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ABSTRACT. Wedge product on deRham complex of a Riemannian man-
ifold M can be pulled back to H* (M) via explicit homotopy, constructed
using Green’s operator, to give higher product structures. We prove
Fukaya’s conjecture which suggests that Witten deformation of these
higher product structures have semiclassical limits as operators defined
by counting gradient flow trees with respect to Morse functions, which
generalizes the remarkable Witten deformation of deRham differential
from a statement concerning homology to one concerning real homotopy
type of M. Various applications of this conjecture to mirror symmetry
are also suggested by Fukaya in [6].

1. INTRODUCTION

It is well known that the differential graded algebra (2*(M),d,A) on a
smooth manifold M determine real homotopy type of M (if m (M) = 0),
a simplified homotopic classification of manifolds founded by Quillen [13]
and Sullivan [14]. If M is compact oriented Riemannian manifold, Hodge
decomposition of the Laplacian A enables us to represent the cohomology of
M by the finite dimensional kernel Q*(M)g C Q*(M) of A. The real homo-
topy type can be captured by homotopic pull back of the wedge product to
O*(M)o, giving a structure of A, algebra via the homological perturbation
lemma in [12].

On the other hand, equipping M with a Morse-Smale function f allows
us to study the cohomology of the manifold by the Morse complex C M7,
which is a finite dimensional vector space freely generated by critical points
of f equipped with the Morse differential § defined by counting gradient
flow lines of f. Higher product structures can be introduced to enhance the
Morse complex to the Morse A, (pre)-category defined as in [1, 5], involving
Ao products {mdorse}, o, . defined by counting gradient trees.

In the paper [6] by Fukaya, he conjectured that the A product structures
from these two constructions can be related to each others via technique
of Witten deformation, a differential geometric approach suggested in an
influential paper [15] by Witten to relate Hodge theory to Morse theory by
deforming the exterior differential operator d with

dp = e MdeMN =d+ \dfA,
1
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by a Morse function f with large parameter A € R™. In this paper, we prove
this conjecture by Fukaya.

This machinery plays an important role in understanding SYZ transfor-
mation of open strings datum and providing a geometric explanation for
Kontsevich’s Homological Mirror Symmetry (Abbrev. HMS) as pointed out
by Fukaya in [6].

More precisely, given a Morse-Smale function f, we can define the Wit-
ten’s twisted Laplace operator by

(1.1) Ay = dyd; + didy.

Witten argued that if we consider eigenvalues of the operator A lying inside
an interval [0, 1), the sum of corresponding eigensubspaces
QF (M, A\)sm C 2*(M) could be identified with the Morse complex C M7} via

a linear map
(1.2) ¢ =07 CM} — Q (M, \)gm.

For any critical point ¢ of f, the eigenform ¢(q) will concentrate near ¢ when
A is large enough. Furthermore, the Witten differential d; is also identified
with the Morse differential m{7°"*¢ via ¢. The original proof can be found
in [9, 10, 11] while readers may see [16] for a detailed introduction.

In order to incorporate the product structure, we are forced to consider
more than one Morse function as the Leibniz rule associated to twisted
differential is given by

dyin(a A B) = dg(a) A B+ (=1)1*a A dp(B).

This leads to the notation of the differential graded (dg) category DRy(M),
with objects being smooth functions on M. The corresponding morphism
complex between two objects f; and f; is given by the Witten twisted com-
plex Q;kj(M, A) = (Q*(M),dy,,), where fij = f; — fi. When f;; satisfies the
Morse-Smale condition, we can define ij (M, \)sm and a homotopy retrac-
tion P : QF (M, \) — Q;(M, A)sm using explicit homotopy H;; = d}ij Gij,
where Gj; is the twisted Green’s operator. We can pull back the wedge
product via the homotopy, making use of homological perturbation lemma
in [12], to give a Witten’s deformed A, (pre)'-category DRy (M )y, with
Ao structure {mg(A)}rez, -

For instant, suppose we have smooth functions fy, fi, fo and f3 such
that their pairwise differences are Morse-Smale, with ¢;; € Q;“J(M s A) sms
the higher product

m3(A) : Qg (M N sm @ Q1 (M, A)sm © Qo1 (M, X)sm = Q3(M, A) sm

1Roughly speaking, an A, pre-category allows morphisms and Asc-operations only
defined for a subcollection of objects, usually called a generic subcollection, and requiring
Ao relation to hold once it is defined. Algebraic construction can be used to construct
an honest Ao, category consisting of essentially the same amount of informations, and
therefore we will restrict ourself to A pre-category.
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is defined by

(1.3)  m3(\) (w23, P12, Po1)
= Po3(Hi3(23 A @12) A wo1) + Poz(p23 A Hoz (w12 A @o1)).

In general my(\) will be given by a combinatorial formula involving sum-
mation over directed planar trees with k inputs and 1 output, with wedge
product A being applied at vertices and the homotopy operator H;; being
applied at internal edges.

Fukaya’s conjecture says that the A structure {mg(A)}rez,, defined
using twisted Green’s operators, has leading order given by {mé\/l T} ke s
defined by counting gradient flow trees, via the isomorphism ¢.

Conjecture (Fukaya [6]). For generic (see Definition 6) sequence of func-

tions f = (fo,..., fx), with corresponding sequence of critical points ¢ =
(qo1, @12 - - -, Q—1)k), namely, g is a critical point of fij, we have
(1.4) ®(mi (N ($(2)) = mi' (@) + O(A1/?).

Theorem (Main Theorem). Fukaya’s conjecture is true.

As Ay relations of {my(\)}rez, are obvious from their algebraic con-
structions while those of {m}°r¢},cz . require studies for boundaries of
moduli spaces of gradient flow trees (see e.g. [1, 5]), we obtain an alterna-
tive proof for Ao relations of {morse}, ., . as an corollary.

The original proof in [9, 10, 11, 16] is exactly the case k = 1, involving
detailed estimate of operator d;; along gradient flow lines. Starting from
k > 3, our theorem involves the semi-classical analysis of the Witten twisted
Green operator which is not needed in the k = 1 case.

Our Main Theorem for k& = 2 involves three functions fy, f1, fo, hav-
ing qo1, q12, o2 being critical points of fo1, f12, foo respectively, and can be
proven using the analytical techniques in [9, 11] as the Green’s operator Gi;
does not appear in the definition of mgy(A). We compute the leading order
term in the matrix coefficients of ma(\), which is essentially the integral

*¢(qo2)
|p(qo2)|1*

First, we make use of the global a priori estimate of the form ¢(g;;) ~
O(e*(4i5)) (lemma 17), with p being the Agmon distance defined in defini-
tion 14, to cut off the integrand to neighborhoods of gradient trees appeared
in mdforse. After cutting off the integrand, we need to compute the lead-
ing order contribution from each gradient tree. The WKB approximation
(lemma 20) of the eigenforms ¢(g¢;;) is used to compute the leading order
contribution of (1.5).

When k£ > 3, what we need is an WKB approximation of G;; along a
gradient flow line of f;; in §4. More precisely, we need to study the local

(15) /M ma(\)((ao1), 6(q12)) A
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behaviour of the inhomogeneous Witten Laplacian equation of the form
(1.6) NijCp = dij(e )

along a gradient flow line segment of f;; from zg (starting point) to zg
(ending point), and obtain an approximation of (g of the form

CE ~ 6_)@5)\1/2((«1]5,0 + WE’l)\_lm + ... )

The key step in our proof is to determine g from g and detailed con-
struction is given in §4. A naive guess Vg (z) := inf,(vs(y) + p(y,z)) cap-
tures the desired behaviors of g near zg but is singular along a hyper-
surface Ug containing zg. Singularity of ¥g prohibits us to solve Equation
(1.6) iteratively in order of A~

In order to solve (1.6) iteratively, we consider the minimal configuration in
variational problem associated to infy (v)s(y)+p(y, z)) and find that the point
y is forced to lie on Ug, with a unique geodesic joining to x which realizes
p(y, x), for those x closed enough to xg. This family of geodesics {vy}yecvs
gives a foliation of a neighborhood of the flow line segment. Therefore we
can use ¥p(7,(t)) = ¥s(y) + t as an extension of g across Us and solve
the Equation (1.6) iteratively.

The analytic results for Gj; (§4) can be used to give the proof for k = 3
case. The proof of the general case is similar to the k = 3 case, but with
more involved combinatorics.

This paper consists of two parts. The first part involves the setup and
definitions in §2 and the proof in §3 modulo technical analysis. The second
part is a study of Witten twisted Green operator in §4 which is used in
previous sections.

2. SETTING

In this section, we introduce the definitions and notations we need and
state our main theorem. We begin with recalling the definition of Morse
category.

2.1. Morse category. The Morse category Morse(M) has the same class
of objects being smooth functions f : M — R, with the space of morphisms
between two objects given by

HomLorse(M)(fi’fj) :CM*(flj) = @ (c'eq-
q€Crit(fij)
It is the Morse complex which is defined when f;; satisfying the following

Morse-Smale condition.

Definition 1. A Morse function f;; is said to satisfy the Morse-Smale con-
dition if V;,"r and V= intersecting transversally for any two critical points

p# q of fij.
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It is graded by the Morse index of corresponding critical point ¢, which is
the dimension of unstable submanifold V,~. The Morse category Morse(M)

Morse

is an Aso-category equipped with higher products mj; for every k € Z4,
or simply denoted by my, which are given by counting gradient flow trees.
To describe that, we first need some terminologies about directed trees.

2.1.1. Directed trees.

Definition 2. A trivalent directed k-leafed tree T means an embedded tree
in R2, together with the following data:

(1) a finite set of vertices V(T');

(2) a set of internal edges E(T);

(3) a set of k semi-infinite incoming edges Ein,(T);

(4) a semi-infinite outgoing edge €gyt.
Every vertex is required to be trivalent, having two incoming edges and one
outgoing edge.

For simplicity, we will call it a k-tree. They are identified up to orien-
tation preserving continuous map of R? preserving the vertices and edges.
Therefore, the topological class for k-trees will be finite.

Given a k-tree, by fixing the anticlockwise orientation of R?, we have
cyclic ordering of all the semi-infinite edges. We can label connected com-
ponents of R%\ T by integers 0, ...,k in anticlockwise ordering, inducing a
labelling on edges such that edge e labelled with ij will be lying between
components ¢ and j with the unique normal to e pointing in component 1.
The labelling can be fixed uniquely by requiring the outgoing edge to be
labelled by 0k. For example, there are two different topological types for
3-tree, with corresponding labelings for their edges as shown in the following
figure.

03 03

T T

FIGURE 1. two different types of 3-trees

Notations 3. A pair (e,v), with e being an edge (either finite or semi-
infinite) and v being an adjacent vertez, is called a flag. The unique vertex
attached to the outgoing semi-infinite edge is called the root verter.
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For the purpose of Morse homology, we need the following notation of
metric trees.

Definition 4. A metric k-tree T is a k-tree together with a length function
l:E(T)— (0,+00).

Metric k-trees are identified up to homeomorphism preserving the length
functions. The space of metric k-trees has finite number of components, with
each component corresponding to a topological type T. The component
corresponding to T, denoted by S(T'), is a copy of (0,+00)F(DI  where
|E(T)| is the number of internal edges and equals to d — 2. The space S(T")
can be partially compactified to a manifold with corners (0, +oc]/Z(™MI by
allowing the length of internal edges going to be infinity. In particular, it
has codimension-1 boundary

o5 = [I s@)xsT"),

T=T'uT"”

where the equation T'=T" UT" means splitting the tree T into T° and T
at an internal edge.

