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ABSTRACT: We study BPS states of 5d N’ = 1 SU(2) Yang-Mills theory on S! x R*.
Geometric engineering relates these to enumerative invariants for the local Hirzebruch sur-
face Fy. We illustrate computations of Vafa-Witten invariants via exponential networks,
verifying fiber-base symmetry of the spectrum at certain points in moduli space, and match-
ing with mirror descriptions based on quivers and exceptional collections. Albeit infinite,
parts of the spectrum organize in families described by simple algebraic equations. Varying
the radius of the M-theory circle interpolates smoothly with the spectrum of 4d N = 2
Seiberg-Witten theory, recovering spectral networks in the limit.
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1 Introduction

In [1] Eager, Selmani and Walcher introduced the notion of exponential networks, a frame-
work to study BPS states of Type IIA string theory on a toric Calabi-Yau threefold X.
Mirror symmetry plays a central role, since exponential networks provide a way to study
special Lagrangian cycles in the mirror geometry Y, effectively probing the dual spectrum
of D3 branes in Type IIB string theory on Y rather than actual D4-D2-D0 boundstates
on X. It is well known that the mirror of a toric threefold is captured by the geometry of a
Riemann surface, the mirror curve X. Exponential networks build on two key observations
of [2]. The first one, is that the spectrum of special Lagrangians of Y can be studied by
focusing on the simpler problem of studying calibrated Lagrangian cycles on ¥. The second
key idea is that, viewing ¥ as an algebraic curve in (C*)2, one may choose a projection
7 : 2 — C* and study saddles on C* corresponding to images of the calibrated cycles on
under the projection map m. One of the main results of [1] was a striking match between
the spectrum of saddles on C* and the spectrum of stable representations of the quiver
associated to X. A gap in this correspondence was the lack of a way to count the BPS
states represented by each saddle: on the quiver side one may compute the Euler charac-
teristics (or their refinement to Poincaré polynomials) of quiver representations varieties,
but there was no direct way to compute these from the viewpoint of exponential networks.
An attempt to fill this gap was put forth by the authors of the present paper in [3]. By
endowing exponential networks with additional combinatorial data attached to saddles,
an algorithm to compute the BPS index of any saddle was provided. Successful tests in-
clude the computation of boundstates of D0 branes in C?, and of D2-D0 boundstates in
O(—p) @ O(p — 2) — P! for p=0,1 [3, 4]. The BPS spectra that we found in those cases
coincided with expectations coming, for instance, from computations of Gopakumar-Vafa
invariants via topological strings.

In the present paper we explore a yet richer class of examples, featuring compact
four-cycles. BPS states in these models include boundstates of D4 branes, which are not
directly captured by closed topological strings, and which are counted by Vafa-Witten
invariants [5]. Moreover, the simultaneous presence of compact two-cycles and compact
four-cycles changes the behavior of the BPS spectrum dramatically compared to examples
without four-cycles. For one thing, one may empirically observe that the spectrum is
generally much richer, and harder to describe in closed form. More fundamentally, the
spectrum is now sensitive to geometric moduli due to wall-crossing phenomena involving
D4 and D2 branes. We focus on the case X = Kp,, and study the BPS spectrum at a
special point Qg in the moduli space of X (a definition can be found below). We also derive
equations characterizing generating functions of infinitely many BPS indices at once. For
example the spectrum of n(mf&DO) boundstates is packaged by a generating function
Q(z) =[], (1 — 2™)™*™ obeying the algebraic equation

Q) =1+2Q(@)". (L1)

Since the point Qg corresponds to a symmetric choice of the moduli under fiber-
base exchange, it is natural to ask whether the BPS spectrum is also symmetric under



exchange of D2y and D2, (D2 branes wrapping fiber and base P's, respectively). By direct
inspection, we find that this is indeed the case. In fact, exponential networks provide a
natural set of ‘basis’ saddles which makes the fiber-base symmetry of the spectrum manifest.
This is in stark contrast with quiver descriptions of BPS states, where fiber-base exchange
symmetry is not manifest even at Q.

The geometric nature of exponential networks lends itself nicely to exploring the be-
havior of the BPS spectrum as moduli of X are tuned to certain limits. Starting from
M-theory on X x S' x R*, which engineers 5d A" = 1 Yang-Mills theory on S' x R?, we
explore how the spectrum varies with the radius R of the M-theory circle. In the limit
R — 0 the spectrum simplifies dramatically as some BPS states become infinitely heavy,
and we recover the spectrum of SU(2) Seiberg-Witten theory. In the 4d limit, exponential
networks reduce to spectral networks. Back at radius R = 1, we also consider a limit in
which some of the Kahler moduli grow infinitely large. Again, some states become heavy
and decouple, while others display a more subtle behavior with a jump in the BPS index
while remaining at finite mass. Eventually we recover the spectrum of the half-geometry
studied previously in [4]. Last, but not least, we use exponential networks to derive the
BPS quiver for K, and the associated potential, matching with recent studies based on
quivers and exceptional collections.

Brief review of BPS counting with exponential networks

This paper is a companion to [3, 4], to which we refer for definitions and technical details. To
provide context for the results in this paper, and in an attempt to provide a self-cointained
interpretation for them, we recollect the key ideas behind exponential networks.

The main idea behind the formulae of [3] came from switching the viewpoint from
string theory to the associated quantum field theory. Geometric engineering assigns to X
a gauge theory with eight supercharges, whose BPS spectrum precisely coincides with the
spectrum of D4-D2-D0 branes that exponential networks are supposed to capture. From
the viewpoint of the field theory, the mirror curve 3 corresponds to a Seiberg-Witten curve
for the Coulomb branch geometry, corroborating the correspondence between BPS states
and cycles on . Another very useful viewpoint on the mirror curve, is that it arises as
the quantum-corrected (in genus zero) moduli space of an A-brane supported on a suitable
non-compact Lagrangian L C X. In many cases of interest, this coincides in fact with
the Aganagic-Vafa toric brane [6, 7]. Translated into field theory, a D4 wrapping L gives
rise to a codimension-two defect in the gauge theory engineered by X, the A-brane moduli
space is identified with the space of vacua of the defect theory.

From the viewpoint of the defect theory, exponential networks coincide with solutions
to the BPS equations characterizing solitons between two vacua. The counting of these
solitons is well-understood in terms of the CFIV index [8], whose computation can be
conveniently approached through tt* geometry [9, 10]. The study of BPS spectra of 2d
(2,2) models and their wall-crossing properties is a subject with a long history. On the
other hand, the study of BPS spectra of defects, such as 2d (2,2) models coupled to a
4d N = 2 gauge theory, is a much more recent endeavor. In seminal work [11], Gaiotto,
Moore and Neitzke explained how the BPS spectrum of such defects actually encodes the



BPS spectrum of the bulk theory to which they couple. The power of this observation
lies in the fact that the defect spectrum is far easier to compute systematically, leading
to the birth of spectral networks [12]. The approach to BPS counting with exponential
networks is derived from the same principle, with the main difference stemming from the
replacement of a 2d-4d system by a 3d-5d one. The latter arises naturally in M-theory
on X x S x R* with an M5 brane wrapping L. A circle-uplift of tt* geometry developed
by Cecotti, Gaiotto and Vafa [13] leads to an interpretation of the network in terms of
BPS states of the 3d defect theory. Another fundamental role of 3d tt* geometry is to
provide a meaningful way to count these states. Through the bulk-defect coupling, the
BPS spectrum on the defect encodes the BPS spectrum of the bulk, and the formulae of
[3] provide a way to extract this information from exponential networks.

Organization of this paper

In section 2 we introduce the geometry of Ky, and its mirror. We also comment on the 4d
limit to the Seiberg-Witten curve of 4d N' = 2 Yang-Mills theory. Section 3 is devoted the
identification of cycles on the mirror curve ¥ with sheaves on X. Section 4 contains the core
of this paper, namely a detailed analysis of exponential networks for X and an extensive
description of the BPS spectrum. In section 5 we consider a 4d limit obtained by shrinking
the M-theory circle, and a limit to the half-geometry obtained by sending one of the Kahler
moduli to infinity. Section 6 concludes with comments on the results obtained, puzzles that
we encountered, and relation to various other approaches to the problem studied in this
paper. The Appendix contains detailed plots of BPS states, addenda to computations, and
bonus technical material pertaining to the general framework of exponential networks.

2 Geometry of local Fy and its mirror

This section introduces the problem studied in this paper. We begin with a brief review
of geometric engineering of 5d N/ = 1 gauge theories via M-theory on toric Calabi-Yau
threefolds. We will then review how BPS states of the 5d gauge theory arise from M2 and
M5 branes wrapped on compact cycles, and how these are mapped to special Lagrangian
branes in the mirror geometry, where exponential networks allow to count stable bound-
states. At the end of this section we include a detailed analysis of the mirror geometry to
lay the groundwork for our later study of BPS states with exponential networks.

2.1 Geometric engineering from M-theory

The five-dimensional SU(2) super Yang-Mills theory with trivial Chern-Simons coupling
can be engineered in M-theory [14-17] by considering the spacetime geometry R* x S' x X
with

X =Kg, where Fo=P; xPy}, (2.1)
and Kp, denotes the total space of the canonical bundle of Fy. We will compactify the
theory on a circle of finite radius R* x S}Q x X, and effectively study the 4d N' = 2 theory of

the Kaluza-Klein modes of the 5d theory. For this reason, we switch to a more appropriate
Type IIA description from now on.



