TROPICAL COUNTING FROM ASYMPTOTIC ANALYSIS
ON MAURER-CARTAN EQUATIONS
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ABSTRACT. Let X = Xy be a toric surface and (X, W) be its Landau-Ginzburg mirror where
W is the Hori-Vafa potential [35]. In this paper, we study the extended deformation theory of
(X , W). We prove that the leading order terms in asymptotic expansions of the Fourier modes
of Maurer-Cartan solutions with specific inputs are in bijective correspondences with tropical
disks in X of Maslov index 0 or 2. The Maslov index 2 tropical disks give rise naturally to
an n-th order perturbation W,, of W; for X = IP? this reproduces Gross’ perturbed potential
constructed in [27] which gives the universal unfolding of W in canonical coordinates. We
also describe how the extended deformation theory dictates the jumping of W,, across the
walls of a scattering diagram formed from the Maslov index 0 tropical disks.
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2 CHAN AND MA

1. INTRODUCTION

1.1. Background. The study of mirror symmetry for toric varieties goes back to Batyrev
[5], Givental [24] 25|, 26], Lian-Liu-Yau [42], Kontsevich [37] and Hori-Vafa [35]. Unlike the
Calabi-Yau case, the mirror of a compact toric manifold X is given by a Landau-Ginzburg
(abbrev. LG) model (X, W) consisting of a noncompact Kéhler manifold X and a holomorphic
function W : X — C called the potential of the model [50, 51I]. As a prototypical example,
the mirror LG model of X = P? is given by X = {(2°,2',2%) € C? | 2°2'22 = 1} together
with the restriction of W = 20 + 2! + 22 to X C C3.

At the genus 0 level, mirror symmetry can be understood as an isomorphism between
Frobenius manifolds. For a large class of examples, the construction of the B-model Frobenius
manifold from the LG model (X, W) was carried out by Douai-Sabbah [I3] [14] (see also the
book [47]), generalizing the classic work of K. Saito [4§]. Mirror symmetry then says that the
B-model Frobenius manifold for (X, W) is isomorphic (via a possibly nontrivial mirror map)
to the A-model Frobenius manifold constructed from the genus 0 Gromov-Witten (abbrev.
GW) theory or big quantum cohomology of X. In the case of projective spaces this was
proved by Barannikov [3].

The geometry of this mirror symmetry can be understood using the Strominger-Yau-Zaslow
(abbrev. SYZ) conjecture [49]. The moment map p : X — P provides a natural Lagrangian
torus fibration, and the mirror manifold X can be constructed geometrically as a moduli
space of A-branes, which are pairs (L, V) consisting of a Lagrangian torus fiber L of p and a
flat U(1)-connection V over it, or simply as the total space of the fiberwise dual of p restricted
to the interior Int(P) C P [I]. The SYZ conjecture also suggests that mirror symmetry is a
geometric Fourier transform; in this regard, the construction of X from X may be regarded
as describing the “O-th Fourier mode” of the mirror geometry.

The “higher Fourier modes” or “quantum corrections” come from the singular or degen-
erated fibers of p over the boundary OP and are captured by holomorphic disks in X with
boundary on a Lagrangian torus fiber of p — this gives rise to the mirror LG potential WW.
Cho-Oh [I1] were the first to prove, in the toric Fano case, that the so-called Hori-Vafa po-
tential W can be expressed in terms of counts of Maslov index 2 holomorphic disks. This
was later generalized by Fukaya-Oh-Ohta-Ono in [19] to all compact toric manifolds. The
Lagrangian Floer potential WF is determined by Fukaya-Oh-Ohta-Ono’s obstruction cochain
mp in the Floer complex of a Lagrangian torus fiber of the moment map p [17, [18§].

In explicit terms, coefficients of W™ are counts of bubbled configurations, or more precisely,
genus 0 open Gromov-Witten invariants, and W should be viewed as a perturbation the
Hori-Vafa potential W:

WY = W + correction terms

as coefficients of the latter only encode counts of embedded holomorphic disks (which is why
W = W only when X is toric Fano). It is quite hard to compute W, but explicit formulas
are known in a few low-dimensional examples [2, 21, [6] and when X is semi-Fano [7, §].

Using WEF,| one obtains an isomorphism of Frobenius algebras

(1.1) QH*(X) = Jac(WF)
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between the small quantum cohomology ring of X and the Jacobian ring of W without going
through a mirror map (or one can say that the mirror map is trivial). To upgrade this
to an isomorphism between Frobenius manifolds, Fukaya-Oh-Ohta-Ono [20] introduced the
bulk-deformed potential WEF as a perturbation of WLF by the ambient cycles in X. In [22]
they proved that can be enhanced to an isomorphism between the A-model Frobenius
manifold of X and the B-model Frobenius manifold constructed from W,F.

A closely related work and more relevant to our discussion is the paper [27] by Gross
(see also his book [28]), in which he described another bulk-deformed potential mirror to
X = P? as an explicit perturbation W,, (for any fixed order n) of the Hori-Vafa potential
W = 2%+ 21 + 22 by counts of Maslov index 2 tropical disks passing through n generic points
Py,..., P, in R? (or the tropical projective plane TP?). He computed oscillatory integrals of
his perturbed potential W,, to produce some beautiful tropical formulas for descendent GW
invariants, thereby giving a very transparent proof of mirror symmetry for P? via tropical
geometry.

Gross’ paper is in turn closely connected with the influential Gross-Siebert program [30
311, B2], 33|, where a key role is played by a combinatorial gadget called scattering diagram
which was first introduced by Kontsevich-Soibelman in [39].

On the other hand, the precise correspondence between counting of tropical and holomor-
phic curves/disks has been studied in various cases, first by [44] in dimension 2, and later by
[46, 45] in higher dimensions. These works show that tropical geometry is indeed sufficient
in describing GW theory.

1.2. Asymptotic behavior of Maurer-Cartan solutions. The main goal of this paper
is to understand the relation between tropical disk counting on (the tropical counterpart of)
a toric surface X and the (extended) deformation theory of its LG mirror (X, W), building
on the approach in [I0]; here W is taken to be the Hori-Vafa potential.

Recall that in [I0], an h € R, parameter was introduced to twist the complex structure of
the dual torus fibration p : X — Int(P) which geometrically corresponds to shrinking of the
torus fibers. We considered the differential-geometric deformation theory of X captured by
the Kodaira-Spencer dgla

KSy = Q" (X, T")

and the associated Maurer-Cartan (abbrev. MC) equation

(1.2) Bo+ 5.6l =0

Following a proposal put forward by Kontsevich-Soibelman [38] and Fukaya [16], we study
the Fourier expansions of the MC solutions along fibers of j : X — Int(P). One of the main
results of [10] says that the leading order terms (or the semiclassical limit) of the Fourier
modes of a solution (of a specific type) of the MC equation (1.2)) naturally gives rise to a
consistent scattering diagram D as A — 0, and such MC solutions can be constructed as a
sum of terms with support concentrated along the walls in D.
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In this paper, we consider the extension of KS% given by taking the full exterior power
N T of polyvector fields:

PV**(X) = Q% (X, A TH0)

which is equipped with a naturally extended Lie-bracket [-, -] and a BV operator A, producing
a differential graded Batalin-Vilkovisky (abbrev. dgBV) algebra. As pointed out in [41],
this dgBV algebra of polyvector fields is closely related to the B-model Frobenius manifold,
especially in view of the approach in [4] [3].

For a LG model (X' , W), the dgBV algebra PV** should be equipped with the Dolbeault
differential twisted by W:

It is therefore natural to consider the following extended Maurer-Cartan equation:
- 1
(1.3) Owe + 5l =0

for p € PV**(X) (see Section . We will apply the machinery developed in [10] to analyze
the solutions of ([1.3)).

We will restrict our attention to the 2-dimensional case so that X is a toric surface (im-
plicitly equipped with its toric anticanonical divisor D = D), and study the equation (|1.3)
associated to the mirror LG model (X = (C*)2, W) where W is the Hori-Vafa potential.
Following Gross [27], we consider n points Pi,..., P, € R? in generic position and define
the n-pointed perturbed LG potential W,,(Q) by counting Maslov index 2 tropical disks with
interior marked points possibly passing through P, ..., P, and with stop at a fixed point
Q € R?; see Section [2| for the precise definitions.

The n-pointed potential W, (Q) depends on @, and Gross [27] proved that the depen-
dence is dictated by wall-crossing across walls of a scattering diagram D constructed from
Maslov index 0 tropical disks with interior marked points possibly passing through P, ..., P,.
Our main results describe how solutions to the extended MC equation give rise to the
perturbed potential W,, and explain the wall-crossing formulas by gauge equivalence in the
extended deformation theory of (X, W).

More precisely, we will only be concerned with the leading order behavior of the Fourier
modes of the MC solutions as A — 0 and will therefore restrict ourselves to the quotient
(G/Z)** of a subalgebra G** < PV** consisting of terms with growth control as A — 0 by
the ideal Z** generated by error terms in f as A — 0 (see Section |3.3.1)); here we will employ
the key notion of asymptotic support introduced in [10] (see Section |3.2]).

As in [10], a solution ® to the extended MC equation of (G/Z)** will be constructed
using Kuranishi’s method [40], namely, by writing it as a sum over directed ribbon weighted
d-pointed k-trees (see Notation |3.28)) with a specific input II chosen to be of the form

(1.4) I = Zui(SPi(al A Oz),

where u; is a formal variable in the ring
Cluy, ..., uy

=t =tari<izn
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(equipped with the maximal ideal m = m,, := (uy,...,u,)) corresponding to the point P;,
01 A Oy is the canonical holomorphic bi-vector field on (C*)? and dp, is a Dolbeault (0, 2)-form
with support concentrated at P; as A — 0. The MC solution ® can be decomposed as

®=I1+=04=H
with Z%% € (G/Z)™, and the behavior of each term as i — 0 is described by our main result:

Theorem 1.1 (=Theorem 4.12)). Each of the terms Z%° =11 of the Maurer-Cartan solution

® can be expressed as a sum over tropical disks I' whose moduli space M is non-empty of
codimension 1 — %(F) in By = R? (where MI denotes the Maslov index):

where Mono(T') is a holomorphic function, Log(Or) is a holomorphic vector field defined
explicitly for the tropical disk T', and ar is a Dolbeault (0,1 — M)—farm with support con-

2
centrated along the (1 + @)-dimensional tropical polyhedral subset Qr C By traced out by

the stop @ of the tropical disks in the moduli space m (see Definition .

Furthermore, the following properties hold:
lim ar|, =1 for any x in the interior Int(Qr) when MI(T") = 2,

h—0

}1}1’1{1}/0[1" = —1 for any o Int,(Qr) positively when MI(I") =0,
1— 0

where o is any affine line intersecting Qr positively and transversally in its relative interior

Int,ne(Qp) .

In particular, this theorem gives a bijective correspondence between tropical disks I' with
MI(T) =0 and M £ 0, walls in D, and leading order terms of S as /i — 0:

terms in the Theorem [ [ Tropical disks T’ JeuR walls wr = (mp, Qr, Or)
expression of ! with MI(I") =0 in the diagram D '

If we fix the stop @, or equivalently a chamber in R?, the above theorem gives a bijective

correspondence between tropical disks I' with MI(I') = 2 and m # () and leading order
terms of Z%% as i — 0:

terms in the Theﬂﬂj Tropical disks I" 27 terms in the
expression of Z%0 with MI(T) =2 perturbation W,,(Q)

In the case of X = P2, the tropical disks in these correspondences are exactly those considered
by Gross [27]. Indeed, by Theorem |4.12| we have

lim Z°(Q) = ) Mono(I),
MI(T)=2

h—0

which coincides with Gross’ definition of the n-pointed potential W, (Q).
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Underlying the above bijective correspondences is an interplay between the differential-
geometric properties of the dgBV algebra (G/Z)** and the combinatorial properties of tropical
counts (which also play an important role in [10]). We will see in Section that his leads
to an extended version of the tropical Lie algebra which we call the tropical dgLa.

1.3. Wall-crossing from Maurer-Cartan solutions. Besides giving enumerative mean-
ings to the MC solution ®, Theorem , together with the main results in [10], have an in-
teresting corollary which can be viewed as providing an alternative proof of the wall-crossing
formula ([27, Theorem 4.12]) for Gross’ perturbed potential W,,.

By definition the scattering diagram D = D(P,%, Py, ..., P,) consists of walls wp =
(mr, Qr, Or), the support of each is the tropical polyhedral subset Qr traced out by the
stop of a tropical disk I' (see Section [2.3.3). The intersection of these Qr’s is the set
Sing(D) \ {P1,...,P,}, where Sing(D) denotes the singular set of D, and a point j €
Sing(D)\ {P1,..., P} is called a joint in the Gross-Siebert program [33].

Restricting to a contractible open neighborhood U = U; € R?\ {P,..., P,} containing a
single joint j, we have
(I)|U — EO’O 51,1
because dp, |y = 0 and hence |y = 0 in (G/Z)**. By degree reasons, we see that =h!|; is
itself a solution to the non-extended Maurer-Cartan equation (|1.2]), namely,
= 1
-+ 5[5171, =4 =o.

Now [10, Theorems 1.5 and 1.6], the proofs of which were by asymptotic analysis and
completely different from that of [27], imply the following statement which originally appeared
in Gross [27]:

Corollary 1.2 (Proposition 4.7 in [27]). For any point j € Sing(D)\ {P, ..., P,}, we have
O, p=1d

for any loop ~; around j in a sufficiently small contractible neighborhood U; of j.

Vs

Next we would like to work locally near a wall Qr of the scattering diagram D. So we
consider a contractible open subset U C Mg \ ({P, ..., P,} USing(D)), which is separated
into two chambers U, and U_ by the wall Qr N U as shown in following Figure |1| (here UL
are chosen according to the orientation of the ray Qr).