2.1.2. Morse Ay structure. We are going to describe the product my of the
Morse category. First of all, one may notice that the morphisms between
two objects f; and f; is only defined when f;; is Morse. Given a sequence

—

f = (fo,--., fr) such that all the difference f;;’s are Morse, with a sequence
of points ¢ = (qo1, - - - (k—1)k> ok) such that g;; is a critical point of f;;, we
have the following definition of gradient flow tree.

Definition 5. A gradient flow tree I' of f with endpoints at ¢ is a continuous
map £ : T — M such that it is a upward gradient flow lines of fij when
restricted to the edge labelled ij, the incoming edge i(i + 1) begins at the
critical point g;; 41y and the outgoing edge Ok ends at the critical point qog.

We use M(f,q) to denote the moduli space of gradient trees (in the case
k = 1, the moduli of gradient flow line of a single Morse function has an
extra R symmetry given by translation in the domain. We will use this
notation for the reduced moduli, that is the one after taking quotient by R).
It has a decomposition according to topological types

M(F,q) = [ M(F. (D).
T

This space can be endowed with smooth manifold structure if we put
generic assumption on the Morse sequence, which will be discibed as follows.
For an incoming critical point g;(;;1), with corresponding stable submanifold
Vq:r(iﬂ), we define a map

fT,i(i+1) : ‘/+ X S(T) — M.

Qi(i+1)
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Fixing a point x in Vqu( ) together with a metric tree T, we need to de-
termine a point in M. First, suppose v is the vertex connected to the edge
labelled i(i + 1), there is a unique sequence of internal edges (e1,...,ex_2)
connecting v to the root vertex v,. To determine the image of x under our
function, we apply Morse gradient flow with respect to Morse function as-
sociated to e;’s for time [(e;) to = consecutively according to the sequence
(61, ey ek_g).
The maps are then put together to give a map
(2.1) fr:V, x Vi o x-oxVE xS(T —>HM

qok A(k—1)k qo1
k+1

where we use the embedding ¢ : V,/ — M for the first component.

Definition 6. A Morse sequence fis said to be generic if the image of fr
intersect transversally with the diagonal submanifold A = M — M*+1, for
any sequence of critical point ¢ and any topological type T'.

When the sequence is generic, the moduli space M ( ﬁ q) is of dimension
k—1

dimg (M(f, ) = deg(qor) — Y _ deg(qi(is1)) + k — 2,
=0
where deg(g;;) is the Morse index of the critical point. Therefore, we can

define m,]yome

, or simply denoted by my, using the signed count #M( f, q)
of points in dimg(M(f,q)) when it is of dimension 0. In order to have a
signed count, we have to get an orientation of the space M(f,q). We will

come to that later in definition 33.

We now give the definition of the higher products in the Morse category.

Definition 7. Given a generic Morse sequence f with sequence of critical
points ¢, we define

given by
(2.2) (M (G(h—1)ks - - > Q01) dor) = #MF, ),
when
k—1
deg(qox) — »_ deg(gi(ir1) +k —2=0.
=0

Otherwise, the my is defined to be zero.

One may notice mﬂ/[ ors¢ can only be defined when f is a Morse sequence

satisfying the generic assumption in definition 6. The Morse category is
indeed a A, pre-category instead of an honest category. We will not go into
detail about the algebraic problem on getting an honest category from this
structures. For details about this, readers may see [1, 5].
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2.2. Witten’s twisted deRham category. Given a compact oriented
Riemannian manifold M, we can construct the deRham category DRy (M)
depending on A. Objects of the category are again smooth functions, while
the space of morphisms between f; and f; is

Homp, ., (any (fis f5) = Q5(M),

with differential d + Adf;; A, where f;; := f; — f;. The composition of mor-
phisms is defined to be the wedge product of differential forms on M. This
composition is associative and hence the resulted category is a dg category.
We denote the complex corresponding to Hom7, N M)( fis f3) by Q5;(M, \)
and the differential d + Adf;; by d;;.

To relate DR)(M ) and Morse(M ), we need to apply homological pertur-
bation to DRy (M). Fixing two functions f; and f;, we consider the Witten
Laplacian

Ajj = dijdy; + di;dij,
where dfj =d"+Auyy,;. We denote the span of eigenspaces with eigenvalues
contained in [0,1) by Q7 (M, A)sm as before.

If the function f;; satisfying the Morse-Smale assumption 1, it is proven by

Laudenbach [4] that the closure Viq+ and V;~ have a structure of submanifold
with conical singularities. Using this result, one can define the following map
as in [16]

¢ = q)ij : ij(M7 A)Sm — OM*(fZ])

given by

(2.3) O(a) = Z eMii oy
) / g

p€ Crit(fij

which is an isomorphism identifying d;; with Morse differential m; when A
large enough.

Remark 8. This identification gives a connection on the family of vector
space Q;‘j (M, X)sm parametrized by X by declaring the basis e, associated to
critical point of fi; to be flat. Equivalently, it is same as defining

0
— P (e Mis Afij
V4 o) = Pyl L Moa(n),
for a(X) € Q5 (M, A) s

It is natural to ask whether the product structures of two categories are
related as A — oo, and the answer is definite. The first observation is
that the Witten’s approach indeed produces an A, category, denoted by
DRy (M)sm, with Ay structure {my(A)}rez, . It has the same class of ob-
jects as DRy(M). However, the space of morphisms between two objects
fis fj is taken to be Q7 (M, A)sp, with mi(A) being the restriction of d;; to

the eigenspace j; (M, A)sim.
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The natural way to define mg(\) for any three objects fo, fi and fo is the
operation given by

Q3o (M, ) gm @ Qg (M, Mg —2s Qi (M, X) —2225 Q25 (M, X g,

where P;; : Q5 (M, A) — Q;(M, A)sp, is the orthogonal projection.

Notice that ma(A) is not associative, and we need a mg(A) to record
the non-associativity. To do this, let us consider the Green’s operator G%
corresponding to Witten Laplacian A;;. We let

(2.4) Gij = (I - P;)GY;
and
(2.5) Hij = dj;Gij.

Then H;; is a linear operator from (M, ) to Q;‘j_l(M, A) and we have
dinij + Hijdij =71 — PU
Namely QZ(M ,A)sm 1S a homotopy retract of QZ(M ,A) with homotopy
operator H;;. Suppose fo, f1, f2 and f3 are smooth functions on M and let
ij € Q;‘j(M, A)sm, the higher product
m3(A) : Qa3(M, A)sm @ Qo (M, A)sm @ Qg1 (M, A)sm = Qg(M, A)sm
is defined by

(2.6) m3(A)(p23, P12, p01) =
Pos(Hiz(p23 A 12) A po1) + Pos(p23 A Hoz (12 A ¢o1))-
In general, construction of my(A) can be described using k-tree. For k > 2,

we decompose mg(A) := > pmi()\), where T runs over all topological types
of k-trees.

mi (A) ; szk—l)k(Mv Asm @ - @ Qo (M, A)sm — Qg (M, N sm

is an operation defined along the directed tree T' by

(1) applying wedge product A to each interior vertex;
(2) applying homotopy operator H;; to each internal edge labelled ij;
(3) applying projection Py to the outgoing semi-infinite edge.

The following graph shows the operation associated to the unique 2-tree.

FicURE 2. The unique 2-tree and the corresponding assign-
ment of operators for defining ma(\).
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The higher products {my(\)}rez, satisfies the generalized associativ-
ity relation which is the so called A, relation. One may treat the Ao
product as a pullback of the wedge product under the homotopy retract
Pij + Q5 (M, A) — Q5 (M, A)sm. This proceed is called the homological per-
turbation lemma. For details about this construction, readers may see [12].
As a result, we obtain an A, pre-category DRy (M) gp,.

Finally, we restate our Main Theorem with the notations from this section.

Theorem 9 (Main Theorem). Given fo,..., fr satisfying generic assump-
tion 6, with q;; € CM*(fi;) be corresponding critical points, there exist
Xo > 0 and Cy > 0, such that ¢ = &1 : CM*(fi;) — Q;kj(M, A)sm are
isomorphism for all i # j when A < A\g. Furthermore, then we have

(my (M) (A(qk—-1)8)s - - - P(q01)))
= m " (qe1yko - - - qo1) + ROV,

with |[R(N)| < CoA~1/2,

Remark 10. The constants Cy and Ao depend on the functions fo,..., fi.
In general, we cannot choose fized constants that the above statement holds
true for all mi(\) and all sequences of functions.

Remark 11. The relation with SYZ Mirror Symmetry is as follows. If
we consider the cotangent bundle T*M of a manifold M which equips the
canonical symplectic form wean, and take L; = Ty, to be the Lagrangian
sections. Then a critical poin q;; of fij can be identified with ¢;; € L;  L;.
Applying the theorem of Fukaya-Oh (7], the Morse A, operation mljﬂ‘/[m’se is
equivalent to Floer theoretical Ao, operations counting holomorphic disks. In
the simplest situation concerning (T* M, weqn), the Witten’s twisted deRham
category DR)(M)sp, is related to the Floer theory on (T*M,weqn) via our
Main Theorem 9 and Fukaya-Oh’s theorem. In more general situation, one
expect that these correspondence will be part of the ingredients for realizing
HMS geometrically.

3. PROOF OF MAIN THEOREM

In the proof, we fix a generic sequence f of k + 1 functions, with corre-
sponding sequence of critical points ¢. First of all, we have

k-1
deg(m (M) (@(qk—1)k), - - - P(qo1)) = Z deg(qi(i+1)) — k + 2,
=0

0 (M (M) (A(qur—1)k), - - -» #(q01), ¢(qox)) is non-trivial only when the equal-
ity

k—1
(3.1) Z deg(gi(i+1)) — k + 2 = deg(qox)
i=0
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holds, which is exactly the condition for myome in the Morse category to

be non-trivial. We will therefore assume condition (3.1) and consider the
integral
¢(qok)

/M<mk<A><¢<q(k_1)k>, ) T ool

Recall that each directed tree T gives an operation m} (A) and my(\) =
>~ pmE(X) which is also the case in Morse category. Therefore, we just have
to consider each mz()\) separately.

3.1. Results for a single Morse function. We start with stating the
results on Witten deformation for a single Morse function f;;. These results
come from [16] and [11], with a few modifications to fit our content. We will
assume that the Morse function f;; we are dealing with satisfy the Morse-
Smale assumption 1.

Under this assumption, one can prove the following spectral gap in the
twisted deRham complex.

Lemma 12. For each f;;, there is A\g > 0 and constants c¢,C > 0 such that
we have

Spec(Ay;) N [ce™, CAY2) = ),
for A > Xg.

Furthermore, we have the following theorem on Witten deformation on
the level of chain complexes.

Theorem 13 ([11, 16]). The map ® = ;5 : Q5 (M, N5 — CMJ; in
equation (2.3) is a chain isomorphism for X large enough.

We will denote the inverse by ¢ = ¢;; and investigate the asymptotic be-
haviour of ¢(q) for a critical point g of f;; for understanding the asymptotic
of the product structure. We will need the following Agmon distance p;; for
this purpose.

Definition 14. For a Morse function f;;, the Agmon distance p;j, or simply
denoted by p, is the distance function with respect to the degenerated Rie-
mannian metric (-,-)g,. = |dfi;|*(-,-), where (-,-) is the background metric.

Readers may see [8] for its basic properties. The Agmon distance is
closely related to the Witten’s Laplacian, or more preciely the corresponding
Green’s operator associated to it by the following lemma in [10].

