CUTOFF BOLTZMANN EQUATION WITH POLYNOMIAL PERTURBATION NEAR MAXWELLIAN
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ABSTRACT. Inthis paper, we consider the cutoff Boltzmann equation near Maxwellian, we proved the global
existence and uniqueness for the cutoff Boltzmann equation in polynomial weighted space for all y € (-3,1].
We also proved initially polynomial decay for the large velocity in L? space will induce polynomial decay
rate, while initially exponential decay will induce exponential rate for the convergence. Our proof is based
on newly established inequalities for the cutoff Boltzmann equation and semigroup techniques. Moreover,
by generalizing the L L), N LY, approach, we prove the global existence and uniqueness of a mild solution
to the Boltzmann equation with bounded polynomial weighted L$®, norm under some small condition on
the initial L}CL‘,’,o norm and entropy so that this initial data allows large amplitude oscillations.
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1. INTRODUCTION
The Boltzmann equation reads
atF+U'VXF:Q(EF)7 F(nyy U):Fo(x) U)) (1)

where F(t,x,v) = 0 is a distributional functions of colliding particles which, at time ¢ > 0 and position
x € T3, move with velocity v € R%. We remark that the Boltzmann equation is one of the fundamental
equations of mathematical physics and is a cornerstone of statistical physics. The Boltzmann collision
operator Q is a bilinear operator which acts only on the velocity variable v, that is

Q(G,F)(v) :f / B(v-v.,0)(G,F' —G.F)doduv..
RS Js?
Let us give some explanations on the collision operator.
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(1) We use the standard shorthand F = F(v), G, = G(v.), F' = F(V), G, = G(v},), where V', V!, are given

by
v+v v—v v+v v—-v
/: * | *|O', ;= *_| *lo_, 0_€§2
2 2 2 2
This representation follows the parametrization of set of solutions of the physical law of elastic
collision:

vHv. =V +0L, WP+ v P =1V + VLR
(2) The nonnegative function B(v — v,,0) in the collision operator is called the Boltzmann collision

kernel. It is always assumed to depend only on |v — v.| and the deviation angle 6 through cos6 :=
V—0Vy
=]’
(3) In the present work, our basic assumptions on the kernel B can be concluded as follows:

(Al). The Boltzmann kernel B takes the form: B(v — v.,0) = |v — V*|Yb(\5:Z:| -0), where b is a
nonnegative function.
(A2). The angular function b(cos#) satisfies the Grad’s cutoff assumption

K<b(cosf) <K', K>0.

(A3). The parameter v satisfies the condition -3 <y < 1.
(A4). Without lose of generality, we may assume that B(v — v,,0) is supported in the set 0 < 6 <

/2, 1i.e. “”}:Z*l -0 =0, otherwise B can be replaced by its symmetrized form:

B(v—v.,0) =|v—v.|"(b(

-0)+ b(
[V — vyl [V — vyl

where 1 4 is the characteristic function of the set A.

(=o)L g,

[v—vx|

Remark 1.1. Generally, the casey >0,y =0, andy < 0 correspond to so-called hard, Maxwellian, and soft
potentials respectively.

1.1. Basic properties and the perturbation equation. We recall some basic facts on the Boltzmann
equation.

« Conservation Law. Formally if F is the solution to the Boltzmann equation (1) with initial data F, then
it enjoys the conservation of mass, momentum and the energy, that is,

d
dt
For simplicity, we introduce the normalization identities on the initial data F which satisfies

f F(t,x,w)dvdx=0, @) =1,v,|v%. @)
T3xR3

f Fy(x,v)dvdx =1, f Fy(x,v)vdvdx =0, f Fo(x,l/)|l}|2dl}dx=3.
T3 xR3 T3 xR3 T3 xR3

This means that the equilibrium associated to (1) will be the standard Gaussian function, i.e.
/J(l/) = (2”)—3/Ze—|v|2/2,

which enjoys the same mass, momentum and energy as Fy. By the Boltzmann H-Theorem, the solution
to the Boltzmann equation (1) satisfies

f[F(t,x,v)lnF(t,x,v)dvdxsf f Fo(x,v)InFy(x,v)dvdx, Vt=0. 3)
'D'S RS ‘|]'3 RS

e Perturbation Equation. In the perturbation framework, let f be the perturbation such that

F=pu+f.
The Boltzmann equation (1) becomes

0:f+v-Vif =Q, )+ QUf, 1)+ Q(f, /) :=Lf + Q(f, ), (4)
with the linearized operator L = Q(y, ) + Q(, ).



1.2. Brief review of previous results. In what follows we recall some known results on the Landau and
Boltzmann equations with a focus on the topics under consideration in this paper, particularly on global
existence and large-time behavior of solutions to the spatially inhomogeneous equations in the pertur-
bation framework. For global solutions to the renormalized equation with large initial data, we mention
the classical works [14, 15, 40, 50, 51, 13, 6]. For the stability of vacuum, see [41, 30, 12] for the Landau,
cutoff and non-cutoff Boltzmann equation with moderate soft potential respectively.

We focus on the results in the perturbation framework. In the near Maxwellian framework, a key point
is to characterize the dissipation property in the L? norm in v for the linearized operator and further
control the trilinear term in an appropriate way. More precisely, for the cutoff Boltzmann equation, the
corresponding linearized operator L, is self-adjoint and has the null space

1
Luf = ﬁ(Q(u, VEP +QWES,w), Null(L,) = Span{y/&t, /i, v/ElvI%,

and having the coercivity property
(f,Luf)==CIfl}; , Vfe Null(L)",
Y

for some constant C > 0, such coercivity property is essential in the near Maxwellian framework.

In the near Maxwellian framework, global existence and large-time behavior of solutions to the spa-
tially inhomogeneous equations is proved in [27, 28, 46, 47] for the cutoff Boltzmann equation and in
[26] for the Landau equation. For the non-cutoff Boltzmann equation it is proved in (2, 3, 4, 5, 23, 24],
see also [19] for a recent work. We also refer to [31, 32, 33, 18, 17, 20] for the Vlasov-Poisson/Maxwell-
Boltzmann/Landau equation near Maxwellian. We remark here all these works above are based on the
following decomposition

0if +v-Vuf =Ly f+T(f, ), Lyf=iu(Q(u»\/ﬁf)+Q(\/ﬁf,#))» F(f,f)=iQ(\/ﬁf,\/ﬁf),

Vi VE
which means the result are in = /2 weighted space.

In the near Maxwellian framework, there are also several results for L, well-posedness results near
Maxwellian. For the cutoff Boltzmann equation near Maxwellian, a L? — L™ approach has been intro-
duced in [48, 29] and apply to various contexts, see [38, 35] and the reference therein for example. Global
LY, well-posedness result near Maxwellian is proved for the Landau equation in [37] and for the non-
cutoff Boltzmann equation in [8, 45]. The solution with large amplitude initial data is first proved in
[16] under the assumption of small entropy, we also refer to [21] for the Boltzmann equation with large
amplitude initial data in bounded domains and [52] for the relativistic Boltzmann equation with large
amplitude initial data.

For inhomogeneous equations with polynomial weighted perturbation near Maxwellian, in Gualdani-
Mischler-Mouhot [25] the authors first prove the global existence and large-time behavior of solutions
with polynomial velocity weight for the cutoff Boltzmann equation with hard potential in LLL(1 +
|v%), k > 2, this method is generalized to the Landau equation in [10, 11]. The non-cutoff Boltzmann
equation with hard potential is proved in [36, 7], the soft potential case is proved in [9]. The cutoff Boltz-
mann equation with soft potential is proved in this paper.

1.3. Main results and notations. Let us first introduce the function spaces and notations.
 For any p € [1,+00), g € R the Lg norm is defined by

190 := [ ir@rwriay

where the Japanese bracket (v) is defined as (v) := (1 +|v|?)'/2.
3



e Forany pe[l,+00), keR,a>0,be (0,2) the L’,Z,a'b norm is defined by

IF17,

k,a,b

= f |f(l,)|P<v>nqepa<V>bdv‘
R3
« For real numbers m, [, we define the weighted Sobolev space H lm by

H" = {f W flap = |(YADY™ fl 12 < +oo},

where a(D) is a pseudo-differential operator with the symbol a(¢) and it is defined as

1 .
(@D))) = —— f f ' a(E) fwdudé,
2m)° Jrs Jrs

and we denote H™ := Hj". The weighted Sobolev space H;" , can be defined in a similar way.
« For function f(x,v), x € T3, v € R3, the norm | - I e g is defined as

1/2
I f N e g 2= (fwr?» {Dx)* f(x, -)Ilélmdx) .

Ifa=0, HH ;= I’H /"- The weighted Sobolev space Hy H;”" , can be defined in a similar way.

» We write a < b indicate that there is a uniform constant C, which may be different on different lines,
such that a < Cb. We use the notation a ~ b whenever a S b and b S a. We denote Cy, g,,.,a, DY @
constant depending on parameters a,,dp, -, a,. Moreover, we use parameter € to represent different
positive numbers much less than 1 and determined in different cases.

* We use (f, g) to denote the inner product of f, g in the v variable (f, g) 2 for short, we use (f, g) I to
denote (f, g{v)?¥) 2.

« For any function f we define

1F @l :=f§2f(9)d0:27rf0 f (@) sin6deo.

» Gamma function and Beta function are defined by

Oo x-1_—t ! p-1 q-1 Oo tp_l
I'x):= e dt, 0, B(p,qg) := tF— Q-9 "dt= _—, ) 0.
(%) fo e x> (p,q) fo 1-0 fo A1 p+a p,q>
We recall that Beta and Gamma functions fulfill the following properties:
I'(p)T(q) -
B(p,q9)=————, B(p,g)~q? if 0<p=<2. (5)
b q T(p+q) pq ~q p

« For the cross section B(cos8, |v — v.|) with an angular cutoff, we will use the notation Q* defined as
Q' (f.8 =f f B(cosO,|v. — v f,g'dv.do, Q(f,8) =/ f B(cosO,|v—v.|) figdv.do.  (6)
R3 JS2 R3 JS?
Note that Q(fr g) = Q+(f: g) - Q_(frg)

o For the linearized operator L we have
ker(L) = spani, vi, vap, vap, |vI* .
We define the projection onto ker(L) by

Pf'_(f f fd"dx) +i(f f V‘fdvdX)v~ +(f VP23 s 1223 o
| IR g i=1 T3 JR3 ' i Jrs V6 NG M.
e Forany k€ R,y € (—3,1], we define

i, = [ [ swow-vngwrw®dva,.

k+y/2,*

It is easily seen that ~ .
y ||f||L%c+y/2,* ”f”Liﬂ//Z



* During the whole paper, we will denote N by

2 e(—§ 1]

’ Y 2) )

5 3
N=<3, ——,——1, 8
Yel( 5 2] 8)

4 €(-3 5]
, Y ok

» We let the multi-indices @ and 8 be a = [a1, a2, asl, B = [B1, B2, B3] and define
0%:= 0% 0520% 0510720l

» If each component of 6 is not greater than that of the 0’s, we denote by 0 < 6; 0 < § means 0 < 6, and
6] <161.

eForany keR,a>0, b€(02),1f7/€( , 1] we will denote
1F15 = X IKo¥afI%, o If 1, = X 10° Fanke ™" 2, 9)
lal=2 lal<2

f-3<y=< —% we will denote the weight function w(a, B) as

w(lal,|l) = (vyk-@a=bIbl+c b = 7max{—y,0}, a=b+min{y,0} =6max{—y,0}, c=4b.  (10)

Note that w(a, ) = w(lal,|B]), the two notations will have the same meaning in the whole paper. We
then define

1f3,= Y Chplw@Pasfi, , I, = Y Chyplosfwepe 17 Ay

lal+|Bl=N ' o lal+II=N
where the constant Cjq) ) satisfies
Clal1pl < Clat gy Y1alz0, 0=If1l<Ifl, Caj+1,1p-1 > Ciayipy  Vlalz0, [pIz=z1,  (12)
and we will denote Y := Xi1y/2, Yk a,b := Xk+y/2,a,6- We also define
3 3
If15,. = X |I6“f|IL2L2 creS U My, = Y Cglwe pog f||L2L2 , Ye=3,-3l

lal=2 " lal+IBlsN
(13)

« Define Xo:= H2L2 if y € (-3,1], Xo := HY, if y € (-3,-3].
« Define the relative entropy by

H(F(t))::f f F(t,x,v)InF(t,x,v) — ulnudvdx, (14)

itis easily seen that H(F(t)) =0,V =0, H(u) =

1.4. Main results. We may now state our main results.

Theorem 1.2. Consider the Cauchy problem
01f+v-Vof =Lf+Q(f, f), u+fz0, fO)=fo, Pfo=0.

» Polynomial case: For any k = 6, there exists a small constant ey > 0 such that for any initial data
fo € Xj satisfies
p+fo=0, Pfo=0, lfollxs<eo Ifollx, <+oo,

there exists a unique global solution f € L*°([0,+00), Xy) satisfies F = u+ f = 0. Moreover ify €
[0,1], we have

IfOlx, <e Mifolx,, Vie(0,+o00),
5



for some constant A > 0. Ify <0, then for any 6 < k; < k we have

_ lkksl
IfWlx, St " lfolxe, VYk«e ki, k), VYie(0,+00).

o Exponential case: For any k € R,a > 0,b € (0,2), there exists a small constant €y > 0 such that for
any fo € X, q,p satisfies

p+fo=20, Pfo=0, Ifollx,,, <€o

there exists a unique global solution f € L*°([0,400), Xk 4,p) satisfies F = u+ f = 0. Moreover if
Y € [0, 1], we have

1fF Ol X0y S e_Mllfollxkya,b, Vi€ (0,+00),
for some constant A > 0. If y <0, then for any 0 < ay < a we have

b

_ b—
DXy S €M 1 folxgny YIE(0,+00),

for some constant A > 0.

Several comments on the results are in order:
» The choice of N is optimal in the sense that N —2 is the minimal integer such that

1QUf, Hll -2 = CUF I pxee-

» We emphasize that for global solutions in the polynomial weight space, we only need the small initial
value of a given norm, more precisely we only require the smallness of Xg instead of Xj.

By assuming the entropy is small we can prove the well-posedness for the Boltzmann equation with
large amplitude initial data.

Theorem 1.3. Consider the Cauchy problem
0if+v-Vif=Lf+Q(f,f), p+f=z0, f(O=fo, Pfo=0.

For anyy € (=3,1], there exists a constant ko = 8 such that for all k = ky, for any f = max{3,3 + vy}, for any
fixed constant M > 1, there exists a constant €y > 0 depends on M, k, B such that if

K *P follzes, < M, H(Fo) + IK0)* foll 11120 < €0, (15)
then the Boltzmann solution has a unique global mild solution f € L*(]0, +00), Li?,,((v)“ﬁ)) satisfies that
KoY P f()l e, = CM?, V20,

where C > 0 depends ony, k, B. Moreover, for the casey = 0 we have
K P FD) e, < Ce™, Vi=0,
for some constants C,A > 0. For the case —3 <y <0, if we further assume 5 = 6, for any r € (0,1) we have
K FDlle, <CA+DT, Viz0,
for some constants C > 0.

o Comment on the solutions. It should be pointed out that initial data satisfying the smallness condition
(15) are allowed to have large amplitude oscillations in the spatial variable. For instance, one may take

Fo(x,v) = po(x)p(v), xeT>xR?,

with pg(x) =0, p0 € L2, po—1€ LY, polnpo—po+1 € LL. It is easy to verify that (15) holds if || oo In pg — po +
Uiy +1lpo—1ll1 is small. Even though [|poInpo—po+1li;1 +llpo— 1111 is required to be small, initial data
are allowed to have large amplitude oscillations.

6



1.5. Strategies and ideas of the proof. In this subsection, we will explain main strategies and ideas of
the proof for our results.

We briefly talk on the semigroup method, this method is first initiated in [43] and extended into an
abstract setting in a famous work by Gualdani-Mischler-Mouhot [25], see also its application in kinetic
Fokker-Planck equation in [42]. The main idea for the L? case can be expressed briefly as follows: Taking
the case y = 0 in the homogeneous Boltzmann equation for example, first by existing results we have

(Lf, f)LZ(lfl/Z) = —/1||f||L2(;fl/2)» 1SL.(2) fo ||L2(;fl/2) = e_/lt”f()”%g(ﬂ—l/zy
for some constant A > 0. If we can prove
(Lf, Pz < =CIfI3 + Cel f1IZ,, (16)
k k

then define A= Mypg, B = L - A, where y € D(R) a truncation function which satisfies 1j-1,1; < y < 1j-2,2)
and we denote y,(-) := x(-/a) for some constant a > 0. Taking M, R large we have

(B fiz < =CIfWyzs NAF g < CIf Iz,

which implies
1S5 fllz < e Ml foll 2,

by Duhamel’s formula

t
At
1SL(2) ”Li_’Li = |Sg(®) ”Li_'Li +f0 ”SL(S)”LZ(M’”Z)—’U(WM)”A”Li—’Lz(ﬂ'”z) ISp(t— S)”Li_’Li =Ce ™.

The rate of convergence for the linear operator L is established. Define a scalar product by

+00
((f,8)=(f, 8z + nfo (Sc()f,Sc(v)g)dr,

since

+00 +oo
f (SL(@) f,SL®) fdr < CIfII2, f e Mdr < CIfI3,,
0 kJO k

we deduce ((,+)) is an equivalent norm to L%C. By

+00

+00 d
fo (SL(T)LS, S1.(0) Pt =f0 L ISL@ fId = Jim 1S FI ~ 1F12 = =112,
which implies
(Lf D= LF P +n fo (SLOLS, S0 f)dr = ~Colfll 2 + (Co =)l flz = ~Cill fl .

by choosing a suitable 1. The estimate for the linearized operator L in this equivalent norm allows us
to combine with the nonlinear estimates to conclude the full convergence. In other words, one of the
main works of this paper is to prove (16) plus some appropriate upper bounds for the nonlinear operator
which consists with the lower bound in the linearized estimate.

We briefly describe one proof for (16). We observed and proved, for any y € (-3, 1], k > max{y + 3,3}

(nyk L c 2 3
lv—v4|V ——e 2" dv,.do < W+ Crv)'™%, VYveR’, (17)
R? Js2 vk K

7



where the constant c is independent of k. The proof of (17) can be seen in Lemma 6.2. By (17), under the
cutoff assumption (A2), for the Q* term we have

Q" (), f()*5)] szfng bcosO)|v—v.l"If(W)le™2 " Fw)lwy* dv. dvdo

sc(fff|u—v*|Y|f(y’)|2<y’>2ke—%<vi>2dy*duda)
RS R3 §2

1/2
( ) _1 /N2
— Yy (V) 2 2k
\[;@3\[';3 §2|U *l l>2k 2 |f(U)| <V> dv*dde')

1/2

k+y/2-1

<2 If 1%, CFCSIL (18)
k4 ey

for some constant ¢, > 0 independent of k, the (Q* (f, u), f¢ )2k term can be estimated by the same way.
For the Q™ term we easily compute

-Q (f,w-Q (1 f) szng|v—v*IYb(cos(?)(,u(v*)f(V)+;u(v)f(v*))dv*d0s—61<V>Yf(V)+Cu(V)I|fIIL;t,

so we have
~Q W+ Q . FW* ) s=allflf;  +Cell fIT,.
+y/2 6

Gathering the two terms we have

2¢:
(L, FYR) < —(cr = Z=2)1IF1% +CrllfI1%
kYT Lk+y/2 L

k+y/2-1
+3

If k is larger than some constant ky such that 2¢, < ¢; kgT , (16) is thus proved. To get an optimal k for
the polynomial weight case, we will use the pre-post collisional change of variables to give more precise
computation in this paper.

We remark here that (17) also serves an important point in the proof for Boltzmann equation with
large amplitude initial data. In [16], the following inequality

_l| 2

|
e 4
lv—vi |V ——e 2P dy, do < C(u) 2,
R e~V

plays a key role in the proof for Boltzmann equation with large amplitude initial data for the u='/? case.
The inequality (17) can be seen as its polynomial version.
For the upper bound, we observed and proved such fact that

()* ,
LK §2| l>k‘< ,>kdv*d0'SCk<l}>Y, VUER, (19)

which plays an essential role in the proof of the upper bound. Compared to the y
Wk by 2 = €1 in (19), we easily seen that

~1/2 case, if we replace

1 2
7lvl
e4 _1 2
v —vi|f ————=dv.do = lv—vYe 1" dv,.do < Cv)y.
Rr3 Js? etV galvil? Rr3 Js?

Now we explain the strategy of the proof for the Boltzmann equation with large amplitude initial data.
For the polynomial weight case, let f = (v)_k(F — ) in (1), then f satisfies
Oif+v-Vif =Ly f+Tr(f, [,
with
Lef =0 QU5+ Qw fy™ ), Te(f, = Qurwy™ fn™.