Results from [10, Section 4] imply that

_ { Log(6r) onU,
(1.5) L { 0 on U_
is the unique gauge solving the equation
ad, A, —ad 5 erde —1dY 5 5 =11
(1.6) e =0 — || ———— ) (p),-| =0+ 1[5, ]
ad,,

and satisfying the condition that ¢|;_ = 0. The Maurer-Cartan solution ='! behaves like
a delta-function supported on the wall Qr, while the local gauge ¢ in U behaves like a
step-function jump across the wall Qr as shown in the following Figure [T}
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Gauge ¢

MC sol. = . o /// // U,
HEEEEE

PR

Qr

FIGURE 1. The gauge ¢ as step-function

When the extended MC equation (3.3)) is restricted to U, we have ®|y = Z%9 + =1 and
it decomposes into two equations:

Loyt =
_[:1,17 :1,1]

2
550,0 T [W, 51,1] + [EO’O, 51,1] —

The second equation can be rewritten as
0+ [=Y]) (W +E2%9) =0,

saying precisely that W+ Z%9 is a holomorphic function with respect to the complex structure
defined by 9 + [Z11,]. Since e?dgde~2de = 9 4 [Z11, ], this is equivalent to saying that the
function e~ (W + =299 which is globally defined on U, is holomorphic with respect to the
original Dolbeault operator 0.

5—1,1
=0 4+

0,

Now letting W, 1 := (W + Z%9) |y, on UL respectively, we have

O ' (Wo,+) on Uy,
W, - on U_.

So the fact that e=2d¢ (W + Z%0) is a globally defined function on U implies that
@[‘(Wn’_) - Wn,—i-‘

Applying this to a finite number of walls, we obtain the following wall-crossing formula which
originally appeared in Gross [27]:

Corollary 1.3 (Theorem 4.12 in Gross [27]). If Q, Q" € R? are not lying on any walls in the
scattering diagram D, then we have

(17> Wn(Q/> = @W,D(Wn(Q))a
for any path v C Mg \ Sing(D) joining Q to Q’.

e e (W + 500 = {
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1.4. Remarks. We end this introduction by a couple remarks.

(1) Just as in Gross [27], the tropical curves which appear here (see Section [2|) correspond
to holomorphic curves in the toric variety X which are transversal to the toric divisor
D, so the tropical counts would give the correct Gromov-Witten invariants only
when X is a product of projective spaces (i.e. when X = P? or P! x P! in the 2-
dimensional case). One way to get the correct Gromov-Witten invariants in general
is to apply the technique of tropical modification which deforms the ambient space so
that the hidden curves (i.e. curves lying inside the toric divisor D4,) can be seen; see
e.g. [36] for an introduction. We expect that our results would hold if we use the
corrected tropical counts and replace the Hori-Vafa potential W by the Lagrangian
Floer potential WF.

(2) To generalize our results to higher dimensions, one again needs a proper definition
of tropical counts. In that case, we shall allow interior insertions of tropical cycles
of different codimensions, instead of just points in generic position. It should be
straightforward to generalize our results concerning only points insertions. For other
tropical cycles, what is missing is a description of such cycles by means of elements
in the tropical dgla as in equation (|1.4]).
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2. TROPICAL COUNTING IN DIMENSION 2

We fix once and for all a rank 2 lattice M together with its dual lattice N, and write
Mg = M ®z R and Ng = N ®z R for the real vector spaces spanned by them respectively.
We will use m to denote an element in M and n to denote an element in N. We let X C Mg
be a complete rational polyhedral fan and Xy, be the associated toric surface and take K :=
Kx,, N H*(Xx,Z) to be the monoid of integral Kéhler forms, where K, is the Kéhler cone
of X5. We also use ¥(1) to denote the set of 1-dimensional cones in ¥ and D, to be the toric
divisor corresponding to p € ¥(1). We will define the counting of tropical disks following
[44, 27], with slight modifications.

2.1. Tropical disks.
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Notations 2.1. If we fix a Lagrangian torus fiber L of the moment map p : X5, — P, then
mo(X, L) & Zpez(l) Z-m,, is freely generated by the classes m,’s of Maslov index 2 holomorphic
disks in (X, L), where m, is the disk class intersecting the toric divisor D, exactly once.

We let P to be the nonnegative cone mo(X, L)so C mo(X, L) generated by those classes
B € m(X, L) satisfying fﬁw >0 for allw € K, and Q := m(X) N ma(X, L)so to be the
effective cone (or the Mori cone) of Xx. We will have P9 = mo(X, L) and Q% = my(X),
where P9 and Q9 are the abelian groups associated to P and () respectively. Then we have
the following exact sequence of monoids

0

(2.1) 0—=Q—=P - M——>0

where M is identified with (L) and 6(5) = 0B defined by taking boundary of the class B € P.

We will use m to denote an element of P and m to denote its image 8(m) in M in the
rest of this paper. Notice that 6 : P — M maps the standard basis {m,} (of Z=M) to the
generators of the 1-dimensional cones p.

[

Example 2.2. We consider a fan ¥ in My = Z2, with its 1-dimensional cones given by
pi = R - m; where we have my = (0,1), my = (=1,0), mg = (0,—1) and my = (1,1). The
corresponding toric variety Xx is the surface F}.

We write mo( Xy, L) = @?ZIZ -m; with m; being the unique disk class support Maslov 2
holomorphic disk intersecting exactly once with the toric boundary D,,. In this case @) is the
monoid of integral points in the cone generated by —my + mg + my and mq + ms, while P is
the monoid of integral points in the cone generated by m;’s together with —mq + mo + my.

Before defining tropical disks, we first introduce the combinatorial notion of k-trees:
Definition 2.3. A (directed) k-tree T' consists of the following data:
e a finite set of vertices T together with a decomposition
TO =7 T U {o,},

where TZ-[,S},
outgoing vertex (we also write 7Y = Ti[,?] L {vo}),

e a finite set of edges T, and

e two boundary maps Oy,, 0, : T — T (here O, stands for incoming and O, stands
for outgoing)

called the set of incoming vertices, is a set of size k and v, is called the

satisfying the following conditions:

(1) Every vertex v € T is trivalent, and satisfies #0; ' (v) = 2 and #0;,*(v) = 1.

(2) Every vertex v € T},‘j] has valency one, and satisfies #9,*(v) = 0 and #0;,'(v) = 1;
we let T := TUN\ §;1 (TZ[S})

(3) For the outgoing vertex v,, we have #09; (v,) = 1 and #0;, (v,) = 0; we let e, :=

OF 00 e unique verter (which

n

9, (v,) be the outgoing edge and denote by v, € T,
we call the root vertex) with e, = 0, (v,).
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(4) The topological realization |T| := (I[,c7m[0,1]) / ~ of the tree T is connected and
simply connected; here ~ is the equwalence relation defined by identifying boundary
points of edges if their images in T' are the same.

Two k-trees Ty and Ty are isomorphic if there are bijections Tl[o] ~ T 2[0] and Tlm = TQM
preserving the decomposition Ti[ I — T[O} Ti[O] UA{vio} and boundary maps 0;n and 0;,. The

set of isomorphism classes of k-trees ‘will be denoted by Ty. For a k-tree T', we will abuse

notations and use T (instead of [T]) to denote its isomorphism class.

Now we consider n points Py, ..., P, € Mg.

Notations 2.4. As in [27, 28|, we introduce the following ring :
Clus, ..., uy)
S @1<i<n)
where we associate to each point P; the variable w;. This ring has the maximal ideal m =
m,, = (Up, ..., Uy,).

Definition 2.5. A weighted d-pointed k-tree is a (k + d)-tree I' together with

(2.2) R=R,

e an injective map p : {1,...,d} — 82-;1(F£%]) (we will write p; to stand for the image
p(j) € 0, (T)),

e wezght m : T — P (we will write m. to stand for the image m(e) € P) and

e a map u: M = R, (we will write u, to stand for the image u(e) € R,)

satisfying the following conditions:

(1) For every e € T, w. € R, is a monomial. Furthermore, for each j = 1,...,d, we
have u,, = u;, for some i; € {1,...,n} such that 1 < iy <iy <--- <ig <n, and for
each e € 0, (F[O Y\ {p1,...,pa}, we have u, = 1.

(2) For every trivalent vertex v € Ol attached with two incoming edges e, es and an
outgoing edge es,

(a) at least one of ey, es do not belong to 8;11(@?1]) \{p1,-..,pa},
(b) Uey = Ue, * Ue, and
(C) Mey = Me; + Me, .
(3) me =0 if and only ifee{p1,...,pa}
(4) For every e € O (F[O )\ A{p1,...,pa}, we have m. =m, for some p € £(1).

Two weighted d—pomted k-trees I'y and I'y are said to be isomorphic if they are isomorphic as
k-trees and the isomorphism preserves the marked points p;’s and the weight functions m,’s.
The set of isomorphism classes of weighted d-pointed k-trees will be denoted by WPTy 4. For a
weighted d-pointed k-tree I, we will again abuse notations and use I' (instead of [I']) to stand
for its isomorphism class.

Notations 2.6. Given a weighted d-pointed k-tree I' (d > 0 and k > 1), we will write
FEE = 8;@1[?1]) \ {p1,...,pa} for the set of incoming edges excluding those which correspond
to the marked points.

Given any e € TH\ {py,... pa}, we let ke = 0 if m, = 0, and when m, # 0, we let k, € Z>q
be the unique positive integer such that m, = k.m. where m, € M is the primitive element.
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The integers {ke}eerp\ip,...pa} define the weight function wy C1\{p1, ..., pa} — Zso (hence
the name “weighted k-tree”) and the formula me, = Me, + Me, corresponds to the balancing
condition, both of which appear in the original definition of tropical curves in [44, 27].

We will also write mp (or kr) and ur for the weight and monomial, respectively, associated
to the unique outgoing edge e, attached to the unique outgoing vertex v, of I.

Definition 2.7. Given a d-pointed weighted k-tree I', we define the multiplicity at a trivalent
vertex v € Fgﬂ =T 9,({p1,...,pa}) by

Mult,(T) := | det(me,, Me, )| = | det(Me,, Mey)| = | det(Mey, My )|,

where ey, es are the incoming edges and ez the outgoing edge attached to v. Then we define
the multiplicity Mult(T') of T by

Mult(T) == [ Mult,(T).
vel"g)]

Note that at a trivalent vertex v € F[DO] with incoming edges ey, €2, the multiplicity Mult, (I") #

0 if and only if m,,, M., are linearly independent in Mg.

Given a weighted d-pointed k-tree I'; a realization of I is defined as

s = L Reo)e || L B0l | |/~

eed;, 1Tl eert]

in

for a set of parameters 5 := (s¢),ern € (Reg)™l; here (R<g)e is just a copy of Reg and ~
is the equivalence relation defined by identifying boundary points of edges if their images in

I'% are the same. The set of realizations of T is parametrized by 5 € (R)I" ol

Starting from now on, we will fix n + 1 points P, ..., P,,Q) € Mg. Here comes the notion
of a tropical disk in (P, %, Py,..., Py; Q).

Definition 2.8. A d-pointed tropical disk ¢ in (P, %, Py, ..., P,; Q) consists of the following
data

e o weighted d-pointed k-tree I' with ur # 0,
e a set of parameters §= (S¢)pcrn) € (Re)™™1 and
e a proper map < : |I's| — Mg from the realization |I's| of T to Mg

satisfying the following conditions:

(1) g\(RSO)pj = P, if the monomial assigned to p; is us,; in particular §|(R§0)pj a constant
map (playing the role of a marked point).

(2) For each incoming edge ¢ € T, we have Sl®Reg)e (8) = Sl®o) (0) + 8(—=n) for all
s € RSO’

(8) For each e € TU, we have <|js, 0(5) = <|is,0/(0) + s(—=e) for all s € [s,,0] (so that
the image Im(s|(s..0) s an affine line segment with slope —m.).

(4) The point ¢(v,) == <|js,,0(0) € Mg is called the stop of the tropical disk < and we
require that ¢(v,) = Q.




12 CHAN AND MA

The multiplicity Mult(s) of a tropical disk < is defined as the multiplicity Mult(T") of the
underlying weighted d-pointed k-tree I'. Note that Mult(s) # 0 if and only if the images of the
two incoming edges at any trivalent vertex are intersecting transversally.

The underlying tree I' is said to be the combinatorial type of the tropical disk . We will use
ML(P, S, Py, ..., P,; Q) to denote the moduli space of tropical disks in (P,X, Py, ..., Py; Q)
with a fized combinatorial type T.

Similarly, we define a tropical disk ¢ in (P, 3, Py,..., P,) by allowing the stop Q to vary
or by dropping condition (4) above, and we denote by M (P, X, Py, ..., P,) the moduli space
of tropical disks in (P, %, Py, ..., P,) with a fized combinatorial type I'. In other words,

My(P, S, Pr,..., P) = JMY(P.S, P, P Q).
Q

Notice that there is a natural Ry action on MY (P, 3, Py, ..., P,) given by translating the
stop s(v,) = @Q along the direction —m.,, so we have a well-defined quotient

ML (P, Py,...,P))/Ry,
which can be regarded as the moduli space of tropical disks as the stop @Q goes to infinity along
the direction —me,; see [27, 28].
We further define a tropical disk ¢ in (P, X) with a fized combinatorial type I' by dropping

condition (4) above and replacing condition (1) by only requiring that §|(R§0)pj is a constant
map for each 7 =1,...,d

The reader may ask why all the internal vertices I'”) are required to be trivalent. Indeed we
have only defined generic tropical disks and the above moduli spaces are all noncompact. We
use this approach because this suffices for the purpose of tropical counting. To compactify
these moduli spaces, we need to allow the intervals [s., 0]’s corresponding to the internal edges
e € Tl to shrink to zero lengths (i.e. by allowing s, = 0), so that some internal vertices are
allowed to be of higher valencies.

We use ﬁZ(P,E) to denote the moduli space of tropical disks I' in (P, ) with a fixed
combinatorial type thus obtained, which gives a compactification of the union of the moduli

spaces ML (P, 3, Py,...,P,) as Py, ..., P, vary. We will use the notation 8%5(73, ¥)) to stand
for the set of tropical disks with at least one degenerated internal edges (i.e. s, = 0 for some
e € Tl),

It is not hard to see that
—r
M, (P, %) = (RSO)‘FM' X Mg,

where the first component § € (Rgo)ml]l parametrizes the realization |I's| of I and the second
component Mg parametrizes the stop ¢(v,). Its dimension is given by

(2.3) dimg (0T, (P, 2)) = |AT)| +d +1,

where |A(T)| := k for a d-pointed weighted k-tree T'. This moduli space has a natural

stratification coming from the one on (RSO)‘FHH given naturally by the coordinate hyperplanes
se = 0.
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We will also need to consider the partial compactification
ML (P, %) = (M (P, D)\ {s | 5., = 0}) /Ry,
and denote by 99Y (P, %) the set of tropical disks with s, = 0 for some e € T\ {e,}.
Definition 2.9. We define the evaluation maps
evy ﬁg(?, Y) — Mg,

where x € {1,...,d} U{o}, to be the evaluation at a marked point ev.(s) = <(p.) when
x € {1,...,d}, and the evaluation at the outgoing verter ev.(s) = ¢(v,) if x = o. We put
these evaluation maps together to obtain the map

6?) — (erl, ey e/Ud, evo) . ﬁg(P7 E) — Mﬂg—i_l'

Similarly, we have the evaluation map
v = (evy, ... evy) : ML(P, ) — M.

