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Abstract

We study B-branes in two-dimensional N' = (2,2) anomalous models, and their
behaviour as we vary bulk parameters in the quantum Kahler moduli space. We
focus on the case of (2,2) theories defined by abelian gauged linear sigma models
(GLSM). We use the hemisphere partition function as a guide to find how B-branes
split in the IR into components supported on Higgs, mixed and Coulomb branches:
this generalizes the band restriction rule of Herbst—-Hori-Page to anomalous mod-
els.

As a central example, we work out in detail the case of GLSMs for Hirzebruch-
Jung resolutions of cyclic surface singularities. In these non-compact models we
explain how to compute and regularize the hemisphere partition function for a
brane with compact support, and check that its Higgs branch component explicitly
matches with the geometric central charge of an object in the derived category.
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1 Introduction

The study of the dynamics of gauged linear sigma models (GLSMs) [1] has been a continuous
source of new results in physics and mathematics. GLSMs are two-dimensional ' = (2,2)
supersymmetric gauge theories that can describe the world-sheet theories of strings propa-
gating on certain space-times. In this context, boundary conditions of GLSMs can describe
D-branes.

Classically, GLSMs have left and right U(1) R-symmetries, or equivalently vector U(1)y
and axial U (1) 4 R-symmetries, and U(1)y can only be broken by the superpotential term. For
appropriate superpotentials W that are quasi-homogeneous under U(1)y, non-renormalization
theorems ensures that the quantum theory has this symmetry too. Coefficients of F-terms
(superpotentials) are protected by supersymmetry, which makes them invariant under the RG
flow. On the other hand, U(1)4 may fail to be a symmetry of the quantum theory due to
an anomaly, in which case we refer to the theory as an anomalous GLSM. Explicitly, if the
matter content of the GLSM transforms in a representation p: G — GL(V) of the gauge
group (G, the anomaly is proportional to the weight b of the character det(p): G — C*. The
theory is thus non-anomalous when p factors through SL(V'). The same weight b controls the
renormalization of twisted F-terms in the action: the FI-theta coeflicient ¢ = ((gy) — 6 receives
a 1-loop correction proportional to blog i, where p is the energy scale. This renormalization
is important to understand the IR dynamics of anomalous GLSMs.

In a GLSM, we can consider boundary conditions that preserve a particular subset of the
supersymmetries. We will consider those that preserve the B-type supersymmetry algebra 2 g
generated by supercharges that have charge +1 under U(1) 4. Boundary conditions invariant
under this subalgebra of the (2,2) supersymmetry algebra are termed B-branes. While B-
branes have been studied in detail in superconformal field theories, the same definition applies
to any N' = (2,2) theory. In the context of GLSMs [2], B-branes are known to form a category
that can be defined and studied mathematically [3, 4, 5]. One of the main insights of [2| was to
define transport of B-branes as one varies the twisted chiral parameters ¢. These parameters
belong to the so called quantum K&hler moduli space M, and in the abelian non-anomalous
cases studied in [2| this fact is exploited to find equivalences between categories of B-branes,
which may have different descriptions on the various Kéahler cones in M g. B-brane transport
functors found in this way have been extended to nonabelian non-anomalous GLSMs [6, 7|



by the third-named author, and an equivalent approach to these functors has been considered
recently in the mathematical literature [8, 9, 10|, for the same classes of models.

The anomalous case, however, has been explored much less using this approach. One of
the main differences is that one cannot be oblivious to the renormalization of the Fl-theta
parameters. In the non-anomalous case, at fixed W, each point in Mg corresponds to a
N = (2,2) SCFT defined by RG-flow of the GLSM. The SCFTs typically have concrete

descriptions in different Kéhler cones inside M g, schematically as follows.

Mg
RG flow RG flow
Phase I Phase I1I

For an anomalous GLSM there are two interesting limits: the RG flow decouples gauge degrees
of freedom and moves the FI-theta parameter deep in specific Kdhler cones, while another limit
is to decouple gauge degrees of freedom while keeping the FI-theta parameter t(u) fixed at
some fixed finite energy scale p. The second limit (which we call gauge-decoupling limit) is
more general than the first one (IR limit under RG flow), as it allows the FI-theta parameter to
explore arbitrary Kéhler cones. Deep in a Kéhler cone, an anomalous GLSM can have disjoint
branches, for example a Higgs branch and some massive vacua. Its IR limit is described by a
direct sum of one possibly trivial SCFT for each of these branches. Schematically, the situation
can be as follows.

GLSM
gauge
decoupling RG flow
Phase 1 Phase II
Sum of branches RG flow: FI runs Sum of branches

Each point in the classical space Mlj’?re of bare FI-theta parameters flows in general to one of
these direct-sum phases in the gauge-decoupling or IR limits, so that a B-brane can split into
components on the Higgs branch and other branches. In terms of B-brane categories of Higgs
branches in different Kéhler cones, this means that one should at best expect an embedding
of one into the other instead of an equivalence. We make this more precise for abelian GLSM
dynamics in section 6.

We use as our central example Hirzebruch-Jung resolutions of singularities of the form
C2?/7Z,, where Z, acts diagonally with weights (1,p). The singularity is Gorenstein only if
p = —1, and otherwise the minimal resolution is always non-crepant. This is reflected in the
fact that the GLSMs we use to study these singularities and their (partial) resolutions are
anomalous for p # —1. In these models, one should ask how B-branes in the Z,, orbifold phase
are transported to B-branes in the various partial resolutions, and what is the map between
them. For resolution of quotient singularities this has been studied previously in the math
literature. For instance for quotients of C? by finite subgroups of GL(2,C) [11]'. In physics,

'Derived categories on quotients of C* by finite subgroups of GL(3,C) and the relation with their resolutions
have been studied in [12] and for certain cyclic quotients of projective varieties in [13].



the K-theory, i.e., the lattice of charges of B-branes, and the chiral rings have been studied
using a GLSM approach for the different resolutions of C?/Z,, singularities [14, 15, 16] and
for other nonsupersymmetric orbifolds [17, 18, 19, 20, 21].

The mathematical references [11, 12, 13| deals with the map between categories while
references [14, 15, 16, 17, 18, 19, 20, 21| mainly focus on the projection to K-theory. In the
former case the picture of transport of B-branes along the moduli space is lost and in the latter
case, the analysis is limited only to K-theory. We would like to unify these two approaches
using the GLSM and recent results on supersymmetric localization as a guide. B-branes on
anomalous models have been studied in the context of mirror symmetry of massive theories [22]
and the interpretation in terms of flows in the moduli space in [23] for Fano and general type
hypersurfaces in PV E We want to unify [14, 15, 16] with the categorical approach of [3, 4, 5, 2].
The GLSM approach and the localization formula of [23] provide us with the perfect setup for
this purpose. One can say that we are making modest steps into extending the work of 2] to
anomalous models.

We use the definition of B-branes on the GLSM that is given by two pieces of data, the
algebraic one B and the contour L (see subsection 4.1). By a careful study of the admissible
contour L behaviour, as we move in M'}}are and the energy scale, we are able to tell how the
B-branes (B, L) are mapped into the different mixed phases and hence, derive their splitting
into Coulomb and Higgs components.

The hemisphere partition function computed in [23| has been conjectured to reproduce
the geometric central charge [27, 28] with all its instanton corrections, for geometric phases
corresponding to compact Calabi-Yau (CY) varieties. The conjecture can also be extended
to nongeometric phases and there are some checks and evidence for it in 23, 29, 30]. For
anomalous models, when the Higgs branches corresponds to a compact non-CY variety, some
generalization of such conjecture have been proposed [30]. In this work, we study the anoma-
lous case, but when the Higgs branches are non-compact toric varieties (not necessarily CY).
We then face two problems: first, the fact that we are working with anomalous models and
second, the necessity of develop some regularization scheme to get sensible results in the non-
compact case. We apply our scheme to the Hirzebruch-Jung resolutions, and use it to compute
the hemisphere partition function of B-branes corresponding to sheaves with compact support
on the Higgs branch. We check to leading order, i.e., in the zero instanton sector, with the
geometric central charge. This central charge is a map from (compactly supported) K-theory
to C, whose computation requires the machinery of differential topology on toric varieties. We
find perfect agreement.

The paper is organized as follows. In section 2 we review the basics of abelian anomalous
GLSM and we perform a very careful analysis on how the mixed phases arise in the different
Kahler cones. In section 3 we review the necessary background on Hirzebruch-Jung resolutions
and their corresponding GLSMs. We apply results of the previous section to these models in
order to have a complete picture of their phase structure. In section 4 we analyze the image
of the GLSM B-branes (B, L) into the different phases, focusing on their projection on the
Higgs branch and working mostly in Hirzebruch-Jung models. We also review the hemisphere
partition function (HPF) of GLSMs, that can be seen as the central charge of (B, L), and
compute it for several classes of branes in Hirzebruch-Jung models, when some restrictions
apply. In section 5 we review the necessary machinery of K-theory and cohomology of toric

2In mathematics similar cases have been analyzed in [24, 25, 26], but mostly limited to Fano varieties or
general type hypersurfaces in PV .



varieties to define the geometrical central charge of B-branes on the different Higgs branches
and compare it to the HPF computed in section 4. Finally, in section 6 we turn to the question
on how to map (transport) B-branes between the different phases. This is done by studying
the contours of (B, L) as we vary the Kahler parameters and we derive this way a version of
the grade restriction rule [2] for Hirzebruch-Jung models. Our derived rule is analogous to the
ones in [23] and [5].

2 Branches of abelian gauged linear sigma models

In this section we review the general properties of gauged linear sigma models (GLSM). We
define a GLSM by specifying the following data.

e Gauge group: a compact Lie group G.

e Chiral matter fields: a faithful unitary representation p,,: G — U(V') of G on some
complex vector space V.

e Superpotential: a holomorphic, G-invariant polynomial W: V — C, namely W €
Sym(V*)€.

e Fl-theta parameters, or stringy Kahler moduli: a set of complex parameters ¢ such
that exp(t) € Hom(m1(G),C*)™ (%) je., exp(t) is a group homomorphism from 7 (G) to
C* that is invariant under the adjoint action of G.

¢ R-symmetry: a vector U(1)y and axial U(1)4 R-symmetries that commute with the
action of G on V. To preserve the U(1)y symmetry the superpotential must have
weight 2 under it. As we explain below, U(1)4 is anomalous in general.

e Twisted masses: an element of the Cartan algebra of the flavour symmetry group F'.
This group is the quotient by G of the normalizer of G x U(1)y x U(1)4 in U(V).

In this paper we only consider abelian GLSMs, namely an abelian gauge group G ~ U(1)" xI"
with I' a finite abelian group. Since we want non-compact Higgs branches, we also restrict to
cases with zero superpotential and zero twisted masses. There are no discrete 6 angles
because 71 (G) ~ Z" has no torsion. Choosing a basis of g = Lie(G) we can write coordinates
of t as to, = (o — 0y € C/2miZ for 1 < a < r. The action of U(1)" on V is characterized
by a charge matrix with integer entries Qé, where 1 < 57 < dimV is a flavour index and
1 < a < ris a gauge index.

We often take I' trivial. Otherwise the charges of each chiral multiplet under I' must also
be specified, and the theory is an orbifold by I of the theory with gauge group U(1)".

2.1 Classical phases [review]|

Vacua are thus common solutions of the mass, D-term, and F-term equations

r dim V oW
a i _ . i 12 _ _ .
az_:la QX =0 Vi, z; QL|X,)* = ¢ Va, X, =0 Vi, (2.1)



modulo gauge transformations, namely G acting on the X;. Here, 0% are vector multiplet
scalars and X; are chiral multiplet scalars and we sometimes denote the chiral multiplet itself
in the same way.

Let us introduce some notation. We denote the set of non-negative linear combinations of
the Q' for i in some subset I C [1,dim V] by

Coney = {Z )\in‘

il

A € RZO Vi € I} (22)

Each set I of r —1 linearly independent charge vectors Q° defines a codimension 1 wall (phase
boundary) Coney in FI parameter space. The complement of the union of all walls is typically
disconnected, and each connected component is called a (classical) phase of the GLSM.

The D-term equation expresses ¢ as a non-negative linear combination of charge vectors Q°.
When ¢ does not belong to a wall, the charge vectors with non-zero coefficient necessarily span
7", hence the mass equations for the corresponding X; # 0 impose linear constraints on o that
set all 0® = 0. In addition, the non-zero X; Higgs the gauge group down to a (possibly trivial)
discrete subgroup because they are not fixed by any infinitesimal gauge transformation. This
set of vacua is called the Higgs branch (o = 0, X # 0). Within a phase, the possible sets
of non-zero X; do not change, and only the magnitudes of various \Xi\Q are affected by the
precise values of (.

We focus on the case of a zero superpotential: W = 0.

Then the Higgs branch is a GIT (geometric invariant theory) quotient. As a complex
manifold or orbifold it is a complex quotient (V' \ A)/G¢ where Gc = (C*)" xI'. The deleted
set A is a union of complex subspaces of V' that are intersections of hyperplanes {X; = 0}.
This set and its complement are:

A= () Uxlxi=or= |J {x|vietrx; =0}, (2.3)

I|¢eConey i€1 I|¢¢Coney
via= | {X|VielX;#0} (2.4)
I|¢eConey

Since every Conej that contains ¢ is a union of phases and phase boundaries, the deleted set,
hence the complex manifold or orbifold, only depends on the phase in which ¢ is. (The Kéhler
structure of the Higgs branch depends on ¢ even within a phase.) When ( crosses a phase
boundary, the Higgs branch typically undergoes a change of toplogy called flop. The Higgs
branch may even be empty in some phases.

For ¢ on a wall there are solutions of (2.1) where only r — 1 chiral multiplet scalars X; are
non-zero. The mass equation then allows o to take a non-zero value transverse to the wall.
Such a branch of vacua with ¢ # 0 and X # 0 is called a mixed branch. It opens up at
walls in FI parameter space, and at intersections of walls there are further mixed branches in
which ¢ can vary in a higher-dimensional subspace of R", culminating in a Coulomb branch
(X = 0, o arbitrary) at ¢ = 0. Therefore classically one expects the theory to be singular
whenever ¢ belongs to any wall.

2.2 Quantum effects [review]|

The classical phases get corrected in several ways by quantum effects.



As a warm-up to understand one of the energy scales involved, we consider Higgs branches.
Classically, for ¢ not in a wall, solutions of the D-term equations (Higgs branch vacua) are such
that the charge vectors @Q° of non-zero chirals X; span C", and the mass equation sets o = 0.
The quantum version is that these chirals get vevs (vacuum expectation values) (X;) which
make all o0 massive, and fluctuations of X transverse to the Higgs branch are also massive.
We now show that both masses are of order e|¢ |1/ 2 for ¢ deep in a phase, where e is the gauge
coupling, of mass dimension 1. It is useful to display the classical potential

dim V' . ) ) 2 dim V/ . ) 2 dimV oW
v=3 10" ofIXi +22<<a— > @a|Xz-|) Y|

a=1 i=1

2

(2.5)

in which Q*-0 =3 o Q',0 and we have already integrated out the vector multiplet’s auxiliary
field D. The vector multiplet scalar with a canonical kinetic term is 0% /e, to which the first
term in U schematically gives a mass 2eQ(X) ~ e|¢ |1/ 2. More precisely, the mass-squared of
the scalars 0®/e is the positive-definite matrix

dim V'

(M e)as = 4 Y QuQpl(Xa)[. (2.6)

i=1

For ¢ deep in a phase, Higgs branch vacua are such that |[(X;)| 2 |C|1/2 for a set of indices 4
such that the corresponding @Q° span C". Eigenvalues of the mass-squared matrix of the
canonically normalized o /e are thus all of order e?|¢|. A similar calculation shows that non-
gauge transverse fluctuations of chiral multiplets around the Higgs branch have mass-squared
of order €2|¢| too. We conclude that at energies well below e|<|1/2 the theory is well-described
by a non-linear sigma model with target the Higgs branch. A convenient way to ensure this
regime is to take the limit e — co with all other parameters fixed, at some fixed energy scale.

To keep the formula simple we took all gauge couplings to be equal to some e. Upon a
GL(r,7) change of basis on g, which is useful in concrete models, €2 is replaced by a quadratic
form on g* ~ R", dual to the quadratic form 1/e? on g that appears in gauge kinetic terms.
The second term in U becomes schematically § >, 5(€?)*? (¢ — -+ )(¢g — -+ ). As explained
just above we eventually only care about the limit e? — oo, unaffected by such changes of
basis.

The first quantum effect is that the FI parameter is renormalized:

() = Cov + Qo (57—) (2.7)

where Myy is a UV mass scale and Q' = >, Q" is the U(1) 4 (axial R-symmetry) anomaly.
Models with Q** = 0 are called Calabi-Yau models because their Higgs branch is a Calabi-
Yau orbifold. At energies far below e|¢ |1/ 2 the gauge theory flows to a nonlinear sigma model
(NLSM) with target space the Higgs branch. Further RG flow is expected to change the
Kéhler metric (given by the GIT construction) to one that gives a conformal NLSM.

In non-Calabi-Yau models, flowing to the IR shifts the FI parameter in the direction
—Q'"" £ 0. The deep IR limit can thus only explore some of the phases, specifically the
phases whose closure contains the vector —Q!, interpreted as a point in FI parameter space.
For example, if —Q'" is not parallel to any wall, then it belongs to one specific phase, and
the deep IR limit is described by that phase of the GLSM regardless of (yy. Nevertheless,



for every phase we can arrange parameters so that the phase gives a good description of the
physics at some intermediate energy scale p: tune (yy so that the renormalized () lies deep
in the given phase, then take e sufficiently large to ensure e|C(u)|1/2 > .

The counterpart to the fact that FI parameter varies under scale transformations as (2.7)
is that the theta angle varies by a@'' under ¢ € U(1)4 due to that symmetry’s anomaly.
These symmetries act on twisted chiral parameters such as twisted masses (vector multiplet
scalars) by scaling and phase rotations. As a result, the anomalous transformation of t = (—i6
can be repackaged into a dependence of all observables on a complexified energy scale p.
Both ¢ and 8 have one unphysical component that can be traded for this complexified energy
scale p, but we find it more convenient to take the point of view of fixing 1 and keeping the
Q*°* component of t.

A second quantum effect makes some classical walls (Calabi-Yau walls) into complex
codimension 1 singular loci in the FI-theta parameter space while others correspond to
no wall quantum mechanically. A classical wall is a real codimension 1 cone in the FI
parameter space, where a mixed (or Coulomb) branch opens up. Let uy be some nonzero
vector orthogonal to that wall. In this branch, ¢ = ggug can be an arbitrary multiple of ug.
There may then be vacua whose wave-function explores large values of og. Such large values
give mass to all chirals for which Q?-ug # 0, and integrating these out gives an effective action
for og that is given by the twisted superpotential

o=~ oo = 32 (@l (mg(W) 1) e

which is actually p-independent due to (2.7). Vacua are critical points of this twisted super-
potential, namely solutions of

)0 = (@ ua)tog (%) = ST (@' un) (@ ) (29)
1| Q% up#0

The ambiguity of log by 2mi shifts has no effect since ¢ is 27i periodic and all Q¢ € Z. Then
we have two very different cases: the classical walls parallel to Q*°* correspond to walls in the
quantum theory (up to some shift), while others are not quantum walls.

e Calabi-Yau walls are those for which Q%' - ug = 0, that is, Q! is parallel to the
wall. Then there is a whole mixed (or Coulomb) branch of vacua at a specific locus
toug =—>.(Q" up)log(Q" - up) in the Fl-theta parameter space. Quantum effects thus
shift the wall away from ¢-up = 0 and give it complex (rather than real) codimension 13

More precisely, our analysis is valid infinitely deep in the wall. In Calabi-Yau models,
we typically have a collection of loci that asymptote to this wall and at which the theory
is singular due to a non-compact Coulomb branch opening up. In some non-Calabi-
Yau models, the Coulomb branch that opens up has a finite size controlled by the FI
parameters along the wall. Then, the theory has no singular locus near the classical
wall. We plan to explore this subtle issue in the future.

3 A more pedestrian point of view on the lack of singularity for 6 - up # 0 mod 27 is that the Lagrangian
includes terms ﬁEQ — i(e-uo)E where F is the electric field 01 A — 92 A1 in the direction ug. Completing the
square and taking into account quantization of E gives an energy contribution proportional to min(6-ug —27rZ)2,
which prevents the singularity except at 6 - up = 0 mod 27.



o If Q%' -y # 0, there are |Q*" - ug| solutions at

—t(p) - wo + 2mik
Qtot - Up ’

The approximation used to derive these is good at energies well below |o|, namely
provided (t(u) - ug)/(Q" - ug) < 0. (The phase to which the model flows obeys this for
any UV FI parameter.) In other words these solutions should be ignored in the other
phase ((1) - ug)/(Q*" - up) > 0 as they merge into the og = 0 Higgs branch. Note that
there is no wall between the two phases ¢(u)/Q™" < 0 and t(u)/Q"™* > 0, even though
the low-energy descriptions are quite different.

k=0,...,|Q"" ug| — 1. (2.10)

0p > |4 eXp

In U(1) GLSMs the solutions (2.10) are isolated quantum Coulomb vacua. Excita-
tions around these vacua are all massive: indeed, chiral multiplets have mass |Q‘c| > u,
while fluctuations of o/e have a mass e?/|o|, which can be taken much larger than p
by choosing a sufficiently large e. This is a further condition on e besides the condition

el¢ \1/ 2 that was needed for the Higgs branch NLSM to give a good approximation.