8



For any k = max({3,3 + v}, like [16], instead of estimate the nonlinear term in the following way

KYPTR(f, Pl < CT WP I3,

we prove a new estimate

a
(OPTf, F)l < CyTI)P FIZac ([R £, v)ldv) ,
for some constant 0 < a < 1. Second, we observe that under the condition
H(Fo) + {0 foll 11 ;o0 < €0,

we can prove that [ps | f (£, x, v)|dv will be small after some positive time even if it could be initially large.
This observation is the key point to control the nonlinear term I'x(f, f), we can finally obtain the uniform
L;’fv estimate under the smallness of || (v)k Soll [l and H(Fp) so that initial data is allowed to have large
amplitude oscillations.

1.6. Remark on the Cutoff assumption (A2). Compared to the cutoff assumption (A2), in many text
people define the cutoff assumption in the following way:

K< f b(cos)do < K! (20)
S

which is weaker than assumption (A2). But assumption (A2) plays an important in our proof, for exam-
ple, if we want to use (17) to prove (18), the assumption (20) is not enough, we need to assume that (A2)
holds.

In the proof of Theorem 1.2, we use the prepost-collisional change of variable instead of using in-
equalities like (17), thus under assumption (20), Theorem 1.2 is still true, actually Theorem 1.2 can be
proved for the Boltzmann equation without cutoff, see [9].

But for Theorem 1.3 we need to assume that (A2) holds since technically we need to use inequality like
(17) to prove it.

1.7. Organization of the paper. Technical tools and lemmas are listed in Section 2. Section 3 is devoted
to the upper bounds and coercivity estimate on collision operator Q. In Section 4 we will prove esti-
mates for the inhomogeneous equation. We obtain global well-posedness and rate of convergence in L?
in Section 5. Section 6 and Section 7 are devoted to the proof for the Boltzmann equation with large am-
plitude initial data. In Section 6 we prove global well-posedness for the Boltzmann equation with large
amplitude initial data and in Section 7 we establish rate of convergence to the equilibrium.

2. PRELIMINARIES

In later analysis, we often use two types of change of variables below.

Lemma 2.1. ([1]) For any smooth function f we have
(1) (Regular change of variables)

1
— . Y F(y _ I
fqusfgz b(cosB)|lv—v.|" f(v)dodv fwfgz b(cosH)—Coss+Y(9/2)|v v.|" f(v)dodv.

(2) (Singular change of variables)

1
\[[R@\/;Z b(COSQ)lU—U*Wf(l}’)dO'dU* :jl;gs\/;Z b(COSQ)m“j—v*|7f(v*)d0-dv*'
9



Lemma 2.2. For any smooth function f, g, h, b, for any constanty € R, we have

2
(/ffb(cosH)Iv—v*lyf*gh’dvdv*da)
Rs JR3 Js?

3+y O 2
s(/ b(cosH)sin_zy—da) [ f Iv—v*lylf*lzlgldvdv*f f lv—v'|"gllW 1*dvdv'.
s? 2 R3 JR3 R3 JR3

Similarly

2
(f f f b(cos@)lv—v*lyf*gh'dvdv*da)
[R3 [RS §2

< b( —ﬂg 2 _ Y 2 Y 12 !
< cosB)cos™ 2 —do lv—vl"Ifllgl“dvdv, lve —v "I fellR |“dv.dv'.
2 2 R3 JR3 R3 JR3

Proof. For the first inequality, by Cauchy-Schwarz inequality and singular change of variables

2
(/ f b(cosO)|v — v*lyf*gh'dvdv*da)
R3 R3 §2

) 9 . 3 0 "2
Sf f b(cosB)sin™ 2z —|v—v.|"| fil Igldvdv*daf f f b(cosO)sinz —|v—v.|"||gllh |°dvdv.do
R’ Jms Js2 2 R’ Jms Js2 2

. _Mg 2 _ Y 2 Y 12 I
< b(cos@)sin™ z —do lv—v. " fel“Igldvdv. lv=v'Igllk'|“dvdv’,
s2 2 R3 JR3 r3 JRr3

which finishes the proof. The second inequality can be proved similarly by regular change of variables.
O

Lemma 2.3. ([49], Section 1.4)(Pre-post collisional change of variables) For smooth function F we have
f f [ F(v, v., v, V,)B(|lv — v«|,cos0)dvdv.do :f f f F(W',v.,v,v.)B(lv—v4l|,cos@)dvdv.do.
Rr3 Jr3 Js2 RS JR3 Js2

Lemma 2.4. (Hardy-Littlewood-Sobolev inequality) (139], Chapter 4) Let1 < p,r < +oo and0 < A < d with
1/p+Ald+1/r =2. Then there exists a constant C(n, A, p), such that for all smooth function f, h we have

fw fwf(x)ix—yl“h(y)dxdys Cn, A, I fllze ikl

The following can be seen as a weak version of Hardy-Littlewood-Sobolev inequality when g = +co
which is useful in the following proof.

Lemma 2.5. Supposey € (—3,0), then for any smooth function f, the following estimate holds:
Ify € (-3,0), we have

2y

2y

I A
sup | |v=v.lIflwddve SIfI P IfS
veR3 JR

Ify € (-2,0), we have
1+% -z
sup | lv—v.|"Ifl(vs)dve S (WA Vi P
vers JR3

Ify € (=3,0), we have
1+% -z
sup | |v=v.l"Iflddve SUfICIfIlL-
veRs JR?
Proof. Assume f does not equal to 0 otherwise the estimate is trivial. Let A > 0 be a constant to be
determined. We divide the integral into two regions |v — v.| < A and |v — v.| > A we have

f lv—v "I fl(vs)dvs Sf Iv—v*lylfl(v*)def lv—v "I fl(v)dvy.
R3 lv—v.|<A

lv—v|>A
10



The second part is bounded by
f lv—v.l"| fl(va)dve SANfllp.
|lv—vs|>A

For the first part we divided it into three cases, for y € (—%, 0), by Cauchy-Schwarz inequality we have

1

2 3
f| M""”*'Y'f'“’*)d”*s(f, IA|y—u*|2mu*) 1l S AP fl .
V=0V« |= V—1.]<

For y € (-2,0), by Holder’s inequality we have

2
3 3
f Iv—v*lylfl(v*)dv*S(f Iv—v*lﬂdv*) Iflls S A2 F Nl s,
lv—vy <A lv—v.|<A

For y € (-3,0), we have

fl | Alv—v*lylfl(v*)dv* Sf = vl dvall fll e SAY N f oo,
V=04 |=

|lv—vy|=A
2 1 |
so the proof is ended by taking A = ||f|| . ||f||L23 NVl 1||f||L32, I£17: 111l respectively.

Lemma 2.6. For any smooth function f, g, for anyy € (—2,0) we have

. oy 2 2 < i 2 2 2 2
% fRsza'” v ) PlgwPdvdv. S min (L1 1815 1 F 1813 )

Similarly For anyy € (-3, —2] we have

%:sz3 fR v = v f Il lgw)Fdvdv, S min {1 fIm 1815 1 1081 )
Proof. Without loss of generality we only prove that
R < mrgjlgl{llflli,ﬁz Igliyh ve(=2,0, < mrg}lgz{llflli,ﬁz gl ve(=3,-2l.
For both y € (-2,0) and y € (-3, -2], by
Cv) " s(w-v) " (7,
we compute

%5[ 0= v W= ) T f ) P 1) Py Y dvdu,
[Rj

5fRsz3(“'”‘V*m'f(”*)' W) g AWy T dvdv. = Iy + .
For the I; term, for both y € (-2,0) and y € (-3, —2] we easily compute
< 2 2 < 2 2
LS IIfIILi/2 IIgIILgW2 N ||f||L§/2||g||L%

For the I, term, when y € (-2,0) by Lemma 2.5 we have

Y b < 2 1+% 2 _% 2

sup | |v=val"If @)X (va)dvs | lgl7 NIIf I * 070 8
veRs JR? 2

2+ 2 2

SIAZTIA IIgIILZSIIfIIHl g7z,

y/z yI2 2

similarly

LS (SUng lv— v 1g(W)*(v) YdV)IIfIILz <IIfIILz IIgIIHl,
v.€R
11



the case y € (-2, 0) is thus proved. When y € (-3, —2], by Lemma 2.5 we have

2 2 2,145 2% 2
Izg(sup v — vV f ()] <V*>de*)”g”L2 SIFN Il gl
veRs JR3 -y/2 y Y 2

2+ -
< 3 3 2 < 2 2
NIIfIILi/2 ||f||L;32 I8l = IIfIIH%2 817,
similarly

IZS(SUP f,|v—v*|7|g(v)|2<v>‘7dv) 112 SUFI5 gl
R3 Y12 yI2 2

v, ER3

and by Hardy-Littlewood-Sobolev inequality

LS 08% s, SIf132 1817

yI2 -y/2

< 2 2
S ||f||Hyl/2||g||H21,
where p = % implies 2p € [2,3). So the case y € (—3,—2] is proved by combining the three cases.
We will use the following representation of v’ which can be proved directly. We have
"2 2 20 2. 20 6 .0
(V) ={(v)“cos §+ (V4)“sin E+2cos§sm§|v— Vilvow, ol W-v.), V-w=vi-w,

—k - —v, . .
where w = % with k= |Z_Z*| . We have the following estimate for the term (v/')¥.

Lemma 2.7. For any constant k = 4 we have

0 0

@WHE=sin® 2w + R+ Ry, IRl = Cesin® 2071 w), - [Ral = ),
for some constant Cy. > 0. We also have
0 0 .0
(v’)k - (v)kcosk > = k(v)k_2 cos¥™! Esinilv— Vel(V-w)+ L1 + Lo,
with 0 0
IL1] < Cisin®™? 2w )%, Lol < Cew)* 2wy sin® 2,

for some constant Cy > 0, in particular

whk= coskg<v>k +Q1, Q1] = Crwa) X (wyFL,

Proof. For simplicity, we prove the result for (¢/)2%. By (21) and mean value theorem we have

0 1 0 0 0 . 0 k-l
(v’)Zk—(v*>2ksin2k—:kf ((v*>2sin2—+t((v)2c082—+2cos—sin—|v—v*lv-w) dat
2 0 2 2 2 2

5 o0 6 . 0
x [{v)“cos” —+2cos—sin—|v—v|v-w|,
2 2 2
since v+ w = v, - w which implies |v — v.||v- 0| < [V||v. - 0] + |V« ||V - 0| < 2|V]|v4], SO We have
2 26 0 . 0 2 . 0 2 . 29 2
(v)“ cos §+2cosism§|v—v*|v-ws(v) +4s1n5|v||v*|53(v) + 2sin 5(11*) ,
soif2k—1 =2 we have
) 0 0
W2k —(v,)*ksin?k > <Cj(sin® 5<v*>2 +(H 1 (v)? +sin v llv)

<Cp(sin®F2 §<v*>2"‘2 + <v>2"‘2)(sin§<v*> +(V))(V)

0
<Cysin? E(v*)Zk_l(v) + Cr()?k,
12

2D

(22)

(23)



(22) is thus proved. For (23), using (21) and the mean value theorem twice we have

(v')Zk - (U)ZkCOSZk g — 2k((1/)2 cos® g)k_l cos g singlv — V|V -w)

:k((v)2 cos? g)k_lw*)z sin® g

1 0 0 0 .6 k=2
+k(k—1)f (l—t)((v)zcoszant((v*)zsinzz+2cos§sin§|v—v*|v~w) dt
0

5 . 90 0 .06 2
x | {V4)° sin E+2cos§sm§|v—v*|v-w =1+ D.

For I; we easily deduce
0
I < Cr(v)* (v, % sin? >
since |v — v.||v-w| < 2|v||vs]|, we have
0 0 0 0 0 0
(v*)zsin2 —+2cos—Sin—|v—v4|V-w < (v*)zsin2 — +4|v||vs|sin = < 3(U*>28in2 — +2<v)2,
2 2 2 2 2 2
so we have 0 0 0
I <C((vs)?sin® > +4|1/||1/*|sinE)z(?)(v*)zsinz > +3(vyH)k—2
0 0
<Cisin® 2 () ()" + (Y2 (V42K * sin?k* >+ (vy2k=4

0 0
<Cysin? §<v*>4<v>2(<v*>2k—4 sin2k—4 >+ (vy2k=4y

0 0
<Cysin?2 E<v,k>2’c ()2 + Cr()?F%(v,) 1 sin? >
if 2k = 4, so the theorem is thus proved.

Lemma 2.8. For any smooth function g and f, if y > -3 we have

ff|v—vmg*fdu*dvscngannfniz,
R3 JR3 1 1
with | = max{y +2, 3}.
Proof. We split it into two cases ¥ = 0 and y < 0, for the case y = 0, we easily compute
—u. 07 < <
[, [ 1v=v.Ve.rav.avSisin gty Sislie  Ighss .

For the case y < 0, by Hardy-Littlewood-Sobolev inequality we have

ff lv—vil"gufdvidv S| flloligler SUFl2 gl
R3 JR3 3/2 3/2

where % =1(@2+1) e(3,1) implies p € (1,2). The proof is thus finished by gathering the two cases.
Lemma2.9. Foranyy > -3, k > max{3,3+ Y} we have
f V= 0. K dv, < = (0)T + Criv)' 2.
R3 k
Proof. For the case y >0, we have
f lv—v. ") Fdv, < Cf (vl + v ")) Fdvs,
R3 R3

It is easily seen that
f 0. (02) K dv, < Cr < S0) + C(n)’ 2,
R3 k

13



recall the theory of beta function (5) we have

+00 1 c

<U)Yf, (ve) *dv, 5@(,,)7[ 2
[RS

Y
0 (1+ r2)k/2 dr= 3"

so the case y € [0, 1] is thus proved. For the case y € (-3,0), If |[v| = %, we have |v, |+ % <1+|v—vs|, sowe
have

f|v—v*|Y<v*>"“du*=f |v*|Y<v—u*>‘kdv*sck[ 0. (ve) *dv. < Cr < Cr(v) 2.
R3 R3 R3

Consider now |v| > % and split the integral into two regions |v — v.| > (v)/4 and |v — v.| < (v)/4. For the
first region we obtain
© 1 c
2 Y
r (1_,_r2)k/2drS ]€3/2<U> :

[ wevrwstdv. <cwr [ wo kv <cor |
lv—v, |><”> R3 0
For the second region, |v| > 1/2 and |v — v.| < (v)/4 imply |v.| = (v)/8, hence

fl o lv— v, (v *dv. < Ck<V>_kf lv—vilVd v, < Civ) 73 < %<v>7+ Cr(v) 2,
V=V |S -

lv-v, =2

so the theorem is thus proved. ([l
We introduce a change of variable which will be used frequently.

Lemma 2.10. ([44], Lemma A.1.) For any non negative function F in terms of v., v,r = |v—v.|,0,V, V.,

we have
1 1
f f ngdy*:4f ; f F—dLUdy/r
r3 Js2 r3 |V — | {ww-(v'-v)=0 T

wherer,0, V., v, in the left hand side is changed to

r=vVIv-vi2+lwl?, cos@/2)=|w|lr, V.=v+w, v.=V+w,

respectively.

Lemma 2.11. For any -3 <y <2, for any constant k > max{3,3 +y} we have

(nk
I: —ijLZIv— |Y Ik ,>kdv*dasck(v>7,

forall veR?. In fact fory € [0,1] we can prove a stronger estimate

I —f v _wE do < Sy + Cp(vy’ 2
R Js2 l)k( >k * = k k .

Proof. 1f |v| <1, since (v.) < (V. ){v'), we have

1
<2k lv—v.|" dv.do < Ci(v)Y 2,
R Js? (vi)k ¢

we focus on the case |v| = 1 later. We first prove the case y € [0, 1]. By Lemma 2.10 and since 0 <y < 1, we
have

1 (v)k 1
sz 7 < >kf VIV = v + w2 v+ wy *dwdv'
r |V = vl (W) * S -v=0y /|1 — V|2 + w2

1 vk
Sf /—2—<_>k/ (w+w)y *dwdv'.
®s |V —v|*7Y 7)) {w:w-(v'-v)=0}

14



We first split v into two parts

v-(v'-v) 2 2 2 2 2 2
v=vi+ty, vi=—-—7"W-v), W=l "+lyl°, vily, yllw, v+wl”=lw+yl“+lvL]"

lv—v'|?
(24)
Then the integral becomes

1 1
(v+ w)_kdw=f dw=f dw,
f{w:w-(v/—v):O} R (1+|w+ vyl? + vy [2)k/2 Rz (14 |w|?+ v |2)k/2

making a change of variable w = v/1+ |v, |?x we have

f L dw=(1+|v |2)1‘§f L vcon—Lt st
R A+ w2+ v P2 " + R (L+|x)k2 " " k-2 L ’
so [ turns to
1 1 vk 1 v-(V-v
I<2m f 5 {w) av’, |vl|:M.
k=2 Jps [V = vI>7Y (V) (v Y2 lv—v|

Since |v, | < |v|, so we split it into three cases |v] | = (1—%)|v|, lv, | < % and %Ivl <lv.|= (1—%)|v|. For

the case |v) | = (1—%)|v|wehave

W2 < (14— 620 Y62 < o )2,

k-1
together with Lemma 2.9 we have
€ N2 1 1 C iN20nY-2 2,074 € -2
I< E(U) \[I‘@mwdl/s ﬁ“}) <1}>Y + Ci(v) <l}>y < E<V>Y+Ck<v>y .

For the case |v | | < %Ivl we have

1
12 12 2 ! 12 2 / 12 2
Wl =lv=-vi*+vI*+2v-(v —v) = |lv-v|" +|V] _2|V_V||VJ_|2(1_%)(|U_U| +|v[%),

which implies
c 1 (v)k 1 '
<— dl}
k Jrs [V = v27Y 1+ v —v']2 +|v]2)k/2 (v yk=2
c 1 1 1 .

=— , V.
koo 10— VPV (g 4 lmtBykra (v)) k2
We make the change of variables
r=lv=v'l, v-(v'-v)=rlvicosd, dv' =r*sin@drd0d¢, |v.|*=|vl>cos’d, |vjl*=|v|*sin®6. (25)

So I turns to

c o0 1 T 1 .
IS—an rY > f sinfdrd6.
kdo o a+ 2o (vl cos?0)c2

Making another change of variables

r=v1+|v2x, y=|v|cosh, dy=|v|sin0do, (26)
then by (5) we deduce

1<$9 1<>7+1fooY ! flyl L ava
S—2ZTT— AV X X
k0] o ARz S, k2 Y

(e.e]

5%271(1/)7[0 x7

+00 1

1
————d
(1+|x|2)k/2 xj;OO <y>k—2

15
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Forthecase%Ivlslvﬂs(l—%)lvlweha\/e
k-2 _ k-2, \k-2 k-2 2 2 2 1 2 2
(Y < ) T = Cru) T, 1P = v =01+l _2|V_V,||UJ_|2E(|U_V,| +1v]9),

still make the same change of variables as (25) and (26) we have
1 1
I <Ci{v 2[ dv'
O J T o A+[v=v'12+|v|P)k2

1 1
ka(v)2_kf av'

—_ pl2—- lv—v'|?
rR3 [V —v|*7Y ki2
| | (1 + 1+|U|2 )

[ 1
SCkZJT(U)z_f V' ———drd0

2 \k/2
0 (]- + 1+|l/|2)

(e}

1 c
<Ci2n{v 2”"“[ X ————dx < = () + Cr(v)T 2,
27 (V) | 1122 k< ) ()

the case y € [0,1] is thus proved. For the case y € (—3,0), since (1) < C(v")¥ + Ci(v,)* , we have

1 1
Ikaf lv—v.|” dV*dO'+Ckf R
R3 Js2 (vyk R3 Js2 (v,

>kdv*da:: L+ 1.

We only prove the term I; since the I, term is easily achieved by interchange v’ and v,. For the I; term
by Lemma 2.10 we have

1 1 1
I SCkf — f IV - v+ w2 dwdv'
R {fw:w-(v'-v)=0} \/|v

s [V = vl (v)k TR+ w?

1 1 1
Sckf / / kf 1-y deU,’
R V' =Vl (WY IR (1 — 2 4 w)2) T

by a change of variable w = |v — v'|x we deduce

1 1 1
Ilkaf v —v|Y , kf I_dedv'kaf v —v|Y / kdv',s Cr(v)7,
R3 WHR IR (1 4 x12) 2 R3 "

since y <0 implies 1 -y >1so (1+ lez)_lzJ is integrable, the case y € (—3,0) is thus proved. For the case
Y €(1,2], since 1 <y, we have

1 vyk 1 -
I:f ; gl >kf W1V = v2+ w2 v+ w)y *dwdv'
e |V = vl (WYE Jww-v-n=0y /1" = 02 + |w|?