The fiber ]P’} is associated with the U(1) symmetry surviving on the Coulomb branch,
while the base IP% is associated with the topological U(1) symmetry. BPS states arise from
branes wrapping even-dimensional cycles of X, with charges valued in H®V*"(X), which is
four-dimensional. In the case of pure SU(2) gauge theory, W-bosons arise from D2-branes
wrapping IP’}, while the magnetic monopole (a string in 5d) arises from a D4-brane (M5
brane in 5d) wrapped on the entire Fy. Recall that the the tension of BPS branes in

M-theory are
vol(C) vol(E)
M = E;g’; , T = ES (2.2)

where /,, is the 11d Planck length. Consider then the compactification on the M-theory

circle, with R = (sg; as the radius and o/ = (2 = Zg/R, where g¢s is the string coupling
constant and [s string lengthscale. The resulting masses of BPS particles are then (up to
numerical factors)

1 vol(C) vol(E)
PO= R P27 TRy Ra2

The main goal of this paper is to study the spectrum of these and other BPS states, and

Mpy = (2.3)

understand their properties in different regions of the Coulomb moduli space.

On the one hand, the geometric definition of exponential networks was originally moti-
vated by mirror symmetry in String Theory [1, 2]. On the other hand the construction of a
nonabelianization map, which allows to perform the counting of BPS states, was obtained
via a field-theoretic reinterpretation [3]. Either way, one is led to study the local mirror
geometry on the Type IIB side. If X is toric, as in our case, the mirror has the general
form uv = F(x,y) where u,v € C and z,y € C*. The mirror curve

Y: F(z,y)=0 (2.4)

captures all the physics on the mirror side, and in particular all kinds of BPS states arising
from boundstates of DO-branes, D2-branes wrapping either fiber or base P!, and D4-branes,
map to special Lagrangian one-cycles on X, calibrated by a differential one-form. In the
case of interest to us, X is a torus with four punctures.

The geometry and its mirror. The mirror geometry can be computed starting from the
toric description of X. Starting from a U(1) x U(1) gauged linear sigma model with charges
(—2,1,1,0,0) and (—2,0,0,1,1) under the two U(1)’s, X is obtained via the symplectic
quotient

Ky = {—2|w1 [ +|wz|*+|ws]* = 2Relog |Ql, —2[w:|[*+[wa|*+]ws|* = 2Relog|Qy[}/(51)

(2.5)
where (w1, .., ws) are coordinates on C°. The curve ¥ can be obtained by considering the
Hori-Vafa mirror [18]

xfzxgazg = Q§7 xf2x4x5 = ch, T1+xo + 23+ 24 + 25 = 0. (2.6)
Choosing the patch x1 = 1 and 22 = —Qpx, x4 = —Q sy, one obtains

Qr+2 N +Qiy+y ) —1=0. (2.7)



Exponential networks and BPS state counting. Having reviewed the definition of
the mirror geometry, we now explain how exponential networks enter the story, following
the original motivations from M-theory [1] and the field theoretic reinterpretations in our
previous work [3, 4]. Consider a codimension-two defect engineered by wrapping a single
M5-brane on L x S* x R?, where L is special Lagrangian on X. The low energy dynamics
of the defect is described by a 3d A/ = 2 theory T[L] on S' x R?  whose field content is
determined by the geometry of L. This theory couples to the bulk 5d theory engineered by
M-theory on X, this 3d-5d coupling is vital to the counting of 5d BPS states via exponential
networks. An in-depth discussion can be found in our previous, here we just indicate the
relevant BPS states that our exponential networks count.

Let us specialize to the case in which L is a toric brane, for simplicity. Then T'[L]
admits a description as a U(1) gauge theory with a finite number of charged chiral multiplets
coupled to the bulk and background fields. Vevs and Wilson lines of the latter play the role
of twisted masse for T'[L]. In a suitable regime, the 5d degrees of freedom may be integrated
away, leaving an effective 3d-5d twisted superpotential for the 3d degrees of freedom [19].
This encodes information about the 5d gauge theory, in fact the critical points coincide
with the 5d Seiberg-Witten curve, which is also identified with the mirror curve of (X, L).
The purpose of exponential networks is to probe this geometry and extract information
about 5d BPS states.

For concreteness, suppose the 5d theory has gauge group SU(N). The 3d theory is
then described by a circle-uplift of a 2d, V' = (2,2), U(1) GLSM to s 3d, N' = 2 gauge
theory with a charged chiral miltiplet that transforming in the fundamental representation
of SU(N). The 3d-5d coupling consists of a minimal coupling for the 3d chiral field to the
5d vectormultiplet (restricted to the defect). Then the quantum moduli space of the vacua
can is argued to coincide with the mirror curve for the toric brane.

Concerning the BPS states of the 5d theory, they can be identified on the one hand with
cycles on the Seiberg-Witten curve. On the other hand, going back to the String Theory
engineering, they also map to special Lagrangian branes in the mirror. These A-branes
are supported on compact lagrangian submanifolds, which furthermore admit a projection
down to Y. The calibrating differential on ¥ is A = logydlogx and descends directly
from the holomorphic top form on the mirror threefold [2]. The identification of the mirror
curve and the Seiberg-Witten curve ties together the field-theoretic and string-theoretic
viewpoints on these BPS states as one-cycles on X.

The study of calibrated cycles leads naturally to the geometric definition of exponential
networks. BPS states are counted by the BPS index (a.k.a. second helicity supertrace),
which can be computed from properties of a “nonabelianization map” associated with each
exponential network. This map was constructed in [3] following inspiration from spectral
networks and 2d-4d framed wall-crossing [11, 12]. In later sections, we will make explicit
use of this approach to determine the BPS spectrum for the case in interest.



2.2 Mirror curve

The mirror geometry can be presented as a conic bundle degenerating over an algebraic
curve [18]
wo = F(x,y) (u,v,2,) € C* x (C*)2. (2.8)

With a suitable choice of coordinates, the mirror curve X reads
Qs +a~) + Qrly+y~) —1 =0, (2.9)

and depends on two complex moduli Q5 € (C*)2. There is a manifest Zy x Zo symmetry
taking x,y to the respective inverse.
We will be interested in a presentation of this curve as a two-fold ramified covering

m:%—C}. (2.10)

The number of sheets depends on a choice of framing, we will work with the choice implied
n (2.9). As a consequence of the Zy symmetry acting on y, the two sheets obey the identity

y+y- =1, (2.11)
for all z. This implies
A+ A- = (logyy +logy_)dlogx =0. (2.12)

Below we will be interested in the four-dimensional limit of this curve, where this condition
maps to the tracelessness property of the su(2) Higgs field of the Hitchin system associated
to 4d N = 2 super Yang-Mills. !

The branching locus of 7 consists of four points

1+201Q;f + ag\/—4Qb2 +4Q 4% +401Qf + 1
Loy,00 = 20, (2.13)

for o0; = 1. Branch points coincide when

Qy Q= i% (2.14)

with signs chosen independently, corresponding to four codimension-one strata in the mod-
uli space of the curve. Overall, there are six singular strata in the moduli space of the curve,

at loci (Qy, Qf)
Dy :={(0,Q)} Dy :={(Q,0)}
D= {(QQ+1/2)  Doi={(Q-Q+1/2) (215)
D3 :={(Q,Q —1/2)}  Dy:={(Q,-Q—1/2)}

with @ € C* a local coordinate along each divisor.

The Zy symmetry  — z 1, is also preserved in the 4d limit.



The mirror curve has four punctures, two above x = 0 and two above x = co. In the
limit © — 0 the two sheets go respectively to zero and to infinity

+1
Ye ~ — (%ﬁx) +... (2.16)

By Zy symmetry, the same behavior occurs in the limit £ — oo, therefore all four punctures

are of logarithmic type with A ~ (logz)?. We label punctures at position (z,y) as follows

p1 = (070) p2 = (0700) p3 = (OO, OO) ps = (O0,0) (217)
2.3 Four-dimensional limit

To discuss the four-dimensional limit, it is necessary to introduce dependence on the radius
R of the M-theory circle. One way to do this, is to notice that the curve F(z,y) = 0,
endowed with the 1-form

A=logydlogz € QYC*)? (2.18)

pulled back to X, coincides with the spectral curve of a relativistic Toda system. If 1/R
is identified (up to rescaling by numerical constants) with the the speed of light, the limit
R — 0 recovers to the non-relativistic Toda system associated to SU(2) Seiberg-Witten
theory. It was thus proposed in [20] that, at finite radius, X is the Seiberg-Witten curve of
5d N = 1 super-Yang-Mills theory on S}2 x R* with vanishing Chern-Simons coupling.

We take both coordinates z, y and moduli @, @  to depend on R through the parametriza-
tion adopted in [20]

; 1
x=el, Y= eV2ilip Qp = —A’R?, Qf = §R4U(R)2. (2.19)
In order to take the limit R — 0, we further assume that U(R) behaves as follows

1 1
Qs = 5R“U2 =50+ 2R*u+...) (2.20)

Expanding (2.9) near R =0
2
0=—2R? <p2 + A% cosh g — u> + O(R?), (2.21)

we recognize the spectral curve of the Toda system associated to 4d N' = 2 SU(2) super
Yang-Mills. In this limit, the differential becomes

A =logydlogz = iv2Rpdq (2.22)
By an appropriate rescaling we define
Mi = —=—A=p—, (2.23)

in terms of which the curve becomes

2 2
M= (—i L2 A) dz? . (2.24)



This is a two-fold covering of the x-plane with ramification at two branch points, and at
two irregular punctures located at = 0,00. This coincides with the class S presentation,
which will be useful to make contact with spectral networks.

It is interesting to observe what happens to branch points and punctures in this limit.
Using the R-dependent parametrization (2.19)-(2.20) into the expressions (2.13) for the
positions of branch points yields

+ w2 = A4 A2R2
T — 4 ([32 ), T — — al + O (RS) ,
— 3 (2.25)
Ty (:2 — ), Tt =~ TOM)

Two branch points remain at finite distance, while z+ _ end up respectively at x = 0, co.
Those remaining at finite distance are z_ 4, as was to be expected. Indeed, since y;y— =1,
at branch points of the 5d curve one must have y = +1, corresponding to logy equal to 0
or to ¢, moreover one has y+ (s, ,0,) = —01. In the 4d limit we expect branch points to lie
at A = 0, because of tracelessness of the Higgs field. The two other branch points, namely
x4+ end up absorbed into punctures at x = 0,00. When this happens, a branch point
merges the two sheets of 7, inducing a mutual cancellation of the logarithmic singularities
that are initially present on each sheet. What remains after this process is a standard class
S (irregular) puncture.

