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We further develop the asymptotic analytic approach to the study of scattering diagrams. We do so by analyzing the
asymptotic behavior of Maurer—Cartan elements of a differential graded Lie algebra constructed from a (not-necessarily
tropical) monoid-graded Lie algebra. In this framework, we give alternative differential geometric proofs of the consistent
completion of scattering diagrams, originally proved by Kontsevich-Soibelman, Gross—Siebert and Bridgeland. We also
give a geometric interpretation of theta functions and their wall-crossing. In the tropical setting, we interpret
Maurer—Cartan elements, and therefore consistent scattering diagrams, in terms of the refined counting of tropical
disks. We also describe theta functions, in both their tropical and Hall algebraic settings, in terms of distinguished flat
sections of the Maurer—Cartan-deformed differential. In particular, this allows us to give a combinatorial description of
Hall algebra theta functions for acyclic quivers with non-degenerate skew-symmetrized Euler forms.

1 Introduction

1.1 Motivation

The notion of a scattering diagram was introduced by Kontsevich-Soibelman [I8] and Gross—Siebert [16] in
their studies of the reconstruction problem in Strominger—Yau—Zaslow mirror symmetry [27]. In this setting,
scattering diagrams encode and control the combinatorial data required to consistently glue local pieces of the
mirror manifold. Since their introduction, scattering diagrams have found important applications to integrable
systems [19], cluster algebras [14], enumerative geometry [I5] and combinatorics [26], amongst other areas.
Motivated by Fukaya’s approach to the reconstruction problem [13], an asymptotic analytic perspective on
scattering diagrams was developed in [§]. In this paper, we further develop this approach to give a differential
geometric approach to refined and Hall algebra scattering diagrams.

The most basic form of scattering diagrams is closely related to the Lie algebra of Poisson vector fields
on a torus, and a number of conjectures in the theory of cluster algebras were proved using scattering diagram
techniques in [T4]. For many applications, it is necessary to study quantum, or refined, variants of scattering
diagrams, in which the torus Lie algebra is replaced by the so-called quantum torus Lie algebra or, more
generally, by an abstract monoid-graded Lie algebra satisfying a tropical condition [I9] [I4] 22]. For example,
refined scattering diagrams were shown to be related to the refined tropical curve counting of Block—Gottsche [I]
by Filippini-Stoppa [12] and Mandel [22], which also appear in study of K3 in [21I]. These refined curve counts are
also related to the refined enumeration of real plane curves by Mikhalkin [25], to higher genus Gromov—Witten
invariants [4, 3] and reconstruction of quantum mirror manifold [2] by Bousseau.

A further generalization of scattering diagrams was introduced by Bridgeland [6] under the name h-complex.
Here b is a (not-necessarily tropical) monoid-graded Lie algebra. The flexibility of allowing non-tropical Lie
algebras allows one to define, for example, scattering diagrams based on the motivic Hall-Lie algebra of a
three dimensional Calabi—Yau category. Bridgeland showed that each quiver with potential (Q, W) defines a
consistent h-complex with values in the motivic Hall-Lie algebra, the wall-crossing automorphisms of the h-
complex encoding the motivic Donaldson-Thomas invariants of (Q, W). Under mild assumptions, the (refined)
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cluster scattering diagram of (Q, W) is then obtained by applying a Hall algebra integration map to this b-
complex. Using these ideas, Bridgeland was able to connect scattering diagrams to the geometry of the space of
stability conditions on the triangulated category associated to (Q, W).

In [13], Fukaya suggested that much of the combinatorial behavior of instanton corrections to the B-side
complex structure which arise near the large volume limit could be described in terms of the asymptotic limit of
Maurer—Cartan elements of the Kodaira—Spencer differential graded (dg) Lie algebra. In the context of scattering
diagrams, this idea was made precise and put into practice in [8], where it was shown that the asymptotic
behavior of Maurer—Cartan elements of a certain dg Lie algebra admits an alternative interpretation in terms of
consistent classical scattering diagrams. Moreover, the passage from an initial scattering diagram to its consistent
completion, a procedure which exists due to works of Kontsevich—Soibelman [I8][19] and Gross—Siebert [16], can
be understood in terms of the perturbative construction of Maurer—Cartan elements. These ideas were pursued
in the setting of toric mirror symmetry to study the deformation theory of the Landau—Ginzburg mirror of a
toric surface X and its relation to tropical disk counting in X [9].

1.2 Main results

In this paper we further develop the asymptotic approach to illustrate how refined (or more generally tropical)
and Hall algebraic (or non-tropical) scattering diagrams, as well as the relevant theta functions, are controlled
by asymptotic limits of Maurer—Cartan elements. To describe our results, we require some notation. Let M be
a lattice of rank r and let N = Homgy(M,Z). Write Mg = M ®7 R and Ng = N ®z R. Let 0 C My be a strictly
convex cone and set M = (M No)\ {0}. Let b be a M -graded Lie algebra, which for the moment we assume
to be tropical (Definition [2.1]).

Following [8, 9], we consider differential forms on Mg which depend on a parameter i € R+o. Let WY be
the dg algebra of such differential forms which approach a bump form along a closed tropical polyhedral subset
P C Mg as h — 0. See Figure [Il The subspace W1 C W0 of differential forms which satisfy lims_,o o = 0 is a
dg ideal and

Ho= P W) @c b
mEM{f

is a tropical dg Lie algebra. Our goal is to construct and interpret Maurer—Cartan elements of 7*.

Fig. 1. A bump form concentrating along P.

Our first result relates Maurer—Cartan elements of H* to the counting of tropical disks in Mg. Let Dy,
be an initial scattering diagram. To each wall w of D;,,, whose support is a hyperplane Py of Mg and whose
wall-crossing factor is log(© ), we associate the term

% .= —6p, log(Oyw) € H*.

Here ép,, is an fi-dependent 1-form which concentrates along Py as i — 0. We take II =3, II% as input
data to solve the Maurer—Cartan equation. Our first main result, whose proof uses a modification of a method
of Kuranishi [20], describes a Maurer—Cartan element ¢ constructed perturbatively from IT using a propagator

H (see Section [4.1.1)).

Theorem (See Theorems and [4.12)). The Maurer—Cartan element ¢ can be written as a sum over tropical
disks L in (Mg, D;p),

1
b= _ .
EL: [Aut(D)] 7

Here «f is a 1-form concentrated along P; C Mg, the locus traced out by the stop of L as it varies in its
moduli, and gy, is the Block—Gottsche-type multiplicity of L. Moreover, when dimg(Pr) = r — 1, there exists a
polyhedral decomposition Py, of P, such that, for each maximal cell o of Py, there exists a constant ¢y, , such
that limgp_0 fg op = —cr» for any affine line p intersecting positively with o in its relative interior.
Furthermore, if we generically perturb the scattering diagram D;,, then cp, =1, so that the limit
limp_so fg ay, is a count of tropical disks. O
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In Section 4.2 we associate to the Maurer—Cartan element @ a scattering diagram D(P). The walls of D(P)
are labeled by the maximal cells o of the polyhedral decompositions P;, and have wall-crossing automorphisms
exp(mfftﬁg,;). The diagram D(QP) extends D;,, and is in fact a consistent scattering diagram; see Proposition
In this way, we obtain an enumerative interpretation of the consistent completion of D;,.

Next, we turn to theta functions. Let C be a cone satisfying 0 C C C Mg with associated monoid Y =C N M

and let A be a Y-graded algebra with a graded h-action. The dg Lie algebra H* acts naturally on the dg algebra
A= P W/W) @c A (1)

meY

Given a Maurer—Cartan element @ € H*, it is natural to study the space of flat sections Ker(dg) of the deformed
differential dg = d + [, -]. The algebra structure on A* induces an algebra structure on Ker(dg). The following
result describes the wall-crossing behavior of the A — 0 limit of flat sections.

Theorem (See Theorem [4.15). Let s € Ker(dg) and Q,Q’ € Mg \ Supp(D(P)). Then, for any path v C
Mg \ Joints(D) from @ to Q', we have

lim s = © lim sg),
o @ W’D(ﬁ—m Q)

wiere D(p) 18 & wall-crossing factor and sg-, S are € restrictions or s to 5 , respectively.
here ©., n(q) is a wall-crossing factor and sq, sq are the restrictions of s to Q, @/ tivel 0

To connect with theta functions, we work in the square zero extension dg Lie algebra H* @& A*[—1] where,
for each m € Y, we perturbatively solve the Maurer—Cartan equation with input IT + 2. The resulting Maurer—
Cartan element is of the form @ + 6,,, with ¢ as above and 6,,, € Ker(dg). On the other hand, associated to
m €Y is the (standard) theta function

Um0 = Z a~

broken lines ~y
ending at (m, Q)
defined in terms of broken lines ending at (m, @), that is, piecewise linear maps v : (—o0,0] — Mg which bend
only at the walls of D(P). Each broken line v has an associated weight a, € A.

Theorem (See Theorem [4.20). The equality

holds for all @ € Mg \ Supp(D(®P)), where 0,,(Q) denotes the value of 0, at Q. O

Finally, in Section [£.4] we study the above constructions in the setting of non-tropical Lie algebras. One
advantage of the differential geometric approach of this paper is that it is applicable to non-generic cases without
perturbing D;,,. With a mild commutativity condition on the wall-crossing automorphisms of the walls of D,
which, for example, is satisfied in the Hall algebra setting, we obtain new results in the non-tropical case, where
perturbation of D, is not possible. Theorem [4.26| generalizes to the non-tropical setting the construction of a
Maurer—Cartan element @ from an initial scattering diagram D,,, and associates to ¢ a consistent completion
of D;,. We also prove that the completed scattering diagram is equivalent to that constructed algebraically
by Bridgeland [6]. Moreover, we construct, for each n € N}, a theta function 6, € Ker(dg) as a perturbative
Maurer—Cartan element and prove that it agrees with Bridgeland’s Hall algebra theta function [6].

In Section we restrict attention to the case in which the Lie algebra is the motivic Hall-Lie algebra
of an acyclic quiver. In this case, there is a canonical choice for the propagator H, leading to a combinatorial
formula for @ and 6,, in terms of tropical disks.

Theorem (See Theorem |4.29). Let b be the Hall-Lie algebra of an acyclic quiver with non-degenerate skew-
symmetrized Euler form. Then @ can be written as a sum over labeled trees,

1
b = E E —a
|Aut(L)| LYL,
E>1 LELTy,
ML (Nr,Din)#D
and #,, can be written as a sum over marked tropical trees,

1
anz Z majaj.

k>1 JeMT) (n)
Pr#0

Moreover, 6, is related to Bridgeland’s Hall algebra theta function 9, g by 9,0 = 0,(Q). O
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Here LTy and MTg(n) are the sets of labeled, respectively marked, k-trees and gy, ay are Hall algebraic
Block-Gottsche-type multiplicities. The formula for 6,, can be regarded as a replacement for a description of
¥y,,¢ in terms of Hall algebra broken lines. Indeed, it was recently shown by Cheung and Mandel [I1] that,
contrary to Bridgeland’s theta functions, Hall algebra theta functions which are defined in terms of Hall algebra
broken lines do not, in general, satisfy the wall-crossing formula.

This paper is organized as follows. In Section [2] we review some definitions and results on refined tropical
counting and scattering diagram from [22]. In Section |3| we recall some analytic results from [8, O] on the
behaviour of differential forms as i — 0, and introduce the dg Lie algebra H*. The main results of this paper
are contained in Section |4} In Sections and we extend the techniques of [8, [9] so as to apply to refined
scattering diagrams associated to tropical b, thereby relating the latter to Maurer—Cartan elements ¢ € H'. In
Section [.3] we study the relation between broken line theta functions and Maurer—Cartan elements. In Section
[4:4] we generalize some of the results of the previous section to the non-tropical case of a motivic Hall-Lie algebra

b.
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2 Scattering diagrams and theta functions

We collect background material on scattering diagrams and theta functions. Fix a lattice M of rank r with
dual lattice N = Homgy(M,Z). Write (-,-) : M x N — Z for the canonical pairing. Let Mr = M ®7z R and
Nr = N ®z R.

2.1 Tropical Lie algebras and scattering diagrams

Following [14], 22], we recall the definition of scattering diagrams. Compared to [22], the roles of M and N are
reversed.