Lemma 15. Let v C C to be a subset whose distance from Spec(A;j) is
bounded below by a constant. For any j € Zy and € > 0, there is k; € Z
and Ao = Xo(€) > 0 such that for any two points xg,yo € M, there exist
neighborhoods V. and U (depending on €) of xg and yo respectively, and
Cje > 0 such that

(3.2) IV7((z = Ag) " u) ooy < Cj,ee_k(p”(m’y())_ﬁ)||“||W’°J"2(U)’
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for all A > \g and u € C2(U), where WkP refers to the Sobolev norm.

We will also need modified version of the resolvent estimate for G;;, which
can be obtained by applying the original resolvent estimate to the the for-
mula

(3.3) Gy () = 7{ Uz = Ay)

Lemma 16. For any j € Z4 and e > 0, there is kj € Z4 and Ao = Ao(e) > 0
such that for any two points xo,yo € M, there exist neighborhoods V and U
(depending on €) of xo and yo respectively, and Cjc > 0 such that

(34)  IVGywllor) < Cjee N Pa0W I u) Lz

for all A < \g and u € C2(U), where WP refers to the Sobolev norm.

For a critical point ¢ of f;j, ¢(q), treated as the eigenform associated to
the critical point, has certain exponential decay measured by the Agmon
distance from the critical point gq.

Lemma 17. For any €, there exists A\og = Xo(€) > 0 such that for X > Ao,
we have

(3.5) d(q) = O (e A Wal@)=9)),

and same estimate holds for the derivatives of ¢;j(q) as well. Here O refers
to the dependence of the constant on € and q(x) = pij(q, ) + fij(q).

Remark 18. We write gj = g — fij, which is a nonnegative function with
zero set VqJr that is smooth and Bott-Morse in a neighborhood W of V;UV,;.
Similarly, we write g, = 4+ fij which is a nonnegative function with zero
set V= and is smooth and Bott-Morse in W.

In that case, we can write

$lg) = OcleM9a79),
#0(a)/[e(a)lI* = Oc(e 95 7).

Furthermore, we notice that the normalized basis ¢(q)/||¢(q)||’s are almost
orthonormal basis in the following sense.

Lemma 19. There is a C,c > 0 and Ay such that when A > Xy, we will

have
o(p)  ¢(q)
o) l¢(a)

3.1.1. WKB approzimation for eigenforms ¢(q). Restricting our attention
to a small enough neighborhood W containing V;r U V., the above decay
estimate of eigenforms ¢(q) from [11] can be improved from an error of order
Oc(e?) to O(A™).

( ) = bpq + Ce™
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Lemma 20. There is a WKB approxzimation of the eigenform ¢(q) of the
form

deg(q) _ _
(3.6) B(q) ~ A2 e M (wy 0 +we A2 L),
Remark 21. The precise meaning of this WKB approximation is given in
section 4.6. Roughly speaking, it is in the sense of C*™° approximation in
order of A on every compact subset of W.

Furthermore, the integral of the leading order term wyp in the normal
direction to the stable submanifold V," is computed in [11].

Lemma 22. Fizing any point © € V;r and x = 1 around x compactly
supported in W, we take any closed submanifold (possibly with boundary)
N Vq+x of W intersecting transversally with V;r at x. We have

deg(q)
e / 7wy =1+ O,
NV

Similarily, we also have

deg(q)
2

A ~Agg =1 -
e X * W ,0 + O )\ )
llpsj () |1? /NV{;T ! A

for any point x € V=, with NV intersecting transversally with V.

So far we have been considering a fixed Morse function f;;. From now on,

we will consider a fixed generic sequence f with corresponding sequence of
critical points ¢ as in the beginning of section 3.

Notations 23. We use g;; to denote a fized critical point of f;;. The eigen-
form ¢(qi;) associated to q;; is abbreviated by ¢;;.

3.2. Proof of m3. We will use the result in the previous section to localize
the integral
*P(qok)

(3.7) /M My (A)(P(q(e—1)k)5 - - - » H(q01)) A To(aon) 2

to gradient flow trees, when the degree condition (3.1) holds. We begin with
the mg(\) case which involves less combinatorics to illustrate the analytic
argument.

3.2.1. Apriori estimate for ms(\) case. There are two 3-leafed directed
trees, which are denoted by 77 and 7. We simply consider mgl(/\) for
T which is the tree shown in figure 2.1.1 and relate this operation to count-
ing gradient trees of type T7. T} has two interior vertices, which are denoted
by v and v, as in the figure. According to the combinatorics of 17, we define
pr, : MIVTII - R, which is given by

ﬁTl (x'U’ xU’I’)

= p13(Tv, To,) + po1(zv,, 1) + p12(Tv, q12) + p23(zv, G23) + po3(xw,, q03)-
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Roughly speaking, it is the length of the geodesic tree of type 17 with interior
vertices @, T,, and end points of semi-infinite edges e;;’s laying on ¢;;’s as
shown in the following figure.

/)111((]()1, ftr)

/Jm((]m- -’17)

/)n:;(llom x,)

Making use of the fact that p;;(x,y) > fij(x) — fij(y) with equality holds
iff y is connected to x through a (generalized) flow line of f;;, we notice that
1 (v, To,) > A = fo3(qo3) — foi1(qo1) — fi2(q12) — f23(ge3) and the equality
holds if and only if (z,,x,,) are interior vertices of a gradient flow tree of
the type T1. Here we only have gradient flow trees instead of generalized
gradient trees since we assume the sequence of Morse function f satisfying
generic assumption 6.

From the lemma 17 and 15, we notice the integrand

*003
l|p03]|?

can be controlled by e *?11=4) in the following sense.

More precisely, fixing two points x,,, x,, € M and € small enough, lemma
16 holds for operator GG13 and hence Hi3 with U and V being balls centering
at x, and x,, (with respect to pi3) of radius r1. If we have two cut off
functions x and x, supported in B(x,,r1) and B(x,,,r1) respectively, then
we have

*Po3
[[dos 12’

(3.8) /M mng(¢23, b12, Po1) A / Hi3(¢23 A ¢12) A o1 A

xrHiz(x23 A ¢12)|| o0 < Cee™Vazs (@) F¥a1s (o) +p13(zo,20,)=2r1=3¢)

for those large enough . Here the decay factors 1)g,,(x,) and 1, (x,) come
from the a priori estimate in lemma 17 for the input forms ¢o3 and ¢
respectively, while the decay factor pi3(x,,,,) comes from the resolvent

estimate lemma 16. Combining with the decay estimates for ¢g; and T ¢0 “2,

we obtain

* L
IxrH13(XP23 A P12) A Po1 A H(JSC(Z?;STP”LOO(M) < O e~ APy (@o@o,)—A=dri=5c)
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FiGure 3. Cut off of integral near gradient trees

where x,,z,, are the center of balls chosen for taking the cut off x, x, as
above.

We assume there are gradient trees I'y, ... I of the type T;. For each tree

I';, we take open neighborhoods Dr, , and Wr,, of interiors vertices xr ,
with Tw C Wr, », and similarly Dr, ,, and Wr,,, for zr,,. The following
Figure 3.2.1 illustrates the situation.
Since pp, is a continuous function in (x,,x,,) attending minimum value
A exactly on internal vertices (zr.,,zr,,) of gradient trees I';’s, we can
assume there is a constant C' such that g, > A + C in MV U, Dy,
where Dr, = Dr,, X Dr,,,. If B(Z,71) = B(xy,71) X B(ay,,m1) is away
from the Dr,, we will have

* c
X H13(X @23 A ¢12) A do1 A Hgb(f;)ﬁQHLoo(M) < Ce M5,

Therefore, we can take cut off functions xr; ., Xr;., associating to each

tree I';, with support in Wr, ,,, Wr, ., and equal to 1 on Dr, ,, Dr, ., re-
spectively, to get
*¢o3
/ mi (¢as, b12, Go1) A 5
M | pos|
*P0o3 _\E
= Z/ {xrs 0, Hi3(XT; 0023 A P12) A o1 A ¢ 51+ 0O(e A,
—~ Ju [[dos]l

This localizes the integral computing m;{l to gradient trees of type T7. Notice
that the neighborhood Dr, and Wr, can be chosen to be arbitrarily small
in the previous argument.
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3.2.2. WKB method for ms. In this section, we introduce the WKB method
which allows us to compute the explicitly the leading order contribution in
mng. We fix a gradient tree I' of type T} as in the section 3.2.1, with interior
vertices xr, and zr,,. Since the gradient tree I' is fixed, we trend to omit
the dependence on I' in our notations. We take neighborhoods W, and W,,.
of z, and xz,, respectively, with cut off functions x, and x,, supported in
W, and W,, respectively as shown in the following figure.

Asz, e VNVt

q12 1vs0 WE Cal assume that the WKB approximations

deg(q12) _
bra~ A 2 e MW (W wig ATYE L),

and
deg(g23)

Baz v A 2 e B (g o+ wg ATV L)
hold in W, by taking a smaller W, if necessary using the lemma 17. What
we need will be a similar WKB approximation for the term

Hi3(xv23 N ¢12),

in the neighborhood W), . Here we state a WKB lemma needed for the ho-
motopy operators H;j;, appearing in the higher products my(\). The proof
will occupy the whole section 4.

WKB for homotopy operator. We give the setup of the lemma. Let ~(t) be
a flow line of V£ /|V fijl,,; starts at v(0) = xg and y(T) = zg for a fixed
T > 0. We consider an input form (g defined in a neighborhood Wg of
xg. Suppose we are given a WKB approximation of (g in Wy, which is an
approximation of (g according to order of A of the form

(3.9) (s ~ ewaS(wSp + w571)\*1/2 + ws,zx\fl + ... )

(The precise meaning of this infinite series approximation can be found in
section 4.6). We further assume that gg = g — fi; is a nonnegative Bott-
Morse function in Wg with zero set Vs. We consider the equation

(3.10) AiiCe = (I — Pij)d;;(xsCs),
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where g is a cutoff function compactly supported in Wg, P;; : Q;“](M JA) —
Q;"](M , A)sm 18 the projection. We want to have a WKB approximation of
(e = H;j(xsCs)

Lemma 24. For supp(xs) small enough, there is a WKB approximation of
Cg in a small enough neighborhood Wg of E, of the form

(3.11) Ce~ e ATV 2 (g o +wp A2 4.

Furthermore, the function g := Vg — fi; is a nonnegative function which
is Bott-Morse in Wg with zero set Ve = (U_ocict00 ¢(Vs)) N WEg which
is closed in Wg, where oy is the time t flow of ¥V fi;/|V fi;|*> (normalized
according to |dfi;|*(-,-)).

WKB for mg (cont’d). We apply lemma 4.1 with Morse function fi3, input
form (s = ¢a23 A @12, starting vertex zg = x,, ending vertex rg = x,,., with
neighborhood Wg = W,, and Wg = W, (This can be done by shrinking W,
and W, if necessary). As a result, we obtain the WKB approximation

H13(Xv¢23 A ¢12) ~ A (wlg,o + UJ1371)\_1/2 =+ ... ),

by taking g = 13 and wg; = wi3; in the lemma.

d d —1
eg(qz3)+2eg(q12) e—/\¢13

In order to compute

. * *
/ mat (A, Xr) A ¢032 = / Xo, H13(Xo®23 A 12) A do1 A ¢032
M [[Gos]| M [ Bos]|

up to an error of order @(A~/2), we can simply compute the integral

deg(gog)+deg( )+deg( )—1
(3.12) AT o / {xw, (€7Bwiz0) A (€7 wor ) A
M

_ deg(gp3) e~ AYo3 w03,0

[| Pos]|?

1 p—
- m /M{er(e )\(w13+w01+w03)f«01370 A wo1,0 A *wo3,0)-

A (A

)}

We first take a look on the exponential decay factor e~ ¥13+%01+%03) in the
integral. We define g3, 90+1 and gg3 by

Y13 = gi3+ fis,

Yor = gg1 + for,

Vo3 = Yoz — Jos-
Therefore we have exponential decay being

e~ M913+901+903)

of the integrand.