3 Exceptional collections in the mirror

A problem that arises as soon as one considers geometries with compact four-cycles, is
how to relate Lagrangian cycles, representing A-branes, on the mirror side and sheaves
on the toric side. In the context of exponential networks, we are concerned with certain
compact special Lagrangian cycles in the mirror Calabi-Yau (the conic bundle), which are
in one-to-one correspondence with calibrated 1-cycles on the mirror curve . Therefore we
focus on the question of establishing a map between these 1-cycles in ¥ and sheaves on X.

In certain cases, such as when X corresponds to line bundles over P!, it is easy to find
an answer because the periods of cycles on ¥ coincide exactly with linear combinations of
(complexified) Kahler volumes of compact 2-cycles on the toric side, and the DO central
charge (Zpp = 27/R in our choice of normalization). In general however this is no longer
true: instanton corrections are present, and contribute nontrivially to the mirror map,
making the problem significantly more challenging.

We will discuss two approaches. The first one is a systematic approach developed a
long time ago. The second one is more pedestrian and tailored to the case of interest to
us. While the material of this section is of fundamental importance to interpret results of
exponential networks in any setup involving compact four-cycles, readers who are mainly
interested in the results on the BPS spectrum can safely skip ahead.

3.1 A view from the Fukaya category

In this work we encounter that the counting of certain class of BPS objects on the 5d
theory corresponds to calibrated cycles in ¥. The purpose of this section is to motivate



this interpretation from a categorical point of view. We are dealing with toric CY 3-folds
X, which can be written as Kz where Z is a smooth compact Fano manifold>. The BPS
states in the 5d theory are mapped to bound states of B-branes on X, that is, to objects in
D’Coh(X). However, we are not dealing with all the objects in D*Coh(X) but rather with
the full subcategory D of objects supported on the Fano base Z (the zero section of K, for
a more precise definition see [21]). When Z posses a full strong exceptional collection (which
is always our case), is known that D°Coh(Kyz) is equivalent to D*(Mod—(Q), the derived
category of a quiver () with superpotential, constructed from the exceptional collection
[21], moreover, the full subcategory D is equivalent to the full triangulated subcategory
Db(Mod—@Q) of D®(Mod—Q) generated by the simple modules 7} (i.e., the modules whose
dimension vector is 1 at a single node of @ and zero for the rest). We then have

D = DY (Mod—Q) (3.1)

by homological mirror symmetry we have that the category D°Coh(K z) is equivalent to the
derived Fukaya-Seidel category of the Lefshetz fibration (i.e. LG model) W : (C*)* — C
where W is the mirror potential of Z and the mirror curve to Ky is given by ¥ = W~1(0),
we denote this relation as

D Coh(Z) = Db Fuk(W) (3.2)

indeed, Fuk(W) is a subcategory of Fuk(X) generated by a distinguished basis of vanishing
cycles (1, ...,7k) [22-24], a concept we will define below. Hence the relevant category to
study the mirror of D is D’ Fuk(X) (more comments below) and also we have a quiver
theory interpretation via D(b] (Mod—@). In order to make this concepts more precise for our
purposes, we need to define the distinguished basis of vanishing cycles. Given W : (C*)" —
C such that all is critical points p; € Crit(W) are isolated and nondegenerate (which is the
case for example for mirrors of Fano manifolds and our present situation), we can associate
a vanishing path to it, this is a map v : [0, 1] — C satisfying

* 7(0) = 0.
* (1) = pi.
o y(t) & Crit(W) for 0 < t < 1.

The condition 7;(0) = 0 can be changed to 7%(0) = A where \ is any regular value of W
i.e. WL()\) is smooth. In our case 0, is a regular value and is convenient to use it, since
¥ = W~1(0). Then, a distingushed set of vanishing paths {v;};_; where s = |Crit(W)]| is
an ordered set satisfying

o {7(0)} =y = Crit(W).
e For k # k', the paths v, 4 intersect only at 0.

o arg(y1(0)) > --- > arg(v(0)).

2Several features carries over if we consider a more general situation such as X = &, L,, where L,, are
line bundles over a Fano base.

~10 -



at pr a l-cycle L, C ¥ = W~1(0) pinches off, we call this 1-cycle a vanishing cycle,
associated with py. The objects of Fuk(WW) are given by the ordered set {L;(0)};_, (or
the Lefshetz thimbles Dy associated to vy, that satisfy 0Dy = Lj) called a distinguished
set of vanishing cycles or more precisley, by small perturbations of them that intersect
transversely in Y. Their morphisms can be then defined by

RIEOLL - if < j
Hom(L;,L;) = R-id,  ifi=j (3.3)
0, if i > j

where R is the base ring (usually the Novikov ring). Note that this definition of morphisms
is in agreement with the fact, found in [25] that the open string index between A-branes
in a LG model satisfying (W (pg)) < S(W (pxr)) always vanishes. The full definition of
Fuk(W) as a directed Ano-category (and D*Fuk(W)) was given by P. Seidel [22-24], here
we collected the relevant facts for us. The category D°Fuk(W) is defined in such a way that
it does not depend on the choice of distinguish basis of vanishing cycles and any two basis
are related by mutations. Is important to remark though that the category D®Fuk(W) is
triangulated, hence comes with an appropriate defintion of a mapping cone Cone(¢ : L —
L’) associated a morphism ¢ € Hom(L, L) between two objects. The cone can be, roughly,
defined as a surgery or connected sum between the Lagrangians L and L’ (for more details
see [22-24]). This then implies that it makes sense to think about the bound states betwen
branes as saddles. As a final remark/warning, we point out that, for the purposes of this
work, we treat the categories D’ Fuk(X), D and D’Coh(Z) = D*Fuk(W) as equivalent,
it seems that for BPS numbers we are computing in the present paper, the distinction is
irrelevant, nevertheless is a point that deserves further clarification. In the next section we
will see how to map the vanishing cycles L; to objects in D.

3.2 From sheaves to thimbles via helices: a review

In [26, 27] it was noticed that there is a certain parallel between the sructure of the derived
category of coherent sheaves on a Kahler manifold X and the approach to soliton counting
pioneered in works of Cecotti and Vafa. These observations were sharpened somewhat
in the work of Hori, Igbal and Vafa [25], and formalized rigorously by Seidel [22] and in
particular Auroux, Katzarkov, Orlov [28] in the context of homological mirror symmetry
for weighted projective planes, including Fg, which is the surface relevant for us.

We begin on the toric side, from exceptional bundles on the toric Calabi-Yau three-
fold X. Recall that an exceptional sheaf F over a d-dimensional manifold (which for us
will be Fy) with ¢; > 0, is defined by the condition that

Ext'(E,E)=C, Ext®%E,E)=0. (3.4)

An exceptional collection is an ordered set of exceptional sheaves {E1, ..., E,} such that,
if i < j then Ext®(FE;, E;) = 0 for k # ko for a certain kg > 0, and Ext*(E;, E;) = 0 for all
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k > 0. One may also define a bilinear product on all sheaves

d
X(E,F) => (-1)" dim¢ Ext*(E, F). (3.5)
i=0
For an exceptional collection, the matrix S;; = x(Ej, Ej) is thus d;; +A;; where A is strictly
upper-triangular.

Given an exceptional collection, one may generate many new ones by an operation
called mutation. We will not need the full description of what a mutation does. It suffices
to recall that there are two types of mutation: a right-mutation and a left-mutation,
associated to an exceptional sheaf F; and its neighbor E;; ;. They act as follows

Lg,(Ei, Eiv1) = (Lg,(Bin1), Bi) . Rpy, (B Eip1) = (Biy, Re (B3)), (3.6)

and the Chern-characters of the new elements in the exceptional collection are related to
the previous ones by

+ch(Lg, (Eiy1)) = ch(Eiy1) — x(Ei, Eiy1) ch(E;)

(3.7)
+ch(Rp,,, (Ei)) = ch(E;) — x(Ei, Eit1) ch(Ei+1)

Clearly, these two relations are inverse to each other, and in fact it is known that mutations
satisfy braid group relations. Given any such exceptional collection, one may define a helix
i1 O-+-0 REiJrl (El) and Ei—n = LEF”+1 O---0 LEF1 (Ez) This
generates the whole derived category, see e.g. [29, 30] for examples of applications in string

by introducing F;, = Rg

theory.

In string theory, exceptional sheaves arise in the study of D-branes wrapping cycles
of a Kahler manifold, where the groups Ext!(E, E) correspond to ground states of open
strings stretching from F to E’ with fermion number F' =7 .

On the mirror side the relevant D-branes are A-branes wrapping special Lagrangian
cycles. In the case of toric Calabi-Yau threefolds the Fukaya category may be studied
directly on the mirror curve ¥, where special Lagrangians correspond to calibrated one-
cycles. Unlike in Seiberg-Witten theory, the relevant one cycles are, generally speaking,
not the whole H;(3,Z), but a certain sublattice thereof, whose description bears striking
similarities with the helices arising on the toric side.