Definition 2.10. We say that n distinct points Py, ..., P, are in generic position if for any
d <n, any d-tuple (P,,, ..., P,,) is not lying in the image év(S) of a stratum S C ML (P, %)
over which the evaluation map €v is degenerated, meaning that the differential D(€v|g) is not
surjective (notice that ev|s is an affine map and hence D(ev|s) is a well-defined constant

linear map), and this holds for any combinatorial type I.

We say that n + 1 distinct points P, ..., P,,Q are in generic position if the n points
Py, ..., P, are in generic position, and for any d < n and any d-tuple (P;,,...,P;,), the
(d + 1)-tuple (P, ..., P, Q) is not lying in the image ev(S) of a stratum S C (ﬁZ(P, %))
over which the evaluation map €v is degenerated and this holds for any combinatorial type I'.

Definition 2.11. We define the Maslov index M I(I") of a weighted d-pointed k-tree T by
MI(T) =2(k —d),
and define the Maslov index M I(<) of a tropical disk < to be that of its combinatorial type T .

We have the following lemma from [27].

Lemma 2.12 (Lemma 2.6 in [27]). If Py,..., P,,Q are in generic position and MI(I") = 2r,
then ML (P, X, Py, ..., Py Q) is an (r — 1)-dimensional (over R) affine linear subspace of
ﬁg(?, )\ 8%;(7’, ¥); in particular, MY (P, X, Py, ..., Py; Q) = 0 when r < 0.

If P,..., P, are in generic position and MI(T) = 2r, then MY (P, %, Py,..., P,) /R, is
an r-dimensional (over R) affine linear subspace of MY (P,X) \ OML(P,X); in particular,
ML(P,2, Py, P) /Ry =0 whenr < 0.

2.2. Perturbing the Landau-Ginzburg potential. Following [28], we will define a mono-
mial Mono(s) associated to each Maslov index 2 tropical disk ¢ for defining the n-pointed
Landau-Ginzburg (abbrev. LG) potential as a perturbation of the Hori-Vafa mirror family
(X, W) [35] (here W : X — C is the LG potential) of X5 as follows.

We let C[P] := C[z™ | m € P] be the ring of polynomial functions on the affine toric
variety X := Spec(C[P]). The universal piecewise linear function ¢ : |X| = Mg — Q%P is
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strictly convex and therefore we have a unique primitive element m, € P for each p € ¥(1)
as mentioned in Notations . We further let W = 3>° ;) 2™ be the Hori-Vafa Landau-

Ginzburg potential on X.
Furthermore, we let S = Spec(C[Q)]) be the affine toric variety whose ring of polynomial

functions is given by C[Q]. There is a natural morphism 7 : X — 8 induced by the map
() — P which appears in the exact sequence (2.1)).

As a result we obtain a toric degeneration of the Landau-Ginzburg model as in [2§]:

(2.4) xY.c

|

S

We define Mono(s) as an element in C[P] as follows.
Definition 2.13. Given a tropical disk ¢ € M5 (P, %, Py, ..., Py; Q) with MI(s) = 2, we
define
Mono(s) := Mult(T") 2™ ur
as the monomial in C[P] associated to ¢, where mp € P is the weight and ur is the monomial
associated to the unique outgoing edge e, of < as in Definition[2.5,

Definition 2.14. Fizing the points Py, ..., P,, Q in generic position, we follow 28] to define
the n-pointed Landau-Ginzburg (LG) potential as

W,(Q) = Z Mono(s),
S
where the sum is over all Maslov index 2 tropical disks < in (Py, ..., Py; Q).

We notice that the 0-pointed LG potential Wy(Q) = W is nothing but the Hori-Vafa
potential. Therefore the n-pointed potential W,,(Q) should be viewed as a higher order
deformation (in formal variables w;’s) of the Hori-Vafa potential W by tropical disks.

2.3. Scattering diagram from the Maslov index 0 disks. According to [27], 28], the
dependence of the n-pointed LG potential W, (Q) on @ is governed by a scattering diagram
constructed from the Maslov index 0 tropical disks. Here we recall the definition of scattering
diagrams from [I0, Section 3] with slight modifications; the original definition was due to
Kontsevich-Soibelman [39] and can be found in [29)].

2.3.1. Tropical vertez group. We consider C[P]®z N, whose general elements are finite linear

combinations of elements of the form 2™ ® 0, (here D, is a holomorphic vector field associated
ton € N to be defined in (3.7)). We also define the Lie-bracket [-,:] on C[P] ®z N via the
following formula from [29]:

(2'5) [Zm ® énv 2™ ® én,] - zm+m,5(m/,n)n’—(ﬁ1,n’)n;
here (-,-) is the natural pairing between M and N. We consider the Lie algebra
g:= (C[P] ®z N) ®c R,,
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where R, is the formal power series ring R,, in (2.2) equipped with its maximal ideal m.

Definition 2.15. The tropical Lie-algebra over R = R,, is defined to be the nilpotent Lie
subalgebra b — g given explicitly by

The tropical vertex group s defined as the exponential group of b.
Definition 2.16. Given m € P\ {0} and n € m*, we let
B 1= (C[e"] - 2™)0n ®c m = b,
whose general elements are of the form
Z Z CLkJkaaanI,
k>1 1

where I C {1,...,n}. This defines an abelian Lie subalgebra of b by (2.5)).
Definition 2.17. A wall w over R is a triple (m,Q,©), where

o m e P\ {0},

e (), called the support of w, is a connected oriented codimension one convex tropical
polyhedral subset of Mg, meaning that it is a connected convex subset locally defined
by affine linear equations and inequalities defined over Q,

e O € exp(hmng), where ng € N is the unique primitive element satisfying ng € (TQ)*
and (vg,n) <0, and vg € Mg here is a vector normal to Q) such that the orientation
of TQ ® R - vy agrees with that of Mg.

Definition 2.18. A scattering diagram D over R = R,, is a finite set of walls {(mq, Qu, Ou)}

Notations 2.19. For the scattering diagram D, we will define the support of D to be
supp(D) = | ) Quw.

weD
and the singular set of D to be

San(@) = U aQw U U (le N QW2)7

weD wihwa

where wy M Wo means transversally intersecting walls.

2.3.2. Path ordered products. An embedded path
7+ [0,1] = Bo\ Sing(D)

is said to be intersecting D generically if ¥(0),~v(1) ¢ supp(D), Im(y) N Sing(D) = O and it
intersects all the walls in D transversally. Given such an embedded path v, we define the
path ordered product along ~y, denoted by

v
O, = [ Ow € exp(h ®p m)

weD
following [29].
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Explicitly, we will have a sequence of real numbers
O=to<ti <ty < -+ <ty <tgy1 =1

such that {y(t1),...,v(ts)} = v Nsupp(D).

For each 1 < < s, there are walls w; 1,...,w;;, in D such that v(¢;) € P, ; := supp(w; ;)
forall j =1,...,l;. Since vy does not hit Sing(D), we have codim(supp(w; ;, )supp(w; j,)) =1
for any ji, j2, i.e. the walls w; 1, ..., w;;, are overlapping with each other and contained in a
common tropical hyperplane. Then we have an element

k
67(“) = H @g‘;i,j’

j=1
where
~_ | 1 if orientation of P;; @ R -+/(t;) agree with that of Mg,
9571 =1 if orientation of P, ®R-~/(t;) does not agree with that of Mg;

this element is well defined without prescribing the order of the product since the elements
@wi’j’s are commuting with each other.

Finally, we take the ordered product along the path v as

OF 5= O1) -+ Oyt -+ Oyt

Definition 2.20. A scattering diagram D is said to be consistent if we have
0, = 1d,
for any embedded loop ~ intersecting D generically.

Two scattering diagrams D and D are said to be equivalent if
0,0 =05
for any embedded path ~ intersecting both D and D generically.

2.3.3. Maslov index 0 tropical disks.

Definition 2.21. We define D(P,%, Py,...,P,) to be the scattering diagram consisting
of walls wr = (mp,Qr,Or) for each weighted d-pointed k-tree T' with MI(I') = 0 and
ML (P, S, Pr,...,P,) /Ry #0, where

(1) the ray Qr C Mg is given by the closure of the image of the evaluation map ev, :
ML(P,%, Py, ..., P,) — Mg at the outgoing vertex v, (i.e. the locus of the stop of a
tropical disk <),

(2) the Fourier mode mr = m¢ is the weight associated to the outgoing edge e, attached
to the unique outgoing vertex v,, and

(3) the wall-crossing automorphism Or is given by the formula

Log(©r) = kp Mult(T") 2" 0, ur,

where kr is introduced in Notation[2.6], ur is defined as in Definition[2.13, and nr € N
15 the clockwise primitive normal to Qr.
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We end this section by stating two of the main results in [27] describing how the per-
turbed Landau-Ginzburg potential W,,((Q)) jumps across the walls in the scattering diagram
D(P, %, Py,...,P,):

Theorem 2.22 (Proposition 4.7 and Theorem 4.12 in [27]). For any point j € Sing(D) \
{Py,...,P,} and any loop ~; around j in a sufficiently small contractible neighborhood U; of
j, we have

0., = 1d.
Furthermore, if Q,Q" € Mg are not lying on any walls in D(P, %, Py, ..., P,), then we have
(2'6> Wn(Q/) = @%D(Wn<Q))a

for any path v C Mg \ Sing(D) joining Q to Q'.

The main result Theorem [I.1] of this paper together with the main results of [10] can be
used to give alternative proofs of these results, as we have seen in the introduction.

3. EXTENDED DEFORMATION THEORY OF THE LG MODEL

In this section, we will investigate the Maurer-Cartan equation governing the extended
deformation theory of the Landau-Ginzburg model (X, ), and the asymptotic behavior of
the Maurer-Cartan solutions when the torus fibers of the fibration p : X — Int(P) shrink, by
using the techniques developed in [10].

3.1. The dgBV algebra coming from polyvector fields. Given a Landau-Ginzburg
model (X, W) equipped with a holomorphic volume form ), one can construct a natural
differential graded Batalin-Vilkovisky (dgBV) algebra on the Dolbeault resolution of the
sheaf of polyvector fields on X:

WYY — O0F (% A0
PVY(X) == QM (X, N'TY),
where the degree on PV (X ) is taken to be j —i. We briefly review this construction; see,
e.g. [41].
Notations 3.1. Given local holomorphic coordinates u', ..., u"™ on X and an ordered subset
I'={iy,...;ig} C{1,...,n}, we set

0 /\.../\i
Ooun ouir’

du' = du™ A--- ANdu', Op =
and similarly for du’ and 0.

First of all, the space of smooth sections of A* T)lv(’0 is equipped with a natural wedge

product A. We make use of the holomorphic volume form Q = efdu' - - - du” to define the BV
differential A. Given a polyvector field of the form 0; where I = {iy,... s}, we define

81%Q:ZLL---LLQ.

ou'l ou'k
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Definition 3.2. We define the BV differential A¢, (depending on ) by
(3.1) Aga Q= 0(a 4Q).

We will suppress the dependence of the BV differential on 0 when there is no danger of
confusion.

The operation 8, : A\* T — A" T"0 defined by

(3.2) So(w) == Alv Aw) — A(w) Aw — (—=1)Fv A Aw)
is a derivation of degree k + 1.
Definition 3.3. We define the bracket operation [-,:] : V@V — V by

[v, w] = (=1)"*15, (w),

where |v| stands for the degree of a homogeneous element v.

The well-known Schouten-Nijenhuis Lie bracket |-, -] on smooth section of A" T'Y can then
be expressed as

= 1)y v CCATIA TN
Y (2 3 )
[U1 A A, v A Avp] = E (=)o, vi] Aoy A AOGGA - AU A VA A

1<i<k
1<5<K

[or A A, f1 =D (=D w(Hos A AT ALy

%

These structures can be extended to the Dolbeault resolution PV**(X) of A" T equipped
with Oy = 0+ [W,] and the graded commutative wedge product A. In the local holomorphic
coordinates u', ..., u", writing o = o,du’ A9y (with |I| =i and |J| = j) and 8 = SFdu” N0k
(with |K| = k and |L| = 1), we have

d(a) = d(ad)du’ A oy,

Ala) = (=1 da’ A Al 0r),
(—1)
(—1)

1“&5- Ldu /\dU /\6[/\6[(,

1 Z+1 ld'U/Jd'a [Oéja[, L aK]

)
)
NP
[ A
These operations satisfy
[v,w] = —(— )|v|+1)(lwl+1)[w v],
[v, [w, u]) = [[v,w], 4] + (=1 VD, o, 4],
Alv,w] = [Av),w] + (1) o, A(w)],
|

Ow v, w] = [Owv,w] + (—=1)"H v, dyw).

From these we obtain the differential graded Lie algebra (dgLa) (PV**[1],[-, ], Ow) (here
[1] is a degree shift). We will be considering the asymptotic behavior of solutions of the
Maurer-Cartan equation

= 1
(3.3) 8W<p + =

-0
2[%90] ,
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—

for degree 0 elements ¢ in PV** ®@¢ C[Q]g ®c m,. (Recall that m, is the maximal ideal
introduced in Notations [2.4] )

Going back to our situation, by passing the exact sequence of monoids ({2.1]) to the associ-
ated abelian groups, we obtain the exact sequence

(3.4) 0 Qo por

M 0,

which is usually called the fan sequence in toric geometry [12, 23]. We have P9 = 7= =~
M x Q9% giving a trivialization of the family over Spec(C[Q?"]) C Spec(C[Q)]) as

(3.5) X Xspeceiq)) Spec(ClQ™]) 2 Ty x Spec(ClQ)),
where Ty := (N ®z C) /N is a 2-dimensional algebraic torus.