We recall in remark 18 that g&, gﬁ, g;}) and g,; are Bott-Morse with
absolute minimums on VOJ[, Vfg, V;g and V{3 respectively. We also recall
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from lemma 24 that g,; will be a Bott-Morse in W,, with absolute minimum
denoted by Vi3 (colored red in the following figure), which is the submanifold
(U—soctetoo 0t (Vo NVIE)) N W, flowed out from V5§ NVih (colored blue in

the following figure), under the flow of Vi3

which is denoted by oy.

[V fi3]2

The generic assumption 6 of the sequence f indicates that {z,,} = VizN
Vol N Vg transversally at z,, which means e M913+901+903) concentrating
at x,,. The leading order contribution will only depends on the value of
w130 A wot,0 N *wp3,0 at the point x,,, which will be computed in the up

coming section 3.2.3.

3.2.3. Ezxplicit computations for ms. We will need the following lemma which
will be proven in section 4.8.

Lemma 25. Let M be a n-dimensional manifold and S be a k-dimensional
submanifold in M, with a neighborhood B of S which can be identified as the
normal bundle m : NS — S. Suppose ¢ : B — R>q is a Bott-Morse function
with zero set S and $ € Q*(B) has vertica | compactly support along the
fiber of m, we have

“olz A\ _
7['*(6 Al )B) = (7)( k)/2(Lvol(V24p)B)|V(1 + O(/\ 1))7
s
where T, is the integration along fiber. Here vol(V2¢) stands for the volume
polyvector field defined for the positive symmetric tensor V2@ along fibers of
.

We find from the above lemma that the leading order contribution in the
above integral (3.12) depend only on values of w3, woi,o and *wp3p at
the point x,,. We use the normal bundle NVi3 & N Vg ® NVyz at x,, to
parametrize a neighborhood of z,,.. Making use of the above lemma 25, we
can split the integral as follows for computing leading order contribution.
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We have

_ T
/ Xop € M913T901H903) 153 6 A wor 0 A *wos
M

Y —\ga-
= i(/ e 913erw13,0)(/ e 23y, waz ) -
NVi3 4, NV

23,zy)p
(/ e M3y, * wos ) (1 + O(AY)),
NVOE,EUT

where the sign depends on whether the orientations of NVi3® N VOJ{ DNV
and T'M at the point z,,. match or not. We will compute the above two
integrals one by one. We obtain equality

deg(qp1) vt _
AT 2 / e Moy, woro = 1+ O\,
NVO#LZUT

and
deg(g03)
2

2(/ e~ Moixy, *wogp) = 1+ O
[bosll* "/

VOTB,:L"UT
from the lemma 22. Moreover, we have an equality

deg(gog)+deg(qyp)—1
NS [ iy, e = (14 OV,
NV13 2y,
This depends on the fact that

deg(g23)+deg(q12) (ot ot
A 2 / e~ M923H912) y L wa3 o A wia g
N(VaEnVih) s,

deg(q12)

eg(923)
= (AT /N . e MW 0) (A2 /N . e M xwing) (14+ OA)
23/%v 12/%v

= 1+0(\ 1,

and the following lemma.

Lemma 26. Using same notations in lemma 24 and suppose xs and Xg
are cut off function supported in Wg and Wg respectively, then we have

(3.13) / e Mexpwpo = (/ e M xsws) (1 +OA?)).
N(VE)vg N(V§)vg

Furthermore, suppose wgo(zs) € NP N(Vs)k,, we havewgo(zg) € N N(Vg):, -

rs’
Putting the above together, we get the following
(3.14) mst (A Xr) = £(1+ 0 72)),

where the sign depends on matching the orientations of NVi3& N V(H DNV,
and T'M at the point z,,. The proof for ms3(\) is completed and we move
on to the mg(\) case for any k. The proof is essentially the same as the
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m3(\) case except involving more combinatorics and notations.

3.3. Proof of my.

3.3.1. A priori estimates for my. We fix a k-leafed tree T and consider the
operation corresponding to it, denoted by mg()\) We try to relate this
operation to counting of gradient trees of type 7. We have the function
pr: MVl 5 R, defined according to the combinatorics of T given by

(3.15) pr(E) = > pilwsley), v(ei)+
ei; €E(T)

k—1

Z pz’(i+1)(%’(i+1)7 xE(ei(iJrl))) + pok(qok, Ts(€ok))-

i=0
Here the variables Z are labelled by the vertices of T. (xg(e) and zg(e)
refer to the variables corresponding to vertices which are starting point and
endpoint of the edge e respectively.) Recall that E(T) is the set of internal
edges of T" and each interior edge e has a unique label by two integers as e;;,
corresponding to the Morse function f;; = f; — f;. The notation p;; refers
to the Agmon distance corresponding to the Morse function f;;.

pr(Z) is the length function of a geodesic tree (may not be unique) with

topological type T, with interior vertices ¥ and semi-infinite edges ending
on critical points g;;. Similar to the case of mg(\), we have the following
lemma.

Lemma 27. The function pp is bounded below by A = fo1(qo1) + - +
fe—1k(@—1)x) — for(qox), and it attains minimum at ¥ if and only if T is
the vector consisting of interior vertices of a gradient flow tree of f of type
T ended at corresponding critical points §.

Proof. The proof relies on the fact (see [11]) that we have

|fij () = fi; )| < pij(2,y),
if f;; is a Morse function on M, and p;;(z,y) is the Agmon distance. Fur-
thermore, the equality f;;j(x) — fi;(y) = pij(x,y) forces the geodesic from y
to x to be a generalized integral curve of V f;;. We apply this fact to each
term in (3.15) and the result follows. O

Similar to the ms()\) case, every gradient flow tree I' € M(f,{)(T) is
associated with a unique minimum point Zp € MVl of pr. For each
tree, we take a covering Wr of Zr, given by a product Wr = HUGV(T) Wr v,
where each Wr , is an open subsets in M containing x, such that all Wt ,’s
are disjoint from each other. If we further take Dp = HveV(T) Dr, such
that Tm C Wr,, we have a constant C' > 0 such that g7 > A+ C on
MV Dr. We are going to show that the integral (3.7) can be localized.
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We take a finite covering of M with balls {B(z,7)}p(snes of radius
r centering at x, with a partition of unity {xp}pes subordinating to it.
We choose a covering {B,(Z)}per of MV given by product B, () =
HUGV(T) B(xy, 1), where B(zy,r) € J. We decompose Z = Z; UZ, such that
B € I, are those having empty intersection with Dr, and B € T; satisfying
B C Wr. These can be achieved by choosing r small enough.

We can take cut off functions subordinate to the covering {B}z, given
by product of functions xp on M. We write X = HDQV(T) X B(zy,r) for the
function supported in B. We will use xp to cut off the following integral

(3.16) /mk q(k— 1)1<:) L é(qo1)) A Hz:ﬁg

Recall that the m;‘g(/\) is defined using wedge product and the homotopy
operator Hj;j;, following the combinatorics of the tree T. We cut off the
operation mf()\) using the function x p(,, ) Whenever taking wedge product
at the vertex v. We will write m;{(/\, X) for the integral after cutting off by
X. Therefore we have

(317)  m{ (@) = Y mLAXp)G@) + D mi (A ¥6) (@),

BeZ BeI,

where m;‘g()\,)z'g)(gb((j')) stand for A, operation after cutting off by Xj.
Recall that there is a unique root vertex v, associated to the direct tree T,
and obtain the following lemma by applying the resolvent estimate 16 and
the estimate (17).

Lemma 28. For any € > 0, there exist positive r(€), and \(€) such that

B18) [T (D) A Tl a1 = Ol D470

for X < A(e), if we take the covering of radius v < r(€). Here & is the center
of the ball B.

The proof is essentially the same as the case for mg(A). Similarly, we can

have
*Ook Y
m :Ore € 27),
S, mEOna) A ottt = 0ru(e )

for A large enough. It follows from the fact that pr(Z) > A + C for those
covering in Zy. This result basically says that the integral mj T(X) can be
localized to gradient flow tree using the cut off mentioned above. To sum-
marize, we have the following proposition.

B€eIs

Proposition 29. For each gradient flow tree I', there is a sequence of cutoff
functions {XT} which is supported in Wr and satisfy Xr = 1 on Dr such
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that
(3.19)
[omtwe@ns s = S [ m @@ s 1o 9)
T 1o MFam M e o2 ’

for X enough enough.

Remark 30. In the above argument, the neighborhood Wt can be chosen
to be arbitrary small. We will obtain a smaller constant C' if we shrink the
neighborhood Wr.

After localizing the integral, we move on to the section concerning WKB
approximation which helps to compute of the leading order contribution of

m} (X, Xr)-

3.3.2. WKB method for my. We consider a gradient tree I' of type 7', with
k semi-infinite incoming edges. Recall in section 2.1.1 that each edge in T is
assigned with a label by two integer ¢j. We will use ij to represent an edge
in 7" and denote the corresponding edge in the gradient tree I' by e;;. The
vertex in the gradient tree corresponding to v in T" will be denoted by x,.
We again omit the dependence on I' in our notations as it is fixed. We are
going to associate ¢(;;.) € Q;‘](M , A), together with its WKB approximation

Bliz) ~ €V EIDN G (W50, 0 + Wiy + )

in some neighborhood W, of x, to each flag (ij, v) as shown in the following
figure 4. We also fix cut off functions y,’s supported in W, and restrict our
attention to integral ml (A, ¥)(q), using the arguments in section 3.2.1.

q(k-2)(k—1)

q(k—3)(k-2)

qo1

qok

FIGURE 4

We define the followings inductively.
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(1)

(4)

for a semi-infinite incoming edge i(i + 1) and its ending vertex v,
we take ¢((i11),0) to be the input eigenform ¢;(;41), with its the
WKB approximation in W, as in lemma 20. We also let g(;(j11),) =
V(i(i+1),0) — fiti+1)- We choose W, small enought such that the WKB
approximation of all input eigenforms associated to edges connected
to v holds in Wy;

for an internal edge ¢/ with its starting vertex v and assume ij and
jl are two incoming edges meeting il at v as shown in figure 5, we

FIGURE 5

take @(;1.0) = P(jiw) N P(ijw). The WKB expression of ¢(;,) comes
which means

from the expression of ¢ ) A @50
Vi) = Yaje) T VL)
Wieygw)n — Z W(jtw),m A W(igw),m’s
m+m/=n
Talw) = T(lv) T TGj0)-

We also let g(i10) = 9(ij.0) T 9(j10)i

for an internal edge ij with its starting vertex vg and ending ver-
tex vg as shown in figure 6, we take the WKB approximation in
lemma 24 of ¢, ) = Hij(Xvs¢(ij,vS)) in W,, by taking supp(xw,)
and W,,_ small enough for applying the lemma if necessary. We also

let g(ijo,) = Vg = fij a0 T(ij,) = T ~ 7
for the semi-infinite outgoing edge 0k with the root vertex v,., we take
®(0k,v,) to be the eigenform ¢gx, with its the WKB approximation
in lemma 20. We also let 9(0k,v,) = w(Ok,v,-) + fok-

Remark 31. We need to choose the size of cut off supp(xr.») appearing in
the previous section 3.2.1 at each internal vertex v small enough for apply
lemma 24.
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FIGURE 6

From the definition of m! (X, ¥r), we see that

Qs(()kv )
T)\v—* ks /\*(bOk / v\ v -
RO @ ooty = [ Gt M A

if three edges 07, jk and Ok are meeting at the root vertex v,. Applying
lemma 20 to input eigenforms and lemma 24 to homotopy operators H;;
along internal edges e;;’s, we prove that each WKB approximation