2.3 Interlude: nonlinear twisted superpotential

Before studying in detail the possibility of mixed branches, let us consider a slight generaliza-
tion of usual GLSMs. Usually, the twisted superpotential of a GLSM is taken to be linear:
W = —t-o with ¢ the FT and o the twisted chiral field strength of the vector multiplet. We now
consider a gauge theory with a more complicated unspecified W (o). We allow the charges Q°
not to span R”, namely the gauge group action not to be faithful. In other words, the charge
lattice Z" = Hom(U(1)",U(1)) of the gauge group contains all integer linear combinations of
the Q!, but may contain more elements.

As we explain shortly, vacua in which o gives a mass to none of the chirals (analogous to
Higgs branches) are solutions of

(Q-0)Xi =0, (2.11)
e R@ﬁ) = 2_(@1Xif), (2.12)
Ot == Im(?f) € Spang ({Q'}) +27Z", (2.13)

modulo gauge transformations. While the equations are real, this is a complex orbifold thanks
to the fact that the d = dim(Span{Q}) “missing” constraints on Im(0W /o) are accounted for
by the U(1)? (times discrete factor) gauge transformations that act non-trivially on the chirals.
These equations reduce to well-known ones when d = 0 or r. When there are no (charged)
chiral multiplet they state that oW /0o vanishes modulo 27. Instead, when charges span R”,
they reduce to the mass equation (Q*-o)X; = 0 and to D-term equations z(X) = (e, modulo
gauge transformations, where p =3, (Qi]Xi|2) is the moment map of the gauge group.
Equations (2.11)—(2.12) come from the same classical potential as (2.5), with ¢ — Ceg.

The third equation is found by considering the action for the gauge field components along
directions u € g such that all Q°-u = 0. These components only appear in the gauge kinetic
term and in the twisted superpotential term:
L=_1p - i(eeff ‘u) E, (2.14)
2e2 2T

10



where F is the electric field 91 Ay — 09 A1 in the direction uw. This is well-known to have vacua
at Oeg = 0 mod 27.

2.4 Mixed branches

We now go back to a standard GLSM and generalize our earlier discussion from U(1) to
U(1)" models to find mixed branches. We learn that mixed branches are essentially products
of Coulomb and Higgs branches. Furthermore some phases subdivide beyond the classical
analysis.

In one phase of a U(1) GLSM in which Q%' # 0, we found quantum Coulomb branch
vacua (2.10). In U(1)" models, Coulomb branch vacua (¢ # 0, X = 0) are found as follows.
Assume o has a generic large vev so that all chirals are massive. Integrate out all the massive
chirals to get an effective twisted superpotential Weg(o). Find classical solutions for o (critical
points of Weg). Check whether chiral multiplets in these solutions are indeed all massive, or
not: if yes we found a Coulomb branch vacuum.

We follow a similar procedure to find all branches. In each branch we expect some set of
chiral multiplets to be made massive by o, and some set not to be. Let us search for vacua in
which a set I C [1,dim V] of flavours have Q*- o = 0 for all i € I, that is, o € qé C gc where

q:= Spang({Q° | i € I}) C g*. (2.15)

Of course, any chiral multiplet with charge Q' € q is given no mass by o, so we restrict our
attention without loss of generality to cases where I contains all such flavours.

Integrate out all the chirals X; for i & I since we expect them to be massive. The effective
twisted superpotential is

War = i) -0~ (@' ) (1og( L7} 1), .10

igl

and we search for solutions of (2.11), (2.12), (2.13) for the resulting gauge theory. We are
only interested in solutions for which o € qé so that the remaining chirals X; for ¢ € I are
not given a mass, and for which all X; = 0 for ¢ € I since they should be massive.

Focus now on components of (2.12) and (2.13) along qc. They give

aW:_t—ZQilog<Q '0> € qc + 2miZ’ . (2.17)
0o igl H

Once these equations are solved for o € q(JC-, one must check that masses are large (|Q*-o| > )
for i & I. These are precisely the condition for quantum Coulomb branch vacua of a sub-theory,
with smaller gauge Lie algebra q- C g and one chiral multiplet of charge (Q° mod q) for each
i ¢ I (one can naturally include gauge-neutral chirals for ¢ € I). Indeed, the Coulomb branch
equation for this sub-theory is

<(Q" mod q) - o

(t mod qc¢) + Z(Q’ mod q) log .

) = (0 mod q) (2.18)
idl

and the condition that X;, i ¢ I be massive reads |(Q mod q) - 0| = |Q" - 0| > p. Solutions
are typicaly isolated. In addition, scaling ¢ — oo in a fixed direction, ¢ can have multiple
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scales: for a given solution the various Q' - o may behave as exponentials exp(t - A\) with
different parameters \*.
Then, for each solution o € g, we solve the D-term equations Y icr Qi\Xi|2 = (o with

ceff:Re@‘V) — ¢+ Q'log QM“' €, (2.19)

il

modulo gauge transformations. Infinitesimal gauge transformations along q act trivially, so
this is the Higgs branch of a “quotient” theory with gauge Lie algebra q* = g/q* and one
chiral multiplet of charge Q' for each i € I. The Higgs branch is empty whenever (. cannot
be written as a positive linear combination of the Q' for i € I.

The branch we found is a Coulomb branch if all X vanish, a mixed branch if both chiral
and vector multiplet scalars have non-zero vev, and a Higgs branch if ¢ vanishes. Importantly,
the dimension of the branch is

11| —dimq = {i | Q" € q} — dimg. (2.20)

If the @’ that lie in q are linearly independent, this implies that the branch is an isolated vac-
uum. In all models we study later in the paper, only the Higgs branch has positive dimension.
The remaining branches are isolated vacua, and it is then irrelevant to work out whether they
are mixed or Coulomb branches.

There is an interesting phase structure upon varying t. The set of solutions to the Coulomb
branch equation (2.18) can change when the solution o is such that one mass |Q* - o| becomes
of order u for i ¢7I Then one chiral becomes massless and the vacua are described by
some larger choice of I and q. On the other hand, the Higgs branch of the quotient theory
has change of geometry when (e given in (2.19) changes sign. The location of this phase
transition depends on all components of the ﬁparameter (but not the theta angle), and we
find in examples that the transition takes place along a wall subdividing classical phases. See

subsection 3.4 for examples.

3 Hirzebruch-Jung model

Our main example in this paper is an abelian GLSM considered in [14], whose classical Higgs
branch in different phases is a certain orbifold of C2 and its (partial) resolutions. More precisely
we consider the orbifold C?/Z,, in which the generator w = exp(27i/n) of Z, acts on C?
by (21,22) — (wz1,wP22) for some 0 < p < n such that ged(p,n) = 1.* In addition to the
classical Higgs branch the model also has isolated quantum Coulomb/mixed branch vacua in
many phases.

4The action (21, z2) — (W’ 21, w"2) of Z, on C? is faithful if ged(j, k, n) = 1, so one may naively expect the
existence of more general quotients C*/Z,;x). If ged(j,n) = 1 = ged(k, n) then C?/Z,; 1 is C*/Z,,) where

pj =k mod n. Otherwise (CQ/Z"(]-,;C) is actually a quotient of (C/Zgca(k,n)) X (C/Zgca(jn)) so we first rescale
ged(k,n) ged(j,n)

21— 27 and zy — 25 (this does not affect the complex structure) before applying this argument:
we obtain a quotient C*/Z,(,) with n' = n/(ged(j, n) ged(k,n)) and Paeatimy = ﬁ mod n/’.
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3.1 Notations

Before describing the GLSM let us introduce some notations. Like every rational number in
(1,400) the fraction n/p has a unique continued fraction expansion

n 1
—=lay,...,a;) =ay — ——5— (3.1)
42 = T”i/a,
in terms of integers a, > 2. This also defines 7.
3.1.1 Determinants
Then we consider the generalized Cartan matrix
al -1 0
-1 as
(Caﬁ)lga,ﬁgr = (32)
o
0 -1 a,
and its (diagonal) minors
dij = —dj; = det(Cap), o 5o; for0<i<j<r+1, (33)

dii =0 for0<i<r-+1.

Here strict inequalities imply that the submatrix has size j — i — 1, so dy;11) = 1 is the
determinant of a 0 x 0 matrix, and we extended the notation to ¢ > j by antisymmetry for
later convenience. These determinants obey two recursion relations

di(j—l) + di(j+1) = a,jdij for0<i<r+4+landl1l< <,

3.4
dii—1); t diy); = aidiy for 1<i<rand0<j<r+1, (3:4)
and they can be related to partial continued fractions through
d(i—1); .
[ai,aHl,...,aj,l]: forl <i<j<r+1,
iy (3.5)
[aj,aj—1,... 0141 = Zif) for0<i<j<r.
]

Note that since the continued fractions are all in (1,+00) we learn that d;; < d(;_); and
dij < dj(j41) for i < j and these inequalities extend to all 4, j by antisymmetry.

We then define p; = dj(,11) and ¢; = dp; for 0 < j < r + 1, which can alternatively be
defined as in [14] by p,4+1 =¢qo =0 and p, = ¢; = 1 and

bi-t and laj,aj—1,...,a1] = G+t (3.6)

[ajaaj+17"')ar] = D 4

They obey 0 =pry1 <pr <---<pr=p<po=nand 0=¢qy < q < - < ¢g+1 =n. The

recursion relations (3.4) read pj_1 + pj41 = a;jp; and g1 + ¢j+1 = ajq; for 1 < j < r, from
which we deduce by induction that

piq; —pjqi =nd;;  for 0 <45 <r+1 (3.7)
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because both quantities obey the same recursion relations (3.4) and agree for 0 <4,j < 1. In

fact this explicit formula for d;; implies (and is a special case of)
dijdkl — dz‘kdﬂ + dildjk =0 for 0 <i,j5,k, 1 <r+1. (3.8)

This reproduces the recursion relations thanks to d¢;_1)4+1) = ;. Taking [ = k£ 1 so that
dy = %1 we find ged(dix, dji)|dij. Combining with permutations of 4, j, k we deduce

ged(dij, dix) = ged(dij, djx) = ged(dig, dji)- (3.9)

Another consequence of the recursion relation is that j ~— p; is convex since its discrete
Laplacian p;_1 — 2p; + pj+1 = (a; — 2)p; is non-negative (all a; > 2), and likewise j — g; is
convex. Their sum is convex and pg+qo = pr41+¢r+1 =nsopj+q; <nforall0<j <r+1.
It is easy to check that equality only happens for j =0 or j =7+ 1 or when p =n — 1 (all
aj = 2). Given the definitions of p; and g; the inequality reads d;,11) + doj < do(ryr)- It
generalizes to d;j +d;, < d;y, for ¢ < j < k with equality if and only if a, = 2 for all ¢ < o < k.

Integer solutions (xq,...,Zr41) € 772 of the recursion relation x;_, — a;x; + Zit+1 = 0 for
all 1 <14 < r appear in a few places in our work. The lattice of solutions is a rank 2 sublattice
of Z'2, and any pair of solutions (dij)o<i<r4+1 and (dr)o<i<r+1 spans an index |d;| sublattice
inside it.

3.1.2 GLSM in one basis

The GLSM has gauge group G = U(1)" and r + 2 chiral multiplets Xy, ..., X, 11 (for conve-
nience we label flavours starting at 0). There are two convenient choices of bases for the Lie
algebra, leading to two different charge matrices that are of course related to each other by a
change of basis.

The factor U(1),, namely the a-th factor in U(1)", acts with charges (1,—aqs,1) on
(Xa-1,Xa, Xat1) and does not act on other X3. In other words the charge matrix is

1 —ap 1 o - 0
() o N (3.1
1<a<r,0<i<r+1 . . . . 0
0o --- 0 1 —a, 1
and in particular charges of Xy, ..., X, are minus the generalized Cartan matrix. The action

of G is faithful: if an element (g1,...,9,) € U(1)" acts trivially then g1 = 1 (because of the
action on Xjy), then go = 1 (because of the action on X;) and so on, so all g, = 1. We denote
components of ¢ in this basis by (4.

3.1.3 GLSM in the second basis

We change basis by multiplying the charge matrix by nC~!, whose components are integers
(nC—1)eB = Pmax(a,8)Tmin(a,3)- Lhis yields

pp. =m0 -~ 0 @
r ) 0 -n :
(Z n(O‘l)“BQBZ> =[P SR (3.11)
-1 1<a<r,0<i<r+1 DU SO | B
pr 0 PP 0 —n q,r_
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Again, each factor acts on three chiral multiplets, but now these are Xy, X, and X, ;1. In
this basis the gauge group takes the form U(1)"/(Z,)"~!. Indeed, all elements (g*,...,g") €
(Zn)" < U(1)" such that [] (¢%)P = [[, (¢%)% = 1 act trivially, and in fact these two
conditions are equivalent thanks to p, = p1go mod n, see (3.7).

In terms of the components (, in the first basis, components of ¢ in this basis are /, =
> h=1 (n(C1)2F¢g) for 1 < a <.

Consider the phase where all of these sums are negative. The classical vacuum equations
imply X, # 0 for 1 < o < r, and these fields are fixed up to a phase in terms of {, Xy and X, 1.
The phase is absorbed by a gauge transformation, and the gauge group is Higgsed down
to the discrete subgroup (Z,)"/(Zn)""* C U(1)"/(Z,)""! that leaves X1,..., X, invariant.
Altogether the Higgs branch is spanned by Xy and X, 1, modulo the remaining Z, gauge
transformations, which multiply X,;1 and Xy by powers of (w,w?) since p, = pge mod n.
As a complex orbifold, the Higgs branch is thus C2/ Znp(p) in this phase. This phase is called
the orbifold phase. We discuss other phases in detail in subsection 3.2.

The case a; = --- = a,, = 2 is interesting because charge vectors sum to zero precisely in
that case. The generalized Cartan matrix is the Cartan matrix of the Lie algebra A,, and we
compute d;; = j —i. In particular, n = r + 1 and p = r, namely Z,, acts by multiplication by
(w,w™ 1), hence acts on C2 as a subgroup of SU(2). The Higgs branch is in this case a Calabi-
Yau manifold or orbifold depending on the phase. The model then flows to a superconformal
field theory.

3.2 Higgs branch geometry

We now turn to describing the geometry of the Higgs branch in each phase. The Hirzebruch-
Jung models also admit Coulomb and mixed branch vacua (see subsection 3.4). By a slight
abuse of notations we denote the vev of the bottom component of a chiral multiplet by the
same letter: the coordinate ring of the UV target space is thus R = C[Xo, X1,..., X;, X;q1].

3.2.1 In one phase

The IR Higgs branch X in a given phase admits a (C*)? action obtained as the (C*)"*2
symmetry rotating individual X;, quotiented by the (C*)" gauge symmetry. Orbits of the
(C*)? action are parametrized by the values of |P|* and |Q|? (or any other pair of chirals).
Orbits are typically (C*)2, but they reduce to C* in each locus {X; = 0} and to a point at
pairwise intersections thereof.

To describe the allowed values (|P|?,|Q|?), consider the D-term equations for the GLSM
written in the second basis (3.11): under the a-th U(1) gauge factor the fields P, X,,, @ have
charges pa, —n, g, and other multiplets are neutral. We denote by ¢/, = 22:1 (n(C’_l)o‘ng)
the FI parameters in this basis (in terms of those in the first basis). The D-term equations
are then

PalPl” + 4ol QF = ¢, +n|Xal?, forl<a<r (3.12)

Up to the toric action, this fixes all X, in terms of (|P|?,|Q|?), provided that the linear
inequalities p,|P \2 + qa|Q|2 > (/, are obeyed. The toric diagram of X depicted in Figure 1
thus consists of the subset S of the upper quadrant that lies above all lines

PalP* + 40l Q1* = ¢, (3.13)
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{X1 =0} Q {X1 =0} Q

S S
{X2 =0} {X2 =0}
{X3 =0} (X5 = 0}

\ P \ P
Figure 1: Toric diagrams of two resolutions of C? /Z4(—1). These are Higgs branches in two

different phases of the same GLSM of rank » = 3. On the left, all exceptional divisors are
blown up, while on the right the third exceptional divisor is blown down.

Extending notations to include ¢y = ¢;,; = 0 and Xo = P and X,;1 = @, the o = 0 and
o =7+ 1 lines are the two axes {|P|* = 0} and {|Q|* = 0}.

In a given phase, the boundary of S consists of a collection of line segments along some
of the lines (3.13). Each such line segment corresponds to an exceptional divisor of the toric
geometry, that can be blown down by varying from ¢/, > 0 to ¢/, < 0. The 2" phases of the
GLSM are characterized by the set A C [1,7] of divisors that are blown up, namely such that
{X, = 0} is neither empty nor a point. Since ¢,/p, increases with o we learn that edges of
the set S are segments of lines corresponding to {X; = 0} for ¢ € {0}UAU{r+1}, in increasing
order. Later, we need the deleted set A. It is the union of the hyperplanes {X, = 0} for each
a € [1,r] \ A, and of the intersections {X, = Xg = 0} for o, 5 € {0} U AU {r + 1} that are
not consecutive elements of this set (namely such that there exists v € A with a < v < f3).

Note that X typically has orbifold singularities (see subsection 3.3 for details). For instance
in the phase A = () the non-zero vevs of Xy, ..., X, only break the gauge group down to Z,,
which acts on P and @ with charges p; = p and ¢; = 1 (one could equally well choose p, =1
and ¢, because p1¢, = prq1 = 1 mod n). Thus, in that phase, X = Cz/Zn(p).

3.2.2 Phase boundaries

Phase boundaries occur when one of the lines (3.13) touches S at a single point, namely when
three of these lines intersect at a point that is above any other line (3.13). The lines for

a=1,7,k (with 0 <1i < j <k <r+1) have such a common intersection when

pi ¢ G pi 4 G
det [pj ¢ ;] =0, and, foranyi<a <k, det|pa o (| >0 (3.14)
P Qe G P QG

where we recall ¢) = (; ;. The same linear condition on FI parameters can also be derived
in the first basis as follows by solving D-term equations together with X; = X; = X3, = 0.
The D-term equations for ¢ < a < j together with X; = X; = 0 give a unique solution
for ]Xi+1\2, e ]Xj_l\z in terms of (y1,...,(j—1. Likewise X; = X} = 0 and the D-term
equations for ¢ < a < j give \XQ\Q for j < a < k in terms of (, for the same range of a.
The j-th D-term equation |X;_1|* 4 |X;11|* = ¢; then provides a linear constraint on (,
for ¢ < a < k. This linear equation must be combined in general with an analogue of the
inequalities in (3.14).
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The more conceptual point of view is to consider a U(1) C U(1)" that acts trivially on all
chiral multiplets except X;, X;, Xj, as we do in subsubsection 3.3.2. Its FI parameter (o is
given in (3.20) as a linear combination of {, for i < a < k. The corresponding D-term equation
writes (loc as a linear combination of | X;|?, |X;|?, |Xk|?, so the point X; = X; = X}, = 0
characterizing wall-crossing occurs at (joc = 0. In the phase with the exceptional divisor E;
blown up, its volume is controlled by |(joc|, and is independent of ¢; and (x. In particular in
the fully resolved phase we have

Vol(Ej) ~ (. (3.15)

Besides the (classical) position of walls, it is interesting to determine which ones are Calabi-
Yau walls, because these are true codimension 1 singularities around which it makes sense to
study monodromies in the Kéhler moduli space. The wall at which X;, X;, X} can vanish
at the same point is a cone of the charges Q7*/** Tt is Calabi-Yau if Q%' = o Q" can be
written as a linear combination of these. We prove now that the condition is that ;41 =--- =
ap41 = 2.

Consider first the case ¢ = 0, k = r + 1, namely a wall-crossing from the orbifold phase.
In basis II, Q%' has components po, + go — n for 1 < a < r and we want to write it as a
linear combination of the charges Q7“7*, which in basis II are —n times each basis vector
except the j-th one. This exactly requires the j-th component p; + ¢; —n = 0. We proved
in subsubsection 3.1.1 that this only happens in the Calabi-Yau case (all a, = 2). Of course,
since bases are equivalent, we could have obtained the same conclusion in basis I, with more
work.

Now consider the general case and work in basis I of the GLSM. Start from Q%'. By

subtracting a linear combination of the X.; we can cancel components 1,...,i of Q. Like-
wise subtracting a linear combination of the X~ cancels components k,...,r. In this way
the problem reduces to the case ¢ = 0, k¥ = r + 1 which we have analysed, so we learn that the
wall is CalabiaASYau if and only if aj1q = -+ = ap_; = 2.

An alternative point of view is to look at the local U(1) x Z,, model of subsubsection 3.3.2
that describes the wall-crossing. The wall is a true singularity if and only that local model has
a true singularity, namely is Calabi-Yau. We compute that the sum of charges is d;;, —d;; —d ;i
up to a scaling. We proved in subsubsection 3.1.1 that this only happens when a;41 = --- =

A1 = 2.

3.3 Local models

Let E; = {X; =0} for 0 < i <r+ 1. The sets Ey and E,;1 are always non-compact, while
the B, for 1 < a < r are exceptional divisors or are empty depending on whether oo € A or
not. We now describe the geometry near intersections F; N E; for 0 <7 < j <r+ 1 in phases
where they exist, then near E; for 0 < j <r+ 1.

3.3.1 Local model near an intersection

An intersection E; N Ej is non-empty only in phases such that ¢ and j are elements of {0} U
AU{r + 1} (to have E # () and E; # () and such that no other element o € A is between
i and j. The second condition ensures E; and Ej intersect, as is manifest in the (|P|?,|Q[*)
plane. Near the intersection point E; N Ej, all chlral multiplets other than X; and X; have a
vev. By the Higgs mechanism this vev breaks the gauge symmetry down to the subgroup of
elements of U(1)" that fix all X; other than X; and Xj.
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X {X1 =0} Q

{X2 =0}

{Xs =0}

X, \ P

Figure 2: Toric diagrams of the Higgs branch of: (a) a local model of an intersection E; N Ej;,
and (b) the full GLSM. The region shaded in gray is the image of (a) inside (b) under the
embedding of complex manifolds/orbifolds. The toric diagram does not depic the orbifold
group Zg,; since it acts purely on phases of chiral multiplets.

