally commute with Radon transformation R

Resp

Sh(G/G) Sh(L/L)

. .

Sh(N\g/N) Resp Sh(NL\;/NL)

Proof. (1) is [30, Lemma 4.2]. We include a proof for reader’s convenience. Denote by
p:g* — p*and ¢:[* — p* the dual map of p and g. Put n, the nilpotent radical of p,
and d = dimn,. We have the commutative diagram:

T Shg+(1/P) ——~ Shg+(I/L)

S}LR+ g/G) —— S}LR+

( ( (
lT lT p [ (lT q'[d]

p*/P) —— Shg+(I*/P) —— Shg+(*/L)
Shr+(g/G) — Shr+(g/P) i ShR+((g/np)/P) L Shg+(1/P) —— Shg+ (/L)
Shr+(g/G) — Shr+(g/P)

T T

K K

Shg+(1*/P) ——= Shg+ (/L)

Shg+(p/P)
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where the top middle two squares are given by [23, Proposition 3.7.14], and the bottom
midterm square is the base change isomorphism of the cartesian square:

p——=p/n, =1

|

g—g/m
(2) The natural isomorphism is given by the diagram:

NANG  [/aaBr — L/L O

T :

Sl P/paaB —— P/P

| o

MEIN «  G/paaB — GG

4.2. Retractable substacks

Definition 4.5. Let X be an analytic stack, A C T*X. A open substack j : U — X is
retractable w.r.t. A if the restriction functor:

Sha(X) —— Shy(U)

is an equivalence.

Let A be a Lie group acting on a smooth manifold X, £ C T*X be a closed A-
invariant conical isotropic subset. Let X/A be the quotient stack, 7 : X — X/A the
natural projection and p : T*X — a* the moment map, then 7 (T*(X/A)) = u=1(0) =
[oex T3, X, and

Proposition 4.6. The subset L is contained in p~1(0).

Proof. Suffices to check on the smooth locus of £, where it follows from definition of
isotropic submanifold. O

Proposition 4.7. Let U C X open subset, F' € Shp(U) := Shy,(U), then F|aznu is
locally constant for all x € U.

Proof. SS(F) C L C «|;(T*(X/A)), hence by [23, Prop. 6.6.2], in a neighborhood of
x €U, F=mr|;(F'), for some F’ € Sh(X/A). O
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For X a manifold with RT action, recall that a biconical subset of T*X is a conical
subset invariant under the induced RT action on 7*X. The following proposition is the
most important technical result of the paper.

Proposition 4.8. Let X be a smooth manifold with R* action, and j : U < X an open
embedding, such that U NRYx is contractible, for any v € X. Then U is retractile w.r.t.
any closed biconical isotropic subset L of T*X.

Proof. By Proposition 4.7, any F € Sh.(X) is conic, i.e. satisfies F|g+, is locally con-
stant for all x € X. Hence for Fy, Fy € She(X) by [23, Prop. 3.7.4(iii), Cor. 3.7.3],
Homgy, . (x)(F1, F2) = Homgp, () (j* F1,j*F2) is an isomorphism, hence j* is fully
faithful. Let F' € Sh(U), then by Proposition 4.7, for any = € U, F'|g+.nv is locally
constant. We have natural maps

UxR+< U

l; lj

X xRt < X
P

where j = j x Id, a is the action map, p is the projection, i(resp. i') is inclusion to
X(resp. U) x {1}. @’ :=aoj: U x Rt — X, then a’ is RT-equivariant, has contractible
fibers and F’ X kg+ is constructible along the fibers of a’. Define F' := o/ (F' X kg+) €
Sh(X), then F is conic by [23, Prop. 3.7.4(ii)]. There is a chain of isomorphisms

F' o i (F' Rkge) ~ i *a " (F) ~i'*j*a* (F) ~ i’ *j*p*(F) ~ j*(F) (4.9)

where the second isomorphism is by [23, Prop. 2.7.8], the fourth isomorphism is by
[23, Prop. 3.7.2]. Now a’ is smooth and surjective, and SS(a'*F) = SS(F' K kg+) C
Lx Tz RT =a'*(L) since L is biconical. Hence SS(F) C L by descent [23, Prop. 5.4.5].
Combining with (4.9), the functor j* is essentially surjective. O

For any smooth manifold U, denote by Oy C T*U the zero section. Fix u € U, let
X any analytic stack, and A € T*X. We have 7 : U x X — X, via (u,2) — x, and
i: X >UxXviaz— (u,z).

Proposition 4.10. Assume that U is contractible, then m, T, i',5* maps Shoy, xa(U x X)
isomorphically onto Shy(X), and ©', 7 maps Sha(X) isomorphically onto Sho,, xa (U x
X).

Proof. By [23, Prop. 5.4.5(ii)] we see that Sho,x1+«x(vxX) exactly consist of the
sheaves on U x X which are contractible along fibers of 7. Then by [23, Prop.2.7.8],
the functors
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7 Sh(X) «— Shoyxr+x (U x X) :

are inverse to each other. Then by descent SS(7*(F')) C Oy x A if and only if SS(F) C A,
hence we have inverse functors:

7 Sha(X) <— Shoyxa(U x X) : 7.

The statement for (7, 7') follows since ' = 7* up to a shift. And the statement for i*, i'
also follows since mo¢ =14id. 0O

4.3. Nilpotent cones

We have the identifications:

H(T*(g/G)) ~{(Y.X) € g x g | [V, X] = 0}/G,
H(T*(G/G)) = {(9,X) € G x g | Ady(X) = X}/G,
H(T*Bung(X)) ~ {(P,¢) | P € Bung(%),¢ € H(Z, gp @ Ox)}.

Where ¥ above is a compact Riemann surface. Denote the corresponding nilpotent cones
by:

Nregrc) = {(Y,X) € H(T*(g/G)) | X is nilpotent.}
Nr/e) = {(9,X) € H(T*(G/G)) | X is nilpotent.}
NreBung(s) = {(P,¢) € H*(T*Bung(X)) | ¢ is nilpotent.}

We will use nilpotent cones lying in different spaces in the paper. When the context is
understood, we shall drop the indices and write all nilpotent cones as A/. The nilpotent
cones above are known to be Lagrangian [24,21], hence the sheaves with singular support
in NV are actually weakly constructible.

Proposition 4.11. The parabolic restrictions preserve nilpotent singular support:

(1) Resy takes Shar(g/G) into Shar(I/L).
(2) Resp takes Shy (G/G) into Sha(L/L).

Proof. (1) Since Np-(g/¢) is a biconical Lagrangian, we have Shyr(g/G) C Shgr+(g/G),
and Sh(N'/G) C Shr+(g/G). Then by Proposition 4.4 the following diagram commutes:

Shar(6/G) —— Shys (/L)

| |

Sh(N,/G) —= Shg. (I/L),
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where the left arrow is by [23, Theorem 5.5.5]. Now the bottom arrow takes Sh(Ny/G)
into Sh(Ni/L) because q(Ny Np) = N. Hence the top arrow lands in Shy(I/L) by [23,
Theorem 5.5.5].

(2) Recall by assumption, the coefficient k¥ O Q. Denote by ShT(N\Tﬂ) C Sh(w)
the subcategory of sheaves constructible w.r.t. to the left (or equivalently right) T" orbits.
By [31, Theorem 4.4], for a sheaf F' on G/G, we have SS(F) € N if and only if R(F) €

ShT(N\g/ N, Then by Proposition 4.4, the following diagram commutes:

Resp

Shar(G/G) SWI/L) O
d "
ShT(N\g/N) Resp Sh(NL\;/NL)

So RoResp(F) ~ Resp o R(F) lies in ShT(%). By [31, Theorem 4.4] again,
we conclude that Resp(F') lies in Shar(L/L).

Remark 4.12. Proposition 4.11 (2) is the only place in the paper we use the assump-
tion char(k) = 0. One can alternatively prove this statement by using first part of
Theorem 6.12, which does not rely on Proposition 4.11 (2), and therefore drop the char-
acteristic 0 assumption.

5. Twisted conjugacy classes in the loop group

Fix ¢ € C* with |g| < 1, and let E = C*/¢% be the corresponding elliptic curve.
In this section, we focus on the connected component Gg of the trivial bundle in the
moduli stack of semistable G-bundles on E. We describe the geometry of G in terms
of the Lie theory of ¢-twisted conjugacy classes in the holomorphic loop group. We work
in the context of complex analytic stacks (see Appendix A for the facts used).

5.1. Automorphism groups

The aim of this subsection is to calculate the automorphism groups of semisimple
semistable bundles. The main result is Corollary 5.10, stating that the automorphism
group can be calculated in terms of affine root systems. This was previously obtained
in [5, Theorem 5.6], though the approaches to the component groups differ somewhat.
Our approach makes the role of the affine Weyl group transparent.

We adopt Notation 3.4.

Let Bung(E) be the moduli stack of G-bundles on E. Let Lj,G be the holomorphic
loop group of holomorphic maps g(z) : C* — G. It acts on itself by g-twisted conjugation

Ad;c(z)g(z) = k(qz)g(z)k(z)_l
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For any g(z) € Ly, G, we can define a G-bundle
Py(z) i=C* X2 G ——= E = C*/q*
where the ¢Z-action of is given by

q-(z,7) = (g2, 9(2)7)

Note if g(z), h(z) are g-twisted conjugate, then their associated bundles Py(.), Pp(.) are
isomorphic.

The automorphism group of P,(.) admits the description

Aut(Py()) = {k(2)[k(q2) = g(2)k(2)g(2) '} = C1,,6(9(2))

as a g-twisted centralizer, since the automorphisms of P,y are isomorphic to the auto-
morphisms of the corresponding ¢Z-equivariant G-bundle over C*.
Since any G-bundle on C* is trivializable, we have an isomorphism of groupoids

LholG//LholG ~ Bung(E) ((C)

where /' donotes the quotient with respect to Ad’. For s € T, set

Gy :=Cp,.,c(s).

Note that G is preserved by g-twisted conjugation on itself: for f(z),g(z) € Gs,
f(g2)g(2)f(2)~! € G by direct calculation.

For the moment, G, is simply an abstract group. In the rest of this subsection, we
will calculate G explicitly and equip it with the structure of algebraic group, which is
compatible with the one coming from the automorphism group of a G-bundle.

5.1.1. Calculation of G°

Fix s € T. We start by equipping G5 with a structure of an algebraic group and
calculate its neutral component G, the result is given in Corollary 5.6.

Recall LG C LG denote the subgroup of polynomial loops g(z) : C* — G. We
will regard it as an ind-scheme, more specifically, as the increasing union of its closed
subschemes of prescribed zeros and poles. Let Lg denote its Lie algebra.

We will begin with G = GLy. Let Ty C GLx be the invertible diagonal matrices.