1 k
5()[ ﬁw—)f w+w) Fdwdv'
R [V = V277 (WK Sy -v)=0)

1 <V>k y-1 -k !
C - 3 lwl" (v+w) "dwdv' =1, + I,
®s [V — v (Y, Jyww- (v -v)=0}

since y < 2, the I; term is the same as the term I in the case y € [0,1] so can be estimated by the same
way. We now focus on the I, term, we have

_ _ lw|r~!
f lw|" N+ w) kdw=f 5 S AW
{(w:w- (V' —v)=0} rR2 (1+|w+uyyle+|vLl)

TR U+ wE v R2 T
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Making the change of variable |w| = y/1+ |v|?>x we have

lwl" + 1y ! -1 21—k 1
dw <|vy " (1 +1v.) zf —_dx
fRZ (L+ w2+ vy [2)k12 | me (1+|x|2)k/2

| x|
2 (1+|x[2)k/2

+<vL>V*1(1+|vl|2)1*§f[R

< Ce) A+ v DY E,

we decude

_ 1wk 1
v-1 !
fo = Cetw) fu&s [V — vl (V'YK (v, yk=2

it is easily seen that I, also be estimated by the same way as the term I in the case y € [0, 1], so the proof
is thus finished. U

For the exponential weight case, we have a better estimate for the linearized operator.

Lemma 2.12. Forany -3 <Yy <1, for any constant a> 0 and b € (0,2) we have

(v)b e - b(y+3)
I:= ~e 2 dv.do = Cyp(v) ,
R3 §2 ’)

forall veRe.

Proof. Since y—1 <0, by Lemma 2.10 we have

Vv v|2+|w|2)7e dwdv

I=4

fo i w Lo T
rs |V = 0] e’ Jiww-(v'-v)=0) [V —v)|? + |w|?
1 a<y) Y*l \U+W\2
s4f / e dwdv'.
® |y -y 7 e Jwww-n=0

Recall the decomposition (24) we have

1 a(v) vy 12 y-1 \v”+wl
Is4f - e‘Tf lw|z e” dwdv'.
R |y — |7 e {w:- (V- 1)=0}

. -1
Since YT > —2, we have

-1 qw?

L’l \U”+w| | y-1
f lw| 2 dw=| lw-vyjlze 2dw=sC{y) 7,
{w:w-(V'-v)=0} R2

which implies

\UL\Z

2y 2 5 dl}

If|v| =1, since 7’2;3 > —3 it is easily seen that

y+3)

-3
Iscu,bf W — v’z dv' < Cpap<Cop(v)’™
R3

ea<vr>b
so we focus on the |v| > 1 case. We split it into two case |v | = '21| and v, | < % For the case |v, | = % we
easily compute

y3 @V’ I
I<sC| |V-v'z a(v’)b B dy =Cype” f Iv—vl
RS

,)b dv' < Cop()’ b,



For the case |[v | < ‘”' we have |y)| = ‘zﬂ which implies (v) = < C{v) z , so we have

y-3 ea<V> ‘UL‘Z

I<C<v>2f|v—v| — e 2z dv.

a(vr>b

Still take the change of variables (25), since |V/|? = |[v - v'|> + |v|? + 2v- (V' - v), I turns to

oo al+|v|?) % a(1+|v|2+r2+2r|y|c059)§ _lvcos?0 |
rsco’s e sindrdo.

Since 0 < b < 2, there exists a constant C, 3 such that

|x|? b
2

T+C b>4a<x>, VxeR, xg+y'2(x+y)3, Vx,y=0,

which implies that
2 2
v|“cos-0
||— +Cyp=ald+4] v|? cos? 9)3,
and

b b b 1 b
a(1+|v|2+r2+2r|l/Icos9)5+a(4+4|1/|200320)5 > a(1+|v|2+r2+2r|1/|cos(9+4|l/|2 cos’0)z > a(1+|v|2+§r2)5.

So we have

+0o 1 g (1+ 2 r2 g _|1/|2c0s29
I<Cub(v)2f f @1+ WF+7)% =1 sinOdrdo.

As before, taking another change of variables (26) we have

1 00y 2b_ 2, 20+ b i 2
ISCa,bﬁ<l/>7+1 x'7 A2 —al+ P+ =502 gy e idy
v 0 =lvl

+
5Ca,b<V>Yf

0

b b + 2
ooxyTH eIV 2 (1—(1+§)7)dxf h e T dy

—00

oo yn b1_(1. 22 2
SCa,b(WYf x2 efl<l/> 1-1+% )2)dx.
0

We split it into to two case x =2 and x € [0, 2]. For the case x =2 we have (1 + %Z)g — 1= Cp(x)? for some
Cp, > 0. Together with (1)? + (x)? < 2(x)?(v)? implies

+ +
f"oxv a(v) 1+2)2)dx<be oox%le—aCb(v)h(x)bdx
2 2
b [T yn
<Cpe 2@ f x'7 e 50’ dx < Cqp(v)”~ b,
0

For the case x € [0,2], we have (1 + %2)3 —1 = Cpx? for some constant Cj, > 0. Making the change of

. b . +1
variable z = (v)2 x, since YT > —1 we have

2 . 2. b +oo ..,
f X7 MW -0 g stf X7 e g
0 0
b(y+3) oo Y+l h(y+3)
<Cp(v)~ f 27 e O Gz < Cppi)”
0
so the theorem is thus proved by gathering the terms together. (|

We introduce the following lemma about relative entropy which will be used later.
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Lemma 2.13. ([34], [16], Lemma 2.7) For any smooth function F satisfies (2) and (3), we have

f |F(t,x, v) — u(v)?
T3 JR3 4u(v)

1
+f1r3 ‘[Rs ZIF(I,X, V) — W)L F(t,x,0)-pw)|zpwy dvdx < H(Fp),

Lip(x,v-pw)spm dvdx

where the relative entropy H is defined in (14).
The following estimate is established for the weight function w(a, B) defined in (10).

Lemma 2.14. Suppose |a|,|B| non-negative integers, k € R, the weight function w(a, B) satisfies the fol-
lowing properties

w(lal1p) =w(al,1p1D), wlal,1fl) =wla1l,1BD), VO<lail<lal, 0=If1l<Ipl,

and
w(al,1B) < (™% (el +1,18-1), Vial=0, VIflI=1, 27)
which implies
n*< min {w(al, 1B}

|a|+|Bl<4
We also have
max w?(a, B) < w(0,2)w(l,2), (28)
lal+1pl=3
and
max w(a, B) <min{w(,2)*°w2,2)%°, w@,2)w2,2), w©,3)w,3)}. (29)

lal+|Bl=4
Proof. The first is just form the fact that a, b = 0. (27) just follows form the fact that
k—alal-blpl+c<k-a(lal+1)-b(Bl-1)+ c+min{y,0} <= b-a+min{y,0}=0,
and we conclude form the definition of a and b. Then third statement is just by

*=w©0,4)= min {w(al,|p)}.
la|+|Bl<4

For equation (28) we easily compute

| lmlaﬁfing(a,ﬁ) =w?(3,0)=2k—6a+2c<2k—a—4b+2c=w(0,2)w(l,2).
al+1pl=

For equation (28) and(29), since 7a = 6b, we easily compute

16
max w(a,B) = w?(4,0) =2k —8a+2c <2k- —a-4b+2c= w(1,2)5w(2,2)%5,

lal+|61=4
and
| lml%hwz(a,ﬂ) = w?(4,0)=2k—-8a+2c=2k-6b—a+2c=w0,3)w(l,3) < wl,2)w(2,2),
al+lpl=
so the proof of the lemma is thus finished. O

Next we prove a lemma related to the exponential weight case.

Lemma 2.15. Foranya>0,b€ (0,2),k =0, define f(x) := a(1+ x)g - ’gln(l +x),x=0, f(0) = a, then the
following two statements holds

fO=sfd)+Ciap, V0=sc=d, flc+d)=sflo)+f(d)+Crap Yc,d=0,

for some constant Cy. , , > 0 independent of c,d.
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Proof. We easily compute that

f’(x)—al—j(lwhx)g_l—EL xeR, x=0
) 21+x’ T

we easily we have there exists a constant e which may depend on k, a, b such that

flx)y<o, if x<e fl(x)=0, if x=e

so we have
Omajiif(c)—f(d):f(O)—f(e)SCk,a,b, if e>0, 0ma)élf(c)—f(d)=0, if e<0,

so the first statement is thus proved. For the second statement since

" _ 21_7_ b/2-2 E 1
f(x)—a2(2 DA +x) +2(1+x)2,

Since 0 < b/2 < 1, there exists a constant f which may depend on k, a, b such that

f"xy=o0, if x<f, f'x)<o0, if x=f.

=0,

Thus for any ¢, d = 0, we easily compute that

d pc max{f,0} prmax{f,0}
fle+d)- f(c)- f(d)+ f(0) :f f fx+ s)dsdxsf f If"(x+$)ldsdx < Cy,qp,
o Jo 0 0

so the second statement is thus proved since f(0) = a. ([l
Lemma 2.16. For any constantkeR,a>0,b € (0,2) we have

ea(l/)b <U>k
— 0 = Crab— 705
ea(V")’ gatvl)? (v ki)Hk
for some constant Cy 4 p > 0.

Proof. The case k <0 is easy, since b € (0,2) we easily have

O (v)k
<1l= .
AL (v k(l)k

We focus on the case k = 0 later. This is equivalent to prove that
a(v)? — kIn(w) < a(')? — kInw'y + aw’)? — kIn(vl) + C.a.p,
for some constant Cy. ,  independent of v. By Lemma 2.15 we have
a(w)? —kin() = f(vI*) <f(VLP +10'P) + Chap
<fUVLP) + FUV'P) + Crap = at)’ = KIn() + a(v))? - KIn¢wl) + Cr b,
where f is defined in Lemma 2.15, so the proof is thus finished. O
We also recall some basic interpolation on x, the proof is elementary and thus omitted.
Lemma 2.17. For any non-negative integer m, n, for any function f, for any constant k € R we have
£l < min {Ilfllgmlglmn,
* T m+n=2
and
3 _ 3 —
1 lzzerz SUf sz < IF@ IR0 1 F @152 SIF@ gz + 1@ ez, (30)

also we have

IF e SUFN ez SUF@FIz +1F @Y g (31)
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3. LINEARIZED AND NONLINEAR ESTIMATE FOR THE BOLTZMANN OPERATOR

In this chapter we will prove linearized and nonlinear estimate for the collision operator Q.

Lemma 3.1. Forany-3 <y <1, foranyk =4, h, g smooth, we have

3+y0
h,u), Y25 <[ b(cos@) sinf~ = = h + Cillh
QU1 1), g(v)*M)| <l b(cos ) Sholblz gl +Celhlz gl
<Ilb(cos) sin* 2 0 Rl g2 g2 + Crllhll 2 g2 )
2 0 k+yl2,% k+y/2,% k+y/2-1/2 k+yl2-1/2

for some constant Cy. > 0.

Proof. We first compute Q*, by pre-post collisional change of variables and Lemma 2.7 we have
(Q* (h, ), g(v)?%) =f3f3[2 |v— vV b(cosO) h(v.) u(v) g (V) (VY dvdv.do

R JR3 JS

0
:f f f lv— v*lyb(cos9)sink—h(v*)(v*)ku(v)g(v')(v')kdvdv*dU
Rr3 JRs Js2 2
+[ f |v— v, |V b(cosO) h(v.) p(v) g (W) (VY Ridvd v, do
R3 Jr3 Js2

+ff Iv—v*be(cose)h(v*),u(v)g(v’)(v')kRgdvdv*da:=F1+F2+F3,
re Jrs Js2

where g
IRy | < Cy sin® 5<v*>’€‘1<v>, |Ry| < Cr(wyF.

For the I'; term, by the first inequality of Lemma 2.2

o O 1/2
T s[ b(cos8) sink_sTy —do (f f lv— v*lylh*lz(v*>2kpdvdv*
s2 2 R? JR3

1/2
Y ol 12 74,2k / _ k-3 Q
(ﬁ@fu@'v v ulg' | dvdv) —[§2 b(cosf)sin*™ 2 szIIhIILin,* ||g||Li+m’*.

For the I'; term, since 3;—7 <2, by Lemma 2.2 we have
0
T, | ,Sf f f b(cosB) sin® =|v— v, [V | (v ) Loyl g' 1 (VYo dvd v, do
R3 JR3 JS2 2

0
gfffb(cose)sin2—|u—u*|Y|h*|<u*>’“‘1’2u<u>2|g’|<u’>k‘”2dudu*da
r3 Jrs Js2 2

o 0 1/2
5[ b(cose)sinz_sTY —da(/ f Iv—v*Iylh*Iz(v*)Zk_l(v)z,udvdv*
s? 2 R3 JR3
2 2 2k-1 12
oy 12, n2k- / <
(fRJRSw o1 ()2 plg B0y dudv) Sl gl

For the I'; term, since k — 1 = 3, by Lemma 2.7 we have
0
(WhHF! < CkSin2§<V*>k_l +Cr(vy 1,
thus we split I'; into

IFsl,Sff lv— v, |" b(cosO) | h. |uv)¥Ig' (VY dvdv. do
R3 JR3 JS?
0
g[ f f b(cos0) sin® = v — v, "1 b [(v) ey ®1g' 1 (VY dvd v, do
r3 JR3 Js2 2

+fffb(cosﬁ)lv—v*lylh*|u<V>2k‘1Ig’|<v'>dvdv*dcr:=F31+F32,
R3 JR3 JS2
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the I's; term can be proved the same way as the I'» term. For I's, term, by the regular change of variables
and Lemma 2.8 if k = 4 we have

|r32|§fffb(cose)w—v*|Y|h*|u<v>2k‘1|g’|<v’>dvdv*do
R3 JR3 JS2
< f f b(cosO)|v — va I Kw.) V2 () V2 g | (oY 2 dvd v do
R3 RS §2

0
S f blcosB) cos™ @+ ¥ f f v — v ) V2 ) 2 d d,
s? 2 Jrs Jm3
Shhls gl

)
+y12-1/2 k+yl2-1/2

the Q* term is thus proved. For the Q™ part by Lemma 2.8 we have

1(Q™ (h, 1), g(¥?F)| =

f f Iv—v*be(cosﬁ)h(v*)u(v)g(v)(v>2kdvdv*d0
R3 JR3 Js?

,sff 10— 0. " blcosO) hwllgWdvdvedo S IRl lgle
R3 JR3 JS2 k+y/2-1/2 k+yl2—-1/2

the theorem is thus proved by combing the Q* and Q™ term. g

Lemma 3.2. Suppose that —3 <y < 1, then for any smooth function f we have

3+ 0
(Q(u,f),f(v)Zk)S—Ilb(COSH)(l—cosk‘TyE)IILéllfllii/ +CelfI2,
+y/2,%

k+y/2-1/2

for some constant Cy. > 0. In particular if k = 4 we have

0
(Q(u, ), f )*) <= IbleosO)sin I I FI7, +Cll fIT,
+y/2,%

k+yl2-1/2

Proof. We first compute Q*, by pre-post collisional change of variables and Lemma 2.7 we have

Q* (), fFY*h) =fR3fR3LZIv— v,V b(cosO) u(vs) f () f (W) (V)Y dvdv.do
:f f Iv—v*lyb(cose)coskQu(v*)f(v)<v>kf(v')<v’)kdvdv*da
RS Jrs Js2 2

+f f lv— v,V b(cosO) u(vs) fF()g W) (V'Y Qidvdv.do =T, + Ty,
rS Jr Js?
where |Q1] < Ci(v,)*(v)*~1. For the I'; term, by the second inequality of Lemma 2.2 we have

+y 0
Tyl < b(cos@)cosk_gTy —do v — v  1(vs)] |2(l})2kdl/dl/*.
u
s? 2 R3 JR3

For the I', term, we compute

Il"zl,Sfffb(cose)lv—v*lyu*<v*>k|fI<V>k‘1If’I(v’>kdvdv*d0
R3 JR3 JS2

< f f b(cos0) v — vl e (w2 P V2 1Y 2 dud v, do
R3 JR3 JS2?

r 0 1/2
,Sf b(cos8) cos_sTY —do ([ f lv— v*IY(V*>k+”2,u*|f|2(v>2k_1dvdv*
52 2 R3 JR3

1/2
(fRfR v~ v’|Y<v*>’””2u*|f’|2<v’>2’“‘1dvdv’) SIfIG

k+yl2-1/2

It is easily seen that

—Q ™ (w f), f(r)?) = —fgz b(cosé))dafwfRJv— v pwOl 2 (vy** dvdv,,
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so the proof is finished by gathering the three terms. g

Then we come to estimate the nonlinear operator Q™.

Lemma 3.3. Foranyy € (=3,1], for smooth function f, g, h, recall N is defined in (8), for any k = 4 we have

QT (f, @), hiy?H) < Cr min  {IIfllg
m+n=N-2

H h +C min m h
knwzllg” 4"}” ”[?C /2 k L {”g”Hk+1 /2 ”f”H:l}” ”[i o'
where m, n, my, ny are nonnegative integers.

Proof. We first prove the case —% <7y <1, wehave
Q™ (f, 8), h(r)?h)] S/ﬂ@fw Lzll’_ v."bcosO) | f(W)gW) k) [(v)**dvdv.do

b CO 2k—6+)/ INS 6 1/2

1/2
2 (v)® o ,
(fR3fR3 SZIv—v*l Yb(cos@)Ww) Y h(v)| dvdv*da) ’
Since —3 <2y <2, by Lemma 2.11 we have

6
_ 2y (V) 2k—y 2 2
fwsfw §2|U Vsl b(cos9)—<y,>6<y;>6<v> |h()|*dvdv.do < Cillhl7

k+yl2

Since 2k — 6 +y = 0, by pre-post collisional change of variables we have
f f bcos0) )25 (u'yS (1)) (0P g () Pdvd v, do
R3 JR3 JS2
- f f f bcosO) (WY ()8 (1,301 £ (v, P g (v) Pdvd v, do
RS [RS §2
< f f b(cos )y 7 (v f ()P Ig(W)Pdvdv. do
R3 JR3 JS2

+fffb(cose)<v>6<v*>2k+7|f(v*)Izlg(v)lzdvdv*do

CUFI2 1 o2 2 1 ep2
S AT AV A
so the case y € (-3, 1] is proved. For the case y € (-3, -3], we have —3 <y -1 <0,-2 <y +3 <0, hence
Q" (f,8), h{v)*™)] SfoRstlv— v.1"bcosO) | f (WIIgW)Ihw) (Y2 *dvdv.do

L 9 1/2
s(ff IV—v*l”zb(cose)(v)z"_z<V’>4<VL>4If(VL)Izlg(V')Izdvdv*da)
R3 JR3 JS2

1/2

_1 (y)4 1
(fRszS §2|v—v*|” 2b(cos9)m<v>2k+2Ih(v)lzdvdv*da) ,

still by Lemma 2.11 we have

4
— Y_l <U> 2k+l 2 2
fRfR 0= vl Ebe0sO) s 0P R P dvdvado < el

k+y/2
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similarly we have

L[ o= v breoso)os® 2w i w g dvdv. do
RS R3 §2
Sff 0= 0.7 2 b(cosO) (1)K 2 ()4 f ) Plgw) Pdvdv. do

R3 JR3 JS2

+f f lv— 1/*|7’+%b(cosﬁ)(v)4(v*)2k_%If(v*)lzlg(v)lzdvdv*da. =5+ D.
r3 Jrs Js2
Since y + % € (—2,0) by Lemma 2.6 we have
< . 2 2 < : 2 2
LS mnfzrzll{llfllea lgll ;?+y/z}’ LS m11+l;llil{||fIIHIZriW2 IIgIIHf},
so the case y € (-3,—3] is proved. For the case y € (-3,0) we have

@ g hw = [ [ [ 1w=v.beoso)f @I InwIw* dvdv. do

1/2
s(f f |v—v*|Yb(cos6)<v>2k‘4<v’>4<v;>4|f(v;)|2|g(v’)|2dvdv*do)
R JR Js?
(f f lv—v IYb(cosﬁ)L(v)”ﬂh(v)lzdvdl} do)uz
3 Jws Js2 " (WA vt ) ’
still by Lemma 2.11 we have

!
_ Y 2k 2 2
fRfR =0 bieost) s 0 )P dvdv.do < Cellnly

k+yl2

and by pre-post collisional change of variables we have

f f lv = v,V b(cos0) (VYK () () f (v Plg ) Pdvdv. do
R3 JR3 JS2
sff 10 = 0. b(cos0) ()2 (w) f () Rlg (w2 dvdv. do

R3 RS §2

+ff v = .| bcosO) () (v.) | f () P Ig W) P dvdv.do = I + I.
R3S JR3 J$2
Since y € (-3, —%] by Lemma 2.5 we have
< : 2 2 < : 2 2
Il ~ mT};EZ{”f”HZ" ”g”H;cler/z}’ 12 ~ mr£l111r:12{”f”Hlﬁy/2 ”g”Hf}’
thus the theorem is proved by gathering all the terms together. g
The estimate for the Q™ term is similar.
Lemma 3.4. For anyy € (-3,1], for smooth function f, g, h, recall N is defined in (8), for any k = 4 we have
— 2k .
(Q (.8, kI =Ce min_ {fluplghmy, Mkl .
where m, n are nonnegative integers.