2.1.1  Tropical Lie algebras
Fix a strictly convex polyhedral cone o C Mg. Let M, = o N M and M} = M, \ {0}. For each k € Z~, set
kM;:{m1++mk \ml EM;}

Let h =D, cpsr bm be a M -graded Lie algebra over C. For each k € Zwg, set h=F = D.ncinr b
Then h<F := h/H>* is a nilpotent Lie algebra. Associated to the pro-nilpotent Lie algebra b := lim, h<* is the
exponential group G := exp(h). Similarly, for each m € M, set Bl = D~ brm and pl, = [iez, bem C b
with associated exponential group Glln

To define theta functions, we require a second (not necessarily strictly) convex polyhedral cone C C Mg

which contains o. Let Y = C N M be the corresponding monoid. Suppose that b acts on a Y-graded C-algebra
A=@,,cy Am by derivations so that b, - Ay C Ay Then AZF = ®mekM;r+Y A,, is a graded ideal of

A. Set A<F = A/AZF and A= @k A<F_There is an induced action of 67 and hence also of G, on the algebra
A.

Remark 1. There are alternative way to define A when C = Mg. For example, we can let A" := ®m€ M, A
and A’ = yLnk(A')dC where (A)<F = (A")/(A)2F and (A')2% == @, cppr+ Am as above, and then take A=
A®q A O

More generally, given a sublattice L C M, let by = €D, cra+ bm and Ap = P A,, with associated

" > meLNY
completions bz, and Ap.
Let K C M be a saturated sublattice which satisfies the following conditions:

1. bk is a central Lie subalgebra of h.
2. The induced hx-action on A is trivial.

3. The induced h-action on Ak is trivial.
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Denote by 7x : M — M := M/K the canonical projection and by N := M’ < N the embedding of M into
N as the orthogonal K.
The following assumption will be used in Section

Assumption 1 ([22]). 1. The monoid Y satisfies M = mx (Y).

2. There is a fan structure on My and a piecewise linear section p: Mg — Mg of Tk which satisfies »(0)=0

and Y = (M) + (KNY).
3. We are given elements 2#(M ¢ Ag(m), M€ M, which satisfy

(a) 2¢O =1,
(b) for any a € Ag \ {0} and m € M, we have az?(™ # 0, and
(c) for any m € M, we have Ay (m)4ynr = 29™ Ag.
O

Definition 2.1. The Lie algebra b is called tropical if, for each pair (m,n) € M} x N satisfying (m,n) = 0, it
is equipped with a subspace b, , C b,,. These subspaces are required to satisfy

L. bmo = {0} and by, kn = b for each k #0,
2. [Bmynes Omoina] € By t+ma.n, where n = (mg,ni)ne — (my, n2)ny, and
3. By m - Ay = {0} if (mg,n) = 0.
O

We call such Lie algebras tropical because scattering diagrams values in these Lie algebras are amenable
to study using techniques from tropical geometry. A similar definition is introduced in [22, §2.1]. Examples of
tropical and non-tropical Lie algebras can be found in [22, Example 2.1]. See also Section Unless mentioned
otherwise, we will assume that b is tropical.

Observe that if (m,n) € M} x N with (m,n) = 0, then bllnn = ®k€Z>o Bkm,n is an abelian Lie subalgebra
of f)lln. Denote by Gﬂnn the completion of f)ﬂnvn.

Finally, given a commutative unital C-algebra R, there are R-linear versions of the above definitions. For
example, hr := h ®c R is a Lie algebra over R which acts on A ®c R by the R-linear extension of the rule
tih - taa = t1ta(h - a). The completion h&c R acts on A&cR. The corresponding exponential group is Gg with
completion Gr. Similarly, there are abelian Lie subalgebras Gﬂnn rC ﬁl‘n r and, given a saturated sublattice
L C M, we can form b g, Ar r and so on.

2.1.2  Scattering diagrams
We continue to follow [14, 22]. Fix a commutative unital C-algebra R. Recall that r is the rank of M.
Definition 2.2. A wall w (over R) in My is a tuple (m,n, P, ©) consisting of
1. a primitive element m € M and an element n € N \ {0} which satisfy (m,n) =0,
2. an (r — 1)-dimensional closed convex rational polyhedral subset P of mg 4+ n' C Mg for some mgy € Mg,
called the support of w, and
[

m,n,R

3. an element © € CAv'm,mR = exp(ﬁ ), called the wall-crossing automorphism of w.

O

A wall w = (m,n, P,©) is called incoming if P +tm C P for all t € Ryg. A wall is called outgoing if it is
not incoming. The vector —m is called the direction of w.

Definition 2.3. A scattering diagram D over R is a countable set of walls {(m;, ni, P;, ©;)},.; such that, for
each k € Z~g, the image of log(0;) in h<* @c R is zero for all but finitely many i € I. O

Let k € Z~¢. Using the canonical projection 63 — h<F ®@c R, a scattering diagram D induces a finite
scattering diagram D<F with wall-crossing automorphisms in exp(h<* @c R).
The support and singular set of a scattering diagram D are

Supp(D) := U Py, Joints(D) := U OPy U U Py, N Py,,.

weD weD wi,wa€D
dim(wiNwa)=r—2
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2.1.3  Path ordered products

An embedded path ~: [0,1] — Ng \ Joints(D) is said to intersect D generically if v intersects all walls of D
transversally, v(0),~v(1) ¢ Supp(D) and Im(y) N Joints(D) = @. The path ordered product of such a path is
©4,p = lim, 9'?];3’ where @j’k@ =1L cn<r OF € exp(h<F @c R) is defined in [I5, §1.3], where the =+ is the
sign of —(v/(t), n) when ~ crosses the wall w = (m,n, P,0) at time t.

Definition 2.4. 1. A scattering diagram D is called consistent if ©,p =1Id for any embedded loop 7y
intersecting D generically.

2. Scattering diagrams D;, D, are called equivalent if ©, p, = O, p, for any embedded path v intersecting
both D; and D, generically.
O

The following result is fundamental in the theory of scattering diagrams.

Theorem 2.5 ([I8, [16]). Let D,, be a scattering diagram consisting of finitely many walls supported on full
affine hyperplanes. Then there exists a scattering diagram S(D;,,) which is consistent and is obtained from D,
by adding only outgoing walls. Moreover, the scattering diagram S(D;,,) is unique up to equivalence. O

Using asymptotic analytic techniques, an independent proof of the existence part of Theorem will be

given in Proposition

2.2 Broken lines and theta functions

We follow [22] to define broken lines. Fix a consistent scattering diagram D over R.

Definition 2.6. A broken line v with end (m,Q) € M\ {0} x Mg \ Supp(D) is the data of a partition
—o00 < tp <ty <--- <t =0, apiecewise linear map v : (—oo, 0] — Mg \ Joints(D) and elements a;, € A, ®c R,
1=0,...,l, with m; # 0. This data is required to satisfy the following conditions:

1. ap = ze(m)

2. v(0) = Q.

3. {to,...,ti_1} €y H(Supp(D)).

4. « (ti_1,t;) = —mg for i =0,...,1, where t_; := —oo, and all bends m;1 — m; are non-zero.

5. Foreacht:=0,...,0l—1,set ©; := ] weD @sgn misnw) o GR. Then a;4+1 is a homogeneous summand of

O, - a;. TR
O
In the notation of Definition @, we will write a., for a;.
Definition 2.7. The broken line theta function associated to (m, Q) € M \ {0} x Mg \ Supp(D) is
Imo= > ay€A&cR,
End(v)=(m,Q)

the sum being over all broken lines with end (m, Q). Define also ¥g,o = 1. O

In the present settlng, well-definedness of theta functions was proved in [22]. Observe that ¥m g €
22(m) 1 A o(m)+ M where zﬁlgo(m)Jr]VIJr is the completion of A¢(m)+M+ ®c R.

Proposition 2.8 ([7, 22]). Under Assumption [I} the following statements hold:

1. For each @ € Mg \ Supp(D), the set {Um g}near is linearly independent over Ag&cR and, for each
k € Z~g, additively generates A<¥ ®c R over Aff Rc R.

2. Let D = S(Din) and let p: [0,1] — Mg \ Joints(D) be a path with generic endpoints which do not lie in
Supp(D). Then the equality ¥ 1) = Op,D(Im,p(0)) holds for all m € M.

O
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2.3 Tropical disk counting
We recall some definitions from [22], modified so as to incorporate the work of [§]. Fix a scattering diagram

Din = {w; = (my,n4, Pi,0;) }ier and let g; = log(0;). Write

9i = Zgji € (H Bjm.) O Bhms  G5i € Bjm,.- (2)

i>1 j>1

For each [ > 0, define commutative rings R = C[{t; | i € I}] and R; = C[{t; | i € I}]/{t/" | i € I), as in
[15] 22]. There is a ring homomorphism

l
- Cuijliel, 1<j<I}
R, — R = J e t; i
AT e B i

Definition 2.9. A perturbation @in,l of D;, over R, is a scattering diagram over R, consisting of a wall
w;; = (my,n;, Piy,0,y) for each i € I and J C {1,...,1l} with #J > 1 such that

1. each P,; is a translate of n}- and Py # Py unless i =4’ and J = J', and

2. the equality log(0.,) = (#J)!gx1)i [ [ ¢ s wis holds.

We follow [8, 12, 15| 24] and introduce tropical disks in D;,, or @ml

Definition 2.10. A (directed) k-tree T is the data of finite sets of vertices T1% and edges T!!, a decomposition
7:”[0] = Ti[g] UTO U {v,y} into incoming, internal and outgoing vertices, and boundary maps Oy, 9pus : T —
T This data is required to satisfy the following conditions:

1. The set Ti[g] has cardinality k.

is univalent and satisfies #0,.}(v) = 0 and #09; ' (v) = 1.

out

2. Each vertex v € 7l

m

3. Each vertex v € T1% is trivalent and satisfies #09,.);(v) = 2 and #9;,' (v) = 1.

out
4. We have #8o_u1t(vout) =1 and #8;11 (Vout) = 0.

5. The topological realization |T| := ([],c70[0,1]) / ~, where ~ is the equivalence relation which identifies
boundary points of edges if their images in T agree, is connected and simply connected.

O

Two k-trees are isomorphic if there exist bijections between their sets of vertices and edges which preserve
the respective decompositions and boundary maps. Set Tio) = T 1[2] U {vout } and T = TN o7 Y(T i[21)~ The edge
Cout = 8;}t (Vout) is called the outgoing edge. The root vertezx v, is the unique vertex satisfying eq,: = a;,} (vp).

Definition 2.11. 1. A labeled k-tree is a k-tree L with a labeling of each edge e € 6;11(L£2L]) by a wall
w;. = (my,_,n;,, P ,0; ) in D;, and an element m, € M such that m, = k.m;_ for some k. € Z~o.

2. Fixm € M \ {0}. A marked k-tree is a k-tree J with a marked edge ¢ € 8;11(Ji[2]) and an associated element
me = p(m), together with a labeling of each edge e € 8&1(.]}2]) \ {€} by a pair (w;_,m.), as for labeled
k-trees.

3. A weighted k-tree is a k-tree I' with a weighting of each incoming edge e € 5‘1.;1 (FE?}) by a wall
Wi, 7, = (mi,,ni,, Pi,j.,0i,.) in Dy and a pair (me,u’s), where u’e :=T[,; [lics,  wij€ Ry, such
that m, = (#J.)m,;, and J, is an I-tuple of finite subsets of {1,...,l} such that J.; = J. and J,; =0
for j € T\ {i.}. Moreover, the weights of incoming edges are required to be pairwise distinct.

O
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The final part of Definition will be generalized below so as to allow multiple elements of J. to be
non-empty.

Two labeled k-trees are isomorphic if they are isomorphic as k-trees by a label preserving isomorphism,
and similarly for marked and weighted cases. The set of isomorphism classes of labeled, marked and weighted
k-trees will be denoted by LTy, MTx(m) and WTj, respectively.

Let L be a labeled k-tree. Inductively define a labeling of all edges of L by requiring that for a vertex v € L[
with incoming edges e, ey (so that 9.} (v) = {e1,es}) and outgoing edge es, the equality me, = me, + Me,
holds. A similar procedure applies to marked and weighted k-trees, where in the latter case we also require

J. J. J.

u’es = wleru’e2. Write my ;0 = me,,, and wlt = yeou.

Definition 2.12. A labeled ribbon k-tree L is a labeled k-tree with a ribbon structure, that is, a cyclic ordering
of 9,1 (v) U3, (v) for each v € LIV, A marked ribbon k-tree is defined analogously. O

Labeled ribbon k-trees are isomorphic if they are isomorphic as k-trees by an isomorphism which preserves
the ribbon structure and labels. The set of isomorphism classes of labeled ribbon k-trees will be denoted by
LRj. Similarly, MRx(m) and WRy are the sets of isomorphism classes of marked and weighted ribbon k-trees,
respectively. The topological realization of a labeled (or marked, weighted) ribbon k-tree £ can be embedded
into the unit disc D so that EL%] C 0D and the ribbon structure of £ is induced by the orientation of D. This
embedding is unique up to orientation preserving homeomorphisms of (D, dD).