Since () is a strictly convex polyhedral cone, there is a natural maximal ideal m = mg, :=
(z™ | m e @\ {0}) in C[Q]. We consider the completion C[Q)] := l&lkC[Q]/mk and its

—

localization C[Q]s at the multiplicative system S = {z™ | m € @ \ {0}}. By taking the
tensor product C[P%] @cgsr) C[Q]g = C[M] ®@c C[Q]s, we can treat W € C[M] ®c C[Q] as
a family of Landau-Ginzburg potentials parametrized by C[Q] on the (fixed) algebraic torus
Ty.

For the Landau-Ginzburg model (X, W) := (Ty, W), we fix once and for all the local
holomorphic coordinates as follows:

Notations 3.4. We fix once and for all a Z-basis €1, e5 for M and identify m = mye; + moes
with (my, my) € Z*. We also use w™ = (w')™ (w?)™2, for m = (my,my) € M, to denote a
monomial on X .

Notice that every m € M naturally gives a (1,0)-form dlog(m) := dlog(w™); similarly,
every n € N naturally gives a vector field 0, satisfying

3n(wm) = (n,m)w™,

where (-, -) is the natural pairing between M and N.

We can define a natural holomorphic volume form € on X by
(3.6) Q := dlogw" A dlogw?,

so we obtain the triple (X W, Q), and hence a dgBV algebra by the above discussion.

3.1.1. h-family of SYZ fibrations. Following a proposal by Kontsevich-Soibelman [38] and
Fukaya [10], we are going to construct an h-family of SYZ fibrations which corresponds to a
large structure limit, so that we can apply asymptotic analysis as in the previous work [10].

We consider the log map Log : Ty = (N¢/N) — +/—1Ng which is naturally a torus
fibration. We fix a symplectic structure wg on the toric surface Xy, and consider the associated
moment polytope P C v/—1Ng. From the SYZ viewpoint [49, O], the mirror manifold is
obtained by dualizing the moment map on Xy, so we choose the base of the SYZ fibration to
be By := Int(P) and take X = p~!(B,) instead of the whole algebraic torus Tl.
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Let {e', e?} be the Z-basis of N dual to the chosen basis {e1, e} of M. We then let (z!, z?)
be the oriented affine coordinates of By with respect to the basis {e', e*} and (y', y*) be the
affine coordinates on the torus fibers of p : X — B,.

Associated to the symplectic structure wy, there is a symplectic potential ¢ in the action-
angle coordinates as in [34]. We take ¢ and apply the Legendre transform

Ly : Int(P) — Mg
to obtain the dual integral affine manifold By equipped with affine coordinates
99 ¢
T = ——, X9 = ——.
P e T 0a?
We prefer to work with the affine manifold By because then we can deal with tropical trees
instead of Morse trees as mentioned in [33] (see also [10]).
We introduce a small 2 > 0 parameter to rescale the afﬁne coordinates on By as :1:] — hlad,
and obtain the (fi-dependent) holomorphic coordinates w’ = exp(—2mi(y’ +iha?)) (cf. [10,

Section 2|). Under these h-twisted coordinates, the holomorphic vector field 0; is explicitly
given by

s . 9 i N R
J J J

U R A T
47 ; " <ayj Zﬁzk:gjkGIk).

We take the corresponding A-dependent dgl.a of polyvector fields, which will be denoted by
PV,"*. We will always be considering differential forms on By depending on % and hence we
introduce the following notation.

Notations 3.5. We use Q5 (By) (similarly for Qi (U) for any open subset U C By) to denote
['(By x Rug, A" T*By), where the extra Rwq direction is parametrized by h.

(3.7)

3.1.2. Fourier expansions of polyvector fields. We recall the Fourier transform F introduced
in [I0, Section 2], which gives us an inclusion of dg Lie subalgebras (it is an inclusion since
we restrict ourselves to Fourier modes m in P, and take finite sums instead of infinite Fourier
series):

(3.8) F G = (@ Q;;(Bo)zm> @z [\ N &c R, = PV;"* ®c C[Q]5 ®c R,
meP
by
(1) identifying the Fourier modes 2™ € C[P] < C[P] as z™ = w™®q¢™ € C[M] ®<caQ\]s
through the isomorphism C[P%] = C[M| ®¢ C[Q],
(2) pulling back smooth functions f(x,h) on By to X via the equation F(f(x,h)) =
p~Y(f(x,h)) and using the torus fibration p: X — By,
(3) identifying the 1-form dz? =3, %dwk (where ¢ : By — R is the Legendre dual

to ¢) on By with the (0, 1)-form F(da?) = Ldlogw’ on X for j = 1,2,
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(4) identifying n € N with the holomorphic vector field 9, on X by (3.7)), and
(5) extending the map skew-symmetrically.

The Dolbeaut differential 0 is identified with the deRham differential d acting on each
summand 2} (By) via F. The action of a vector field 9, = (n',n?) on f(z, h) by differentiation
is identified as

82(;5 0
(3.9) On 4%2 0290z 0xk(f)

via F (recall that z!, 22

nates on By = Mg).

are affine coordinates on By 22 Int(P) while 2, 25 are affine coordi-

3.2. Differential forms with asymptotic support. We will be working with a dgl.a con-
structed as a suitable quotient of a subalgebra of G* (defined above in (3.8])), which turns
out to be closely related to the tropical counting defined in Section [2} In order to do so, we
need to recall the notion of asymptotic support on a closed codimension k tropical polyhedral
subset P C U for some convex U C By which describes the behavior of differential forms
a € Q5(By) as h — 0 and also some of its basic properties from [10].

First of all, by a tropical polyhedral subset in U we mean a connected convex subset which
is defined by finitely many affine linear equations or inequalities over Q. In this paper, we
will only be considering 3 cases:

(1) P is a point whence dimg(P) = 0;
(2) P is aray or a line whence dimg(P) = 1;
(3) P is a polyhedral domain whence dimg(P) = 2.

We begin with recalling the definitions and lemmas from [10] for a convex open subset
U C By in a general (oriented) affine manifold Bj.

Definition 3.6. We define W, *(U) C Q¥(U) to be the set of differential k-forms o € QF(U)
such that for each point q € U, there exists a neighborhood V of q where we have
||Vja||Loo(V) S Dj7ve_cV/h

for some constants ¢y and Dy . The association U — W,_°(U) defines a sheaf over B
which we denote by W, ™.

We will also consider differential forms which only blow up at polynomial orders in A

Definition 3.7. We define W(U) C QF(U) to be the set of differential k-forms o € QF(U)
such that for each point q € U, there exists a neighborhood V' of q where we have
IV al| oy < Dy =Y

for some constants Djy and Njy € Z~q. The association U — WP (U) defines a sheaf over
By which we denote by Wi°.

Notice that the sheaves W,;too in Definitions and are closed under the actions of
\Y% o, the deRham differential d and the wedge product of differential forms. We also observe

the fact that W, *° is a differential graded ideal of W;°. In particular, we can consider the
sheaf of differential graded algebras W /W_ > equipped with the deRham differential.
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Notations 3.8. Let P C U be a closed codimension k tropical polyhedral subset.

(1) There is a natural foliation {P,},en in U obtained by parallel transporting the tangent

space of P (at some interior point in P) to every point in U by the affine connection
V on By.

We let vp € T(U, N*(N%)) be a top covariant constant form (i.e. V(vp) = 0) in
the conormal bundle N} of P (which is unique up to scaling by constants); we regard
vp as a volume form on space of leaves N if it admits a smooth structure. We also let
vy, € A¥Np be a volume element dual to vp, and choose a lifting of v} as an element
in AETU (which will again be denoted by vy, by abusing notations).

4 = ~
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/ A Y
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1 {Ps}een .
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FIGURE 2. The foliation near P

(2) For any point p € P, we choose a sufficiently small convexr neighborhood V- C U

containing p so that there exists a slice Ny C 'V transversal to the foliation {P, NV}
given by intersection of {P,},en with V, i.e. a dimension k affine subspace which is
transversal to all the leaves in { P,NV }; we denote this foliation on'V by {(Py.4) }eeny s
using Ny as the parameter space. See Figure |3 for an illustration.

In V', we take local affine coordinates x = (x1,...x,) such that ' := (xq,..., )
parametrizes Ny with ' = 0 corresponding to the unique leaf containing P. Using

these coordinates, we can write vp = dxy N -+ A dxy and v = 8%1 JANCRRIAN For

Definition 3.9. A differential k-form a € W°(U) is said to have asymptotic support on a
closed codimension k tropical polyhedral subset P C U with weight s, denoted by o € W} if
the following conditions are satisfied:

(1) For any p € U\ P, there is a neighborhood V-C U \ P of p such that afy € W, (V)

on V.

(2) There exists a neighborhood Wp of P in U such that we can write

a = h(z,h)vp +n,

where vp is the volume form Notations[3.8(1), h(z, k) € C®(Wp x Rsg) and n is an
error term satisfying n € W, *(Wp) on Wp.
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(3) For any p € P, there exists a sufficiently small convex neighborhood V containing
p such that using the coordinate system chosen in Notations (2) and considering
the foliation {(Pya)}wen, n V, we have, for all j € Zso and multi-index =
(Bi,...,Br) € ZE,, the estimate

- j+s—16]—k
(3.10) [ wy <sup |VJ<LVyDa>|) vp < Dysh™F,
z’€Ny PV,a:/
for some constant D,y 3 and some s € Z, where |B| = By is the vanishing order of
5,V.B l
the monomial (z')° = 2 - - - &% along Py—.

Remark 3.10. Note that condition (3) in Deﬁm’tion is independent of the choice of the
convex neighborhood V', the transversal slice Ny, and the choice of the local affine coordinates
r = (x1,...2,) (although the constant D;vz may depends these choices). Therefore this
condition can be checked by choosing a sufficiently nice neighborhood V' at every point p € P.

By definition, we have
Vo Wi(U) c Wi (U)

9z
forany [ =1,...,n, and
(@) Wp(U) c Wy ()

for any affine monomial (2')? with vanishing order |3| along P, so we have the nice property
that

(3.11) (#)°V o -V _o Wi(U) c Wi P,

oz oxy .
Iy L

The weight s in the Definition defines the following filtration (we will drop the U
dependence whenever it is clear from the context)ﬂ

(3.12) W™ CWp* C--- Wl CWR CWLCWEC - CWEC - CWE C Q).

This filtration keeps track of the polynomial orders of A for differential k-forms with asymp-
totic support on P, and it provides a convenient tool for us to prove and express our results
in asymptotic analysis.

3.2.1. Behavior under d and N\. We have the following lemma describing how compatible the
filtration is with the wedge product:

Lemma 3.11 (Lemma 4.24 in [I0]). For two closed tropical polyhedral subsets Py, Py C U of
codimension ki, ky respectively, we have Wi, (U) AWp, (U) € WE(U) for any codimension
k14 ko polyhedral subset P containing Py Py normal to vp, Avp, if they intersect transversally
(in particular if codimg (PN Py) = ki+ky we can take P = PLNP,), and Wp (U) AW, (U) C

Wi 5, (U) if their intersection is not transversal.

Let us clarify that when we say two closed tropical polyhedral subsets Py, P, C U of
codimension ki, ky are intersecting transversally, we mean the affine subspaces containing
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FiGURE 3. Foliation in the neighborhood V

Py, P, and of codimension kq, ko respectively are intersecting transversally; this applies even
to the case when OP; # (), as shown in Figure

Definition 3.12. A differential k-form « is in VNVz(U ) if it there exist finitely many polyhedral
subsets Py, ..., P, of codimension k such that o € @2:1 ngj(U). If we further have do €

WiTHU), then we say a is in Wi(U).

We have the following lemma by applying Lemma [3.11

Lemma 3.13. We have W;'(U) A\W2(U) € W2 (U).

Proof. From Lemma [3.11) we notice that we will always have some polyhedral subset P of
codimension k = ki + ko such that W (U) A WE(U) € W™ (U), whenever P, and P
are polyhedral subsets of codimensions k; and ky respectively. Therefore, we conclude that
W (U) AWE(U) € Wiz (U).

Now, suppose a; € Wi (U). Then we will have da; € W,‘Zﬁ(U ) and therefore (day) A ay €

A 222 (U), and similar statement holds for o A (das). O

Definition 3.14. We let W2(U) := @, Wi (U) for every s € Z.

Proposition 3.15. W?(U) C W>(U) is a dg subalgebra and W, (U) € W2(U) is a dg ideal
of W2(U), under the operations d and A.

Proof. From Definition we see that W#(U) is closed under the deRham differential for

any s € Z. Furthermore, Proposition m says that WiH(U) AW2(U) € W2 (U) and

WEHU) AWR(U) € WaE2TH(U), which are exactly the properties we need to show. [

Note that the degree k of the differential forms has to be equal to the codimension of P. Also note that
the sets W,ffoo(U) are independent of the choice of P.
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3.2.2. Behavior under integral operators. For the rest of this Section |3.2 we will study the
behavior of W4, (U) under the application of a homotopy type operator I. For a given closed
tropical polyhedral subset P C U, we choose a reference tropical hyperplane R C U which
divide the domain U into U \ R = U, U U_, together with an affine vector field v (meaning
Vv = 0) transversal to R pointing into U, .

By shrinking U if necessary, we assume that for any point p € U, the unique flow line of v
in U passing through p intersects R uniquely at a point x € R. Then the time-t flow along v
defines a diffeomorphism

T W —=U, (t,z) = 7(t,x),

where W C R x R is the maximal domain of definition of 7 (namely, for any x € R, there
is a maximal time interval I, C R so that the flow line through = has its image lying inside
U). For any point z € R, we denote by 7,(t) := 7(t, z) the flow line of v passing through z.
Figure [4] illustrates the situation.

FIGURE 4. The flow along v and I(P)

We let P. = PN U, and define
I(P)+ = (Py +Rxo - v)

NU.
(3.13) I(P)- == (P-+R<y-v)NU.
=1

as shown in the above picture |4} and we will write /(P) (P)+ UI(P)_.