Let us work in basis I of the GLSM, and let g = (g1,...,9,) € U(1)" be such an element.
Fixing X requires g1 = 1, in which case fixing X requires go = 1 and so on, so ¢g1,...,¢9; = 1.
Likewise g; = --- = g, = 1. Next, we consider in turn the constraints coming from the fact
that g fixes X, for o = j — 1,5 —2,...,7+ 1. Each step « gives one component g,_1 =
(ga)®(gas1) !, and an explicit expression is

go = (gj-1)%  fori<a<j. (3.16)

This relies on the initial cases dj; = 0 and d(;_1); = 1 and the recursion relation (3.4)
d(at1)j t+ d(a—1); = Gadaj, applied for i < a < j. Then, g; = 1 forces g;—1 to be a d;;-th
root of unity. Altogether we are left with a gauge group Zg,,. The two remaining chirals X;
and X; have charges d(;;1); and 1 as summarized in the following table

X; X; X; X;
or in another basis

Za; diy; 1 La; 1 digy

(3.17)

where we used d;(;_1)d(i4+1); — dijd(it1)(j—1) = di(i+1)d(j—1); = 1 to invert d(;;1); modulo d;;.
We conclude that near F; N E; the Higgs branch is close to the orbifold c?/ Lg, (1))

This reproduces our earlier conclusions for the orbifold phase A = (), which is the only
phase in which Eg N E, 1 is non-empty. We had found that the Higgs branch is C2/ L (py n
that phase and indeed dy(,11) = n and dy(,4.1) = p1 = p. In fact all cases reduce to this one
by noting that vevs of Xo,...,X;_1 and Xj;;1,..., X;41 break completely the gauge factors
with indices 1 < a < i and j < a < r (see above), thus reducing the problem to the orbifold
phase of a U(1)7~¢~! Hirzebruch-Jung model with j — 4 + 1 chirals. From this point of view,
the orbifold singularities for ¢ + 2 < j are due to the presence of blown-down exceptional
divisors E,, for i < a < j. In contrast, the residual gauge group trivial for ¢ + 1 = j because
dij = dz’(z‘+1) =1, so intersections F; N E;11 are smooth.

Recall that as a complex orbifold the Higgs branch of an abelian GLSM is a quotient by the
complexified gauge group G of V' '\ A, the space of chiral multiplets minus some deleted set
consisting of coordinate subspaces. This construction enables us to embed the Higgs branch of
the local model (3.17), as a complex orbifold, into that of the full model in the given phase. A
point (X;, X;) € CQ/Zdij(d(iH)j) is mapped to (1,...,1,X;,1,...,1,X;,1,...,1) e V. =C"*%
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up to (C*)" gauge transformations, where the non-trivial entries are in positions 0 <i < j <
r+ 1. Our earlier analysis of what subgroup of U(1)" leaves the non-zero vevs of X; for [ # i, j
extends trivially to the complexified setting and shows that the map is well-defined. Its image
consists of all (Xo,...,X,41) € V that can be gauge-fixed to have X; = 1 for [ # i, j, namely
to the set V' \ U,; ; 1. The toric diagram is depicted in Figure 2.

3.3.2 Local model near an exceptional divisor

We repeat the same analysis for an exceptional divisor E; for 1 < j < r in some phase. Let
E; and Ej, be non-empty and intersect F; at one point each, namely the indices should obey
i < j < k and be successive elements in the set {0} U AU {r + 1}. From the (|P||Q|?)
toric diagrams we know that Ej; is topologically a two-sphere and it has a U(1) isometry with
two fixed points: E; N Ej and E; N E;. In Ej;, hence on a neighborhood thereof, all chiral
multiplets except X;, X;, X}, get a vev. The Higgs mechanism breaks the gauge group to the

subgroup of elements g = (g1,...,9,) € U(1)" that leave all the vevs invariant.
Again we work in basis I and find that fixing Xo,..., X;—1 and Xj1,..., X, 41 forces
g1=--=gi=1land g, = --- = g, = 1. Next, the calculations near (3.16) give g, = (g;+1)%

for i < a < j, and g, = (gp_1)%* for j < a < k. The compatibility of these two expressions
of g; means that the gauge group is parametrized by solutions of gflfl = gzj_kl, namely

Giv1 = h%*/ ™y and gp_y = h%3/Mw? for  (h,w) € U(1) X Z, (3.18)
where m € Z>1 and u,v € Z are chosen to obey
m = ged(dij, dji) = udi; — vdjp,. (3.19)

Different choices of (u,v) amount to different choices of basis for Z,,. The GLSM can be
expressed in various choices of basis, related by automorphisms of U(1) x Z,,. Besides con-
jugation that changes signs of all charges, one can add to the Z,, charges any multiple of the
U(1) charges, and multiply the Z,, charges by any invertible element of Z,,.

From how the U(1) factor of the gauge group of the local model embeds into the U(1)"
gauge group of the full GLSM we work out the FI-theta parameter of the local model,

k—1

1
tioc = E Z dimin(a,j)dmax(a,j)k la- (320)
a=1+1

The chiral multiplet X; transforms by g;—19; “ gi41 = hik/My® and X}, by Gk—195, * g1 =
hdia/m while X; transforms by gj_lgj—ajng = ht/myws with
U= djr)djr — ajdijdji + dijdiye = —di+1)dje + dijdpye = —dik
(3.21)
s = —dl(]+1)u + d(j+1)k,v = dl(]_l)u — d(j—l)k’v mod m
where we used the recursion relation and (3.8) and dj(j+1) = 1 to simplify £ and to give two

equally complicated expressions for s. Chz@es are summarized in the following table, with
m, u, S, v given above:

Zm u S v
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It will be useful later that X;li(j+1>XjX,;d(j+1)k and Xid”Xk_djk and X;d“’;l)XjXZ“*l)k are
gauge neutral.

In this analysis we first reduced the model to a U(1)¥~*~! Hirzebruch-Jung model with
k — i+ 1 chirals. Up to relabeling this is the case ¢ = 0 and k = r 4 1, namely where a single
exceptional divisor, E;, is blown up. In that case, m = ged(pj, ¢;) and the local model has
U(1) charges (pj, —n, q;)/m and Z,, charges given above. It is instructive to reproduce some
of these results in basis II. Elements g = (g*,...,¢") € U(1)"/Z"~! that only acts on X,
X, X, 41 are those for which all g% € Z,, except ¢’ € U(1). The residual gauge group is thus
(U(1); x ZI=Y/Z8~t and the question is how the ZI~! quotient is taken. The U(1); factor
acts with charges (p;, —n, ¢;), hence its Z,, subgroup acts trivially. By a volume argument
the residual gauge group must be U(1);/Zy, times a discrete abelian group of order m.

Another consistency check is to determine which (h,w) € U(1) X Zy, fix X;. Write w =
exp(2mia/m) and h = exp(—2mib/d;;,) with a € Z by construction. The condition is that au =
bmod m. It is solved exactly by the dj; powers of (h,w) = (exp(—2mi/m),exp(2miu/d;y)).
The residual gauge group is Zg,, , and it is easy to check that it acts on X; and X}, with charges
d(j+1)k and 1. As expected from subsubsection 3.3.1 we find the orbifold CQ/Zdjk(d(jH)k)- Near
the other pole E; N E; we similarly find Cz/Zdij(di(j,U) ~ (CQ/Zdij(d(Hl)j). The local model
embeds as a complex orbifold into the full Higgs branch, and its image is the region in which
no chiral vanishes except X;, X;, Xj.

Does the local model approximate well the metric on the divisor Ej; in the full Higgs
branch? Not always. Integrating out chirals that are nonzero near F; and removing gauge
fields that their vev breaks is an approximation that is valid provided the chiral multiplets
that we keep have vevs that are much less than those that we integrate out. However, the vev
of X; near the intersection F; N Ej may be bigger than some other chiral multiplets X, for
J < a < k, especially when FI parameters are taken close to a wall that corresponds to blowing
up E, (see right side of Figure 1 for instance). It may be interesting to make quantitative
comparisons between the U(1)-invariant metrics on E; for different models. When discussing
the metric we will assume that the regime of FI parameters is such that all chirals other than
Xi, Xj, Xi have large vevs in the neighborhood of F; that we are considering.

Very close to E;NE; we know from subsubsection 3.3.1 that the metric is that of C?/ Lq,;(d, o)
parametrized by X; and X;. The submanifold E; = {X; = 0} has the same deficit angle at
E;NEj as C/Zq,;. The exceptional divisor is thus a topological two-sphere with U(1) isometry
and two conical singularities. As a complex manifold /orbifold it is simply P!, with projective
coordinates (X-dij : X,fjk), for the same reason that C/Z, ~ C under the map X — X". As a

(2
Kéhler manifold the divisor {X; = 0} of the local model (3.22) could be called W(C]P%’a with
b = dj, and a = d;j;. When m = ged(dij,dj;) = 1 the local model is a U(1) GLSM, and
the Kéhler quotient construction of its Higgs branch coincides with a standard construction
of weighted projective spaces (in any dimensions). When m > 1 the same U(1) construction
would simply construct W(CIP% m.a/m and one needs a further Z,, orbifold to obtain the correct

conical singularities C/Z, and C/Zy,.

3.3.3 Line bundles on WCP!

In the resolved phase of the local model (3.22), the Higgs branch is the total space of the
normal line bundle of the exceptional divisor F;. (Away from E; the metric receives strong
corrections.) Let us determine what line bundle it is and discuss more general line bundles, as
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this is essential for our study of B-branes on Hirzebruch-Jung models in subsection 4.5. For
brevity we denote a = d;; and b = dj;, so that the exceptional divisor is W(CPg’a with conical
singularities C/Z, and C/Z. Let m = ged(a,b) and w, = exp(27i/p) for all p > 0.

Geometric point of view. We discussed above how W(CIP)I%’CL is constructed by gluing the
cones C/Z, with coordinate = and C/Z; with coordinate y. We choose these coordinates to be
single-valued before quotienting so the well-defined expressions on the orbifold are z® and y°.
The change of coordinates between the two is then 2% = y~°.

A line bundle on W(C]P%’a is built by gluing an orbifold (or equivariant) line bundle on
C/Z, and one on C/Zj, through a transition map. The orbifold line bundles are characterized
by their charge under the orbifold group, which in view of later identifications we denote
respectively by —y € Z, under Z, and § € Z; under Z,. Sections of the C/Z, bundle are
fn: C* — C such that fx(x) = ngfN (wgz). The transition map must map that to a section
fs: C* — C such that fs(y) = w) fs(wpy) of the other orbifold bundle, by a relation of the
form fx(z) = (---)fs(y) for * = y~°. Since neither = nor y determines the other uniquely
in general, and since the orbifold line bundles may have non-zero charges, the coefficient
() defining the transition map typically depends on both x and y, subject to the relation
z% =y~ . The transition map is thus

() =27y fs(y)- (3.23)

The transition map should reproduce the orbifold group actions on fx and fs when one keeps
y or x fixed, respectively. This implies —5 = —y mod a and é = d mod b. Altogether the line
bundle is characterized by

(v,0) € 2%/ ((a, —b)Z). (3.24)

This group is isomorphic to Z X Z,, with m = ged(a,b). In particular, on weighted projective
spaces W(C]P’ll,’a with ged(a,b) = 1, all line bundles are tensor powers of one line bundle that
we call O(1). In terms of the U(1) GLSM discussed next, that line bundle is parametrized by
a scalar of U(1) charge 1.

GLSM point of view. The W(CIP’,%@ exceptional divisor is the Higgs branch of the following
U(1) x Z,, GLSM, obtained from (3.22) by dropping the chiral multiplet Xj:

X, X
U(l) b/m a/m (3.25)
Lo, u v

where u,v € Z obey (a/m)u — (b/m)v = 1, which implies for instance that a/m and v

are coprime. As a complex orbifold, W(C]P’aa is parametrized by homogeneous coordinates
(zi : z) € C*\ {(0,0)} with the identification (x; : xx) ~ (RY™wbz; : h¥™w xy) for all
(h,w) € C* X Zy,, the complexified gauge group. The coordinates x and y of the gluing
description are obtained from (x; : xy) by gauge-fixing xp = 1 or x; = 1 so (z; : x) ~ (x :
1)~ (1),

While not strictly necessary it is instructive to check that x and y are subject to Z,
and Z; orbifold identifications. Let us gauge-fix xx = 1. The elements (h,w) that leave zj
fixed are those such that h%/™w? = 1. For each w € Z,, there are a /m possible h, so in total

21



there are m(a/m) = a solutions. On the other hand, £ — (w;*’,w’ ) defines an injective group

morphism from Z, to the space of solutions: its kernel consists of £ such that £ = 0 mod m and
fv = 0 mod a, hence £ = ml' and ¢'v = 0 mod a/m, hence (because a/m and v are coprime)
¢ = 0 mod a/m and finally £ = 0 mod a. The residual gauge group is thus Z, consisting of all

(w;® wt) € U(1) X Zy,. The group Z, acts by (z: 1) (wﬁvb/m%ug/mx 1) = (W 1 1),
namely a standard orbifold C/Z,. The situation is the same for the other pole.

The fiber of a line bundle is parametrized by a scalar with some charges («, ) under
U(1) X Zy,. A section of that line bundle is then (a meromorphic function) f: C2\{(0,0)} — C

such that
hwP f(hb/mw"xi : h“/mw”l‘k) = f(x; 1 xx), forall (h,w) € C* X Zy,. (3.26)

In the C/Z, patch, (3.26) becomes

which describes an equivariant line bundle with charge —va + fa/m mod a on C/Z,. The
combination —va + Sa/m can be found more directly: the charge vector («, ) is an integer
linear combination of those of x; and xy,

<g> = —y (b/um) +4 <a/vm> , where v = vae — fa/m, and 0 = ua — fb/m (3.28)

are defined up to shifting (-, ) by multiples of (a,b).

A gauge transformation that maps (z; : xx) — (Az; : pag) acts on the section as f —
A7l f. We deduce that the equivariant line bundles from which our line bundle is built
have charges —y mod a and & mod b, respectively. We also deduce the transition map by
converting (3.26) to v and § and imposing zx = 1 and RV Mty = 1

flx:1) =270 f(1:y). (3.29)

This is exactly (3.23) since fx(z) = f(z: 1) and fs(y) = f(1:y).
The normal bundle. The normal bundle of E; in the Higgs branch of the Hirzebruch-
Jung model is the same line bundle as in the local model (3.22). It is thus parametrized by a

scalar X; with charges (o, 8) = (—di/m, s), with s = d;;_1yu—d(;_1)v, under the U(1) X Z,

—dis d:
gauge group. As observed below (3.22) these are the same charges as X; G x k“H)k and

dors —d, .
also the same charges as Xiz(Jfl)Xk U=U* In the notations above, (v,d) = (diGi+1)s d(j+1)k)-

3.4 Coulomb and mixed branches

The Hirzebruch-Jung models we consider also admit Coulomb and mixed branch vacua. As
explained in subsection 2.4, these are found by searching, for each subspace of the chirals,
some vacua in which these chirals (and no others) are not given a mass by o. The dimension
of the branch is (2.20), which vanishes unless the set of charges of these chiral multiplets obey
linear relations. In our models, any  — 1 of the charge vectors @ are linearly independent,
so the only branch of positive dimension is the one in which all chiral multiplets can get vevs,
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namely the Higgs branch. Other branches only consist of isolated vacua, and the distinction
between Coulomb and mixed vacua is unimportant.®
To keep notations short, let & = o/pu.
Coulomb branch vacua for example are found by extremising the effective twisted super-
potential
W= —t -6 3°(@'+6)(log(@ 4) - 1) (330
7

where ¢ is only defined up to multiples of 27i. Exponentiating ng < ¢ 2miZ gives the relations

[[(@ - 6)% = e, (3.31)

i

We recall that t = ¢ — if is renormalized as (2.7), consistent with the power of y on the
left-hand side.
Let us consider solutions of these equations for some instructive examples.

3.4.1 One parameter model

For the r = 1 Hirzebruch-Jung models, n/p = a; namely p = 1 and a; = n. We get one
equation 6(—a16)”"%6 = e~! namely

6172 = el(—ay)™™, (3.32)

This has a; — 2 solutions, which have large |6| (namely the approximation makes sense) in the
phase t <« 0. The picture that emerges is that the one-parameter model has two phases

e ( < 0 with Higgs branch C?/ Zp(1y and no Coulomb branch;

e (> 0 with Higgs branch the total space of O(—n) — CP! and n — 2 Coulomb branch
vacua.

In the Coulomb branch case, both phases are pure-Higgs of course. At t = a log(—a1) mod 27i
a non-compact Coulomb branch opens up, since ¢ is arbitrary in (3.32), and the theory is
singular.

3.4.2 Two-parameter models with p =2

Next we consider C*/Z,, ) (for n = 2k — 1), namely r = 2, a; = k and ag = 2. We recall the
charge matrix for convenience:

Xo X1 X2 X3

U, 1 -k 1 0 (3.33)
Ul 0 1 -2 1

Critical points of the effective twisted superpotential, namely solutions of
61(61 — 262) = e 1 (—kd1 + G2)F

3.34
(*k‘é’l + 5‘2)5’2 = 6_t2(5'1 — 25‘2)2 ( )

5In future work we plan to work on models in which mixed branches have positive dimension.

23



— 1.
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(_n) 0)

n—3
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n—3%

(0, —n) mixed *

Figure 3: Phase structure for (C2/Zn(2) with n = 2k — 1 and k > 2. The FI parameter runs
towards the IR in the direction given by the double arrow, which in this model is parallel to a
wall. Dotted lines denote transitions between sub-phases in which isolated massive vacua are
Coulomb branch vacua or mixed branch vacua. To avoid clutter, we only indicate the sets A
in one diagram and the numbers of mixed and Coulomb branch vacua in the other diagram
(note that n — 3 = 2(k — 2)). Left: basis I. Right: basis II.

can be found explicitly by solving the second equation then the first:

t1
. . Ak etvg (v — 2 .
01 = V402, JS 2= # with

(1—kvg)k 7 (3.35)
vy =2 — ket2/2 + \/(1 — 2k)et2 + k262’52/4.

Altogether we get 2(k — 2) = n — 3 solutions. In the Calabi-Yau case (Cz/Z:;(g), namely
k = 2, there are no Coulomb branch vacua for generic t1, t3. The theory has a codimension 1
singular locus where a non-compact one-dimensional Coulomb branch (61 = v1d2) opens
up. This singular locus asymptotes to (shifted) classical walls. We henceforth consider the
non-Calabi-Yau case k > 2.

Besides being solutions of (3.35), Coulomb branch vacua must also be such that |61], |52/,
|61 — 269|, |-kd1 + d2| are all large so as to make all chiral multiplets massive. Depending on
the phase, only some of these n — 3 values of & are genuine Coulomb branch vacua. We now
consider in turn each of the 2" = 4 phases we found when analysing the Higgs branch. These
are recapitulated in Figure 3. Recall that they are classified by the set of exceptional divisors
that are blown up.

e No divisor blown up (A = 0): (], {, < 0, that is, 2¢; + (2 < 0 and 3 + k(2 < 0. The
equations (3.34) characterizing Coulomb branch vacua can be usefully combined into

A A N2k—1 _ 2t4tg A2
(—ké1 + 62) = e t2535,

(6'1 _ 26,2)2]671 _ et1+kt2&1é,]2€7

(3.36)

and in addition |61 |, |62|, |61 —202], | —k&1+62| must all be large. Dividing the equations
by (|61] + |62])?*~! and using that the exponentials are small in this phase, we learn
that both —k&1 + 62 and 61 — 269 must be parametrically smaller than |51| 4 |2|. This
is impossible since k # 1/2. There are no Coulomb branch vacua in this phase.

e First divisor blown up (A = {1}): 2¢; + {2 > 0 and {» < 0. For this phase we work
out the t3 — —oo asymptotics of (3.35) to be

&1 ~ &2 ~ (—k&l + &2) ~ 6(2t1+t2)/(2k_4), (61 — 2&2) ~ 6(2t1+(k_1)t2)/(2k_4). (3.37)
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While the first three combinations are large throughout the phase, the last one is large
only in a sub-phase 2(; + (k — 1){2 > 0. In that sub-phase we get n — 3 = 2k — 4
Coulomb branch vacua.

In the other sub-phase, the mass |61 — 2d3| of the chiral multiplet X2 becomes small,
so that a better approximation is to only integrate out Xy, X1, X3 and get an effective
twisted superpotential for a vector multiplet scalar constrained to have 61 — 269 = 0.
The asymptotics (3.37) remain correct for 61, o2, (—kd1 + &2). The non-trivial D-term

equation reads, up to unimportant constant shifts,

1 2 (1 1 —k 0\ 2¢1 + (2 20+ (k-1 (1
(o) per= (&) ()« () Q)5 - == ()
(3.38)
There are solutions, hence mixed branch vacua, when 2¢; +(k—1)(2 < 0. The number of
solutions is 2k — 4 because that is the number of possible overall phases for &, just like in
the other sub-phase. Upon crossing the wall, the 2k — 4 vacua remain well-separated in
the direction transverse to 61 — 269 ~ 0, hence each vacuum gets deformed continuously

to a vacuum on the other side. There is no phase transition: the isolated massive vacua
simply correspond to different combinations (Coulomb versus mixed) of the UV fields.