Definition 2.13 ([22]). Given a labeled k-tree L (resp. weighted k-tree I'), associate to each e € LI (resp.
e € T a pair +(ne, g.), defined up to blgn *| with n. € N and g € by, n, (resp. ge € b ), inductively
along the direction of the tree as follows:

me,ne, Ry

1. Associated to each e € 9;'(L ]) (resp. e € 9; (T [O])) is a unique initial wall w; = (m;_,n;., P, ,©;.)

m
(resp. w; g, = (mle,nze,PzeJe ©i.7.)). Set n. =n;, and g. = gi.i, (resp. ge = g(#Jeyie)ie), where g;; is
given by equation .
2. At a trivalent vertex v € L[ (resp. v € I‘[O]) with incoming edges e;,es and outgoing edge es, set
Neg = <m€27n61>n€2 - <m€17n62>n81 and ez = [9617962]'
For a labeled (resp. weighted) ribbon tree £ (resp. T), the label (n.,g.) of e € LI (resp. e € T1) can be
defined without the sign ambiguity by requiring that {e1, es, €3} be clockwise oriented. O

Write (ny,, gr) or (nr, gr) for the pair associated to e,,;. Note that if v € I'% has incoming edges e1, es and
outgoing edge e3 and m,,, m., € Mg are linearly dependent, then n., = 0 and hence gr = 0, as follows from the
vanishing 0,0 = {0}.

Definition 2.14. The core ¢; of J € MT(m) is the directed path of edges € = eg,e1,..., € = €,y joining é to
eout- Removing ¢y results in [ disconnected labeled trees L1, ..., L; according to the order of attaching to c;.
We assign ae; € A, inductively along ¢; as follows:

1. Associated to the marked edge € is the element z™¢ = z#(m),

2. With a,, defined, define ac,,, = gr,,, * ae;-

Associated to the edge eoyt is ay = ac,,, € An,. We also let €7 = HZ 1 sgn ((—meifl,nLJ). O

Definition [2.14] applies without change to marked ribbon trees. Note that the product €ya; is well-defined
without the specification of a ribbon structure on J.

Given a weighted k-tree I' and §:= (S¢)cern € (R<0)|Fm|

, the associated realization of T' is |I'g|:=
((I_l comL (ol )(]R<0) ) U (Ueeri [se 0]))/ ~ . Here (R<g). is a copy of R<o and ~ is the equivalence relation
which identifies boundary points of edges if their images in I'®) agree. For labeled (resp. marked) k-trees L (resp.
J), we allow s, = 0 for e € LI (resp. e € JI).

Definition 2.15. A tropical disk in (Mg, D;,,) (resp. (Mg, @ml)) consists of

1. a labeled k-tree L (resp. weighted k-tree T'), with labeling of e € 9! (ngl]) by a wall
= (mi,,ni,, P,,0;) and m, € M} (resp. labeling of e¢€ ;! (Fg?l]) by a wall wyj, ., =
eie«]e,ie) and (meauJE))a

W,

e

(mi,,ni,, P

e,ig?

*As the signs of ne, and ge, depend on the cyclic ordering e1, ez, e3 in the same way, only £(ne,, ges) is defined.
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2. a tuple of parameters § = (S¢)ecrn € (RSO)”‘M‘ (resp. §= (Se¢)eerm € (R<0)‘Fm‘), and
3. a proper map ¢ : |Lz| = Mg (resp. < : |I's| = M)
such that the following conditions are satisfied:

(i) For each e € 31.;1([,53) (resp. e € 8i_nl(F£2}))7 we have Sl (0) € P;, (vesp. ikcore (0) € P, ., ) and
Slregre (s) = ST (0) + s(—me) for all s € R<g.

(ii) For each e € LI (resp. e € T!M), we have a0 (8) = Slpa ) (0) + s(=me).
O

The point ¢(vout) =75,  ,(0) € MR is called the stop of the tropical disk . Given a tropical disk ¢

in (Mg, D;y,) (resp. (Mg, Diny)), denote by £(nc,gc) the pair +(nr,gr) (resp. £(nr,gr)) associated to the
underlying labeled (resp. weighted) tree.

One can also define tropical disks in My of type L, meaning that the underlying labelled k-tree is specified
to L, without specifying a scattering diagram by relaxing condition (7) in Definition to

ergoe (s) = Urgore (0) + s(—me) for all s € R<g

and allowing each s. to take on the value 0. Tropical disks of type L in Mg form a moduli space Mty (Mp).

Under the identification 9y, (Mg) = ]R|<L0m‘ X Mg, the evaluation map ev : My (Mg) — Mg, obtained by taking
the stop of tropical disks, is the projection to Mg. Similar comments and notation apply to tropical disks in Mg
of type I'. ~

We denote by M (Mg, D;p) (resp. Mp(Mr,Din)) the set of all tropical disks in (Mg, D;,) (resp.

(Mg, Din.1)) when ny, # 0 (vesp. nr # 0 and u”/T # 0) with underlying labeled k-tree L (resp. weighted k-tree I').
By definition, MM, (Mg, D;,,) and M (Mg, @ml) are subsets of My, (Mg). Denote their closures by an overbar;
the set M (Mg, D;,) is in fact already closed. Define affine subspaces of Mg by Pr, = ev(My (Mg, D;y,)) and
Pr = ev(Mp (Mg, D;y,)). For marked k-tree J with mg = ¢(m), we define set of tropical disks 9 ;(Mg, D;,,, m)
similarly (allowing s, = 0 for e € JM), and let Py = ev(M;(Mg, Din, m)).

When M has rank two, Pr is a line when k£ = 1 and is a ray when k > 1. The latter case is illustrated in

Figure 2

I': a 3-tree

Vout

Uy

Fig. 2. The affine subspace Pr from moduli of tropical disks.

Lemma 2.16. If Pr is non-empty, then it is orthogonal to nr. O

Proof. We proceed by induction on the cardinality of ', In the initial case, I'l®! = (§, the only tree is that
with a unique edge and the statement is trivial.

For the induction step, suppose that v, € T'% is adjacent to the outgoing edge €y and incoming edges
e1, es. Split ' at v,., thereby obtaining trees I'y and I's with outgoing edges e; and es; and &k and ko incoming
edges, respectively. We have

[0

(ﬁFl(MR, ®in,l)ev X v Mr, (Mg, ﬁm,l)) x R>q « (—=mr) = Mr (Mg, i)m,z),
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implying that Pr = (Pr, N Pr,) + R>¢ - (—mr). By the induction hypothesis, nr, is orthogonal to Pr,, i =1, 2,
and hence nr is orthogonal to Pr, N Pr,. A direct computation using the definition of np shows that (mrp, nr) = 0.
The lemma follows. u

Definition 2.17. A scattering diagram @ml is called generic if for any weighted trees I'y, I's such that
wri v # 0 and Pr, intersects Pr, transversallyl the intersection Pp, N Pr, C Mg has codimension two and

is contained in the boundary of neither Pr, nor Pr,. O

A generic perturbation of the i)m,l of the initial diagram D;,, will be generic as in the above Deﬁnitionm
(readers may see [15] [12] 22] for details in various cases). The next result, which was proved by various authors
in increasing levels of generality, relates consistent scattering diagrams to the counting of tropical disks.

Theorem 2.18 ([I5, 12, 22]). Let @ml be a generic initial scattering diagram. There is a Dbijec-

tive correspondence between walls WGS(DmJ) and weighted trees I' with 9p (Mg, ml) # () under
which a wall w = (m,n,P,0) corresponds to the weighted tree T' with (nr,Pr) = (n,P) and log(©) =

(Heea Ll (#J(, i)! ) QFU]F O

3 Pertubative solution of the Maurer—Cartan equation

We introduce a differential graded (dg) Lie algebra whose Maurer—Cartan equation governs the scattering process
from D, to S(Dyy,), or its generic perturbation.

3.1 Differential forms with asymptotic support

We begin by recalling some background material from [8] §4.2.3] and [9, §3.2].

Let U be a convex open subset of Mg, or more generally, of an integral affine manifold, as in [9], §3.2].
Introduce the notation Qf (U) := I'(U x R, A¥ TVU), where the coordinate of R is fi. Let W, *°(U) C Q5 (U)
be the set of k-forms o such that, for each ¢ € U, there exists a neighborhood ¢ € V' C U and constants D; v,
cy such that |VIal| pe ) < Djyve v/ for all j > 0. Similarly, let W§°(U) C QE(U) be the set of k-forms o
such that, for each g € U, there exists a neighborhood ¢ € V' C U and constants D;y and N;y € Zq such that
[Vl @y < DjyhNiv for all j > 0. The assignment U — W, *°(U) (resp. U — W°(U)) defines a sheaf
W, (resp. W;°) on M. Note that W, > and W;° are closed under the wedge product, V 2 and the de Rham
differential d. Since W, > is a dg ideal of W;°, the quotient W° /W, is a sheaf of dg algebras when equipped
with the de Rham differential.

By a tropical polyhedral subset of U we mean a connected convex subset which is defined by finitely many
affine equations or inequalities over Q.

Definition 3.1. A k-form o € W°(U) is said to have asymptotic support on a closed codimension k tropical
polyhedral subset P C U with weight s, denoted oo € W5 (U), if the following conditions are satisfied:

1. For any p € U \ P, there is a neighborhood p € V- C U \ P such that afy € W, (V).

2. There exists a neighborhood Wp C U of P such that o = h(zx, h)vp +n on Wp, where vp € /\k Ng is the
unique (up to scaling) affine k-form which is normal to P, h(z,h) € C°(Wp x Rs¢) and n € W, > (Wp).

3. For any p € P, there exists a convex neighborhood p € V' C U equipped with an affine coordinate system

x = (x1,...,2,) such that ' := (x1,...,2,) parametrizes codimension k affine linear subspaces of V
parallel to P, with 2’ = 0 corresponding to the subspace containing P. With the foliation {(Py z/)}seny ,
where Py, = {(21,...,2,) €V | (x1,...,21) = 2’} and Ny is the normal bundle of P in V, we require

that, for all j € Z>o and multi-indices 8 = (84,..., k) € Zgw the estimate

its=|B|k

@y < sup [V (1,0) (x >> ve < Dy sh

xEPy .

holds for some constant D; v,3 and s € Z, where |8| =", 6; and vy = 6%1 A A2

Oxy

THere ‘“tranversally’ means that the unique affine subspaces containing Pr, and Pr, intersect transversally.
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Observe that V_o W3 (U) € Wi (U) and (2/)8W3(U) € Wi PI(U7). Tt follows that

0
9z

(@)Y o -V o Wi(U) c WP,

dx ECET
11 L

The weight s defines a filtration of W;° (we drop the U dependence from the notation whenever it is clear
from the context)ﬂ
Wo® C- - CWRT CWR C W C - C Wi C QE(U).

This filtration, which keeps track of the polynomial order of A for k-forms with asymptotic support on P,
provides a convenient tool to express and prove results in asymptotic analysis.

Definition 3.2. A differential k-form « is in W;(U) if there exist polyhedral subsets Pi,..., P, C U of
codimension k such that o € 2221 Wp, (U). If, moreover, da € W;ﬂ(U), then we write a € W; (U). For every
s €Z,let Wi(U) = @, WitF(U). O

We say that closed tropical polyhedral subsets Py, P, C U of codimension ki, ko intersect transversally if
the affine subspaces of codimension k; and ks which contain P; and P, respectively, intersect transversally.
This definition applies also when OF; # (.

Lemma 3.3 ([9, Lemma 3.11]). 1. Let Py, Po, P C U be closed tropical polyhedral subsets of codimension
k1, ko and ki + k2, respectively, such that P contains P; N P, and is normal to vp, Avp,. Then
Wi, (U) AWp, (U) € WE™(U) if Py and P, intersect transversally and W5, (U) A Wp, (U) € W, %, (U)
otherwise.

2. We have WI(U) A\W;2(U) C Wziizz(U) In particular, W2(U) Cc W(U) is a dg subalgebra and
WoHU) cW2(U) is a dg ideal.
O

Remark 2. As mentioned in the introduction, W,?(U ) can be interpreted as the space of bump forms on U which
are concentrated along a codimension % closed tropical polyhedral subset P C U, while W, 1(U ) is the subspace
of bump forms « which additionally satisfy limz_q fL a = 0 for any k-dimensional closed tropical polyhedral
subset L. O

3.1.1 Homotopy operators

Let P C U be a closed tropical polyhedral subset. In the remainder of this section, we study the behavior of
W2(U) under the application of a homotopy-type operator I. To do so, fix a reference tropical hyperplane
R C U which divides U into U \ R = U, U U_. Fix also an affine vector field v (meaning Vv = 0) which is not
tangent to R and points into U;.

By shrinking U if necessary, we can assume that, for any p € U, the unique flow line of v in U passing
through p intersects R at a unique point, say x € R. The time t flow along v defines a diffeomorphismﬁ
TV W = U, (t,x) — 7 (t,z), where W C R x R is the maximal domain of definition of 77%. We sometimes

v

write 7, "(z) for 77%(¢,x). If it will not lead to confusion, we write 7 in place of 77".
Let P = PN U4 and define

I(P)+:<P++RZQ-U)OU, I(P),:(Pf-i-RSo'v)ﬁU.

Define an integral operator I by

I(a)(t,z) = /0 L%(T*(a))(r,x)dr, a € Wp(U).