Lemma 5.1. Let f : C* — C be a holomorphic function. Assume that f(qz) = af(2), for
some a € C. If a € ¢%, then f(z) = cz™, for some ¢ € C and n = logy(a); otherwise,

f(z)=0.
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Proof. Follows from an elementary comparison of the coefficients of the Laurent expan-
sion of f. O

Proposition 5.2. Let s = diag(A1, A2, ..., An) € Ti.

Let I, consist of those (i,5) such that \i/\; € ¢%, where n;; = log, (Ai/Aj)-

Set gly s = @(” er, C2"E;; C Lypoygly, where E;; € g is the elementary matriz
with non-zero (i, j)-entry.

Then under the standard embedding GLy — gly as invertible matrices, GLy, s con-
sists of the invertible matrices in gly .
Proof. For g(z) = ®(; jy9ij(2)Eij € GLn,s, observe that g(gz) = s-g(z)-s~! is equivalent
to gij(gz) = (Mi/Aj)gij(2) for all (4, 7). By the previous lemma, g;;(z) = c2™4 if \;/\; =
¢™ and g¢;;(z) = 0 otherwise. In particular, g;;(z) is constant. O

Corollary 5.3. GLy,s C LpoGLN lies in LGLy C LpoGLy and is Zariski-closed
therein. With its reduced subscheme structure, GLy s is a reductive algebraic group,
its q-twisted conjugation is an algebraic action, and the evaluation map

ev; : GLy s — GLy g(z) ——=g(1)

is an injective homomorphism of algebraic groups. Furthermore, the Lie algebra of GLy s
is precisely gly .

For a general reductive algebraic group G with maximal torus 7' C G, choose an
embedding of pairs i : (G,T) = (GLn,Tw). This induces embeddings LG C Ly, GLn,
Gs; C GLn s, with G, = LGNGLy 5. Hence G is Zariski-closed in both GLy s and LG.
Thus we have the following generalization of the previous corollary.

Proposition 5.4. The subgroup Gs C LpoG lies in LG C Lp,G and is Zariski-closed
therein. With its reduced subscheme structure, G4 is a reductive algebraic group, its q-
twisted conjugation is an algebraic action, and the evaluation map

v : Gy —= G g(z) —— ¢g(1)

is an injective homomorphism of algebraic groups. Moreover, the natural map Gs —
Aut(Ps) is an isomorphism of algebraic groups.

Proof. Only the last statement needs proof. We have a commutative diagram of abstract
groups:
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Gy Aut(P)
evy %
G= Aut('Po)
where Py is the fiber of P over 0 € F, and the “=" means canonical isomorphism. The

two vertical maps are injective morphisms of algebraic groups, so the top arrow is also
a morphism of algebraic groups. O

Since Gs = LG N GLn s, its Lie algebra satisfies gs = Lg N gl ;. More explicitly,
it admits the following description. Regard the set of affine roots @, as a subset of
Map(T,C*) via o = g +n — {s — ap(s)¢"}, and put @, := {a € Pag|a(s) = 1}. For
any a € ., recall the definition of g, as in Notation 3.4.

Proposition 5.5. The Lie algebra of Gy is precisely gs = t P @a€q>s 9o C Lg.

Proof. gly , is a finite dimensional subalgebra of Lgly satisfying {X(z) € Lgly|X(qz) =
Ad(s)X(2)}. So gs = Lpoyg Nglys = {X(2) € Lg|X(qz) = Ad(s)X(z)}. Write

X(2) = h(z) + > fao(2), with respect to the root decomposition of t, i.e. h(z) :
aped
C* = t, fao(2) : C* = go,- Now the condition X (gz) = Ad(s)X(z) is equivalent to

h(gz) = h(z), and fa,(¢2) = a9(8) fae(2). By Lemma 5.1 h(z) is constant function, and
the only nonvanishing f,, are those with ag(s) = g0 for some n,, € Z and in this case
foo = 2" Xy, € ga- S0 gs =t D ®ao€¢>,ao(s)€qz Ga, 2" 0. By compare this expression
with the definition of g, for affine root «, the proposition follows. O

Corollary 5.6. The subgroup G° C LG is generated by T U {expgs | € ®,}.

Example 5.7. G = SLo, and T diagonal matrices, with roots {a,—a} take s =
q 0 -1 .
({)_ q_1> € T, hence a(s) = \/q/(\/q ) = q, 50 ng = 1, similarly n_, = —1,

we have X, = (O 1> X g = (1) 8), then by Corollary 5.6, the group GY is

generated by T, exp (8 b(,)z ), and exp (czol 8) and so it is equal to the subgroup

{ (czal b;) } of LG. In fact, in this case we have GO = G, = CLg(s).
5.1.2. Calculation of G

We proceed to calculate G. The result is given in Corollary 5.10, which states that
the component group is controlled by the affine Weyl group.

For My, My two smooth/complex manifolds, write Map(M;y, Ms) for the set of differ-
entiable/holomorphic maps My — Ma.
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Lemma 5.8. Let M be a connected complexr manifold.

Regard Map(M,G) as a group, and T C Np(G) C G C Map(M,G) as subgroups of
constant maps.

Then Nyapar,cy(T) = Map(M,T) - Na(T') as subgroups of Map(M,G).

Proof. Let f(z) € Nuapar,c)(T). Then f(z)Tf(x)~' = T, for any x € M, hence
f(x) € Map(M,Ng(T)). Hence Nupopar,cy(T) C Map(M, Ng(T)). Since M is con-
nected, Map(M, Ng(T)) = Map(M,T) - No(T'). Now Map(M,T) C Nagap(mr,c)(T), and
Na(T) C Nyapur,qy(T'). Hence Map(M,T) - Na(T) C Nyapm,)(T). O

Lemma 5.9. (LpoT - No(T)) NGs =T - Cw,.(s) as subgroups of LpaG.

Proof. The right hand side does not depend on the lifting of W and equals (X, (T) -
N¢g(T)) N G, which naturally sits inside the left hand side. We need to show that
(LhotT - Ng(T)) N Gs € X.(T) - Ng(T). Suppose fw € (LpoiT - No(T)) N Gy, for
f € LngT,w € Ng(T). Then we have f(qz)ws(f(2)w)™! = s, i.e. f(qz) = w(s)~1f(2).
However, w(s)~!,s € T, and this implies f € X,(T) by Lemma 5.1. O

Let Wy := Cw,.(s) be the stabilizer of s in W,g. By Lemma 5.8 and 5.9, we have
Ng (T) = Np,.,,c(T)NGs = (LhaT - Ng(T)) N Gy = T - W, and the Weyl group
W(Gs,T) := N¢,(T)/T is isomorphic to Wy, therefore we have:

Corollary 5.10. G, = GY - Ng (T) =< G2 |w € Wy >=< T,expgq,u|a € &5, w €
Wy >.

Example 5.11. G = PGLy, and T diagonal matrices, with roots {a, —a}. Take s =

(\(/)a ?) We have G0 =T, and Gy =< T,w >~ T x Z /2, where w = <Zol S)
Remark 5.12. The same method can be used to calculate the automorphism group of
any semisimple (not necessarily semistable) bundle. Theta functions naturally show up

in the calculation for non-semistable bundles, so in general Cr, ,¢(g(%)) is not contained
in LG.

5.1.3. Untwist twisted conjugation

The twisted conjugation of LG is very different from the usual conjugation. How-
ever, when restricted to the action of G on itself, the twisted conjugation is isomorphic
to usual conjugation:

Proposition 5.13. The left multiplication by s~' : Gy — Gy is a Gg-equivariant iso-
morphism of algebraic varieties, where the first action is q-twisted conjugation, and
second action is usual conjugation. In other words, we have an isomorphism of stacks
s Gy )G — G/ G.
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Proof. For any k(z) € 5, we have k(qz)sk( )™ = s, hence s_lAd;C(z)g(z) =
s k(qz)g(2)k(2) ™" = k(2)s ™1 g(2)k(2) 7! = Ady(z)(s1g(2)). O

The space G9 is stable under the twisted conjugation by G. Hence GY/'G has the
usual properties of an adjoint quotient (on its neutral component.)

Corollary 5.14. C[G%Y% = C[T]"+, where the invariants are taken w.r.t. the twisted
conjugation.

So there is a map x, : GO — T//'Wy := Spec C[T|W=. Let U C T be a W-invariant
open subset, let V := x’;l(U//’Wg)

Definition 5.15. Let .S be a topological space, and A C S a subset. We say A is abundant
(in S) if the only open subset of S containing A is S.

Note that A C S is abundant if and only if A contains all the closed points of S.
Examples of abundant subsets that we will use are given in the next corollary.

Corollary 5.16. The image of U in |V/'Gy| is abundant.

Proof. All closed conjugation orbits are semisimple. By Proposition 5.13 all closed
twisted conjugation orbits are semisimple. O

Let T57 79 C T be the locus where the action of Wj is free.
Corollary 5.17. Assume further that U C T*7"¢9. Then
V/'Gy <= U/'Ng.(T) = (U x BT)/'W,.
5.2. FEtale charts

In this section, we will define some étale charts of Gg. The main result in this sec-
tion is Theorem 5.27. Facts about semistable bundles on elliptic curves are collected in
Appendix B.

5.2.1. Definition and representability
There are three, mutually commuting actions of ¢Z, Gy, G on C* x GY x G:

q-(z,h,g) = (qz,h,h(2)g), q€qt
k- (z,h,g):= (2, AdL(h), k(2)g), ke G
g (2, h,g) = (z,h,g9' "), Jeqd
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Put &, := (C* x G x G)/q%. Then &, maps naturally to E x G? and it is a G,-
equivariant (with respect to the twisted conjugation on Gs) principal G-bundle. Hence
P|Gs — E x GY/'Gy is a principal G-bundle, and therefore it defines a map of stacks
ps : GY/'Gs — Bung(E).

Recall the notation Gg := Bun%ss (E) for the stack of degree 0 semistable G-bundles.

Proposition 5.18. The image of ps lies in Gg.

Proof. Let = € |G%/'G,|. Then by Corollary 5.16, there is a t € T, such that ¢t € {z}.

Hence ps(t) € {ps(z)}. Now ps(t) € Gg because it is in the image of Tr — Gg. Hence
ps(z) € Gg, since Gg C Bung(F) is open. O

Proposition 5.19. The map p, is representable.

Proof. Let Gg o be the stack classifying pairs (P, §), where P is a semistable G bundle of
degree 0, and f is a trivialization of P at 0 € E. G g is representable by Proposition B.3.
The group G acts on Gg o by changing the trivialization and Gg /G = Gg. There is a
natural map p}, : G2 — Gp defined by &, with the natural trivialization that identifies
the fiber over 0 € E with the fiber over 1 € C*. The map p, is Gs-equivariant, where
Gs acts on Gp g via ev; : G5 — G. So pl, induces p, : G9/'G5 — Ggo/Gs. Hence pl, is
representable. We have the following commutative diagram of stacks:

GV /Gy e Gpo/Gs —— Gpo/G

Gg

By Proposition 5.4, ev; : Gg — G is injective, so the top arrows are representable and
hence py is representable. 0O

5.2.2. 1-shifted symplectic stacks
In this section, we show that the morphism p; is a symplectomorphism.