Second divisor blown up (A4 = {2}): (1 + k2 > 0 and {; < 0. In this phase we
rewrite (3.34) as
61(61 — 203) = e "1 (—ké1 + 62)F,

. A \2k—1 _ _ti+kta s Ak (3.39)
(61 — 202) = 126,65,
with |61], |62|, |01 — 262]|, |—kd1 + 2| all big. Since (1 < 0, the first equation requires
(—k&1 + 62) to be parametrically smaller than |61| 4 |d2|. Plugging 62 ~ k&1 in the
second equation gives

R ey T § B) 1 Ll (3.40)

which has k — 2 solutions. From the first equation we then deduce
(—k61 + b9) ~ e(1F202)/(k=2) 2/ (k=2) (1 _ 9)=3/(k=2) (3.41)

which is large or not depending on the sign of {; + 2(2. The line (; + 2¢> = 0 splits the
phase into two parts. In the sub-phase (1 + 2{2 > 0 we have k — 2 Coulomb branch
vacua, and in the other sub-phase, none.

The next step is to look for mixed branch vacua for which the mass |—kd1 + 62| of X; is
small. The asymptotics (3.40) are unchanged and the D-term equation reads essentially

()= @)+ () ()« ()5 -4 (1) oo

There are solutions, hence mixed branch vacua, when (1 4+ 2(» < 0. Each of the k — 2
Coulomb branch vacua of one subphase gets deformed continuously to a mixed branch
vacuum in the other subphase.

Both divisors blown up (4 = {1,2}): ¢ > 0, (o > 0. The to — +o00 asymptotics
of (3.35) are different for the v; and the v_ solutions. For vy,

Go ~ &1 ~ (61 — 26) ~ etHF2)/(B=2) (g 4 Gy) o e(iF202)/(=2) (3 43)
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and for v_,

5‘1 ~ (5’1 — 25’2) ~ (—k&l + &2) ~ etl/(k_Q), 5‘2 ~ etl/(k_2)€_t2. (3.44)

All of these n — 3 = 2k — 4 solutions are genuine Coulomb branch vacua.

3.4.3 General rank

In general models it is difficult to determine Coulomb branch and mixed branch vacua explic-
itly, but we can count them. The idea is to turn on generic twisted masses so that the Higgs
branch reduces to isolated massive vacua too. Since one can smoothly vary between any two
phases, by turning on a theta angle to avoid singularities in FI-theta parameter space, the
number of vacua in all phases must be the same. In particular, in the orbifold phase there are
n Higgs branch vacua due to twisted sectors, and no Coulomb/mixed branch vacua.

The question then boils down to finding the number of vacua on the Higgs branch when
generic twisted masses are turned on. We reiterate that the Higgs branch only changes at
classical phase boundaries, shifted according to the discussion below (2.9).

The effect of twisted masses m; is to change the mass equation from (Q°-o)X; = 0 to
(Q"-0+m;)X; = 0 for all i. For generic m;, at most r of the masses Q-0 +m; can vanish at the
same time, so at most r of the X; may be non-zero. In other words, at least two of the X; must
vanish. The Higgs branch thus reduces to the intersections E; N E; = {X; = X; = 0}. At
each such intersection there are d;; > 1 vacua, due to the twisted sectors for the Zg;; orbifold
group. Altogether there are

dooy + dayay + -+ day_ya, + da,(r41) Higgs branch vacua, (3.45)
n— (d(]al +dajas + + day_ap + dw(rﬂ)) Coulomb /mixed vacua, '

where we denoted A = {a1, ..., ay} the set of blown up exceptional divisors. When we turn off
twisted masses the isolated Coulomb/mixed branch vacua are unaffected while Higgs branch
vacua spread onto the whole Higgs branch.

In subsection 6.2 we explain how the number of Coulomb/mixed branch vacua jumps
when crossing a wall, by restricting to a local model of the wall with gauge group U(1) x T’
for I' a discrete group. In Hirzebruch-Jung models, crossing a wall means blowing up an
exceptional divisor Ej. The local model (3.22) for this transition has gauge group U(1) x Z,,
with m = ged(d;;, dji) where E; and Ej, are the two divisor intersecting F;. Then the number
of Coulomb branch vacua should increase by m timesﬁ the sum of U(1) charges, so

m<d"’“ _dy dj’“) > 0. (3.46)

This is consistent with (3.45). The jump vanishes if and only if the local model is Calabi-Yau,

namely a;41 =+ =ap_1 = 2.

4 Hemisphere partition function and B-branes

B-branes are a special class of boundary states in N' = (2,2) 2d SCFTs that preserve a partic-
ular subalgebra of the superconformal algebra. In this work we mainly deal with theories that

5The gauge group is abelian so Z,, acts trivially on the non-zero vevs of ¢ in Coulomb branch vacua. Then
Zm converts each vacuum of the U(1) theory to m due to twisted sectors.
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do not flow to an SCFT in the IR. More precisely we work with N' = (2,2) supersymmetric
UV descriptions with an anomalous axial R-symmetry. B-branes can still be defined in these
theories as boundary states that preserve a subalgebra 2p C (2,2) [22, 31, 32|.

In this section we focus on the Higgs branch. Deep in a phase different branches of the
theory are well-separated, hence a B-brane decomposes into one part for each branch in a way
that we explore in section 6. For some class of B-branes, called grade restricted, the Higgs
branch part has a simple construction.

We review how to compute the central charge of a B-brane, defined directly in the UV
via supersymmetric localization |23, 33, 34]. This provides a powerful tool to analyze the
behaviour of B-branes along the RG flow. The localization formula is singular in our non-
compact setting and we determine how to regularize it using R-charges. Among several classes
of branes in abelian GLSM we find that compactly-supported branes have finite central charge.
We also analyse B-branes on Higgs branches of the Hirzebruch-Jung models and compute their
(zero-instanton) central charges, which we compare with a K-theory calculation in section 5.

4.1 Field theory description of B-branes in GLSMs [review]

Consider a GLSM on a half space H = R x R<g. We denote left and right supercharges
by (Q+,Qy). Then the 25 C (2,2) supersymmetry we want to preserve is the subalgebra
generated by Q4 + Q_ and its conjugate Q. + Q_.

The boundary term

Trr, (Pexp /87{ A), A = (Re(o) + v, )dr (4.1)

is invariant under 2p supersymmetry and gauge-invariant for any representation Rg of G.
When the superpotential W is nonzero we also need to add an extra term to the action in
order to preserve 25. This term is also a holonomy,

T, (Pexp / A(T)), AT) = tyiar - Liart — Lioorty, 2
oM 2 2 2

where T is a matrix factorization of W (the tachyon profile) [2, 35]. The boundary contribution
is thus the holonomy of A + A(T).
Altogether, specifying the B-brane requires the following algebraic data B = (M, p,r,, T).

)

o A Zo-graded, finite dimensional free Sym(V*) module (Chan-Paton vector space)
denoted by M = My & M;. For the cases when W # 0, we will need rank(Mjy) =
rank(M7).

e Two representations, p: G — GL(M) and r.: u(l)y — gl(M).

e A matrix factorization T € Endgyy,(1+)(M) of the superpotential W € Sym(V*), i.e.,
a Zs odd endomorphism such that T? = W -idy; and such that the group actions p
and r, are compatible with the action of G and U(1)y on the chiral matter X € V: for
all A e U(1)y and g € G,

ATTARX)AT™ = A\T(X),

. (4.3)
p(9)" T(pm(g) - X)p(g) = T(X).
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However, there is still a piece of data that we need to fix to fully define a B-brane on a
GLSM: a profile for the vector multiplet scalar ¢. This data consists of a gauge-invariant
middle-dimensional subvariety of gc¢, or equivalently its intersection L C t¢ with the Cartan
algebra, which we refer to as the contour. An admissible contour is a gauge invariant,
middle dimensional L that is a continuous deformation of the real contour Lg := {Imo = 0}
such that the boundary effective twisted superpotential

Wegt p(0 (Z +ima- a> - (Z(Qj o) (1og<in\'0> - 1)) —t-o+2mip-o (4.4)

a>0 J

approaches +oo in all asymptotic directions of L. Signs in the sum over positive roots a of G
depend on the Weyl chamber in which Re o lies; this sum is absent in abelian GLSMs. The
full B-brane is then given by (B, L).

The brane’s central charge is given by [23]1

Zp2(B) = C(tA)"/? L le(}(}_[O(oz &) sinh(ra - & >Hr<zcy P > it fa(6).  (4.5)

-1

Here ¢ is the radius of the disk D? and A the UV energy scale. So we identify x4 = t~! and

then '
ta(1) = Ga — 6o — () Q) logxA (4.6)
J

Note that the only dependence of the partition function on the choice of brane is through
the brane factor

fB(6) == Try (ei”*e%p(&)>, (4.7)

which itself does not depend on the matrix factorization T.
In the following we focus on abelian GLSMs with zero superpotentials.® The partition
function is then

Zp2(B) —C(tA)é/Q/dT&HF<zQJ PO > e f5(5). (4.8)

To be precise, the localization formula was only derived when R-charges of all chiral multiplets
obey 0 < R; < 2. This ensures that none of the poles of one-loop determinants I'(iQ7-6+R;/2)
lie on the contour Ly that L is a deformation of. The contour L must then be deformed,
without crossing any poles, into a contour L that ensures convergence at large |5|.

Calabi-Yau abelian GLSM. Consider first the Calabi-Yau case. For each phase, the
contour integral can be closed and expressed as a sum of residues. Fach Gamma function
has poles along an infinite family of parallel hyperplanes Q7 - 6 = i(R;/2 + k) for k > 0.
For generic R;, hyperplanes have at most r-fold intersections, which are solutions & of
Q7 -6 =i(R;/2 + k;) for j € J, where J is a set of r flavours and k; > 0 are integers that
physically count world-sheet instantons (vortices).

"We give the result for a non-abelian gauge group.

8Then T squares to zero, namely M, LN M, N My is a Zo-graded complex.
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When closing the contours one picks up a residue from some of these families of points.
The choiceof what J to pick up depends on the direction in which contours are closed, which
depends on the asymptotics of the integrand and in particular on the phase in which the FI
parameter ( = Ret lies. A convenient shortcut is to use that the sum of residues should
converge: the factor e must involve positive powers of all e=¢*i. This occurs precisely when
¢ is a positive linear combination of the 7, namely when ¢ € Coney:

(tA)e/2 . Ri\ o, (-
Zp2 residuc(B) = W Z Z +  res HF( Qo+ 2> f8(6) |,

J|¢€Coney k:J—Z>q =18k

(4.9)
where we fixed the normalization constant C' for later convenience. The shortcut does not fix
the sign with which residues should be summed.g A more precise analysis gives that the sign
=+ in this formula is sign(det(Qj )je J). Incidentally, the sign and the poles that contribute

coincide with those selected by the Jeffrey-Kirwan (JK) prescription with JK parameter (.
We include the subscript “residue” to conveniently refer to the same equation in cases
where this is not the complete hemisphere partition function. Here, Zp2(B) = Zp2 yesidue(B)-

Non-Calabi-Yau abelian GLSMs. We turn to theories with anomalous U(1)4. In sec-
tion 6 we discuss the shape of the contour L and the behaviour of the integrand at large |5,

which depends on the brane factor. In phases with only a Higgs branch, namely such that
Qtot = Z Q7 belongs to the closure of the phase, the contour can be closed and Zp2(B) gives
the sum of residues (4.9).

In other phases, the series appearing in (4.9) are asymptotic series. Finitely deep in the
phase, the contour integral is evaluated by (Eorming L to pass finitely many poles. This
expresses Zpz2(B) as a sum of finitely many residues in the asymptotic series, plus a remaining
contour integral. Provided the brane is “grade restricted” (a bound on the charge vectors of
the representation p hence on the degrees of fz as a multivariate polynomial in the exp 276¢),
the remaining contour integral is computed using a saddle-point approximation that identifies
it with a contribution due to mixed or Coulomb branches. For such grade restricted branes,
the Higgs branch contribution is exclusively due to the asymptotic series of residues.

We focus on resolving the singularity at & = 0 that occurs in our models because of
vanishing R-charges. We denote by Z%mstanton (3 this zero-instanton term, k& = 0 in (4.9).

D2 residue

4.2 B-brane category of Higgs branches in abelian GLSMs [review]|

Branes preserving B-type supersymmetry naturally form a category whose morphisms are
given by quantizing string states between them. For a sigma model to a target X this category
is equivalent [36] to the derived category DP(X) whose objects are given by bounded chain
complexes of vector bundles!® and whose morphisms are given by chain complexes modulo
chain homotopy with quasi-isomorphisms formally inverted.

For targets X that can be realized as the Higgs branch of a GLSM in some phase, it
is useful to start with the brane category of the UV GLSM, denoted by D®(V,G). This is

9To cancel some factors of i we take the residue of the integrand as a function of i6 rather than &. For
instance ress—o ['(16) = —i while res;s—o I'(i6) = 1.

10A useful fact is that it is equivalent to work with complexes of vector bundles when coherent sheaves
admits locally free resolutions, which is the case in all the cases considered in this work.
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a G-equivariant!! version of D°(V); for instance for G = U(1)", objects in this category are

equivalent to complexes of Wilson lines (equivariant line bundles) W(q) for ¢ € Hom(G, U(1)).
Any vector bundle on V is of course trivial, but G may act nontrivially. Then one can flow
from the UV GLSM down to the IR, or as discussed below (2.7) to some intermediate energy
scale well-described by the phase of interest. Each brane in D?(V,G) flows to a brane in this
phase, which typically has contributions from all branches of the theory. In particular it has
a Higgs branch part which lies in D?(X). Besides this functor Fiiow miges: D°(V, G) — D*(X),
the restriction and projection from V to X = (V \ A)/G provide Fyeom: D*(V,G) — D°(X).
Unless stated otherwise, in this section (section 4) we work with Fyeom. In section 6 we
learn that these two functors are equal in phases with only a Higgs branch (such as all phases
in Calabi-Yau models), and that they otherwise agree for B-branes that are grade restricted,
namely that are built from Wilson lines with charges in some range. In other words, for
these GLSM branes, naive geometric considerations give the correct Higgs branch image. We
also explain in section 6 how every GLSM brane is equivalent to one that is suitably grade
restricted. Together this allows to determine the Higgs branch image of every GLSM brane.
The derived category of a toric variety or orbifold is generated by the line bundles [37, 2]

O(q) = Fgeom (W(q))- (4.10)

We also introduce the notation F(q) := F®O(q) for any sheaf F. From the GIT viewpoint, the
deleted set in a given phase is A = |J; A for a collection of linear subspaces Ay = {X; =0
Vi € J}. Each structure sheaf Oa , € D*(V, Q) is mapped by Fyeom to a trivial brane in D°(X).
This sheaf admits a Koszul resolution as a complex of equivariant line bundles, mapped by
Fyeom to a complex of line bundles O(gq). The resulting complex is trivial. This explains why
the derived category D?(X) is generated by the O(q) subject to one relation for each deleted
set Aj. One interpretation is that we start in the UV with a “free” category consisting of
all possible bound states of Wilson lines and then in different phases we impose different sets
of relations to construct the B-brane categories D’(X); these relations in turn encode the
geometry of X.

Let us describe the Koszul resolution of the structure sheaf Ox;—¢y of a hyperplane. For
explicit calculations it is helpful to treat coherent sheaves as modules. Then we wish to resolve
the R = C[X1,..., Xy]-module R/(X}). The resolution is a two-term complex of line bundles
with multiplication by X; as its sole morphism: indeed, the sequence

O—>Rﬁ>R—» R/(X;) =0, thatis, 0—O i O = Oix,=0; = 0, (4.11)

is exact. Note that it is important to keep up with the gauge charges at each stage of the
resolution: different gauge charges lead to different bundles on the quotient X. To resolve
the module R/(X;) the two R above should be taken to have gauge charges —@Q’ and 0,
respectively, where 7 is the charge vector of X e
The Koszul resolution of Oa; is then obtained by using that Oa, = ®j€ 7 O¢x;=0}
Denoting m the number of elements of J we get the resolution
05050 5 ... 5 0%0) 5 ... 5 0% 500 (4.12)
where the 2™ = Y"" (7};) copies of O in the resolution are labeled by subsets I C J, and the
non-zero maps are as follows: from the copy of O labelled I U {j} to that labelled I the map

1 Our notations leave implicit the action of G on the vector space V in which chiral multiplets take values.
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is multiplication by +X;. Signs are chosen to make (4.12) exact. The resolution of Oa,(q)
is then this complex in which the copy of O labelled I has gauge charge q — Zje I Q7 and
R-charge — > . R;/2. We deduce that Oa,(q) has brane factor

f](a') — 2796 H(l _ efQﬂQj-&+i7rR]~)‘ (413)
jed

Interestingly, this brane factor has zeros at every pole of one-loop determinants of X; for
7 € J. We will return to this.

In phases with only a Higgs branch there is no grade restriction so we learn that the Wilson
line analogue 0 — W — W™ — ... WO ) — () of (4.12) flows to an empty brane.
In other phases, it turns out that this complex of Wilson lines is grade-restricted for a suitable
range of ¢q. For such ¢, the brane flows to some brane whose Higgs branch part is empty but
whose mixed and Coulomb parts are typically non-trivial.

4.3 Regularization for one-parameter models

Before coming back to general considerations for multiparameter models in the next subsec-
tion, let us do some calculations in one-parameter (r = 1) Hirzebruch-Jung models. These
have gauge group U(1) and three chiral multiplets Xy, X7, Xy of charges 1, —n, 1. The
orbifold phase ¢ < 0 has Higgs branch C2?/ Znp(1)- The resolved phase ¢ > 0 has Higgs branch
the total space of O(—n) — P!, and has n — 2 massive vacua. As explained in section 6, there
is a grade restriction rule in the resolved phase: only branes built from Wilson lines W(q)
within the window [0/(27)+¢q| < n/2 are such that the sum of residues gives the correct Higgs
branch contribution to the hemisphere partition function. Nevertheless, we work out in the
next subsections that the quantity relevant to the Higgs branch geometry is Zp2 yesidue(B),
whose 0-instanton part we focus on now.

The localization formula for the hemisphere partition function (4.8) is only valid when
R-charges are all in the interval (0,2). We thus turn on positive R-charges Ry, R1, Ry for X,
X1, Xs. The localization result

é/2 & .
Zps(B) = ((33”)2 /L ‘;7 D(i6 + Ro/2)T(—iné + Ry /2)T(i6 + Ra/2)e™ fa(&)  (4.14)

is then well-defined, and poles due to positively and negatively charged chiral multiplets are
on different sides of the contour:

i6=—Rj/2— k<0 forje{0,2} and k >0, (4.15)

0

1
E(Rl/z +k)>0 fork>0. (4.16)

By mixing R-symmetry with the gauge symmetry, we take Ry = 0 and deform L slightly to
keep all poles of each Gamma function on the same side of L as for positive R-charges. Con-
trarily to compact models, the remaining R-charges Ry and Rz are needed for regularization
and the localization result depends non-trivially on them: there are divergences as Ry, Ra — 0.

With R; = 0, consider the limit Ry — 0; then the contour gets pinched between a
pair of poles at negative and zero ig. (A slightly more complicated pinching occurs as both
Ry, Rs — 0.) On very general grounds such a pinching makes the integral blow up like
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the inverse distance between the poles. For any function f that is holomorphic in z in a

neighborhood of the contour,
f(z)dx [ (ig) / f(z)dx 2mi f(0)

=2 = o(1 4.17

/R (x —ie)(x + ic) % * o (x—ig)(x + i) 2ie +0() (4.17)

as ¢ — 0, where the contour is a slight deformation of R that goes above both poles. We

will not need the €° term but a quick calculation shows that it is given by a principal value

prescription lim._,q f|a:\>e(f($) — f(0))dz/x?. Observe also that the singular term can be

computed directly as f(0) = resz_o (x limg_,o(integrand)), without explicitly decomposing
the integrand into two singular factors (x 4 ic)? and a holomorphic function f.

Coming back to our U(1) model with charges 1, —n, 1, we discuss five instructive cases in
the resolved phase:

e the image O(q) of a Wilson line,
o the structure sheaf Op, of the exceptional divisor,
e other branes with compact support E1,

e noncompact branes with the same brane factor but different regularized partition func-
tions,

e noncompact branes that only respect part of the Higgs branch isometry but can still be
regularized.

As our first example of brane we specialize (4.14) to a Wilson line of charge ¢, whose brane

factor is €27, Like in (4.17) we can shift the contour through the pole at i¢ = 0 and the

remaining integral is smooth as R; — 0, so the only singular contribution as Ry, R2 — 0 is
the residue

: tA)*/2 T (Ry/2) T(Ra/2 tA)e/? 1 1
Z%irstanton(0(q)) ( 73 (_207T/i ) (_2277/1’ ) 0(1) = _nSTQ.%QRQ + O(Ro) - O<R2>

(4.18)
This quadratic divergence is not an artifact of how we regularized. Up to a factor it is the
U(1)? equivariant volume of an orbifold of C2, the Z, orbifold group being responsible for the
1/n factor. More precisely, the divergent terms are (1/n times) the partition function of a
pair of free chiral multiplets of R-charges Ry and Rs, which parametrize the two non-compact
directions in the support of the brane. None of the divergent terms depends on the charge q.
Next, consider the structure sheaf of the exceptional divisor. The structure sheaf has

Koszul resolution O(n) X1y O hence brane factor f1(6) = 1 — €2>™9  that is, a difference of
Wilson line brane factors with ¢ = 0 and ¢ = n. Taking the difference cancels all R; — 0
divergences of (4.18). As we already discussed in (4.25),

—2ie™o
I'(1+ino)
has no pole. Then the localization formula does not exhibit contour pinching since all poles on
one side have been cancelled. We compute, through a contour integral or directly through (4.9),

T(—ing)f1(5) = (4.19)

. A)é/2 dé —2mie™o N
ZO—mstalnton X1 _ ('C / CTATETT 2 tiG
D2 residue (W(?’L) W(O)) (—27Ti)2 0 27 F(l —I—m(}) ( U) € (4 20)
ot —i —9
_ (tA)C/Qt Lmn + (n )77
—2me
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where fo denotes an integral around the pole at 16 = 0. The key aspect of this brane that
leads to a finite partition function is that poles of the one-loop determinant of X; are cancelled
by the brane factor. If we had given a positive R-charge Ry to X = X; too, it would appear
in the brane factor in exactly the correct way to cancel the pole of the one-loop determinant,
namely through —iné — —ind + R1/2. Note that this brane is not grade-restricted.