Despite the notation, I depends on the choice of the tropical hyperplane R and the vector field v.

Lemma 3.4 (cf. [9, Lemmas 3.12, 3.15]). Let a € W3 (U). Then I(a) € W, *7(U) if v is tangent to P and
I(a) € W?(}I)Jr(U) + Wf(fpl)i (U) otherwise. Moveover, if @ € Wi (U) (resp. a € Wi(U)), then I(a) € Wi~ 1(U)
(resp. I(a) € Wi—1(U)). O

fNote that k is equal to the codimension of P C U.
8The notation 77 is chosen so as to reduce signs in what follows.
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Using the affine coordinates determined by 7, define a tropical hypersurface i : R — U, x +— (0, z), and an
affine projection p: U — R, (t,x) — x.

Lemma 3.5 (cf. [9, Lemmas 3.13, 3.14]). 1. Let k = codimgr(P C U). For a € Wi (U), we have i*a €
Wo (R) if P intersects R transversally, where () C R is any codimension k polyhedral subset which con-

tains P N R and is normal to i*vp, and i*a € W, *°(R) otherwise. Moreover, the pullback along i is a map
i Wi (U) = Wi(R).

2. For a € Wi(R), we have p*a € W;_l(P)(U). Moreover, the pullback along p is a map p*: W;(R) —
Wi(U).
O

Finally, we extend the above construction to define an integral operator which retracts U to a chosen
point gg. Consider a chain of affine subspaces {qo} = Uy CU; C --- C U, = U with dimg(U;) = j. Denote by
ij : U; = Uj41 and p; : Uj41 — Uj the inclusions and affine projections, respectively. Let v; be a constant
affine vector field on Ujy; which is tangent to the fiber of p;. Composition of the inclusion operators gives
i,; : U; = Uj, i < j, and similarly for the projection operators. Let I; : Wi (Uj41) — W}z:i(UjJ’,l) be the integral
operator defined using v;, as above. For the purpose of solving the Maurer-Cartan equation, we will choose ¢ to
be an irrational point in U;. While {go} is not a tropical polyhedral subset of Uy, the definition of p; ; remains
valid if it is treated as the inclusion of constant functions. The operator Iy defines a map Wi (Uy) — Wi~ (Uy),
even if g is irrational. Indeed, each a € W§(U;) can be written as a finite sum ), oy with a; € WISJL(Ul) for
some rational points P, of U; which, in particular, are distinct from gg. It follows that Io(F;) is still a tropical
subspace of Uj.

With the above notation, define an operator I : W5(U) — W5~} (U) of *-degree —1 by

1= pT,TIOiT,r +-+ pi—l,rIT—Qi::—l,r + IT—l' (3)

Write i* := ij ,. for evaluation at go and p* := py ..

Proposition 3.6 (cf. [9, Lemma 3.16]). The equality dI + Id = Id — p*i* holds. O

3.2 The tropical differential graded Lie algebra
3.2.1 Abstract tropical dg Lie algebras

Consider a M -graded tropical Lie algebra h acting on a Y-graded algebra A, as in Section Fix a convex
open subset U C M.

Definition 3.7. The tropical dg Lie algebra associated to b is

H'(U) = @ W)W U)) @c b

meM;}

with differential d(ah) = (da)h and Lie bracket [ah, o’'h'] = (a A &')[h, 1], where a, o/ € WO(U) /W, H(U) and
hh €h. 0

Denote by H*(U) the completion associated to the monoid ideals kM C M}, ke Zs. Given a
commutative algebra R, set Hi(U) = H*(U) @c R and H}5(U) = H*(U)&cR. We also introduce the dg Lie
algebra G*(U) := @, ,cpr WL(U) ®c b and its dg Lie ideal Z*(U) := @, p+ Wi ' (U) ®c b Observe that
G*(U)/Z*(U) ~ H*(U). When U = My, we will often omit U from the notation.

We will be interested in solving the Maurer—Cartan equation in H* or ‘H7%,, which reads

dp + %[90, @] =0. (4)

Definition 3.8. The tropical dg algebra associated to A is A*(U) :=@,,oy (W2(U)/W1(U)) ®c Ap, with
differential d(f) = (dav) f and product (e f) A (o' f') = (a A a')(f f'), where a, o’ € W2(U) /W, (U) and f, f' €
A. As for H*(U), we can also define A*(U) and Ag(U). O

There is a left H*(U)-action on A*(U) given by (ah) - (o/f) :=(a Ad’)(h- f). As a graded vector space,
the square zero extension dg Lie algebra is (H & A[—1))*(U) := H*(U) & A*~1(U). The bracket

h+ f 0+ ] = K]+ h- f = (=D g, hh € H*(U), f,f € A HU).
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3.2.2  Homotopy operator

We will solve equation using Kuranishi’s method [20], in which a solution is written as a sum over trivalent
trees. We take U = Mp for the remainder of this bection

Fix an affine metric gy on Mg. For each m € M, fix a chain of affine subspaces {pt} = UJ* CU* C --- C
U™ = Mg. We assume that Uj" is an irrational pomt of Ui". Denote by pj* the affine projection determmed by
the vector field v7", with the convention that v ; = —m.

Given these choices, we obtain a homotopy operator H,, : WY — W? | of *-degree —1 using equation
(denoted there by I). Let P, : W2 — Wg(U§™") be the projection Py, () := alyp and let ¢, : WG(UF") — WY
be given by ¢y, (a) := a, the embedding of constant functions on M. As in [§], these operators satisfy

dHp, + Hid =1d — 05, P,

so that H, = €, Hy, is a homotopy retracting W2 to its cohomology H*(W?,d) ~ WJ(U] m) Moreover these
operators descend to the quotient W?/W; !, thereby contracting its cohomology to C = WS(UF) /Wy (UF).

Definition 3.9. 1. For each m € M}, let Hf, = (Wf/W;l) ®c bm and define the homotopy operator
m P 1, = it by Hp(ah) = Hy,(a)h. Denote by H = @D, H,, the induced operator on H*.

2. Define operators P = @, P,, and ¢ = @, tn similarly.
O

Taking inverse limits defines operators on H*. Similar definitions apply to Hy, and 7—1}‘3 We can also apply
the construction to the dg Lie algebra H ¢ A[—1], obtaining operators H, P and .

3.3 Solving the Maurer—Cartan equation
3.3.1 Input of the Maurer—Cartan equation

Consider an initial scattering diagram D;,,, or its perturbation @ml We will associate to each wall a term in
H! or ’Hl to serve as inputs to solve the Maurer—Cartan equation

Con51der first Dy, = {w; = (my, ni, P;, 0;) }ier, with log(© Z gji as in equation ([2]). Consider an affine
function n; = (-, n;) + ¢ such that P, = {& € My | n;(z) = 0} and set

1172 _ 2y 8
op, = (ﬁ) e~ )P,
Lemma 3.10 ([8, §4]). We have dp, € Wp, (Mg). O
Set ‘
% = —p, log(©;) € H (5)

and take Il =}, _;
If instead we begin with a perturbed diagram Dmh then we have walls w;; = (m;z,n:7, Pis, ©,7), leading
to dp,, € Wp, (M) and = D 1:15;) € 'H}%l.

@ as the input to solve the Maurer—Cartan equation.

3.3.2  Summation over trees

Motivated by Kuranishi’s method [20] of solving the Maurer—Cartan equation of the Kodaira—Spencer dg Lie
algebra, and its generalization to general dg Lie algebras (see [23]), instead of solving equation (), we first look
for solutions ® € H! of the equation

o 1. v
fI):H—§H[<I>,<I>]. (6)
In the perturbed setting, we look for solutions % € ’H}%l of the equation é =1I— %H[<I:>7 &)}

Proposition 3.11. If sati~sﬁes equation @, then @ satisfies equation if and only if P[é,&)} =0. An

analgous statement holds for P. O

The unique solution ® of equation (@ can be expressed as a sum over directed trees, as we now recall. An

analogous statement holds for ®. Further details can be found in 8, §5.1].
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Definition 3.12. Given L € LRy (resp. 7 € WRy), number the incoming vertices by vi,...,v; according
to their cyclic ordering and let ey,...,ex be their incoming edges. Define [ o : (H*1)®% — H**+1 (vesp.
le,7 : (’Hgl)@’k — 7—[}“) so that its value on (y,...,(, € 7—[’(";321) is given by

1 1 1

1. extracting the component of (; in ’Hj‘n“ (resp. HZIHUJ%) and aligning it as the input at v;,

2. then applying my at each vertex in £ (resp. T1), where my : H* L @ H* — H*H1 s the graded
symmetric operator my(a, ) = (—1)*#+[a, 8], where @ and 3 denote the degrees of a and 3, and finally

3. applying the homotopy operator —H to each edge in £ (resp. 7).

Having defined [; » and [; 7, we can write

d=3 o Y e, b= 3 L S (i), (7)

k>1 LELRg k>1 T EWRy

It is not hard to see that the sum defining ) converges in #*. The sum defining ¢ is finite in H*R because the
1

maximal ideal of R is nilpotent.

4 Tropical counting and theta functions from Maurer—Cartan solutions

4.1 Tropical counting from Maurer—Cartan solutions

The goal of this section is to relate Maurer—Cartan elements of 'H}%l to the counting of tropical disks in

(Mg, Djy,1). Similar results for M of rank two can be found in [9].

4.1.1 A partial homotopy operator

Recall the homotopy operator H = @D, .+ Hy from Section It will be useful to replace H,, with the
partial homotopy operator

0

Hp (o) (z) := / (to (T™)"(@)(s, 2))ds, (8)
—0o0

where 7 : R x My — Mg is the flow with respect to the vector field —m. Given £ € LRy, (resp. T € WRy), denote

by Ly ¢ (resp. L 1) the operation obtained by replacing the operator H with H in Definition (denoted

there by [ instead of L).

The reason for introducing H, Ly 0 and Ly 7 is that the operator H depends on the choice of a chain of
affine subspaces U™ for each m € M. A drawback of the U}"-independent H is that H,,(«) is defined only
when « is suitably behaved at infinity; see Lemma For this reason, additional arguments are required to
verify that the analogues of equation are well-defined and in fact solve the Maurer—Cartan equation; see
Lemma An alternative way of proceeding, taken in [8] @], is to make a careful choice of UJ" so as to directly
relate the Maurer—Cartan solution with scattering diagrams.

4.1.2  Modified Maurer—Cartan solutions

In this section we prove that Ly 7(II, . . ., IT) is well-defined; the proof for Ly (I, ... II) is similar.

1]
Given a weighted ribbon k-tree T, denote by M7 (My) = Rg;l !
the underlying weighted tree. B

X Mg the space of tropical disks in Mg for

Definition 4.1. Given a directed path ¢ = (eg,...,e;) in T, considered as a sequence of edges, define a

[1] . ) Me, . . .
map 7°: Rg}) % Mg — Mg by 7¢(5,2) =70 0+ 07 (x), where 757 =174, is the diffeomorphism defined

in Section and Td" is the subset {eg,...,e} € T, The map 7¢ extends to a map 7¢: My (Mg) =

(1] [y 701 (1] 71
]R|<TO I x Mr — Rg;) Tl Mp by taking the Cartesian product with ]RLTO Tl O
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This definition does not use the ribbon structure of 7 and so also applies to weighted k-trees. For every
edge e € TH \ {eout}, we use that notation e to denote the directed path in 7 obtained by removing the edge
e from the unique directed path (e, ..., eqt) to the outgoing edge €yt

Recall that the differential form §p, depends on an affine function #; which vanishes on P;. Let IN; be the
space of leaves obtained by parallel translation of P;, equipped with the natural coordinate function 7;. Recall
that associated to each edge e € 7

. 15 a wall w;_. Define an affine map

FoMr(Me) » [[ N 9)
ecT

by requiring (7)*(n;.) = n:. (7%(5, x)). Write Z, for Rg)l] x {x}.

1] -
Definition 4.2. Assign a differential form v, on jol‘ to each e € T recursively as follows. Set v, =1
if e € 9;,} (’EE?]) If v is an internal vertex with 9.} (v) = {e1,e2} and 9; ' (v) = {es} such that {e1,e,e3} is

out
clockwise oriented, then set v., = (—1)"2lv,, A v, A ds.,, where |v,,| is the cohomological degree of v,,. O

8
The form v attached to the edge e,y € T is a volume form on Rg)l l
The following result can be proved in the same way as [8, Lemma 5.33].

Lemma 4.3. We have (7)*(dn;,, A---Adn;,, ) = cvr Ant + ¢ for some ¢ > 0, where ny € N is a 1-form on

1
Mg, v is the top polyvector field on Rg;) " dual to vy and t,ve = 0. In particular, iz, is an affine isomorphism
onto its codimension one image C(7,x) C [],_um N;, when ny # 0.