Definition 5.20. Let X be a smooth analytic stack, T X its tangent complex.

(1) A weak 1-shifted symplectic structure is a 1-shifted non-degenerate 2-form wy, i.e. a
non-degenerate Ox-bilinear antisymmetric pairing

wx: TX[-1] xTX[-1] ——= Ox[-1] .

(2) A symplectomorphism f : (X,wx) — (Y,wy) between smooth stacks with weak 1-
shifted symplectic structure is a morphism of stacks f : X — Y together with an
isomorphism f*wy ~ wx.
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Remark 5.21. To define the actual shifted symplectic structure, the notion of closed
forms is needed and requires a more careful definition, see [32]. The weak version above
is sufficient for our purpose. For smooth stacks with positive dimensional automorphism
group, n = 1 is the only possible value for a n-shifted symplectic structure to exist.

Shifted symplectic structures relate the stacky and infinitesimal behaviors:

Proposition 5.22. Let f : (X,wx) — (Y,wy) be a symplectomorphism, and © € X.
Assume that f, : Aut(z)? — Aut(f(x))? is an isomorphism, then f is étale at x.

Proof. We need to show that df, : T, X — Ty(,)Y is a quasi-isomorphism. The tangent
complex is concentrated in degrees —1,0 since the stacks are smooth and 1-truncated.
For degree —1, we have H~'(df,) = d(f.), so it is an isomorphism. For degree 0, the
map H°(df,) is also an isomorphism since the weak 1-shifted symplectic structure pairs
H~'and H°. O

Example 5.23. Fix x an invariant non-degenerate bilinear form on g. For P € Bung(FE),
we have a natural identification TpBung(E)[—1] ~ RT'(E, gp), and Bung(E) (hence Gg)
has a natural weak 1-shifted symplectic structure given by the Serre duality pairing:

RI(E,gp,.,) x RU(E,gp ——= 72'RI(E, OF)

9(2) )
Similarly, G/G =~ Locsys(S') has a natural weak 1-shifted symplectic structure given
by Poincaré duality. In general, [32] shows that Bung(X) has a 2 — n shifted symplectic
structure for X a n-dimensional Calabi-Yau manifold and Locsysq (M) has a 2—n shifted
symplectic structure for M a n-dimensional oriented smooth manifold.

The uniformization p : LpoG/'LpoG — Bung(E) can be thought of as a non-linear
Cech resolution associated to the cover C* — E, in the sense that, after linearization:

dpg(z) : Tg(z)LholG//LholG[_l] — TPQ(Z)BUDG<E>[—1]

{Lhorg ¢—> Lpoig}
g(=)

~

RF(Ea gpg(z))

the tangent map in the first row can be identified with the Cech resolution in the sec-
ond row above, where ¢,(.)(X(2)) = Adgy.)-1X(gz) — X(2), and also complexes are
(cohomologically) concentrated in degree 0, 1.

There is a natural pairing:

Kt {Lhot8 = Lnot8} X {Lhot§ = Lnotg} — 72 {LpoiC — Ly C} ~C
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(X*(2),Y*(2)) = § K(X*(2), Y*(2)) &
It follows from definition that this pairing resolves the Serre duality pairing, i.e.:
Proposition 5.24. The diagram naturally commutes:

{Lnot9 = Lnot8} X {Lnot@ = Lnot8} —— {LnatC = LnaC}

lw -

RI(E, gpg(z)) x RF(Eang(z)) RI'(E,OF)

If we view the tangent complex Tg(z)Gg/’Gs as a subcomplex of Ty(.)LnoiG /' LhaG,
then GY/'G, has an induced 1-shifted 2-form w.

Proposition 5.25. The 1-shifted 2-form w on G°/'G is non-degenerate. And the map
ps : GGy — G is a 1-shifted symplectomorphism.

Proof. The second statement follows from Proposition 5.24. For the first statement, we

first prove that the pairing ¢ x(—, —)dz—z : gs X gs — C is non-degenerate. This is

because g; = t&® EBagDS ga, and the pairing pairs t with t, pairs g, with g_,. Now the
non-degeneracy of w follows from the following tautological Lemma:

Lemma 5.26. Let < —, — >: VO x V! — = C a non-degenerate pairing between finite
dimensional vector spaces, and let ¢ : VO — V1, such that < Ker(¢),Im(¢) >= 0, then
the induced pairing

Ker(¢) x (V!/Im(¢)) —= C
is also non-degenerate.
To complete the proof of Proposition, take V0 = g,, V! = g,, and ¢ = Gg()- O

5.2.3. Etale charts
Let T¢ := {t € T : Gy C G}, then T¢ is a W-invariant open subset of T, also note

that T¢* can be computed in terms of root datum and the elliptic parameter ¢ thanks
to Corollary 5.10. Denote G%¢t := .~ (T¢t//W,).

Theorem 5.27. The map p<t : G%)'Gs — Gpg is étale. And p<*(Nrg,) =
Nipe ot s

€

Proof. We first prove that p¢ is étale for ¢t € T¢. By Proposition 5.22 and 5.25, we need

to show that (ps): : Aut(t) — Aut(P;) is an isomorphism (on the neutral component).
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This is true because (ps); is identified as Aut(t) = Cq,(t) = GsNCL,,,c(t) = GsNGy =
Gy = Aut(P;). Now the first assertion follows since T is abundant in |G%¢*/'G| and
the étale locus is open. For the second statement, for g(z) € G, the Cech complex
for g;‘,g(z) and the first statement give quasi-isomorphisms of complexes in degree 0, 1:
T3 (Ge) = {Lhotg" — Lnot8™} ~ {Lnotg = Lnag}” ~ {gs = gs}" ~ {gd — 9i} ~
Tg*(z)(Gg/’Gs). Under this identification, X(2) € H%(gt — ¢}) ~. H%gs — gs) is
in Nr«g, if X(2) is nilpotent in g for all z € C*, and X (z) is in Np. go.et gy if it is
nilpotent as an element in the Lie algebra g,. Now we see these two notions are equivalent
by the explicit formula of g5 in Proposition 5.5. O

View X, (T) as a subgroup of LT, it acts freely on the constant loops T" C LT via
twisted conjugation. We have Ty ~ T/'X,(T) x BT. The group Wog = X, (T) x W
acts on T, and let T97"% be the open dense locus where the action of Wg is free. Let
GYa7red .= 7Y (T97"°9 ) /'W;). Using the identification Tp? /W ~ (T977%9 /' X, (T) x
BT)/W ~ (T977%9 x BT)/'W,g, we have a commutative diagram:

(Tq—reg % BT)//WS ~ G(S),q—Te!]//GS (528)

(T7779 x BT)/'Wagg ——— G5*

Recall the semi-simplification map xg : Gg — ¢g as in Appendix B.

Proposition 5.29. The following commutative diagram is cartesian:

X5

(;S’Et//(;s jtft//lvmg

» l
XE

GE QEZT///Waff

Proof. Suffices to show for each small open U C T¢//'Wy, the diagram obtained by
restricting to U is cartesian:

AR (7 p—
lpu O lq
Gp ——2 T/ ' Wagt

Assume U is small so that ¢ is an open embedding. Let U be the preimage of U in T¢.
Now by (5.28), puly,-1(un(ra-res /w,)) is identified with the composition
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(UNTI7"9) x BT))'W, — (T7 "% x BT)/'Wag — Gg

which is an open embedding by the choice of U. Therefore py is generically open embed-
ding, and it is also étale, so by Lemma A.3, the map py is an open embedding. Now we
need to check the image of py equal X' (q(U)). This is because the image contains all
the semi-simple bundles in x5'(¢(U)) by construction and hence consist all x5 (¢(U))
by Proposition B.2. O

5.8. Gluing of charts

In this section, we will glue the charts defined in Section 5.2, i.e. we will calculate
the fiber products of the charts. The combinatorics of higher descent data is naturally
organized in diagrams introduced in Section 2.2. The main result of this section is The-
orem 5.32.

For s = (s1,52,...,5:) € T%, let Gy := ﬂle Gs,, Wy := Ng,(T)/T, define x5, TE', G<*
analogously. All the above statements for G still hold for Gy, and moreover Wy =
N, e, T = N2, TS, T97 79 C T¢' for all s by the connectedness of G.

Proposition 5.30. For any w € Ng(T) - X.(T) C LG, the twisted conjugation Ad,, :
GY = G?U(s) intertwines the action Ady, : Gs — Gu(s)- Hence we have an isomorphism

of stacks Ad., : GY)'Gs = GSJ(S)/’GW(S).
Proof. G5y = Cra(w(s)) = Ady,CLg(s), so we have a isomorphism of algebraic groups:
Adw Gy — Gw(s).

Write w = ul, for u € Ng(T), and A € X.(T). Using the fact that A(¢) € T C G,
we have

Ad,(Gs) = uA(g2)GsA(z) 'u ! = ud(2)A(Q)GoA(2) ™! = Adw(Gs) = Gus).-

Since Ad., stabilize T', we have Ad/, : G — ng(s) isomorphism of algebraic varieties. The
pair of isomorphisms of algebraic varieties and algebraic groups (Ad.,, Ad,,) : (G2, Gs) —
(GSU( 5)7 G u(s)) intertwine the twisted conjugation action on both sides. Hence we have an
induced isomorphism of quotient stacks, still denoted by Ad., : G%/Gs — G?U(s)/Gw(s).
It’s also easy to see that the above map takes étale locus to étale locus, so we have
Ady, GO /Gy — Gl |Gy O

Definition 5.31. Let Wz C Ng(T) - X.(T) be a subgroup such that the map Wog —
(Na(T) - X.(T))/T = Wag is surjective. Let S C T be a Wag (or equivalently W)
invariant subset, and let {Vi,s € S} be a collection of open subsets of T satisfying
Vi(s) = w(Vs), for all w € Wag. Let Vs := N,y Vio Us := x4~ (Vs/ /W)

Then we have a functor

U: 278 Ftka
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defined similarly to Construction 2.8 by:

w’

(1) U(
(2) U(
(3) Ulw'w™) i=nyrp-1 0 Adl, : Ad,, == Ad/
(4) U(

41

The augmentation morphisms ps and 2-morphisms ¢,, defined below extends the

functor U to
U, : fAOPY‘> S;.V LT Stk , by sending the final object to Gg:

There is commutative diagram:

CxG'x@ %(CXGO )y x G
l Tdx Ad, l
C x G C x Gy,

where @, (2, h,9) := (2, Ad,(h),w(z)g). The diagram is g%-equivariant and hence in-

duces:

Pw

'@s '@w(s)

| e, |

EXG2—> x GO

w(s)

Hence and induces @y, @ ps = Pu(s) © Ady, : GY/Gy — Gg an isomorphism between

the morphisms of stacks.
We have the main theorem of this section:
Theorem 5.32. Assume Vs C T and Uses Vs =T, then

(1) the natural map in Stk is an isomorphism:

COhmonp S’ U H— GE
Wast

(2) the natural map in Cats, is an equivalence:

lim, jaor g vop Shar(Us/'Gs) <—— Shar(Gg)
(27 sy, )
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op,>
Proof. By Construction 2.8, we have V : fA ’ S LT &, which is a colimit

diagram by Proposition 2.9. The character polynomial maps xs and xg give a natural
transformation x : Uy (C) = V., which is cartesian by argument similar to Proposi-
tion 5.29 (note that T'/ /' Wag = T/ /' Wag). Hence the functor U, (C) is a colimit diagram
since colimit in . is stable under base change. Hence we conclude by Theorem 5.27 and
Proposition 4.2. 0O

5.8.1. A Lie theoretic choice of charts for simply-connected groups

In this section, we will simplify the previous general discussions to concrete Lie theo-
retic data involving alcove geometry. We assume G is simply-connected throughout this
section.