Recall that ¥ is an algebraic curve F'(z,y) = 0 in C*xC*. For generic choice of complex
moduli, this is a smooth curve. There are however critical points (z},y}) € C* x C* for
F(x,y) lying away from . As the complex moduli are varied, some of the critical points
may end up on Y, this happens in complex co-dimension one. In fact, when this happens,
a cycle of ¥ pinches, and the choice of moduli corresponds to one of the singular divisors in
moduli space (such as the D; in (2.15)). The moral of this story, is that each critical point
of F is associated to an element of H;(X,7Z), and the association is unique if we choose
a trivialization of the moduli space. An explicit example of this map will be discussed
below in subsection 3.3. At generic points in moduli space the curve is smooth, and
avoids all critical points. In other words F(x},y}) # 0 for all ¢ = 1,...,n. Let us denote
w; = F(xf,y;) the critical values of F'(z,y), these will be functions of the complex moduli.
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Recalling that F'(z,y) defines a potential for the Landau-Ginzburg model describing
the mirror geometry, it follows from works of Cecotti and Vafa on the classification of 2d
(2,2) theories [10], that the spectrum of D-branes on the mirror admits a description in
terms of Lefshetz thimbles emanating from w;. Each thimble obtained in this way is dual
to an element of an exceptional collection, with the ordering corresponding to how thimbles
attach to the anchoring point, which for us will be at F(z,y) = 0. Whenever a thimble
crosses a critical point, this results in a change of basis described by Picard-Lefshetz theory.
On the toric side, this is mirrored by a mutation of the exceptional collection.

3.3 Mapping Lefshetz thimbles and exceptional sheaves in Fj

There are several ways to determine a correspondence between thimbles of critical points
of F(z,y), and exceptional sheaves on the toric side. A general strategy is to study suitable
variations of the moduli, such as shifts in the B-field, and leverage the parallel between
mutations of exceptional collections and Picard-Lefshetz jumps of a system of thimbles.
See [18] for details and examples.

In our case, however, we can take a shortcut since the identification between thimbles
and exceptional sheaves has already been worked out in the literature for the case of interest
to us. For this purpose, we consider the curve (2.7) at the point @, = i,Q; = 1. The
positions of the four critical values

wy = —1-2Q, +2Qy, wy = —142Q +2Qy,
w3z = —1+4+2Qp — 2Qy, wy = —1—-2Qp — 2Qy .

are sketched in Figure 1, which also shows our choice of thimbles.

(3.8)

w3 %

Figure 1: Lefshetz thimbles for the mirror curve at Q, = 4,Q; = 1.

Thimbles are anchored at W = 0 which corresponds to the mirror curve, and attach to
one of the four critical points. Varying (Qp, Q) so that w; moves along the corresponding
thimble, one finds that a cycle of 3 pinches once w; ends up at the origin. Figure 2 shows
the four saddles of the exponential network corresponding to the four pinching cycles.?

Each saddle lifts to a cycle on 3, we fix the orientation by requiring that central
charges (periods of %)\) are nearly aligned. The central charges of these saddles are shown
in Figure 3. We denote the cycles with these orientations by ~1, ..., V4.

3Incidentally, these saddles and thimbles match with those studied in [31] in the context of brick models.
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Figure 2: Saddles of the four cycles pinching when w; = 0. From left to right: w1, ..., ws.

The exceptional collection associated to the thimbles we chose is well-studied, and
known to be (0(0,0),0(1,0),0(1,1),0(2,1)), see for example [32]. The map between
cycles and exceptional sheaves is then as follows?

7 00,0), 2 O1,0),  93: OL1),  w: O@21). (3.9)
From these sheaves, we may deduce the corresponding fractional brane charges®
v1: D4, Yo 1 D4-D2y, v3 : D4-D2-D2,-DO, va: D4-D2y. (3.10)
Relations (3.9) and (3.10) are the dictionaries we needed.

Z.

V2

Zy

3

Z’Y Z’Y4

1

Figure 3: Periods of the four vanishing cycles.

In following sections we will study the mirror geometry at a slightly different point in
moduli space, namely @), = —1,Q; = 1. This amounts to a rotation of Q) — i )y, under
which the geometry of the vanishing cycles of Figure 2 changes as shown in Figure 5. By
following the deformation, we can track «;. The dictionary is given below in (4.4). Notice
that, at the point @, = —1,Qf = 1, the curve (2.7) has a symmetry under exchange of
fiber and base x < y, with Q, — —Qp and @y — —Q. This is reflected in the exchange of
wy <> wy in (3.8), which correspondings to the exchange of v <+ 74 in (3.10), consistently
with the expected D2y <+ D2f.6

4To compare with [32, Figure 3.1], note that authors studied the curve W = z — ety + gyt

Up to an inessential shift by —1, this is related to (2.7) by rotating * — —iz in the latter with
Qv = 1,Q5 = 1. We thus identify (w1, w2, ws,ws) with (ca,c3,c2,c1), whose corresponding sheaves are
(0(0,0),0(1,0),0(1,1),0(2,1))

®The relation is obtained by considering the dual collection, see for example [33, eq. (4.22)]

5The apparent need for a change in orientation of certain cycles, as well as the fact that 3 seems not
to be exactly invariant may worry a scrupulous reader. We will see below in (4.3) that a more natural, and
in fact fiber-base symmetric, choice of ‘basis cycles’ arises from networks.
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3.4 An alternative derivation of the map between thimbles and D-branes

For the case of interest to us, namely X = Kp,, we can also take an alternative and more
direct route to identifying thimbles for the mirror curve ¥ with D-branes on the toric
Calabi-Yau threefold X.

Recall that M-theory on X engineers 5d N/ = 1 SU(2) Yang-Mills theory [14-17]. In
the limit where the M-theory circle shrinks to zero size, this reduces to 4d N/ = 2 Seiberg-
Witten theory [34]. In this limit the mirror curve approaches the 4d Seiberg-Witten curve,
as discussed in Section 2.3. We further show in Section 5.2 that the singular divisor Ds maps
to the dyon singularity in the Coulomb branch. Since the dyon has charge (e, m) = (1,—1),
this leads to the identification of the cycle v2 (which shrinks at D) with D2¢-D4. Noting
that fiber-base duality exchanges wy with wy in (3.8), one readily deduces that 4 is D2,-DA4.
Similarly, the monopole point is seen to coincide with the divisor where ~; vanishes, leading
to the identification of the latter with a pure D4 brane. As an extra check, one may take
a limit Q, — oo leading to the half-geometry O(0) @ O(—2) — P! where the surviving
2-cycle is known to be D2y, and this must correspond to the boundstate of monopole and
dyon. We also perform this check in following sections.

Finally, to determine the D-brane charge mirror to 3, we may resort to simple numer-
ics. Computing periods of each cycle, we already have identified Zp4, Zp2,, Zp2 ; from the
identifications of 71, v2,74. We also know that Zpg = 27/ R independently of moduli. By
computing the numerical period Z,,, see Appendix A, we deduce that the dual D-brane
charge is precisely DO—DZb—mf—m.

These charges coincide exactly with the ones obtained via mirror symmetry in (3.9),
providing a strong independent check on the dictionary between D-branes on the toric side
and homology cycles on the mirror curve.

4 BPS spectrum at a special point

To begin investigating the spectrum of BPS states, we must choose a point in the moduli
space parameterized by Qp,Qs. Since this model is expected to exhibit wall-crossing, the
spectrum that we will find will be sensitive to this choice. A natural choice is to consider
the fiber-base symmetric locus determined by Q) = Q. Just like the discriminant locus
(2.15), this is also complex-codimension one, and the two loci meet at points. One should
also note that a change of coordinates * — —x and y — —y can be undone by changing
signs to Qp, Qy. Since rotations of C;  do not affect the physics of BPS states, the full
extent of the symmetric locus is actually

Qy=Qr=0. (4.1)

For the rest of this section we will study the BPS spectrum at @, = —1,Q; = 1. We
refer to this as Qg. This does not belong to any of the singular divisors (2.15) and the
geometry of the curve is non-singular. For later reference, we fix once and for all a choice
of trivialization of the covering map” 7 : ¥ — C as depicted in Figure 4

"In fact, we also specify a choice of trivialization for the logarithmic covering 7 : & — .
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Figure 4: Trivialization for mirror curve at the point Qg. Dashed lines are logarithmic
cuts, running on +/— sheets as indicated. The arrow = indicates the direction in which
crossing the cut induces a logarithmic shift logy — logy + 2ms.

4.1 Basic saddles and quiver

The spectrum of BPS states is encoded by saddles of exponential networks for the curve
3. Recall that the network is determined by a choice of phase ¥ through the differential
equation

1 .
dlogz gt (4.2)

(logy; —logy; + 2min)

for a trajectory, known as E-wall, of type (ij,n). Whenever two or more £-walls intersect,
new ones may be generated. The specifics depend on certain soliton data attached to
each E-wall, we refer to [3] for background. Saddles appear at distinguished values of ¥,
corresponding to arg Z. where 7 is the charge of the BPS state in question. To capture the
full spectrum, it is thus necessary to plot networks for various values of ¥ and record all
saddles that occur. The BPS index () can be computed form the soliton data attached to
the degenerate £-walls forming the saddle. Some saddles have a simple topology, while other
are more complicated, possibly involving several degenerated £-walls joined at intersections
or branch points.

At the point Qy we are interested in, one finds five especially simple saddles: three
appearing at 9 = 0 and two at ¥ = 7, see Figure 5. Each saddle admits a unique lift to a
closed cycle on X,® whose homology class corresponds to the charge of the BPS state. Each
of these is the mirror of a certain D4-D2-D0 boundstate in the mirror Calabi-Yau. From
the identification between vanishing cycles and exceptional collections described in Section

8More precisely, there is an infinite tower of lifts to the logarithmic-covering of ¥, branched at p;, and
denoted ¥ in [3]. We suppress this detail here, until it will become necessary to deal with it.
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P1

P4
p3 . —Y Ps

D2

Figure 5: Saddles of the exponential network at —Q, = @y = 1. On the left ¥ = 0, on
the right ¥ = 7/2. Only primary walls (generated directly at branch points) are shown.

3, we deduce the following correspondence between these saddle and D-brane boundstates”

p1— DO—ﬁb—DQf-m

+ — + — DO oYl
P2+ Pp3s —patps p2 — D0-D2,-D2-D4

3+ ps — D2
psp T s = D4 (4.3)
p3 +ps — D2y —
ps — D2y-D4
p3 — D4 N
ps — D2f—D4

where D2;, r denotes a D2 brane wrapping, respectively, the base or fiber P!'. Notice that
this collection of basic saddles is invariant under fiber-base duality D2, <> D2y which
exchanges p1 <> p2 and pg <> p5 leaving p3 fixed.