€T
O
The well-definedness of L;m-(l:[7 e ,1:1) depends on the convergence of the integral in the following lemma.
Write o in place of 0p,  , and, for each L > 0, set Z,, 1, = [—L, O]Tm x {x}. We write eq, ..., ¢ for the sequence
77
of directed paths associated to the k incoming edges (eq,...,ex).

Lemma 4.4. 1. The integral
ar(e)i= = [ G @) A A G )
I,

is well-defined. Moreover, ay =0 if ny =0 and ar € Wy (M) if Pr =0, where Pr is defined as in
Section by forgetting the ribbon structure of 7.

2. The integral ar p(z):=— [, (m) (ar) A-- A (7)) (o) uniformly converges to ar(z) for z in any

pre-compact open subset K C Mg. Furthermore, (a7 — a7.1) |k € Wy *°(K) for sufficiently large L.

3. If Pr# 10, so that dimg(Py)=r—1, and ¢: (a,b) — Mg is an embedded affine line intersecting Pr
positivelym and transversally in its relative interior Int,..(Pr), then lims_,¢ fg ar = —1.
O

Proof. Explicitly, the integral a7 (z) under consideration is

k
Lykz [ (2, )/ Lk [ —(Sh e, )/n .
(%) /Z(T) (He (v J) dm‘ej> :(%) /z e ( n J) (7)" (dni,, -+ dm,,) -

€T j=1

x

By Lemma the only case that we need consider is when ny # 0, in which case 7|z, is an affine isomorphism
onto its image C(7,x), a codimension one closed affine subspace. The well-definedness of the integral is due to

(ko2 ) /n . -
i7" e z,z) < oo for any affine linear volume form juc (7 5y on C(7, ). When

the fact that fc(? o) €
Py = (), we have 0 ¢ C(7,x) for all x € Mg, which implies ar € W, *°(Mp).
Notice that o ~
ﬂ {(r) i, = 0} = My (Mg, Din,1) C My (Mp).
eET[,l]

in

Yntersecting positively means (o', n7) > 0.
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Furthermore, for any pre-compact subset K C Mg and b > 0, there exists an L, such that (Z,\ Zgr,) N
Neerm (7€) ni,| < b} =0 for all x € K, as follows from the fact that 7z, is an affine isomorphism onto
its image. This implies that a7 converges uniformly to a7 on K and that (a7 — a7 1)k € Wy ™ (K) for
sufficiently large L.

Suppose now that Py and p are as in the final statement of the lemma. Consider the affine subspace
Zo == Uie(ap) Loty C M7 (Mg). We have

fore-t

where 7(Z,) C He gy N;, . Here we apply Lemmato conclude that 7 is an affine isomorphism onto its image

(Tel)*(al)/\.../\(Tek)*(ak) _ _/ a /\"‘/\ak,

o 7(Zo)

when Py # (). Since g intersects Py in Int,..(Py) and ﬁm,l is generic, we have 0 € Int(7(Z,)). Together with the
explicit form of a; A -+ A a, we then obtain limy_,q fg ar = —1. |

4.1.3 Relation with tropical counting

The following result is a modification of [8] §5].

Lemma 4.5. For each T € WRy,, we have Ly, 7(IT,..., II) = (Heeav_l(r[o])(#J&ie)!) argrulT. O

Proof. We proceed by induction on the cardinality of 719, In the initial case, 719 = (), the only tree is that
with a unique edge and there is nothing to prove.

For the induction step, the root vertex v, € 719 is adjacent to the outgoing edge €,ys and two incoming
edges, say e and ey. Assume that {e1, ea, e,y } are clockwise oriented. Split 7 at v,., thereby obtaining trees Ty
and 75 with outgoing edges e; and e; and k; and ko incoming edges, respectively. By the induction hypothesis,

we can write Ly, 7 (IT, ..., TI) = (Heeafl((r)lol)(#‘]e,ie)!>0‘7297QUJT"v i =1,2. We therefore have

Lk,T(ﬁ7"'aﬁ) = _( H (#JEze)')H(a'Tl /\O[7*2)[g7—17g7—2]u']7—1u‘]7'2_
e€d;, N (T

in in

By definition, g7 = [¢97;, 97,] and wIT = wmy I Finally, the proof of [8, Lemma 5.31] shows that

H(ar, Aar,) =/I (r)"(ar) -+ (7%) () = —ar ().

Note that the well-definedness of H(ar; A ;) is guaranteed by Lemma

Lemma 4.6. For each T € WRy, we have ar € Wp_(Mg) N W] (Mg) if Pr # 0. O

Proof. We proceed by induction on the cardinality of 71°. The initial case, 71% = (), holds by Lemma

For the induction step, split 7~ at v, € T1% to obtain trees 7; and 7Tz, as in the proof Lemma We can
assume that each Py; is non-empty and that Py, Pr, intersect transversally and generically, as in Definition
@ Then @ = Pr, N Py, is a codimension two affine subspace of Mp. The induction hypothesis implies
ar, € Wp_ (Mg) NW{(Mg) and Lemma gives ar, A ag, € Wi (Mr) N W3 (Mg). Arguing as in the proof
of Lemma we find a7 = —H,,, (a7 Aag,), which is nonzero only if ny # 0. Note that if ny # 0, then
—my = —M,,,, 1S not tangent to Q.

We would like to apply Lemma to conclude our result. However, the operator Hy,_  isslightly different
from that appearing in Lemma A modification is therefore required.

To simplify notation, write m = m,,,,. Since m is not tangent to (), we can assume that the chain UJ"
used to define H,, is such that U™, separates Mg into My and My, —m points into My and Q C M.
With this choice, we obtain a homotopy operator H,, as in Section [3.2.2] which, by Lemma [3:4] satisfies
Hp(ar Aar) € Wh (Mg) N Wi (Mg). Since U™ ; N Q = 0, we find that H, (a7; A ary) — Hm(an A o) lies
in Wy *°(Mg). It follows that H,, (a7, A ag;) satisfies the desired property. u
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Lemma 4.7. The element & := Dokt 2,%1 ZTEWRk Lk77—(l:[7 ..., 1) is well-defined in G* ®¢ R;. Furthermore, it
solves equation (). - O

Proof. Well-definedness of @ follows from Lemmas and The same reasoning as Section then shows
that ¢ = II — 1H[®, &].

We will use Proposition to show that & solves equatio. Fix a pre-compact open subset K C My
and consider the restriction of equation to K. By Lemma we may choose L sufficiently large so as
to ensure that the truncation & := Yokt 2,%1 S e, a7 Lgru’T satisfies ar — ar,, € Wy *(K). Indeed,

> s
this is possible because there are only finitely many terms with u’T # 0 in the expression for &y, as the
maximal ideal of Rl is nilpotent. Notice that @L satisfies @L =11 — fHL [@L,@L] where Hy, := @mGM;r Hy .,

0
and HL,m( )(l‘) = ffL(L%(Tm) (a)( S, ))ds
Similar to Proposition it suffices to show that Pp[®.,®;] =0 on K, where Py, := @meM;r Prm

and Py, () := (77, )*f. Since @1, is a sum over trees, we consider T; € WRy,, i = 1,2, with wlT: # 0 and the
associated terms o7; 1.g7;, Where gr1; € f)mT R Join 77 and T3 to give T. It 5ufﬁces to assume ng # 0, since
97+ 97:) € B, 0.7, = {0} when ng = 0. If ny # 0, then m7 is not tangent to Pr; N Pr,. We may therefore
choose L sufficiently large so that "7 (K)N P, N Pr, =0. As a result, we have (7”7 )*(ar; Aay,) =0 in

HE (K). u

Let T’ € WT, with Pr # ). Since the monomial weights ule at incoming edges e€ I‘[ | are distinct, there
are, up to isomorphism, exactly 25~! ribbon structures on I'. Note that Ly T(H H) does not dependm
on the ribbon structure of 7T, since II € ”H}:2 and II commutes with odd elements of 7—[}%. It follows that

L L

P = > k>1 2_reur, Lk (I1,...,T0), where 7 is any ribbon tree whose underlying tree 7 is I". Combining Lemmas
[ 45 [4:6] and [£.7] we conclude the following theorem.

Theorem 4.8. The Maurer—Cartan solution @ € 7—[}3{, of Lemma can be expressed as the following sum over

trees: ~
= Z Z arlog(Or).

k>1 rewTy,
Mr (Mg, Din,1)#0

Here 9tr (Mg, @ml) # () indicates the existence of a tropical disk in (Mg, @in,l) of combinatorial type T', the
wall-crossing factor Or is given by

lger) = (I (#Je,%)!)grufr

ecd (V)

in 7.n

and ar is a l-form with asymptotic support on Pr which satisfies limy_,¢ fg ar = —1 for any affine line p
intersecting positively with Pp. O

Theorem gives a bijection between tropical disks and summands of @. Together with Proposition
below, which relates Maurer—Cartan solutions with consistent scattering diagrams, this provides an alternative
realization of the enumerative interpretation of Theorem [2.18

4.2 Non-perturbed initial scattering diagram

In this section we study the relationship between Maurer—Cartan elements and non-perturbed scattering
diagrams. We are motivated by the fact that it is not always be possible (or desirable) to perturb the incoming
diagram. This is the case, for example, for Hall algebra scattering diagrams. With appropriate modifications,
we find that most of the results of Sections and remain true without perturbation.

Let D;,, be an initial scattering diagram and consider Ly, ¢(I1, . .., II) as in Section The main difference
between the perturbed and non-perturbed cases is that , when Py # (), we have dimg(Pz) = r — 1 in former
whereas we only have 0 < dimg(Pz) < r — 1 in the latter.

To begin, note that the first two parts of Lemma [{.4] remain true in the context of labeled ribbon k-trees
L. However, limy_,q fg ar need not equal —1, even when dimg(Pz) = r — 1. Indeed, we only have 0 € 7(Z,), as

emma 4.9.
This can also be deduced from the proof of Lemma E 5| by observing that the dependence of a7 and g7 on the ribbon structure

of T cancels out in the formula for Ly, (1T, ..., II).



18 N. C. Leung, Z. Ma, M. B. Young

opposed to 0 € Int(7(Z,)), so the relevant part of the proof of Lemma does not apply. The replacement of
the third part of Lemma [£.4] will be given in Lemma [{.11

For each £ € LRy, we have Ly ¢(IL,...,II) = azgc, with g, as in Definition O

Proof. This can be proved in the same way as Lemma [£.5] ]
The next result gives the required modification of Lemma [4.6

Lemma 4.10. Let £ € LRy and let P C Mg be the unique codimension one hyperplane which contains P, and
is normal to n..

1. We have ap € Wp_ (Mg) N Wi (Mg) if dimg(Pz) =7 —1 and az € Wp(Mg) N W] (Mg) otherwise. In
either case, az|a\p, € Wy (Mg \ Pr).

2. If dimg(Pz) = r — 1, then there exists a polyhedral decomposition P, of P, such that d(a,) €

| M\ [P )
Wy (Mg \ |77[£_2] ), where Pl denotes the set of I-dimensional strata and |PlY| is the underlying set of
Pl

O

Proof. We proceed by induction on the cardinality of £I%. The initial case, £ = (§, holds b Lemma

For the induction step, split £ at v, € £I% to obtain £; and Ls, as in the proof Lemma We can assume
that ng # 0, as otherwise a, =0 by Lemma By the induction hypothesis, we have ar, € Wp (Mg) N
WEH(Mg), with P, = ni containing Pr,, i = 1,2. Since ng # 0, P; and P, intersect transversally. Applying
Lemma then gives ag, ANag, € W%(MR) NW3(Mg), where Q = Py N P,. We have ar = —H,,, (a7, A
a7,), as in Lemma Similar to the proof of Lemma since @ —R>qmg C P, we can apply Lemma
to conclude that ay € WhH(Mg) N W] (Mg). Using the induction hypothesis and the relation P =
(PzyNPr,) — R>omg, we have (g A aTz)IMR\(PLlﬂPLz) € W;OO(MR \ (Pz, N Pr,)), which gives Qr|Mx\P: €
Wi = (Mg \ Pr).

Since az € Wi (Mg), we can write dag = Y ; Bj, where 3 € W%j (Mg) for some codimension two polyhedral
subsets Q; C Mg. In particular, daﬁ‘MR\Uj Q; EW™=(Mr\ U; Q;) and dag)ap\p, € W™ (M \ Pr). Letting

P, be a polyhedral decomposition of P, such that |77[£ 72]| contains Py N Uj @;, we obtain the desired result.
|

Lemma 4.11. Let P. be a polyhedral decomposition of P, which satisfies the second part of Lemma and
let o € P[Z_I]. Then there exists a constant ¢z , > 0 such that lims_,o fg ar = —cg, o for any embedded affine

line p which intersects positively and transversally with o in Int,. (o). O

Proof. For any such g, we have limy_ fg ar = — f?—(z )y A -+ A ag, as in the proof of Lemma Although

0 € 7(Z,) instead of 0 € Int(7(Z,)), we still have f?(z yor A Ao = —c for some constant ¢ > 0. It remains
[
to argue that c is independent of o.