Proof. The proof is similar to the Q* case, first for the case y € (—%, 1] we have

@ g hwi= [ [ [ w=v.beoso)fwalgwlineiw* dvdv. do

1/2
s(ff b(cos0)<v>2k”<v*>6|f(v*)|2|g(v)|2dvdv*da)
R3 JR3 JS2

1 1/2
(f f |v - v.%Y b(cosH) (v)Zk_Ylh(v)lzdvdv*do) ,
r3 Jr3 Js2 (v4)®
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it is easily seen that

ff bcos0) ()Y ()0 f () IPIg(w) Pdvdy.do < Cell fI 1IN,
R3 JR3 JS? 3 k+y/2

since 2y € (—3,2] we have

ff 10— 0,27 b(cos8)—— (02K k() Pdvdv.do < CelRIZ,
R3 JR3 Js2? (v >

k+y/2

so the case y € (—— 1] is thus proved. For the case y € (-2, —
hence

3], wehave -3<y—4<0,-2<y+1<0,

1 1/2
I(Q_(f,g),h<v>2k)|S(fRBfRsfgzlv—v*l”+2b(cosf))<v>2k_<v*> W Rlgw)] dudv*da)

1 1/2
(f f Iv—v*ly’%b(cose) (v)zmilh(v)lzdvdv*da) ,
r3 JR3 Js2 (Vi)
since —3<y—l<0, it is easily seen that
f f 0= 0,13 bcos ) —— W)X h(w) Pdvdv.do < CLlRIZ,
R3 JR3 Js2 (v ) Liyin
since —2<y—§<0, by Lemma 2.6 we have
oyt 2k-1 4 2 2 < : 2 2
fRSfRS §2|” V"2 b(cos0)(v) " T2 (v | f (v:) 71 g (V)] dvdv*daNmril;lgl{llfIIH;nIIgIIHI?W},
so the casey € (—g, —%] is proved. For the case y € (-3, —%] we have

1/2
@ hwi=([ [ [ - v*IYb(cosﬂ)<v>2k<v*>4|f(v*)Izlg(v)lzdvdv*da)

1/2
(f f |v—v.|Yb(cos) —— <v)2k|h(v)| dvdv*do) ,
rR3 JR3 Js2 (v )

it is easily seen that

[f (0= 0.7 b(cos ) —— (W |hw) Fdvdv.do < CelhlZ,
Rr3 Jrs Js2 (V)

Ic+y/2

and by Lemma 2.6

fR 3 fR - "bleosd) ()™ () !If W) Plgw)Pdvdv.do < min [1f lglsy, )
the lemma is proved by gathering all the terms together. (|
Corollary 3.5. For anyy € (-3, 1], for smooth function f, g, h, for any k = 4 we have
1(Q(f, 8), h(v)?h)| < Ckm+1’11111§, {”f”Hg NEler +1glam ,2||f||Hg}IIh||Li+m,

with m, n nonnegative integers.
Proof. By taking m = mj,n = n; in Lemma 3.3 and Lemma 3.4 the proofis finished. U
Corollary 3.6. Forany—3 <y <1, forany|f| <4, for any f, g smooth we have

QU 0p1), W)*5) +1Q@p1, ), W) < Cil flz_ Nghsz

for some constant Cy. > 0.
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Proof. By taking m = n; =0 in Lemma 3.3 and Lemma 3.4 we have

1(Q(f, 051, 8(0Y* )1 +1(QBpw, ), g(v)*H)
<Celflz  N0ppllezlghis  +Celdpulym IF1zlglz < Celflz N8l

so the proofis ended. O
The estimate for the exponential weight case is similar.

Lemma 3.7. Foranyy € (=3,1], for smooth function f,g,h , forany ke R,a > 0,b € (0,2) we have
2k 2a(v)? :
QU 8), (Y ) <Cpap min {1 flay , W&y, +I8lay , Il Rl
with m, n nonnegative integers.

Proof. For the casey € (—%, 1], by Lemma 2.16 we have

<v>k—lOOea<v)b < Ck,a,b<V;>k_looea<U;>b (Ul>k—1006a(v’)b’
which implies
Q" (£, 8), he* ™" (12
szfR L1V 0.1V b(cosO)] f W WIRW)(w)* e dvdv, do
5Ck,a,hf3f3f2 = 0.1 B(cos )| f () [(V. YK 10" | g (1) ('YK 100 ) | () () K190 Gy, do
=(Q+(f(u:i>£1°‘)§e“<">”,g<y>k—100e“<v>b), (h(v)k‘looe“<”>b)(v)zoo),
taking k = 100 in Lemma 3.3 the Q* part is proved. Similarly for the Q~ term we have
Q (f,9), heza<u>ﬂ<v>2k) = Q" (f, g<y>k—100ea(v>ﬁ), (h<U>k—100ea(v>ﬁ)<y>200)’
we conclude by taking k = 100 in Corollary 3.5. g

Corollary 3.8. Forany—-3 <y <1, forany|f| <4, for any f, g smooth we have

(QUF, 01, § (W)™ ™) +1(Q0pp 1,8 W) e ) = Crapl flz,_, N8l

2 »
2, k+y/2,a,b
for some constant Cy 4 p > 0.

Proof. The proofis similar as Lemma 3.6 thus omitted. g

Next we come to prove the linearized part for the exponential weight case.

Lemma 3.9. Forany-3<y<1, foranykeR,a>0,be (0,2) and f smooth, we have

Q" (1, F*F SN+ 1QT (o), @) < Crapl fllz 11

%c+yl2—b(y+3)/4,a,b ’
for some constant Cy > 0.
Proof. For the first term, by Lemma 2.16 we have

1 b 1,/,0\b 1,/,0b
<v>ke§a<u) §<v;>ke2“<“*> <v/>ke§a(v) ,
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together with Lemma 2.12 we have
1(QF (f, ), f(wy2ke2a®’y)
< f f f v = v.]7 B(cos) W)L F W) F ) (2*e ™ dvdv, do
R3 JR3 JS2

stfsfz"’— vl bcosf)e™2 " Wy ke | p ) ez Y | F )0y e Y dvdv.do
RS JR3 JS

1/2
1,/ /\b \NDb
S(f f 10— v, Y b(cosB)e™ V- @D ()] y2k g2at (v'>2k|f(v’)|2dvdv*d0)
R3 JR3 JS2

ea<v>h _ ) 1/2
(f[RszSLZW—V*le(COSG) e_Elv*l eZa(U) <U>2k|f(y)|2dl/dl/*d0')

ea(v’)h
<C f
~ k,a,b” Il [i”/z'u,b ||f||[

the second term can be proved by changing v’ and v’,, so the proof is thus finished. g

2
ktyi2-biy+3)/4,ab”

Lemma3.10. Forany-3<y<1,foranyk=0,a>0,be(0,2), f smooth, we have
— b _ b
~(@Q @ ), fWPEEN = (@ (), FH ) < =GN, + CraplfIT,
+y/2,a,
for some constants Cy,Cy, 4 > 0.

Proof. 1tis esaily seen that

(—Q_(,U,f),f<v>2k62u<u>b) — _LZ b(cosg)da'jl;s [I‘Qs |v_ U*|YI'L(U*)|f|2<v>2k62a<v>bdvdv*’

and by Lemma 2.8 we have

Q™ (f, ), f()2Ke2a0"| =

fff|IJ—U*|Yb(COSQ)f(U*)/J(lI)f(U)<U)2k62u<y>bdl/dv*d(f
RS RS’ §2

,Sf f lv = v."b(cosO)| f I fW)dvdv.do S | fI5,.
RS [R3 §2 3
Gathering the two terms, the lemma is thus proved. O

Corollary 3.11. Forany-3<y=<1, foranykeR,a>0,be€ (0,2) and f smooth, we have
(Q(/J,f),f(l/>2k62a<y>h) N (Q(f,#),f(v)2k€2a<y>b) <-C "f”ii L + Ck,a,b”f”iz’
+y/2,

a,

for some constants Cy,Cy, 4 > 0.
Lemma 3.12. Forany—-3 <Yy <1, f smooth, define
Lf=-v-Vof +Q, /) +Q(f, ),

then for any k > 4 we have
Lf, fW*) e <=Clfl%.,.  +Cellfl3 ., (32)
’ xLryiz xtv
for some constants C,Cy. > 0. Forany ke R,a> 0, b € (0,2) we have

- b
(Lf, f* ) <=Cillf13  +Craplf1% 2, (33)
’ X"k+yl2,a,b XU

for some constants Cy,Cy qp > 0. As a consequence for the solution to the inhomogeneous Boltzmann
equation

0 f=Lf=-v-Vif+QUf,)+Q, ), fli=o = fo-
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Ify €10,1], for any k > 4 we have
If=Pflze Se Mfo-Plollzzez,

for some constant A > 0. Ify € (—3,0), for any 4 < ko < k we have
||f—pf||L§L§CO S Uf%llfo =Pfoll 2z, Yk € (ko, k).
For the exponential weight, ify € (0,1], forany k€ R,0 < a, b € (0,2) we have
If=Pflez,, Se ™ Ifo-Phlze

for some constant A > 0. Ify € (=3,0), forany k € R,0 < ap < a, b € (0,2) we have

b
—Atb-r
-p <M -p
”f f”LiL?c,ao,b ~ ||f0 fOHLiLi,a,h’

for some constant A > 0.
Proof. The exponential case (33) just follows from Corollary 3.11 above. We only prove the polynomial

case (32). By Lemma 3.1 and 3.2 we have

6 0
(L, f(0)*¥) = =lIb(cos) (sin® = =sin* > )11 fll . +CillfI2
2 2 ) k+y12,%

k+yr2-1/2

if k > 4, then
0 0 ) 0
sin? = —sin%~2 = > sin? —(1- sink~* —)>0,
2 2 2 2

so the polynomial case follows by interpolation. Then we come to prove the convergence rate. By comb-
ing the results in [47, 46, 38, 22] we have

I (I_P)SL(t)f”LiLZ('u—I/Z) 5e_/”H(I—P)SL(t)f”LiLz('u—l/z), if }/ZO,
and ,
||(I—P)SL(t)fHLiLz(#fl/z) Se_iﬂiy ||(I—P)SL(l')f”L%Lz(ufsu), if -3<y<0.

Define two operators L = A+ B with A= Myp, and B = L—- My, for some M, R; > 0large, where yp, is the
truncation function in ball with center zero and radius R; > 0. Denote S; and Sp semigroups generated
by L and B respectively. Then if M, R; is large we have

(Bf’f)LiLi S _”f”LiLiwlz' ”Af”LchZ(p*?’/‘*) < ”f”L?CL%
For the case y = 0, for the polynomial case we have
1S5 fllzzz S e M fllpz gz

By Duhamel’s principle we have

t
I(I—-P)Sr (1) ”LiLi—’LiLi S[) I(I—-P)Sr(t—5s) ”LiLz(u‘l/z)ﬁLiLz(y‘l/z)||A”L§L?C~L§L2(u‘“2)”SB(S)”LiLi—»LiLidS
I =P)Sp(Dl 221212 Se ™M,

and for the exponential weight case the proof for y = 0 is the same. For the case y < 0, we first prove the
polynomial case, on one hand, we have

1S5 flzrz SN2z

On the other hand, for any kj < k, for any R > 0 we have

d (k-
Ellsg(t)flli% < —C||SB(t)f||i§Lio+m < —c<R>v||sB(t)f||§§Lio + C(R)2k ko>+Y||SB(t)fIIi;L§’
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where we use the following interpolation
RIS <IfI2,  +(RTZER) e,
ko L kg+yl2 x g
Integrating the differential inequality, we obtain

Sr(D) FI2, ., <e ¢RTtyen2 4 pyv=2k=ko)y £12. < inf(e~CRTL 4 (gy—2(k—ko) 2
1SB( )f”LiLiON IIfIILiszO (R) ”f"LiLiN;bo( (R) )”f”LgLi

k—ks)

_ &
SOTT N e V€ (Ko, ),

where we choose (R) = (£)~/7[log(1 + t)‘%(k_k‘))] /Y Moreover, thanks to Duhamel’s formula

||(I—P)SL(t)||L2L2_,L2L2 SH(I—P)SB(I)”HLZ_,LZLZ
x b ™ Xk X ko

t
+[) ”(I_P)SL(t_S)”LiLZ(ﬂ’3/4)—>L§L2(/~FU2)”A”LiLi—J‘iLZ(/J’SM)||SB(S)”L%L%C—>L§LiOdS

k
ST, Yk € (ko k),

—kx
[yl

so the proof for the polynomial case is thus finished. For the exponential weight case, if M, R; is large we
have

2
(Bf’f)LiLi,a,b = _C”f”LiLiw/z , ”Af”LiLZ(,u*ﬁ”‘*) S ”f”LiL%,

a,b

So first we have

”SB(t)f”LiLiab 5 ”f”LiLZ

kab
On the other hand, for any ay < a, for any constant R > 0 we have

d (e b
—-185(0) flliiLiyao'bs—cIISB(t)flliiLz < —c(RY[1Sp(1) f"iiLi,ao,b“R)Ye (a-ao)(R) ||SB(t)fIIi§L3C,a ’

k+y/2,a0,b b

where we use the following interpolation

2 2 Y ,—(a—ag) (R £)2
(RIFI <Ifl +(R)'e (al
My, <We M,

we can deduce
—c(R)'t 2 —(a—ag)(R)? 2
Sp(0)fII? <e ¢R +e 0
” B( )f”L?CL?c,a,b ~ ”f”LiLi,a,b ”f”L?‘L?c,a,b

b
. — —(a- b _Athr 2
< inf(e ¢Rt 4 p=(a—ao)(R) 2 < g~M
< inf( Wil < 115

1
for some constant A > 0, where we choose (R) = t?7. Using Duhamel’s formula again we have

||(I—P)SL(t) ”L%cLiab_’LiLZ

k,ag,b

t
< — _
Nf() [(IT-P)S.(t S)”LiLZ(y*3’4)—>L§L2(u’“2)”A”LiLi,aO,h—’LiLz(y*"‘) ”SB(S)”LiLi,a,h_’LiLi,ao,hdS

b

— b—y
+IT-P)SpDl 22 _pope Se M,
Xkab X kag,b

~

so the proofis thus finished. (|
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4. ESTIMATES FOR THE INHOMOGENEOUS EQUATION

In this section we prove the estimates for the inhomogeneous Boltzmann equation. Recall N is defined
in (8), w(a, B) is defined in (10), Xk, Xk 4,p is defined in (9) and (11), and Yy := Xi+yi2) Yi,ab = Xeryi2,a,b-
We first prove an estimate for the nonlinear term.

Lemma 4.1. Suppose f, g, h smooth function. For the polynomial weight case, for any k = 4 large, if
Y€ (—%, 11, then for any indices |a| < 2, we have

I(O“Q(f,g),O“hW)z'C)Liy| < Cell fl gy Il + Crllgll gz 2 | f i | el
for some constant Cy. > 0. Ify € (-3, —%] for any indices |a| +|B| < N we have
|(0 Q(f, 8, aahw (a, B)) 2 |<Ck||f(1/) Il ey, Iglly I Blly, + Cillg(w* e 1 Iy TRy

for some constant Cy. > 0. For the exponential weight case, foranyk e R,a>0,b€ (0,2), ify € (—5, 11, then
for any indices |a| < 2, we have

10 Q(f, g),G“h<v>2keZ“<”>h)L§yyl < Crll F 1 X0 1811 v 1Bl i 0y + Crll @l x s 1 1 1Al Wi
for some constant Cy 4 > 0. If y € (=3, —%] for any indices |a| + || = N we still have
05Q(f, 8), 05 hw? (@, B) e2“<“>*’)L§U| < Croa bl Fl X0 181 Vi 11 i + Cleya, b1 8 X I 1 Vi 1l Vi
for some constant Cy 4 p > 0.
Proof. We first prove the polynomial case, for the case y € (—%, 1], by
0“Q(f, 8,0 W)z = Y QO™ f,0°"),0" k(Y2 ,

a =a

together with Lemma 3.5 we have

Q@™ f,0%""1 ),0%h(w)*¥) 2
a—a a a a a—a [e4
SCkfT3 10" fll 2110 1gllLiwzlla hIILiW/ZHIG ‘gllpzl0 1f||L§M,2||a h”Limzdx'
By symmetry we only estimate the first term, we easily compute

f 10~ “‘fIILzlla‘x‘glle Ilaahlle LAx SN0 fll o-ta- alezllaalglle g IIO“hIILz

k /2
,SIIfIIHzLZIIgIIHsz ”h”HzLi iy’
sothe casey € (—— 1] is proved. We then prove the case (-3, — 2], we only prove the case y € (-3, ——] the

casey € (—g, - 2] can be proved similarly. First we have

05Q(f,8),0"hw(@, )z, = Y. QO f,057¢'©),05hw (@, Bz,
(115(1,,31<,6

together with Lemma 3.5 we have

(Q(a"‘lf a“ “lg) a“hw (@ Bz,
SCk _min {II6“ C“fllHrnIIc'io“gw(a Pl Hoghw(a, Pz, dx

+Ckf min {IIG“‘gIIHnIIG“ “lfw(a Pl Hoghw(a, Pl dx.

By symmetry we only need to prove that

f min, {IIG“ “lfIIHm|I6“1gwm,ﬁ)IIHn/Z}IIOghW(a,ﬁ)IILz dx S fllgs Iglylhlly, Yai<a,pr<p.
T3 m+n=2 B1 Y yI2 X
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First we split it into three cases, [a —a1|+ |- P11 <2, la—a1|+|8—-B1l =3, la —a1| +|B— B1] = 4. For the
case |a —ay|+|B— Bl <2, take m=2,n =0 we have

f min_{105" 5" fll 10, gw (@, )l HOghw(a, Pz dx
<19~ “lqucHzna“lgw(a Pllgrz, 105 hw(a, Bl zpz

with ¢, d nonnegative integers satisfying ¢ + d = 2. Taking

—1B-Pil-la-ail, d=|B-pil+la—ail,
such that

B—Pil+la—ail+2+c=4, lail+|fil+d=lal+pl,
so first we have

||6“ “1f||H2H2<||(v> fligs,, ||6%hW(a»ﬁ)“L§L$/2S”h”Yk'
Using the fact that

lapl+ 181l =lal+1Bl & |B1l=I1Bl = wla,p)=<w(a,pr),
we deduce

105 gw(a, B)ll a2 = > 105 gw(a, B)ll a2 <lIglly,-
h e gsipprisaea) P e ‘

For the case |a — a;| + | — B1] =3, by ||fg||L§ < ||f||L§||g||L§C and taking m =0, n = 2 we have

min {IIO“ “lfIIHmIIO“Igw(a Bllpm Hoghw (e, Pz, dx

T3 m+n=2
—”0a o fIILstIIGa‘gW(a,ﬁ)llLst IIG“hw(a,,B)IILsz
<”aa alf”HlLZ”a gW(a ,B)||L3HZ ||6ahw(a’ ﬁ)||LzL2 .
Sincela—a1|+|,3—/31|:3 we have
a5 “1f||H1Ha <l{vy? f||H4 ||aghw(a,,3)|lL§L§/2 < |hlly,.
For the g term, since |a| + || = 3, we split it into two cases |a|+ |B]| = 3 and |a| + |B| = 4. For the case
la— a1l +16 - p1l = lal+ |6l =3 we have |a;| = |B1] = 0, by (28)

max w?(a, ) < w(0,2)w(l,2),
lal+|Bl=3

together with (31) we have
lgw(a, B) ||L§CH$/2 <|gw(0,2) ”L§H§/2 +llgw(l,2) ”H)ch)%/g 5 lglly,.