¢(ij,v) ~ e*)\w(ij,v))\T(iJ’,v) (w(ij,v),o + W(ijv),1 + ... )

is an C°° approximation with error e ¥5.v) O(A~>°). Therefore, we can re-
place ¢’s by first term in its WKB approximation for computing the leading
order contribution. We obtain

" Pok
(3.20) <m£(A7 XF)((b(kfl)ka c001), 72>
l| ok ||
:{)J“(jk,w)+’“<0j,ur>+r<0k,vr>/ e AW kor) T 0] ,00) T (0k,0r))
M

*wW 0k,vr),0 _
Xv, (w(jk’vr)’o A\ W(Oj,vr),o A\ W)}(l + O()\ 1))

3.3.3. Ezxplicit computation for my. The argument of the general case is
similar to the case kK = 3, with more combinatorics involved. As in section
3.3.2, we fix a gradient tree I' of type T". Similar to the previous section, we
may drop the dependence of I' in our notations. We are going to show that

(3.21) / mi (A H¢(§2ﬁ2 = +(1+ 0\,

where the sign agrees with that associated to the gradient tree I' in Morse
category. We begin with some notations associated to I'.
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Notations 32. Given a gradient tree I', we inductively associate to each flag
(ij,v) an oriented closed submanifold Vi;;.) C Wy by specifying orientation
of its normal bundle. We require:

(1)

(2)

for each semi-infinite incoming edge i(i+ 1) with ending vertex v, we
let Vii(is1),0) = Vq:r(iﬂ) NW,, where qu_r(iﬂ) is the stable submanifold
of fiti+1) from the critical point q;;41) with the chosen orientation
V(i(i+1)w) €quals to that in the Morse category;

for an internal edge il with its starting vertex v and assume ij and
jl are two incoming edges meeting e;; at v as in the section 5. We
let Viiw) = Visje) N Vi) (the intersections is transversal from the
generic assumption) and V() = V(jip) N Vijw)s I Viije) and V(i)
are two corresponding orientation forms;

for an internal edge 15 with its starting vertex vg and ending vertex
vg, we define Vi, y to be Vi obtained from applying lemma 24 to
the homotopy operator H;;j. The orientation form v, y is chosen
such that V()] = [dfij A Vi), under the identification by flow
of V fij;

for the semi-infinite incoming edge Ok with root vertex v,, we let
Viok,wr) = Vg N Wa,., where V. is the unstable submanifold of fox
from critical point qor with the chosen orientation vy ,,) equal to
that in the Morse category;

We further choose an isomorphism and projection map for every flag (ij,v)

(3.22)

Wy —— NV

”(e,v)l TrNV(ij,v)l

Vijw) == Wijw)

by further shrinking W, suitably.

We can therefore assign a sign to the gradient tree I' in the following way.

Definition 33. For a generic sequence of Morse function fwith correspond-
ing critical points qoi, ..., q(k—1)k: Qok Satisfying the degree condition (3.1),
with a gradient tree I', we define

(3.23)

V(jkawr) N\ V(0j,0) N V(0k,0r)
volg

);

sign(I") = sign(

where 0j, jk and Ok are edges joining the root vertex v, as in section 5, V(;;.)
is the orientation of normal bundle defined in notation 32 and v (g, is the

orientation of chosen for V.

0k *

We are going to argue that

[N = 1+ O2)
N(‘/(ij,v))zv
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for any flag (ij,v) except the outgoing edge 0k, where r, is the number of
internal edge before the vertex v. This can be seen inductively along the
tree T'. We see that:

(1) it is true for the semi-infinite incoming edge i(i + 1) by lemma 22;

(2) for an internal edge il with its starting vertex v and assume ij and
jl are two incoming edges meeting ¢/ at v, we have

il,v = il,v
AT(iLe) / eI X pW(i )0
N(Viit,0)) 2o

= (i) T (G0 - il,0) t9(ij,v
= \GLoTTas, >/ e~ MG 95, ))Xvw(jl,v),o A W(ij).0
N(Viit,o) Wiigw))ow

= (AT / €U XuWw(j,0,0) (75 / €™ XuW(3j,0).0)
N(V(jl,v))mv N(‘/(ij,v))mv

= 1

)

modulo an error of order (9()\_1/2);

(3) for an internal edge ij with its starting vertex vg and ending vertex
vg, we make use of the lemma 26 as before.

We can now calculate the leading contribution from the integral (3.20).
Recall that we have

(3.24) Y(0j,00) T Viikwr) — Jok = 90j0,) T IGk00)-
Therefore we obtain
)J‘(oy,m“’(jk’vr)+”<0k,vr>{/ e~ M©j,00) Tk 0r) T Ok 0r))
M

*w(Okva)70
Xor  (W(jk0,),0 N W(04,00),0 N 5
vr  (W(ik00),0 AN W(05,0,),0 | ok |2

= A'dr) TTGhwr) FTOkor) { / e~ MI5,0r) FI(k,0r) TI(OK,vr))
M

*W(0k,vr),0
Xor (W(jk,00),0 N @W(0j,00),0 N 5
v( (jk,vr),0 (04,v7),0 ||¢0k”2 )

= +(1+ 0\ Y2,
which means
(3.25) mE (A Xr) = £(1+ O\ ?)).

The sign + comes from matching the orientation [V ) A V(0j,0,) A V(0k,0,)]
against that of volg, which agrees with the sign in Morse category. This
completes the proof of our Main Theorem.
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4. WKB FOR GREEN OPERATOR
In lemma 16, we have a rough estimate for the twisted Green operator by
a Morse function f, or the homotopy operator Hy = d’}Gf (I — Py), with an

error of order O(e*€). In a neighborhood of gradient flow line segment of f,
we are going to improve this results to estimate with error O(A™>°). This is
done by the WKB method for inhomogeneous Laplace equation (3.10).

We study the local behavior of the homotopy operator H; along a nor-
malized gradient flow line segment

v:[0,T] — M,

&y _ VI
dt V£l
v0) =25 , (T)=uxpg,

as shown in the following figure. We consider the relation

(e = Hf(xs(s)-
Suppose we have a WKB approximation of (g in Wg of the form

(4.1) (s~ e s (wsp +ws A2+ wgp AT+ L),
we need to establish a similar expression
(4.2) (g~ )\_1/26_>\¢E((,UE70—I—wE71>\_1/2+ ),

of (g in a some open neighborhood Wg of xg.

Ws

W

The key step is to determine g, which is given in the following subsection.
As a first trial, we consider the function

Yp(@) = inf {¢s(y) +pr(y,2)},
yeWs

since e~ is the expected exponential decay suggested by the resolvent
estimate in lemma 16.
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Y is not the correct function since it is singular along a hypersurface
Ug through zg, and cannot be used for the iteration process as we keep on
differentiating it.

In the coming section 4.1, we will solve the minimal configuration in
variational problem associated to inf,cwg(vs(y) + pf(y,x)) and find that
the point y is forced to lie on Ug, with a unique geodesic joining to x which
realizes p(y, z), for those x closed enough to zg. These family of geodesics
{y }yevs will give a foliation of a neighborhood of . Therefore we can use
Vi (t) = ¥s(y) +t as an extension of ¢ across Us. We then use ¢z in
the iteration similar to classical WKB approximation to obtain the above
expansion 4.2.

4.1. The phase function 5. We apply variational method to study the
function ¢ (z). Fixing z € M, we take a(e,t) := ae(t) : (—€o,€0) x [0,1] —
M\ Crit(f) such that (1) = z for all e. To minimize the functional

1

L) = vs(aa() + [ 1]t

we take derivatives and get

Lemma 34. (First variation formula)

dL

B 1
@) G = (Fuslad. 0o+ |

1

‘6t05‘f (V,@ea, 8t04>fdt.

Here V is the Levi-Civita connection corresponding to the Agmon metric
(-,-) 5 in definition 14.

If we assume «g is a geodesic (with respect to twisted metric |df|?g) with
|ay(t)|f = const., the Euler-Lagrange equation for L(e) is

PN (Fslan) ~ 20 da)|,_, =0

e 0 T ol g T
Since 0e(0,0) can be chosen arbitrarily, we have
(4.4 (Fuésao) - 20-)| _ =
' S ol im0

Such an equation restricts the possibility of the starting point a(0), namely,
we have

[Vips| = [V ],
at ag(0), or equivalently, |@1/)S|f =1.

Definition 35. .
Us :={|V¢s|y = 1} N W,

If ap is a local extrema of L with ag(0) € Wg, it forces ap(0) € Us. To
obtain nice properties of Ug, we are going to assume the following throughout
the whole section.
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Assumption 36. We assume gs : Wg — R>q, defined by gs = s — f, be
a smooth Bott-Morse function in Wg with zero set Vg such that vg € Vg.

Lemma 37. Ug is a hypersurface containing Vg if dim(Vg) < dim(M) (we
shrink Wg if necessary). Otherwise, it is simply Vg = Wg.

Proof. Since we have Vgg = 0 on Vg and hence |Vig| = |V f| on Vg. This
gives Vg C Ug. Moreover, Ug can be defined by the equation

®(z) = 2(Vf(x), Vgs(x)) +|Vgs(z)]* = 0.
If v € T,M where p € Vg, then we have

Vo®(p) = 2V2f(p)(v,Vgs(p)) +2V3gs(p)(v, V f(p)) + 2V7gs(p)(v, Vgs(p))

= 2V%55(p)(v, VF(p)),

since Vgs(p) = 0 on Vg. As gg is a Bott-Morse function with critical set Vg,
V2g5(p) is nondegenerate when restricted to the orthogonal complement of
T,Vs in T,M. Therefore, there exists v such that V,®(p) # 0. O

We are going to parametrize a neighborhood of v by Ug x (=6, T+ ) such
that Ug x {0} — M is the embedding and vg x [0,T] is v. ¢ is defined to
be the coordinate function corresponding to the last variable.

Motivated from equation (4.4), we define a transversal vector field on Ug

which is the initial tangent vector for minimizer of L.

Definition 38. We define a vector field v € T'(Ug, Thr) transversal to Ug
(shrinking Ws if necessary) by

Vips =
4.5 V= = Vug.
Notice that v = 2L = Vf on Vs.

V£ls

It follows from the Euler-Lagrange equation (4.4) that any local extrema
« of L will have «(0) € Ug and o/(0) = v(«(0)). For convenience, we assume
that 7 is extended to gradient flow line defined on (a,b) containing [0, 7).

Definition 39. We define a map
(4.6) U:W()Cst(a,b)%M,
given by

o(u,t) = exp,(tv),

where Wy is a suitable neighborhood of v where the exponential map exp
with respect to the Agmon Riemannian metric is well defined.

Lemma 40. Restricting to a small open neighborhood of {zs} x [0,b), o is
a diffeomorphism onto its image containing -y.
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This is achieved by showing there is no ”conjugate point” along ~(t) for
certain type of geodesic family, and using the fact that v being a global
minimizer of functional L. Lemma 40 enable us to construct ¥g needed for
WKB approximation in a neighborhood Ug x (—6,b) (take a small enough
d and shrink Ug if necessary) of v where o is a differeomorphism.

Definition 41. We define yg on o(Ug x (—6,b)) by

(4.7) Yu(o(u,t)) = ¢s(u) +,
for (u,t) € Us x (—=4,b).