Let 01 and g2 be paths as above. Join the end points of p; and gs by paths vg and v; which do not intersect
in Pz to form a cycle C. Then limp_,o fv' o =0 and limpo [, ar = im0 [, dag = 0 for some 2-chain D

with D N |73[£_2]| = (. It follows that limy_s fgl ar = limy_y f92 or. [ ]

We claim that @ := 37, - 575 3 serp, Lo (TL, ..., TT) defines an element of G* which satisfies equation

in #*. Indeed, if we consider this claim in G<F* := WO @¢ h<F and H<F* = (W2/W 1) @c h<*, we will have
a finite number of terms and the proof of Lemma [£.7) applies. The claim then follows by taking limits.

Let L € LTy. Since Ly £(I1, . .., II) does not depend on the ribbon structure of £, we can make sense of the
(1]

in

sum Ly (I, ..., II). Since the labeling of the incoming edges e € L

1

1
mLk7L(H,7H) _;2]‘37_11”6”6(1_[771_[) (10)

need not be distinct, we have

and hence & = Zk21 > Lett, \ATI(LNLI%L(H""’H)' Combining the above arguments yields the following
modification of Theorem
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Theorem 4.12. The Maurer-Cartan solution @ € H* can be expressed as a sum over trees,

1
D = Z Z MQLQL,

E>1 LELTy,
Mr (Mg, Din)#0

with az, € WH(Mg) N W] (Mg) for the codimension one affine subspace P, C P normal to np,.
Furthermore, when dimg(Pf) = r — 1, there exists a polyhedral decomposition Py, of Py, such that, for each

s P[Lr_l], there is a constant cy, , such that limp_,o fg ap = —cr, for any affine line g intersecting positivel
with o in Int,..(0) O

Definition 4.13. Let @ be as in Theorem Define a scattering diagram D(P) as follows. For each
L € LTy, with dimg(Pr) =7 —1,let 0 € ’P[erl] be a maximal cell with associated constant cr . Define a wall
wro = (mp,nr, Prs,0L,5) so that my and ny, are as in the case of weighted k-trees (see Definitions and
, Py,=0and O, = exp(mfftﬁgL). O

We claim that D(P) is equivalent to S(D;y,). We would like to apply the main result of [8] to conclude that
D(P) is a consistent extension of D,,,. However, this result does not apply directly to the present situation, so
must must supply some modifications. Firstly, we have D(®)<F = D(&<F), where @<* is the image ¢ in H<F*
and D(P)<* is the diagram obtained by replacing the wall-crossing automorphisms with their images under
h — h<k. To prove consistency of D(P), it suffices to prove consistency of D(®<F) for each k. For the latter,
consider a polyhedral decomposition 7 (D($<F)) of Joints(D(#<F)) such that, for each j € J(D(P<F))l"=2 the
intersection Py, Nj is a facet of j for all labeled trees L with gy, # 0 € h<F. It suffices to prove consistency at
each joint j.

Let U be a convex neighborhood of Int,..(j) such that (U \j) N Py # 0 only if dimg(Pr) = r — 1. There is
a decomposition @y = Z(L,U)EW oL7) 4 €. Here W is the set of pairs (L, o) for which dimg(Py) =7 — 1 and
o € P, and o NInt,.(j) # 0. Restricted to U \ j, the summand &%) is equal to m%;gb The final term
&= Zd. pL(;U)ﬁ@ 1 maLgL satisfies £;\j = 0, as follows from our assumptions on J (D(®<*)) and the fact

imp (Pr)<r—
that (U \j) N Py = 0 for those Py, satisfying dim(Pp) <r — 1.

Since the sum Z( L.o)eWw @L:9) gatisfies Assumptions I and II of [8, Introduction], the following result can
be proved using the methods of [8]. More precisely, in the present setting, with h not necessarily tropical,
Assumption II amounts to the constancy of the elements log(©,); the assumption that log(©,) lies in the Lie
algebra h holds automatically in the present set-up.

Proposition 4.14. The scattering diagram D(®) is consistent. O

By applying Theorem we conclude that the scattering diagrams D(®) and S(D;,) are equivalent.
Similarly, in the perturbed case, D(®) and S(D;,,;) are equivalent.

4.3 Theta functions from Maurer—Cartan elements

Let @ € H' be a Maurer-Cartan element. Then dg := d + [@, —] is a differential which acts on the graded algebra
A*. The space of flat sections of dg,

Ker(dg) = {s € A° | dp(s) = 0},

inherits a product from A*. Similarly, Ker<*(dg) inherits a product from A<F*. The goal of this section is to
relate Ker(dg) or Ker<*(dg) with the theta functions introduced in Section

4.3.1 Wall-crossing of flat sections

In this section we prove a wall-crossing formula for flat sections Ker<*(dg) (and hence Ker(dg)) using arguments
similar to those of [, Introduction].

Consider a polyhedral decomposition P<* of Supp(D(®<*)) with the property that, for every 0 <1 <r —1
and o € P<kl we have o C Py, for some wall w € D(@<k) and Py No is a facet of o for every Pr with
gz # 0 € h<F. Fix a maximal cell 0 € P<KI=1 Let U ¢ Mg \ [P<¥[I"=2| be a contractible open subset which

**Positivity depends on np, which is defined up to sign. However, this sign ambiguity cancels with that of g;,, as mentioned in

Definition
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is separated by Int,.(c) into two connected components, U, and U_. Associated to o is the wall-crossing
automorphism
@U = H @fgn(nw,v)’
weD(@<F)
Py, NUNc#D
where v # 0 points into U,. Results from [8, §4.2.1] imply that there is a unique gauge ¢ which solves the
equation

e*edede = dg (11)
and satisfies |y = 0. Moreover, this gauge is necessarily given by
_ log(@U) on U+7

Y= { 0 on U_. (12)

In words, @ behaves like a delta function supported on o and ¢ behaves like a step function which jumps across
ag.
Let s € Ker<(®). Since ¢5F =0 e H<k*(UL), we have d(sjy,.) = 0. We can therefore treat sy, as a

U+
constant section over U, which we henceforth denote by s1 € A<F.
Using equation , the condition dg(s) = 0 is seen to be equivalent to the condition that the function
e~2d¢ (), which is defined on U, is d-flat. On the other hand, equation gives
-1
gy | 65M(s4) on U,
€ (5) { S_ on U_.
We therefore conclude that ©,(s_) = s;. By applying this argument to a path « crossing finitely many walls
generically in D(&<F), we obtain the following wall-crossing formula.

Theorem 4.15. Let s € Ker(dg) and Q, Q" € Mg\Supp(D(P)). Then

SQ/ = @%D (SQ)

for any path v C Mg \ Joints(D) joining @ to @', where sg and sg are restrictions of s to sufficiently small
neighborhoods containing @ and @', respectively, and are treated as constant 4°-valued sections. O

4.3.2 Theta functions as elements of Ker(dg)

In this section we define, for each m € M \ {0}, an element 6, € Ker(dg). We work in the dg Lie algebra
Hao fl[—l] and solve the Maurer-Cartan equation with input IT 4+ z#(™). We are therefore led to consider the
operation Ly 7 (IT+ z#(M . T + 2#(M) defined as in Deﬁnitionusing the homotopy operator H of Section
except that we insert z#(™ at the vertex attached to a marked edge € and insert IT at unmarked edges.

Consider 7: M 7(Mgr) — Heejl[l]\{é} N;, as in equation (9). We extend Definition to marked ribbon
trees J by induction along the core c¢7 = (eo,...,e;), with associated labeled ribbon trees L£i,...,L; as in
Deﬁnition Set v., = 1 and suppose that v., is defined. Consider the vertex v; connecting £;41 and e; to e;41.
Set ve,,, = (=1)Peirs ‘VﬁHl A Ve, Ndse, ., if {Lit1,€;,€i41} is oriented clockwise, and ve, = ve, Avge,, ANdse, .,
otherwise. Write v for v, .

i+1

Lemma 4.16. The equality (7)*(dn;,, A---Adn;,, ) = cegvz + € holds for some ¢ > 0, where €7 is the integer

[
defined in Definition [2.14 1/} is the top polyvector field on R‘gjo | dual to vy and wye=0. In particular, when
€7 # 0, the restriction 7j7z, is an affine isomorphism onto its image C(7,z) C He N;_, a top dimensional

egf\(e}
cone. O

Proof. We proceed by induction by splitting J at v, into a labeled tree £; and a marked tree J>. Assume that
{L1,J2,€0ut} is oriented clockwise. The induction hypothesis gives

(B (i, Ao A, ) = (D)l egve, Nvg, AT (ney) + e

€out

with ¢ as in the statement of the lemma. Since 77 (ng,) = sgn((—me,,,,nc,))c dse,,, for some ¢’ > 0, this

ut

gives the desired equality. n
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Similar to Lemma [4.4] define a7 (z fI )*(dni,, A--- Adn;,, ) where [ is the length of the core

c7 = (eo,.-.,e). We then have ay = 0 1f €7 =0 and ay € Wo *(Mg) if Py = (. Moreover, the second
statement of Lemma [4.4] E holds, after replacing Wi *°(K) with W, *°(K). Parallel to Lemma we have the
following.

Lemma 4.17. The equality Ly 7(IT+ 2#(™ ... T+ 2#(M) = asaz, holds, where as is as in Definition
214 O

The argument from the proof of Lemma [4.10] gives the following result.
Lemma 4.18. Let J € MRi(m).

1. We have agy € Wi_(Mg) NWY(Mg) if dimg(Py) =7 and ay € Wi(Mg) otherwise. In either case,
agim\py; € Wo = (Mr \ Pg).
2. If dimg(P7) = r, then there exists a polyhedral decomposition Ps of Ps such that d(az)
—00 r—1
W (Mg \ [P5 ).

M\ [PE Y| €

Motivated by the expression appearing in Theorem [£.12] define

Om = > Z =Ly g (T4 2™ T+ 29, (13)
Ic>1‘17€MR;c

By the same reasoning as was used to establish equation (10]), we can write

- T e

k>1 JeMTy (m
PJ;HZJ

Arguing as in Lemma we find that & + 6, € H* @ A*[—1] is a Maurer Cartan element or, equivalently,
@ € H is Maurer—Cartan element and 6,, € Ker(dg).

The goal of the remainder of this section is to show that 6y, (Q) = ¥m,q, where the right hand side is the
broken line theta function. We work in H<N* @ A<N:*[—1] for fixed N. Consider the scattering diagram D(¢<V).
Fix J € MTi(m) with e; # 0 and dimg(Py) = r. Consider the core ¢; = (eg, ..., e;) with labeled trees Ly, ..., L;
attached to it at vertices vy = 9;n(€1), ..., v = Oin(e;). In the case at hand, the map ev : M (Mg, Dy, m) — Py
is a diffeomorphism. Consider a polyhedral decomposition P; of P; such that

1. Lemma is satisfied for P, and
2. for any ¢ with ¢(vout) ¢ |Py_1]\, we have ¢(v;) ¢ Joints(D(P<N)).

If < is generic, that is satisfying (2) above, then there exist walls w; of D(®<Y), defined by L; with wall-crossing
factor exp(muctwi(ij)lgh) as in Definition such that ¢(v;) € int(w;). Choose a non-decreasing surjection
x:{1,...,1} = {1,...,¢} such that ¢(v;) =¢(vj) € Supp(wj) = Supp(w;) if and only if »(j) = s(j’). Let
PM; be the permutation group on the set s~ 1(i ) and let PM(s¢) = [[, PM;. Then, for each § € PM(s), we can
form another marked k-tree 6(J) by permuting the labeled trees L; attached to the core. Denote by MTy(J) the
PM(5¢)-orbit of J and by Iso(s,J) =[], Iso;(s¢, J) € PM(5¢) the stabilizer subgroup of J.

Let 7 be the restriction of ¢ to the interval corresponding to ¢ . Lift 4 to a broken line by setting ag = 2#(™
and, inductively, a;41 = gi+1 - a;, where g, is the endomorphism of A<Y given by

sgn({—me;,nr;))Cw;
Git1 = H : : gr;- (14)

AL TR i )
Recall that a.,:=ae. Note that |Iso;(s,J)| =my!---m,! if there are s distinct labeled trees in the set
{L; | »(j) =14} which appear mi,...,m, times. Hence g;11 is a homogeneous factor of the product

san((=me, nz,))

Hje;rl(wl) Ow,; appearing in Definition Figure |3| illustrates the situation.
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Marked tree J
core ¢ = (e, e1,€)

? <(Vout)

Broken line v = ¢|,

wi C Py

<(v1)

%

Fig. 3. The relationship between the marked tree J and the broken line ~.