Any brane that is supported on the exceptional divisor F; has a brane factor that is a
multiple of fi, before introducing R-charges R;. For branes that do not respect the flavour
symmetries (isometries of the Higgs branch) there is no preferred way to include R-charges in
their brane factors. However, it is natural to impose that the brane factor is still a multiple
of fi. The brane factor then cancels poles of I'(—ing), which avoids contour pinching. The
regularized partition function is then finite as B; — 0, and unambiguous since adding any
O(R;) terms (times f1) to the brane factor simply shifts the regularized partition function

by O(R;). For instance the twist Og(q) with resolution O(q + n) X, O(q) has brane factor
™99 1 (&) which gives

n+2q) + (n—2)y
—271

, (4.21)

D2 residue

. et —i
70-instanton (W(q + n) ﬁ) W(q)) _ (tA)C/2 ZT['(

k
found by shifting ¢ — ¢t —27ig. Another example is the brane with resolution O(kn) X 0(0),
which results in (tA)%/2 k(t — imkn + (n — 2)7)/(—2mi). Again this is finite, consistent with
the fact that this brane’s support is compact.
We now illustrate that non-compact branes with the same brane factor at R; = 0 can have

different, geometrically meaningful, regularized partition functions. Consider a brane By , .
ko k1 ko

XpoxFx
with resolution O(0) —>—+—2+ O(ko — nky + ks) for some k; > 0, where the arrow denotes
multiplication by the monomial Xé“’X leSQ. This brane is supported on the base P! and two
noncompact fibers: {Xo =0} U{X; =0} U{X3 = 0}. The brane factor, including R-charges,
is then o

kaO,kl’kQ (a_) —1— eQﬂ'(ko—nk1+/€2)0'—z7r(k0R0+k2R2) (422)

and its Z; — 0 limit only depends on ky — nky + ko. For instance when kg + ko = nk; the
brane factor is zero, as for an empty brane. The partition function computed using (4.18) is
in general divergent:

. 0l — e*’L’Tr(kOROJerRQ) 1 R R
gt (Bu) = @7 = (Lo () () o)

_ (tA)@/Qn(;ﬂ_i) (kor (?) + k2F<};O>) T

Ignoring the factor 27i, the two terms have a geometric interpretation as contributions of the
non-compact supports { Xg = 0} and {X3 = 0} of the brane, which have multiplicity ko and ko
respectively.

(4.23)

A last instructive case is a brane O(0) G0 Xa), O(k) for G a homogenous polynomial

of degree k. Roots of G}, define points with homogenous coordinates (X : X2) on PL. In
the resolved phase the brane is supported on the corresponding fibers of the total space of
O(—n) — PL. Unless G}, is a monomial, it does not transform in a definite way under the
U(1)? isometries acting on X and X5 that we used to introduce R-charges Ry and Rs. Thus
one cannot deform the brane factor to introduce Ry and Rs. However, G}, has definite charge
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under the diagonal subgroup U(1) C U(1)2, so that it makes sense to turn on Ry = Ry > 0.
Such an R-charge is enough to avoid contour pinching and regularize the partition function.

To summarize, the hemisphere partition function can be regularized for branes with sup-
port on E7, and for non-compact branes that preserve an isometry of the Higgs branch. Con-
tour pinching as R; — 0 reflects the existence of non-compact branes for which the correct
partition function is infinite.

4.4 Regularization for compact branes in abelian GLSMs

We are interested in models with non-compact Higgs branch. In Calabi-Yau models the
superconformal algebra of the IR limit contains a U(1) R-symmetry that factorizes between
left-moving and right-moving parts. Such a factorized symmetry must act trivially on non-
compact directions.E This IR R-symmetry is typically visible in the UV (it could also be
emergent), in which case the relevant localization calculation is the one involving that R-
symmetry. As we just argued it must assign R-charge 0 to gauge-invariant polynomials in chiral
multiplets that span the non-compact directions. The natural generalization to non-compact
models that are not Calabi-Yau is to apply the localization result in which all non-compact
directions have R-charge 0.

At face value the localization result is singular whenever any R-charge vanishes, because
the contour passes through a pole at ¢ = 0 (other poles are not problematic). The obvious
regularization is to turn on a small positive R-charge R; for each chiral multiplet X;, that
is, mix the R-symmetry with gauge and flavour symmetries. Geometrically, the mixing with
flavour symmetries amounts to working equivariantly with respect to isometries of the Higgs
branch. In principle such a regularization is only adapted for branes that preserve an isometry
of the Higgs branch, but we find in examples that the regularization can be extended to some
other branes with compact support.

In compact models it is typically possible to mix the R-symmetry with € times a gauge
symmetry so as to shift all R-charges into (0,2). This mixing with gauge charges amounts to
a shift of the integration variable 6. The localization result thus only depends on e through
an overall factor e’¢/2, independent of the brane, and which disappears as ¢ — 0. Since the
resulting integral is regular, any O(e) correction to the brane factor drops out as ¢ — 0.
Therefore the result is finite for any brane, and is insensitive to the precise regularisation. As
an example, consider the quintic hypersurface GLSM, a U(1) model with chiral multiplets P
and X;, 1 <14 <5 of charges —5 and 1 and with a superpotential W = PG5(X) for G5 a
generic degree 5 homogenous polynomial; instead of the usual R-charges 2 and 0 for P and X
one uses 2 — 5e and ¢ for € € (0,2/5). An alternative point of view, rather than shifting &, is
that the contour L is not R but a shift (more generally a deformation) thereof such that all
poles of I'(iQ75) for Q7 > 0 are on one side of L, and those with @7 < 0 on the other side.

In non-compact models, such as the quintic GLSM above without its superpotential, the
non-compact directions are spanned by some gauge invariants with R-charge 0. Mixing R-
symmetry with gauge symmetry does not affect their R-charge, thus it cannot make all chiral
multiplets have positive R-charge.

Let

EJ:{XjIOVjEJ} (4.24)

2More precisely, in a nonlinear sigma model, the U(1) isometry given by a Killing vector &; (namely such
that V ;€5 = 0) factorizes if V[;£;; = 0 too. A U(1) rotation of a cylinder factorizes, but not a U(1) rotation
of a cone or plane.
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denote subsets of the Higgs branch (in Hirzebruch-Jung models these include the exceptional
divisors). For branes supported in a union of sets E; that is compact we argue that the
regularized partition function has an unambiguous finite R; — 0 limit, which we compute for
Hirzebruch-Jung models to match it with a geometric calculation in section 5. In contrast,
branes that are non-compact only have a meaningful regularized partition function if they
respect enough isometries of the Higgs branch. The result typically diverges as R; — 0 and
different branes that have the same brane factor at R; = 0 may give different regularized
partition functions.

4.4.1 Empty branes

For now let us just discuss GLSM branes whose geometric image (image under Fyeom) in the
Higgs branch category D°(X) is empty. Besides showing in a simple case that noncompactness
of the Higgs branch is not an issue, the main purpose is to clarify the relation between the
residue contribution and Higgs branch contribution to the partition function on the one hand,
and the functors Fyeom and Fhow, Higes On the other hand.

Consider the brane O, for Ax = {X; = 0 Vj € K} an irreducible component of
the deleted set A C V. Given the second description of A in (2.3), the possible K are
characterized by the fact that ¢ & Cone(c K)» namely the FI parameter cannot be written

as a linear combination of {Q7 | j ¢ K}. Recall now that the Higgs branch hemisphere
partition function (4.9) picks up residues labeled by a set of r flavours J such that ¢ € Cone.
Together this implies that J ¢ Cx namely J N K # (. Each pole that contributes obeys
Q7 -6 € i(Rj/2 + Z>o) for all j € J, hence for at least one j € K. However, the brane
factor (4.13) has zeros whenever Q7 -6 € i(R;/2+ Z>o) for any j € K. To reiterate, the brane
factor cancels all poles of one-loop determinants of the chirals X;, j € K: Euler’s formula

[(z)sinmz = w/T(1 — x) yields

2
(4.25)
which has no pole. All residue contributions in that phase are thus eliminated, namely
Zp2 residue = 0 for that brane.

Given a Higgs branch brane B € D(X) we would now like to compute its hemisphere
partition function, defined as the Higgs branch part of Zp2(Bgrswm) for B = Fiow Higes (BaLsm)-
First, realize the brane geometrically as B = Fgeom(Bl). Then the key observation is that one
can bind By € D?(V, G) with a collection of branes Oa . (¢), for A part of the deleted set, until
getting a brane By € D?(V, G) that is grade restricted. In the language of section 6 it is enough
to restrict to the big window. We then have that B = Fyeom(B1) = Fgeom(B2) = Fhiow,Higes (B2)
so we want to get the Higgs branch part of Zp2(B2). As we already outlined (see details in
section 6) that Higgs branch part is simply Zp2 jesique(B2) because By is grade restricted.
This, in turn is equal to Zp2 yesique(B1) by the calculation we just made. We learn that for
the purposes of computing the Higgs branch hemisphere partition function of B it is enough
to compute Zp2 yegique Of any complex of Wilson lines that reduces geometrically to B.

One should however be careful about the physical meaning of these calculations: the RG
flow of complexes of Wilson lines only gives the geometric answer for grade-restricted branes.
Even for such branes, if the phase has mixed/Coulomb branches the GLSM brane can flow to
a non-trivial image on these branches. The same GLSM brane typically also has a non-empty

(1- eQWQj'f’“”Rj)r(sz G+ ?) = —2mj ¢ @ IHITH, /2 / r<1 _igie -
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image when considered in another phase: a pole with J C CK contributes in any phase such
that ¢ € Cone;.

In our calculations it was crucial that R-charges appear in the brane factor (4.13) in the
same way as in chiral multiplet one-loop determinants, so that the cancellation (4.25) took
place. We deduced the brane factor from the Koszul complex (4.12) whose morphisms are
multiplications by chiral multiplets with well-defined R-charges. An arbitrary complex may
in general fail to have well-defined R-charges; our regularization of the hemisphere partition

function can then fail to be defined.

4.4.2 Compact branes

Next we discuss more generally the case of branes supported on distinguished subsets Fx =
{X; = 0] j € K} of the Higgs branch. Depending on K this may be empty, compact, or
noncompact.

The structure sheaf of E has a Koszul resolution (4.12) with brane factor (4.13).13 As
explained in (4.25) this brane factor cancels all poles of the one-loop determinant of X; for
j € K: explicitly their product gives a factor —27i e /I'(1—- - ) with no pole. Recall now that
the residue part of the hemisphere partition function (4.9) is a sum, over sets J of r flavours
such that ¢ € Coney, of residues at common poles of the chiral multiplets X, j€J. Any
such residue with J N K # () vanishes due to the brane factor. The sum is thus restricted to
JC K. Altogether,

it-&ezy‘eK(_”Qj'&—i_ij/Z) ngK F(in o+ Rj/2) >

712 residue ™ (tA)é/2 Z + res <€
,residue (_QTrZ')#(CK\J) HjeK F(l - in 10— Rj/2)

i6=i6 1
JCCKKGConeJ '
k:J—Z>o
(4.26)
where the sign = is sign(det(Q%)secy).
The set E is defined as solutions to D-term equations with the further constraint X; = 0
for j € K, so
> QX =g, (4.27)
igK
modulo gauge transformations. This has solutions (Ex # ) if and only if ¢ € Cone(gK).
Under this condition, let us prove that Ex is compact if and only if there exists § such that
Q'-35 > 0 for all i ¢ K. If there exists such a § then the norm of points in Ex is bounded:
[X]* < (¢-8)/mingr(Q° - §). Conversely, if there exists no such § then the polygonal
cone Cone(c K) with finitely many edges does not lie in any half-space, which implies that
the cone contains a line through 0. In turn this implies that there exists a vanishing linear
combination Zig e A Q" = 0 with positive coefficients \; > 0. From any X € Ex we can

then build arbitrarily large solutions by shifting each |)Q|2 by the same multiple of A;, thus
Fx is noncompact. We discuss each of these cases in turn: Ex empty, Fx compact, and
FEx noncompact.

We have already treated near (4.25) the case where Ek is empty, namely where the sub-
space Ag = {X; =0]j € K} of V belongs to the deleted set A. This means { ¢ Cone(gK).

As we just discussed, any J that appears in the sum (4.26) obeys J C CK and ¢ € Coney,

13In case Ek is contained in an orbifold singularity, its structure sheaf is actually a fractional brane rather
than a usual D-brane wrapping Ex.
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hence ¢ € Cone;y C Cone(c K) which is a contradiction. Thus, the hemisphere partition func-
tion has no residue contribution in that case: provided it is grade restricted, the brane is a
Higgs-empty brane in the given phase.

Consider next the case of a compact Fg, such that there exists § with Q*- 3§ > 0 for all
1 ¢ K. In the contour formula for the hemisphere partition function, shift the integration
variable & to & — ie§ for some small € > 0. This shifts the argument of all numerator Gamma
functions (those with j ¢ K) by a positive amount, just like R-charges, thus none of their
poles intersect the contour as all R; — 0. We have no control on the signs of Q'-sforie K,
which are shifts of arguments of Gamma functions in the denominator, but these factors do
not contribute any pole. Altogether the contour integral remains finite as R; — 0. Just as in
one parameter examples, the brane factor of any brane supported on Ex should be a multiple
of the brane factor of the structure sheaf of Fx. That brane factor cancels poles from all chiral
multiplets with j € K, hence the regularized partition function remains finite as 2; — 0 too.
This should generalize readily to branes supported on the union of all compact Ep: their
brane factor is a sum of brane factors supported on each Ex. These compact branes exhibit
no contour pinching.

Finally, for a non-compact Ex we expect the regularized partition function of its structure
sheaf to have singular contributions at R; — 0. We worked them out in one-parameter
examples in the previous subsection. It would be very interesting to relate these singular
contribution to an equivariant integral on the support of the brane, but we postpone such an
investigation to later work.

4.5 B-brane category of Hirzebruch-Jung models

We apply here the general considerations of the previous subsections to Hirzebruch-Jung
models of arbitrary rank. We describe the derived category D’(X) of coherent sheaves on
the Higgs branch X in terms of generators and relations. We determine the pull-back of
each generator to local models of the orbifold points and of exceptional divisors. Finally, in
subsubsection 4.5.3 and subsubsection 4.5.4 we calculate the regularized hemisphere partition

function for some compact branes that we compare with geometry in section 5.

4.5.1 Generators and relations

Fix a phase specified by the collection A of blown up divisors. Recall that Db(X) is generated
by the line bundles O(by,...,b,) on X, defined to be the images (under Fyeom) of the Wilson
line branes W(by,...,b,) with charges b under the U(1)" gauge group of the GLSM. The
tensor product O(by,...,b,) ® O(er,...,¢r) = O(by + c1, ..., b + ¢) means we could restrict
our attention to branes with a single non-zero b; = 1, but it will be clearer to keep all b;.

Sections of O(0,...,0) are just G-invariant functions on V' \ A, hence are functions on the
Higgs branch (V' \ A)/G, so this is the structure sheaf of the Higgs branch, O = O(0,...,0).
Multiplication by X; maps from O to O(...,0,1,—a;,1,0,...), so the latter sheaf is O twisted
by the divisor E; = {X; = 0}. Explicitly,

O(E()) :(’)(1,0,...), O(El):O(—al,l,O,...),
O(Ey) =0(...,0,1,—a4,1,0,...) for I < a < r, (4.28)
OE,) =0O(...,0,1,—a,),  O(Eri1) =O(...,0,1),
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Since the Cartan matrix of charges has determinant n rather than 1, tensor products of the
line bundles O(E,) for 1 < o < r do not give all O(by,...,b,). On the other hand the line
bundles O(Ej) for 0 < j <r+1 do.

Any B-brane of the GLSM whose support is in the deleted set A gives a trivial brane in the
Higgs branch theory (we study Coulomb/mixed parts of the brane in section 6). Therefore,
the line bundles O(by,...,b,) are subject to one relation for each irreducible component of
the deleted set A. This gives two types of relations.

e For each divisor that is not blown up (each a € [1,7] \ A), A contains the hyperplane
{Xa = 0}. Its structure sheaf has Koszul resolution (4.11) W Koy W by line bundles,
thus the complex O(—E,) Ko, 0 is trivial in Db(X).

e For each pair of non-consecutive blown-up divisor (each «, € A such that no v € A
obeys av <y < f3), A contains the intersection {X, = Xg = 0}. Its structure sheaf has
Koszul resolution (4.12), hence the following complex on X is trivial:

O(—Eo — Eg) ——— O(=Eg) ® O(—E,) ———— O. 4.29
( 5) o) (—Ep) @ O( )(Xﬁ,—xa) (4.29)

4.5.2 Pull-backs

Our goal now is to clarify what the generators O(by, ..., b,) are by determining their pullbacks
to Higgs branches of local models discussed in subsection 3.3. Recall that these local models
were found by determining that the U(1)" gauge group is Higgsed down to some subgroup H
when some chiral multiplets have a non-zero vev. The Wilson line W(b1, ..., b,) can be realized
by the insertion of a 1d Fermi multiplet with charges b: U(1)" — U(1). After Higgsing its
charge under H is deduced from H C U(1)" KA U(1). The resulting Wilson line in the local
model has a clear geometric meaning.

Consider first the local model (3.17) for an intersection point Ey; ;3 = E; N Ej of two
divisors, with 0 < i < j < r + 1. The residual gauge group H = Zg,; embeds into U(1)" (in
basis I) as

Za; 31— (1,..., L wlens ol wlo-ni 1, 1) (4.30)

where w = exp(27i/d;;) and the entries in positions « € [i, j] are w. Note that d(;_1); = 1.
The Higgs branch image of a Wilson line with charges (b1, ..., b,) in basis I therefore has the
following equivariant line bundle as its pullback to the neighborhood of E; N Ej:

j—1
W(q) on (CQ/Zdij(d(i+1)j) with Zg,,-charge ¢ = Z dajba- (4.31)
a=1+1

While the expression is asymmetric between ¢ and j one can change basis in Zg4,; by multiplying
all charges by d;(;_1). Using d;(;_1)daj = dijda(j—1) + diad(j—1)j = dia mod d;;, we find

j-1
W(q) on (CQ/Zdij(di(j,l)) with Zg,,-charge ¢ = Z diabq. (4.32)
a=1i+1

In both bases, the charge ¢ only involves charges b, for indices « such that F, is not blown
up.
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Consider next the local model (3.22) of an exceptional divisor Ej, in a phase where that
divisor intersects E; and Fy, for 0 <i < j < k < r + 1. The gauge group is H = U(1) X Zy,
with m = ged(d,5,d;1), and (h,w) € U(1) X Zy, is mapped to g € U(1)" with the following
coordinates in basis I: g, = 1 for a <7 or a > k, while

o = (W) % for i < o < 3§,

o (4.33)
ga:(h” mw”) “*forj<a<k.

Note that d; = dgr = 0 hence these formulas are compatible. A Wilson line with charges

(b1,...,by) in basis I thus maps to a Wilson line with charges
k—1
d;idigb; d~-
J’“ Z diaba + 2 J’“ ] Z darbe under U(1),
a=i+1 a:j+1
i1 1 (4.34)
U Z diaba +v Z doibe under Z,,
a=1i+1 a=j+1

For a Wilson line with a single non-zero bg all of these charges vanish except one (j = ) if Ej
is blown up, and two otherwise. In the first case, the Higgs branch image of the Wilson line
is a non-trivial line bundle on the weighted projective space Eg but has trivial pullback near
each orbifold point or any other exceptional divisor. In the second case (Ez not blown-up)
the Higgs branch image has a non-trivial pullback, with charge dg;bg, near the orbifold point
E; N E; with i < 8 < j and non-trivial pullbacks on F; and E;.

The case of the fully resolved phase is instructive: then all d;; and m appearing above are
equal to 1 and the Higgs branch image of the Wilson line W(by,...,b;) is a line bundle (on
the Hirzebruch-Jung resolution) whose pull-back to each P! exceptional divisor E; is O(b;).
This is consistent with the fact that the gauge group of the local model near F; is in that case
the j-th U(1) factor in U(1)" (in basis I).

4.5.3 Central charge: intersection

We explain in subsubsection 4.4.1 why the residue part Zp2 yegique Of the hemisphere partition
function correctly captures the Higgs branch contribution of a GLSM brane that flows to a
given Higgs branch brane, regardless of grade restriction. Let us apply this to (fractional) DO
branes at the intersection F; N Ej;, which is a Zdij—orbifold point. The brane factor is

f(é') — (1 _ e?ﬂ'i(iQiﬁ'+Ri/2)) (1 _ eQWi(in'a'+Rj/2))e27rp'& (435)

where the twist by a Wilson line W(p) affects the Zg,; charge of the fractional brane. Inci-
dentally, this brane can often not be made grade restricted for any choice of p.

The brane’s support is compact, thus as explained in subsection 4.4 the brane factor
cancels enough poles to avoid contour pinching. Specifically, the brane factor cancels poles
from one-loop determinants of X; and X;. Notice that there are only r chiral multiplets other
than X; and X, which is exactly the rank of the gauge group, so the r-fold integral picks up
exactly one family of residues, labeled by J = C{i, j} in the notations of (4.26). We find

H r ZQK J—i—Rg/Q))
L#£1,j

e(it+27rp)~6' — 9 e—wQ£~6'+i7ng/2

(—2mi)?2 Hj I'(1-iQ" 6 — Ry/2)

O-instanton __ é/2
ZDQ,residue - i(tA) res (
16=167; ;1
l=i

(4.36)
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where the sign is sign(det(Q%); ;) and i (i 41 is the solution of iQ"6+Ry/2 =0forall £ # i, 5.
This solution is linear in the R-charges, and we do not need its explicit expression (4.40) now.