Choose 7 € H, such that ¢ = exp(2wir). The identification Z ~ Z7 gives tr =
X.(T)®R ~ X,.(T) ® R7. And hence gives a natural wall stratification on X, (7)) @ Rr.
Under the identification C = R x R7, we have:

Exp:=exp(2mi—)
%

(X.(T) @ R/Z) x (X.(T) ® R7) = X,(T) @ C/Z X (T)®C* =T.

Note that the restriction of exponential map: X,.(T) ® R — T is an embedding. The
groups defined in Section 3.2 and in Section 5.1 coincide under this embedding:

Proposition 5.33.

(1) For a € tr, we have G4 = Grxp(0,ar)-
(2) Forac tr, and 0 € X.(T) @ R/Z, we have Guxp6,ar) C GExp(0,ar)-

Proof. There is a commutative diagram:

(X.(T) ®R/Z) X (X.(T) @ RT) ——2 . X,(T)® C*

Wasg-equivariant

| |

Ex
R/Z x Rt — o
Ex j
(0} % Zr - q”

Denote @y := {a=ag —n € Pag| ap(f) = 0} and Wy := Cw,,(0). For s := Exp(6,ar),
then @5 = &y N P, as subset of P, and Wy = Wy NW,, as group of Wog. Hence (1), (2)
follow since for 8 = 0, $y = P, and Wy = W,g, cf. Proposition 3.7. O

Now we assume that G is simply-connected.
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Corollary 5.34. For s = Exp(0,ar), the group G is connected.

Remark 5.35. For general s, the group G5 may not be connected, a counter-example is
given in [5].

Denote by T5¢ := (X.(T) @ R/Z) x St; -7 C T and G5 := X', (T5¢//'W,) C G
be the set of elements with “small eigenvalues”.

Proposition 5.36. The subset T5¢ is contained in T5'.

Proof. Need to prove that for any s € T, the group G is contained in G ;. By Propo-
sition 5.33, we can assume s = (0,a7), i.e. we need to prove G, C G for a € St;, and
this can be easily checked. O

Proposition 5.37. There are isomorphisms in & :

(1) colimyezorT5e/ /Wy ——= T/ [ Wag

(2) COlimJegngSf/lG,]((C) s GE((C)

Proof. (1) By Proposition 3.3, we have colim je z., St 7 Xw, Wag ~ trT, as Wag-set. Mul-
tiply the W,g-set X, (T)®R/Z on both sides yields colim je z (X (T) QR /Z) x St y7 xw,
Wag ~ (X.(T) ® R/Z) x tg7 compatible with the diagonal W,g action. Now dividing
Wag on both sides gives colim je z,T5¢/Wy >~ T/Wag. For s = (0,a1) € T5¢,w € Wag,
such that w(s) = s, we have w(a) = a, and a € St;, hence w € Wj;. So the maps
T3¢ /Wy — T/Wag are fully-faithful, then we get (1) by take my of the previous equiva-
lence. (2) Follows from (1) and Proposition 5.29. 0O

Theorem 5.38.
(1) There is an isomorphism of stacks:
colimye z, G5 /'G5 —s G
(2) There is an equivalence of oco-categories:
lim e 7., Sha (G5 /'Gy) <—— Shy(GE)

Proof. The functor g — Stk (via J — G /'G; and * — Gp) satisfies the assumption
of Theorem A.8: (i) G5°/'G; and Gg are analytic stacks. (ii) The maps are étale by
Proposition 5.36. (iii) By Proposition 5.37 (2). O
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Remark 5.39. The locus of small eigenvalues G° depends on the choice of 7. Nevertheless,
as we will see later in Corollary 6.10, the category of sheaves with nilpotent singular
support Shar(G%/'Gy) does not depend on 7 and it is equivalent to Shy (Gs/G ).

5.8.2. A Lie theoretic choice of charts for general reductive groups

Now assume that G is a connected reductive group. We write G = (Z2°(G) x Ger)/F
where G e, is the simply-connected cover for the derived group of G, and F is some central
finite group. Denote by Tder the corresponding torus in Gder, and tder its Lie algebra. Let
So C taer the set of vertices of the affine alcoves in t4e, g. Denote by S := (X, (Z°(G)) x
So)/F C tr, for any s = [(c,s0)] € S, the open subset Vg s := (34 X Stz,)/F C tg
is independent of the choice of the representatives of s. Put Vi = X, (T) ® R/Z x
VR,s C T. Then the collection {Vy, s € S} satisfies the assumption of Definition 5.31 and
Theorem 5.32.

5.4. Complex gauge theory on S*

In this section, we study the stack G/G =~ Locsysg(S!) using the gauge uniformization
on S'. We will establish the results in previous sections in the present situation. It can be
viewed as a nonabelian analog of the uniformization C — C* = C/Z. Many of the proofs
are similar as before, we shall only highlight some differences in the present situation.

Denote by G the trivial G-bundle on S*, by A(G) the space of connections on G,
and by Conng(S!) the moduli stack of smooth G-bundles on S! with connection. Since
every G-bundle on S? is trivial, we have an isomorphism of groupoids Conng(S*)(pt) =
A(G)/Aut(G). We have an identification Aut(G) ~ C*°(S*, G) =: L, G. The trivial
connection on G gives A(G) ~ Q1(S!, g). Fix z € C>°(S*, C*) a degree 1 map, such that
dz is nowhere vanishing. (For example, take S* to be the unit circle with angle coordinate
6 and z = €?). Then we have a identification — A dlog(z) : Lgng := C=(St,g) =
QLS g).

We have

COIlIlg(Sl)(pt) = Lsmg/lLsmG

And the action above of Lg,,G on Lg,,g is identified with the gauge transformation
(twisted adjoint action): ad’g(a) = gag~—! — #g(z) -g~ ' for g € LynG,a € Lgng.

We have X.(T) — Ls,T via A — Xoz, then t C Ly, t is stable under the gauge action
of X, (T) and the action is identified as translation under X, (T) — X, (T)®C ~ t, where
the last isomorphism is given by (X, ¢) — d\(c). The group Wag C LgmG acts on t via
gauge transformation, this action factor through W,g. When restricted to tg, this action
of W,g equal to the one in Section 3.2.

For a € t C Lgpg, put &, :={a € Oug | aa) =0}, W, := Cw.z(A), G4 :=CL,, c(a)
and g, = Lie(G,). For a = (a;) € t*, let Ga := i, Ga;s0a = [Niey a;s Pa =
Ny @a;, and Wy =1, Wo,.
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Theorem 5.40.

(1) G% =< T,expga|a € P, >.

(2) Ga =< G2, |w € Wy >, where Wa = Cyy,,(a). In particular, it agrees with G, in
Definition 5.6 for a = (a) € tg.

(8) The space ga is stable under the gauge transformation of Ga. The translation by —a
gives an isomorphism of stacks —a : 94/’ Ga — 9a/Ga, where the later action is
adjoint action.

(4) Let X}, : 8o — ta//Wa the characteristic polynomial map with respect to the gauge
action. Let £ := {z € t| W, C W,, ®, C ®o}, and g¢* := ¥, (t//Wy). Then the
natural map p&t : g¢t /G, — Locsysg(SY) is (representable) étale. And pet*(N) = N.

(5) Let S C t be a Waog-invariant subset, for each a € S, let V,, C t, be W,-invariant
open subset, satisfying Vi) = w(V,) for all w € Wag. Let Va := NgeaVa, and
Ua == Xa'(Va//Wa), then we have a functor by sending a to Ua/'Ga and * to
Locsysq (S1):

U A" s s ik

Assume further more that Vo C t&, and Uaes Va = t, then the induced map is an

isomorphism:

colim jacr ss, U —= Locsysg(S!) ~ G/G

T

(6) Assume that G is simply-connected, let t5¢ = St; x itg C t, and g% =
X~ L(t5¢//W ;). Then there is an isomorphism:

colim ye zor g /'Gy —— Locsysg(S') ~ G/G

Proof. (1) This is similar to Corollary 5.6. We have g, = {z € C>(S',g) : dv + [a,z] A
dlog(z) = 0}, Let & = h+ > cp faZa, where h : S' — t, f, : S1 — C. Then the
equation dz + [a, z] A dlog(z) = 0 is equivalent to dh = 0 and df, = a(a)fa A dlog(z).
The first equation has solution constant functions. The second equation has a nontrivial
solution only when a(a) € Z, and in this case, the solutions are f, = cz*(® ¢ e C.

(2) Similar to Corollary 5.10, where we need a version of Lemma 5.9, with Lj,; replaced
by Lsm, and Gs by G.

(3) Similar to Proposition 5.13. As a remark, the map —a : g,/'Go — 84/Ga can be
thought of as untwisting the gauge transformation. Since the gauge transformation is an
affine linear action, and the action of G, fixes a, so re-center the affine space g, at a will
make the action of G, a linear action (in fact adjoint action).

(4) Similar to Theorem 5.27. The 1-shifted symplectic structure on Locsys(S?) is used.
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(5) Similar to Theorem 5.32.
(6) Similar to Theorem 5.38(1). O
From Theorem 5.40(4)(5)(6), and Proposition 4.2, we have:

Theorem 5.41. There is an equivalence:
(1) lim jacr 52, Shr(Ua/'Ga) <—— Shyr(Locsysg(S1)) ~ Shar(G/G)
And for G simply-connected:
(2) limyeze Shar (83 /'Gs) <—— Shy(Locsysg(S')) =~ Shy(G/G)
5.5. Holomorphic gauge theory on elliptic curves

Let w = (w1,w2) be a pair of complex numbers not contained in the same real line.
E = E, = C/(Zw; ® Zws) an elliptic curve. As we shall establish below, similar to
previous sections, the holomorphic gauge uniformization gives an nonabelian analogue
of the uniformization C — FE. Results in this section will not be used in our main
theorem.