The fact that multiple saddles appear at the same phase may be requires some expla-
nation, since it may signal the presence of a wall of marginal stability. In fact, by direct
inspection one may verify that all cycles appearing at ¥ = 0 are mutually local, and the
same holds for all those appearing at ¢ = m/2. Therefore we are not on a wall of marginal
stability and the BPS spectrum is well-defined.

The charge lattice has rank four, we choose the following basis

il wa)] el i ws)] il i(p2)] v = (pa)) (4.4)
or, in terms of D-brane charges

v : D4 Yo : D2f—m Y3 : DO—DQb—mf—m va: D2y-D4 .

9Here a sum (or difference) of saddles is understood as a sum (or difference) of the homology cycles
obtained by lifting the saddle to ¥. Then arrows — denote the map from Hi(X) to H®*"(Kr,).
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The matrix of intersection pairings reads

0 -20 2
= o 5 o o (15)
-2 0 2 0
which is compatible with the pairing among D-brane charges
(D25, D4) =2, 0 otherwise. (4.6)

P12

Y1 O O 2 Ps

/
12

bu||dh O[O

Pp3
/ —z D1
34 y2

Y4 O
34 7

Py

Figure 6: Left: quiver. Right: central charges of basic BPS states corresponding to the
five basic saddles, at the perturbed point (Qp, Qf) = (—1,1 + 0.17).

The BPS quiver can be obtained by identifying the four distinguished saddles with
nodes, and deducing the arrows from the intersection pairing matrix. The result, shown in
Figure 6, coincides with descriptions found in the literature such as [35, (4.14)]. One way
to motivate the choice of saddles corresponding to quiver nodes, is via the discussion of
Section 3, that is, we consider distinguished paths in moduli space, which start from the
point Qo = (@, Q¢) = (—1,1) and end at each of the four divisors D; without crossing
any of the branch cuts.!” The vanishing cycles at the divisors are precisely the (lifts of)
saddles corresponding to nodes of the quiver. It is important to note that the periods of
the saddles at (Qy, @f) = (—1,1) still lie within the same half-plane as the periods of the
same saddles at (Qy, Q) = (4,1), cf. Figures 6 and 3. Therefore, the quiver description is
exactly the same, no mutations are involved.

To complete the quiver description we need to compute its potential. In [4] we explained
how to do this, by going to a point in moduli space where central charges BPS states are

10Branch cuts in moduli space, that trivialize the charge lattice, must be chosen in a way that is compatible
with the (pullback) of the Lefshetz thimbles. We gave the thimbles for @Q» = ¢,Q¢ = 1 in Section 3. Here
we work at Q5 = 1,Q, = —1, so one should deform the thimbles and the branch cuts accordingly.
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P23

P2 =173

Figure 7: Superposition of basic saddles. A choice of trivialization is also shown, with
square-root cuts represented by wavy lines and logarithmic cuts (on X) by dashed lines.
Arrows of the quiver, corresponding to intersection points of basic saddles with charges
Vi, are labeled ¢;;, gﬁfij. Here, ¢41 and ¢32 label interesections occurring on sheet ¢, while
@)1, Phs label intersections on sheet j. Labels of saddles, including logarithmic ones, are
indicated by (7,0), (j,1) etc. Their orientation determines that of holomorphic disks.

maximally aligned, following the relation between BPS graphs and BPS quivers [36] (also
see [37]). Here we choose a different approach, following [1] we super-impose diagrams of
the four basic saddles as in Figure 7. The potential is generated by finite-area holomorphic
disks bounded by the saddles, which corresponding to special Lagrangians in the mirror
geometry [1, 4]. There are four disks, shown in Figure 8. The potential is thus the sum of
four terms

W = p12¢23034001 + Pradagdsadar — P12PosP3adar — Pladasdladl - (4.7)

Let us describe how the first term is derived, the other three can be obtained in a similar
way. The term ¢12¢23¢34¢); comes the bottom green disk: starting from the bottom-right
branch point (¢12) its boundary proceeds along saddle o on sheet ¢, until the intersection
with 3, where it turns (¢23) and proceeds along -3 still on sheet i; the disk boundary
eventually reaches the leftmost branch point and turns onto 74 (contribution ¢s4) after
crossing the branch cut and therefore passing to sheet 7, it then meets ~; at the intersection
¢}y, (since we are now on sheet j), then proceeds along v, crosing the branch cut again,
and closes off. The sign of each disk is determined by its orientation. The potential (4.7)
agrees with results from the literature [38, eq (6.30)].

4.2 Saddle topologies

Having identified the basic saddles, we begin to move on to the rest of the BPS spectrum.
At the point Qg the spectrum is infinite, and BPS saddles come in a variety of shapes and
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(.1) (.1)

Figure 8: Four holomorphic disks generating the quiver potential.

topologies. In this subsection we collect a few of of the relevant topological types of saddles
that appear, and explain how to compute their BPS indices. Later on we will identify these
with actual saddles from exponential networks.

Type-0 saddle

The simplest type of saddle consists of a pair of £-wall of opposite types (ij,n) and (ji, —n)
running anti-parallel to each other between two branch points, which source respectively
each of the two £-walls. Each of the saddles already encountered in Figure 5 is of this type,
other examples can be found in Appendix A. The analysis of soliton data, which can be
found in the companion paper [4], is quite straightforward and leads to the answer

Q) =1. (4.8)

Type-1 saddle

An interesting novelty is the type-1 saddle, shown in Figure 9. Real-world examples of this
type of saddle can be seen in Figures 28 and 35. To study it, let us start with a detailed
description. This type of saddle involves the presence of four branch points, as well as
logarithmic cuts, running around two of the branch points, and depicted as dashed lines.
Recall that logarithmic cuts are cuts for the differential A, and therefore are defined on
3], as opposed to C}: for this reason we indicate on which sheet the logarithmic cut lies,
namely sheet 7 in the top of the picture, and sheet j in the bottom.

There are four distinguished £-walls, originating from the branch points, and denoted
P1,D2,P3, 4. As indicated, they are of types (ij,0), (ij,—1), (ji,1) (at junction Ji, after
crossing the branch cut) and (ji,0) respectively. Saddles with this type of topology are
frequently encountered in spectral networks, see e.g. [39, Figure 4] where they would have
BPS index equal to 1, corresponding to hypermultiplets. As we will see, this is not the
case for the saddle we are considering here: A special feature of exponential networks, as
opposed to spectral networks, is the existence of an ij — ji junction, extensively studied
in our previous work [3, Section 3.3]. The Type-1 saddle features two such junctions: one
between p; and ps denoted Ji, and one between py and py denoted Jo. There is a symmetry
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Figure 9: A saddle of Type-1.

between the two, so let us focus on the former one. When ps, which is of type (ji, 1), meets
p1, which is of type (ij,0), they generate infinite families of new £-walls. The presence of
these walls is determined by wall-crossing of the 3d-5d framed BPS spectrum, see [3] for
a derivation. Among them, there are two towers of £-walls of types (ii,n) and (jj,n) for
n > 1. A similar story applies to pa, ps which generate (ii, —n) and (jj, —n) trajectories.
Together these imply that ps is a double-wall, i.e. part of the saddle. The (ii/jj, —n) walls
intersecting p; generate a descendant of type (ji,0) at J; (see Appendix C.3), which runs
anti-parallel to p; making it a double-wall as well. Similarly ps is made into a double wall
by the interaction of p; and (ii/jj, —n), and likewise for pa, py.

Identifying which walls are degenerate (a.k.a. “two-way streets”) is only the first step
for computing the BPS index. The second step involves computing soliton data for each of
p1, P2, P3, P4, P5. For this purpose we need to determine the outgoing soliton data in terms
of incoming one at each of the two junctions.

A full analysis of the junction is provided in Appendix B.1, here we sketch the main
result. For this purpose denote by T; the generating function of solitons supported on
pi, running from the branch point towards the junction, and let A; be the generating
function of solitons oriented in the opposite way.!! Each of these generating functions
can be determined by considering flatness constraints for the nonabelianization map at
junctions and branch points. At the branch points we simply have

i=1,...,4 (4.9)

where a; denote ‘simpletons’ paths obtained by lifting the wall p;, and connecting the two
strands at the branch point that sources the wall.!?

"These were generically denoted =;;,,, in our previous work [3].

2Working on the logarithmic covering 3 — ¥, a wall of type (if,0) can be lifted to sheets labeled by
(7, N) (with the opposite orientation) and to (j, V) (with the same orientation). The “simpleton” path runs
on these two lifts with the corresponding orientations, passing through the ramification point [3].
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Before proceeding let us comment on a technical point, which can be safely skipped
on a first reading. The above equation is actually slightly over-simplified, since we are sup-
pressing all information about logarithmic branching of A over ¥. Due to a shift symmetry,
the dependence on the branch of the logarithm turns out to be somewhat trivial [3], and can
be effectively ignored to keep notation lighter. In actual computations one should however
keep track of this dependence. This can be unambiguously recovered from the equations

presented here by reintroducing dependence on N, for example Xq, — > ez X, etc.

a; N
The flatness constraints at junction Jy, connecting p1, ps, ps are

2+ 197701, pUi—D)
(1+ Té”’_l)Tng)Q

2+ T U,y (4.10)
(1+ Té”’_l)Tng)Q

1
——(=T3T)*
k:( 3T1)",

Ay = T;

Ay =15

ALR) _ 1

; - (=T10y)" AP =

where ng’n,Agj’n are generating functions of (jj,n) solitons supported on ps, see Ap-
pendix B.1 for the relation between this generating function and Stokes matrices of the
underlying £-walls. It is useful to note that Téjj’fl)Eji = —EjiTéii’fl) if Z;; is any shift-
symmetric soliton generating function [3]. The equations describing junction Jy, which
connects ps, p4, P5, have a similar form

9+ Ay,
Ay = AT, - (?i 1) -
(1 + A5 ’ T2T4)2
(ii,1)
Ay — 2+ A7 Yy T4Agi’1) (4.11)

(1+ A8 r,r,)2

i 1 o 1
ik - — (T Uik - G ¥ I

Let v denote the closure of the concatenation of a; - a3 - as - ag, where all endpoints
are understood to be transported to a common position and joined (e.g. along ps). It then
follows directly from the above expressions that

2 - X,

Q(pl)zl_Tl'Alzl"FXym
Y

=(1-X,)72, (4.12)

and similarly Q(p2) = Q(p3) = Q(ps) = Q(p1).