We now define an integral operator I as

(3.14) [(a)(t,z) = /0 Lo (7*(0)) (5, 2)ds.

ds

Note that [ depends on the choice of the tropical hyperplane R. We have the following
lemma, which is a modification of [I0, Lemma 4.25]:
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Lemma 3.16 (cf. Lemma 4.25 in [10]). For a € Wi (U), we have I(a) € W, 7 (U) if v is not
transversal to P, and I(«) € WIS&DI)JF(U) + Wf(}l)i(U) if v is transversal to P, where I(P)4

is defined in ([3.13). Moveover for o € Wi (U), we will have I(a)) € WiZH(U).
Before proving Lemma (3.16] we introduce a decomposition o = oy + a_ of a, where

the components a; and a_ have asymptotic support of the same weight on P, and P_
respectively, using cut-offs as follows. We first consider the functions depending only on the

t-coordinate given by
1
1\
t) = —
X+(t) ( ﬁﬁ>

X-(t) =1-x4(t) = (;—W)l/too e ds,

which have asymptotic support on Uy = {t > 0} NU and U_ = {t < 0} NU respectively with
weight 0. Proposition [3.13| implies that the cut-offs

(V)
N
3

Q)
|
:\-“”M
QL
()

a4 = X4+

have asymptotic support on Uy N P with the same weight s respectively.

Proof of Lemma [3.16. We begin by assuming o € W5 (U) with P C U, and we simply write
I(P) to stand for I(P)y. In order to simplify notations in this proof, we will omit 7* in the
definition (3.14)) of I by treating 7 : W — U as an affine coordinate chart.

Suppose that v is not transversal to P. By condition (2) of Definition , we have a
neighborhood Wp C U such that « = hvp+n. For each point € R, the path 7,(¢) is tangent
to the foliation { P, },en in Wp whenever 7,(t) € Wp by the non-transversal assumption. This
means L%(Vp) =01in 7, '(Wp) and hence we have

I{a)(t,z) = / Lo a(s,x)ds = / Lo as,x)ds + / Lon(s,x)ds.
o4 % 04N H(U\Wp) % 04N t(wp)

So we have I(a) € W, % (U) by conditions (1) and (2) of Definition .
Now suppose that v is transversal to P. Let
I(Wp) == JWp +t-0v)NT,
>0

which gives an open neighborhood of I(P). Concerning condition (1) in Definition[3.9] we take
7(to,x9) € U\ I(P), and then a neighborhood V' of 7(ty, zo) in U \ I(P) and a neighborhood
W, € Wp of P, such that, for any point 7(¢,z) € V, the flow line joining 7(¢,z) to R does
not hit 5. This implies that I(a)|y € W, (V) since we have a]U\W e W, >*(U\Wp) and

t
I{a)(t,z) = / Lo a(s,x)ds = / Lo s, x)ds.
0o o407 H(O\Wp)

So condition (1) in Definition (3.9 holds for I(«).

Concerning condition (2) in Definition , we first note that v = £ is tangent to I(P),

so by parallel transporting the form ¢ 2 Vp to the neighborhood I(Wp), we obtain a volume
t
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element in the normal bundle of I(P), which we denote by v;(py. For a point ¢ € I(Wp), we
take a small neighborhood V' near ¢, and for 7(¢,z) € V, we write

I(a)(t, z) :/0 Lo s, x)ds

ds

:/ Lo as,x)ds+ / Lo (hvp +n)(s,x)ds

o0 (U\Wp) 0.0 (Wp) ™

= (/ h(s,x)ds) VI(p) +/ Lon(s,x)ds
[0,6)n75  (Wp) (04N t(Wp) °F

+/ Lo (s, x)ds,
[0 U \Wp)

where the last two terms are in W, °7(V'), and condition (2) in Definition [3.9 holds for I(«).

Concerning condition (3) in Definition 3.9, we fix a point p = 7(b,xz) € I(P) and let
p' = 7(a,x) € P be the unique point such that p, p’ lie on the same flow line 7,.. We take local
affine coordinates © = (z1,...,Tp_1, T, -, Tn1) € (—0,0)""! of R centered at p’ (meaning
that p’ = 7(a,0)) such that 2’ = (xy,...,25_1) are normal to the tropical polyhedral subset
pr(771(P)) C R, where pp : W(C R x R) — R is the natural projection.

By taking ¢ small enough, we have 7 : (a — §,b + §) X (—4,0)""! — U mapping diffeo-
morphically onto its image, such that it contains the part the flow line 7g|(, 4 joining p" to
p. We can also take V = 7((b — 8,0 + 0) x (—4,0)" ') with 7(b,0) = p, and arrange that
V'=71((a—46,a+0) x (—§,0)"') C Wp with 7(a,0) = p/. Notice that there is a possibility
that p = p’ € P and therefore a = b in the above description which means V' = V’. Figure
illustrates the situation.

p' =m(a)

FIGURE 5. Neighborhood along the flow line 74(t)
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Recall that there is a foliation { P, },en codimension k affine subspaces parallel to P. Then
the induced foliation {P; . }(141)en,, of the neighborhood V' can be parametrized by Ny :=
(a—3d,a+0) x (—§,5)F1. Therefore the foliation of V' induced by I(P) is parametrized as
{I(P)s }seny , where

I(P)I/ = U (PO,a:’ + t’U)
te(b—0,b+9)

and Ny = (—4,6)"1.

For a € W3, we consider I(«a) = ft

0 Laga(s, x)ds in the neighborhood V| and what we need

to estimate is the term

/l(q:’)ﬁ sup ]VjL,,Iv<P>[(a)]1/I(p).

1(P)

x!

Writing V/ = V7' V%2 | where V, (t) = 0, we have two cases depending on whether j, = 0 or
o
J2 > 0: t
Case 1: jo = 0. Then we have

) a—0 ] a+d ) b+0 ]
Vi, (Tl < [ Wl galds+ [ [9iGalds+ [ IV ads
a a+

in the case that p’ ¢ RN P (equivalent to a > 0 in the local coordinates given by 7), or

a+0 b+o

|V1<LV¥)C¥)|dS+/ ) \Vi(bl,lv)a)]ds,
a+

Vi, () <

a—4
in the case that p’ € RN P. In both cases, the latter term can be dropped because the domain
ff:; misses the support of P, so it lies in W, . For the case p’ ¢ RN P, we notice that the
first integral foa_6 |V, (y)|ds can also be dropped as the domain foa_é misses the support

of P as well, contributing to a term in W, 7.

As a conclusion, we only have to consider the term faaj; ]Vi(eylg «)|ds which we treat as a
function of (¢,z) on V' that is constant along the ¢-direction. Therefore we estimate

a+d )
/(x/)ﬁ sup (/ ]Vi(LV}vD&)\ds) Vi(p)
o 1P, \Ja-s

x

a+o )
:/ () sup (/ |V1(L,,Iv3a)|ds> Vi(p)
x! P07E1+b1) a—0

a+d ]
g/ sup (/ (') sup \Vi(Ll,lvj(x)]ds> Vi(p)
x! P07z/+bv a—0 P, s

s, x

a+d )
:/, (/ 5 (x/)ﬂ }s)up |V1(Ll,}v;()é)|d8> Vip)

s,T

Jts—|Bl=k

SCj»‘//:ﬁhi 2 7
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where the first inequality follows from the inequality

a+9d ) a+0 )
/ IV (Lya)lds < / sup |V, (y)|ds,

-4 a—0 Pt,ac’

and the second equality is due to the fact that faaj; supp, ]Vi(a,,}vj a)|ds, treated as a function

on V, is constant along the leaf %,/ +bv. Writing j+s—|5|—k=j+(s—1)—|8] — (k—1),

we obtain the desired estimate so that o € Wy Pl)(U ).

Case 2: j, > 0. Then we have V72 WY (I,—s(a)) = Vjéfl(h,}v)a). We can rewrite it as
ot ot

t
VIV iy, Las(@))(60) = | Vi lga)(s 2)ds + (V57 V] (ya)) (a = b.2),
where the latter term lies in W, °] because it misses the support P of «, and the first term
is bounded by

b+6

\/:_6 Vj(Ll,lv;cx)(s,:c)dﬂ < /a+5 |Vj(e,,}vjoz)|(s,x)ds —|—/ \Vj(L,,;a)Ks,x)ds.

a—6 a+o
The same argument as in Case 1 can then be applied to get the desired estimate.

Finally, the last statement that I is a map from W(U) to Wi~ H(U) follows immediately
from the first statement. g

In order to obtain the corresponding statement about Wg(U), we need the following Lem-
mas and which describe the behavior of W5,(U) under pullbacks. Following the
notations in Lemma |3.16] we consider the tropical hypersurface i : R C U with an affine
projection p : U — R (which are explicitly given by the i(z) = (0,z) and p(¢,z) = x using
the affine coordinates given by 7).

Lemma 3.17. For a € Wi(U), we have i*(a) € W§(R) if P intersects R transversally and
Q is any polyhedral subset of R of codimension k (here k = codimg(P C U)) containing PN R

and normal to i*(vp), and i*(a) € W, >(U) if the intersection of P and R is not transversal.
Moveover, the pull back gives a map i* : Wi(U) — Wi (R).

Proof. We begin by showing the corresponding statement for W% (U). First, we will show
condition (1) of Definition . Suppose that p € R\ P, then we can find a neighborhood V'
of pin U \ P such that a|y € W, (V) from the assumption that o € W5, (U). Therefore
alvar € W, (VN R).

For condition (2) of Definition [3.9] we first assume that P and R are not intersecting
transversally. We notice that there is a neighborhood Wp of P such that a can be written as
h(z, h)vp+n in Wp from the assumption that & € W (U). Therefore we will have i*(vp) =0
if the intersection is not transversal, and so i*(a) € W, *(R). Suppose P and R intersect
transversally, then we can take Wpng := i~'(Wp), and we will have

i*(a)|WPﬂR = 1*(h)1*(VP) + 1*(77)

in Wpng with i*(vp) being the volume form of normal bundle of i~ (P) as desired for condition
(2). Notice that if @ # RN P and for any point p ¢ RN P, there is a neighborhood V' of p
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such that a|ynrg € W, *°(V N R) from our earlier discussion, and therefore condition (2) still
holds for arbitrary such Q.
For condition (3), we consider a point p € RN P with affine coordinates
(LCl, e s Xy Lot 1y - - - ,:cn) S (—5, (5)”

in V. C U such that RNV = {z,, = 0}, and 2’ = (xy,...,x;) are parametrizing the parallel
foliation { Py },e(—s,6r to Pin V. Then { Py N R} e(_s6) is the foliation parallel to PN R
in V'N R. Using the fact that supp, ,~r [V (tya)| <supp , [V/(t,ya)], we have

' ; =Bk
/ @) ( sup |V]<Lv%a>|> vp < / (z')? <sup IVJ(LV;aM) vp < Dyvgh™" 2
' €Ny vaz/ﬂR /€Ny PV,z’

which is the desired estimate for condition (3) of Definition

Finally, the second statement that i* is a map from W} (U) to W;(R) immediately follows
from the first statement. U

Lemma 3.18. For a € Wp(R), we will have p*(a) € Wy_1p)(U). Moreover, the pull back
gives a map p*: Wi(R) = W;(U).

Proof. For condition (1) of Definition , suppose we take z € U \ p~!(P), we will have an
open subset V' C R\ P containing p(x). Therefore from the fact that |y € W, (V) (here
k = codimg(p~'(P))) we get p*(a)|p-1r) € W= (P (V).

For condition (2) of Definition we take a neighborhood Wp of P in R such that
we can write a as hvp +n with n € W,_*(R) and vp is the normal of P in R. We let
Wo-1py = p~'(Wp), and observe that p*(a) = p*(h)p*(vp) + p*(n) with p*(vp) being
normal of p~!(P) in U which is the desired decomposition.

For condition (3), we consider a point p € p~*(P) with affine coordinates
(l’l, e s Xy Lot 1y - - - ,l’n_l) < (—5, 5)n—1
around ¢ := p(p) in V. C R such that 2’ = (xy,...,2,) are parametrizing the foliation
{Pvatwesor parallel to P in V. Therefore, we can extend the affine coordinates as
(1, Thy Ths1s - - -, Tp) of p~H(V) such that
P(Z1, . Thy Tty -5 T) = (D1, oo Ty Thg1, -+ - Tpe1)

in these coordinates. We notice that {p~" (Pyur)}ure(—ss) is the foliation parallel to p~'(P)
in p~!(V) and we also have

sup [V ()l = sup [V (tpeppvpt(a))].
PV,x/nR p_l(PV,z/)

Therefore we conclude that

/. <x’>ﬁ< 18(1113p )|vj<bp*<yp>vp*<a>>|) p*(vr)
Z'€Np—1(v P (Pyar

:/ o (Sup |VJ(LVY>O‘)|> vp < Dj,V,BfTW,
z'€Ny

Py o

which is the desired estimate.
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Finally, the second statement that p* is a map from W} (R) to Wi (U) follows immediately
from the first statement. U

Lemma 3.19. For a € W;(U), we have I(a) € Wi~ (U).

Proof. With the same notations as in Lemma [3.16, we note that the integral operator I
satisfies the equation dI + Id = Id — p*oi*. For a given a € W§(U), we have I(a) € W;i~{(U)
by Lemma Making use of Lemmas and we have

d(I(a)) = —I(d(@)) + a = p* o i*(er) € W(U),
which implies (o) € Wi~1(U). O

Finally, we extend the definition of the integral operator which retracts U to a point g
instead of the hypersurface R. We consider the chain of affine subspace {qo} = Uy < U;--- <
U, = U with dimg(U;) = j, equipped with the natural inclusions i; : U; — U;4; and affine
projections p; : Uj41 — U; such that the fiber of p; is tangent to a constant affine vector
field v; on Ujy;. Composition of the inclusion operators gives i;; : U; — Uj;, and similarly
for the projection operator p;; : U; — U; for i < j. We let I; : Wi(Uji1) — Wi 1(Ujy1)
be the integral operator defined on U;;; using the vector field v; as in the beginning of this
subsection (Section [3.2.2)).

We will further choose ¢q to be an irrational point in U; (strictly speaking it is not a tropical
polyhedral subset of U;) for later applications in Section 3.4 when we solve the Maurer-Cartan
equation. The definitions of pg ;’s are still valid if they are treated as inclusions of constant

functions. The operator I, will define a map W;(U;y) — Wi~ |(U;) regardless of the fact that
o is irrational, because every a € Wj(U;) is a finite sum of ) , a; with a; € WE(UI) for
some rational points P’s on U; which in particular miss gy and therefore Io(P,) will still be a
tropical subspace of Uj.