5.5.1. Holomorphic gauge uniformization on E.

Denote by G the trivial smooth G-bundle on E, by A%!(G) the space of (0,1)-
connections on G. Any such connection V defines a holomorphic structure on G by
defining the holomorphic sections are those section s satisfying V(s) = 0. Since ev-
ery degree 0 holomorphic G-bundle on E is trivial as smooth bundle, we have an
isomorphism of groupoids Bun% (E)(pt) = A%'(G)/Aut(G). We have an identifica-

tion Aut(G) ~ C*°(E,G). The 0 operator and the (0,1)-form dz give identifications
A% G) ~ QY(E, g) ~ C~(E, g). Hence we have

Bung(E)(pt) = C*(E,g)/'C*(E,G)

And the action above is identified with the Gauge transformation: ad;(b) = gbg™! —
dg-g~*!for g€ C®(E,G), and b € C*(E, g).

Let S1,S2 be two copies of the unit circle. We have isomorphism of Lie groups S; x
Ss = E, by (61,602) +» ©10202  This induces X,(T) x X.(T) ~ Homp;(E,T). An
easy calculation shows that under the identification

tr X tg —— t, (Ap, Ag) — —=2T () A} — w; Ag)

w12 —wWiwe

The translation of X, (T") x X,.(T) on tg X tg is identified with the gauge transformation
of Homp;.(E,T) C C*(E,T) ont C C*(FE,t) (as constant maps). Let Poy := Z X Z X P,
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and for any a = (ny,n2,ap) € ®, define g, := e!(Mm0itm2b2)g —c C°(E, g), and such
defines a map a : tg X tg = R x R, by (a1, a2) — (a(a1) + n1,a(az) + n2). And define
Wen := (X.(T) x X.(T)) x W, and Wen C (X.(T) x X.(T)) x Ng(T) be a subgroup,
such that Wen — Wen is surjective. For b = (b1,b2) under the identification, define
Dy, :={a € Doy | a(a1,a2) =0}, and Wy, := Cw,, (a1, az).

For b = (ai,a2) € t C C®(E,g), let Gy = Gf = Co~(g,,q)(b) the stabilizer
under the gauge transformation, and g, := Lie(Gp). For b = (b;) € t7, let Gp =
Ny Gr,y 06 = (Niy 96:5 Pb := iy Dby, and Wy := (), Wp,. The following theorem
is analogous to Theorem 5.40, we shall omit the proof.

Theorem 5.42.

(1) G =<T,expga | € Pp >.

(2) Gp =< G%,w|w e Wy >.

(8) Let xy, : 9o — tn//'Wh the characteristic polynomial map with respect to the gauge
action. Let ¢ := {x € t| W, C Wy, ®, C ®p}, and g&¥ := x4, (//'Ws). Then
the natural map py : g¢'/'Gp — Bung(E) is (representable) étale.

(4) Let S C t be a Wen-invariant subset, for each B € S, let Vi, C ' be Wy-invariant
open subset, satisfying Vi, = w(Vy) for all w € Wen. Let Vi := MyebVs, and
Up := X{a_l(Vb//’Wb), then we have a functor by sending b to Up/'Gy and pt to
GE.‘

LS LS N

ell

Assume further more that Vy, C £, and Uses Vo = t, then the induced map is an
isomorphism:

COhm[AoP s U—— GE
- Wen

(5) There is induced equivalence
lim, jaor go 1 op Sha(Up /' Gp) ~—— Shar(Gg)
) SWeu)

Recall that the points in coarse moduli eg can be identified with the set of isomorphism
classes of degree 0 semisimple G-bundles.

Corollary 5.43. Let P be a point in eg, assume that Aut(P) is connected. Then eg is
smooth at P.
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Proof. By Theorem 5.42, near P, the stack G g is locally isomorphic to the quotient stack
Lie(Aut(P))/Aut(P) near 0. When Aut(P) is connected reductive, the coarse moduli of
the later stack is smooth (in fact, an affine space). O

Remark 5.44.

(1) By a theorem of Looijenga, ¢eg is isomorphic to a weighted projective space (with
explicit weights depending on the root datum), and it is not always smooth.
(2) It is possible to deduce Corollary 5.43 from some general slicing theorem such as in

[2].

5.5.2. Relation with gauge uniformization on circle

Notation 5.45. We denote by G%, ®%. Wi, the corresponding notation associated to
S, i—=1,2.

The inclusion {0} induces C=(E,,G)
/ N\ an
S Sa, C>=(S1,G) (S, G)
NSNS

Proposition 5.46. Under the above map, let b = (aj,as) we have

N

O Giz

N/

and all the arrows are injective.
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Proof. It is easy to check that

W Dy,
AN /N
oo W2, el o @2

as) as)

\/ N/
d

Wa,

The proposition follows since the groups involved are determined by the above data. O

Remark 5.47. Let G, be a maximal compact subgroup of G. Under Yang-Mills equation,
this Proposition can be thought of as an analogue of the fact that for a G.-local system
L on E, we have

Aut(L
Aut(Lls,) Aut(Lls,)
Aut L|0

Note that both Aut(L|s,) and G% are of the form Cg(s) for some s € T, (or T). In
particular, they are connected if G is simply-connected.

6. Character sheaves

In this section, we establish results on propagation (Proposition 6.5) and untwisting
(Proposition 6.7) for character sheaves, and then use them to prove our main theorem.

Notation 6.1. Recall ®,¢ is by definition of set of affine roots of G. A subset R C ®.g is
called admissible if:

e a+ € R, for any a, 3 € R, such that o+ 8 € P.g;
e the map R C ®,5 — @ is injective, where ¢, — P is the natural map via ag+n —
Q.

Let R := {R C ®.q | R admissible }. For a connected finite dimensional subgroup
of LG, we shall use the notation K € R if K D T and the set of roots of T' acting on
Lie(K) is admissible. Similar for € € R. We see that gs, g4, v, Ga, G2, GY € R.

Let L, K € R, with Lie algebra [, £, and assume that L C K, denote by:
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o [/L quotient stack with respect to the adjoint action ad.

« [/'L the quotient stack with respect to the gauge transformation ad’.

e L/L quotient stack with respect to the adjoint action Ad.

e L/'L quotient stack with respect to the twisted conjugation action Ad’.

o ¢ :={cel]ady(c) =c Vg € L} the center of [.

o ¢(:={cel|ady(c) =, Vg € L} the twisted center of [.

o Z(L):={ce L|Ady(c) =c,Vg € L} the center of L.

o Z/(L):={ce L|Adj(c) =c,Vg € L} the twisted center of L.

o Wy, the Weyl group of L.

o xi:l—=t//Wp,xr: L = t//Wp, the characteristic polynomials.

o X{:l—=t//' Wi, X} : L —t///Wp, the twisted characteristic polynomials.

+ For z € [, denote Cp(z) := {g € L | ady(z) = 2} and C} (z) := {g € L | ad},(z) = z}.
+ For z € L, denote Cp(x) := {g € L | Ady(x) = 2} and C}(z) := {g € L | Ad}(z) =
o B8 .= (g e[| Ck(z) = Cp(x)}, and (¥ .= {z € [ | C}(x) = C} (x)}.

o LKreg.— {pe | Cg(z) = Cp(x)}, and LK .= {z e L | Cl(x) = C} ()}

The following proposition is easy to check.

Proposition 6.2. Let L, K € R and L C K, then:

12

(1) ¢, # 0. For any ¢ € ¢, translation by —c induces identifications: /'L ~ [/L, ¢
x| = x1, O () = Op(x — ¢), [Free’ = [breg,

(2) Z'(L) # 0. For ¢ € Z'(L), multiplication by ¢~ induces identifications: L)L
L/L,Z'(L) ~ Z(L), X}, = x1,C}(z) = Cp(c '), LIree’ = [Kres,

12

Many results in the following sections are stated for both twisted and untwisted case.
We shall only give proof for the untwisted one because the twisted statement follows
from Proposition 6.2.

We call L C P C G a parabolic sequence if P is a parabolic subgroup of the reductive
G and L = P/Up is an isomorphism, where Up is the unipotent radical of P.

Lemma 6.3.

(1) The maps f: 1578 /L — ¢/ K, and f': (278" )/ — ¢/'K are étale.
(2) The maps df* and df’* respect nilpotent cones.

Proof. (1) Follows from Proposition 5.22. (2) For any Y € [*™°& and under the identifi-
cation by shift symplectic form, we have H°(dfy-)| = Id. O
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Lemma 6.4. Let L C Q C K be a parabolic sequence, denote by i : [ C q the inclusion and
q : q — | the projection. Let U C [¥7°8 invariant open subset, denote by QU = ¢~ *(U) C
q, then i : U/L = QU/Q : q are inverses to each other.

Proof. The map i is fully-faithful by definition of [¥7°8. To prove that i is essentially
surjective, we need to show that the unipotent radical Ny of @ acts transitively on
x+ng, for any z € [¥7°8, Now let N; := [N;_1, Nol, and n; the corresponding Lie algebra,
we have [q,n;] C n;. For any z € q, the adjoint action N; stabilizes x + n;. To see this,
let u € n;, then by Baker-Campbell-Hausdorff formula:

Adevz = x + [u, x] + %[u, [u,z]] + ... € x +n;.

Now assume z € (%78 then Ad, : n; — n; is an isomorphism (if [u,z] = 0, then
e" € Ck(z) = Cr(z) C L, hence u = 0). We prove by induction (in reverse order) that
the action of N; on x + n; is transitive. For n >> 0, we have N,, = 1, and the action is
automatically transitive. Assume now that V;;; acts transitively. Suffices to show that
every N; orbit intersects = + n;;1. Now for any v € n;, take u = Ad,'v € n;. Then
Adeu(z+v) = 240+ [u, 2] + ([u,v] + 3 [u, [u,z +v]] 4+ ...) € z+1n;41. Hence the action
of N; is also transitive. O

6.1. Propagation and untwisting

Let & be the category consist of object (K,U), where K € R reductive, and U a
twisted-invariant open subset of €, with morphisms

{P|G1 C P C G4 a parabolic sequence},
2((G1,U1), (G2, Uz)) = if Gy C Go, Uy C Uy N g7 ;

(0, otherwise.
The composition is given by

P((Ga,U2), (G3,U3)) x Z((G1,Uh), (G2, Uz)) — £((G1,Un), (G3,Us))
(Pg7 PQ) — P3 o P2

The nerve of & is the simplicial set N(27) with N(£?),, := the tuples {(Go, G1, ..., G»);
(Py, Py, ..., Pp); (Uy, Uy, ..., Up) }, such that G;, P; € R, and G;_; C P; C G is a parabolic

Gi+
i

/
. . . . . -re .
sequence, and U; is twisted-invariant open subset in g2 "' . The face and degeneration

maps are defined in the obvious way.

Put P[’L,j] = { . .
G, fori=j.