The factorization Q(p) = [[,;>;(1 — Xnsy)* P leads to o (p;) = —2 for i = 1,2,3,4.
The BPS index is computed by the ratio Q(ny) = [L(nv)]/ny, where L(ny) = U; oy (i) -
7 X(p;). Notice that [J?_, 7~ (p;)] = v, therefore the saddle of Type-1 gives an overall
contribution to the BPS index '3

AQ(y) = —2. (4.13)

Whenever this saddle appears simultaneously with other saddles, the total index is the sum
of each contribution.

13We did not determine o(ps) because this cannot be determined for ii/jj streets, see [3] for a discussion.
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Type-2 saddle

Another interesting novelty is the type-2 saddle, shown in Figure 10. Real-world examples
of this type of saddle can be seen in Figures 23 and 34. To understand it, let us start
with a detailed description. This type of saddle involves the presence of two branch points,
as well as a logarithmic cut, running around one of the branch points, and depicted as a
dashed line on the left. Recall that logarithmic cuts are cuts for the differential A, and
therefore are defined on X, as opposed to C}: for this reason we indicate on which sheet
the logarithmic cut lies, namely sheet ¢ in the top of the picture, and sheet j in the bottom.

Figure 10: A saddle of Type-2.

There are three distinguished £-walls, originating from the branch points, and denoted
p1,D2,p3. As indicated, they are of types (ij, £1) and (ji,0). A special feature of expo-
nential networks, as opposed to spectral networks, is the existence of an ij — ji junction,
extensively studied in our previous work [3, Section 3.3]. The Type-2 saddle features two
such junctions: one between p; and ps, and one between po and ps. There is a symmetry
between the two, so let us focus on the former one. When ps, which is of type (ji,0), p1,
which is of type (ij,1), they generate infinite families of new £-walls. Shown in red, is
a tower of walls of types (i, k) and (jj, k) for k& > 0 running from below the junction.'#
Shown in blue is a tower of walls of types (ij, k) for & > 1 located between p; and the red
E-walls. Also in blue, is a tower of walls of types (ji, k) for k > 0 located between p3 and
the red £-walls. The presence of these walls is determined by wall-crossing of the 3d-5d
framed BPS spectrum, see [3] for a derivation.

One should note that the walls generated by p; and p3 have a chance to intersect ps,
generating further descendants. We only plot a green £-wall of type (ij,0), arising from a
junction between p; and the (ii, —1) red wall, as well as the (jj, —1) wall, if one works in
American resolution. The presence of this green wall makes p3 a two-way street, hence part
of the saddle. Likewise, p; is also a 2-way street due to the presence of the anti-parallel
(ji,—1) wall generated by ps and ps, and similarly ps is also a two-way street.

14YWe only depict the wall of type 7,1, as walls for other values of k are exactly overlapping.
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Identifying which walls are degenerate (a.k.a. “two-way streets”) is only the first step
for computing the BPS index. The second step involves computing soliton data for each
of p1,p2,p3. This involves two stages: first, solving the outgoing soliton data in terms of
incoming one at the junction among p1, po, p3; second, taking into account identities for
soliton data coming from other endpoints of the saddle, namely branch points.

A full analysis of the junction is provided in Appendix B.2, here we sketch the main
result. For this purpose denote by Y; the generating function of solitons supported on p;,
running from the branch point towards the junction, and let A; be the generating function
of solitons oriented in the opposite way.'® These are related as follows

Tl = Xal(l - X(JLQAQ) TQ = Xa2 TS = Xa3 )

4.14
Ap=-T3-To-Ts Ao=-T3-T1-T3  Qp3)=Qm)*=Q(p2)? (419

Here, the first equation follows from homotopy across a branch point, see (C.5), and q;
denote ‘simpletons’ paths obtained by lifting the wall p;, and connecting the two strands at
the branch point that sources the wall, see footnote 12. We also denote Q(p;) = 1 — A;Y;.

For the sake of keeping notation light we will, as above, suppress information about
logarithmic branching of soliton data, keeping in mind that this can be restored in each of
the following expressions in a non-ambiguous way.

Returning to the computation of the BPS index, let v denote the closure of the con-
catenation of aj - as - as - az. Combining equations for Y1 and A, one immediately deduces
that Y1 = X,, (1 — X,,)~1. Therefore

Qp1)=1-"1- A1 =1+X,(1-X,) ' =(1-Xx,)7", (4.15)

which also implies

Qp2) =(1-X)"",  Qps) =(1-X,)72. (4.16)
The factorization Q(p) = [],>;(1 — Xp,) ) leads to a,(p1) = ay(p2) = —1 and
a(p3) = —2. The BPS index is computed by the ratio Q(ny) = [L(nvy)]/ny, where

L(ny) = U; any(pi) -7 (p;). Notice that [7~1(p1)Ur~(p2) U (2 x 7~ 1(p3))] = 7, therefore
the saddle of Type-2 gives an overall contribution to the BPS index

AQ(y) = 1. (4.17)

Often, this saddle appears simultaneously with other saddles of Type-2. When this is the
case, the total index is the sum of each contribution.

Type-3 saddle

Another interesting example is the Type-3 saddle, shown in Figure 11. A real-world exam-
ple of this type of saddle can be seen in Figure 36. As for Type-2 saddles, there are two
branch points supporting the saddle, as well as a logarithmic cut running around one of
them, depicted as a dashed line on the left.

5 . —_— . .
5These were generically denoted =;;,,, in our previous work [3].
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Figure 11: A saddle of Type-3.

There are five distinguished £-walls, originating from the points and junctions, and
denoted p1,...,ps. There are two junctions, denoted Ji and Jo in the left frame. Upon
closer inspection, and resolving the phase from the critical one ¥ = 9. to British resolution
¥ = ¥, + € we see that each of J; actually features a lot of sub-structure. This is depicted
in the right-top and right-bottom frames.

Let us describe J; in detail, hopefully readers can infer the structure of Jo form the
picture, along similar lines. Junction J; is generated by the intersection of p; (of type
(1j,1)) and ps (of type (ji,0)). These form an ij — ji junction which spawns, among other
walls, an E-wall of type (ji,2). Due to an incoming (ij, —2) wall (depicted in light blue)
sourced from Jo, this will be a two-way street and therefore will be part of the saddle,
it will be labeled ps. Furthermore, the incoming blue wall intersects the family of (ii,n)
walls generated at the pi-p3 junction. Interacting with the n = 2 wall, they give rise to a
(i4,0)-wall (depicted in red), which runs anti-parallel to ps: this makes p3 a double-wall,
and therefore part of the saddle. On the other hand, when the blue wall interacts with
the (ii,1) wall, they generate an (ij, —1) wall (depicted in red), which goes on to intersect
with p3 to generate an ij — j¢ junction marked by an orange dot. Among the descendants
generated from this junction, is an (ji, —1) wall (depicted in orange), which runs anti-
parallel to p;. This makes p; a double wall, and therefore part of the saddle. We are only
considering a few of the intersections among one-way walls that occur near Jy, omitting
those which are irrelevant for the study of the saddle. An exhaustive analysis, taking into
account the whole sub-structure, requires use of the flatness equations and is carried out
in Appendix B.3. The analysis of Jy is qualitatively similar, although there are subtle
differences in how walls intersect one another. This is also studied in appendix.

To compute the BPS index, our task is to study the soliton data on the two-way streets
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P1,--.,ps5. Let us collect our conventions for soliton generating functions

type description

Ty | (ij,1) |from branch point to J;
b1 Aq | (ji,—1) opposite

T | (ij,—1) | from branch point to Jy
b2 Ao | (ji,1) opposite

Y3 | (j4,0) |from branch point to Jy (4.18)
b3 As | (ij,0) opposite

T4 | (ji,0) |from branch point to Ja
b1 Ay | (i7,0) opposite

s | (i, —2) from Jy to Jy
bs As | (ji,2) opposite

We can determine these generating functions through the consistency conditions for
the nonabelianization map, see Appendix B.3. The consistency conditions at the left-most
branch point are

T =X,,, To = Xq, (1 — X4, A1), (4.19)
by a direct application of (C.5). Similarly, at the top-right branch point one has
Ty = Xo, (1 — Xo,A4), Ty=X,,, (4.20)

where again we suppress information about logarithmic branching to keep notation light,
and a; denote ‘simpletons’, see footnote 12. At junction J; we find the following relations

As =T3T1 73T T3
Az = Q(ps)*T1 3T 1 3Ts + Q(ps) Y13 Y5 3 1 + Y5 31 Y3y (4.21)

where Q(p;) =1 — A; Y, and
Q(p1) = Q(ps)*, Q(p3s) = Q(ps)® . (4.22)

A similar computation, also spelled out in Appendix, yields junction Js, which turn
out to imply

T =—-"97T4Yo
Ay = —A5YToYy — (1 + A5T2T4T2) T4YoA5 (423)
Ay = —-ToA5T9
as well as
Qp2) = Qps)*,  Qpa) = Q(ps). (4.24)

Now let us turn to the computation of Q. Recall from [3] that Q(y) = [L(v)]/v
where L(7) = 327, a.,(pi)m(p;) is obtained by concatenation of lifts of walls p; with
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coefficients ., (p;) determined by factorization Q(p;) = [[,,>1(1 + Xp,)*»®). Given the
above relations, we have

anw(pl) = anv(p2> = 2an7(p5> O‘nv(pi’)) = 30‘n7(p5) anv(p4> = an'y<p5) (4'25)

and therefore
v =71 [2p1 + 2po + 3ps + pa + ps) - (4.26)