We define the integral operator by
(315) I = pin[()iin +oet p;—l,nIn—Qi;—l,n + In—17

which is defined as Wi (U) — W;Z{ (U), with the corresponding operator i* := if, being the
evaluation at g and the operator p* := pg .

Proposition 3.20. We have the identity
dl +1d = Id—p* oi”,
meaning that I is contracting the cohomology of U to that of the point qq.

Proof. We first notice that

* o ok . * ok ok
pj—i—l,n(dlj + ]jd)1j+1,n = pj+1,n(7'de+1 - pj,j+11j,j+1)1j+1,m
which gives
* ok * ok ok ok * ek
d(Pj+1,n]j1j+1,n) + (pj+1,anlj+1,n>d = Pjtinlit1n = Pjinljn:
Taking summation over 5 =0,...,n — 1 gives the desired equation. U

3.3. The tropical dgLa and its homotopy operator. Starting from now on, we will
restrict ourselves to the case that By = Mgz with U C M.
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3.3.1. The tropical dgLa and the extended tropical vertex group. As an analogue of dgLa G*
introduced in (3.8]), we further impose the requirement of the asymptotic behavior as A — 0
and replace 2 (U) by the dg subalgebra W2(U).

Definition 3.21. For every convexr open subset U C By, we define a dg Lie subalgebra of
PV, |y ®@c Ry, by

G (U) = ﬁ[ (QB W,?(U)zm> ®7 /\ N ®c Rn} ,

meP

making use of the Fourier transform (3.8)). By abusing of notations, we will drop the identi-
fication via Fourier transform in (3.8)) and simply write

G."(U) = (@ WS(U)zm> ®Z/*\N®@ R,.

meP

Then we take the quotient by the dg Lie ideal

o (U) = (@ W*_I(U)Zm> ®z /*\N®<c R,

mePpP

to obtain

(3.16) (G/1);"(U) = (@ (W2(0)/ W) 2m> ®z \ N ®c Rn

mePpP

which defines a dgLa (since W, Y(U) is a dg ideal of WO(U) ).

A general element of G4, £49 and (G/Z)% is a finite sum of the form

where I C {1,...,n} and u; = [[;c; u;, with a,, 77" € Wi(U), oy ;7" € Wi'(U) and

m,I

™ e WHU) /W (U) respectively.  We will be concerned with the Maurer-Cartan
equation (3.3)) of the dgLa (G/I)5*(U) instead of PV;""|y ®c C[Q]g ®c R,, because the

former is more closely related to tropical counting defined in Section [2}

Making use of the holomorphic volume form (3.6)) on X, we obtain a BV operator A acting
on PV;"" as in Section The BV operator can be carried to G** and naturally to (G/Z)%*,
equipping them with dgBV structures. The BV operator is explicitly given by

A(azmém Ao A 8nj) = Z(_1>|a|+rflavnr<azm>avm A 8nr oA 8nj
J

in G»*, which is further reduced to
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in (G/Z):*. This is because of the extra /i in the formula (3.9) giving d,(a) € Z>*. As a
consequence, the Lie bracket [-,-] in (G/Z)5* is given by

[azm vnI,BZm/aan] — (_1)(‘I|+1)|B|O‘6[2mén”ZmlénJ],
where 0, = 3,”1 ARERW 5,%[.
Definition 3.22. We call the dg Lie subalgebra H»* < (G/I);* defined by Hy* = ker(A),
equipped with the differential Oy and Lie-bracket |-, -], the tropical dgla.

We call b := H:°*Nker(0) the extended tropical Lie-algebra. The corresponding exponen-
tial group exp(hr) is called the extended tropical vertex group.

Explicitly, we have

hizc'élAan@CRna

and H»* can be thought of as the Dolbeault resolution of ;. We will see that solving the
Maurer-Cartan equation (3.3)) in #}* is intimately related to tropical counting.

3.3.2. The homotopy operator. In order to solve the Maurer-Cartan equation , we need
a homotopy operator H (also called a propagator) to fix the gauge and apply Kuranishi’s
method [40] to construct the solution as a sum over trivalent trees. We begin with the
construction of a homotopy operator H using the operator I introduced in (3.15). We will
take U = By = Mp in the rest of this subsection, and drop the dependence on U in notations
whenever there is no confusion.

Notations 3.23. For each m € P with the associated m € M, m naturally gives an affine
vector field on By = Mg which, by abuse of notations, will also be denoted as m. We fix an
affine linear metric go on Mg. We choose a chain of affine subspaces {pt} = U}" < U™ <
U = Mg (we choose U™ to be irrational point on U™ as in Section[3.9), together with the
projections pj*’s (determined by the vector field v*’s) for each m € P, as in the definition of
I in by requiring vi* = —m and U™ = {z | go(—m,x) = —R} such that the half space
U, ={x | go(—m,r) > =R} containing Sing(D) for some large enough R to be fived later
in Lemmal[4.4), for m # 0.

Such a choice will give us a homotopy operator H,, : WO(U) — W?_(U) using the con-
struction in (3.15)) (which was denoted by I there).

Definition 3.24. For each m € P, we define the homotopy operator
H,, :W(U)z™ = W°_(U)z"
on the direct summand for each Fourier mode z™ by simply taking H,,(az™) == H,,(ca)2™.

We also define the projection
P : WU 2™ — WU 2™
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by P (az™) := (atfy0 )2™, where a,0 is evaluation of a at the point {x3} = U, and the
operator

b WU 2™ — W2(U) 2™
by tm(az™) = 1 (@)2™ by setting vy, : WO(UZ) — W2(U) to be the embedding of constant
functions over Myg.

We will abuse notations by treating H,,, P, and t,, as acting on the spaces WO(U) and
WE(UF) respectively.

As in [10], these operators satisfy the following identity of homotopy retracting W2 (U)z™
onto its cohomology W(U")z™ = H*(W?(U),d)z™, i.e. we have
(3.17) Id — t;yPy, = dH,, + Hpod.
Moreover, these operators can be descended to (W2(U)/W.(U))z™ contracting to its coho-
mology C - 2™ = (W(U§) /Wy (UF")) 2™
Definition 3.25. We define the operators

H::@Hm, P::GBPm anda::@am

acting on the direct sum @, W?(U)z™ and its cohomology. These operators extend naturally
to the tensor product Gi*(U) = (D,,ep W2 (U)2™) @z \" N®cR,, and descend to the quotient
(G/T):*. Moveover, these operators preserve H:* and hence can also be defined on H*. All
of the above operators will be denoted by the same notations.

3.4. Solving the Maurer-Cartan equation. Recall that we have fixed n points P, ..., P,
in generic position, with each P; corresponding to a formal variable u; € R,,. To each P;, we
associate an input term of the form

H(z) = Ui(Spi (51 N 52),

where 9y, 0 are the holomorphic vector fields corresponding to the basis {e', €2} of N (fixed
at the beginning of Section [3.1.1)), and

1
(3.18) op, = _ﬁe_(n’?’ﬁmzz)/hd??iJ A dniz € Wy°

T
is an A-dependent smoothing of the delta-function at P;, for some affine coordinates (7; 1, 7;2)
on Mg taking the values (0,0) at P;. We will be interested in the Maurer-Cartan solution in
H:* constructed by a sum over trees formula with the input > 1.

Notice that we have dp, € W}, because because we can apply Lemma to the expression

1\ /2 1\ Y2
o= (=) e any | A (=) ey, )
’ mh 7 mh ’

and we have the following lemma from [10]:

Lemma 3.26 (Lemma 4.14 in [I0]). For any affine linear function n on U, the 1-form
(%)1/2 e‘(”2)/hdn has asymptotic support on the line L := {n = 0} with weight 1.
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Instead of solving the Maurer-Cartan equation directly, we will try to solve the equation
(13.19):

(3.19) @ = 11— H(W, ] + 3 [®.a])

where @ is a degree 0 element in H;»*, with the input

(3.20) =Y 1.
i=1

This originates from a method of Kuranishi [40] in solving the Maurer-Cartan equation of
the classical Kodaira-Spencer dgla. His method can be generalized to our current situation
as follows (see e.g. [43])

Proposition 3.27. Suppose that ® satisfies the equation (3.19)). Then ® satisfies the Maurer-
Cartan equation (3.3) if and only if P([W, @] + %[CD, P]) = 0.

Proof. Applying 0 to both sides of (3.19) (recall that O is identified with the de Rham
differential d using the Fourier transform F ({3.8))) and using 0II = 0, we obtain

_ 1 - 1
0P + (W, ] + 5[@, O] = H([0P, W + ®]) + 1o P([W, D] + §[<I>, P)).
Suppose that ® satisfies the MC equation (3.3). Then we see that [0®, W + ®] = —[[W, ®] +
:[®, ], W + ®] = 0 and hence P([W, 9] + 5[®, P]) = 0.
For the converse, we let § = 90+ [W, @]+ 1[®, ®]. It follows from the assumption P([W, ®]+
(@, ®]) = 0 that
0= H[W + CI), 5] = (H @) adw+q>)m(5>

for any m € Z,. Then by the fact that & € H* @ m, and the fact that ady, is an operator
of degree (1,0), we have § = 0 by taking m large enough. O

We notice that Pa # 0 only if a € H20 by its construction. When we write & = 32 &%
with @ € H%, and consider the term P([W, ®] + 1[®, ®]) = 0, we notice that

1
P([W, @1,1 + @2,2] + 5[q)l,l + @2,27 @1,1 + @2,2] + [@O,O7 (bl,l + @2,2]) =0
by degree reason. Furthermore, we have [V, ®%] = 0 = [®%0 ®%0] and therefore we have
P([W,®] + 3[®, ®]) = 0. As a result, it suffices to solve the equation (3.19).
Now we look at the equation (3.19). Letting = = & — II, we solve
1
E+ H(W,®] + 5[@,@]) =0

iteratively in H* ®x (R/mF) by increasing the power in m*. We write = = >, =; and
¢ = &, with Z;,®; € H* @ (m’/m"™). We further decompose each Z; and ®; by its
degree and write =; = Z?ZO =7 with 277 € #7379 @ m'/m'! and similarly ®; = 2]2.:0 ol
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The first order terms are simply given by ="' = —H[W,II] and 5)° = —H[W,5}""]. In
general, the k-th equation is given by

— 1
(3.21) Zp+ H[W, &) + }Z (2. 2] =0,
j+l=k
and =7 is uniquely determined by 5; with i < k and =" with » > j. In this way, the

solution = to (3.19)) is uniquely determined.

There is a beautiful way to express the unique solution = as a sum of terms involving the
input IT over directed trees (reminiscent of a Feynman sum). To this end, we will introduce
the notions of weighted d-pointed k-tree with ribbon structure, following [10] whose definitions
are originated from [15].

Definition 3.28. A weighted ribbon d-pointed k-tree is a weighted d-pointed k-tree I' equipped
with a ribbon structure on it. That is a cyclic ordering of 0;,' (v) LU 9, (v) for each trivalent
verter v € T such that if ey and ey are the incoming edges of v with outgoing edge es
with ey, e, e3 in cyclic ordering, then only e; can possibly be an edge from F[O =0, (F[O )\

{p1,-..,pa} (recall that only one of ey or ey is allow to be edges from F[ from Deﬁmtwn
23,

Equivalently, it can be regarded as an embedding |I'| — D of |['| (the topological space
associated to a tree T') into the unit disc D C R? mapping Fg to 0D, up to orientation
preserving automorphism of the disk D, from which the cyclic ordering is induced by the

clockwise orientation on D.

Isomorphisms between these trees are defined as isomorphisms between weighted d-pointed
k-trees which preserve the relevant structures. The set of isomorphism classes of weighted
ribbon d-pointed k-tree is denoted by WRTy 4. We will use the notation T to denote a weighted
ribbon d-pointed k-tree as well as its isomorphism class.

Definition 3.29. Given a weighted ribbon d-pointed k-tree T € WRTy 4, we align the marked

points pi,...,pq (recall that marked points is itself an edge in 82-;1(7;5)])) by Diys ..., Pi, aC-
cording to its cyclic ordering (or the clockwise orientation on D if we use the embedding
|T| < D). We define the graded operator

[+ H[2]%4 — H**[2]
for input Cq, ..., (5 € H™*[2] by

(1) writing GG = 3211 ay Qj1ur, and extracting the term oy ui; in ¢; and aligning it as
the input at p;,, where u;; € R, is the monomial associated to the marked point p;; in

Definition
(2) aligning the term 2™ at each incoming edge in e € T[ = ( ) \{p1,...,pa},
(3) applying [-,-] at each vertex in T according to the ordermg of the ribbon structure,

(4) applying the homotopy operator —H to each edge in T,
We then define Iy 4 : H**[2]%¢ — H**[2] b

1
[k,d = Z F[T

TEWRT;C,d
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Setting
(3.22) O:=M+5= ) by, . 1)

k,d>1

gives the unique solution to the equation (3.19) which is obtained by recursively solving
(3.21). Note that the sum above is finite because the ideal m,, is nilpotent.

4. PROOF OF THEOREM [I.1] BY ASYMPTOTIC ANALYSIS

In this section, we give a proof of our main result Theorem by using asymptotic analysis
to relate the Maurer-Cartan solution ® € H* constructed via the sum over tree formula in
(3.22) with the specific input IT (3.20]) to the counts of tropical disks we introduced in Section

We begin by fixing n points Py, ..., P, € Mg in generic position.

Notations 4.1. We use ﬁ;(?, S, Py, ..., P, to denote the space ¢ ' ((P,,, ..., P;,) x Mg)
(here €0 is the evaluation map defined in Deﬁnz’tion P;, is the point such that the mono-
mial weight at the marked point p; is u;;, and note that the subset {iy,...,iq} C{1l,...,n} is
determined by the weight of T ) which is a compactification of M} (P,%, Py, ..., P,) for any
weighted ribbon tree T .

Definition 4.2. Given a weighted ribbon d-pointed k-tree T € WRTyq4 with ur # 0, we
associate to each of its edges e € T a tropical polyhedral subset Q. C Mg as follows: For
each incoming edge e € 7;3], we assign Q). = Mg, and for each marked point p; we assign
Qp, = P, where the monomial weight at p; is u;,. We then inductively assign a (possibly
empty) tropical polyhedral subset Q. to each edge e € T by the following rule:

If ey and ey are two incoming edges meeting at a vertex v with an outgoing edge ez for

which Q., and Q., are defined beforehand, we set

Q63 = (Q - REUmes)
if both Q., and Q., are non-empty and they intersect transversally at Q) := Q¢ N Q., with
Mult,(T) # 0, and
Qeg = @
otherwise (recall that transversal intersection between two closed tropical polyhedral subsets,
including the case when they have nonempty boundaries, was defined right after Lemma .