Lemma 4.19. Near a generic point @ ¢ Uscpui(») |73([5?;)1] [, the equalities

)N S N S —
At Y T Tso(z, )| TAut ()] XN as(7) = dy
Jeut, (J) |Aut(])] [iso(, J)| dE€PM(x0) [Aut(J)]

hold. Here a. is treated as a constant function near Q. O

Proof. Notice that |Aut(.J)| = |Aut(J)| = H§:1 |Aut(L;)| for a marked tree J. Since as(y) = as, we need only
show that ), a5y takes the value €; H;:1 Cw, near Q. Let j; be the minimal element of s~ 1(i). Split J

by breaking the edge ej;,_; into two to obtain a subtree J; with e;,_; as the outgoing edge and a tree J;
with incoming edge ej,—1. We then have a;(Q) = a; (Q)ays,(v;,). We will show that, for each 4, the equality
2561_[1-/@ pu,, @5(J;) = €J; [[j<j, cw, holds in a neighborhood of ¢(vj,). We proceed by induction. Therefore we
assume that £ = 1 and treat the case in which all L; are overlapping walls.

Consider the map 7 = (T¢,1,.-.,7c1) : (]RSO)“J\{EO}' X Mg ~ ngo X Mr — Hj Mp given by backward flow
et (R<o)! x Mg — ML by

Tej(5,@) =75 0o (@) = T4y, (@) F simamy, +sio(my, Fmp, ) 4 si(mp, £ mr).

We have oy (z) = (1) [5, X{a:}(F)* (ar, A--+ Aag,). Define a modified backward flow 7 = (71,...,7) : RL, x
<o <

Mg — M}, by #(5,z) = Toits (). Then 7 and 7 are homotopic via h(8,z,t) = (1 —t)7(5,z) +t7(5,2).
Observe that

/ h*(ap, A+ Nag,) =0,

A(RL j)x{x}x[0,1]

since h, (£ ) is tangent to the wall w; and v, is 1-form on the normal of w;. Since davy,; € Wy (Mg \ |77[LT;2] b

from Lemma |4.10) and Im(hlge swxo,17) 0 \P}j’;zu = ) in small enough neighborhood W of @, we can verify

that aj(x) and (—1)! fRQOx{x} #(ag, A+ Aay,) differ near Q by exponentially small terms in W, *. Further,

the reparamaterization s; — s; +--- + s; gives
l * *
asla) = (- [ () () A A () e,
—00<51<---<5: <0,z

The permutation group on [ letters acts by ags.y(z) = (—1) f—oo<85(1)<~~<55(l)<0 ST (o, ) A A

(t77)* (e, ), using which we compute Y5 sy (z) = (—1)! I1; (f7m<SjSO’I(T$J)*(aLj)). Finally, we have

/ (1) (ar,) = —sen((—m,nz, Yew,,
—00<s;<0,x

as in Theorem [A.121 ]
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For a generic point @, let MTx(Q, m) C MTi(m) be the set of marked trees J with @ € P;. For any
two J,J' € MT,(Q, m), notice that either MTj(J) = MT(J') or MTx(J) NMTx(J') = 0. It follows that there is a
decomposition MTy(Q, m) = U e MTx(J) such that each MTj(J) corresponds to a unique broken line v via Lemma
Conversely, given a broken line v with ends (@, m), one can construct a marked tree J € MT(Q, m) with
the restriction of ¢ to the core ¢; being «y, and labeled trees L1, ..., L; attached to ¢; such that the relation
holds. As a conclusion, we have the following theorem.

Theorem 4.20. For generic Q € Mg \ Supp(D(P)), we have 0,(Q) = Um,g, where 6, (Q) is the value of 0, at
Q. O

4.4 Hall algebra scattering diagrams

We investigate non-tropical analogues of the results of Sections 4.1 Our main case of interest is the Hall
algebra scattering diagrams of [6].

4.4.1 Motivic Hall algebras

We recall the definition of Joyce’s motivic Hall algebra. While Hall algebra scattering diagrams are the main
example of non-tropical scattering diagrams, we will not use anything technical about Hall algebras. We will
therefore be brief. The reader is referred to [I7, [5] for details. See also [6, §84-5].

Let Q be a quiverm with finite sets of nodes Qo and arrows Q. Let M® =Z>(,Qp be the monoid of
dimension vectors and let M+ = M® \ {0}. For each d € M®, denote by Rq =[], cq, Homc(C% @ C¥) the
affine variety of complex representations of Q of dimension vector d. The reductive group GLg =[], cqo Ol (©)
acts on Ry by change of basis. The quotient stack My := R4/GL4 is the moduli stack of representations of
dimension vector d. Set M = | |, ;0 Ma.

Similarly, given dy, dy € M®, let M, 4, be the moduli stack of short exact sequences 0 — Uy — Uy — Us —
0 of representations in which U; and Us have dimension vector d; and ds, respectively. There is a canonical
correspondence

Mg, x Mg, JAxTs M, .d, 2 M, +dss (15)

a short exact sequence being sent by 71 X 73 to its first and third terms and by 7o to its second term. The map
m, X mg is of finite type while s is proper and representable.

Let Ko(St/M) = @ ¢ pre Ko(St/Ma), the Grothendieck ring of finite type stacks with affine stabilizers over
M. Push-pull along the correspondence gives Ko(St/M) the structure of a M®-graded associative algebra,
the motivic Hall algebra of Q. The commutator bracket then gives hq := @+ Ko(St/Mg) the structure of
a MT-graded Lie algebra, called the motivic Hall-Lie algebra.

In the setting of scattering diagrams, it is convenient to use a specialization of Ky (St/M). Write St in place of
St/ Spec(C). Cartesian product with Spec(C) makes Ky(St/M) into a Ko(St)-module. Let T : Ky(St) — C(¢) be
the unique ring homomorphism which sends the class of a smooth projective variety to the Poincaré polynomial
of its singular cohomology with complex coefficients. Then Ko (St/M) ® g, (st) C(t) becomes a C(t)-algebra, the
Hall algebra of stack functions, and hg = bQ @Ky (st) C(t) becomes a MT-graded Lie algebra [17]. The Hall
algebra scattering diagram of [6] takes values in the (non-tropical) Lie algebra hg

4.4.2 Non-tropical Maurer—Cartan solutions

We begin by describing an abstract setting in which scattering diagrams can be defined without the tropical
assumption. We largely follow [6], introducing modifications as needed. Let h be a not-necessarily tropical
M-graded Lie algebra.

We henceforth consider scattering diagrams in Ng instead of Mg. The relevant modification of Definition
is as follows.

Definition 4.21. A wall w in Ny is a pair (P,©) consisting of a codimension one closed convex rational
polyhedral subset P C Ng and an element © € G p1 := exp(hp. ), where P consists of those m € M which are
perpendicular to any n € Ng which is tangent to P. O]

We also require a modified definition of scattering diagrams.

Tt For simplicity, we restrict attention to the case of trivial potential.
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Definition 4.22. A scattering diagram D consists of data {D<*}yez_,, where D<F = {(P,,0,)}, is a
finite collection of walls with dimg(Pw, N Pw,) <7 —1 for any two distinct walls w;, wy. The diagrams
D<F+1 (mod hZ*) and D<* are required to be equal up to refinement by taking polyhedral decompositions

of the polyhedral subsets of D<F and by adding walls with trivial wall-crossing automorphisms. O

We will henceforth assume that each P, is rational polyhedral cone. In this case Definition [£.22) agrees with
the notion of a h-complex from [0, §2]. Following [6], fix an ordered basis (f1, ..., f..) of M, thereby identifying
M with Z". We take o0 = @::1 Z>o - fr to be the standard cone and consider D;,, = {w; = (P;, ©;) }1<i<, with
P; = f+ C Ng. Write g; := log(0;) = > i1 95 with gj; € b, We assume that [g;,4,9;,:] = 0 for each initial
wall.

Example 4.23. Let Q be a quiver without edge loops. For any i € Qo and k € Z>q, the stack My, is
isomorphic to the classifying stack BGLy(C). Let My = | |, Mri. This is a substack of M and so defines
an element ©; := [M;y — M] of the dimension-completed motivic Hall algebra. The element ©; satisfies the
above assumptions. O

Using the affine structure on Ng, we can again define the dg Lie algebras H*, H* and H<F*. The discussions
in Sectioncontinue to hold without the tropical assumption on h. Let IT = 22:1 @ with IIV as in equation
(). To define H,, via equation (8], we must first choose a suitable direction v™ € Ng \ {0} along which to define
the flow 7™. For that purpose, fix a line A : R — Ny of slope (aq,...,a,) € R" such that \(0) = (—1,...,-1)
and A(1) lies in the dual cone int(c"). We assume that 0 < a; < --- < a, and that {ai,...,a,} are algebraically
independent over Q.

Let m € M. Consider the polyhedral decomposition B, of the hyperplane m* induced by the finite
hyperplane arrangement whose hyperplanes are of the form mi Nm*, where m; f m € M} and m; + my =m
for some mq € M. By construction, A Nm* is contained in Int,.(—3) for some maximal cone J € ‘)3%71].
If m =kf; for some k>0 and 1 <4 <r, then we set v™ = —kf. Otherwise, we take v € Int,..(3J) to be a
rational point.

With the above notation, we obtain operatorﬁ Ly c(II,...,II) as in Section and hence also
Ly, o (IL, ... ,II) by equation . Deﬁnition is modified to talk about tropical disks in (Ng, D;;,) of type L,
which are proper maps  : |Ls| — Ng whose slope at an edge e € L' is v™<. The moduli space My (Ng, Din)
is defined accordingly and P, := ev(IMy(Ng, D;y,)) is now a subset of mi. Lemma holds after replacing n,
with m,, with the caveat that we can only conclude that ¢ # 0, instead of ¢ > 0.

With a, defined as in Lemma parts (1) and (2) of Lemmas and hold by the same argument
(after replacing ng with m, and Mg with Ng). Lemma is again valid, except that the sign of ¢z, # 0
cannot be determined. By Lemma we have Ly o(IL, ... ,II) = azg, and, since it is independent of ribbon
structure, we can write Ly (I, ..., II) = argr.

Lemma 4.24. The sum

. 1
b= > Sh—1MLIL = > 2 [Aut(L)] "

E>1 LELRy, k>1 LELT,
M2 (Nr,Din)#D ML (Nr,Din)#0

is a Maurer—Cartan element of F*. O

Proof. The equality in the statement of the lemma holds by the same reasoning as in the tropical case. So we
focus on proving that @ is a Maurer—Cartan element.

Fix k € Z-o and work in H<F*. Let K C Ng be a compact subset. As in the proof of Lemma we
must show that for sufficiently large L > 0 we have Pp[®,®P] =0 on K, where &1, ;=11 — H[®,P;] and
Prm(B) = (77)*(B). Consider labeled ribbon trees L1, Lo with associated terms o, rgr,, where ag, 1 €
WE (Nr) NWi(Nr) and P; = mz. . We can assume that mg, Jf me,, as otherwise oz, 1 Ao, . € W™ (Ng)
and hence [az, 19z, Qry.L9z,] =0 € H<F*. Joining the trees L1, Ls to obtain £, the transversal intersection
P, N Pz, C Pz =m is contained in the (r — 2)-dimensional strata of the polyhedral decomposition B, .. By
our choice of v"#, the flow 77*¢ is not tangent to Pz, N Pz,. As in proof of Lemma[4.7, we can therefore choose
L sufficiently large so that (77F)*(az, Aag,) =0 on K. u

Observe that, by the construction of v, the line A is disjoint from each P,.
Having proved Lemma [£:24] the conclusion of Theorem [£.12] follows after replacing Mg with Ng.

HLabeled (ribbon) k-trees are defined as in Definitions and using the walls of Definition m
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4.4.3 Consistent scattering diagrams from non-tropical Maurer—Cartan solutions

We establish the relation between Maurer-Cartan solutions @ € H* and consistent scattering diagrams. By
construction @ = lim, &<, where <% =", apgp is a finite sum indexed by polyhedral subsets P of Ng.
From the discussion in Section we have gp € h<F and ap € W1 (Nr) N Wi (Ng), where Pc NR is a
codimension one polyhedral subset contammg P and apjn,\p €W~ (NR \ P). Similarly to Section 431
consider a polyhedral decomposition P<* of U(#g ep<x P such that, for every 0 <1 <r—1and o € P<k L , we
have o C P for some dimg(P) =7 — 1 and PN o is a facet of o for every P with 0 # gp € h<F.

Let U be a convex open set such that UN7 =( whenever 7 # 0 € P<¥ and U\o=U, UU_ is a
decomposition into connected components. Since U is contractible, H!(H<¥*(U), d) = 0, whence &<¥|;; is gauge
equivalent to 0, that is, e*dede=2d¢ = dz<r on U, where ¢ satisfies i = 0. We will use a homotopy operator 1
acting on H<F* to solve for ¢. Assume that we are given a chain of affine subspaces U, of U, as in Sectlon
such that v; is transversal to ¢ and U ., the half space over which v; points inwards, contains Uy U o. See
Figure 4} Such a choice yields a homotopy operator I : WO(U) — W?_,(U) by equation which, by Lemma
descends to WO(U)/W;1(U). As in Definition we then obtain a homotopy operator 1, defined using
(the m-independent) I in place of H,,, and operators P and 7 on H*(U).