4.2. Proof of lemma 40. We begin with the second variation formula of L.
We assume « : (—€g, €g) X [0,1] — M is a family such that ag(t) is arc-length
parametrized geodesic (with respect to twisted metric |df|?g) satisfying the

condition
(Fus(@)~ oy =

|Orcx ¢
From the first variation formula

dL
de

Orx

l
= (Vips (e (0 )),66a5(0)>f+/ (V10 B0 |f> ¢ dt,

we obtain

Lemma 42. (Second variation formula)

(4.8)
d’L

@ = <€E@/¢}57 aea>f’t:0 + (@1/15, 6eaea>f’t:0 + <@eaea; 8ta>f
e=0

!
—I—/ (Vi0ear, Vi0ear)  + (R(Oecav, Opx) Occx, Opar) § — (ViOe, 8@)? dt,
0

where the right hand side is evaluated at ¢ = 0. Here R is the curvature
tensor with respect to (-,-)¢.

If we further impose the condition that d.a(e, 1) = 0 for all €, we have

d*L

(4.9) —=
de? |._,

- <@eﬁw57 6604>f‘t:0

l
—I—/ (ViOear, Vi0ear)  + (R(Oecav, Opx) Occx, Opar) § — (V4Oe, at04>?‘ ds.
0

Therefore we consider the bilinear form I associated to the above quadratic
form.
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Definition 43.
l

(4.10) I(X,Y) = V2s(X, Y)(0) + / (R(X, )Y, )t
0

l
+ / <VtX — <th, 8t04)f8t04, VtY — <th, 8ta>f6ta)fdt,
0

for vector fields X,Y on ag, X(I) =0=Y(l).

For any such vector field X, we can find a family of curve a. satisfying
the assumptions J.a(e,l) = 0, with d.a = X. The same holds for piecewise
smooth vector field with the same initial condition.

Proof of lemma 40. The proof depends on the fact that ~ is an absolute
minimum of L among the set of path a’s in M \ Crit(f) with «(0) € Wy,
and contradiction will occur if differential is singular along {xg} x [0,b). The
argument is a modification of the standard argument of geodesic beyond
conjugate point is never length minimizing.

First, we notice that do(,g (0, %) = 4/(t) for a fixed tp € [0,b). We
have to compute do(, 1.)(v,0) for arbitrary (v,0) € T(, 1)(Wo). We claim
that d.a(0,1p) can never be parallel to 0 (0, tg) for v # 0.

Taking a curve (e) in Ug with 5(0) = zg and 4/(0) = v, we can construct
a family of arc-length parametrized geodesic a. by taking exponential map

ale, t) = eXpgo) (tv).

We have 0.(0,t) = do(,4 4)(v,0) with dccr being a Jacobi field on ag. Sup-
pose the contrary that 9.« (0,tg) = cOa(0,ty) for some constant ¢, then
we must have @taea(o,to) # 0, otherwise we must have J.cc = ¢dyar which
contradicts v # 0.

We argue that we can construct a path from Ug to the point o(vg, o+ 9)
which gives a smaller value of L comparing to the gradient flow line ~ from
vg to the point o(vg,tg + 0). We will denote [ = ¢y + § to fit our previous
discussion.

We construct the path by defining a variational vector field Y, on v,
depending on a small 77 > 0 to be fixed. We take a vector field Z(¢) such
that Z(0) = 0, Z(1) = 0, (Z,0;); = 0 on [to,] and Z(tg) = —V;9.(0, o).
We define a piecewise smooth vector field

Y (1) = Jea +nZ if t € [0, t0],
T x(Oeer, Ope) pOe + 7 if t € o, 1],

where x is a cut off function in [to, ] with x(to) = 1 and x = 0 in a neigh-
borhood of [. Notice that V;(0.r, 0;)y = 0 from the fact that |0;a|f = 1.
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A direct computation shows
1(Yy, Yy) = =20|V:0ea(0, t0) [} + 20°1(Z, Z).
We have 1(Y},,Y;) < 0 for n small enough.

By taking the family of curves ¢ corresponding to Y, we obtain
d’Lg

de? | _,

where Lg(e) = L(B(e)). For small enough €, fc(t) will be a curve from Ug

to 0(0,1) which gives a smaller value of L comparing to Sy = . This is
impossible because we have

<0,

Lp(e) = f(a(0,1))

and the lower bound is attained at ~.

As a conclusion, we can show that o gives a local diffeomorphism onto its
image by shrinking Wy if necessary. Therefore it is injective in a contractible

neighborhood of the gradient flow line . O
Under the identification o, we use the coordinate uq,...,u,—1 for Ug and
use (uy,...,Un—1,t), or simply (u,t), as coordinate for image of Wy under

o. By shrinking Wy if necessary, we assume that Wy is a coordinate chart
through the map o. This justifies the definition 41 of ¥ as a smooth
function on o(Wy) C M.

4.3. Properties of ¥ g. We are going to study the first and second deriva-
tives of ¢¥p which is necessary for having a WKB approximation for the
equation (3.10). We define

Vg = U((VS X (—5, b)) N W()) C U(Wo)

as shown in the following picture.

------ -
—" -
- ——
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Lemma 44. In Wy, we have
~ d
Vg =doy—.
4 Tot
In particular, we have Vg =V f on Vg and |Vyg| = |V f].

Proof. We first consider the subset t € [0,b) in Wj. We let 8(€) be a curve
in Ug such that 5(0) = u and

alet) = €XPg(e) (tv) = a(B(e), ).

Notice that we have Yg(ac(t)) = L(ac|py)- Applying the first variation
formula, we have

(Vs (ae(t)), eae(t))f| g = % S

= (0r(0,t),0.c(0,1)) .
As 0.a(0,t) can be chosen arbitrarily, we get

. 0
Vyg(u,t) = 0wa(0,t) = da(uﬂg)a.

The same argument works for ¢t € (—4,0] by taking

0
L(O‘€|[t,0}) = wS(ae(O)) + [ |8t046|fd7f.

Furthermore, we have |V (u, t)|?c = ]da(%t)%]? = 1 which gives |V¢g(u,t)| =
|V f|. Finally, as we know Vg = V f on Vg and flow lines of V f are geodesic
after reparametrizations, we get Vg = Vf on Vg. O

We now consider second derivatives of gg = ¥g — f.

Lemma 45. By choosing a small enough Wy, we have

(1) gg >0 and
(2) gp is a Bott-Morse function with critical set Vg = {gp = 0}.

Proof. The previous lemma implies that Vg = 0 on Vg. We are going
to show V2gg is positive definite in the normal bundle of Vg. Fixing any
t € [0,b), we consider the submanifold U; = o(Ug x {t} N Wy). There is an
isomorphism between the normal bundle of V; = o(Vg x {t} NW)) in U; and
normal bundle of Vg in W(. Therefore we restrict gz to U; and consider its
Hessian.

We abuse the notations and write v : Wy — Ug as the projection map.
We take h = gg — gs o u. We have h > 0 on U; by definition of ¢ and
Vh = 0 = h on V;. Therefore we have h is positive semi-definite on the
normal bundle of V; in U;. Moreover, we have V?(gg o u) = (V2gs) o u on
Vs being positive definite in the normal bundle.

By choosing ¢ small enough, we can assume that V2gg > 0 along Vg and
hence the result follows. O
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Next, we consider the second order derivatives for ¥ = ¢p — s = gr — gs
defined on Wg.

Lemma 46. By choosing small enough neighborhood Wg of vg if necessary,
we have

(1) ¥ <0 on Wg and

(2) ¥ is a Bott-Morse function with critical set Ug = {¥ = 0} C Wg.

Proof. We first have VU = 0 on Ug because Vi = Viog on Ug. If we con-

sider VQ\IJ(%, %) on Vg, then we have VQgE(%, %) =0 and V2gs(%, %) >

0. Therefore, there exists an neighborhood U of Vg in Ug so that

o 0

=, ) <0

ot 8t)

for all x € U. Choosing Wg small enough will achieve the desired result. [

V20 (z)(

Remark 47. We can extend the function ¥ from Wg to Wy to be a non-
negative function with critical set Ugs which is also an absolute mazimum.
This is for our convenience in later arguments.

4.4. The WKB iteration. After knowing these properties of ¢ g, we will
describe the iteration procedure to define wg ; inductively.
First, by lemma 44, we have |df|?> = |dyg|? and hence the expansion

MeApe e = A+ AMyp+ MLyy, — LGy)
= A+ A(2Lyy, — My,),
where My, = Ly,, + Ly, . Following [11], we let
T =2Lyy, — M,,_,
and consider the following equation
(A+ TN (o) +p(N) + ) = M,

order by order in A\ where p;(\) is a function (depending on A). We often
write p; to simplify our notations. The first equation to be solved is

(4.11) AT o(\) = v,

In order to solve the above equation involving Ly, , we need a map
7 describing the flow of Vig. It is given by renormalising ¢ such that
dn(%) = V¢ and is of the form

(4.12) 7 W C Us x (—00, +00) = M,

with the same image as 0. We can also assume that W N {u} x R is a
connected open interval.

Notations 48. We use (uy,...,un—1,t) as coordinate of (W) from now
on. For simplicity, we also let u, =t and & = (ug, ..., Up—1).
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For the iteration process, we restrict our attention to
Q3(W) = {8 € 2 (W)| supp(B) N (Us x (=00, to]) compact for all o},
for the definition of the following integral operator.

Definition 49. We let I : Q§(W) — Qi5(W) given by

0 01 __x
(413) 10)i= [ 400 e s,

where T5(u,t) = 7(u,t + s) is the flow of Vg for time s.

To solve (4.11), we put
1
(4.14) [y = ﬁI(ewy).
Then it can be checked that pg is the solution to (4.11). The second equation
to be solved is

(4.15) AT 1 = —App.
Again, we put

1
=——1I(A
p = =5y 1(Auo)
In general, we have the transport equation for [ > 0
(4.16) T g = = A1 Ap.
This gives
1

4.17 =——TI(Aw).
(4.17) s = =55 T(Agn)

as solutions in W.

4.5. Estimate of the WKB iteration. In this section, we are going to
obtain norm estimates for y;’s. We consider terms appearing in the iteration
which are essentially of the form

(4.18) r (e”’(H Va‘If)ﬁ)

with 7 > 0 and 5 € Qf(W), where I7 is the composition of I for j times.

Here each a = (ayq,...,qy) is a multi-index such that
Vol =V .V VY 0.
Ouq Ouy 1 Oun
With
m(a) := max{0,2 — ay, },
we have
(4.19) V(] Va®)lus =0,
(03

for j <3, m(a) from lemma 46.
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Remark 50. Different choices of order of taking differentiation in definition
of Vo will result in a difference involving the curvature of (M, g), however,
the order of vanishing in equation (4.19) remains unchanged and hence the
following estimates hold for any such choice.

The counting of vanishing order along Ug is needed for applying the fol-
lowing semi-classical approximation lemma 51, appearing in [3].

Lemma 51. Let U C R"™ be an open neighborhood of 0 with coordinates
Z1,...,Tn. Let ¢ : U = R>g be a Morse function with unique minimum
©(0)=01inU. Let &1,...,%, be a Morse coordinates near 0 such that
1, -
p(z) = S (@ + -+ ).
For every compact subset K C U, there exists a constant C = Ck N such
that for every uw € C*°(U) with supp(u) C K, we have

A R
—Ap(x), ) _ (2yn/2 2 Ak Z
(0 - G (X g 5)0)
(4.20) < CATVEN N sup |07,
|| <2N+n+1
where o2
~ dx
— x —
A= 85&?’ S idet(d:n)’

and 3(0) = (det V2(0))"/2.
In particular, if u vanishes at 0 up to order L, then we can take N = [L/2]
and get

| / e Xe@)y| < CA-n/2-IL/2],
K

From the above, we observe the following lemma.