For the case |a — a1| + |8 — B1l = 3, |a| + | B] = 4, this time we have |a;| =1,|81|=0or |a;| =0,|B1] = 1. For
the first case by (29)

max w?(a,B) < w1,2)w2,2),
lal+|pl=4

together with (31) we have
0" gw(a, B) IIL§CH§/2 Sllgw(1,2) IIH}CH;Z +lgw(2,2) IIHJ%H;2 Slglly-

For the second case by (29)

max w?(a, B) < w(0,3)w(l,3),
lal+]pl=4

together with (31) we deduce

10g, gw(a, B) ”Lng,Z S llgw(0,3) IILchgl2 +llgw(1,3) ||H;H$,2 Slgly,.
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Finally for |a — a;| + |8 — B1] = 4, we have |a;1| = |B1| =0, taking m = 0, n = 2 we have

] min {IIO“ 5 flp 10 gw(a, B)llm, Hoghw(a, Pz, dx

<||0 f”LZLZ”gw(a ,B)lILoon ||aahw(05 ,B)HLZLZ
<IY flls, I gw@ Pl Il

by (29)

max w?(a, B) =w(, 245w (2,2)%/,
lal+|Bl=4

together with (30) we deduce
lgw(a, Pllizpz, SI§WA DNz, +1§WE 2Dl 2wz, S8y

so the polynomial case is thus proved by gathering all the case. For the exponential weight case, for
Y€ (—%, 1] by Lemma 3.7 we have

(Q(@d] f,aa—al g)’aa’h<v>2ke2d(v>b)b;yv

=C 94 oM 0%h + 0" 94 0“h dx.
kab fr N0 fl 0% gl N0%Rlz  +10% gl 107l 1% il

k+y!2,a,b

For the first term we have

9% % 0%h dx
fw l fligz gIILgc+ panl ”Limz Y

< a—a, i [45] _
N”a f”H,ZC la allLi,a,h”a g”H)\Cd al\Li” ”a h”[}L?c

< <
W, N8l Wlge S 11l

y/2,a,b

and the second term follows by symmetry. For the case y € (-3, — %], for simplicity we only prove the case
Y€ (=3, —%], by Lemma 3.7 we have

QWS £,0%-5 ),05 hw? (a, {1e*™™") 2

<Ckabf min {II6“ “lfwm Bl aalgW(a P, }Ildghw(a,ﬁ)llq dx

12,a,b

+Cran [ mrgrilgz{||ag;gw(a,ﬁ>||mg o fu@ By, MOShw@ P, dx.

G,b

By symmetry we only need to prove that

min {10, "' fw(@ Plur, 105 gw(a Py, HNOphw@ P,  dx

T3 m+n=2
SIfllxe., gl yk,,,,bllhll Yiab’ Va1 <a,p1=p.

By (10) we have
w(@, ) <wlaz o), Vial+Ifl<4, Viazl+|B2l <4,
so for any nonnegative integer m, n satisfies m+ n+|a — a;|+ |8 — B1| <4 we have

0% alfw(a B ||H’”H" = ”f”Xk,a,b’

the remaining proof is the same as the polynomial case thus omitted, so the proofis thus finished. [

Then we come to prove estimate for the linearized part, we first prove the polynomial case.
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Lemma 4.2. For any smooth function f, ify € (—%, 1], for any indices |a| < 2 we have

.
|0"QUf1,0°gW)* )z | liblcosO)sin®? 2N 10° fllzry  1078lizrs
"'Ck”aaf”LZL?C 0% gIILsz

yl2-1/2 k+yr2-112"

for some constant Cy. > 0. For the casey € (-3, —E],for any indices |a| + |B| = N we have

L .0
|(agQ(f,,u),agng(oc,ﬁ))@yyl <||b(cos®) sin® 2§||L; ||6%fw(“’/3)”L§L§,ZY* IIG%gW(a,ﬁ) ”LiL?//Z,*
+Ck||6afw(a»ﬁ)”L2L2 ||aagLU(a,ﬁ)||L2 2/2 o

+Cx ) 105 fw(a, ﬁl)IILsz JNoggwia, Pz,
Bi<p

Proof. Since 0% = 0 if |a| > 0, the case y € (—5, 1] is just Lemma 3.1 and thus omitted. For the case
ye(=3,-31, by

OFQ(f, ), 058w’ (@, Bz, = Y. (QW@f, f,0p-p, 1), 058w (@, )z,
pr=p
we split it into two cases. For the case §; = B, by Lemma 3.1 we have

QW05 [, 1), 058w (@), | <llb(cosB) sin*~ —I|L1 105 fw(a, Pllzee, Noggwia, p)l 212
+Cillog fw(a, Pz, L05gw(a, ﬁ)lle
For the case 81 < 8, by Corollary 3.6 we have

|(Q(6g1fyaﬁ—ﬁlli)ya guw?(a, Bz, | < Ck > ||6a fw(a, ,5)||L2L2 0% gw(a’ﬁ)”LiLi/z’
Br<p

so the proof is thus finished since w(«, ) < w(a, B1) if |B1] < |BI. U

Y/2,%

k+y/2 2

Lemma 4.3. For any smooth function f, for any k = 4. If)/ € (—%, 1], for any indices |a| < 2 we have

0 Q(u, ),0% F()?¥) 2 < ~I|b(cos0) sin® —||L1 10° sy +ClO Iy

k+y/2-1/2

for some constant Cy. = 0. Ify € (-3, _E] for any indices |a| +|B| < N we have

@FQu, N),05 fw’ (@, B)) 2, < ~lIb(cosH) sin® —IILl 105 fw(a, ﬁ)IILsz +Cillog fw(a, Pl 2

yI2-1/2
+ Cy Z ”aa fw(a’ ﬁl)”LzLZ ||6 fw(a’ ﬁ)||Lsz )
p1<p
for some constant Cy = 0.
Proof. Since 0% = 0 if |a| > 0, the case y € (—— 1] is just Lemma 3.2 and thus omitted. For the case
Y€ (-3, —%], first we have

0FQ, ),0°fw (@, Bz, = Y. (Q@p-p, 10 f),0ffw’ (@, Bz,
Br=p
we split it into two cases. For the case §; = §, by Lemma 3.2 we have

(Q(u, 05 1), 05 fw (@ Bz, < —lb(cosf)sin® —||L1 105 fw(a, ,B)IILsz +CkI|6 fw(a, ﬁ)IILsz

yI2-1/2

For the case | 8] < | Bl, by Corollary 3.6 we have
|(Q(0ﬁ—ﬁlli,agl f),agfwz(a,ﬂ))g‘yl = Ckllaglfw(a,ﬁ)llLilzIIngw(a,ﬂ) ”Li/z’

so the lemma is thus proved since w(a, B) < w(a, B1) if |81| < |BI. (|
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Then we prove the estimate for the exponential weight case.

Lemma 4.4. For any smooth function f, foranykeR,a>0,be (0,2). Ify € (—%, 1], for any indices |a| < 2
we have

b b
O"QUf, ), 0" F* &)z +@" QU ),0° fW)* e 2 < =Cill0" flfy e+ Crapld® S,
, , xLkryi2,a, X,
for some constants C1,Cyqp > 0. Ify € (=3, —%],for any indices |a| + |B| = N we have

05Q(f, 1), 07 fw (a, B)e2a®)’ )iz, +©@5Qu, f), 05 fw (@, B2y, ;.

~CllOG Fw@ s+ ClanOf I, +Cra ¥ 10, fule, ﬁ1)||Lsz 38 Fwa Pl
@b pr<p

for some constants Cy,Cy 4 > 0.

Proof. Since 0%y =0 if |a| > 0, the case y € (—— 1] is just Corollary 3.11 and thus omitted. For the case
Y€ (-3, —%], first we have

0%QUf, 1,05 fw?(a, e ™) 2 +©@%Qw, ), 0% fw?(a, fe** ™) ;|

= Z (Q@S, f,0p-p, 1), 0% F? (@, e ) 2 +(QOp—p, 1,0% 1,04 fw(a, fe** ™)z
p1=p

we split it into two cases. For the case §; = 8, by Corollary 3.11 we have
QW@ 0,05 fw? (@ P )z +(QUus, 05 1,05 w* (@, )& )z,
—C1||0 fw(a, ﬁ)lleLz +Ckab||6 fII
For the case f; < 8, by Corollary 3.8 we have
QU3 f,0p-p, 1), 05 f P (@, BE*™ ) 2 1 +1(QOp_p, 1.0 1), 0% (@, He*™ )z |

<Ciap ), 105 fw(a Pz, 105fwe Pz,
ﬁ1<ﬁ v/12,a,b

so the lemma is thus proved since w(a, 8) < w(a, B;) if 81 < B. O
For the transport term v -V, f we need the following estimate.

Lemma 4.5. Suppose|B| > 0, for any smooth function f we have

@F(v-Vx /), 05 fw (@ Bz, < CC > ||a;';2fw(a2,ﬁz)||Lsz Mo fw(a Pz,

[B21=1B1-1,laz|=]al+1
Proof. By (27) and
0y, (V-Vyf)=0xf+v-Vi0,,f, Vi=1,23,
the theorem is thus proved. O

Recall the definition of Xo. Xy := H2I? ify € (—%, 11, Xo = HQ’,}, ifye (—3,—%], and Yy . is defined in
(13). Gathering the estimates above, we obtian following estimate.

Lemma 4.6. For any smooth function f, g, h smooth, for the polynomial case, for any k > 4 large, for the
nonlinear term we have

Q(f, 8), Wx | S Uflx, Igly, + 1 £y Iglx) I Ally,. (34)

For the linearized term we have

o ks 0
[(Q(f, 1), 8) x,| = Ib(cos ) sink=2~%" EIILé I flv, 18Ny, + Cill fllviy ), 181 vy (35)
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and
k-4
3

N D

QW ), fx, < —llb(cosO) sin®*

In particular gathering the two terms we have

I IF 1S, + Crll I, .- (36)

0 -1 0 2(-1 0
QU ), Nx, + QU ), f)x, < —IIb(cos ) sin® E(sinkT 5 sin N Dl I, + Cel Iy, 6D

For the exponential weight case, for the nonlinear term we have

QU 8) M Xy n| S U F 1k 181 vieas + 1 1 181 X0 ) 1l i 0 (38)
for the linearized term we have
QU ) NXa + QU N S —C2ll FIT,,., + Crll fI - (39)
For thev -V, f term, for the polynomial case we have
1 0 -1 0 -9 0
(=0 Vef, x| = I blcosO) sin? E(sin% 3" i 2 %1y £, (40)
for the exponential weight case we have
C
=0V f, £ xean| < f I£13, .- 41)

Proof. (34) and (38) can be proved by summing on |a| +|8| < N (la| < 2if y € (-2,1]) in Lemma 4.1. For
any 1 > 0 we have

Cirny1p1Ck |/3|Z<|ﬁ| 105, fwa, pollz 1058w, Pz,

CkClal,
<y ﬂ||a“1fw(a,,31)IILg/ZnC\aLml||5g8""(“’ﬁ)”Y/2'

- 1B11<IBI
By (12) we have Cjq,15) < Cjqy,i,)> 50 (35) follows from summing on |a| + || < N (la| <2ify € (—%, 1]) in
Lemma 4.2 and taking suitable small constants 1 > 0 such that

f—2 0 CkCial,ipl

2
Iy = Clatipil>

ks 0
2% Z _sin
2

1 < ||b(cos 0) (sin*~

the estimate (36) and (39) can be proved similarly. For the vV, f term, if y € (—%, 1], it is easily seen that
(- V0% f,0 fF(1)*) 2 =0.
For the case y € (-3, —%] we have
Ciag, 5/ C( )y 107 fFwaz, Bl 2z )05 fwa, Bl 2z,
|B21=IBI-1,laz|=]al+1
S(W IﬁZI:\ﬁI—IX,I:aZI:IaIH llagjfw(a&ﬁz)llLiLilz)anmIIG%fw(a,ﬁ) “L?cLi/z'

By (12) we have Ciq), || < Ciq+1,/8|-1, SO (40) follows by summing on |a|+|6| < N in Lemma 4.5 and taking
suitable i such that

Cial,1pCr

< C < L |b(cos8) sin? 0 (sin% 0 sinZ(k;l) 0) |
lal+LIpl-1 <5 > 5 -
And (41) can be proved similarly. O

Taking g = f in Lemma 4.6 we can easily obtain the following estimate.
35



Corollary 4.7. Suppose that—3 <y <1, f smooth. For the polynomial case, for any k > 4 large, there exists
constants cy, Cy. > 0 such that

Qu+ fop+ 1), Nx, < =2c0ll fI5, + Cell F1I5,_, , + Cll fllz, 1 £115,
< —coll fI, + Cell FI%, +Cell Flix, I 15,

For the exponential weight case, for any k € R,a> 0, b € (0,2) we have

QU+ fr1+ ), DXy = =0l F15,. ., + Cla bl FI%, + Chapll Flxeas I F1%,,,»
for some constants co, Cy. 4,p > 0.
Corollary 4.8. Supposey € (-3,1]. For any smooth function f, suppose f is the solution of

O0if=Lf:=—v-Vif +QUfL,)+ QU f), fli=0 = fo.
Ify €10,1], for any k > 4 we have
If=Pflx S e lfo—Pfollxe
for some constant A > 0. Ify € (—3,0), for any 4 < ko < k we have
1f = PFllx, SO 1fo-Phollx, ki € (koK.

For the exponential weight, ify € [0,1], forany ke R,0 < a, b € (0,2) we have

If =Pflixen, S e fo—Phol X

for some constant A > 0. Ify € (=3,0), forany k € R,0 < ap < a, b € (0,2) we have

b
1 =P Flxens S € 1 fo=Ploll Xy
for some constant A > 0.
Proof. The proofis similar as Lemma 3.12 thus omitted. U
Corollary 4.9. Denote Zy = Xy._y/2, then we have
1R, Nz SIfIx N8l + 1 fllv Igllx,-
Proof. 1t’s easily seen that Zy. is the dual of Yy with respect to X, so the corollary follows by (34) in Lemma
4.6. O
5. GLOBAL EXISTENCE AND CONVERGENCE

The proof of local existence is standard once we have established estimates in Lemma 4.6, we refer to
[7] for example.

Theorem 5.1. (Local existence) For any k > 4, there existsey,€1, T > 0 such that if fy € Xy and
I follx, <€0, H+fo=0,
then the Cauchy problem
Oif +v-Vaf =Qu+ fLu+ 1), fl=o= folx,v),
admits a unique weak solution f € L*°([0, T1; Xy) satisfying

I flzoqo,mix0 S€1, p+ =0, N fllzzqo, ;v < €1-
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Theorem 5.2. Recall Lf = —v-V.f + Q(f,u) + Qu, f). For any function f satisfies Pf = 0, for any k = 6,
define the norm ||| || x, and the associate scalar product ((f, g))x, by

B, =i+ [ T ISi 01 dr, (Fehw=ntgn+ [ Sif S0 dr.

Similarly foranyk € R,a > 0, b € (0,2), define the norm ||| f||x, ., and the associate scalar product ((f, g)) x;..,,
by

I, ,, =M%, ,, + fo IS: @ fI% T, ((F1 ) Xe0s = 10+ 8) Xpar + fo Sz () f,S;(1)g)x, dr.

Then there exists some1 > 0, such that the norm|||-|l|x, (ll-1llx,,,) is equivalent to | -l x, (I-lx,,,) on the
space {f € Xi|Pf =0} ({f € Xy, ap|Pf =0}). Moreover there exists some constants C,K > 0 such that any
smooth solution to the following equation

. f=Lf+Q(f, ), fO=fo, Pfo=0, (42)

satisfies for the polynomial case

d
I, < €Il = OIFI,, (43)
and for the exponential weight case
a
I 0, = Cl N0 = KON I, (44)
K

As a consequence, if ||| folllx, < oL then there exists a global solution f € L*([0,00), Xg), 4+ f = 0 to the
Boltzmann equation (42). Moreover for any k = 6, if we assume|| fyl x, < +o0o, then for the casey € [0,1] we
have

Nxe S e Ml
for some constant A > 0. For the casey € (—3,0), for any 6 < k; < k we have

ks
M lxy, SO Tl Vi€ (K, k).

For the exponential weight case if we assume ||| folllx,,, < %, then there exists a global solution f €
L®([0,00), Xk,q,b), 1+ f = 0 to the Boltzmann equation (42). Moreover for the casey € [0, 1]

At
My S € PN X0

for some constant A > 0. For the casey € (-3,0), for any0 < ay < a we have

b
—Atb-ry
|||f|||Xk,a0,b S e |||f|||Xk,a,h’

for some constant 1 > 0.

Proof. During the proof, we will denote X = X, Y = Y for the polynomial weight case and X = Xy 5, Y =
Y4 b for the exponential weight case. Since k = 6 for the polynomial weight case, by Corollary 4.8, for
both cases we have

o0
IS; @ fllg, <6@Ifllx, lim 6(r) =0, f 02(1)dT < +oo,
- 0
for some function 8(7), which implies
[Cisiwrizarsipi [~ o @ar,

the equivalence between two norms is thus proved. Then we compute

d 1 {0 0) _ {0 0)
—- 3 IFONE =0QUu+ o+ ), f)x + fo (S; (LS, Sy f)x,dT + fo (S:(Qf, ), S; (@) )y, dr.
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We will estimate the terms separately, first by Corollary 4.7 we have for the polynomial weight case

QU+ fop+ ), Px = =coll FIG + Cell FIG, + Ciell Fllx, 1F15,

and for the exponential weight case

(Qu+ fru+ ), Nx < =aoll FIT + Cell fI%, + Crll Flx 115

Recall that
ISL(@) f(Dl g, =0+ Dl follx, }LI&H(T+ =0, Vt=0.

For the second term we have

fo (Si(T)I:f,SL(T)f)XOdT =f0

For the last term we have

| simaur nisimpgde= [ IsimQu Nlg 1@ g dr.

o0

d
ISt fOIT dr = lim IS f(OIT - 1fOIF, =-If DI

For the case y € [0, 1], by Corollary 4.8 and Corollary 4.9 we have

fo IS;@Qf, Nlig ISL@) fllg,dT < IIQ(f,f)II)gIIfIIXE,f0 e Mdr S1QU Plizl flly, S FiPATI

[yl

For the case y € (-3,0), since 6 > kj + 5 for some kj >4, by Corollary 4.8 and Corollary 4.9 so we have

6-+1yl/2—ky +6-Iyl/2—k;

fo 1SL@QU All g IS L, dT SNQU Hll ol Fl fo W dr

SIQU, Pz fllyy SUFIx I FIT,

by taking a suitable 1 and combining all the terms, (43) and (44) is thus proved. For the global existence

: K
and convergence rate, if ||| folllx, < 56 then

d
I = Il = OIf Iy,

we deduce that ||| f]||x, is decreasing over time for all £ = 0. Together with the local existence we know
that there exists a global solution f € L*((0,00), Xg). Now we come to prove the convergence rate, for the
polynomial case, for all k = 6 we have

d K
I, < €Il = O, < =S 115,
Thus the convergence rate can be proved similarly as Lemma 3.12, the exponential weight case can be

proved similarly. U

6. GLOBAL EXISTENCE FOR THE BOLTZMANN EQUATION WITH LARGE AMPLITUDE INITIAL DATA

In this section we prove the global existence for the Boltzmann equation with large amplitude initial
data. We first prove some useful lemmas.

Lemma 6.1. Foranyy € (-3,1], k > max{3 +v,3},e > 0 small enough we have

f |V_V*|Y<V*>_kdl/* SCk,e(U>Y, lika,E:O,
{lv-v.]> L Ulv-v. |<e(v)} €—0

forany veR?.
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Proof. If |v| < thenlv*|+ <1+|v- v, sowehave

_2,

Iv—v*ly<v*>_kdv*—f v, (v —v.) *duv.
{lv.1>L Uy, |<e(w)}

<Cr f lv. " (v Fdv.,.
{0 1> L Ulv, |<e(v)}

flv V> <"> Ulv—v.|<e(v)}

We easily compute that
Cr . (v *dv, < Ckf vV d v, < Cre"™ ()3 < Cre?’ ()Y,
{lv.l<ev)} v, [<e(w)}
and
C Y -k Y-k k-y-3 k=y-3,,\Y
& [ve|"(ve) " dvy < Cy lv.|" "dv. < Cre < Ce (v)',
lv,|>2} {lv.1>1}

so the case |v| < % is thus proved. Consider now |v| > 1/2, we split the integral into two regions |v — v.| >
(v)/e and |v — v.| < e(v). For the first region, since |v| < %Iv*l implies |[v—v.| = %I V|, so we have

f lv=v. (v Fdv, =f 0. (v = vs) *du,

lv—v.|>2} {lv. >}

sckf 0, 10" () *dv, < ckf " 0| Y dv, < CreF 73y F 3 < e T30y
(lv.>2 v, |>2}

For the second region, since |v| > 1/2 and |v — v.| < €{v) imply |v.| = (v)/4, hence

f lv = v, (vs) ¥ du, ka<v>"cf |V — ve]"dv, < CredtT () K78
[v—v.|=e(v) lv—v.|<e(v)
so the theorem is thus proved by gathering all the terms together. U

For the linearized part of the polynomial case we are able to prove a better estimate.

Lemma 6.2. Forany -3 <Yy <1, for any constant k > max{3,3 +y} we have

1_ff| v [Y (" LA
RS />k

for some constant ¢ > 0 (independent of k) and for all v € R?. Moreover for any € > 0 small we have

ke
— — 1Y |V, Y ; —
]_‘A‘QSLZ1{|U_V/|><E>U|U_V/|<€<V>}|v V| (v’)ke 2% dvydo = Cr ()7, ll_r)%Ck'E—O.