We denote the tropical polyhedral subset associated to the unique outgoing edge e, by Q.

We begin with the following combinatorial lemma concerning the tropical polyhedral subset

QT
Lemma 4.3. If MI(T) <0, then both Q7 and ﬁ;(?, X, Py, ..., P,) are empty.

For MI(T) = 0 or 2, we have Q1 # 0 only when Mult(T) # 0, and in that case, ev, is

a diffeomorphism onto its image and we have Qr = evo(ﬁ;(P, ¥, P, ..., P,)) which is of

dimension Mlz(T) +1.
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Proof. We prove by induction on the number of vertices in 71, The initial case is when
T = @, i.e. when there are no trivalent vertices. Then the only possible trees are the ones
with a unique edge e. In this case we have MI(T) = 2 and Q7 = Mg, and the lemma holds
automatically.

For the induction step, suppose we have a tree 7 with 71 # () with the unique root vertex
v, € T connecting to the outgoing edge e, with two incoming edges e; and e;. We split T~
at v, to obtain two trees 7,75 with outgoing edges e, es and ki, ko incoming edges, d; and
d, marked points respectively. Then we have the decomposition

(ﬁ? (PoS, P Pa)ew, Xew, ML (PSP ,Pn)> X Rsg - (—m7)

=T
:md(P,E,Pl,...,Pn),
which is compatible with the inductive definition of (). There are two cases to consider.
The first case is when one of the incoming edges, say e, is an edge corresponding to a

marked point so that ks = 0 and dy = 1. In this case 75 is not a weighted tree in the sense
of Definition [2.5] but we can still take Q7; to be the point P., associated to e,.

If MI(T7y) <0, then by the induction hypothesis and the generic assumption (Definition
2.10), Q7; cannot intersect @7, transversally and hence Q7 = ). On the other hand we will
have M1(T) <0, so M7 (P, %, Py,..., P,) = 0.

If MI(T1) = 2, then Q7 intersect )7, transversally at 7, automatically if @7, lies on
Q7. In this case MI(T) =0, Mult(7) = Mult(71) and my = mz. Assuming Mult(7;) # 0,

we have Qr, = (evo)*(ﬁz (P,%, Py,...,P,)) by the induction hypothesis and the above
decomposition becomes

(ﬁQ(Pv 27 P17 B 7Pn> M (61}7370)_1(@7'2)) X RZO ' <_m7—1) - ﬁ;(P7 2’7 Pla ) Pn),

implying that Q7 = evo(ﬁ;r(?, ¥, Py, ..., P,)). In the case when Q)7 is nonempty, i.e. when
(evr o) HQp) € ﬁ:ﬁ (P,%, Py, ..., P,), weindeed have (evr; ,) 1 (Qp) € fmz (P,X,Py,...,P,)

due to the generic assumption on the points Pi, ..., P,, and hence the dimension of @+ =
evo(ﬁ;(P, ¥, P,...,P,)) is exactly given by %(T) + 1.

The second case is when both 7; and 7; have ki, ke > 1. In this case we have MI(T) =
MI(T))+MI(Ts) and the two moduli spaces ﬁ; (P,%, Py,..., P,) have dimensions MI(7;)/2+
1 respectively. We further have the decomposition

an a2 _
(M (PS Pro s Pew, Xew, M (P, Py ) ) X Rsg - (—i7)
=0, (P,%,Py,....P,).

Notice that if ﬁZ(P,Z,PI, ..., B) =0 for i =1 or 2, then ﬁdfr(P,Z,Pl, ..., P) =10. So
ﬁdT(P, X, P,...,P,) =0 if MI(T) < 0. Therefore it remains to consider the cases when
MI(T;) =0,2and MI(T)=0,2.

From the induction hypothesis we have Q7 = evo(ﬁz(P,E,Pl, o, By)) for i = 1,2
It Q7 and ()7, are intersecting non-transversally, by dimension reasons, it is only possible

it MI(T,) = MI(Tz) = 0 so that MI(T) = 0. In this case, Q7, and Q7 are parallel
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rays or lines, so Mult, (7) = 0. Therefore, if Mult(7) # 0, we will have Q7 and Q7
intersecting transversally and Q7 = (evo)*(ﬁzl—(”P, ¥, P,...,P,)). Finally, by the generic

assumptionon Py, ..., B,, Q1 = ev, (ﬁ;(?, Y, P, ..., P,)) has dimension %(T)jtl whenever
it is nonempty. U

Lemma 4.4. There exist a large enough R > 0 such that the tropical polyhedral subset Q1 is
a subset of the half space UT", in Notations for any T with MI(T) =0,2, Mult(T) #0

and ug # 0 with at least one marked point such that mr = m.

Proof. The existence of a fixed R depends on the finiteness of the total number of weighted
ribbon trees T (for arbitrary number of marked points and k = |7;[$]|) with MI(T) = 0,2,
Mult(7) # 0 and uy # 0.

We prove by induction on the number N of vertices in 71 the existence of Ry > 0
satisfying the lemma for all 7" with |71%| < N.

The initial case concerns the tree 7 with an unique internal vertex v,, with two incoming
edges e; and ey, and one outgoing edge e, in clockwise orientation. Furthermore, we have
e € 7;5} and ey is an edge corresponding to a marked point with monomial weight u.,. In
this case we have MI(T) = 0 and Q7 = P., — R>¢ - my which is lying in U", as we required
Sing(D) C UT", when we chose U™, in Notations w

For the induction step, suppose we have a tree 7 with |71 = N + 1 with the unique root
vertex v, € T connecting to the outgoing edge e, with two incoming edges e; and e,. We
split 7 at v, to obtain two trees 71, 7> with outgoing edges e, es and kq, ks incoming edges,
d; and dy marked points respectively. There are two cases to consider (as in the proof of

Lemma .

This first case is when one of the incoming edges, say es, is an edge corresponding to a
marked point so that ky = 0 and do = 1. We let )7, = P., to be the corresponding marked
point. From the proof of Lemma[t.3] we know that we must have MI(7;) =2 and MI(T) =0
for Q7 # 0. In this case Q7 = P., — Rs¢ - my and we have Q1 C UT", by the same reason
as in the initial step.

In the second case we have both 77 and 75 having ki, ks > 1, and we have MI(T) =
MI(T))+MI(Tz). Assuming Q7 # ), then one of the Q7 , @7, is aray or a line, and we assume
that it is Q7 , with M1(73) = 0, 2. Therefore for any point x € Q7; NQ7, we have the relations
go(—mz,x) > —Ry and go(—mr,, x) > —Ry, and hence go(—mr,x) > —2Ry. Therefore by
taking Ry11 = 2Ry, we have go(—mr,x) > —Ry41 and hence Q7 = Q7 NQr —Rso-my C
U™, for m # 0 as desired. O

We are now ready to prove the key lemma (Lemma relating our Maurer-Cartan solution
and the locus Q)7 traced out by the moduli space of tropical disks introduced in Definition

42

Notations 4.5. Given a weighted ribbon d-pointed k-tree T, we define a differential form
ar € W2 (cf. Definition . We align the marked points p1,...,pq (recall that a marked
point is itself an edge in O} (7:5])) by piy, - - ., i, according to its cyclic ordering. We define
a1 as the output of the operation given by
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(1) aligning 5pij as the input at the edge corresponding to the marked point p;,, if the
monomial weight associated to p;; is u;,,

(2) aligning the constant 1 at each incoming edge in e € 7;51 = 6;11(7;7[3}) \ {p1,...,pa},

(3) applying the wedge product A at each vertex in T according to the ordering of the
ribbon structure,

(4) applying the homotopy operator —H to each edge in T,

Definition 4.6. Given a weighted ribbon d-pointed k-tree T € WRTy 4 with Mult(T) # 0, we

set
(1)) = H (—1)X(T),
veT10]

where (—1)XT) js defined as follows (with the convention that (—1)X(T) =1 if TIO0 =§):

e if v is connected to a marked point, we set x(T,v) =0, and

° (—1)X(T’”) is defined for each trivalent vertex v not connecting to any marked point
pi’s (attached to two incoming edges eq,es and one outgoing edge ez so that ey, eq, €3
are arranged in the clockwise orientation) by comparing the orientation of the ordered
basis {—me,, —Me, } with that of By.

Lemma 4.7. Let T € WRTy 4 be a weighted ribbon d-pointed k-tree. Then we have

0 if MI(T) #0,2 or Qr =0,
F(IL... 1) =< (=) Dag Mult(T)z"Tur if MI(T) =2 and Q1 # 0,

(=X Dagky Mult(T)z"™70,, ur if MI(T) =0 and Qr # 0

MI(T

i H*, where ar € Wg{T in which sy :=1— = ) and ng, s the clockwise oriented normal

n ’

to the ray or line Q1 when Q+ # 0.

Proof. First of all, from Notations 4.5 we can see that the degree of the form a7 is exactly
given by sy which can only be 0 or 1 since the operator associated to the outgoing edge is a
homotopy operator and it decreases the degree by 1. Therefore we notice that ar # 0 except
when MI(T) =0 or 2.

Once again, we prove by induction on the number of vertices in 7. The initial case is
when 71 = () and the only possible trees the ones with a unique edge e. In this case, we
have MI(T) =2, Q7 = Mg and [(I,. .., II) = z™7 so the lemma holds.

For the induction step, suppose we have a tree 7 with 71 # () with the unique root vertex
v, € T connecting to the outgoing edge e, with two incoming edges e; and ey. We split T~
at v, to obtain two trees 7,75 with outgoing edges e, es and k1, ko incoming edges, d; and
d, marked points respectively. As before, there are two possible scenarios.

This first case is when one of the incoming edges, say e, is an edge corresponding to a
marked point so that ky = 0 and dy = 1. In this case we let P, = @7, to be the marked
point associated to e5. The proof of Lemma shows that we must have MI(7;) = 2 and
MI(T) =0 in order to have Q7 # (). By the induction hypothesis we have [ (II,... 1) =
(—1)XT) o Mult(T7) 2™ ug; with oy € W%Tl. Therefore we have

(I, T = —(=1)XTOMUlt(TR) H (g A 6p,, ) [277, 01 A Dl te,,

where U7 Ue, = Ut
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Now Lemma implies that oy A dp,, € WI%Q. By our choice we have P, € U} and
hence applying Lemma , we get ar = —H (a1 Adp,,) € Wé?,r, where Q7 = P., —R>¢-mr
as in Definition . Furthermore, we have [2™7, 01 A 9y] = (€5, m; )0y — (€%, )0y, where
e}, es is the dual basis to ey, e, introduced in Notations [3.4f As in Notations [2.6] we can
write krmy = my for some primitive my € M. Since we have my; = my, we find that
(€5, m7; )0y — (€, m7; )01 = kng,. Together with the fact that x(7) = x(71) and Mult(7) =
Mult(77), we obtain the desired identity in this case.

In the second case we have both 77 and Ty having ki, ks > 1, and MI(T) = MI(T;) +

MI(T;). Assuming Q7 # (), then one of Qr, @7, say @7, is a ray or a line. There are two
subcases depending on whether M1(73) = 0 or 2.

We first assume that M1(7;) = 0. Then we can write
(- (11, ..., II) = (—D)XTOMult(T;)eer: 27 0,

where we abbreviate n; = k7,ng, and ng,. is the primitive clockwise oriented normal to Q7.
Therefore we have

(r(IL, . ) = —(= )X TNl (T2)Mult(To) H (ag; A a7, [277 Oy, 2772 Oy |y s

Using Lemma we see that ap A ap, € W%TlmQTQ in the case that Q7 and Q7 are
intersecting transversally (otherwise the product is 0 € H%*). Applying Lemma together

with Lemma [3.19, we get a7 = —H(ap; A ay) € W, Furthermore, we have
[zmTl énn 2" 5712] = ZmT((mTQv nﬁ)énQ - (mTu n7’2)57u)a
(77_17‘2, nﬂ)énz - (mTlvnTz)avnl = det(melvm@)(nﬂ + nTz)

If {—me,, —me, } is positively oriented, then det(m.,,m.,) > 0 and ny, +ng, = krng,, where
kr is introduced in Notations 2.6 and det(m,,,m.,) = Mult,, (7). Notice that switching
to the assumption that {—me,, —me,} is negatively oriented will result in a minus sign in
det (., , Me,) and hence contribute an extra (—1)X(7*") in the formula (i.e. in this case
X(T,v.) = 1). Combining with the fact that Mult(7) = Mult(77)Mult,, (7), (—=1)X7) =
(—=1)XT)(—1)X(T-»r) e obtain the desired formula.

In the second subcase we assume that M(75) = 2, so by the induction hypothesis we have
(I, ..., T1) = (= 1)y Mult(73) 2™ up,. Therefore we have

(I, TT) = — (= )X TNl (T) Mult(T) H (o A ay) (27T 0y, 2772 Jugs gy,
where we absorb the kr into n, = krng,, again. Applying Lemma- H 3.11] and [3.19] as

in the previous subcase, we obtain that ar = —H(ap A ag) Furthermore we
have [2"710,,, 2™ "] = det(mr;,m7;)2"T = (—1)XT2)Mult,, (T) Wthh gives us the desired
identity. O

Next we would like to take a closer look at the differential form a7 defined in Notations

4.5

Definition 4.8 (cf. Definition 5.29 in [10]). We attach a differential form v. on ]R'goml to
each e € T recursively as follows:

e v, :=1 for each incoming edge e € 6;11(7’.[0]);

wm
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o v, = (—Dlvellealy, Av, Adse, (here |ve,| is the cohomological degree of ve,) if v
is an internal vertex with incoming edges ey, es € Ty and outgoing edge es such that
e1, e, €3 18 clockwise oriented.

We let vy be the differential form attached to the unique outgoing edge e, € T, which defines

. . 7
a volume form or orientation on R|<o )

Given a weighted ribbon d-pointed k-tree T with MI(T) = 0 with Q7 # 0, which is either
a ray or a line, we let 7 be the unique affine function on Mg such that n7 = 0 on ()7 and
1y takes positive values on the anti-clockwise oriented normal to Q7.