Computing the residue gives a factor 1/ det(Q")s; ;, which combines with the sign to give
an absolute value. The matrix has a block form, so

U N0 N
det(Qe)g;,gi,j =det | O _C(ij) 0] = det(—C’(m) = (—1)]7zdij, (4.37)
0 No L

where U and L are upper and lower triangular matrices with 1 on the diagonal, N; and Ns
are matrices with a single non-zero entry equal to 1 in the corner closest to the diagonal of
the main matrix, and C;;) consists of rows and columns from (i + 1) to (j — 1) included of
the generalized Cartan matrix. We deduce

it+2mp)-6 o —mQl-6+inRy/2 ¢/2
Zianton (02 py L (S0 p —2wie 4 _ N
; R—0 d;; \ (—2mi) —i F(l —iQl -6 — Rg/2) =ity ) d;j
(4.38)

Recall that the intersection E; N Ej is a fixed point of the orbifold group Zg,;. This central
charge does not depend on the Zg,-charge of the fractional brane (no p dependence). A
collection of d;; fractional branes with all possible Zg,; charges gives a DO brane that can
move away from the orbifold point, which is consistent with the fact that this collection has
central charge 1 independent of which orbifold point we start from. For d;; =1 (so j =i+1)
we are simply discussing a usual DO brane. We chose the normalization of the hemisphere
partition function to make this case very simple.

4.5.4 Central charge: exceptional divisor

We now turn to the structure sheaf of an exceptional divisor F;, 1 < j < r, in a phase in
which it is blown up. As usual we denote by i < j < k the neighboring exceptional divisors.
Again, the brane’s support Ej; is compact so the brane factor

f@)=(1- ezm(iQﬂ'-&+Rj/2))€27rp-ff (4.39)

cancels enough poles to avoid contour pinching.

Specializing (4.26) to the present case, the residue part of the regularized hemisphere
partition function is a sum over sets J of  flavours with j & J and ¢ € Coney. The D-term
equation gives a criterion: ¢ € Coney if and only if E(CJ) ={X; =017 ¢ J} is a non-empty
subset of the Higgs branch. Given that j € CJ and CJ has r +2 — r = 2 elements we find C.J
can be {i,7} or {j, k}.

We first compute the term with J = B{z j}. The leading term of (4.26) is given by taking
all vorticities (denoted k; > 0 there) to be zero. One of the residues is then taken at the
unique solution of Q¢ - & = iR,/2 for all £ # i, j, which we denote 61,5y Explicitly,

Z?_oldéalg forl1 <a<i,

N 1 . .

Za?i,j} = 1 ZT+ d; min(a Z)d] max(a,l) 9 2 for i <o < g, (440)
Ez—i—;-l,-l af 2 for ] <a<r.
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The two formulas for 6% {i,j) agree, as do the two formulas for 67 { . Using the recursion relation
dy 0(i—1) — a;dg; + dg(erl) =0 and dl]de(l+1) — djpd; j(i+1) = d; i(i+1)dej = dg], we work out

Ri r+1 %&

Q" 6y + 5 = 4y 2 (4.41)
=0
and likewise .
: R;, dyR
Q-6+ /A Tit 2L (4.42)
’ 2 dij 2
=0
The residue that appears in the hemisphere partition function is then
sign (det (Q°)psi s oI gy T(iQ - 6+ Re/2)
gn(det(Q)ezi ;) _ res : T
iG=i6; j) —27TZI‘(1 —iQ) -6 — Rj/Q)
7'+1 1 dy: R
B i Zt i, a}‘*‘WZ o(die/dij) R(’/Q (ZZ+O dfj 74) (4 43)
dy; —omi D(1 — Yuty due B '
(=0 d;; 2

. 9 %t - Gy, 5 o r+1 diR
== T+ + ( lr+1a{ 1y i ’Y)T§1z:0 — - 7) +O(R)
2m \ Yopo deiRe - \>2y2g dejRe dij Yyt dej Re dij

where the factor 1/d;; comes from the determinant of the matrix of charges Q¢ ¢ #1,j when
computing the residue, t-6y; ;3 can be computed from (4.40), and we used I'(z) = 1 v+0(=)
and I'(1 — x) = 1 + vz + O(2?).

The same steps give the residue corresponding to J = E{ J,k}. In fact, most intermediate
calculations can be skipped: for example iQ" - Gyjky + Ri/2 is immediately obtained from
iQ? - 6451 + Rj/2 by replacing (i,j) — (j, k) in (4.42). The residue that appears in the
hemisphere partition function is then

it G—TQI-G+imR; /2 H#j F(z’Qé -0+ Ré/2) )

sign(det(Q)ezsk) . ves < —2mil(1 —iQ7 - 6 — R;/2)

16=16(; k}

o . . (4.44)
i 2 +(2’Lt 0{jk} +(’L7T—’y) eiéd&Rg_’V)_i_O(R) .
T\ odieRe - \ X020 djeRe ik 150 djeRe djk
Summing the two residues, the O(1/R) divergence cancels as expected. Using

0 for 1 <a<i,

i/ d; T+1dR2 for i <a <3j,
0y = 04y = (BB o da /2 o< 0 <) (155

(dok/djr) YZo dejRe/2 for j < a <k,

0

fork<a<r,

and relations between the dg,, we finally get the finite R — 0 limit

. Jj—1 k—1
. : dia d Cdp di—dige — dyy
ZO-lnsta:nton — (tA é/2 ¢ t ak to | = ik 7 j 1]
D? residue (t ) o e dl] +ij+ : djk m dijdjk + dijdjk Y

+ a=j+1
(4.46)
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where we ignored an overall constant factor of C’(tA)é/ 2 and powers of 2w, and the ¢; term
could be included in either of the two sums by extending the bounds to o = j.

Whenever i = j — 1 and k = j + 1, in particular in the fully-resolved phase, this formula
reduces to

-instanton ¢ i ;
Z0instanton _ (A /2%(@ — imaj + (aj — 2)7), (4.47)

D2 residue

which coincides with the result (4.20) for the one-parameter model. More generally, the central
charge coincides with the central charge one can compute from the local model (3.22):

ZO—lnstanton _ (tA)é/Qii tloc — “rdlk/m + (dlk/m — djk/m — dl]/m)7

D2 residue 2T m (dz]/m> (d]k/m)

where 1o is given in (3.20), m = ged(dij, dji), and the 1/m factor is due to the orbifold.

(4.48)

5 K-theoretic aspects

In this section we study the central charge of B-branes on abelian GLSMs, when projected
to their image in the Higgs branch. We saw in subsection 3.2 that the geometry of the Higgs
branch corresponds to a toric variety with at most abelian quotient singularities. Denote it by
X¢, where ( is the real part of the FI parameter. The derived category D(X¢) of such spaces
is a well known mathematical object, as we previously reviewed in subsection 4.2.

In models with compact target, the central charge Z of a B-brane V € D(X¢) is a map

Z: D(X¢) — C (5.1)

that is holomorphic in ¢ and multivalued in the K&hler moduli space. Moreover, Z factors
through Ko(X¢), the Grothendieck group of D(X() spanned by holomorphic vector bundles:

Z: Ko(X¢) — C. (5.2)

Specifically, the central charge is given by [38|
Z(V) = / eTh 3 XOT(TX ) ch(V) + ... (5.3)
X¢

Here, 7 denotes the complexified Kéhler class of X, so 7 € HQ(XC,R/Z) +ikx,, with Kx,
the Kéhler cone of X¢, and the “4-...” denote instanton corrections. The meaning of the
parameter /i can be traced to a C*-equivariant cohomology on the worldsheet P! (see e.g., [39,
section 10.2.3]). Finally, (TXC) denote the gamma class of the tangent bundle. It is defined

as
dim X

T(TX): H r< 2m> (5.4)

where \; are the Chern roots of T'X¢. The real part of Z is related to the RR-charge of the
B-brane V [40, 41]. The phase of the central charge plays an important role on the stability of
B-branes [42, 43]. An exact expression for Z (including all instanton corrections) in geometric
phases of local and compact Calabi—Yau manifolds was proposed by Hosono in [27] and used
to define an integral structure on the A-model compatible with mirror symmetry [38, 44].
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In the following we review the necessary mathematical framework to write (5.3) for branes
with compact support on local toric geometries and compare it with localization calculations
for the projection of GLSM branes (B, L) into the Higgs branch. All our analysis will concern
only the leading term of Z and we ignore the instanton corrections, leaving them for future
work.

5.1 K-theory and characteristic classes of toric varieties [review]

We need to define the K-group Ko(X¢), the cohomology H*(X) and the Chern character
ch: Ko(X¢) ® Q — H"(X,) when X is toric.1* Since we are dealing with X toric and
noncompact, we must make a distinction between objects with compact support and the
ones with non-compact support. We will see that we can make sense of the central charge
geometrically for B-branes with compact support. For this purpose we have to define in
addition the compact K-group K§(X¢) and cohomology H}(X.) which are modules of their
noncompact counterparts, and the compact Chern character ch®: K§(X¢) — HSV"(X¢).

Our starting point is the data of a fan % on a lattice N of rank d. A fan consists of a
consistent collection of rational polyhedral cones in N. For a review and conventions used
here, the reader can consult [45]. Denote X(1) = {v1,...,v,} the rays of ¥, let I = {1,...,n}
be the set of these indices, and Py the toric variety associated to X.

Then the untwisted sector of the cohomology of Py, has a well known description,

C[Dy,...,Dy]

Hy(Fs) = 5~ w)Dilm € N*Y Zan (5:5)

where the Stanley-Reisner (SR) ideal Zgr is spanned by products [[,.; D; for every J C I
that does not span a cone in 3. The classes D; have cohomological degree 2 and correspond to
toric divisors of Py;. Here we denote the cohomology by H{j to remind that the full cohomology
may include twisted sectors.!® Besides this twisted sector, we have one twisted sector ~ for
each v =) . viv; € N with ; € [0, 1),'6 where the origin v = 0 corresponds to the untwisted

sector. The twisted sector cohomology is as follows:

C[ﬁi]iesvu)
[ mw)D; [ m € Amn(u; € 0(1)}. Ty,

H(Py) = Sy = Star(o(y)) —o(vy). (5.6)

The SR ideal ZJy, in the 7 twisted sector is spanned by [],. ; D; for J not a cone in Star(co(v)).
The compact cohomology is given by the free H*(Py)-module, generated by the symbols
Fj’s, quotient by two types of relations, H; and Ha:

C[Dy,....Dy|F;
<H17 H2>

H:o(Px) = P

oG Cxe

(5.7)

1Tn most of this section we will be working with K-theory with Q or C coefficients, hence ch is an isomor-
phism. Of course, when discussing questions such as integrality structure of the central charge map, one needs
to consider Z-valued K-theory

5For example in partial resolutions of singularities, they usually appear.

181f 5(y) € ¥ is the minimal cone in ¥ that contains v, the twisted sector is the toric substack described
by the quotient fan 3/o(v), its rays are labelled by the rays in Star(o(y)) — o(y). Recall the definition
Star(c) = {0’ € |0 C o'}. The set of all 4’s is usually denoted Box(X).

43



The relations are given by
Hy = {D;F; = Fyyp, fori ¢ J,JU{i} € X},

. . (5.8)
Hy={D;F;=0, fori ¢ J JU{i} € £}.

The twisted sectors H; (Pyx;) have a similar description as for the untwisted case, just replacing

the commutative ring by C[D;lics, (1) and the fan by the quotient fan X, = X/o(v). More
precisely, recall that the cones on the quotient fan are given by S, hence

. C[Dilies, F s
H () = ) Ty (5.9)
(Hy, Hy)
U?,QZE;
where o .
H?:{DiFJ:FJU{i}a fOI‘igJ,JU{Z'}EEn/}, (5 10)

H] ={D;F;=0, fori¢g J JU{i} €%,}.

The description of the K-theory (with complex coefficients) is given by the following ring [46,
47, 48):

C[RT Jier
{Hiel Ry —1 | m e N*

The compact version K§(Py) is a free Ko(Pyx)-module generated by the symbols G; with
05 C X° and relations

Ky(Py) =

. Ig = <H(1 — R)|J ¢ 2> . (5.11)
=

e

1- R HGy =G um, for i¢gJ Ju{i}ex}
: {i}

. . (5.12)
{D;Fy =0, for i¢ J JU{i} &%}

Finally we have the Chern character maps, which give isomorphisms (here we are always
considering K-theory with complex coefficients):

ch: Ko(Ps) — H*(Ps),  ch®: K§(Ps) — H (Ps). (5.13)

Explicitly, the usual Chern character is the following (where ch, denotes the projection to the
sector 7):

chy (Ri) =1, i ¢ Star(a(7)),
Ch,y(Rl) = eDi, 1€ S»y, (514)
chy(R) = % [ eh(R)™®), i€ o).

igo(7)

Here all the inclusivity conditions are understood as a condition for the rays of Star(c (7)), Sy
and o (7). The map ch is

ch? <H RfiGl>
’ for I ¢ Star(o(v)),

0
TV (e T 57 T (- dn(R)FL for TC Star(o(o)
i i€l,i¢o () ‘ i€lNo ()
(5.15)
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where for I C Star(o (7)), the subindex of F'; denotes the projection to S,. The second factor
is defined by Taylor expanding (1 — e™*)/z =1 —2/2+ ... then replacing = by D;.
One last thing we will need is the integration map

/; H? (Py) — C (5.16)
it is given, in the different sectors, by

— 1
Fr=—— for |I| = rank(N 5.17
[P = o Ml = rank(,) (5.17)

and zero otherwise. Here Vol([) is the index of the lattice spanned by I inside N, and N, is
the quotient lattice N/ Span(o(7)).

5.2 Central charges of B-branes in Hirzebruch-Jung models

In order to apply the machinery reviewed in the previous subsection, we first need to connect
the fan description with the GLSM data. This a well known construction. Part of the data
of the abelian GLSM is given by a r x d matrix of charges Qé. This matrix gives relations
between d vectors on the lattice IV, of rank d —r. This lattice can be constructed as a quotient

N =7 / Span; ({Qa,1 < a <7}). (5.18)

Basis vectors in Z? project to vectors S = {v1,...,v4} C N whose relations are given by the
charge matrix. The other important piece of the data is the D-terms. For a choice of ¢ in
the interior of a Kéahler cone, the D-terms have no solution when certain subsets of the chirals
vanish simultaneously. Denote the collection of these subsets as

Here, the sets A; are of the form {Xj;,,...,X;, } and are labeled by some subsets of indices
J¢ of S, which depend on (. Take all the subsets of rank one, i.e., all A such that |Je| =1
and call their union Z,. Then we associate the vectors in S —Z; to the rays of a fan 3. The
cones of ¥ are chosen in a unique way that is consistent with the SR ideal given by P, i.e.,
the rays that does not span a cone in ¥ are given by the sets J;.

Next we need to actually determine the lattice N. In practice, given the charge matrix we
determine S as a subset of Z?, but we still need to determine which are the generators of N.
Consider then the dual lattice N* = Hom(N,Z) and the map

* *\d *
| {N — Hom((Cd) ’(En ()v) (5.20)
m = (A= [T M)

Then N* is given by the points in R? such that ker(f) reproduces the gauge group G = U(1)".
Another equivalent way to determine N from Q2 is to look at the dual of the lattice of gauge
invariant Laurent monomials. Consider the gauge invariant monomials [, Xfi, QA4l; = 0 for
all o, with I; € Z. Then, all these monomials can be written in terms of d basis monomials
My, ..., My. Assign charges ny,...,ng € Q to them and demand that all the gauge invariant

monomials have integer charges. This defines a lattice inside Q% which we identify with N.
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5.2.1 Geometric central charge in Hirzebruch-Jung models

If F is a compact sheaf in a noncompact variety X, denote F its K-theory class in K§ as well.
Then, we define its central charge by

Z(F) = / el 2 OT(TX) ch®(F) (5.21)

where 7 is the complexified Kihler class. The gamma class I, ¢; (X) and 7 are elements of
H*(X,C), hence the act over ch®(F) € H}(X) giving another element of H}(X) where the
integral map previously defined, makes sense.

We used two GLSMs to study the quantum geometry of the Hirzebruch-Jung resolutions.
The two are simply related by a change of basis on the U(1)" weights of the chiral fields. Since
this change of variables was characterized by a transformation matrix of determinant not 1,
the gauge groups of the corresponding models differ by a nontrivial finite quotient. This is
just and artifact of the presentation and since the two charge matrices Q4 and n(C_l)aﬁ Q Bj
are related by an invertible linear transformation, it does not matter which one we use to
determine the set S C N. Then in some basis, S is given by:

S={v¥to  v=0me) (5.22)
and the lattices N and N* are straightforward to determine:
X 1/n 0
N* = Spany { (—p/n) , <1> } , N = Spang{(n,0), (p,1)}. (5.23)

We consider the fully resolved phase,'” call its fan Ygeom- From the previous discussion we
are instructed to look at the deleted sets imposed by the D-term equations. These are given
by the sets of the form {X; = X; = 0} with j # i £ 1. Hence the 2-dimensional cones of
Ygeom are given by {j,j+ 1} for j =0,...,7 and Ygeom(1) = 5. Is easy to see that there are
no twisted sectors. Then, the cohomology ring is given by

CIDy..... Dy
(S abi =S mbi =0} Tor

Hy(Psyeom) = (5.24)
where ISR = (DZD]‘] 75 1+ 1>.
It is very convenient to note that the linear relations between the generators of Hj(Ps,.,,,)
imply
> dijD; =0 forall i =0,...,7+ 1. (5.25)
J

Of course, only two are linearly independent (over C), but this fact is very convenient for
computations. Simple manipulations of the ring relations leads us to conclude

D;D; =0 forall 4,5 €{0,...,r+1}, (5.26)

as expected since the top cohomology should vanish for noncompact surfaces: H*(Pyg seom) = 0.
The linear relations can be solved by writing

Di=) Qui*,  1*=) —(C)*Ds. (5.27)
a=1 B=1

Yn arXiv v2 we will extend these computations to partially resolved phases and match with subsection 4.5.
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We thus write the Kéahler class as

,
T = ZTano‘. (5.28)
a=1

The Chern class of the tangent bundle TPy, can be determined from the Euler sequence:

r+1
0— 0" - o) - TPs,,,, 0 (5.29)
7=0

therefore determining its gamma class is also straightforward

ch(TPs,..) =2+ (2—aa)n®, T[(TPs,,,)=1- z— Z n” (5.30)

where 7 is the Euler-Mascheroni constant.

The compact K-theory group K§(Ps,..,,) and the compact cohomology H;(Py,,,,,) are
spanned by the symbols G and FT respectively where I can be either {a} or {j,j + 1} with
a=1,...,rand j =0,...,7. We identify the compact K-theory class of (branes wrapping)
exceptional divisors as G, and it is a straightforward computation, using the previously defined
formulas that

b (G) = <1 _ ;Da> Fi. (5.31)

Acting with the relations (5.25) on F, we can show

Fa7a+1 = F{O,l} for aa = 1, RN

5 (5.32)
Do Fp = (6a,-1 — aadav, B+ 5C¥,,3+1)F{0,1} =-C, Fio1y,
and therefore 1o Fjg = 64, 5F (0,13 Putting everything together,
e"h™ 31 Poeeon ) T (TPy ) ch®(G)
(5.33)

el ¢
ZF5+<—%2W(2—%)+75—2W( —ag)logh + >F{01}

The lattice spanned by {vo,v1} is precisely N, hence | Volyg 1y | = 1, therefore we finally con-
clude that the central charge of the brane wrapping the exceptional divisor Fg, corresponding
to the sheaf Op,, is given by

2(0p,) = Z(C) = / T(TPy,...) ch*(Gp)
. . . (5.34)
) B8

By comparing with (4.47), up to an overall factor of (tA)Eé, which can be absorbed in a
rescaling of the classes n” , we can see that the match is perfect, by identifying

ta(t™') = —2mits — (2 —ag)logh and h = tA. (5.35)
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6 Grade restriction rule in non-supersymmetric models

Our discussion of B-branes and their central charges in section 4 (localization approach)
and section 5 (geometric approach) only determined the Higgs branch contributions for a
restricted class of branes, and it focussed on one phase at a time. In this section we explain
the grade restriction rule that characterises that restricted class, and explain how the Higgs
and mixed/Coulomb branch parts of a GLSM brane are distinguished in general. This partly
relies on transporting a B-brane from one phase of a GLSM to another by continuously varying
the Fl-theta parameter ¢ at some fixed energy scale. We thus explore brane transport in this
section too.

B-brane transport is defined in |2, section 3.5] by enforcing that the full bulk plus boundary
action is only deformed by D-terms of the algebra 2, namely bulk D-terms and twisted F-
terms, and boundary D-terms. This defines a functor between the categories of B-branes
(modulo 25 D-terms) at different values of ¢, and this functor only depends on the homotopy
class of the path in Fl-theta parameter space. In addition, since the hemisphere partition
function is independent of bulk D-terms and is holomorphic in twisted F-terms, B-brane
transport amounts to analytically continuing the hemisphere partition function.