This is consistent with formulae. Indeed, let us focus on Q(ps), since all other Q(p;) are
obtained from this in a straightforward way. By perturbative substitution, we find that

Q(pS) =1- T5A5 =1+ Xa1a3a1a3a1a2a4a2 +---=1+ X”/ + O(X'% (4‘27)

reflecting the fact that v = cl(ajazaiasaiazasas) is indeed the lift of 2 copies of p; and po,
3 copies of p3, and one copy of ps and ps.
To solve for the full generating function Q(ps) we proceed as follows. Let

Ty = T3 T3T i 3 o aYo, Xy = Xuagarasarasasas (4.28)

up to cyclic reorderings of factors in each expression. Note that Q(ps) = 1 —T,. It
is now straightforward to solve the equations by direct substitution: one readily obtains
Ty = Xo,(1 — T4)? and T3 = X4y (1 — 1), leading to T = —X, (1 — T,)". In terms of
Q(ps) this implies

Qps) = 1+ X,Q(ps)" . (4.29)

From here we can extract (n7y). For example
Q(ps) =1+ Xy + 7X7 + 70X3 + 819X] + 10472X5 + 141778X5 + O(X)) (4.30)

implying that!®
Qps) = [J (1 = X)) ¥ (4.31)
n>1
Qy)=-1 Q(2v)=-3 Q(3y) =-21
Q(4y) = —182  Q(5y) = —1855  Q(6v) = —20811 (4.32)

Note that equations like (4.29) appeared in [39, eq. (3.2)]. This equation is similar, but not
of the same type, due to the fact that the exponent (7 in this case) isn’t an exact square.
Nevertheless, this indicates the presence of wild BPS states. From this equation we may
easily obtain arbitrarily many BPS indices for states with charges n~y.

Type-4 saddle

The fourth and last type of saddle we will consider is shown in Figure 12. A real-world
example of this type of saddle can be found in Figure 33. Here only two-way streets are
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(i,0) T~

Figure 12: A saddle of Type-4.

shown (solid lines labeled p1, ..., ps and p), ..., p%), while the picture omits infinitely many
E-walls which are not part of the saddle.

The saddle involves four junctions, two of these are labeled J; and Jy. Resolving the
phase slightly away from the critical one ¥ = 9.+ ¢, one finds a lot of sub-structure at each
junction. An exhaustive analysis is provided in Appendix B.4.

To compute the indices of BPS states associated to this saddle, the first task is to
study the soliton data of all two-way streets. For clarity, we spell out the topological types
of all soliton generating functions for p; ...ps

type description
Ti| (ij,1) |from branch point to J;
P Aq | (ji,—1) opposite
Ty | (ij, —1) | from branch point to J
bz Ao | (ji,1) opposite (4.33)
T3 | (ji,0) |from branch point to J;
ps As | (ij,0) opposite
T4 | (ji,0) |from branch point to J
P Ay | (i7,0) opposite

The counterparts for pj ...p5 can be deduced from Figure 12 in the same way.

Each of these generating functions can be determined by considering flatness con-
straints for the nonabelianization map at junctions and branch points. For the sake of
keeping notation light we will, as above, suppress information about logarithmic branch-
ing of soliton data, keeping in mind that this can be restored in each of the following
expressions in a non-ambiguous way.

'5Recall that L[ny] contains 7~ '(ps) precisely nQ(ny) times, this explains the exponents in this fac-
torization. The choice of sign in front of X, turns out to be the only one that gives integer Q(n7y) for
all n.
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Flatness constraints at the left-most branch point are
T = Xq, To = X, (1 — Xo, Ay) (4.34)
by a direct application of (C.5). Likewise, at the top-right branch point one finds

T3 = X, T = Xy (1= XoyA3) (4.35)

1
Similarly, at the two other branch points, one obtains
T/1 :*Xa’1 Té:Xaé(l_XaﬁAll) (4 36)
T, = X, Ty = Xg,(1— XaéAg)

As before, a; denote ‘simpleton’ paths, see footnote 12. The flatness constraints at junction
J1, connecting p1, ps, ps are

2+ 19y

Al — ) T(jjvfl)’rg
(1419 Dyrgry)2 7
Ay =, 2T (437

(1+ 19" Dryr,)2

(—Tng)k Aé]],k) — —*(—Tng)k,

(k) _ 1
A a k

5 k

where T2, AJ"™ are generating functions of (jj,n) solitons supported on ps, see Ap-
pendix B.4 for the relation between this generating function and Stokes matrices of the
underlying £-walls. It is useful to note that ngj’fl)Eﬂ = —Eji'féii’*l) if 2j; is any shift-
symmetric soliton generating function [3]. The equations describing junction J, which
connects ps, p4, P5, have a similar form

2+ ATy,
(14 Ay, 7,2

3o TRy =
(14 A" ToTy)?

i 1 L 1
Tg ) = —%(—T2T4)k Téﬂ’ H = %(—T4T2)k-

A= Agi’l)Tz

Thanks to the Zo symmetry relating z — 2=, the equations for the two additional junc-
tions, can be inferred from the ones for Ji, Jo

A A/(ii,l)T/ 2—|—A/é”’1)TéT/1
Ty
2 4+ ANy i1 4.39
A/ — 5 371 TIIA/LE) 1) ( )

(1+ A Dryr))?
L (1L BT ER (e AL
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, 2479 vy
F )

Ai; _ T/éjjﬁl)fr

1
A 2H Ty ! 1) (4.40)
2 1(G3,=1) ~~r A7\ 2 5
(1+775 7 T5TY)
i 1 ij 1
AP = (T NP = (R
It follows from the above equations that
Qpi) = QP}) = Q(X,) = (1 +T,) 7 (4.41)
where Q(p;) = 1 — A;Y; (similarly for p}) and we introduced v = [cl(asaiasas)] =
[cl(aha)alyab)]'” as well as
T, =191, = Al 1, = ALYy = vy (4.42)

From the equations it is straightforward to obtain an expression for T,

T, =170,

= -T2 4T37y

Xy (1= Xy Ar) Xy (1= Xy AB) Xy X (4.43)
= *XGQQ(pl) Xa4Q(pé)Xa3Xa1

X

In terms of Q(p), we arrive at the following equation
Q=(1-X,Q%72. (4.44)
From here we may easily obtain a series expansion for Q(X,) to arbitrary order
Q(X,) = 142X, + 11X2 + 80X7 + 665X, + 5980X7 (4.45)

+56637X9 + 556512X7 + 5620485X7 + O(X))

To compute BPS indices, we must factorize this generating function. Choosing
QLX) =TT = (=1)" )"0 (4.46)
n>1
with integer coefficients
B =2, Ba=-=5  [3=20  Bg=-120
B5 = 850 Bs = —6602 B7 = 54894 Bs = —480624 (4.47)

The contribution of the saddle to the BPS index is AQ(ny) = [L(n7Y)]/(ny), where L(ny) =

U, ny (p)m~1(p) where au(p) = nBp, are the exponents of the factorization. Taking into
account both streets p; and p this yields

AQ(ny) =20, (4.48)

"Physical charges are identified by a quotient of a homology (sub-)lattice of ¥, which identifies cycles

with the same A-period [3].
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4.3 Description of the spectrum

Having completed our preliminary analysis of a selection of saddle types, we are now in
the position to explore the geometry of exponential networks at the point Q.

We will adopt a mixed approach, blending the use of exponential networks with quiver
representation theory and wall-crossing. In principle, exponential networks are expected to
capture all BPS states. However, for practical reasons, it is more convenient to rely on all
available techniques. There are two main technical difficulties involved with working with
exponential networks: the fact that the spectrum is infinite at Qg, and the fact that the
saddles of certain BPS states can be somewhat complicated to study. On the other hand,
there are also important advantages: it is not easy to obtain information about BPS states
with charges v = Z?:l d;v; where all d; > 0 using quivers, while from the viewpoint of
networks these states are just like all others. Even better, for charges  such that Q(nvy) # 0
for several (possibly all) n > 0, networks often encode the full generating function of all
BPS indices in a neat algebraic equation. We will come across an illustration of both these
points shortly.

Without further ado, let us list the BPS states at Qg, where we make a note of which
techniques were used to compute them. First of all, there are the basic saddles p1,...,ps
encountered in Figure 5

~ D-brane charge [€2(v)|Figure
(1,0,0,0) D4 1| 5
(0,1,0,00)  D2;-DA | 1 | 5 (4.49)
(0,0,1,0)| D0-D2y-D2-D4| 1 5
(0,0,0,1) D2,-D4 1 5
(0,2,1,2)|D0-D2,-D2¢-D4| 1 5

Next, we consider states supported on pairs of nodes 7,,7, of the quiver. Besides
plotting their saddles, it is worth noting that any pair of nodes forms a sub-quiver that
is either trivial (no arrows) and hence without boundstates, or a Kronecker quiver with
two arrows. The representation theory of the Kronecker quiver is well known, and is fully
determined by the relative ordering of arg Z,,, arg Z,,, see Figure 6 for comparison.

y D-brane charge Q(v)|Figure
(0,0,1,1) D0-D2; -2 23
(0,0,n,n +1) nDO0-D2,-nD2¢-D4 1 |24,26
(0,0,n + 1,n) (n +1)D0-D2y-(n + 1)D24-D4 1 |25,27 (4.50)
(0,1,1,0) D0-D2,-2D4 -2 | 28
(0,n,n +1,0)|(n + 1)D0-(n + 1) D2,-D2¢-(2n + 1) D4
(0,n +1,n,0) nD0-nD2y-D2-(2n + 1) D4 1 130,32

This table illustrates the advantage of using quiver representation theory over networks,
for those BPS states supported on a sub-quiver whose representations are well understood.