We also have

K:= ffl vl )e‘%"’i'2<u’>‘2du*dasck<y>7—2.
RS I>k

Proof. Since y—1 <0, by Lemma 2.10 we have

1 (nk 1
I=4f - <_>kf ( v—v|2+|w|2)ye dwdv
R [V = v (V) Jww--v=0t /|1 = 02 + w2

1 1% k r-1 \U-HU\
s4f —3-7</>kf lw|' 2z e dwdv'.
R |y —p|z (VD Jwio-(v-v)=0)

Recall the decomposition (24) we have

1wk _we r1 et
154f N E f lw|'z e” dwdv'.
RS |pf — v| L) {w:0-(v'-v)=0}
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. -1
Since YT > —2, we have

o, \v”+w|2 Jwi? -1
f lw| 2 dw = f Iw—v”l 2 e 2 dw=sC{yp) 7,
{w:w-(v'-1v)=0}

hence

I<Cf v/ —UI >> - (v")

Similarly we have

13 <V>" il
j=cC f P e
{lv— U’|><”>U|v—v’|<€(v)} (v
We split into two regions |v| <1 and |v| > 1. If |[v| < 1, since YT_B' > —3, hence

_ 1 _
Isckf W =0T ——dv' < Cv)'T < Cp(uy™ ',
R3 (U’)k

Similarly by Lemma 6.1 we have

-3 1
]SCkf v —v|' T kdv'kaye(v)Y.
{lv-v'1> L ujv-v'|<e(v)} v

For the case |v| > 1, since |v,| < |v|, we split it into two cases |v | > '”' and |v | < % For the case
v | > '”' we have

s (uyk w2 k 100
I<Ckf v — T l>ke "2 dv < Cre” 41@/ v/ —vl z W dv < Cr(v)~

and by Lemma 6.1

_2 , 3 1 ,
J<Cre u2 V' —vl'Z ——dv < Cie (D).
{lv— v|><">ulu V'|<e{v)y v’
For the case |v, | < ‘”' ,|v] > 1 we have

WE=lw-vP+vP+2v-(' -v) = lv-v'*+|vf*-2|v - v||vl|>(1——)(|v V2 +1v)?),
and since
A+ D<o [Pz vl= o= 2o
k - ” - k2 _2 )

we deduce

1<cf - 0 ST dy

(v )
_ _ k b2
SC(V)YTlf Iv’—vlyTS () e_%dv’
RS

(v="v'?+v|?)k

rt PR = 1 o,
<C(v) 2 Iv—vlzﬁe 2 dv'.
RS V—U =

(1+ 1+|U|2)2

If we take the change of variables (25) we have

0 y+1 1 0 IV\ZCOSZG

-1
IsCZn(v)yT/ rr —— e 2 sinfdrd6.
0 r 2 JO
1+|v|?
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Taking another change of variables (26), recall (5) we deduce

. 1 [v] 2
I<C—(v)7+1f X —kf e_%dydx
vl 0 1+ x2)z J-1vl

(o) + 1 +00 2
sC(v)YfO xYTl—kdxf e_%dy

so the term I is estimated. By (26) and (25) we have x = '”&;”' , which implies

()

1
{|v—v|>—u|v—v|<€(v)}—{x<eux> },
€

thus for J we have

|v| 2
J<C—<v>“1(f f)—f % dydx < Co(n)Y,
(1+|x|2)2 |l/|

so the proof for J is thus finished. For the K term since

k+2
v /
K=<V>_2ff v, gy, do,
R3 JS?

<U/>k+2

the estimate for term K just follows by the estimate for term 1. g

We introduce the mild solution to the Boltzmann equation. Forany k = 0, let f(t, x, v) = (v) "% (F(¢, x, v)—
©(v)) in (1), then f satisfies

Orf+v-Vyf+Lif =Tr(f, [), (45)
where
Lif = FQu Fy B+ k™ w,
and
TE(f, )= QE(F w5 ™), Th(f, =T H-Ti(f, )

We also have
Lef=Kief—-v(v)f, v(v):= /Rsfgzlv— v«|"b(cosO) u(v.)dv.do ~ (v)7,
where Ky := K ;. — K . is defined as
(Ky, i f) (W) :=u(u)<v>kfwf§2 v = 0,17 b(cosO) f (v.)(v.) *dv.da,

and

(Kz,kf)(u):zf f lv— v, [V b(cosO)(v)* F(W )WL) *u)dv.do
R3 JS?
+ff Iv—v*be(cose)(U)ku(v;)f(v')(v'kav*da
R3 Js2

=2f lv— v,V b(cosO) (v) ul) )W)y *dv.do.
RS Js?
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Thus the mild solution of (45) is given by
t
f(t,x,v) =" fy(x - vt, v) +f e YW= (K f) (s, x— v(t—s), v)ds
0
t
+f e VUL (F, (s, x— v(t—5), v)ds. (46)
0

If we define I (v, V') is the kernel with respect to K such that

Kif(v) = f Le(v, V) fF(Whd V'
R3
For the kernel I we have the following estimate.

Lemma 6.3. Foranyy € (-3,1], for any k > max{3,3 + v} we have

c
f |k (v, v)]dV" < —5 (W)Y + Cr(v) 2, f e (w, VY V)y 2dv' < Cr(u)' ™2,
R3 kT R3
for some constant Cy. > 0. Moreover, for € > 0 small enough, we have

f 1le(v,V)d V' < Cre(v)?, 1limCie=0.
{lv=v'1>2 ulv—v'|<e(w)} e=0

Proof. 1tis easily seen that

k
fllk(v,v')ldv'Sfo Iv—v*be(cose)ﬂe‘%"’ilzdv*da
R? RS Js? (v'yk

+ ,u(v)(v)kf [ |v—v.|"b(cosO)(vs) *dv.do,
Rr3 Js2
we easily conclude by Lemma 2.9, Lemma 6.1 and Lemma 6.2. (|
For the mild solution f, we have the following lemma on local existence.

Lemma 6.4. (Local existence) Suppose vy € (=3,1], Fy = p+ fo = 0. For any k > max{3,3 + y} suppose
eh% Jollze < +00. Then there exists a positive time

f = Cr(1+ Y  foll =) 7,
such that the Boltzmann equation (1) has a unique mild solution F = u+ f =0 in [0, t;] satisfies

sup ()X F(9)llzo < 21 foll oo

0<s<h
Proof. The proofis similar to Proposition 2.1 in [16] thus omitted. O
We give an upper bound for the nonlinear term.

Lemma 6.5. Lety € (=3,1], for any k > max{3,3+7}, @ 2 0, forany s = 0,y € T3, for any smooth function
f it holds that

p-1

b W
() T (f, s 30l = Cv ) F )l 1 (N2 Uw £ (s, v’)ldl/) ",

similarly

z1t 5
(KT, (5,3, ] = V) IO () g, I F I 2, ( fR fsy, V')Idv’) ",

for some constant p > 1 close to 1 which only depends ony (such p is fixed and used later).
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Proof. Fix p > 1 close enough to 1 and € > 0 small enough such that

3 4(p-1 -1
-3<py<-, (p )Sl, p—s
2 p+1 2p

2
g, -3<pytey=-2, epp <1. 47

+

DN | =

For the term I',_(f, f), we easily compute
KT (f, sy, )] SCII<V>“f(S)IIL;?Vf lv=v. ") f s,y v)dv.

p-1
<CIK»* f(9)llre, (f [v— v, [P vy~ de) U w5 s, y,v*)PL )p

<CIK»)* f($)ll e, v(v) (fmp(v*)‘z’“dv*)w (fRS fis,y, v*)nzpldv*)zp
L

p+1
<Cv I F )z, 1 £ 2 U 1f(s, 3,0 )|du) v
For the term F;(f, 1), since ()% < Co(v.)* + Co (V) )%, we have

(K

Wlf(s, UV f(s,y, V) dv.do

KT )57, v)|sch3f§2|u—um

(v)¥ 'a , / —
+C/R3f§2|v—y*|YW|<v*) fyv)fis,y,v)ldv.do =1+ I,.

Without loss of generality we only prove I, in the following, we have

<V>k a
I =j|‘@3 §2|U—U*|YW|(U;) f(s,y,v;)f(s,y,v’)ldv*da

<v>pk 1-1

3
SC”<U>af(s)”L§?u (f [ V= V. |py+€p< /)pk(v )pkd dU) ([I;pfgz|V—U*|_€”’i1|f(3r%v’)|”’zldv*d0

By Lemma 2.10, for any function g we have
el ,
f lv—v.| P rIgW)ldv.do
R Js2

1 1 _e P
s4f - |g(v’)|f WV = v +|wP) P Tdwdy'
r3 [V =Vl {ww-(v'-v)=0} \/|v' — v|%2 + |w|?

1
||g(l/)|j';2 —dwdv'.
(v = v+ |w)

RV —v

By a change of variable w = |v — v'|x, and since 1 + e% > 1, the integral is integrable and we have

_e P _e P 1
f lv—v.l enﬂlg(v’)|dv*dascf v =l fv'fwg(v’)lf ————dxdv'
R3 JS2 R3 R2 )

SC[ Iv’—vl_eﬁlg(v')ldv'. (48)
R3
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So using (48) and Cauchy-Schwarz inequality we have

ffIv—v*l_eﬁlf(s,y,v’)lﬁdv*dcf
R3 JS2
1 1
2p 2 2p 2
SCU Iv—V’I_€H<v’>’4dV’) U <v’>4lf(s,y,V’)I’Hdv’)
R3 R3

1
_e P ptl 2
<C@)"TTIDFI T I U{Rj 1f(s,y, V’)IdV’)

p+l 1

et Hp-l) 2-D / AE
=C) “7HK) e, Rslf(s,y,V)Idv :

By Lemma 2.11 we have
1
(vyP* P
f |V — v, |PYTP ————dvdo | <(v)"*".
RS Js2 (VP (v )Pk
Gathering the terms two we have

p-1
p+1 >

L<CW" W I f9)llre, ||(V>f(8)||z£u (.[I;@ If (s, V’)Idv’) ’ ,
the proof is thus finished. O

For any =0, let h(t, x, v) = (v)P f(t, x, v), where f is a solution to (45). it is easily seen that / satisfies
0th+v-Vih+v(W)h=Tg,p(h,h)+Kiiph, (49)
with
Kisph(0) = (0P K@) P (), Traplh, ) = 0)PT(0) P h, ()P h) = (0)PTL(f, ).

For the kernel of Ky, g we have

Kk+ﬁf(v)=f[RS lLesp VN FNAY,  Leip, V) = L, )P V)P,

it is easily seen that [y, g still satisfies Lemma 6.5, with Cy replaced by Cy, g = Cy,g. The mild solution to
(49) is given by
t
ht,x,v) =e "W ho(x - vt, v) +f e VWU (K, gh) (s, x— v(t—5),v)ds
0

t
+f e WU (h, ) (s, x— (= $), V)ds. (50)
0

For the mild solution & we have the following estimate.

Lemma 6.6. Suppose f and h satisfy (45) and (49). For any y € (=3,1], there exists a constant ky >
max{3,3 + v} such that for any k = ky, f = max{3,3 +y} it holds that

sup h(s)llig, =Crp(lhollrg, + holl%% +V H(Fy) + H(Fp))

0<s<t

3p+1 oo
+Ck,ﬁ SUP {”h(s)”légy \[RS' (lf(s’y’ U’)ldv’) 2p },

n<s<t,yeT?

for some constant Cy g = 1, where 1, is defined in Lemma 6.4.
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Proof. By (50) we have
t

|h(t,x, )| <e™" P gl 0, + f e YU (K ph) (s, x— v(t—$), v)|ds
' 0

t
+ f e "IN, p(h, ) (s,x— v(E— ), v)|ds:= e hgll s, + Jo + J3.
A ;

For the J3 term, since 8 = 1, by Lemma 6.5 we have
p-1
2

ITesp(h, R)(s,y, V)| = [KOYPT(F, 1)(5, 3, v)] < Cp(v)’ sup {Ilh(S)IIL;’U (fRSIf(s,y, V’)Idv’) ’ }

0<s<t,yeT3

hence

t 3p+1 172—71
I SC/C,,B[O e—v(l/)(t—s)(y)yds sup {”h(s)”éﬁy (fR3|f(s,y, y’)|dv/) P }

0<s<t,yeT3

O<s<t,yeT?

3p+1 -
<Crp sup {Ilh(s)llL;’V (fR3|f(s,y, v')ldv’) }
For the J, term, denote X = x — v(t — s), we have
Jo sfote_"“’)“_s) [w |kt p (0, V) B(s, X, V) dV ds,
by (50) again we have
J2 sfote‘”(”’“‘” fRs Les (0, V) e o (= v's, ) |d v ds

t S
+f e_"(")”_s)f ks p(v, v’)l/ e_v(v)(s_”ll"lﬁﬁ(h, Wi, x-v(s-1),v)drdv' ds
0 R3 0

t s /
+f e_m)(H)f f ks p(0, V) i p (U, v”)lf e "D pr, 5 -V (s— 1), V) dv"drdv'ds
0 R3 JR3 0
=Jo1+ Jo2 + Jo3.
For the J,; term by Lemma 6.3 we have
t
Jor < Cigllhols, fo DU )Y ds < Cp gllg s,

For the J,, term by Lemma 6.5 we have

3p+1 pl t S ,
Jo2 =Crp  sup {IIh(s) IIL%'?V (f[Re3 If(s,y, vHdv' 2p }fo o V(I-9) fRS ks (0, V/)lfo e—v(v)(s—r)<vl>yd_[dy/ds

0<s<t,yeT3
3p+1 bl
<C h Z; Ndv' 2 ! v (=9 (3T g
<Ckp sup RS lf(s,y,v)ldv e (v)'ds
0<s<t,yeT3 or\JR3 0

3p+1 pz—_pl
<Crp sup I, U |f (s, y, v)ldV' :
0<s<t,yeT? v \JR3
For term J»3, we first split it into two parts |v| < N and |v| = N for some constant N > 0 large to be fixed
later. For the case |v| = N, by Lemma 6.3 we have

fw ks p@, v")dV" < ﬁﬂ/)y + Cr gV 72,
+6) 7
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which implies

f —v(V)(s— T)f |lk ﬁ(U v”)ldv”dr< 3 +Ckﬁ(v)
0 kT

4

1
_NZ’

fllk+ﬁ(v,v’)|f e‘”"”“’”/ ks pV', V") dV" drd '
R3 0 R3

Since |v| = N implies (v)~ 2 < using Lemma 6.3 again we have

c / / ! I\—2 / 02 Y y—2 Y Cz (:hﬁ
Sk¥ R3|lk+ﬁ(V»V)|dV +Ckp R3|lk+ﬁ(V;U)|<V> dv Sk%sM + Crpv)"“ =(v) = * Nz )

(B1)

we deduce

c? k,B)

t c? K,
ngs(ky—+3 —~z | sup 1Az, fo e”"“”)<v>wss( —ﬁ) sup [1h(s)lzs,-
2

Oss<t k= N2 O=ss<t

For the case |v| < N, since I, g0, v') is unbounded, by Lemma 6.3 we have for any N, k, 8 we can find a
bounded compact support function [, y,g such that

l (v, V) := Lo 5(v, V)1 lerg(v, V) —1 (v v')ldv'<%(v)7 VreR3
k,N,BLY) = Lk+p\Y %SW_V"SCIC,N,/S(U)' RS k+p\Y kN, - N ) ’
(52)
for some large constant Cy, n,g > 0. By
Lesp, V) L p (0, ") =Uges p (0, V) = L g (0, VD) L g (U, U7) + D v, (0, V) Ujes p (0, V) = L v p (U, 07))
+ 1N, g0, V) e g (0, V1), (53)

we split J»3 into three terms respectively. For the first term we have

t
f vt sf f |0, V) = L, g (0, V) L g (V' v”)If VIS (7, %=V (s—1), V) |dv" drdv' ds
0

L vw)-9) v Chp
sup IIh(S)IIL;on e VTS <v>yd8f W= )\ dr < N Sup IR,
s<t ~Jo 0

S_'ﬁ
N o< 0<s<t

the second term can be estimated similarly. For the third term, by (52) we have Il (v, V') and Iy, 5(V', V")
is supported in

v v
v <lv=v'I<Cenp(v), w) <V = 0" < Cen V"),
Ck,N,B Ck,n,p
since |v| < N, which implies I (v, V") li, §,p(V', V") is supported in |v| < N, |[v'| < CI’CNﬁ,Iv”I < C;CNﬁ

for some constant C’ > 0. We splititinto two parts, T € [s— A, s] and T € [0, s— A], where A > 0 is a small

kN,B
constant to be fixed later. For the case 7 € [s— A, 5], since |V/| < C;C np e have

t s /
f e_"(”)(t_s)f f e, N, (0 V) L, g (V' v”)l[ e VWD p, 5=V (s—1),v")|dv"drdv' ds
0 R3 Jrs s=A

t s ,
<Cr,n,p sup Ia(S)lrs, fo e YW= ()Y s f Ae‘””“‘”(v')”dr
.

0<s<t

<Ci,n,p sup (), (1—e™" ") < Cp n pA sup 1Az,

0<s<t 0<s<t

For the case 7 € [0, s — A], first we have

=v() = Cin,p
N,B P Ck,N,p
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npg,v)<Cing  ln g, v") < Cingp sv(W)<sCrnp (54)



and by Lemma 2.13 we have

f |h(t,%—v'(s—1),v")|dv' dv”
lv|<C. ., . |v"|<C!

k,N,B’ k,N,B
|F(r,x—v'(s=1), V") =@ , , . ,
= - dvdv
VI<C) g polV"1<C y 5 (v"yk+P

|F(1,%— V' (s—1), ") — u(v")|

SCk,N,ﬁ = I{lF(T,)’cfv’(sfr),v”)fu(v”)ISM(V”)}dv,dv”

V1=C}, y polV"1=Cp 5 V"
+Cronp IF(t,%— V' (s— 1), V") = p(W")Nyp@,2- v/ (s-1), 0" -pon zpemydv' dv”

!

! ! "
v |5Ck‘Nyﬁ,|v |5C1€‘N’I3

1
1 |F(z,y,v") — (") ? b\’
SCk,N, f f 1 F(r,y,v")— "< mdv’ d
Ps=n3 ( e Jlcyy, p" v ~prl=p(} Y

1
+ f f IF(T,y,v") = pW) Lype,yom-pomizpemydv” dy
b (S—T)3 T3 |U”|SC;C,N,‘B |F(T,y,v")—p(v")|zp(v

1 1
=Ck,nN,p 7V H(Fo) + Cy, N, p——3 H(F), (55)
3 )3

where we have made a change of variable y = X — v/(s— 7). Since s — 7 = A, so we have
t s—A ,
f e“’(”)”_s)f f L, (0, V) e, (V' v”)lf e "D p(g, 2= (s—7,v")dv" drdv ds
0 R3 JR3 0

t s—A
Sck'N’ﬁf e_c(t_s)f e_c(s_”f |h(t, - V' (s—1),v")|dv" drdv ds
0 0 lv'|<C!

1" !
vV 1=SCk g

<Crn A2 VH(Fg) + Cr . pA =3 H(Fo).

Gathering all the terms and taking supremum we have

> Cip
sup 1h(s)llre, <Cg pllhollre, + (W +——+Cy,n,pA| sup (),
O=ss=<t k= N O=ss=<t
3 3p+1 p-1
+Ck,N,ﬁ/1_§ \/H(FO)+Ck,N'ﬁ/1_3H(F0)+Ck,ﬁ sup {”h(S)HLif \[%3 (|f(s,y, U’)|dv’) 2p }
O<s<t,yeT3 Y

First fix § = 0, then choose k large, then let N be sufficiently large and finally let A be sufficiently small
such that
2 Cip 1
+—+C A=o,
R

which implies

3p+1 p-1
sup (), < Crplholrz, + v H(Fo) + H(Fo)) + Cr g sup {Ilh(S) IIL%TU fRS (If (s, 3, v)ldv") 2 }

0<s<t 0<s<t,yeT3

using Lemma 6.4 we have

3p+1 p-1
sup {Ilh(s)lléfy fRs(If(s,y, V)ldv') % }sc sup 7)1 7, < Cllholl7es,

0<s<t,yeT? 0<s<nh

so the proofis thus finished. (|
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Lemma 6.7. Supposey € (—3,1] and k, B > max{3,3+7}, then for any smooth function f and h satisfy (45)
and (49) we have

fR [ xv)ldy < fR L fole— v, v)Idv+ CinpA ™ VHEF) + Co pA ™ HUFy)

+ CropA+ —55)(sup 173z, + sup [7(s)l7g)

B-3 X,V
= 0Oss<t O<s<t

_1 1+1
+ClnpA " (VH(Fo) + H(E)' 7 sup 7).

O<ss<t

where A >0, N = 1 are to be chosen later. Recall that p > 1 is defined in (47).