We first review RG flow and transport of B-branes in U(1) GLSMs through the lens of
the hemisphere partition function, stressing how different the Calabi-Yau and non-Calabi-Yau
cases are. Then we determine how transporting branes through a wall in general abelian
models reduces to that of a gauge group U(1) times a discrete factor whose effect we also
explain. For Hirzebruch-Jung models we work out the images of B-branes in each phase of
the GLSM by transporting them from the orbifold phase. We characterize which branes are
transported to pure-Higgs branes in the fully resolved phase: this reproduces the set of special
representations of the orbifold group Z, C GL(2,C) in the geometric McKay correspondence.
We end by examining brane transport between all phases of a rank 2 example, including mixed
branch vacua.

6.1 U(1) models [careful review]

As a practice, and a building block for the higher rank models, we give a streamlined discussion
of U(1) GLSMs with no superpotential, following [2, 23]. Consider a U(1) GLSM with chiral
multiplets of charges @7 for 1 < j < dimV. Let N1 > 0 be the total positive/negative
charges, so Ny —N_ =}, Q7 and Ny + N_ = Zj\QjL Let ton =1+, Q7 log @’ mod 27i).

For N, = N_ this model is Calabi-Yau. In FI-theta parameter space there is a singularity
at tgp = 0 mod 27i. There are two phases ¢ > 0 and { < 0, well-described by non-linear
sigma models (NLSMs) on two different classical Higgs branches, which are line bundles on
different weighted projective spaces.

Otherwise, up to charge conjugation we can assume Ny > N_. The Fl-theta parameter
is shifted upon scale and axial R-symmetry transformations. We fix these by considering the
theory at some fixed complexified energy scale u. The physics at that scale is well-described
for ¢ > 0 by an NLSM on the classical Higgs branch, and for ( < 0 by the direct sum of
such an NLSM and of Q%! massive vacua. These vacua are located on the classical Coulomb

branch at
—tgn + 2mik

Ny — N_
A large part of this subsection is devoted to how GLSM branes split into Higgs and Coulomb

awuexp< >, keZn, _n_. (6.1)
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parts. Then we move on to brane transport.

6.1.1 B-branes and their central charge

Admissible contour. Recall from subsection 4.1 that B-branes must come with the data
of a Lagrangian contour for ¢ € t¢ which is a deformation of tg and that is admissible in the
sense that the contour integral (4.5) converges. It is typically enough to work with contours
that can be written as graphs oc=T1+ iv(7) of some function v: tg — tg. For our rank-one
case the contour is simply a deformation of R C C. We work out the integrand’s behaviour

for ¢ large away from the imaginary axis:

log|integrand| = —A,(6) + O(log &)
Ag(6 =7 +i0) = (Gn + (Ny — N_)(log|7 + i0| — 1)) 62)

+ (g(m +N_)+ (Ny — N_)arctan ‘:|
where we have split 6 = 7 + 0. The integral converges provided A,(6) — +oo fast enough at
infinity in the contour. For cases other than (s, = 0 = Ny — N_, we can take the contour'®
0: 7 + £72 with the positive sign for Ny > N_, or for Ny = N_ and (g, > 0, and the
negative sign for Ny < N_, or for Ny = N_ and (g, < 0. Since A, 2 |0| along this contour,
it is admissible regardless of ¢, hence it is also admissible for arbitrary B-branes of the GLSM.

The Calabi-Yau case Ny = N_, with in addition (5, = 0, deserves attention. Then
Ay(7 +i0) = (7N — (sign 7) (0 + 2mq))|#|. For Wilson lines W(g) in the window

— (sign7)(0 + 27Tq)> |7

N, 0 N,

even the contour R is admissible (it is then also admissible away from (g, = 0). Outside this
window, A, becomes arbitrarily negative for 7 — 400 or —oo hence no deformation of R is
admissible. This grade restriction rule allows N, = N_ Wilson line branes for (g, = 0 and
0 #= N7 mod 27w. As we vary 6, the window jumps for § = N7 mod 27, where the theory is
singular.

Pure-Higgs phases. Consider the phase ¢ > 0 in the case Ny > N_ (the phase ¢ < 0 for
N, < N_ is similar). This phase is pure-Higgs in the sense that it has no mixed/Coulomb
branch. Its Higgs branch is a quotient X = (V \ A)/C* where V is spanned by all chiral
multiplets while the deleted set A is the subspace where all positively charged chiral multiplets
vanish.

A brane of the GLSM is described by a complex of Wilson lines and by an admissible
contour L. Its image in the Higgs branch NLSM is obtained by sending e — 0o at some fixed
complexified energy scale . This turns D into a Lagrange multiplier and decouples the gauge
degrees of freedom, thus quotienting V' to X. The complex is sent to a complex of line bundles
on X obtained by restriction and pushforward from V to X. In the language of subsection 4.2,
Fhow Higes = Fgeom- We state the argument more precisely in subsection 6.2.

Given the shape of the integration contour L, namely & = 7 + i72, the integral picks up
poles on the positive imaginary axis, at 6 = i(R;/2 + k)/Q’ for @’ > 0 and k € Z>(. These

¥ The choice of superlinear function 7 — 72 is arbitrary.
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poles are simple for generic R; and we get

Zp2(B) = C(xA) C/Q/daHF<QJA R) '’ f5(6)

y 2 + k) R; R;
tAC/Q Z Z k'QJ —t(R;/2+k)/Q fB< J/ >HF<_(2]+k>>
JlQI>0 k=0 i#]

(6.4)

For non-generic I?; there can be higher-order poles, in which case the explicit expression is

more difficult to obtain. However, the asymptotics are the same. Using Stirling’s formula and

[(z)T(1 — x) = 7/sinTz we show that for a fixed j, and fixed (k mod @’), the summand
behaves at large k according to

log|summand| = —ng — QZ + O(log k)
- —W(lzlogk k — klog|Q]) — Hzlg;log’@‘wroaogk).
(6.5)

For N4 > N_ the sum converges regardless of ¢, as is consistent with the fact that there is no
preferred value of ¢ in non-Calabi-Yau models. For Ny = N_ the sum converges in the phase
Ch = ¢+, Q"log|Q!| > 0. The similar sum for Ny < N_ defines an asymptotic series in
(fractional) powers of e~*, which never converges. We wrote the asymptotics in a form valid
for summing residues with 7 < 0 instead: in that case the series converges for N, < N_, or
N1 = N_ and (g, < 0, while it is an asymptotic series if Ny > N_.

Phases with massive vacua. We turn to the phase ( < 0 in models with Ny > N_ (the
phase ¢ > 0 with Ny < N_ is similar). We argued that for the pure-Higgs phase ¢ > 0,
branes flow to their geometric image. In the phase ( < 0, there is both a Higgs branch and
N, — N_ massive vacua, so we need to determine the image of the brane on both branches.

Let us try to expand at large (—() the hemisphere partition function with a Wilson
line W(q). Our experience with the ¢ > 0 phase suggests one part of the hemisphere partition
function should be a sum over poles along —iR~. Below (6.5) we work out that such a sum
is an asymptotic series. For any finite ¢ we should expect that a good approximation is given
by a finite number of terms in the series: terms shrink until the term with

k ~ o . Csh
il A, A= exp< NN N>’ (6.6)

then terms grow again. This leads us to rewriting the contour integral over L into a sum of
residues at & = i(R;/2 + k)/Q’ for @’ < 0 and k € Z>o bounded above by Im(—4) < A, plus
a contour integral over some contour L) that crosses the imaginary axis at & = —i\.

Our key task is to evaluate the contour integral over L). We do this by a saddle-point
approximation, which is only good if we can deform the contour to pass close to a steepest
descent contour, with some remaining piece in regions where the potential A, is sufficiently
large. This last constraint depends drastically on q.
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Small window: no saddle-point. The simplest case is WW(q) in the small window
6 1 .
< —min(N_, N4 ). (6.7)

27

Again we take N; > N_ and ( < 0. Then the coefficient of |7| in (6.2) is bounded below by
some ¢ > 0, so
Ay(T —1iX) > Ag(—iX) + ¢|7| = (Np — NO)X + |7 (6.8)

We can thus choose Ly = R —i\. Its contribution will then scale like exp(—(N4+ — N_)\) and
we deduce an asymptotic expansion of the form

—R;/2—QI\ NN

Zpr(W(g)) = ( 3 ;0 (--~)A_le_k) + O, (6.9)

jlQI<0

We will soon check that the residual term is more exponentially suppressed than any of the
N, — N_ possible Coulomb branch contributions. The asymptotic expansion we found thus
shows that a Wilson line brane in the small window (6.7) flows purely to a Higgs branch brane.

Big window and saddle-point. In this paragraph we find the image in the Higgs and
Coulomb branches of any complex of Wilson lines W(q) whose charges fit in the big window
0 1

< —max(N_, N;). (6.10)

2

We call such branes grade-restricted.

We continue with Ny > N_ and ( < 0 and assume 6 # N7 mod 27 to avoid singularities.
The contour integral is now computed using a saddle-point analysis. Away from the imaginary
axis, the integrand obeys

log (integrand(5)) — (Ny — N_)i6o (log(6) — £4 — 1) + O(log|6]), Red >0 (6.11)
(N4 — N_)i6(log(—6) — ¢~ — 1) + O(log|é|), Red <0
where
Csh .9+27rq:|:%(N++N—)
S 12
i N, - N_ +1 N, - N_ (6.12)

and we also note that Refy = Re/_ = logA. These formulae generalize (6.2) by including
the phase of the integrand. Note that the two asymptotic expansions do not have the same
Re6 — 0 limits: at 6 = ¢\ with A > 0 there is a jump by —27miNA; at 6 = —iA with A > 0
there is a jump by 2miN_A.

There is one saddle-point at log(6) = ¢4 if [Im /4| < 7/2 (to ensure Reé > 0), and one
at log(—ad) = 4_ if [Im¢_| < 7/2 (to ensure Red < 0), and otherwise none. At a fixed 6, the
collection of these saddle-points for ¢ € Z coincides with the set of Ny — N_ Coulomb branch

vacua, which are solutions of

(i6)N N =exp(—ta),  ta=t+ Y QilogQ; mod 2ri. (6.13)

]

When the hemisphere partition function of a brane has a contribution from one of these
saddle-points, the brane has a non-trivial part along the corresponding massive vacuum.
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Let us focus on the first case [Im /4| < 7/2, namely N_7 < 6 +271g < Ny7w. The steepest
descent contour Lgieep passing through the saddle ¢ = exp(¢;) is (one branch of) the locus
where the integrand has the same phase and smaller norm than its value at the saddle. In
terms of the logarithm,

& (log(6) — L4 — 1) + exp({) € iRxo. (6.14)

Simple numerics indicate!® that this contour, together with its continuation to the half-
space Red < 0, is homotopic to a parabola intersecting the imaginary axis at some point
—iAce(Im £4) where ¢(p) is some function of the argument ¢ € (—7/2,7/2) that interpolates
between ¢(—7n/2) = 1 and ¢(7/2) = 0.

The original contour integral over the parabola L thus decomposes into a sum of O(\)
residues at poles along —iR~0, plus an integral over Lgieep. The latter scales like

/L dé (integrand)‘ ~ exp((N+ _N) cos<N *?V: (_9;2”‘1)>A>, (6.15)

steep

where the cosine takes discrete values in (—1, 1) that increase with 6+ 2mwq € (N_m, Nym). All
of these exponential behaviours are larger than the residual term we found for Wilson lines in
the small window in (6.9).

Altogether, we find the following cases (assuming 6 # Ni7 mod 27):

e If |6 4+ 2mq| < N_7 (small window), the contour integral has no saddle. It is given by
the asymptotic series of residues, so that the image of the Wilson line is the line bundle
on the Higgs branch expected from geometry, with no Coulomb branch part.

o If N.m < |6 4 2mq| < Nym, the contour integral has one saddle-point 6 = &4, in the
half-space where sign Red = sign(f + 2mq). It is equal to the residue sum plus the
integral along a steepest descent contour. The image of the Wilson line has two parts:
the expected line bundle on the Higgs branch, and a brane on the Coulomb branch
vacuum corresponding to the given saddle-point.

o If Nym < |0 + 2mq|, there is no saddle-point, and in addition the contour cannot be
chosen to keep the potential A,(6) positive along the contour. The integral cannot be
computed directly using saddle-point approximation. In fact, using other techniques we
show that the naive Higgs branch contribution obtained by picking up the asymptotic
series of residues in the same way as before is incorrect. This is due to an unavoidably
large contribution from the remaining contour integral.

Empty brane. Consider the case Ny > N_ and the phase ( > 0. As explained in subsec-
tion 4.2, the Koszul complex

X
= <W(—Q7) EER W(O)) (6.16)

jlQi>0
is a resolution of the structure sheaf of the deleted set A, hence that complex has a trivial

geometric image on the Higgs branch. Since the phase has no massive vacuum, the GLSM
brane K is simply empty in that phase.

19Tt would be pleasant to obtain an analytic proof.
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If Ny > N_ (rather than Ny = N_), then this (empty) B-brane can be transported to the
other phase, where it is also empty because adding twisted F-terms does not spoil emptyness.
We can check this picture using the hemisphere partition function. The integrand in (4.8)

has poles along the positive and negative imaginary axes. The integral picks up poles on the
positive imaginary axis as in (6.4). But the brane factor

fer(@) = J[ (1-e2@9) (6.17)

JlQI>0

is such as to precisely cancel these poles, so Zp2 (K1) = 0 exactly. Brane transport analytically
continues this vanishing partition function, which thus vanishes in all phases, consistent with
the claim that this GLSM brane is empty in all phases.

The situation is different for Calabi-Yau models (N, = N_): again Zp2(K1) = 0, but we
cannot conclude that the same complex of Wilson lines (6.16) is empty in all phases. Indeed,
transporting the brane or its twists to another phase is not directly possible because none fit
in the window (6.3) that is required to transport the brane from one phase to the other. The
brane KT that ﬁmpty in one phase and its analogue K~ with @7 < 0 that is empty in the
other phase can be quite different in general.

6.1.2 RG flow image of all branes.
So far, we found the image of any GLSM brane B under RG flow to a pure-Higgs phase. It is

Fhiow(B) = Feom(B) € D°(X) (6.18)

where the “geometric” functor Fyeom: D°(V,U(1)) — D°(X) projects complexes of U(1)-
equivariant vector bundles from V' to the Higgs branch X = (V' \ A)/C*. In phases with both
a Higgs branch and massive vacua, we found the image of grade-restricted branes, namely
those that fit in the big window |6 + 27¢| < max(N4, N_)mw. We now generalize to all branes.

For definiteness take Ny > N_ and ¢ < 0.

The twist T @ W(q) of the Koszul brane (6.16) is empty in the pure-Higgs phase ¢ > 0
hence in all phases. It is a complex with minimum and maximum charges qui, = ¢ — N4 and
Gmax = q. We deduce that the brane W(q) is equivalent in all phases to a complex with charges
among ¢ — Ny,...,q— 1, and likewise to a complex with charges among ¢+ 1,...,q¢+ N.

Consider now an arbitrary complex B; of Wilson lines. Repeatedly replace every Wilson
line W(q) with a charge outside the big window |0 + 27m¢q| < N4 by an equivalent complex of
Wilson lines with charges closer to the big window. This eventually ends and yields a complex
By of Wilson lines with charges in the big window.

Coulomb branch. The brane factors of B; and Bs differ by a multiple of the brane fac-
tor (6.17) of K. The decomposition

f5,(6) = f5(6) + P(*™) fic+ (), (6.19)

where P is some Laurent polynomial in e>™, is essentially given by polynomial Euclidean

division. The remainder fz, is unique and does not depend on details of the binding with
Higgs-empty branes.
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From its coeflicients

gmax
fra(0) = Y aget (620
4=min
where gmin and gmax are the bounds of the big window, we can deduce the Coulomb branch
part of the image of B; or equivalently Bs: for each ¢ such that N_m < |0 + 27q| < N4,
there are a, DO branes, or —a, DO if a; < 0, on the massive vacuum at

(6.21)

. <—Csh + (0 + 2mq — sign(0 + 27rq)7rN_)>
i6 = exp )

N, — N_

Indeed, each Wilson line W(q) in the big window goes to an empty brane for |0 +2mq| < N_m
and otherwise goes to a single D0 brane on one Coulomb branch vacuum.

Higgs branch. The Higgs branch image Fiow, Higgs(B81) under RG flow cannot be read off
from the brane factor only. Since Fyeom and Fhow Higgs agree on grade-restricted branes we
have

FﬂOW,Higgs (Bl) = Fﬂow,Higgs(BQ) = Fgeom (82)7 (622)

which differs in general from Fyeom(B1). The two functors only agree in general for grade-
restricted branes.

Let us say some words about the brane K™ (¢) == W(q) ® @;0i <o (W(-@Q%) X, w(0)),
in which we selected the other sign of charges compared to the brane KT (6.16) that is empty
in all phases. By construction the brane X~ (g¢) is mapped to an empty brane by Fyeom. In
addition, K~ (q) is grade-restricted if ¢ + 0/(2m) € (N_ — N4 /2, N, /2), in which case it has
no Higgs part under RG flow. This pure-Coulomb brane typically goes to several Coulomb
branch vacua according to the discussion near (6.21), but one can take linear combinations of
the brane factors of K~ (g) such that a single coefficient outside the small window vanishes.
The corresponding direct sums of X~ (¢) branes are complexes that flow purely to a DO brane
on one massive vacuum. Finally, despite having an empty image under Fyeom, branes £~ (q)
that are not grade-restricted typically acquire a non-empty Higgs part under RG flow, due to
the round-about construction (6.22).

In conclusion, it should be stressed again that the effect of massive vacua on the RG flow
of GLSM branes goes beyond simply adding a Coulomb branch part to the resulting brane:
even the Higgs branch part is different from the natural geometric one. Furthermore, the
Higgs branch image depends on the theta angle because 6 affects windows.

6.1.3 Brane transport

We now turn to brane transport between phases.

Calabi-Yau case We recall that for a complex B of Wilson lines W(q) in the window (6.3),
namely w = {q | —Nym < 0 + 2mq < Nym}, the contour R is admissible for all {. Such a
grade-restricted B-brane can thus be transported trivially from ¢ > 0 to ¢ < 0 by varying ¢
without changing charges or morphisms in the complex.

Consider next a B-brane B, € D’(X ) on the Higgs branch in the phase ¢ > 0 (hence the
subscript +). It can be written as the image of some B-brane By € D*(V,U(1)) of the GLSM.

Recall that the Koszul brane KT (6.16) that is empty in the phase ¢ > 0 has charges from
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— N, to 0, so By is equivalent to another complex By with charges ¢ € w. That brane can be
transported to the phase ¢ < 0 and projected to the Higgs branch category D?(X_) there.
Brane transport from ¢ > 0 to ( < 0 only depends on # via the window w of charges that
are allowed at (g, = 0. This is consistent with the fact that brane transport only depends on
the path in FI-theta parameter space up to homotopy.

Formally, for each interval w of N, consecutive integers one defines the window category
Tw C DP(V,U(1)) as consisting of complexes of Wilson lines with charges ¢ € w. Then one
considers the functors Fi: D*(V,U(1)) — D%(X4) that project to the Higgs branch in each
phase. Their restriction to any window category 7y can be shown to be an equivalence of cat-
egories. Brane transport D°(X ) — D(X_) is then defined by composing these equivalences.
Pictorially,

(6.23)

Non-Calabi-Yau case: starting from pure-Higgs phase For definiteness, N; > N_.
We use subscripts + and — for the phases ¢ > 0 and ¢ < 0, respectively.

Start from a brane B, € D?(X,) on the Higgs branch X of the pure-Higgs phase ¢ > 0.
Lift to a GLSM brane B; € D?(V,U(1)) in the sense that Fyeom, +(B1) = By. Since there is
no constraint on charges for an admissible contours to exist, the brane can be transported to
the other phase. However, finding the image in the other phase is delicate.

Using that the Koszul brane KT (6.16) is empty in both phases and has charges from
— N, to 0, the brane B; can be replaced by a grade-restricted brane By whose images in both
phases are the same as those of B;. Thanks to grade restriction, the Higgs branch part of the
image in the phase ¢ < 0 is then Fyeom,—(B2). The Coulomb branch (massive vacuum) part
Foiow,Coulomb(B2) is deduced from the brane factor of Bs.

The procedure simplifies if one starts from images O(q) = Fgeom,+(W(q)) of Wilson lines
in the pure-Higgs phase, with |0 + 27q| < Nym. These generate D’(X,). The Wilson lines
in the small window |6 + 27q| < N_7 map to generators of D®(X_). The Ny — N_ Wilson
lines with N_7 < |# 4 2mg| < Nim map to a combination of one massive vacuum and some
component along D?(X_). Informally, one can say that these Ny — N_ Wilson lines have
“gone away” to the Coulomb branch, but to be more precise what goes to the Coulomb branch
is a complex of these Wilson lines with some in the small window.

Non-Calabi-Yau case: going towards pure-Higgs phase For definiteness, N; > N_.
Start now from a brane in the phase ( < 0. This requires giving both a Higgs branch part
B_ € D’(X_) and a Coulomb branch part C_. The non-trivial step now is to find a complex
of Wilson lines that flows to B_ and C_.

What is often easily available is a complex By € D?(V,G) such that Fycom,—(B1) = B—.
Then one uses the Koszul brane K~ that has an empty image under Fyeom,— to construct
a complex By € D’(V,G) built from Wilson lines with |§ + 27¢| < N_7, and such that
Fycom,—(B2) = B_. Separately, one combines grade-restricted branes that flow to branes on
single Coulomb branch massive vacua into a brane B3 € D?(V,G) that flows to C_. The
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sought-after lift is then By @ Bs, which is then projected down to Fyeom,+(B2 @ Bs) € DY(X,)
in the pure-Higgs phase.