Lemma 52. Let Ly be the line interval along t direction with fized © coor-
dinates, we have the norm estimate

1
([ 19a@nP)™ < Copn®
L

u

for any multi-index o and k € Z>g.

Motivated by the above lemma, we consider a filtration
o CF*Cc...F'cFcF'cF*c-.-CcFsC---CQiW)
of the space of differential forms on (W) which is defined as follows.
Definition 53. ¢ € Q5(W) is in F*® if for any compact subset K C W and
integers j, k € Z4, we have

an+s

||VQ¢HL2k(KﬂL) < Ca,k,K)\ 2

__1
ok+1
)
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for any line L = Ly,
The Lemma 52 simply means e*? € FO,

Proposition 54. We have VF* C F*t! and F*-F" C F"**, where - denotes
wedge product of forms.

Proof. The first property is trivial. For the relation F* - F" C F™%  we fix

j € Z4 and a compact subset K. For ¢ € F” and ¢ € F*, we first observe
that

Val@nw)= D (Vo) A (Vo).
B+0=«
Then the Hélder inequality implies that

||(Vﬁ¢) A (VGIZ))Hsz(KmL) < CHV5¢||L2’V+1 (KQL)HVQwHLﬂVJFl (KNL)

Bnts 1 Ontr 1
< CM\ 2 ToRFZ L)\ 2 T oRfR
antr+s 1
< 3 kF1
and the result follows. O
Lemma 55. For ¢ € F*, we have
I(¢) € F?,

AI(p) € Fs+h

Proof. To simplify the notations, we only prove the statement for functions
as we can fix a basis (independent of \) for differential forms in W, and
estimate the coefficient functions. The Christoffel symbols appearing in
differentiating the basis will be independent of A and not affecting the fol-
lowing estimates. For the same reason, let us simply pick a flat metric in
u;’s coordinates for simplicity. In that case, we can write A =), V?.

We first consider the operator V2, and we will have 2V, I(¢) = M, ¢

where M, is acting as scalar multiplication by function. Therefore we have

anpn+s+1 1

HVQ(V’%I(¢))HL2]€(KQL) = HVavn(MgE¢>HL2k(KﬂL) < Ca,k,K)‘ 2 L

This will imply (V2I(¢)) € F5+1.
Next, we consider the operator V? for ¢ < n. Fixing a multi-index a and
using the result I(¢) € F*, we have

IVa V2O ot ey
which gives VZ(I¢) € F* C F5T1

an+s

< Coz,k:,K)\ 2

1
ok+1
)

It remains to show that I(¢) € F* which requires estimates of the term
Vaol(¢). There are two cases to be considered, the first case is a,, # 0. In
case a, # 0, we can cancel the integral operator with one of the V,,, which
gives

an+s—1

1 apts=1_ 1
IVa L (O b Ly = §‘|V&(Mgb¢)Hsz(KmL) < CakgA 2 2T,
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where & refers to the multi-index by letting &, = a,, — 1.
In the second case we assume that «,, = 0, and therefore We can commute

all the V,, with the mtegral operator I. We let Q(u,t,s) = e’s P57 (Mg,) de

a function and write I(¢) f Q(u,t,s)p(u,t + s)ds. Therefore we
have
Vo (I(6)) = / V(Qinst, 5)) Voo i, t + 5)ds,
B+0=a "
and
an+377
19O 2t ey < ca,mz\/ Vod(in,t + 8)ds| < Cao A5 3.
0Ca ¥
Combining the two cases will give I(¢) € F*. O

Remark 56. Using the above lemma, we can show that the p;(\)’s appearing
in the iteration equation (4.17) will satisfy py(\) € F~'=2. In particular, we
can get an explicit estimate as

j—1-2

; 1
IV (M)l 2 iy < Cir A" 73,
for all j and compact subset K C W.

4.6. A priori estimate. We make use of the WKB iteration to construct
the WKB expansion and prove that it does give a desired approximate to the
solution in the rest of section 4. Before that, we obtain an a priori estimate
for the solution in this subsection.

We consider the equation

(4.21) ApCe = (I — Py)d}(xsCs)

in W, where (g € Q2"(Wg) is the input form depending on A\ and ygs €
C°(Wg) is some cut off function to be chosen later. We assume (g has a
WKB approximation on Wg of the form

(4.22) (s~ e s (wgo +ws A V2 Fwgad T L),

where wg; € Q*(Wg) and ¢g = f + gg. It is an approximation in the sense
that

N
Mpg —i/2y)|2 ~N—-1
(4.23) 1eX:Cs — (O wsid ™) Fee gy < CnATN T,
i=0
for N large enough, where C'y is a constant depending on N. We also require
similar norm estimates for its derivatives

(4.24) ||V (G — e M Zws AT e gy < Cin AN,
=0
with C; y depending on j, N.



FUKAYA’S CONJECTURE ON WITTEN’S TWISTED A-STRUCTURES 39

We want to get a similar expansion for (g, using the iteration defined in
the section 4.4. We consider any small enough compact neighborhood K C
W of the flow line v with x =1 on K. xg is chosen so that supp(xs) C K.
The following figure illustrates the situation.

— K
— V;
— Supp(Xy)

For small enough K, we have an a priori estimate of (g in K, the technique
is similar to the method used for eigenform in [9)].

Lemma 57. For small enough supp(xs) and K, and any j € Z,, there
exists Njo > 0 such that for any X > \;o, we have

(4.25) 12"V | F oo 1) < O3NS,
where N; is an positive integer depending on j.

In order to prove the above lemma, we need to know certain special prop-
erties about x and our chosen compact set K. Letting ¢ := infy cqupp(ys) 1%s+
pt(y,x)}, we have the following lemma.

Lemma 58. There exists € > 0 such that for all K small enough, we have

(4.26) b(x) + ply, x) = dely) + €
for ally € K and x € supp(Vy).

Proof. Using the fact that ¥y = f on Vg and choosing K small enough such
that |¢p — f| < e on K, we can simply prove

b(@) + ply, ) > fly) + e
by choosing small enough K and e. From properties of Agmon distance p,
we have B
P(z) =2 min  (f(z) + f(z) = f(2)) = f(2),
z€supp(xs)
with equality holds only if z € Vg and there is a generalized gradient line
joining z to x. Therefore, we have

Y(@) +ply,z) > f(2) + fly) — f(z) = f(y),
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with equality holds only if there is a generalized gradient line joining a point
z € Vg to x € supp(x) and then to y € K. This is impossible by for our
choices of x and K. Hence we always have strict inequality and therefore
we can find small € by compactness argument. U

We consider a closed neighborhood W of supp(x) in W with smooth
boundary. We let G to be the twisted Green’s operator on W using Dirch-
let boundary condition. We first argue that (g can be replaced by (g =

d5GrysCs.
Lemma 59. There is a § > 0 such that

1€}V (xCr — CB) | (r) < Cie,
whenever supp(xs) and K are chosen small enough and j € 7.

Proof. We let r\ = xCg — f . First, r) satisfies the equation
(4.27) Agry = [A,XI¢e — xPrdj(xsCs)-

Therefore we have 7y = (G[A, X]G — éfo)d}(XSCS). We consider it term
by term to get estimate of r). Making use of the lemma 16 and a similar
statement for G, we have for any € > 0,

GIA NG ~ oe(exp<—A<z€S£;?VX)<p<x, 2) +p(2,9) —)))).

Using lemma 58, we can show there is some dg > 0 such that
G[A X]Gd} (xs¢s) ~ O(e M Weto))

in K, for A small enough.
For the term Gx Py, we have

GxPy ~ O (Y exp(=Alp(w,0) + pla.y) — o))

1
qECf

follows from lemma 17 and modified version of lemma 16 for G, where [ =
deg((s). Again, we can find a constant §; > 0 such that

min  (Ys(z) + p(x,q) + p(q,y)) > YE(y) + 261,
z€supp(xs)

for y € K. Similarly we have
GxPrd}(xs¢s) ~ Oe M Wst)

in K, for X\ large enough. Notice that the constant § = min{dp,d;} can

chosen to be the same if we shrink supp(ys) and K and keep W and x
fixed. U

Next, we obtain estimates for f £ similar to those in lemma 57 for (g.



FUKAYA’S CONJECTURE ON WITTEN’S TWISTED A-STRUCTURES 41

Lemma 60. For any j € Z, there exists \jo > 0 such that if A\ > Xjo, we
have

(4.28) |eM= VI g2 < O3,

(W)
where Nj is an positive integer depending on j.
Proof. We consider the equation

(4.29) Ale = dj(xs¢s)

in W and divide the proof into steps:

Step 1: Without loss of generality, we assume there is a constant Cy > 0
such that CO_1 <yYp < Cyand Co_l < |df|)? = |dyEg|* < Co on W. We define
the function

C
(4.30) b= 1/JE — X 10g<)\¢E),
with C > 0 to be chosen. Therefore we have
C\df\Z C
df]? — [d®]? > — L > —

Using the equation (4.29) we get
Re((eP*d}(xsCs), () = (1) + 47 (e {p)]1?)
(WP (df* = |d®) + AM ) Cr, P Cp)
and if we choose C' > 0 large enough to absorb the term (AMfe/\q)QN“E, eM’EE),

we have

ox

2C3
* C *

Crll**dj (xsCs) P < CL(=0)P X d (xss) 1

C . _
< Oo(0) M dj(xsCs) P < CaN*EC

()1 + 1" (X Ce)lI*) + 55 1 Cell”

IN

Therefore we get
(lld(eX=Ca)|1* + |d*(eX={p)|1”) + Alle*={p|® < Cs,
and obtained || ) < CaAT!, for A < Ao,

Step 2: We prove the L? estimate for derivatives of C~ g. We apply d;
and d} to both sides of equation (4.29). We obtain

(4.31) Ap(diCp) = dyd}(xsCs)-
Applying the result in step 1 to d ff £, we have
leXedCll T2y < Cart.
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Since dy = d + Adf A, we have
le*?edCp |72y < C5A'.

Corresponding result for d*( £ can be obtained by a similar argument. These
combine to obtain result for Vf . By applying V successively, we obtain all
higher derivatives’ estimates in a similar fashion.

Step 3: Finally, we improve the estimate to L> norm. Since we have L?
norm estimate for all the derivatives of (x. We use the Sobolev embedding
on W to obtain the L norm estimate. Details are left to readers. O

Lemma 57 follows from lemma 59 and lemma 60 directly.

4.7. WKB approximation. Next, we consider the WKB approximation
of (g. From the WKB approximation (4.1) of (g, we can take d} on both
side and obtain a WKB approximation of d?(XSCS)

(4.32) d}(xsCs) ~ e Mo (d* + Muwy + L)) (Xswso + Xswsa A2+,

after grouping terms according to their orders of \. We apply the iteration
in the previous subsection 4.4 terms by terms to the above series and then
group the terms according to orders of A of their L? norms. As a result, we
obtain a WKB expansion

(4.33) (e~ e Me(wpo(\) + w1\ +...)

in W, where wg ;(\)’s are functions also depending on A. Using Lemma 55
and Remark 56, we obtain that for every [ and any compact subset K C W,

lwpa (V17 gAY

for those A < A0, and also

N
[eVe(Af(e AwEZwEZ (e*M’sng,i)rzm))HiQ(f{) < CNK)\*NA/Q’

for A > An,. We need to argue that it is a good approximation, which is
the main theorem in this section.