Proof. By (46) we have

t
flf(t,x,v)ldvsf e_v(”)tlfo(x—vt,v)ldv+ffe_v(”)([_s)I(ka)(s,x—v(t—s),v)ldvds
R3 R3 0 Jms

t
+f f e VWL (f, (s, x—v(t—s), v)|dvds
0 JR3

::f e_v(”)tlfo(x— vt,v)ldv+ Hy + Ho.
R3

For the term Hj, recall
h(t,x,v) = (v)ﬁf(t,x, V), lp,v) =iy, Y wyB 'y P,
hence .
H sf fge‘v(”)(t_s)(v)_ﬁf[Ras ks p(v, V) (s, x = v(£ = $), V) |dV' dvds.
We split it into two caseos (—:R[t — A, t]and s € [0, t — A], where A is a small constant to be fixed later. For the
case s€ [t—A, 1], since f—v >3 we have

t
f fe_"(”)([_s)(v)_ﬁf ks p(v, V) R(s, x = v(£—$), V) |dV dvdss
t-AJR3 R3

t
< sup @i, [ [ eI [ lepo viavdvds
0ss<t " J-AJR3 R3

t
<Ck,p sup [h(S) e, Wy Pwydvds < Cr,pA sup 1h(s)ll e, .
S J-AJR3 '

O<s<t O<s<t

For the case s € [0, t — 1], we split it into two cases |[v| = N and |v| < N for some large constant N to be
fixed later. For the case |v| = N, since § > 3 we have

=)
/ f e—v(v)(tfs)wyﬁf k+p (v, VY R(s, x—v(t—s),v)|dv' dvds
0 lv|=N R3

t
< sup IIh(s)IIL;on f e‘v(”)(t_s)(v)_ﬁf ks p(v, V) |dV dvds
"Jo Ji=n R3

0<s<t

L I(8) ]| o0
u .
NF3 gosly L

For the case |v| < N, using decomposition (52) we split it into two terms respectively. For the first term
since § > 3 we have

t
<Cyp sup [h(s)l e, f e VW= 8T d s f (W Pdvds < Cyp
" Jo lv|=N

0<s<t

t-A
f f 6‘””)”‘”<v>_ﬁf ks p (v, V) = L v, p (0, V)| (s, x = v(t = 5), V) |d V' dvd s
0 lv|lsN R3

1 o _ _ 1
<Cpy Sup M@z, [ eI 7ds [ ) Pdvds= Copmy sup 1Oz,
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For the last term since |v| < N, by (54) and (55) we have

-7
f f e_v(”)(t_s)(v)_ﬁf Lk, n, (v, V) R(s, x — v(t =), v")|dV' dvdss
lvl=sN

-1
<CkNﬁf ecl- S)[II N[| — |h(s,x—v(t—ys),v)|dV dvds < Cy n,pA~ \/H(F0)+CkNﬁ/1 SH(Fy).
vl< v'|<C!

kN,B

Then we come to the H, term, we have

t
| Hy| sfo fRS e YWD (f, (s, x - v(t - ), v)ldvds

t
+f f3 e VWL (f, (s, x— v(t—s),v)ldvds:= Hay + Hao.
0 JR

For the H,; term, we split it into four terms for some constant A, N > 0 to be fixed later

H> <Cf f = S)f 10— vV ) K1 f (5, 6= vt = 9), v f (5, x - v(t—5), V)| dv.dvds
R?’ 3

t
<C sup ||h(s)||mf0 fR e‘””’”‘”[w|u—v*|Y<u*>"“"’<v>‘ﬁ|h(s,x—u(t—s),u*)mv*duds

O=ss<t

t t—A t—A t—A
commone ([[ L Lo L [ f [ L [ e
O<s<t ' t—-AJR3 JR3 0 lv|=N JR3 0 R3 J|v.|=N 0 lv|lsN J|vi|sN

=L+ DL+13+ 1.

For the term I3, since 8, k > max{3,3 +v}

t
L =C sup ||h(s)||Lco f AfRsfwlv—v*ly(v*)_k ﬁ(v) ﬁdv*dvds<Ckﬁ/l sup IIh(s)IILoo.
t_ O

O<s=<t O<ss=<t

For the term I, since 3, k > max{3,3 + v}

sup IIh(s)IILoo .

0<s<t ﬁ -3 0<s<t

t
L=< C sup ||h(s)||L<,of0 (”’“‘S’wﬂdsfll i bavs=cyp
vl=

For the term I3, since B, k > max{3,3 + v}

t
I3 <C sup ||h(s)||Loof fge_v(”)(t_s)fl | va—v*ly(v*>_k_ﬁ(v)_ﬁdv*dvds
Vil|=

O<s=<t

t
<C— sup ||h(s)||Loo f f e‘””m_s)f v — .Y () My Pdv.dvds
NB o Jrs DAY

O<s<t

1 t
<Cr— sup ||h(s)||Loo f e‘”””‘”(z/ﬂdsf (vy~ ﬁdu<ckﬁ— sup ||h(s)||Loo.
NP 0<s<t 0 R3 NP 0<s<t
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For the I, term, since S, k > max{3,3 + v}, similar as (55) we have

t—-A
I =C sup ||h(s) ||L;o,,f e‘””‘”[ f 1=l W) Py Plh(s, x - vt - 5), va)ldv.dvds
~Jo lvl=N J|v,|sN

O=ss=<t

t—A 1
< sup ”h(s)”Li?vf e c=9 (f f lv— 1/*Iyp(v*)_kp_ﬁp(v)_ﬁpdv*dv)p
0 <N Jiv. <N

O<s<t

1-1
(f f If(s,x—v(t—s),v*)lrf-ldv*dv) ’
lvIsN J|vi|sN

1-1
<Ck1\7}60supt||h(s)||Loo (fll Nf| | le(sx v(t—s), U*)|dy*dy) P
<s< v|= V=
1

<CrnpA > (V H(F) + H(Fo))' i sup IIh(S)IILoo )

O<s<t

where p is defined in (47). For the H,, term, we split it into four terms for some constant A, N > 0 to be
fixed later

k
Hy, <Cf f —v)e= S)f V= vy ———— (v If(s,x—v(t—25),V)If(s,x—v(t—5),v)|dv.dodvds
R RS Js2 (WkL )k
<Cf f V)= s)f lv 28 —— (s, x—v(t—9),V)||h(s,x—v(t—-3),V)|dv.dodvds
RS R3 §2 <Ul>k+ﬁ<1} >k+ﬁ ) » Vx ’ ) *

t—A -1 =1
:C(f ff+[ f f+f ff +f f f ){“‘}dv*dvds::Il+12+]3+[4‘
-1 JR3 JR3 0 lv|=N JR3 0 R’ Jjv, =N 0 11N v, <N

For the I; term, since 8, k > max{3,3 + y}, by Lemma 2.11

t
I =C sup IIh(S)IILoo f Af@g(y)‘ﬁ“’dvdss Cr,pA sup |lh(s) IILOO .

0<s<t O<s<t

For the I, term, since 3, k > max{3,3 + v} still by Lemma 2.11

t
I < C sup [|h(s)l7e f e‘”””‘”(u)Yde (W Pdv<Crp—r
0 lv|=N Nﬁ

O<s=<t

sup IIh(s)Ile .

O<s=<t

For the I3 term, since f, k > max{3,3 + v}, since (v.) < (v')(v)), still by Lemma 2.11 apply for k + f — ?
we have

k
I3 =<C sup [ h(s)ll7s, [ [ TV S)f lv— v, v —dv.dvds
O<s<t v |=N <U’>k+ﬁ_7<1} >k+ﬁ——<v >
1 ro_ _ _pe B3 1
<Crp—55 Sup ||h(s)||me vt S)<u>Ydsf<u> T dvscrp = sup | 1(s)l17s, -
N 2 O<s<t R3 5 0ss<t
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For the I, term, if 8, k > max{3,3 + v}, similar as (55) we have

t—A k
—e(t-5) (V)
I4SCOSSL;IS)tIIh(s)IIL3?f clt=s fy|<ny . §2| v’ EA ,>k+ﬁ|h(s,x—U(t—s),v')ldv*dvds

<Cinp sup 10l ft Y- f f ooy
TN s L& <N Jjv, =N Js? (V'YPk (. yPk *

(f f If(s,x—v(t-y3), v)IL1
lvl<N Jiv, <N Js?

t—-A 1-1
<Ck,n,p SUp IIh(S)IIL;?UfO e ety (f | 2Nf| o Szlf(s,x— v(t—s),v’)lvlildadv;dv’) '
V< AL

0<s<t

1_,
dadv*dv) ’

1

<Ci,npA~ (v H(Fo) + H(Fp)' “ sup IIh(S)IILoo )

Oss<t
since
lv|<N,|lvs|<N,0€S$%l < {[V|<2N,|V.|<2N,0€S?,
and p is defined in (47). The theorem is thus proved by gathering all the terms. ([l

Then we come to the proof for the global existence for the Boltzmann equation with large amplitude
initial data.

Proof. (Proof of Theorem 1.3) Fix 3, k > max{3,3 +y} satisfies the assumption in Lemma 6.6 and Lemma
6.7. By the assumption in Theorem 1.3 we have [ hyll 2, < M. We first assume that
IR(Dllrp, <240 := 2Ck”5(2M2 + v/ H(Fp) + H(Fp)), (56)

where Cy g is defined in Lemma 6.6. By Lemma 6.6 and the priori assumption (56) we have

-1

3p+l o
IO, < Ao+ Ck,5(2A0) 2 - sup UR3|f(s,y,n)|dn) " (67)

n<s<t,yeT3

Since x € T3, for any ¢ > f; we have

f V(t)lfo(x vt, U)|dl/<( f )Ifo(x—vt,v)ldv
R3 lv|=A lv|=A
R
SCllwﬁfoHL;oUHfoHLle+?||f0||Lch<,;o
’ XH=v 1

3
<CM? ||fo||L1 L’L +CMC foll piree,

1 1

where we have chosen A = |wg foll? Iz, I foll.7 . and f; is defined in Lemma 6.4. By Lemma 6.7 and the

LLL®
priori assumption (56) we have

3. 1-3 3 -
sup f [F G, y,m1dn <CMPI foll 0 + CMP N foll y foo + Ciov,pA ™2 VVH(ED) + Ciov pA = H(Fo)

n<s<t,yeT3JR

1 _ _1
+ CrpA+ —55) 2A0)* + Crw,pA > (VH(Fo) + H(Fp))' "7 2Ag)"
N 2

First choose N large then choose A small, finally choose H(Fp) and || fol [L small we deduce

p-1
2 1
4CkﬁA sup (f If (s, y,n)ldn) ’ <-, (58)

f<s<t 2
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together with (57) implies that
7
1Kz, < 740, V120,

hence we have closed the priori assumption (56), the proof for the global existence is thus finished. [

7. CONVERGENCE RATE FOR THE BOLTZMANN EQUATION WITH LARGE AMPLITUDE INITIAL DATA

In this section, we consider the time-decay estimates for the global solution we obtained in Section 6.
In the whole section we are under the assumption in Theorem 1.3 such that all the results in Section 6
remain true. In this section we will denote f the solution to (45) and denote h the solution to (49).

7.1. Convergence rate for Hard Potentials. In this subsection we consider the decay estimate for hard
potential. We first recall alemma on the convolution of semigroups.

Lemma7.1. ForA, > A; >0,t>0. we have

t t t 1
f e—/ll(t—s) e—AzSds - f e—/llse—/lg(t—s)ds — e_Alt[ e—(Az—/ll)SdS < e—/llt.
0 0 0 A2 =M

For the case y = 0, we first prove that the linearized equation converges. We consider the following
linearized equation

e+ -Vl +v(E+KiE =0, ¢(0,x,v) =&o(x, v). (59)

For the linearized equation (59), the corresponding mild solution is
t
&t x,v)=e YWy (x—vt, v) +f e VW= (K & (s, x— v(t—$), v)ds. (60)
0

Lemma 7.2. There exists a ky = 6 large such that for any k = ko, y € [0, 1], supposeé(t) is the solution to the
linearized equation (59), we have

)
1€z, < Cre™ 2 oz, VE=0,

X,V

for some constants Cy, 12 > 0.
Proof. The proofis similar to Lemma 6.6. First (60) implies
t
&, x,v)| < e &gl e, + f e "N (KO (s, x— vt =), v)lds:= e " &l e, + o
, 0 ,

For the J, term, denote X = x — v(t — s), we have

t
]2Sf e‘””)“_s)f e (v, V)E(s, %, V) dv' ds.
0 R3

by (60) again we have
t !

o S/ e’””)”’”f k(v v)e "9\ E (2= v's, v |dv ds
0 R3

t S
’ f e f f |k (v, V) (Y, V”)If e "D -0 (s— 1), 0" dV drd V' ds = o1 + Jaa.
0 R3 JR3 0
Denote A, := min{A;,v(v)|v € R, where A1 is the exponential convergence rate for the linearized semi-
group in 2 proved in Lemma 3.12. For the J»; term we have

Ap

A2y b g,y 2y
Jo1=Cre 2 [Sollre, | € 2 (nds=Cre 2 lSollLe, (61)
0
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For the Jy term, if |v| = N, by (51) we have

h t B . N _ , _ _Q
Jop < sup (e? 1”5(.[)”14%}[ e v(v)(t s)f f |lk(V, v’)lk(v’, UN)'[ e v(v')(s T)e 2T dv"drdv ds
' 0 R3 JR3 0

O<7=<t

A Ao b v, S
<e 2! sup {e? TIIf(T)IILgf,,}/ e 2 S)f3f3|lk(v, V)L, V”)If ez av"drdv'ds
0 R Jr 0

O<7=<t

2
c Cr) _R )
s(km +F§)e 1 sup (e TIE iz, -
2

0<7<t

For the case |v| < N, similarly as decomposition (53) we have, for any N > 0, k = 6 we can find a bounded
compact support function I 5 such that

Ck
nN.— ! / / ! 3
lk.N(Uyl})-_ lk(y’v)1C<12\,SIV_U’ISC’C'N(V>, \[I‘@”k(v»y)_lk‘,N(vaHdU SW<U>Yr VveR ) (62)

for some large constant Cy y > 0. By

L, (0, V") = U0, V)=l n (0, V) L (0, V) + Ly (0, V) U 0, V) = L n 0, VD) + ey (0, V) e (0, 07,
(63)
we split J into three terms respectively. For the first term we have

t s ,
f WW_S)/ f Uk, v) = L (0, VD (0, )] f e ETE (T, %~ v/ (s~ 1), v")|dv"drdv'ds
0 R3 JR3 0

Ck Ly ! —v(v)(t-5) s VW) (=T) 5 Ny o~ 27
= Sup (eZTIE@ iz} | e (n¥ds| e (VY¥e 2 "dr
0 0

O<7=<t

C A2
S—ke_Tt

A2
sup {e 7 TI1EM i,

O=<s7=<t

and the second term can be estimated similarly. For the last term, since I n(v', V") n(V', V") is sup-
ported in |v| < N, |V'| < C! N,Iv”l < C  for some constant C’ ~ > 0. We again split it into two cases,
Te[s—A,slandT€[0,s— M where /1 > 0 is a small constant to be fixed later. For the case 7 € [s— A, s],

since |V'| < Ck A We have

f e Sf f e, (0, V) e v (V' l/”)|f V=D 87, % v/ (s — 1), V") |dv" dTd v ds
0

, A
<Ck,nN Sup {eTZT||€(r)||L§?V}fO e_v(”)(t_s)(v)ydsf Ae_v(”)(s_”(v’)ye‘%fdr
s

O=st=<t

2 X b v, S v
<Cine 2 ' sup {ezfllé(r)IIL;?v}f ez ¢ 5)<V>Yd8f e 2 TN dr
0

O<7=<t s—A

—43t 411 —XQQA —ﬁlt il31
<Ci,ne 2" sup fez "[E(M e (1-e 2 )< CynAe 2" sup {e2 " [S(TD)l 1, }-

0<7=<t O<7=<t

For the case 7 € [0, s — A] since

1 1
Lnwv)<Cen, v, vV")<Cry, — =v()<Crn, —— =v()<Cin, (64)
Ci,N Cr,N
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denote & (t, x,v) = (v)_%f(t, X, V), since k — % > 4, by Lemma 3.12 apply for {; we have

f|u'|sc;c

SCk,Nf &1, =V (s—1), V") dv dv’
VISC) W lV"ISC)

’ &, %=V (s=1),v")dv dv"
Jv<C
N k,N

1

1 2

<Ck,n g ff &1, y,v")Pd " dy
(s—1)2 YT JI"I=C;

SCk,N

1S1 (@Ml z2 < Crn
(s—1)2 o

_ 1
- MTNE O 2, < Cron s M &l e,
(s—1)2 ' (s—1)2

where we have made a change of variable y = X — v'(s — 7). Since s— 7 = A, we have

t s—A ,
f e‘v(”)([_s)f f e N, V) N () v")l/ e VWD -V (s—1,v")|dv" drdV ds
0 R3 Jrs 0
t s—A
SC’“'N] e Al ”f e Mels T)f 1E(T,%— V' (s—1),v")dv'drdv'ds
0 0 VI<C \lv"1<C

t s=A
-3 ~Aolt— ~Aa(s-1) ,—A -3k
<Cg,nA 2||50||L<;?Uf0 e A2(=9) ,© 26 e MTgrds < CnA~2e” 2 M| &gl s,

Gathering all the terms we have

2
A2 C Cr A2 A2
1E(D N, <Cr,n2€ 2 ||fo||L§°v+(W+—+Ck,N/1 e 2" sup {e2 "I, }
' ' k= N 0<7<t '

First choose k large, then let N be sufficiently large and finally let A be sufficiently small such that

2

c Ci 1
+—+CnA=s—.

2N RN

Multiply both side by e%z " and taking supremum we have

A 1 A
sup {eZ 1€ i, ) < Crlléollgs, + = sup {eZ TI1E@ g, ),
o<t<t 2 Oo<t<t

which implies

Ay

ISl e, = Cre™ 2 tllfolng;f’V,
so the convergence for the linear semigroup is thus proved.

Denote g(t,x, v) = ()2 h(t,x,v) = (P2 f(t, x, v), it is easily seen that g satisfies

0:8+v-Vi8+v()g =Tksp-2(8 8) + Ki+p-28-

(65)
We first prove the rate of convergence for g.

Lemma 7.3. There exists a kg = 8 large such that for any y € [0,1], k = ko, B > max{3,3 + vy}, suppose g is
the solution to the nonlinear equation (65), we have

Ay

lg(®)lrz, < Crpe” 7 'lglr,, V=0,
for some constant Cy g > 0, where A, is defined in Lemma 7.2.
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Proof. Denote the solution to the linearized equation
0,8+ v-Vig+v(V)g =Kisp-28 8(0,x,v)=golx,0),
by g(#) = V(t)go. By Lemma 7.2 we have

tg,
V() glie, = Ckpe 2 " lIgllr,.

By Duhamel’s principle we have
t t
g =V(1)go +f0 V(t—$){Tkrp-2(8 8)()ds=V(D)go +f0 V(t =) )P 2T (f, N(9)}ds.
We easily compute

Ao t
I8Dliz, = Cepe lgoliz, + | | V(=910 2Tulf, H(ohds

00
Lx,l/

For the second term, using Duhamel’s principle again we have
fo V- 91T Do) = fo I )I2ry (1, (s
¥ fo t f "W V(- ()P P dTds
= fo I )I2ry (1, (s

t T
# [ [ e KoV - 90T Dol = A1+ s
0 JO

For the term A, since §—2 =1, by Lemma 6.5 we have

3p+1 p-1

t
|A1|5Ck,ﬁj(; e V- 5)v(y)||g(s)||Loo sup (f If (s, y,v)ldv) v ds

t -v()(t-s) _hag s p+1 , ’ %
ka,,/st e v(v)e"+*  sup [e4 ||g(5)||L”] g ()l % f3|f(s,y,y)|dv ds

0<s<t,yeT?
p-1

A p+1 7
<Cpe +'  sup {[e g s, | 11,2 (f |f(sy,v)|dv) }

0<s<t,yeT3
For the A, term, since y <1 and sz;l % we have
p+l P 1 p+l p-1
v g9, < IKv)?g(s) IIL" gl & = IIh(S)IIL” IIg(s)IILoo,

together with Lemma 6.5 we have

A2
IV = (P2 (f, D, <Ce™ 2 TI NP 2TL(f, ()l
p-1

p+l 2
<Ce #0- 0 g9 iz, I g1l 2 sup (f 1f(s,y, v’)IdV') ’
X,V ye-ﬂ— R3

p+l ”2—71
<CeF 1 )% 18, sup ( f 1f(s,, v’)|dv’) ",
yeTs \JR?
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which implies

|Az|<ff ”’”f les gz (0, VAV IV (T = (P, PO 1, dsdT
L

p+1
Sckyﬁff VD) () o= F - S)IIh(S)IIL’” Ig($)ll s, sup U 1£ (5,7, v’)ldv) dsdr
0 Jo yers URs

p-1

r rt 1n Ao p+1
Sck'ﬁfo fo e VWD ()= 2 T~ TS sup [64 ||g(s)||L;oU]||h(s)|| (f |f(s, y,v)ldv) dsdrt

0<s<t,yeT3

A ) ”“ ;12;1
<Crpe ' sup {[e38||g(s)npo]||h(s)|| (fR3|f(s,y,u/)|du')”}.