The relevant diagram is as follows, where 7y, denote window categories for the big and
small windows. The B-brane category in the ¢ < 0 phase in fact has a semi-orthogonal
decomposition (C, D’(X_)) into the category C of Coulomb branch branes (itself further
decomposed into individual massive vacua) and the derived category of the Higgs branch X _.
It would be interesting to clarify the physical meaning of this semi-orthogonal decomposition,
as it appears to allow strings stretching in one direction between the Coulomb branch vacua
and the Higgs branch.

p(x )

(6.24)

6.2 Wall-crossing and Higgsing

Given a B-brane in a U(1)" GLSM with no superpotential, we can ask for its image in some
phase upon RG flow. More precisely, as we explained, we take the large gauge coupling limit
e — oo while keeping the complexified energy scale p and FI-theta parameters fixed, so that
the phase gives a good description of the physics at scale u.

Deep in a pure-Higgs phase, at every point on the Higgs branch all continuous gauge sym-
metries are Higgsed and the vector multiplets have mass 2 e. The massive vector multiplets
can thus be integrated out. Their effect is thus to impose D-term equations and quotient out
by gauge symmetry, so that the theory is well-described by an NLSM on the Higgs branch
X¢=V//¢G. A B-brane B € D*(V,G) of the GLSM, namely a complex of equivariant vector
bundles on V', is mapped by these steps to the brane obtained by restricting the vector bundles
then pushing forward to the quotient X ~ (V' \ A)/Gc. In other words,

Faow = Fgeom: D(V,G) — Db(X,) (6.25)

in pure-Higgs phases, for instance in all phases of a Calabi-Yau model.

To integrate out the gauge degrees of freedom it was essential to have no mixed or Coulomb
branches. As we saw in U(1) models, the existence of such branches affects even the Higgs
branch image of GLSM branes. For other phases, the general strategy that we apply to
Hirzebruch-Jung models in subsection 6.3, and extend in upcoming work, is to transport
B-branes starting from a pure-Higgs phase.

In this subsection we focus on crossing a single wall, deep in that wall, far from other
walls. First we give a physical explanation for band restriction rules, then we justify it using
the hemisphere partition function.

6.2.1 Higgsing argument

The wall has codimension 1 in g*. Let h € g be the one-dimensional subspace orthogonal
to the hyperplane containing the wall, and let I be the set of flavours i such that Q¢ € pt.
Since the wall is spanned by some charge vectors, h contains a non-zero vector with rational
coordinates so it generates a compact subgroup isomorphic to U(1) inside G = U(1)". We let

o6



u € b be the generator normalized such that exp(2miau) =1 € G < « € Z and defined up to
a sign.

The D-term equation expresses ¢ as a positive linear combination of charge vectors. As
¢ touches the wall, it belongs to the cone of @, i € I, which means that the Higgs branch
has a locus P C X at which only X i i € I, are non-zero. In other words, P consists of
common zeros of all chiral multiplets charged under h. Configurations in P do not break
gauge symmetries completely, but rather to h. Besides the U(1) factor generated by b, the
unbroken gauge group H, at p € P can have a discrete factor.

Let us assume for simplicity that P = {p} is a single point, as this is the situation for
Hirzebruch-Jung models. D-term equations fix (X;);c; completely at p, hence they also fix
(X;)ier as functions of (X;);gr near p. Their generic vev in ht gives masses to all vector
multiplets except those along h. We integrate them out, as well as fluctuations for the (X;);er,
in a neighborhood of p. This gives a local model, with

gauge group H, ~ U(1) x T, I" discrete,
Fl-theta parameter ¢ - u, (6.26)
chiral multiplets (X;);¢s of charges Q7 - .

Of course the local model is only a good description near p, but this is precisely the neighbor-
hood whose topology changes upon crossing the wall. We thus expect wall-crossing to only
affect branes in the region near p, which is well-described by the local model. The two phases
¢ -u 2 0 correspond to the two sides of the wall in the full model.

Assume first that the local model is Calabi-Yau, namely that ij Q- u = 0, itself
equivalent to Q%' . u = 0, namely the wall is Calabi-Yau. In each phase, the local model only
has a Higgs branch. A Wilson line with some charge under U(1) C H), can be transported
between the phases (- u > 0 and ¢ - u < 0 provided its U(1) charge is grade-restricted.
Translating back to the full GLSM, band-restricted branes are W(q) such that [2]

(6 u)+27(q - u)| < *Nyq = 7Ny —, Ny+ = Z(Qj )t (6.27)

J

where () = (Jz| £ 2)/2 and we extended the sum to all j since Q7 -u = 0 for j € I.

Complexes of band-restricted Wilson lines are transported unchanged through the wall.

If the local model is not Calabi-Yau, we choose the sign of u such that Q%' -wu > 0. The
local model then has a pure-Higgs phase at (-u > 0 and a phase with a Higgs branch and some
massive vacua at ¢ -u < 0. These massive vacua lie at Q%" -u values on the classical Coulomb
branch, on which the discrete abelian group I' acts trivially, so twisted sectors increase the
number of massive vacua to |I'| Q%" - u. Brane transport from ¢ - u > 0 to ¢ - u < 0 now
involves two nested windows, which translate to bands in the full GLSM:

small band (6 u) +2m(q - u)| < 7min(Ny 4, Ny—),

6.28
big band (0 u) +2m(q - u)| < mmax(Ny 4, Ny-), (6.28)

where Ny, + = >2.(Q7 - u)* are defined as before. We call band-restricted a brane whose
charges are in the big band. A Wilson line in the small band gets transported to the Higgs
branch, while a Wilson line in the big band but not the small one is transported to a combi-
nation of the Higgs branch and one massive vacuum.
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The charge of the Wilson line under I' C H C G only plays a role in determining which
massive vacuum appears. We defer to later work a careful analysis of the contribution from
massive vacua. If the locus P with unbroken gauge symmetry has non-zero dimension, the
analogue of these massive vacua is a collection of mixed branches on which o € h and the
chiral multiplets (X;);e; both get a vev. A natural conjecture is that the band restriction
rule still applies: a Wilson line in the small band is transported to a brane supported purely
on the Higgs branch, while a Wilson line in the big band maps to a combination of a Higgs
branch brane and a brane supported on a specific mixed branch.

We caution that the approximations we made are only valid for crossing a single wall in an
asymptotic regime. If we wish to cross multiple walls, each wall crossing will be in a different
asymptotic regime and thus involve a different U(1) subgroup and hence lead to a different
band restriction rule. Crossing several walls in a row gives successive band restriction rules.

6.2.2 Hemisphere partition function

In subsection 4.1 we discussed the hemisphere partition function Zp2(B) with a B-brane. In
Calabi-Yau models it can be converted by closing contours to an infinite sum of residues (4.9).
For U(1) models that are not Calabi-Yau, say with Q%' > 0, we reviewed how brane
transport can be understood by comparing two expansions of Zpz2(B). The first, corresponding
to the phase ¢ > 0, is to write Zp2(B) as a sum of residues (4.9) at poles of chiral multiplet
one-loop determinants with @7 > 0. The second expansion corresponds to the phase ¢ < 0,
and it can only be carried out straightforwardly for branes in the big window. It consists
of decomposing Zp2(B) into a Higgs branch contribution from residues with @7 < 0, and
a massive vacuum contribution from a steepest descent contour. For branes outside the big
window, the sum of residues (4.9) does not correctly give the Higgs branch contribution.

We generalize these ideas now to U(1)" non-Calabi-Yau models. In generic phases we
expect one Higgs branch and a collection of mixed and Coulomb branches. A mixed branch
is characterized by the space g~ C g in which & varies, and correspondingly by the set
I = {i| Q" € q} of flavours that are not given a mass by the vev of 4. The mixed branch
is roughly a product of some Higgs branch for (X;);c; and some Coulomb branch vacua with
& € q. The mixed branch is found by integrating out all chiral multiplets (Xj)jgr to get
the effective twisted superpotential for & € g+, then by solving a D-term equation for the
remaining (X;);e7. How is & reduced to q*+? Physically, this reduction is due to the non-zero
vevs of (X;);er. Computationally, the reduction is done by closing some of the integrals to
pick up residues at common poles of dim q chiral multiplet one-loop determinants of (X;)cr.
Indeed, the leading poleﬁ of such a one-loop determinant I'(iQ*-6 + R;/2) is at Q*-6 = iR;/2,
which is close to the constraint imposed by the non-zero vev of X;. Intersections of dim g
hyperplanes impose & approximately in g+, as we want. Our U(1) experience then suggests
to compute the integral by a saddle-point approximation at large generic |5| within 6 € qt.
In summary,

e pick up residues at common poles of dim q chiral multiplet one-loop determinants;
e find saddles of the integral over & € q=.

This process of decomposing Zp2(B) into contributions of various branches is quite difficult
to carry out from first principles. Instead, we relate decompositions upon wall-crossing. For

200ther poles are related to vortex configurations and are subleading in the series over poles.
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simplicity we focus on the Higgs branch.

In pure-Higgs phases, the partition function is given by the convergent series of residues (4.9),
which gives the Higgs branch (and only) contribution. Starting from such a phase, we cross the
walls from ¢ -u > 0 to ¢ -u < 0, where the sign of u is chosen as above such that Q%" -u > 0.
At each wall, provided the brane “goes through the wall”, namely fits in the big band (6.28),
we find that the sum of residues (4.9) splits into the analogous sum for the other phase, and
a mixed branch contribution (with - = b in the notations above). If the brane does not
fit in the big band, the sum of residues does not give the correct Higgs branch contribution.
The picture that emerges is that the sum of residues only correctly gives the Higgs branch
contribution, in some given phase, for branes that go through all walls between a pure-Higgs
phase and that phase. It is not clear whether for every phase there should exist a collection of
branes that go through all walls and generates the Higgs branch B-brane category. For (the
resolved phase of) Hirzebruch-Jung models, there is.

Let us thus start with the sum of residues (4.9), ranging over collections J of r flavours
such that ¢ € Cone;. Some collections appear on both sides of the wall and are uninteresting
for us: these are analogous to parts of the Higgs branch whose topology doesn’t change under
wall-crossing. Collections that are only allowed on one side of the wall must take the form
J = {j} UJ’, where charge vectors (Q%);c lie in the wall, hence J’ C I. The sum of residue
then takes the form

ZDQ,residue(B) = Z Z ( Z Z + res ( . )) +..., (629)

16=16 .
J'CIL, k:J' L0 \ jEI|CECone 1 ¢y ki >0 J'u{5}.k

where the trailing dots denote other collections J, and we recall that 6 is the common
solution of iQ" - 6 + R;/2 = —k; fori € J.

The sums over j and k; recombine into a one-dimensional contour integral which can be
found in several ways. The simplest way is to start from the original contour integral and
select the residue at iQ’ - & + R;/2 = —k; for all i € J'. These conditions on @Q° - & force & to
belong to h up to some imaginary offset 7 5, > 0, so 6 = iry j, + su with an integral over s.
We get schematically

Z D2 residue(B) =~ Z Z /

JICI ki —Tsg Y O b su

ds (:l: res (- )) +..., (6.30)

1G=1r j1 ETsu

Each Gamma function I' (iQ"-6+ R; /2) in the integrand with ¢ ¢ J' becomes I'(i(Q"-u)s+real),
namely one of the one-loop determinants of the local model. Other parts simplify similarly
and the resulting one-dimensional contour integral is itself a hemisphere partition function:
that of the local model (6.26) with various R-charge assignments. Picking up residues on one
side or the other of the contour gives (6.29) on either side of the wall. This was expected since
performing all r contour integrals should be the same as preforming r» — 1 and then the last
one.

As we reviewed extensively in subsection 6.1, if the local model is not Calabi-Yau, the
sums of residues on both sides of the wall differ by a contour integral that should be evaluated
by a saddle-point calculation. This reproduces the band-restricted rule in a more rigorous way

than we did previously.
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6.3 GLSM branes in phases of Hirzebruch-Jung models

We determine here the Higgs branch image of Wilson lines in various phases of Hirzebruch-Jung
models. For Calabi-Yau cases, this image is given in each phase by a geometric functor (6.25),
so we only consider non-Calabi-Yau models. The strategy is then to transport branes from the
orbifold phase to the phase of interest, taking into account the band restriction rules (6.28).
For general rank we focus on reaching the fully resolved phase, then we explore all phases of
a rank 2 example.

6.3.1 Contour and empty branes

In U(1) non-Calabi-Yau models there was a universal admissible contour for all branes. Let

us show in our Hirzebruch-Jung model that the contour?*
{(%1 ()2 e —i(7)?) ’ 7 e RT’} Cgc in basis IT (6.31)

is a deformation of R" that ensures convergence of the hemisphere partition function for Wilson
lines W(q) with arbitrary ¢, 6 and q.

The condition to be a deformation of R" is that no pole of one-loop determinants are
encountered when deforming from R” to the contour. To be precise, we must turn on small
positive R-charges to avoid the contour pinching discussed starting in subsection 4.3. The
poles are at Q7 - 6 € iR;j/2+ iZ>0 C R, so the condition to avoid crossing any pole is that
none of the @7 - & should touch the line iR~ anywhere on the contour. We compute Q7 - &
separately for j = 0 (and j = r + 1 by replacing p, — ¢a)

Im(Q" —Irn(Zpa fo— i > Zpa (6.32)

and for 1 < j < r where we also see that Q7 - = —nTj + ’m@z ¢ iR<p.

Next, we study the integrand of the hemisphere partition function far along the contour.
For this we Write Ta = AN for real A > 0 and the direction 7 normalized in an arbitrary
way, say, n = 1. The arguments of Gamma functions are quadratic in A so we need the
asymptotics

log|T'(aA® 4+ iBA +7)| = 2aA*log(A) + O(A?) (6.33)

for (o, B) € R%, v € C, except obviously for « = 8 =0 and v € Z<g. We deduce

r4+1
logintegrand| = Zz (Q7 - 2a2)X%log(\) + O(N?) < —2X21og(\) + O(N\?) (6.34)

where we denoted abusively 2 the vector whose components in basis II are 2. To show the
inequality, note that components of Q** = 3~ Q7 in basis II are py + go —n < —1 (except in
the Calabi-Yau case), and we normalized 7. We thus find that the integrand is exponentially
suppressed at infinity along the contour. The FI-theta and Wilson line contributions are
subleading (of order A?) hence the same contour works for all ¢+ and ¢, hence also arbitrary
complexes of Wilson lines.

21'We find it useful to switch back and forth between basis I and basis II of the GLSM throughout this
discussion, hence we state explicitly which basis is used.
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As in U(1) models, we now find empty branes as Koszul resolutions in a pure-Higgs phase.

Pure-Higgs phases are those whose closure contains Q*t. For our Hirzebruch-Jung model,
components py + go — n of Q' in basis II are negative, hence Q! lies in the interior of
the orbifold phase R’ (see subsection 3.2). The orbifold phase is thus the only pure-Higgs
phase. It has Higgs branch C? /Zn(p). The gauge group is broken to the Z, subgroup that
leaves X7,..., X, fixed and acts on P = Xy and Q = X, 1 with charges p and 1, respectively.
The n-th root of unity w embeds in U(1)" with coordinates wP* in basis I. The Higgs branch
image of a Wilson line with charges (by,...,b,) in basis I is thus an equivariant line bundle
on (C2/Zn(p) with Z,, charge

ipaba. (6.35)
a=1

By construction of the Z,, subgroup, a Wilson line with the same charges as X, for some
1 < a < r becomes an equivariant bundle with vanishing Z,, charge. This simply restates the
fact that the Koszul branes (1 < a <)

Ky = (W(...,O,—l,aa,—l,o,...) KXoy W(O)) (6.36)

are empty in the orbifold phase. The brane can then be transported to an arbitrary phase
since the contour remains admissible for arbitrary ¢. The image of this same complex I,
in each phase remains empty.??> At the level of hemisphere partition functions we are simply
stating that the analytic continuation of a function that is identically zero is zero.

Given any complex of Wilson line, our first step to find its image in some phase is to bind
it with the empty branes Iy to reduce all charges to a fundamental domain of the quotient

Z’"/ (SpanZ{Qj 1<j<r+ 1}) ~ 7. (6.37)

Our choice of fundamental domain is guided by the band-restriction rule: we wish to find
some Wilson lines that go through all walls in the sense of being in the big band upon crossing
each wall. This ensures that the Higgs branch image of the Wilson line matches its image
under Fgeom in each phase. Since the bands depend on 6, our choice of fundamental domain
depends on 6.

6.3.2 Going through all the walls

Let us find some Wilson line branes whose images generate the B-brane category of the Higgs
branch in the fully resolved phase. We transport branes from the orbifold phase to the fully
resolved phase through a particular sequence of walls, which we choose to be blowing up
exceptional divisors in the order E,..., E,.

Consider a Wilson line with charges (b1,...,b,) in basis I. The local model describing
how some E; is blown up was given in (3.22). In our present case i = j — 1 and k = r + 1,
the local model is a U(1) GLSM with chiral multiplets X;, X;, X}, of U(1) charges d;, = p;,
—di;, = —pj—1, and d;; = 1. The embedding U(1) C U(1)" means that W(b) has charge

bu) = Y _ Pa b (6.38)
a=j

22The situation is quite different in Calabi-Yau models, where the contour may stop being admissible (and
has no admissible deformation) as we cross a wall because some of the Wilson lines constituting K, cannot be
defined at the wall itself.
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To write the bands (6.28) we work out N,  =p; +1 < N, _ = pj_1. The bands are:

small band Zpa(ea +2mh, )| < w(p; + 1),

= (6.39)
big band Zpa(ea +27by) | < Tpj—1.

a=j

We fix the theta angles to values that make small windows more convenient, namely we
take 6 to be the solution of

,
Zpaﬂa =—7(pj+1)+2mefor 1 <j <, (6.40)
a=j

for some unimportant ¢ € (0,1). The j-th small band is then

T
> paba € [0,pj]- (6.41)
a=j

Since all p, < p; for a > j, it is clear that the r + 1 Wilson lines (in basis I)
W(0,...,0) and W(...,0,1,0,...) (6.42)

with either zero or one non-zero entries 1 go through all small bands. The converse holds:
any Wilson line W(b) that fits in all small bands (6.41) must be one of these. If b = 0
we are done. Otherwise, let 1 < j < r be the position of the last non-zero entry of b,
namely b; # 0 and bj;1 = --- = b, = 0. The j-th small band restriction rule simplifies to
p;ibj € [0, p;] hence b; = 1 (we assumed b; # 0. If b; is the only non-zero entry we are done.
Otherwise, let 1 < i < j be the position of the last non-zero entry before b;, namely b; # 0
and bj;1 = --- = bj—1 = 0. The i-th small band restriction rule simplifies to p;b; +p; € [0, p;].
This has no non-zero b; solution because p; > p;.

Since they fit in small bands, the image of these Wilson lines (6.42) in any of the phases

that we visited is purely along the Higgs branch, with no massive vacuum part.

In the fully resolved phase, the image of W(0) is the structure sheaf, while the image of
W(...,0,1,0,...) is a line bundle whose pull-back to each exceptional divisor P! except one
is O(0), and the last one O(1) (see subsubsection 4.5.2). In the orbifold phase, the image of
W(0) is the trivial line bundle on C?/Z,,), while W(...,0,1,0,...) maps to an equivariant
line bundle with charge p, according to (6.35). Thus we see that the branes which can be
passed through all the walls to the largeﬁume phase are precisely the fractional branes
corresponding to (i) the trivial representation and (ii) the “special” representations in the
language of [49] (we refer to the notes [50] for further mathematical references).

6.3.3  C?/Zy

We now apply our considerations to the two-parameter model CQ/ZR(Q) with n = 2k — 1. Its
charge matrices in basis I and II are respectively as follows.

Xo X1 Xo Xs Xo X1 Xo Xs
Ul)y 1 -k 1 0 Uy, 2 -n 0 1 (6.43)
Ul 0 1 -2 1 Uy, 1 0 -n k
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We carefully analysed its phases in subsubsection 3.4.2, finding all Coulomb branch and mixed
branch vacua. For convenience we reproduce the phase diagram given in Figure 3: the left
diagram is in basis I and the right one in basis II.

(1,k)
(—k,1) ©.1) k—2 Coul n—3 Coul
...... —2 Coul.
............ (2,1)
k—2 mixed "
(_nv 0)

n—3
= Coul.

n—3%

od®

(1,-2) (0, —n) | ™€

Consider a Wilson line W(by,bz) (in basis I) and transport it from A = 0 to A = {1,2}
through either A = {1} or A = {2}. Notice that we use a different value § ~ 0 here than
in (6.42).

The band restriction rules for passing from the orbifold phase A = ) to the phase A = {1}
where Ej is blown up are (6.39)

201 + 0

o (6.44)

’2()1 + by +

3/2 small band,
n/2 big band.

The band restriction rules for passing then to the fully resolved phase A = {1, 2} are the same
for small and big bands:

0
by 4+ 2
2 + o
Taking 01,65 > 0 small for definiteness, the Wilson lines that go through both small bands
are

<1 (6.45)

w(0,0), W(0,—-1), W(1,-1), (6.46)
while those going through big bands are
W(b1,0) for 1 — [k/2] < by < [k/2] —1 and W(by,—1) for 1 — |k/2] < by < |k/2]. (6.47)
If instead we go from A =0 to A = {2} to A = {1,2}, the bands are

0, + ko k+1)/2 11 band
by + kby + g < (k+1)/ sr.na and; (6.48)
27 n/2 big band,
and
1 11 band
LY Srat band, (6.49)
2 k/2 big band.

For some values of 0 and 65, such as small 61,605 > 0, only two Wilson lines go through both
small bands: W(0,0) and W(—1,0). The number of Wilson lines that go through both small
bands depends on the value of #. This is not in contradiction with the rank of K-theory of the
Higgs branch being 3 (in this case), because it is also possible to take a Wilson line, transport
it through the first wall provided its charge is in the first small band, then change the charge
by binding the brane with an empty brane ICy, given in (6.36), in such a way that the line goes
through the second small band. -
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