We define three functors a, o', 8’ : N(£?) — Corr(.tk°), via

Pit10...0P;, fori<j.
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(1) a(Gov le eeey Gn7 P17 P27 sy Pn7 U07 Ul? [AAE] Un)i,j = p[lvj]/P['L»]]
(2) &/(Go, G,y Gy Pry Pay ooy Py Uo, Uty o, Un i = Pri g1/ P -
(3) B'(Go,Gry.... G Pr, Pa, ..., Py Ug, Un,s . Up )iy = Ui /' Gy

Note that o and o are well defined by Proposition 3.8.
Let Ppey C & be full subcategory consists of objects whose U-factors are retractable

w.r.t. N.
Proposition 6.5. There is a natural isomorphism Sha (@')|n(,.,) = ShN(F)\N(gpM).

Proof. By Lemma 6.4, the natural maps U;/'G; — p[; 51/’ P 5 induce cartesian squares:

Ui)'Gi =—=U,/'G;

| |

p[i,j+1]//P[i,j+1] — p[i,j]//P[i,j]~

And by Corollary 2.16, this defines a natural transformation n’ : 8’ = o/, or equiv-
alently 77 : @’ = B/ (notation cf. 2.13). Hence we get an natural transformation
Sh(i) : Sh(@) = Sh(B'). The arrows in Sh(a) and Sh(B) are given by parabolic
restriction and restriction to open substacks, hence preserve nilpotent singular support
by Proposition 4.11 and Lemma 6.3. Let Shar(o) C Sh(o’) and Shp(8') C Sh(B’) be
the corresponding functor that takes an object (G, Up) to Shar(go/Go) and Shar(Uy/Go)
respectively. The natural transformation Sh(7') induces Shy/ () : Sha (@) = Sha(B).
Then Shy(7)|n(2,.,) is a natural isomorphism by the definition of retractable sub-

stacks. O
Define un : ¢; x g/'G — g/G, via (c,z) = x —c. Put Ny 1= 0 x N C T (cg x g/'G).

Lemma 6.6. un*, un, preserves nilpotent singular support and there are inverse equiva-
lence of functors:

un” : Shy(g/G) < Shag,, (c; x g/'G) : un,

Proof. We can write un as the composition ¢; x g/'G LN g X 9/G % g/G, where

Un(c, z) = (¢, z—c), and 7 is the projection onto the second factor. Un is an isomorphism
and preserves N, hence it induces equivalences

Un* : Shag,, (¢g X 8/G) < Shay,, (¢ x g/'G) : Un,
We then prove the Lemma by applying Proposition 4.10 to w. O

Proposition 6.7. There is a natural isomorphism Shy (@) = Shy (@).
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Proof. Define af,, : N(&?) — Corr(tk°), via
ot (Goy G1y oy Gy Py Poy ooy P Uo, Uty o Un i = g % Pl /) P gy

By Corollary 2.16, the maps c;j X Plij1/ Prij) = Plig)/ Prij)> via (¢, ) = x — ¢ define
a natural transformation € : @, = @. By Lemma 6.6 The induced map Shar(e) :
Shas,, (@) = Shy (@) is an equivalence. Similarly define @f,, = @ by projecting
to the second factor. It induces equivalence Shyg,, (@) = Sha(@'). Hence we get
Shy (@) =~ Shy(a). O

We also state the group analogue of the above statements. Proofs are similar and we
shall omit.

Let & be the category consist of object (K,U), where K € R reductive, and U a
twisted-invariant open subset of K, with morphisms

{P|G1 C P C G2 a parabolic sequence},
@((Gl,Ul),(GQ,Ug)) = if G1 CGQ,Ul CUQOsz_reg/;

¢,  otherwise.

Define similarly the functors o, o/, 3 : N(£) — Corr(.#tk°), via

(1) a(Go, Gl, ceey Gn, Pl, PQ, ceey Pn, Uo, Ul, ceey Un)i,j = P[i,j]/P[i,j]'
(2) q’(CJO7 Gl7 ceey Gn7 Pl7 p27 ceey an Uo, Ul, ceey Un)i,j = P[i,j]//P[i,j]-
(3) B(Go, G, ..., Gy Pr, Pay ooy Py Uo, Un,y o Un)iy = Ui /' G

Proposition 6.8. There are equivalence of functors:
=/ =/

(1) ShN(g )|N(ﬁm) j Shy (B )lN(ﬁrct)'

(2) Shar(a) ~ Shp(a).

Next, we give some examples of retractable substacks.

Proposition 6.9.

(1) Let K be a reductive group with Lie algebra €. And V. C t be an Wg-invariant
open subset. Then V is star-shaped centered at some ¢ € c¢ if and only if U =
Xe ' (V//W) C € is so. In this situation, U/K is a retractable open substack of €/ K
w.r.t. N.

(2) Let K € R and V C t be an Wi -twisted-invariant open subset. Then V is star-
shaped centered at some ¢ € ¢, if and only if U = X@_l(V//'W) C t is so. In this
situation, U/'K is a retractable open substack of ¢/'K w.r.t. N.
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Proof. Denote by 7 : t — t//W. Let « € U, and t € V, such that x(z) = n(t), then
x(ex) = w(ct). Hence V is star-shaped at ¢ if and only if U is so. Now U/K is retractable
by Proposition 4.8, since A is biconical with respect to the R™ action (which commutes
with the K action) centered at c¢. O

We also have the Lie group version of last proposition.
Proposition 6.10.

(1) Let K be a reductive group, ¢ € Z(K), and V be a W-invariant open subset of
T, such that V := Exp '(¢™*V) C X.(T) ® C is convex and containing tg. Put
U= x5 (V//W), then U/K is a retractable substack of K/K w.r.t. .

(2) Let K € R, ¢ € Z'(K), and V be a W -twisted-invariant open subset of T, such
that V := Exp '(c™'V) C X.(T) ® C is convezx and containing tg. Put U =
X (V] )'W), then UJ'K is a retractable substack of K)'K w.r.t. .

Proof. Since N' C T*(K/K) is invariant under translation by central elements, it suffices
to assume ¢ = 1. In Proposition 5.41 (1), we could choose U, = X, (Va//'W,) for V,
convex in t, and V, Ntg # 0. Then the restriction map Shy (K/K) — Shy(U/K) is in-
duced by taking tfle limit over [,,, S;-Vaﬂ of the restrictions ShN(X;—l Va// Wa)/Ka) —
Shar((x " (VanV //'Wa)/Ka), which is an isomorphism, because when Vj, is non-empty,

a

both x4 ' (Va//'Wa) and x4~ (VaNV //'Wa) are retractable open subset of &, by Propo-

a a

sition 6.9. O

Corollary 6.11.

(1) The substack g5¢/'g; C g5/'9s is retractible w.r.t. N.
(2) The substack G5¢)'Gy C G /' Gy is retractible w.r.t. N.

Proof. (1) V = St is star-shaped centered at any ¢ € .J. Hence g% = xi ' (St;//'W;)
satisfies the assumption of Proposition 6.9.

ake V' = , we see that the subset Exp " (¢~ =tr X1(Sty—c) Ctg Xitg =
2) Take V =T3¢ hat the subset Exp™ ' (c71T5¢) = tg x i(S tR X it
X«(T) ® C is convex and containing tg, hence G% = X/C;II(TjE///WJ) satisfies the
assumption of Proposition 6.10. O
6.2. The main theorem
Theorem 6.12. There are equivalences of co-categories:

Sha(G)G) —— lim ez, Sha(9./G )

Sha(Gp) —— limjez, Sha(Gy/G)
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where in the limit, the arrows are parabolic restriction functors.
Proof. Define Fy — Z°P, via {Jy — J1} — {PJJI0 :(G1,,9%) = (GJ,0%)} Then
Shn(G/G) ~ Jleir;c Sha (95 /) G) by Proposition 5.41 (2)
~ Jlei%c Shar(gs/'Gy) by Proposition 6.5 and Corollary 6.11 (1)

~ i P iti ). 7.
JEH;c Sha(9s/Gr) by Proposition 6.7

Define Fc — P, via {Jo = Ji} = {P° : (G, G%) — (G gy, G5)}. Then
Sha(GEg) ~ Jlené} Shy(G5/'Gy) by Proposition 5.38 (2)
C
o~ Jligjl Sha(Gy/)'Gyr) by Proposition 6.8 (1) and Corollary 6.11 (2)
€Fc

~ lim Shy(G;/Gy) by Proposition 6.8 (2). O
JeEF

Example 6.13. For G = SL,, identifying X.(T) C tg as Z C R, and take the alcove
C =(0,1/2) C tg. We have

Sha(G/G) = lim Sha(t/T)
P(oV \\3(1[{21/2)
Shar(go/Go) Sha(91/2/G1)2)

If the coefficient £ = C, the above diagram can be explicitly calculated as:

Shy(G/G,C) = lim Vect
Vect @ C[Z/2]-mod Vect @ C[Z/2]-mod
= Vect @ Vect @ C[(Z/2 x Z/2)]-mod = Vect & Vect @ C[W,g]-mod

Where U : C[Z/2]-mod — Vect is the forgetful (restriction) functor. The two Vect are
generated by two cuspidal sheaves, and C[W,g]-mod corresponds (see [7]) to sheaves
coming from Grothendieck-Springer correspondence:

T/T <—— B/B—— G/G .
7. Uniformization over M ; and parallel transport

Denote M, the moduli stack of genus g Riemann surface. Denote Bung, 4 be the stack
classifying pairs (C, P), for C' a Riemann surface of genus g, and P a G-bundles on C.
We have a natural map Bung g — M,.
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Denote by m : Bung, — Bungg, and J\fg = W*(OBunByg). We expect Ng defines
parallel transport of the automorphic category Shyr(Bung(C)) over M. More precisely,
for any D — M, étale map, put Bung p := Bung 4 X am, D, we expect:

Conjecture 7.1. Let i : {C} < D be a point. Then functor i* : Shy, (Bung p) —
Sh(Bung(C)) takes value in Shp(Bung(C)). Moreover, if D is contractible, then the
induced functor

Shy,(Bung,p) —= Shy(Bung(C)),
is an equivalence.

We shall prove a similar statement for elliptic curves. Denote M/ ; the moduli stack
of elliptic curves. Denote by Bung := Bung 11 the stack classifying (E, P), for E an
elliptic curve and P a G-bundle on E. And Bun%sls 1 C Bung,1,1 the subset of degree
0 semistable bundles. Denote N5 := W*(OBUH%;@J), for 7 : Bun%’ff’l — Bungﬁsf’l. Let

H — M 1 be the universal cover by upper half plane. Put Bun%’f; = Bun%)sil Xy M,

and Nj7 := NP5 xm,, H.