0<s<t,yeT3

Gathering the terms and taking supremum we have

Ao g I o &
sup e °1g(s)lis, | <Ciplgolliz, +Cep  sup 1 [e ¥ Ig)lig, | 1A% (f e y,v)|dv)

0<s<t 0<s<t,yeT3

<Ckplgolire, + Ck,p sup IIh(S)IILoo + Ck.p suP [64 S”g(s)”L""]

0<s<h 0<s<t

p+1 p-1
x  sup {nh(s)u (f If(s,y,v)ldv)p}
n<s<t,yeT3
p-1

p+1
<CipM*+Crp sup [e ¥ 1g(s)liz, | sup {nh(s)u (f 1£Gs, y,v)|dv) v }

0<s<t n<s<t,yeT3
together with (58) we deduce

Ly 4
et g(Olrx, =2CkpM",
so the lemma is thus proved. O

Proof. (Proof of Theorem 1.3) Finally we come to prove the rate of convergence for x. By (50) we have

t
|h(t,x, v)| <e”V P gl 0, + f e "I (K ph) (s, x— v(t—9), v)|ds
' 0

t
+ f e "IN, p(h, ) (s,x— v(E— ), v)|ds:= eV hgll e, + Jo + J3.
; ;

For the /3 term by Lemma 6.5 we have

p-1

ptl
I3 sckﬁfo e V=) <v>YIIh(S)||L;o,,IIh(S)IILoo sup U If (s, y,v)ldv) 7 ds

g, i w7
<Cipe*' sup  { e UG g, | 1RGN2 (fR3|f(s,y,v)|dv) :

0<s<t,yeT3
For the J, term, by (50) again we have

t
I Sf e_v(”)(t_s)f k1 p(v, eV WS\ ho (= v's, V) |dV ds
0 R3
t s ,
+f e‘””’“‘”[ ks (0, v')lf e VWSO (h W, X — V(s — 1), v)drdv'ds
0 R3 0

t N
+f e_"(")”_s)f / ks (0, V) L p (U, v”)l/ e VWS pr 5=V (s—1),v")dv"drdv ds
0 R3 Jrs 0

= Jo1+ Jo2 + Jo3.
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For the J»; term, similarly as (61)

Ay

Az t v(v)
22y -2 (- —=t
o= Cre” oz, [ e 9w as < Cee ¥ ol
0

For the J,, term by Lemma 6.5 we have

t N , 15
Jaz Sckﬁ[ e_V(v)(t_s)f T+ (v, v’)lf e WD e
“Jo R3 0
p+l bl
A2 ¢ 2 ' | % ’
x sup 3 [eT RGNz, [IKIL || 1FGsyvar | bdrdv'ds
0<s<t,yeT3 “rAJR3

Az A b+l ;727—1
SCk,ﬁe_TZt sup {[efsllh(S)llL;?V] IIh(S)IILZ(;fé (Lglf(s,y, U’)Idv') ’ }

0<s<t,yeT3 v

For the term J,3, we split into two case |v| = N and |v| < N, for the case |v| = N, by (51) we have

A t 3 B $ _ (e _l
Jos < sup {e4s||h(s)||L;ov}f eV S)f f \ler (0, V) i p (V' V")I[ e VWD =TTy drdv' dss
0<s<t ©Jo R’ JR® 0
2 C
C k, _A Ay
5( ﬁ)e 21 sup (e 20N s, ).
0<s<t '

For the case |v| = N, by (52) and (53) we split J»3 into three terms respectively. For the first term we have

t N
fe_V(v)(H)f f |(lk+ﬁ(v,1/)—lk,N,ﬁ(v,v’))lk+ﬁ(v’,v”)|f e VWD bz, - v (s— 1), v")dv"drdv'ds
0 R3 JR3 0

Ck, A
P sup (e IRz,

O<s=<t

Ck A t s , P P
Sl sup {e *|h(s) ”LS?V}f e_v(”)(t_s)(v)ydsf e VD N e FTgr < et
0<s<t ©Jo 0
the second term can be estimated similarly. For the third term, we have Iy n5(v', V") Ix n,5(v', V") is sup-

s / ! 1 / /
portedin |[v| < N,|v'| = Ck,N,ﬁ’lv | < Ck,N,ﬁ’ for some constant Ck,N,ﬁ > 0. By Lemma 7.2 we have

!

A2 A2

=~ ! 1 ! 1 ——= ——=

f / |h(z, 2=V (s—1), v")|dv'dv" < Cr N pllg(@D 1, < Ckovpe” * TlIgollre, < Crnpe” * Tlhollrg,,

[V|<C \ plv"I<C
B k,N,p

which implies
t s /
fo e V=Y [Rs /[Rzg”k,N,,B(V, V)l n,p (Y, v”)|f0 e WD p(r, 2 -V (s—1,0")Idv" drdv'ds

t N
Sck’N'ﬁfo e_lz(t_s)fo e_b(s_”fl . lh(t,%— V' (s—1),v")|dv"drdv' ds
v'|=C,

i !
NV 1SChn g

Az

t S 2

Aot Ao(s-T) -2 Aoy

<Chplholis, [ &0 [ "D e Erards < Cope ol
0 0

Gathering all the terms we have
2

A ¢ C _H2 L3
IRl g, =Ck,p,ne al hollz, + (W + —) e %! sup (e || h(s) e}
k= N O=ss=<t

2
3 A p+l %
+Cpe™ ! sup {[e”llh(s)nL;?u] 1A(s) 1% (fR s, v’)Idv’) }

0<s<t,yeT3 v

Taking suitable k, 8, N > 0 such that
2

+ <

)

Ckﬁ
N

S =

c
r+3
2
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together with (58) we conclude that

Ay
e | h(t)ll 1, <4Ck sM*,
for some constant Cy, p>0. The rate of convergence for y € [0, 1] is thus proved. O

7.2. Convergence rate for the case —3 < y < 0. Next we come to prove the convergence for the case
—3 <y <0. Before going to the proof, we first prove some useful lemmas.

Lemma 7.4. Foranya,b, k>0 we have
sup xFe ¥
0<x<b

for some constant Cy ;. > 0. As a consequence we have for —3 <y <0, forallt >0,k =0

<Cpr+a)7K,

suple "Wy <ca+n7F,
veR4

for some constant C > 0.
Proof. Take f(x) = x¥e~%*, we have

f’(x) — kxk—le—ax_axke—ax — xk—l(k_ ax)e—ax’

so f'(x) =0when x = % We easily deduce that
k. k* k k
sup f(x)=f(—-)= —ke_k, if —<b, sup fx)=fb)=bFe ", if =>b,
0<x<b a a a 0<x<b a
so the first statement is thus proved, the second statement just from the fact that y < 0 implies that
0 <v(v) < C for some constant C = 0. ([l

Lemma 7.5. If-3 <y <0, then forany0 < r <1 we have
t
f e YW=y 1+9)Tds<C,(1+10)7", YveRY, Vir=0,
0

for some constant C, > 0 independent of v.

< s < t. For the first part we have t — s = £, so

Proof. We split the integral into two parts, 0 < s < 5 and 3

by Lemma 7.4 we have

N~

I
2

t

fi e VW= ()1 +5)Tds < cfu +t-85)" Y1+ Tds<C+ t)_le(I +8)Tds<C,(1+ 07",
0 0 0

For the second part we have s = %, this time we have

t t .
ﬁ e W=y )1 +5) Tds< Cr(1+ t)_r[ e "Wy (ds<C,1+ 0" 1-e "2y <C, 0+,

t

2 2

the proof is thus finished by gathering the two cases. g

Remark 7.6. If we directly use (1+t— s)"L instead ofe_‘/(”)(t_s)v(v), we will have
t
f A+1-9)"'1+9"ds<C(1+ 0 log+1),
0

where an extra termlog(1 + t) occurs.

Lemma7.7. Ify € (-3,0), foranyl =2,k = 3 we have
p+1 p-1

Y _Y [ty p-1
KoY Te(f Hllz < CHFL I I T I FIL2 < CLFL Moy P AL

where p is defined in (47).
58



Proof. For the T, (f, f) term we prove by duality, for any smooth function & we have

k
'rig.pmi=[ [ [ - <<>k>< bSO IBWIW dvdv. do

1/2
< (f f lv— u*|Yb(cose)|f(u;)|2|f(u’)|2<u>21+ydudu*da)
R3 JR3 JS2

2k 172
2 —_
(fRst §2|v_ ( NG ,>2kb(cosﬂ)|h(v)| (v) dedv*da) )
By Lemma 2.11 we have
ff v W oSOy dvdv.do < [l
re Jms Js? ( (VL Y2k (p'y2k T

Since 21+ y = 0, by pre-post collisional change of variables we have

f f lv = v.1"b(cosO)| f (W) 1P f W)y dvdv.do

R3 JR3 JS2

<C f f 0= 0.1 b(cos )| f (v PLF )2 (va)? Y dvdv. do
RS IR3 §2

+CfffIv—U*be(cos9)|f(v*)|2|f(v)|2(v)21+7’dvdv*do::Il+12.
RS Jrs Js2

Without loss of generality we only compute I}, by Lemma 2.5 we have

f f 10— v, blcosO)] f () BLF ()P vy Y dvd v, do
R3 JR3 JS2

24+5) 2y
<CIlfII. (SuP R3|v—u*|V|f(v*)|2<v*>2’+Vdv*)<C||f||Lz||f ||L13I|f ||Loz sCIIfIILZIIfIILP 1£1:2 (66)

veR3

the '/ (f, f) term is proved by duality. For the I'_ (f, f) term, we easily compute

()T (). =fRJI;3 fgzlv— V|V b(cosO) f(v:)(vs) () f)h(v)dvdv.do
1/2
s(ff Iv—v*IYb(cos(?)If(v*)I2|f(v)|2<v>2’”dvdv*dcr)
R3 JR3 JS2

1/2
(f f v — v, |Y(U*>_2kb(COS9)|h(l})|2<U)_ydl}dl}*d0) .
R3 RS §2
The first term is the same as (66), for the second term we have

ff [v = v.l7 (v4) "2 b(cos )| (V) (v) Y dvdv.do < |l 2,
R3 JR3 JS2

+ %, together with

so the first inequality is thus proved. For the last inequality by (47) we have £— ST p < %

| =2 we have X
1+ -5

20 py3tE 21 2
I{v) f||L23<C||f|| ||(V> fllz 6 C||f|| ||(U> fllLoo 7,

the lemma is thus proved. O

We first prove that the converge in L2L2, in fact the 212 convergence for the linearized semigroup is
proved in Lemma 3.12, so we only need to prove the convergence for the nonlinear equation.

Lemma 7.8. Suppose | the solution to (45), then there exists ko > max{3,3 +y} such that if k = ko large,
B = 6 then we have
If (D22 <4CrpM* 1+ 07", V=0,
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for some constants Cy g, r1 > 1.
Proof. Denote the solution to the linearized equation

06+ v-Vis+v(0)E = Kis, €(0,x,v) =&o(x, v),
by é(1) = V(£)¢p. By Lemma 3.12 we have

_1
||V(t)f||L§L%§<f> ! ”€“L§L§’ V1€ (0,3).

By Duhamel’s principle we have

t
FIO =V fo+ fo V(= (T, ()ids,

which implies

t
1F Ol z12 < CA+ DKWY foll 212 + C fo 1+ =9I TR(f, NN 22 ds,

for some constant r; > 1. By Lemma 7.7 we have
p-1

p+l
KoY’ T (f, 22 < CILFO 22 ||<v>6f(S)IILoo SUp U Lf (s, y,v)IdV) v,
which implies

r
fO(1+t—s)_rlII(v)gfk(f,f)(S)”LiLZUdS

t n+1
sCfO A+t—9)""1A+s)™" sup {[(1+s)r1||f(s)||Lsz]||(v) f(s)II (f If(sy,v)ldv) p}ds

0<s<t,yeT?

p-1

Zads T3
<C(1+1H™ sup {[(1+S)rl||f(s)"L§L%]”<U>6f(s)”L2§V (‘[Rslf(s,y,v'”dvr) 4 }

0<s<t,yeT?

Gathering the two terms together we easily have

sup [(1+8) 1 £ ()l 2 2] <Crli(v)® Jollzzz

0<s<t

0<s<t,yeT?

p+1 P
+Ck  sup {[(1+S)rlIIf(S)IILgCLg]||<v>6f(S)IIL2§ (f 1f(s, y,v)ldv) p}

<Cy, ﬁM +C sup [(A+ 9" 1 £ ()2 2]

0<s<t

x  sup {II(v)Gf(s)IILZ?C’;U([Rslf(s,y,v’)ldv’) ’ }

n<s<t,yeT3
If 5 = 6, by (58) we deduce
If (Ol zp2 <2CkpM*A+07", V=0,
the proofis thus finished.

Proof. (Proof of Theorem 1.3 ) Recall (46), the corresponding mild solution is

t
1f(t,x, ) <e”" P fy(x—vt, v) +f e WUk £)(s,x— v(t—5),v)|ds
0

t
+f e VWL (f, (s, x—v(t—s),V)ds:= 1+ Jo + J3.
0
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For any r € (0, 1) fixed, for the J; term by Lemma 7.4 we have
il e @) Ivo) " folx—vt, )| < CA+ DIV follie, < CMA+ 7.

For the J3 term, by Lemma 6.5 we have

t pHl Lo
J3 <Cy f e "WYY F($) e I R(9)] % sup ( f £ (s, , v’)ldv’) " ds
0 xv ye'ﬂ'3 R3
t pil e
<Cx f eI 1+ Tds  sup A+ 1F ) AL ( f 1f(s,y, v’)|dv’)
0 0<s<t,yeT? ' “r\JR3
p+1 p1
- r 2 ' r| %P
<Cr(1+1) sup {[(1+S) If )Nz, RO oo (f If(s,y,v)ldv) }
0<s<t,yeT3 o \JR3

For the J, term, denote X = x — v(t — s) we have
t
]25[ e_"(”)”_s)f |k (v, V) f(s, %, v)dV ds.
0 R3
by (46) again we have
t A
J> sf e‘””)“‘s)f (v, v)e VS| fo(x—v's, v)d v ds
0 R3
t N
+f e_v(”)(t_s)f |1 (v, v’)lf e VWIEOIr L (f, Ol X =V (s—1),v)drdv'ds
0 R 0
r s .
+f e_v(v)(H)/ f |k (v, V) e (V, v")|f e " f(r, %= (s—1), V") dV" drdv'ds == Jo1 + Joz + Jos.
0 R Jrs 0
For the J,; term by Lemma 7.4 and Lemma 7.5 we have
t
Jo1 Sf e‘”")”_”f kv, V)| e Sy (@Y v fo(& - Vs, v))|dV' ds
0 R3
t
<ClIv™" follrg, f e VW= f 1L, )AL +9) " dv'ds
“Jo R3

t
SCkIIV"foIIL;O,,f e W) YA+ 5) " dv'ds
"~ Jo
<Cillv™" follze, 1+ 8)" < CeM(1+1)7".

For the J,, term, by Lemma 6.5 we have

t N ,
Jaz < fo e VW9 jr; RICAS] fo e WEDIL(f, Ol 2 -V (s—1),vV)drdv'ds

t s ,
ka/O e_v(”)(t_”fwsllk(v, v')lfO e VWD NY A + 1) " drdv ds

p11 b
sup {[(1+S)r||f(S)IIL;?V]IIh(S)IILzoZ (f If(s,y,v')ldl/) ,,}
0<s<t,yeT3 o \JR3
| 5
<Cr(1+0™"  sup {[(1+3)r||f(5)||L§f’u]||h(5)||Lzo’<7> U If(s,y,V’)Idv’) }
0<s<t,yeT3 oV \JR3
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For the />3 term, we again split it into two parts |v| < N and |v| = N. For the case |v| = N we have
(n?< #, by Lemma 6.3 and Lemma 7.5 we have

f|lk(vv)|f ”’(”f (W v f(, %=V (s— 1), v")|dv" dT

< sup {(1+s)’llf(s)||Lw}f |lk(v,v)|f V(s f L, V(A +1) T dv" dr

O<s<t

s /
< sup {(1+9) 11 £ (9l } f |lk(v,v’)|( '—2) f e "N 1+ 1) dv" drdy'
TOJR3 kT 0

O=ss=<t
2
=)’ 1+s)~ 1+ ,
) ( Rz Nz)( 97" sup (1+9)"1f($) iz}
which implies
e r L -9 r
1235( 3 +—2) sup {(1+5s) ”f(S)”L‘fy}f e (WA +s)""ds

k=2 N=Jo=s=t " Jo

CZ C r r
< + 25 | 007 sup (49 1F(S)lzz, )

2 0<s<t

For the case |v| < N, by the decomposition (63), we split it into three terms respectively. For the first term
by Lemma 7.5 we have

t s ,
f e_V(U)(t_S)f3f3 | (v, U/) _ lk,N(V, U/))lk(l}l, V”)|/ e_V(v)(S_T)lf(T,X'— V’(S—T), v")ldv”drdv’ds
0 RS JR 0

C t S
sﬁ’c sup {(1+9)"1 ()12, } f e "Iy ds fo e "IN 1+ ) dr

O<s<t

<—(1+t) " sup {1+9)"ILf($)llze,},

O<s<t

the second term can be estimated similarly. For the last term, since Iy (v, V") [y n(V', V") is supported
in|v|<N,|V| < Ck ol V' < C;C \ for some constant C;C ~ > 0. We again split it into two cases, 7 € [s— A, 5]
and 7 € [0, s — A], where A > 0 is a small constant to be fixed later. For the case 7 € [s — A, 5], we first prove
that

s !
f eV IETD N+ 1) T dT S CA(L+9) 7 (67)
s—A

Similarly as Lemma 7.5, we split the integral into two cases, 0 <7 < 3 and 5 < 7 < s. For the first case we

have s—7 = 7, so by Lemma 7.4 we have

Nl

S
2

S N S
f e VWD N1+ 1) TdT < Cf A+s—-1)7 '+ "dr<Cca+ s)_lf dtr<C A1 +s)7 "
s—A s—A s—A

For the second case we have 7 = 2, since |V'| < C. ., this time we have

k,N’

S ' S ' '
f e VWD Y 141y TdT < Cr(1+s)_rf e VWD NY gr < C (1+s) T (1—e VPN < C A (1+5) 7,
s—A s—A
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so (67) is proved by gathering the two cases. Then we have

t s )
f e‘”“’)“_s)f f kN0, V) e N (V) u")l[ e YWD £(1, %=/ (s— 1), v")dv" drdv' ds
0 R3 Jrs s—A

t N ,
<Ck,n sup {1 +7)" [ f(7) IILgov}f e_v(”)(’_s)w)ydsf e VWD N (1 +1) " dr
~Jo s=A

0<t<t
t
<Gl sup (L4111 @iz} [ 90T+ ds
0<t<t 0

<CnAQ+ 07" sup {1+ D)1 f (@), }-

O<7=<t

For the case 7 € [0, s — A], by (64) and Lemma 7.8 we have

f If,x=v'(s—1),v")dv'dv"
VI<C \lv"1<Cp

1

1
NV ’ 1 -3 4 -r
<Ck,N f1r3f| - If(z,y,v)I7dvidy| =Cin I f@ N2z < CenpAr M (1+1)7,
V'I=Cp y 2

(s—r)% (s—1)2

where we have made a change of variable y = X — v/(s — 7). So we have

t s—A ,
f e‘V(”)“_”] f [N (0, V) e N (V) v”)lf e YWD f(1, 5=V (s—1,v")|dv" dvdv' ds
0 R3 Jrs 0
t N
SCk,Nf e_’b(t_s)f e_Az(s_T)f If(r,x—v'(s—1),v")dv" drdv ds
0 0 V<C}, \WIv"1<C)

t N
sck'N,ﬁA‘%M“f e‘*z(f‘”fo e D14 T drds < Cpy pA I MA1+ 1)

0
Gathering all the terms we have

1+807" sup {1 +9)" I f ()}

O=ss=<t

_3 _ ¢ C
”f(t)”L‘,’f’U ka,ﬁ,NA §M4(1+t) r+(ky+3 -l-ﬁk“‘ck,N/1
2

| &
+Cr(1+07"  sup {[(1+S)r||f(S)IIL;?U]IIh(S)IILZ?;v (fRs If(s,y,v’)ldv’) p}

0<s<t,yeT?

2
C

SCk)ﬁ,Nﬂt‘%M“(l +07"+ ( CM + =K 4 Cen
K N

1+857" sup {A+9)" I f ()}

2 0<s<t

+Cr(1+ 07" sup [1+9)"1f(9)llze,]  sup {Ilh(S)IILiZ (f 1f(s,y, v’)ldl/) }
0ss<t n<s<t,yeT? o JR?
Taking suitable k, N, A such that
C2 (7k 1
=+ +CnA=—,

together with (58) we conclude

If (D), <4CkpM* 1+ 07", Vizo0.

X,V

The rate of convergence is thus proved for the case -3 <y <0. g
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