Ui+ Ui

Fig. 4. The sets U; + and Us,.

Arguments of [8, §4] show that the unique gauge satisfying ﬁ’(gp) =0 is given by ¢ = @k ©<* where

dg<).

@<k € H<kO is constructed inductively by

o<(+1) — _ (

>0

Using Lemmas [3.3] and we inductively obtain

W (U)nWI(U) + W, H(U)
ote ( WL (0) ——) eengt 1o
ad! o<t go<s o WL(U)NWHU) + WP (U) <
(l+ )d ( 1(U) >®C b "

for all s < k and [ > 0, where o is the subspace perpendicular to the tangents of o.

Setting [ = 0 in equation gives (dp<F);, = 0. This suggests that lims_,0 <"y, be treated as a
(constant) element of h<*. Denote this element by log(©=F). Note that log(©5F) is independent of U, as follows
from the uniqueness of ¢ on the common intersection of two such open sets.

Remark 3. When b is tropical, we have &y = >, -, > Lewr, maLgL with g1, € By n, . This forces
- PrNU#D

l9L,,9L,] to vanish whenever Pr, NU # 0, i = 1,2, because dimg(Pr,) =r—1 and P,, NU =0cNU by our
choice of polyhedral decomposition P<F. The normals nr, and nz, to Pr, and Pp, are parallel while the
vectors my, are tangent to Pp,NU=0nNnU,i=1,2. This gives (mr;,ng,) =0 for i j = 1,2. By an induction

l+1)' ~dp<t =0 € H*(U) for all s,I. If b is not tropical, then ?lff)s, dep=* need not vanish

and so contributes to the recursive construction of p<F. O

argument, this 1mphes wr

Definition 4.25. Let @ be as in Theorem m For each k € Z~q, let D(®<*) be the scattering diagram with
walls w, = (P, = 0,05F) indexed by the maximal cells ¢ € P<klr—1], O
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Denote by D(®) the scattering diagram determined by {D(®<F)}yez., -

Theorem 4.26. 1. The diagram D(QP) is consistent and the path ordered product @,\‘[0,1]71)(45) is equal to
the product g := ©; - - - ©,. of the wall-crossing factors of the initial walls.

2. The scattering diagram D(P) is equivalent to the scattering diagram (or h-complex) D(g) constructed in
[0, Lemma 3.2].
O

Proof. The proof of Proposition carries over with minor changes to show that D(®P) is consistent. As
noted after Lemma the path Ajjo,1) does not intersect any walls of D(®) which are supported on P.. By
construction, Ajjg,1) crosses the initial walls w, ..., w; consecutively. The assumption [gj,4, gj,:] = 0 ensures
that the wall-crossing factor ©; from Definition agrees with the wall-crossing factor of w; determined by
the gauge ¢, as constructed above; see also Remark [3| The path ordered product is therefore as stated. The
equivalence between D(®) and D(g) is achieved by using [6, Proposition 3.3] to show that D(#<*) and D(g<*)
are equivalent for each k € Z~g. n

Example 4.27. If the quiver Q is acyclic or, more generally, the quiver with potential (Q, W) is genteel in the
sense of [0, §11.5] (and the motivic Hall algebra is modified so as to include the potential), then the consistent
completion D(P) of the initial scattering diagram D;,, with ©; = [M;y — M] (see Example , is the Hall
algebra scattering diagram of [6]. In the non-genteel case, additional walls must be added to D;,, so as to recover
the Hall algebra scattering diagram. O

4.4.4 Non-tropical theta functions

Following [6], we consider a M, @& N-graded algebra B = @(m,n)eMMN By,n together with a M,-graded b-
action by derivations so that b, - By, = 0 whenever (m,n) =0. We assume that, for each n # 0, there is
a distinguished element 2™ € By, which we use to identify By, with C-2z". As in Definition define
a (not-necessarily graded commutative) dg algebra B*(U). The dg Lie algebra H*(U) acts on B*(U), so
we can again talk about theta functions as elements in Ker(de). Define the flow 7" by choosing v™"™ €
(=Y N N)\ U m1.maz0 mi. This defines the propagator Hy, ,, on Bj, ..

mi+mo=m

Set N ={n € N |(m,n) >0Vm € M;j}\{0}. For each n € N, define 6,, by equation (13, where an
edge e; in the core ¢; is labeled by a pair (m.,,n) € M x N (instead of by me,, as described after Definition
and the incoming edge & of J is labeled by n. We argue that @ + 6,, € H @ B[—1] is a Maurer Cartan
element by showing that P [®r + 0, 1, P + 0, 1] =0 on a compact subset K C N for sufficiently large L.
Here @, + 0,, 1, is defined using a cut-off propagator. It suffices to consider a labeled ribbon tree £ and a marked
ribbon tree J with gz - a7 # 0. Join £ and J to form j Then v™7°™ is not tangent to P O Py N Py and hence
the proof of Lemma shows that (77" )*(az A ag) =0 on K. It follows that 6,, € Ker(dg). The argument
from Theorem [£.15] then shows that 6,, satisfies the wall-crossing formula.

Proposition 4.28. For any path v C Ng \ Joints(D(P)) from Q to Q’, the wall-crossing formula

0:(Q") = ©4,1(2)(0x(Q)) (18)

holds.
Moreover, if § is taken to be hg, the motivic Hall-Lie algebra, then the Hall algebra theta function ¥, ¢,
as defined in [6l §10.5], is related to 6,, by the formula 9, ¢ = 0,,(Q). O

Proof. It remains to prove the final statement. Since 0,, and ¥J,, g satisfy the wall-crossing formula, it suffices
to show that 6,,(Q) = 2" for Q € int(c"), since this condition characterizes ,, ¢. Note that there are no walls
in int(c¥) U —int(c"), as all walls lie in a hyperplane of the form m=* for some m € o. Consider J € MTj(n) with
core ¢; = (eg,...,e) and v1 = Oip(e1), ..., v = Oin(er). Let ¢ be a marked tropical disk with ¢(vey:) = Q. Then
¢(v;) ¢ int(c") since ¢(v;) lies on a wall and ¢’ lies in —¢'¥ when restricted to ¢, by the choice of v"™. Therefore
we cannot have ¢(vout) = @ unless J [0 — (), which corresponds to the trivial marked disk with a; = 2™. |
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4.4.5 Hall algebra scattering diagrams and theta functions for acyclic quivers

In Sections and there was no canonical choice of the vectors v™ and v"™. In this section we
take h = f)g for an acyclic quiver Q, where canonical choices can be made. Let w : M x M — Z be the skew-
symmetrized Euler form of Q, so that w(f;, fj) = aj; — a;; with a;; the number of arrows from ¢ to j. Relabeling
if necessary, we can arrange that a;; = 0 whenever 7 < j. We will assume that w is non-degenerate. Define
p: M — N so that (m/,p(m)) = w(m’/,m). We are therefore in the setting of [14] (but without the tropical
assumption). The following conditions hold:

1. The inequality w(f;, f;) < 0 holds whenever i < j.

2. If a subset I C Qo satisfies w(f;, fj) =0 for any ¢, j € I, then b := P
subalgebra of §.

MEGic1lso fi by is an abelian Lie

Fix m = (my,...,m,) € M} and write m = m=S! +m>" with mfi = (m1,...,m;,0,...,0) and m>* =
(0,...,0,mi41,...,m,). The above conditions imply that w(m<! m>?) <0 and hence (m>? —p(m)) < 0.
Moreover, if (m>*, —p(m)) = 0 for all 4, then w(f;, f;) = 0 for any i, j € I,,, where I,,, = {1 <i <r|m; # 0}.

We can now make the canonical choice v := —p(m), leading to a canonically defined Maurer—Cartan
element @ € 7:l1, and so canonically defined ﬁL(NR, Din), Pr and ap. The proof of Lemma is modified
as follows. To begin, we prove by induction that P, C {x € Ny | (mzi, xz) <0} foreachi=1,...,7 — 1 and all
L. The initial case is trivial. For the induction step, spilt £ into L1, L. Then we have Pz, N Pz, C {x € Ng |
(m7", ) <0} and the relation (m7*, —p(m,)) < 0 gives the desired inclusion. To conclude the proof, consider
trees L1, Lo joining to give £. If (mZ%, p(m,)) > 0 for some i, then by taking the hyperplane (m7")* N'm} which
separates Pz and p(mg) in mz, we can choose L sufficiently large so that 77'F (K) N Pz = 0 for any compact
subset K C Ngr. Otherwise, the restriction of the Lie bracket to hlmﬁ is zero, which guarantees [g.,, gc,] = 0.

The constructions of Sections and therefore produce a Maurer—Cartan solution @ and a
consistent scattering diagram D(P). Let us show that the path ordered product along A is again O;---©,.
It sufﬁces to argue that AN P, = 0 for any £ = (), that is, A intersects only the initial walls. We have
Pz Cmin{z e Ng|(mZ"xz) <0} for each i=1,...,7—1 and all £. Let b= (by,...,b,) € A\NmE. Then
by < --- < b, and b; < 0 for the smallest ¢ such that 0 # mzi # m,. Such an index ¢ exists because m, is not a
multiple of a standard basis vector of M, as Py is not an initial wall. Therefore (m7’,b) > 0 and hence b ¢ Pr,
as desired.

Motivated by the definition of Hall algebra broken lines [I0], define the flow 7™ using v™" := —p(m) — n.
This defines H,, ,,, as in Section lmL and so 6, using equation . We argue that @ +6,, is a Maurer—

Cartan element of H @ B[—1]. As in Section 4.4.4[, we can show that Py C {z € Ng | (m7',x) <0} for all
marked ribbon trees 7, since <m§i, —p(my) —n) <0. Consider a labeled ribbon tree £ and a marked ribbon

tree J joining to give J. It <m;i,p(mj) +n) =0 for all ¢, then g, - as = 0, otherwise there exists an ¢ such
that (m?i,p(mj) +n) >0 and hence the hyperplane (m?)J- would separate Pz N Py and p(m ;) +n. We

conclude that TTLJ "(K)N (PN Ps)=0 on a compact K C Ng for large enough L. This shows & + 6, is a
Maurer—Cartan solution.

Theorem 4.29. Let h = hg for acyclic quiver Q with non-degenerate skew-symmetrized Euler form. For each
n € N}, the canonically constructed element @ + 6,, has the following properties:

1. The Maurer—Cartan solution ¢ can be written as a sum over labeled trees,

1
@:Z Z 7|Aut(L)|OéLgLv

E>1 LELTy,
ML (Nr,Din)#0

with properties as in Theorem [4.12

2. The scattering diagram D(®) is consistent, and the path ordered product along Aljo,1] 18 g :=0O1---O,.
Hence, D(QP) is equivalent to the h-complex D(g) from [0, Lemma 3.2].

3. The section 6,, € Ker(dg) can be written as a sum over marked tropical trees,

-Y Y e

k>1 JeMTy, n)
Py#0

and is related to the Hall algebra theta function 9, ¢ by the formula ¥, g = 6,(Q).



28 N. C. Leung, Z. Ma, M. B. Young

Proof. It remains to prove the third statement. Again, it suffices to show that 60,,(Q) = 2" for @ € int(c").
Consider J € MTy(n) and ¢ € M ;(Nr, Din,n) with ¢(veus) = Q. Let ¢; = (e, ...,e;) be the core of J with
associated labeled trees Li, ..., L;. Let mo =0, m; = m;_1 + my, inductively and n; = —p(m;) — n. We then
have n; = (g, )’- Moreover, <m]>Z, —p(m;)) < 0 and hence <mj>i, n;) <0, since <m]>Z, —n) < 0. Observe that this
inequality is strict for some ¢ unless (f;,n) = 0 for all i € I,,,, which in turn forces a., = 0 and hence a; = 0.

Since oV is a subset of {x € Ng | (m>*, ) > 0}, whenever (m>% n;) < 0 the hyperplane m>* will separate o
J J J J
and —n;. We conclude that any marked tropical disk with ¢(voy:) = @ € int(c¥) must have a; = 0. u

Theorem gives a combinatorial description of Bridgeland’s Hall algebra theta functions for certain
quivers. It is natural to ask if Bridgeland’s Hall algebra theta functions admit a combinatorial description in
terms of Hall algebra broken lines, as defined by Cheung [I0]. This question was recently answered negatively
in [IT §5.3], where it was shown that Hall algebra theta functions which are defined as a sum over Hall algebra
broken lines do not, in general, satisfy the wall-crossing formula . Indeed, if we proceed as in the proof of
Theorem then we will notice that right hand side of equation depends on the order in which the
product is taken, and this order is not preserved by the PM(s¢)-action. It follows that Lemma cannot be
proved as for tropical b.
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