Choose S C t a W,g-invariant subset, and for each a € S, choose Vg , C tﬁia open
subset, so that Vg ,(a) = w(VR,,) for all w € W,g. For any 7 € H, put V; , := X.(T) ®
R/ZXx V-7 CT.Put Vyy o :=UrepVr o CT xH =:Ty. Denote by Uy, C Go xH =:
G1,q consist of those elements with eigenvalues lying in Vi o//W,. For a = (a1, ..., a,),
put Ua = NgealU,, we have charts pa : U/ Gro — Bung’sf[. These charts give the
uniformization over My 1:

Theorem 7.2. There is an isomorphism of stacks:

. / 0,ss
colim acr st HUH,a/ G,a = Bung?).

Proposition 7.3. p;(N) = N x 0y as substacks of T*(Up,a/ G,a) C T*(Ga/'Ga) X
T*H

Proof. Pick Vg , small, so that Vg ,//W, = tr//Wag is an open embedding. Put B, :=
GaNLB,By a = Bay x H and Ufi’a = Uyp,a N By o We have a commutative diagram

’ B 0,ss
Bya/'Bua < Uy o/ Bra — Bungy,

| | |

0,ss

G’H,a//G’H,a < UH,a//G’H,a > Bunc}[

| | |

TH//Wa V?-[,a//Wa —— TH//Waff
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The horizontal arrows are open embeddings, and all squares are cartesian. Hence the
claim follows. O

Proposition 7.4. Let D — Mj 1 be an étale map, and i : {E} — D a point. Then the
functor i* : Shys (Bun%fg) — Sh(Bung**(E)) takes value in Shy(Bung(E)). More-
over, if D is contractible, then the induced functor

Sharss (Bungfg) —" = Shp(Bun%*(E))

s an equivalence.

Proof. Assume D is small and hence can be lifted to H. Then by Theorem 7.2 and

Proposition 7.3. We see that i* is given by the colimit over [ A Sk - of the restriction

functors
Z'; : ShNXOD(UD,a//GD,a) — Sh(Ua/lGa).

The notation involving D is self explanatory. We can choose Vg , so that Up a,Ua
are retractable w.r.t. the nilpotent cones, e.g. the ones as in section 5.3.2. We need to
show the functor i maps isomorphically onto Sha(Ua/'Ga). To see this, we have a
commutative diagram

Shyxop(Gp,a/Gpa) — Sh(Ga/Ga)

)

Shyxop(Gp,a/'Gpa) —= Sh(Ga/'Ga)

-

Sh./\/'XOD (UD,a//GD,a) — Sh(Ua//Ga)

where the top two vertical arrows are untwisting by some element a € a. And bottom two
vertical arrows are restriction to open substacks, where the left arrow is an equivalence
since Up 4 is retractable w.r.t. Op x N. The top horizontal arrow can be identified as
Shaxop(Ga/Ga X D) — Sh(Ga/Ga), which maps isomorphically onto Sha(Ga/Ga).
Hence we see i also maps isomorphically onto Shy (Ua/'Ga). O

Define 7* a sheaf of category over My 1 via D~ Shy;s (Bungfg).

Corollary 7.5. 7% is a locally constant sheaf of co-categories over M 1, whose stalk at
E e M171 18 Sh/\/(GE)
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8. Remarks

In this section, we make some comments about several related topics.
8.1. Stratification of compact group

Lusztig stratification is commonly used in the study of geometry of G/G. We explain
its relation with our charts when restricted to a maximal compact subgroup.

Let G, be a simple and simply-connected compact Lie group, and T, C G. a maximal
compact torus. Choose an alcove C in X,(7T.) ® R, we define open cover € of G. by
€ ={ ooyt J € vertices of C'}. Identifying the cover with its image, and the cover does
not depend on the choice of T, and C, hence the cover is intrinsic associated to G..
Denote by . the finest stratification of G, generated by € via taking complement and
intersection. Then % can also be recovered from .#: a chart in % is the union of all strata
whose closure containing a fixed closed stratum in .. It is clear from the definition that
% and .7 are conjugation invariant. The stratification . can also be described more
explicitly:

Proposition 8.1. .7 = {%<(Exp(J)) : J € faces of C}.

Now let G be the complexification of G, then G has a Lusztig stratification £ by
conjugation invariant subvarieties [29]. Let .Z. denote the induced stratification on G..
Note that even each stratum in £ is connected, its intersection with G. may not be
connected.

Proposition 8.2. Strata in . are precisely the connected components of strata in Z,.

Example 8.3. For G, = SU(3),G = SL(3,C). £ = {(connected components of) Ly :
A a partition of 3.}, where Ly = {g € G : the semisimple part ¢g°° has eigenvalue of
type A.}. The stratum L,y is connected. However Liyq) N G. = Hk:0,1,2 Si has
three connected component, where S, = {g € G, : g has eigenvalues {a,a,a"2},a =
e?™0/3 and 0 € (k,k +1)}. And .7 = {{I},{e*>™/3I},{e*™/31}, Sy, S1, 82, GL9Y} con-
sists of 7 strata.

The closed strata in . (or %) are precisely the isolated conjugacy classes in G,
they are in bijection with the vertices of C'. For a vertex v, the corresponding conjugacy
class is isomorphic to G/Cq(Exp(v)). For type A, the isolated conjugacy classes are
central elements, hence discrete. For other types, there exists isolated class corresponds
to a non-special vertex (i.e. those such that Cg(Exp(v)) # G), and is therefore positive
dimensional.



P. Li, D. Nadler / Advances in Mathematics 380 (2021) 107572 59

8.2. Nonabelian Weierstrass p-function

We have understood the nonabelian analog of E = C/(Z + Z7) and E = C*/q%, we
also describe the nonabelian analog of view E as of a cubic equation y? = 423 — gox — g3
birationally.

Let E = C/A, where A = Z + Z7, recall the p-function is defined as a A-invariant
meromorphic function on C:

1
:—+ > -3
wehTi0} z+w) w

Definition 8.4. The nonabelian p-function and its derivative is defined as the following
meromorphic functions gl, — gl,:

We shall consider G = GL,, recall that GL,, g is representable by an smooth alge-
braic variety, and there isamap p : GL, = GLy go. Forn =1, GL; go = PicO(E) ~ F,
and the map p is identified as C* — C*/e*™72 = [,

Theorem 8.5.

Ex
(1) Under the maps g, - GL, - GLy. ko , the function p(Z) and o' (Z) de-

scent to a rational function on GLy g .

(2) The map (p,¢'): GLy go — gl, x gl,, , defines a birational isomorphism be-

tween GLy g0 and the subvariety:
{(X7Y) € g[n X g[n : [Xa Y] = Oa and Y2 = 4X3 - g2X _93}5
where go = 60 ZweAf{O} w™* and g3 = 140 ZweAf{O} w6

Remark 8.6. It is more complicated to (partially) compactify the image of the above
rational map to give an actual isomorphism. So far we have only use a single chart, and
the various other charts may be useful for this purpose.

8.3. Dependence of restriction functors on parabolic subgroups
The main results here are Proposition 8.8, which follows immediately from Proposi-

tion 6.8. However, we want to proceed to explain the problem in a more natural point
of view that compatible with other previous approaches.
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In the theory of finite groups, let f : A < B be an inclusion of finite groups. A useful
tool is the induction/restriction of characters:

C[A/A] j: C[B/B]

Now let G be a reductive Lie group, L C G a Levi. It turns out that direct induc-
tion/restriction between G and L as in finite group case does not behave well. To correct
it, the idea is to use an intermediate parabolic subgroup P. And define the parabolic

induction/restriction in various context using the diagram

Lt p_ 2. qg

It’s natural to ask what is the dependence of the resulting restriction/induction on
the choice of parabolic subgroups. One heuristic reason the restriction (pull back) along
f:+L/L - G/G does not behave well is that the map f is not étale (nor smooth).
Nevertheless, put L™ = L% the map f|z- : L"/L — G/G is étale, so when restricted
to L7, the “correct” restriction functor should agree with f|.. And we are done if we
could recover the restriction functor from its information on L”. In the setting of perverse
character sheaves, this is what happens, essentially as explained in [20]:

Proposition 8.7. The bottom horizontal arrow is fully faithful and the triangle is naturally
commutative.

Pervp (G/G)

flor /L
Resp

Pervar(L/L)“—— Perva(L"/L)

In particular, Resp is the unique (up to canonical isomorphism) functor making the
diagram commutative.

From our perspective, at the level of 1-categories, L™ play the role of a retractable sub-
set. This is possible because H°(L) — H°(L") is an isomorphism (both are connected).
So two parabolic restrictions are canonical isomorphic since there is a canonical choice
of retractable subset, namely the largest one L".

However, at the level of co-categories, L” is not a retractable subset since the map
H*(L) — H*(L") is not an isomorphism. (This is more obvious for Lie algebras, where
[ is contractible while [" is not.) Nevertheless, we could still choose a retractable subset
to get:



P. Li, D. Nadler / Advances in Mathematics 380 (2021) 107572 61

Proposition 8.8. Let Py, Py be two parabolic subgroups of a reductive group G with the
same Levi factor L, then there is an isomorphism of functors (depending on a choice of
retractable U in LG8 with respect to N ):

Resp, ~ Resp, : Sha(G/G) — Shar(L/L)

Proof. Let U C L% be a retractable subset w.r.t. N (we left it to the readers to
show the existence of such U.) Define iy,iy : Al — ﬁmapping to P, : (L,U) — (G,G)
and P, : (L,U) — (G,G) respectively. By Proposition 6.8, we have Shy(a(i1)) =~
Sha(B(i1)) = Shy(B(i2)) = Shy(aliz)) O

Remark 8.9. The retractable subset does not always exist for general H C G of maximal
rank (other than Levi subgroups). A counterexample is that for H = SLy x SLy C
Sp4 =G.

Since the choice of retractable subset is not canonical, it is natural to understand the
space of choices. This is more clear in the situation of Lie algebras. Let py,po be two
parabolic subalgebra of g with Levi . The space of choice of a retractable subset of [
w.r.t. g is ¢f := ¢ NI". Indeed, for any x € ¢}, we could choose a small contractible
and retractable U, near x, and for x,y close enough and U,, U, small enough, we could
choose a U, , containing U,, U,. Hence we have constructed

Proposition 8.10. Regard ¢ as an oo-groupoid. There is a morphism of co-groupoids:
¢f — [Resy,, Resy, ],

where the right hand side is the co-groupoid of natural isomorphisms between Resy, and
Resy,.

Remark 8.11.

(1) Pick any z € «f, it gives Lie algebra version of Proposition 8.8.

(2) Under Fourier transform, for orbital sheaves, such morphism is constructed in [30]
using nearby cycle functor of the family given by characteristic polynomial map.
Note that the same choice ¢{ is implicit in the proof.