Theorem 61. For any supp(xs) and K small enough, and N large enough,
there exists \j no > 0 such that for A > \j no we have

(434) [N V{Cp — e Zsz DH 7y < Cin A=
=0

Proof. Making use of lemma 59, we can again consider the equation 4.29. It
suffices to show that the approximation works for 5 £ on some small enough
pre-compact neighborhood K of the flow line v. We divide the proof into
several steps.
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supp(xs)

supp(wg,;)

FIGURE 7. Support of wg;’s

Step 1: Aswg i(A)’s do not vanish on boundary of W, we first need to cut
them off suitably for applying integration by part. wg ;())’s, being defined
by integrating along flow of 7, have support as shown in the following figure.

Suppose we have 77(vg) = vg, then we can choose x only depending on
variable ¢ (using coordinate defined by 7) such that ¥ = 1 for ¢t < T. The
support of Vy is shown in the following figure.

supp(Vx)

FiGURE 8. Support of Vy

By shrinking K and supp(xgs) if necessary, we obtain some € > 0 such
that

(4.35) Ve(y) + p(y, ) > Yp(z) +€
for x € K and y € supp(Vx). We define the function

(4.36) @y =min{® + NA"1log(N), yEsl?glioI(lVi)(q)(y) + (1 —é€)p(z,y))},
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where ® := ¢ — %log()\d)E) is defined in (4.30), and the € is chosen in
lemma 58. We have
clP _ ¢
Npp = CIN

for A large enough. Notice that we have & = ® + NA~"!log()\) in K for A
large enough, and ® = ® in supp(Vy).

Step 2: Writing the reminder term as r, = Y(Cp—e WE(ZZ o wE,i(N)),
we get

|df|? — |d®y|* >

CA\!

(”d(e/\qmrk)HQm(K) + ”d*(e/\q)NTk)H%Q(K)) + 202
0

[t
k—1
< DN dj(xsCs — e Y xswsad )T

k—1 k—1
+ DHe)\CI)N (d}(e_)"/’s z; XSWS,i)\_Z/2) _ Af(e—Xt/JE Z wEﬂ()\)))HiQ(W)

+ DA, XICE 175 45, + 1€ [A, X (e Wﬁzwm W2)-

We handle the right hand side term by term. First, we have

k—1
[N df (xsCs — e Z Xsws A2 < CpATROFIN R,
i=0
Second, we have
k—1
H /\@N(d* ZXSWSZ 1/2 Af -\, Zsz H2 < OpN™ 2C+2N— k-l—l
=0

Third, we have
1A 1A, XICe (1> < DIAT2CHM,

where Ny is the integer in lemma 57. Finally, we have
H AP A X )\wEZWE H2 < Op\™ ZC+N0
by choosing a larger Ny independent of k, if necessary. Combining the above,
by choosing N = Ny + k, we have
(w1 iy + I (Vi) T2 (0)) + Al T2y < CoA™H2,

which gives ||e)‘1/’ﬁrk\|L2(K) < CpA~FHL ] for those A < M.

Step 3: We obtain L? estimate for all derivatives of 7. We repeat the
above argument for dsr; and d’}rk. For any j,N € Z,, we can find a k; y
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large enough such that for any k& > k; v, we have
X722 ey < Cren A,

for A > Aj,k,N,O-

Step 4: We apply interior Sobolev embedding to improve the statement
in step 3 into L° norm, by further shrinking K if necessary. As a result, we
have for IV large enough, there exists A\j yo > 0 and My such that we have

My
(31) MVl — e (Y wmi O ey < O AN
=0

for A < Ajn,. Finally, we observe that ||ijE7i()\)H%°O(K) < C@j)\_“‘”%
and hence obtain the result by dropping redundant terms in the approxima-
tion series.

(]

Finally, we restrict our attention to a small enough neighborhood Wg of
vg. Since the operator I is given by an integral with an exponential decay
¥ along flow line, we can apply lemma 51 to obtain an expansion

wei(A) = A" (szo-FwEu)\ +wgiaA 2.

By regrouping terms according to their orders of A\, we obtain an expansion
of the form given in equation (4.2).

4.8. Relation between wgsp and wg . From section 4.4, we constructed
a WKB approximation in Wg

(p=e e (wro(A) +wpi(A) +---).
In particular, wg () is given by

1 01 « N
(4.38) wE,g(A)zz(/ els 27E(Myg,)d Ts(e)\‘II(Lgvf+ngS)XSwS,Q)dS).

In this section, we study the relation between integrals of wgo and wgg
which is used in lemma 26. We begin by recalling lemma 25. Let M be a
n-dimensional manifold and S be a k-dimensional submanifold in M, with
a neighborhood B of S which can be identified as the normal bundle 7 :
NS — S. Suppose ¢ : B — R>¢ is a Bott-Morse function with zero set .S,
we have

Lemma 62. Let 8 € Q*(B) which is vertically compact support along the
fiber of m. Then, we have

ol 2T _
mu(eDB) = ()21 Bl (1+ OAT)),
where T, is the integration along fiber. Here vol(V2¢) stands for the volume

polyvector field defined for the positive symmetric tensor V2@ along fibers of
.
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We use the notations in section 4.1 and assume there is an identification
of Ws and Wg with the normal bundle NVg and NVg of Vg and Vg re-
spectively. We use mg and 7 to stand for the bundle maps respectively.
We have the following lemma which relates the integration of wg g and wgg
along the fibers of mg and g respectively.

Lemma 63. Assume wg € /\t"pNVéf on Vg, then
A2 (e Mrwp o) = 0" s (e Mowg o) (1 + O(A1/2)),

where o : Vg — Vg is the projection map using the identification Vg = (Vg X
R) N Wg given by 7 (flow of V). Furthermore, we have wg o € NP NV
on Vg.

Proof. We use the coordinates u1,...,u,—1,t for W, where u1,...,u,—1 are
coordinates of Ug. We further assume that {us11 =0,...,u,—1 =0} = V.
From lemma 46, ¥ < 0 is a Bott-Morse function with zero set Ug. Applying
lemma 62 to the equation (4.38), we have

wg,o(u,t)

m 82 — 0 1.« € %
(55" (—W)le0) /2 (el 57 M1 4 2 (130 4 1, )xs0) ).

modulo terms of O(A~1/2). From lemma 45, gp > 0 is a Bott-Morse func-

tion with zero set Vg. Applying lemma 62 again, we get, modulo terms of
O/,

T s (e_’\gb‘wﬂo)(u, t)
2
2N N(n—s—1)/2
&

27 n—s 82 — 0 1.« € %
F<(7)( )/ZLvol(WgE)(@(—‘I’Nt:O) 1/2(€f‘t2 ¢ (Ma,) d 74(

Lyol(v2g,) (WE,0)

L2Vwa,0))) ;

for those (u,t) € Vg. The term involving iy, is dropped as 7*;(dgs) van-
ishes for (u,t) € Vg. To make further simplifications, we need the following
lemma.

Lemma 64. Fizing a point (u,t) € Vg, we have

o2 572 (My, )de _ (det<V2gE><u, t) )1/2
det(V2g)(u,0)

as operators on /\t‘)p NV5, where the right hand side acts as multiplication.
Here V?gr is treated as an operator acting on NVg using the metric tensor.
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From the fact that wgo € A% NV upon restricting to Vg, we have 7%, (1v fwg,) €
AP NV} for those (u,t) € Vi and
WE*(e_)\gEWE,O)(ua t)
_ 2 — det(V2g,)(u,t *
= 2m(3) (2 (— )=o) 2 (S 205 favol w2y T4 (W50) )

Notice that Vf = % when restricting on Vg, therefore we have

82
(@(—\I’)Imo)”r‘)vf = vol(V{(=¥)l—o),

where we view W as a R-bundle over Ug and consider vol(V7(—W)|;—o) as
the volume vector field along its fibers. Furthermore, we have the relation

det(V2gE) (u,t)
det(V2g,) (1, 0)

Combining the above, we have

drZ4(( )2 v0l(V2gp) (ust)) = vol(V2g) (u, 0).

e (6950 0) (1,1
= (2m) () 2pnte)/2 (Tft(Lvo1(v§(—\p)|t:O)Avol(v29E)|t:0ws,o)) -
Finally, from the relation ¥ = g — gg, we get
vol(VZ(—¥)) A vol(VZgp) = vol(V2gg)

on Vg, where vol(V?gy) is the volume polyvector field along the fibers of
mg. Therefore, we have

A2 g (e M5 wg o) (u, 1) = 7, (ms. (675 ws ) (1, 0))
modulo terms of O(A~1/2), for those (u,t) € V. O

Proof of Lemma 6/. First of all, we have the equality

1 1

Mg, = Vigp — 3 tr(V2gp),
on the set {Vg, = 0}. We can treat VQgE as an operator acting on NV,
as g is Morse along Vs. Restricting to A" NV, it is just tr(V2gp).
Therefore we have

%MgE = %tr(VQQE)7
acting on AP NV,
On Vg, we have
! 1
(4.39) vi( /0 5 tr(V2gp) (u,€) de) — 5 log(det(Vigp)(u.)) )

= S (V00) (1) — 3 (Vs 1)) V(TG (0, 1))

We will show that the above expression vanish.
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Restricting to the set {Vg, = 0}, for any vector fields X,Y € TW, we
have
Vi(Vagp)(X,Y) = Vi(Vigp(X,Y)) = V2gp(ViX,Y) — Vgp(X, V,Y)
Vi(X,VyVyg) — (ViX,VyVyg) — (VxVygg, ViY)
(X, ViVyVgg) + (Vx Vg, [0, Y]) + (VxVgg, Vy o)
= (X, VyViVygp) + (VtVigp) X, Y),

+ o+

and
VA(Vigp)(X,Y) = (VyV(digp), X)

= Y(V(Bth),X> - <v(8th)vaX>
= Y(VxVgg,0) +Y(Vgp, Vx0) — (Vv,xVgg, O)
= Y(X,ViVygp) +Y(Vgr,Vx0) — (VyX,V.Vygg)
= (X, VyViVyp) + (Vg V1) X,Y).

Therefore, we have

Vi(V2gp) — V3 (Vigg) = [V, Vg5],

where the Hessians are treated as endomorphisms of T'M. Restricting the
above equation to the subspace NVg and multipling by (Vng)_l, we have

tr((V2gp) " (Ve(V29p)) = tr(V29p) "V (Vigp)).
Finally, from the equation |V g|? = |V f|?, we obtain
1
Vigp = §’V9E’2-
Applying V? to both sides and restricting to Vg give
VA(Vegp)(X,Y) = (Vgp(X), Vigp(Y)),

or simply
VA(Vigp) = (Vgp)?

if we treat both sides as operators on T'M.

Substituting it back into equation (4.39), we find that the derivative in
equation (4.39) vanish. Therefore we have

([ tr(7a) (w0 o

1 1
= 5 log(det(VZgp)(u, 1)) — 5 log(det(V*(g))(u, 0)),
which is the equation we needed. ([l

Therefore, we complete the proof of lemma 24 and 26 which are needed
in the proof of our Main Theorem in section 3.
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5. CONCLUSION

From the semi-classical analysis of the Witten twisted Green’s operator in
section 4, we obtain our main theorem 9 which can be viewed as an enhance-
ment of the original Witten deformation of deRham complex, concerning co-
homology of the manifold M, to one concerning its rational homotopy type
by incorporating wedge product structures. In [6], Fukaya proposed a differ-
ential geometric approach to the Strominger-Yau-Zaslow (SYZ) by relating
A-model holomorphic disks instantons of a Calabi-Yau manifold equipped
with Lagrangian torus fibration, to certain Witten twisted differential con-
structed from the symplectic structure. Proving theorem 9 provides essential
analytical technique for such an approach. For instance, the semi-classical
analysis of Witten twisted Green’s operator, can be applied to obtain a
beautiful geometric interpretation of the complicated scattering diagram in
[2].
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