Lemma 4.9. For a weighted ribbon d-pointed k-tree T with MI(T) = 0,2 and Q1 # 0, there
exists some ¢ > 0 such that

ey ey () TDevy +¢ if MI(T) = 2,
(evriy)"(dmdng) - - - (evr i) (dmdne) = { (—1)XDevr Adnr +¢ if MI(T) =0,

where € satisfies v,ye =0 (here vy is a top polyvector field dual to vy over the component

(1] . . . .
]R‘STO1 l) and my,ne are the affine coordinates on Mg with respect to the oriented basis ey, ey
introduced in Notations [3.4)

Proof. First of all, notice that both ﬁ;(?, ¥)) and Mg are affine manifolds and € is affine
linear. So all the differential forms appearing in this lemmma are affine differential forms.

Therefore it suffices to check the equality at a point in ﬁ;(?, ¥)). Also since ﬁdT(P, ¥) =
il .
RYy ' X Mg, we can always write

« " A Z e if MI(T) =2,
(evri, ) (dmdng) - - - (evr,)" (dmdnz) = { Cur Na+e if MI(T) =0

for some ¢’ € R, and some 1-form a € Q'(Mg) with ¢,yve = 0. We need to show that « is a
constant multiple of dny and the constant ¢/ = (—1)X(7)¢ for some ¢ > 0.

In the case MI(T) = 0 with Q7 # 0, the moduli space ﬁ;(P,E,Pl, ..., P,) is a 1-
dimensional affine subspace of ﬁ;(P, Y}). We take any path ¢ lying inside ﬁdT(P, X, P,...,P,) C
ﬁdT(P, ¥). Since evr;; o< is a constant map for any j = 1,...,d, we have

Lo ((evr iy )" (dnudng) - - - (evri,) " (dmdnz)) = 0,

where ¢’ is the affine vector field on ﬁdT(P, ¥) induced by ¢. On the other hand, (ev,).(0') is
tangent to Q1 = ev, (ﬁ;(P, X, P, ... ,Pn)>. So o must be a constant multiple of dn; and
we can write

(evri) (dmdng) - - - (evr:,)*(dmdne) = vy A dnr + ¢,
for some constant ¢’.

We now prove that ¢ is of the form (—1)X7)¢ for some ¢ > 0 by induction on the number
of vertices in 71, The initial case is when 71 = () and the only possible trees are those with
a unique edge e. Since there are no evaluation maps, we adopt the convention that the left
hand side of the equality in the lemma is equal to 1 to make the statement true in this case.
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For the induction step, suppose we have a tree 7 with 7% # () with the unique root vertex
v, € T connecting to the outgoing edge e, with two incoming edges e; and e;. We split T~
at v, to obtain two trees 7T, 75 with outgoing edges e, es and ki, ko incoming edges, d; and
ds marked points respectively. There are two possible cases.

This first case is when one of the incoming edges, say ey, is an edge corresponding to a
marked point so that ko = 0 and dy = 1. As in the proof of Lemma [£.3] we must have
MI(T1) =2 and MI(T) = 0. We use the identification

My (P,%) eur . X, (Reg x Mz) = D, (P, %),

under which the evaluation map evy, : ﬁ;(?, Y) — Mg is identified as the projection to
the last coordinate of the product on the left hand side, and the evaluation at the marked
point ey is identified as the projection 7., to the second factor of R<y x Mr. We have

(evr i) (dmudna) - - - (evg, 5, ) (dmudnp) = (—1)*evy, + e,

for some ¢ > 0 by the induction hypothesis. Since MI(7T) = 0, Q7 is a ray or a line. We take
an affine path ¢ in My transversal to ()7 parametrized by the affine coordinate ny. Then
restricting to R<p x o, we have

evy, (dmdng) = 77 (dmdnz) = dsc, A dnr,

where s, is the coordinate on R<( associated to the outgoing edge e,. Putting these together
we have

(—1)XT ey Adse, Adnpr = (=1D)XDevr A dyr.

In the second case we have both 77 and 75 having ki, ks > 1, and we have MI(T) =
MI(T)+ MI(T3). Assuming Q7 # (), then one of Q7,, @7, say Q7, must be a ray or a line.
There are two subcases depending on whether M1(75) =0 or MI(75) = 2.

We first assume that MI(T3) = 0. In this case we have MI(T) = 0, and both |T;"], |73]
are odd, and hence so is ]7‘1[1] ] ]7;m|. Similar to the previous case, we use the identification

—=T T =T

gﬁdi (P’ E) vy ,0 X evry o mdz (Pv E) V.0 X Teo (RSO X MR) = S)ﬁd (Pv Z)'
From the induction hypothesis we have

(ev7,)* (dmdnn) - - - (evr, 3, ) (dmdnz) = (=) T evr 72 (dng,) + €7,
with ¢, > 0 and ¢,y e7, = 0 for a = 1,2. Taking their product we get

. . Y i
(evri ) (dmdn) - - (evr,)* (didg) = (=X TN Dy A v 72 (s A i) + e,
where ¢ := ¢jco > 0 and LyE = 0. Furthermore, we have
72 (dng A dng) = (=17 s, A dyr,

where s, is the coordinate on R« associated to the outgoing edge e,. Putting these together
we obtain the desired identity.

Now assuming M I(73) = 2, we have

(ev7,)" (dmidny) -+ (evpy i, ) (dmdng) = (1) eyuy, + 7y
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instead. In this case, |Tl[1] | |7;[1]| is even and v7; is an even degree differential form. Therefore
we obtain

(evri)*(dmdnn) - - - (evr )" (dmdnz) = (=L)X TPl evr A vp 7 (dng) + €
= (—D)XDevy Avgy Adse, + €'

= (—1)X(T)CV7' +é.

Notice that switching the roles of 77 and 75 will also give the same result. This completes
the proof of the lemma. U

Lemma 4.10. For MI(T) = 0,2 with Q1 # 0, we have the identity
ar = (=) ew,). ((evi) (Or,) -+ (e01,)"(0m,) )

where ev, : ﬁ;(?, Y) — Mg’s are the evaluation maps introduced in Deﬁmtion and the
orientation on fibers of ev, is defined similarly as in Deﬁm’tz’on (notice that (—1)k+td=1 =
(_1)MI(T)/2—1)‘

Proof. We prove by using induction on the number of vertices in 719, The initial case is when
T = () and the only possible trees the ones with a unique edge e, for which the statement
is trivial.

For the induction step, suppose we have a tree 7 with 71 # () with the unique root vertex
v, € T connecting to the outgoing edge e, with two incoming edges e; and e;. We split T~
at v, to obtain two trees 7y, 75 with outgoing edges e, es and k1, ko incoming edges, d; and
do marked points respectively. There are two possible cases.

This first case is when one of the incoming edges, say e, is an edge corresponding to a
marked point so that ks = 0 and do = 1. As in the proof of Lemma [£.3, we must have
MI(Ty) =2 and MI(T) = 0. In this case we let P., = @7, be the marked point associated
to es. The induction hypothesis says that

oz = (=12 evr ). ((evr) (0m,) -+ (evria,, )" (On, )

which is a function with asymptotic support on )7;. Then we have

0
ar = ~H{ar Adp,) == [ 7 Adn,)

—0o0
in WO/W_ 1, where 7., : R x Mg — Mg is the flow associated to —my. This equality holds
because we have P, € U}"] and hence any integral over a domain not intersecting P, gives
0 in W2/ W,
Writing

T (P.2) e, %, (B x M) = 00, (P, 5),

T1,0

where the evaluation map evr, : ﬁ;('P, Y)) — My is identified as the projection to the last
factor in the product on the left hand side, and the evaluation at the marked point e, is
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identified as 7., on R<y x Mg. Then we have

0
_ / o (g Adr,)

—00

1 [ 2 ((eom e (evna) Gr )+ (evma ) (n, ) A,
J )

—00

:(_1)k+d_1 / (/IRlTl <€UT,i1>*(5Pk1) e (evT7id—1)*(5Pkd1)> A 61);; (5Pe2)

—(=1)"* evro). ((evrin)'(Om,) -+ (evri,)* (Or,))

In the second case we have both 77 and 7Ty having ki, ke > 1 and MI(T) = MI(Ty) +
MI(73). Making use of Lemma again, we notice that by comparing the domain of inte-
gration intersecting Q7 N @7, we have

0

ar = —H(an Nap) = —/ 7o (ar A ag),

—00

where 7., is the flow of —m.
Notice that we have
Mir (P, cory Xevryo Mg (Po5) o, X
and therefore we obtain

0
—/ 7o (an A ag)

—0o0

(Reo x M) =My (P, %),

Teo

(-0 [ (oo (Bn,) - o) (B, )

A (61)7’270)*((61)7-271'1)*((513“) e (evﬂ,id2)*(6Pkd2 )))
:(_1)k+d71 /_OO<_1)|7’1[1]||T2[1] /R|<T1+T2 <(€'U’7'77;1)*((5Pkl) . (evT,id)*<5Pkd>>

—(=1) " evro), (7)) (On,) -+ (evr4,)"(0m,))

Lemma allows us to compute the contribution of a explicitly as follows:

Lemma 4.11. For MI(T) = 2 with Q7 # 0 and for any point x in the interior Int(Q1), we
have

li = (—1)X7).
lim a7, = (=1)

For MI(T) = 0 with Q7 # 0 and for an arbitrary embedded path o : (a,b) — Mg intersecting
the relative interior Int,..(Q7) transversally and positively (here positive means the orientation
of {—mr, o'} agrees with that of My ), we have

lim [ ar = (=1)X7+L,
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Proof. We begin with MI(7) = 2. In this case, k + d — 1 is even so we have ay =
(ev,)+ ((evil)*(épkl) e (G/Uid)*((Spkd)). Fixing a point € Int(Q7), we consider the evalu-
ation map €v,, : ﬁ;(?, 2) Nev;t(x) — Mg which pulls back the volume form []* dny A dn,

to (—1)X(T)CI/7-, and in particular €v, is a diffeomorphism onto its image (notice that ev, is
affine linear). We let C, := Im(ev,) C Mg. Then we have

(evo)e((ev3)" (8, ) -+ (ev3,)* (5, ) o = (—1XT) / Sp A N bp,

Using the fact that « € Int(Q7) and the assumption that P, ..., P, are in generic position

(Definition [2.10), we see that (Py,,..., FP,) € Int(C,). Together with the explicit form of
dp,’s in (3.18)), we have limj_,o fo Op,, Aree A (Spkd =1

For MI(’T) = 0, k+d—1is odd. We consider Z, := U;c(,) Zow), Where we write

1, = R|<To x {z} = R‘T I and treat vr as a volume element on each Z,. Similar to the

previous case we consider €v, : I, — Mg which gives eAvZ(Hd dnidny) = (—1)XDevr A dnr.
Therefore we have

/QaT:(—1)/29(61;“)*(5&1)---(evidy(apkd) = (—1)><<T>+1/ Spy N+ A dp, .

Ce

Again using the generic assumption on the points P, ..., P,, we get (Py,, ..., P,) € Int(C,)
and therefore limy_,g |, c, Spo Ao Nop, =1. 0

For a a weighted d-pointed k-tree T" with MI(I') = 0,2 and Qr # (0 (notice that the
definition of the polyhedral subset Qr does not depend on the ribbon structure), since the
monomial weights u;,’s at the marked points p;;’s are all distinct, there are exactly 2d-1
ribbon structures (up to isomorphisms) on I Furthermore [7(I1, ..., II) does not depend on
the ribbon structure as well since II € H2? and IT commutes Wlth even elements in H»* (one
can also see from Lemmas and [4.11] - that the terms (—1)X(7) which depend on the ribbon
structure indeed cancel).

Therefore for each weighted d-pointed k-tree I', we can fix an arbitrary ribbon tree T as
representative whose underlying tree 7 is I', and write

o, I = > (L. I0).

FEWPTk’d

By setting ar := (=1)X(Ma; and combining Lemmas [4.7| and |4.11| which dose not depends
on the ribbon structure, we obtain our main theorem:

Theorem 4.12. The Maurer-Cartan solution ® € H>* constructed in (3.22)) is of the form

(I):H+EOO+:11



TROPICAL COUNTING FROM MAURER-CARTAN EQUATIONS 47

with Z% € HY for i = 0,1,2, and both Z°° =M1 can be expressed as a sum over tropical

disks:
Z00 — Z Z ar Mult(I") 2™ ur,

kd DEWTy g MI(T)=2
md(PEPh Pn)#0

El,l — E E aFkFMUlt<F)ZmFanQFuF7
k,d TEWPTy 4, MI(T')=0
My (P,E,P1,..., Pa) 70

where WPTy 4 is the set of isomorphism classes of weighted d-pointed k-trees introduced in
Definition [2.5. Furthermore, in the above expressions we have

aF E WQI"

where Qp = evo(ﬁg(P, X, P, ..., P,)) is of codimension sy :=1— %(F) in Mg, and

}iH(l] arl, =1 for any x € Int(Qr) when MI(I") = 2,
i

’llil’l(l]\/ar = —1 for any oM Int,(Qr) positively when MI(I") = 0.
%

MI=0: MI=2:
z(]
2 2~2
[y : + // m//
1 ,/,/
Z Lo / /
: '/
Qr, / | : 71
@
_]_”"_ }
22
Qrz rz . * Ty

FIGURE 6. Tropical disks and their moduli spaces for n =1

Example 4.13. We give an example on the the locus Qr traced out by weighted 1-pointed
k-trees T in the case n =1, i.e. there is only 1 marked point. For a tree T' with MI(T') = 0,
the only possibility is that k = 1 and there are precisely 3 such trees I'y,1I'1, 'y as shown in
Figure [0] together with the corresponding 1-dimensional loci Qr,, Qr,, Qr, -
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For the case MI(T') = 2, we have k = 2, and there are 6 such trees. Two of them, which

we call T3 and Ty, with the same attached monomial Mono(T') = z'2* are shown in Figure
[0 Note that the boundary between Qr, and Qr, is not a wall in D although the moduli space
Jumps across it. This is because the attached monomial Mono(I') does not jump across the
boundary, and this agrees with the fact that ® is simply a holomorphic function outside the

support Supp(D).
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