The same approach does not apply to the elliptic situation, we don’t know yet if the
parabolic restriction for nilpotent sheaves on G g is isomorphic for different choice of
parabolics. The problem is that F is compact, restricting to any (proper) open subset
will miss the top cell, hence there is no retractable open subset in this case. This is
contrary to the case for C* or C where one could restrict to a smaller open subset where
the relavant maps behave well while still retains the topology. We will understand this
question for E in a future paper via a different method.
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Appendix A. Analytic stacks

Denote by . the oo-category of topological spaces, €plx the site of complex spaces
with classical topology, a prestack is a presheaf % : €plx®? — &, and a stack is a
sheaf on ¥plx. Denote by .tk the oo-topoi of stacks. We view €plx C Stk via the
Yoneda embedding. A morphism %’ — % in .tk is representable if for any X —
%, X € €plx, the fiber product X xg %' is representable (by a complex spaces). Let
P be a property of morphism in #plx, which is stable under base change, we say a
representable morphism %/ — % in %tk satisfying P if for any X — %, X € ¢plx,
the base change map X xg %' — X satisfies property P. Such properties include being
surjective, étale (:=locally biholomorphic), smooth, closed embedding, open embedding,
open dense embedding, isomorphism.

Definition A.1. A stack % is an analytic stack if

(1) Z(S) is a (1-)groupoid, for all S.

(2) The diagonal map ¥ — % x ¥ is representable.

(3) There exist Z € €plx, and f : Z — % (which is automatically representable by (2))
smooth and surjective.

We shall call the pair (Z, f) an atlas of F'.

Definition A.2. f: 2" — % is generically open if there is  C 2 open dense embedding,
such that f|g : Z — % is an open embedding.

Lemma A.3. An étale and generically open morphism of analytic stacks is open embed-
ding.

Proof. Suppose f : X — Y is generically open and étale, but not an open embedding.
Then there are z, 2’ € X mapping to the same point y. By étaleness, there is a small ball
U near y, so that f~1(U) — U contains a double cover. Therefore f can’t be generically
open. Contradiction. O

Notation A.4. For a groupoid %, let |€| be the set of isomorphism classes in €. For a
stack 2", Denote | 27| := |2 (C)|. It has a natural topology coming from (representable)
étale morphisms.

Let © € Ob(Z'(C)), we say f is étale at x if for any base change Y — %, f' :
X =2 xg Y — Y is étale at any point 2’ € X over z. By definition, étaleness only
depends on isomorphism class of z, so we can also speak about f being étale at z € | 2.
The locus in | 27| where f is étale is open. And f is étale if and only if it is étale at
every | 27|
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A.1. Tangent groupoid and tangent complex

T, Z the tangent groupoid at x is defined to be the fiber category of o : 2 (Cle]) —
Z (C) over z, i.e. Ob(T, Z') :={(v,¢) : v € 2 (Cle]), ¢ : o(v) = z}, and morphism are
those induce identity on x. There is an action of Aut(x) on T,,.Z via (v,¢) — (v,g 0 @)
We have natural map of groupoid df, : T, 2" — Ty )% by post-composition with f.
The map intertwines the action of Aut(z) and Aut(f(x)). By base change, we have

Proposition A.5. Assume Z', % smooth analytic stacks, then f is étale at x if and only
if dfy is an equivalence.

Where an analytic stack is smooth if it has an atlas (Z, f), such that Z is a complex
manifold. For smooth analytic stack 2, the tangent groupoid T}, Z" has a natural struc-
ture of category in vector spaces such that the commutativity constraint is trivial. Such
datum is equivalent to complex of vector spaces in degree —1,0. The assignment is by
associate such a category ¢ to H—! — H where the differential is trivial and H(%) :=
isomorphism classes of objects in ¢, and H~1(%) := the automorphisms of identity
object. Note that both of them have vector space structures. Under this assignment,
Aut(z) acts linearly on H*(T,2), and df, induces an linear map between H"’s and it is
an isomorphism if and only if the original functor between groupoids is an equivalence.
We have HY(T, Z") = Lie(Aut(x)), and the action of Aut(z) is conjugation.

Example A.6. Let 2" = X/G be the quotient stack, T2  is represented by the complex
g®c Ox — TX, for x € X, let T be the image of x in 2", then T3 2" is quasi-isomorphic
to the complex g — T, X, where the arrow is H +— 4|,_;exp(tH)z. The action of

Aut(z) = Cg(zr) on Tz 2" = {g LN T,X} can be identified as:

e conjugation on g;
o g € Aut(z),v = v'(0) € T, X, for some curve (t) through z. We have g - v :=
L10g7(t).

Then ¢ is an Aut(Z) module map. Indeed, d(ady(H)) = L|,_gexp(t - ady(H))z =

-1 —1

41, _ogexp(tH)g~ e = L|,_ggexp(tH)z = g-5(H), where g~'z = z because g € Cg(2).

A.2. Sheaves on analytic stacks

We shall work in the framework of [27,28]. Let k be a commutative ring of finite global
dimension. Denote by Sh(X) = Sh(X, k) the co-category of sheaves of k-modules on X.
And for & a prestack, define Sh(#) := limxewpix,, Sh(X). We have the following
smooth descent:

Theorem A.7. Let F' be an analytic stack, (Z, ) an atlas of % . Denote Z3, : AP — Stk
the Cech nerve of f. Then:
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(1) colimper Z3, ~ % in Stk.
(2) lima Sh(Z3,) ~ Sh(¥) in Cato.

Theorem A.8. Let & be an oo-category, and X : I% — Stk be a functor, such that

(i) all objects go to analytic stacks;
(i) all arrows go to representable étale morphisms;
(7ii) the induced functor on C-points X(C) : I* — .7 is a colimit diagram.

Then

(1) X is a colimit diagram.
(2) the induced functor on sheaves Shx : I%°P — Catoo, defined by I — Sh(X(I)), is
a limit diagram.

Proof. By Theorem A.7, we can assume X takes value in €plx.

(2) For T € #, put fr : X(I) —» X(%). For any F' € Sh(X(x)) and z € X(x), we
have (fnfiF). ~ [] () Fo by the étaleness of fr. For fully-faithfulness: by next
Lemma, it is equivalent to show that the natural map colim;ec.s fr1ff(F) — F is an
isomorphism for any F' € Sh(X(x)). This can be checked on stalks: for any z € X,
we have (fnffF)s ~ Hfl—l(z) F, by the étaleness of fr, hence (colimse s friff(F))s =
colimye ¢ (f11ff(F))y = colimye » Hffl(w) F, ~ F, because colimje ¢ Hfl—l(w) ~ {z} by
assumption. For essential surjectivity: let F; € Sh(X(I)),I € £ be a compatible sys-
tem, put F' := colimse s f11Fy. Define the co-category X, := {({,z) | =1 € ffl(x)},

then F, = colimye s [] ) Fr,, = colimy, Fr,, = colim|x,|Fr,,, the last equality

erefi(
is because for any (/,z7) — (J,2 ), the natural map F;,, — Fy,,, is an isomorphism.
Now | X, | ~ * by assumption. This induces the isomorphism Fy,, — F, ~ f{F,,, hence

fiF ~Fy.
(1) We see that the functor X factors as #” A Sh(X(x),.7) s Stk , where
X'(I) = fnfr(X(%)). The functor ¢ preserves colimit, so it suffices to show X' is

a colimit diagram. This follows the argument in (2), since X =~ colim fnf;(X) in
Sh(X(x),). O

Lemma A.9. Let C : I°P — Fat, be a functor, such that for any a: 1 — J in &, the
left adjoint of C(a) exist. Put gr :== C(I — %), and fr its left adjoint. Then the following
are equivalent:

(1) The induced functor C(x) — lime. s C(I) is fully faithful.
(2) The natural transformation € : colim;e » frgr — Id is an isomorphism.
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Proof. The limit co-category limye » C(I) consists of objects: compatible system {c; €
C(I}ie.r, and morphisms: Hom(cr,d;) = limHom(ey,dy). For z,y € C(x), we have
Hom(z,y) — lim;c.» Hom(g;(x), ¢:(y)) ~ Hom(colim;e # f;g:;(z),y). Then both (1) and
(2) are equivalent to the above arrow being an equivalence. 0O

Remark A.10.

(1) (Descent for hypercovering) Etale hypercoverings satisfy the assumption of Theo-
rem A.8. In fact, a functor U*> : A°P> — .tk is an étale hypercovering of an
analytic stack if and only if it satisfies (i)-(iii) and the additional assumption: (iv)
the simplicial set U*”(C)|aer is a Kan complex.

(2) Let {Us|s € S} be a finite open cover of an analytic stack X. Let 22(S)(resp. 22°(S))
be the category of (resp. nonempty) subset of S. Then the functor U : 2(S5)°P =
PY(89)°P> — Ftk, via I — Nge U, satisfies assumption.

Appendix B. Semisimple and semistable bundles

In this section, we collected some basic facts about G-bundles on elliptic curves. Some
references are [4,15,16].

Definition B.1. Let P be a G bundle on a compact Riemann surface C.
P is of degree 0 if it lies in the neutral component Bunl(C) of Bung(C)
P is semisimple if P has reduction to a maximal torus 7T'.

Let C' = E be an elliptic curve.

P is semistable if the associated adjoint bundle gp is semistable.

It’s easy to see that semisimple semistable G bundles of degree 0 are exactly those in
the image of the map Bun%-(C)) — Bun% (C). Let G := Bun¥; & 7 (E) be the stack of degree
0 semistable G bundles on E. And eg be the coarse moduli space of degree 0 semistable
G bundles. There is a (non-representable) maps between stacks xg : Gg — ¢g, by taking
a bundle to its S-equivalence class. We have ep ~ (Pic’(E) ® X, (T))//W. There is a
commutative diagram:

¢E

where 7 : Tp/W — ep by forgetting the automorphisms. Let ¢/y? = (Pic’(E) ®
X, (T))9/ /W C eg, where (Pic’(E)® X, (T))"*9 C (Pic’(E)® X, (T)) is the open dense
locus where the W action is free. Take G5 := x5 (e Teg) and TR /W := n=1(e}y9), then
we have an isomorphism of analytic stacks T /W — G59.
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Proposition B.2. For any ¢ € eg, the subset of semisimple bundles is abundant in
g ().

Proof. Take any P € |y5'(c)|, by [7], there exists a B-reduction Pp of degree 0. Now by
[33, Proposition 3.5], there exist a family of G bundles on E, whose generic fiber is P and
special fiber is P** := Ppx T x1G. Hence P** € {P}, note also that P** € |xz'(c)|. O

Let Bungf; (E) be the moduli stack of degree 0 semistable G-bundles on E with
trivialization at € E. We have:

Proposition B.3. Bunglf; (E) is representable by a complex manifold.

Proof. Consider Bungiif (E)8 the smooth algebraic stack of degree 0 semistable G bun-
dles with trivialization at z. For any G-bundles P, the natural map Aut(P) — Aut(P)

is injective, by Atiyah’s classification of vector bundles over elliptic curves. Hence
0,ss

Bung’, (F)*# takes values in .et C .7, therefore it is representable by a smooth alge-
0,ss 0,ss

braic space. And Buny’, (E) is analytification of Bung® (E)*#, hence it is representable
by a complex manifold. O
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