Next we consider the class of BPS states whose charges are supported on three nodes of
the quiver, in other words v = Z?:l d;y; and exactly one of the d; = 0. We will henceforth
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suppress D-brane charges, these can always be recovered by the dictionary (4.3). For
charges with only di = 0 we find, up to do + ds + dg <9,

0% Q(v) |Figure v Q) 2 Q(y) |Figure
(0,1,1,1)] Q=4 | 33 (0,2,3,2)] Q=27 (0,4,5,0)] Q=
0,2,1,1)| Q=—-2| 34 (0,1,4,2)] Q=6 (0,4,4,1)| 2 =35
(0,1,2,1)| Q = —4 (0,1,3,3)] Q=20 (0,4,3,2)| 2 =49
0,1,1,2)| Q= —-2| 35 (0,2,2,3)| Q=10 (0,4,2,3)] @=11] 29
(0,2,2,1)| @ =10 (0,1,2,4)] Q= (0,3,5,1)| 2 =16
(0,1,2,2)| Q=10 (0,4,3,1)| Q= —6 (0,3,4,2) |2 =172
(0,2,1,2)] Q= (0,3,4,1)|Q = —24 (0,3,3,3)| 2=60] 33
(0,3,2,1)| Q= —4 (0,3,3,2)[Q = —72 (0,2,4,3)| =172
(0,2,3,1)|Q = —14 (0,2,4,2)|Q = —16 (0,1,5,3)| 2 =16
(0,2,2,2)|Q = —12| 33 (0,1,4,3)|Q = —24 (0,3,2,4)] Q=
(0,1,3,2)|Q = —14 (0,2,3,3)[Q = —72 (0,2,3,4)] 2 =49
(0,1,2,3)| Q = —4 (0,3,2,3)| Q = —4 (0,1,4,4)| Q=35
(0,4,2,1)] Q= (0,1,4,3)| Q= —6 (0,0,5,4)| @=1
(0,3,3,1)] Q=20 (0,1,3,4)| Q= —6 (0,0,4,5)| Q=
(0,3,2,2)| @ =10 (0,5,3,1)] Q= (071,3 5)| Q=
(0,2,4,1)] Q=6 (0,5,4,0) Q=1

(4.51)

This part of the spectrum is obtained as follows. The three-node sub-quiver obtained by
dropping node 1 admits a choice of moduli, corresponding to arg Z,, > arg Z,, > arg Z,,,
for which the only stable representations correspond to Q(v2) = Q(v3) = Q(y4) = 1. This
enables to write down the Kontsevich-Soibelman invariant [40], or spectrum generator [41],

for this sub-quiver
S =K, KKy, - (4.52)

BPS states in (4.51), in fact any of those with charges (0,ds, ds,ds), can be obtained by
factorizing S at Q. This requires knowing the exact values of Z,,, we provide numerical
estimates in (A.2) and (A.3). Given the simplicity of (4.52), it would be just as straight-
forward to write down the motivic spectrum generator, whose factorization would in turn
yield protected spin characters (PSCs). !

Let us comment on how the results obtained by factorization of the spectrum generator
compare with results obtained from exponential networks. We just focus on states with
charges (0,m,n,n). These states are represented by a Type-4 saddle like the one of Figure
12, see Figure 33. For n = 1 we obtain 2 = 4 from the analysis of the saddle, see (4.48),

18 A similar strategy may also be applied to subquivers defined by suppressing one of the nodes 72, 3 or
~4. In this way, the BPS indices (or their motivic deformations to PSC) can be directly computed. However
we obtain no new information, due to how central charges are arranged. For Q(divy1 + d2v2 + d3vy3) we
find that the only non-vanishing boundstates are the ones we already found, namely Q(vy2 + v3) = —2 and
Q(v2 +n(y2 +7v3)) = Q(vs + n(y2 + 73)) = 1. For Q(d1v1 + diy2 + d1y4) we find that this always vanishes
unless di +dz + da = 1. For Q(d1y1 + ds7ys + daya) we find that the only non-vanishing boundstates are the
ones we already found, namely Q(y3 + v4) = —2 and Q(y3 + n(y3 + 74)) = Q(y4 + n(y3 + v4)) = 1. Also
worth noting, is that these results may, at least in part, be obtained using Reineke’s formula [42].
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which matches the expectation from the spectrum generator. For n > 1 however the result
obtained from analyzing the saddle systematically undercounts the prediction from the
spectrum generator (comparing |€2]). A possible explanation is that the Type-4 saddle is
only a part of the BPS state, which may consists of additional 2-way streets that we haven’t
detected in Figure 33. This issue illustrates how, sometimes, computing BPS indices with
exponential networks can be rather subtle due to the intricacy of the network.

Finally, we consider states whose charges are supported on all four nodes. This is
where exponential networks are most useful, since we cannot invoke simple results for the
quiver representation theory. For example, in Figure 36 we observe a pair of saddles of
Type-3. We deduce the following spectrum from (4.32)

v Q(v) |Figure
1,1,2,2)] =2 36
(2,2,4,4)| Q=6 | 36
(3,3,6,6) Q= —42 | 36 (4.53)
(4,4,8,8)Q = —364| 36

This is a case in which an infinite tower of BPS states is encoded by a single saddle (or two
disjoint copies thereof). The generating function of BPS indices is elegantly encoded by
the algebraic equation (4.29). The same phenomenon was observed in spectral networks,
in the context of SU(3) super Yang-Mills theory [39]. In [43] it was shown how this sort of
equations can be deformed to a functional equation for the generating function of protected
spin characters.

Notice that the first state in this series, namely (1,1,2,2) corresponds to the vec-
tormultiplet (0,0,1,1) = D0-D2; plus a DO, and has the same BPS index as (0,0,1,1).
It thus seems natural to ask whether there is a whole KK tower of such states, namely
Q(n,n,n+1,n+1)=—2for all n > 0.

Bearing in mind the subtleties encountered previously with the BPS index of v =
(0,m,n,n), a word of caution is in order: it is possible that, once again, we may be missing
parts of the saddle in plotting Figure 36. If this were the case, the (absolute values of)
BPS indices (4.53) would presumably underestimate of the actual answer. It would be
interesting to verify these results independently. Another natural question that arises, is
to what extent the above description of the spectrum is exhaustive. The full spectrum is
certainly infinite, and it certainly includes infinitely many states that are missing in the
description above. For charges v = (d1,da, ds, ds) with ), d; < 6, we believe our spectrum
is exhaustive, with the exception of three states: €(1,1,1,1) = —4 corresponding to a D0
brane, 2(1,1,2,1) =4 and Q(1,2,2,1) = —2.'9 In principle, these states should be visible
in the networks tuned to the appropriate phase ¥ = arg Z,,.

19WWe obtained these using the ‘Coulomb branch formula’ with stability parameters calculated on central
charges (A.2), using the mathematica code [44].

— 33 —



4.4 Fiber-base symmetry

As noted below (4.3), the set of basic saddles in Figure 5 is manifestly invariant under the
exchange of fiber and base P's. In the quiver picture, this duality is hidden: this is because
the quiver description is based on a choice of ‘basis cycles’ (4.4) which is not invariant
under fiber-base exchange. Nevertheless, since we are studying BPS states at a fiber-base
symmetric point, we expect the spectrum to be invariant under exchange of D2, <+ D2;.

Using the charge dictionary from (4.4) we can verify that the spectrum is indeed
symmetric under exchange of fiber and base. For example consider the infinite towers of
states in (4.50). The first tower of states corresponds to the cohort of the vectormultiplet
(0,0,1,1) which corresponds to ps Ups (where p; denotes the orientation-reversal of p;).
Recall that, under fiber-base exchange, po maps to p; and pg4 maps to ps, then we expect
another tower of states obtained by mapping

b2 (ana 170) < pr: (0727 172)

(4.54)
Y2 (Oa Oa 07 _1) A b5 - (Oa 17070)

While fiber-base exchange acts in a very simple way on saddles p; from Figure 5, its
action on quiver charges appears to be quite involved: in particular it mixes states with
positive dimension vector to ones with negative dimension. This is an artifact of the quiver
description, and the BPS spectrum is invariant under fiber-base exchange.

The fiber-base map (4.54) maps the states in (4.50) to the following ones

~y D-brane charge Q(v)|Figure
(0,1,1,2) DO0-D2; -2 35
(0,n —1,n,2n) nDO0-D2 y-nD2y-D4 1 24
(0,n+2,n+1,2n + 2) (n +1)D0-D2¢-(n + 1) D2,-D4 1 (4.55)
0,2,1,1) D0-D24-2D4 -2 | 34
(0,2n,n,n — 1) (n+1)D0-(n +1)D24-D2y-(2n +1)D4| 1 | 30
(0,2n+2,n+1,n+ 2) nD0-nD2s-D2y-(2n + 1) D4 1 {29,31

Unlike the argument leading to (4.50), based on Kronecker-subquivers visible in Figure 6,
the infinite towers of states predicted by the fiber-base exchange map are highly nontriv-
ial to see from the viewpoint of the quiver. This prediction can nonetheless be checked
directly. We plot the saddles of both vectormultiplets and of some of the hypermultiplets
in Appendix A (see links to figures in the table above). We also find the states (0, 1,2,4),
(0,3,2,4), (0,4,2,1) already present in (4.51) with the correct BPS indices, as part of the
prediction from the wall-crossing formula. This partial evidence for (4.55) supports the
prediction these new towers of states that would be otherwise challenging to obtain.

Both (4.50) and (4.55) have an especially simple description in terms of saddles. Let
us introduce the notion of ‘cohort’ following [39]: given 7,+’ their 2-cohort is the set of
BPS states

Ca(7,7) ={Qv +7) = =2, Qv +n(y+7) =2 +n(y+7) =1, n>1} (4.56)
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then (4.50) and (4.55) are simply the cohorts formed by saddles

Ca(p2,P4) » C2(p2,p5), C2(p1,D5), Ca(p1,pa)- (4.57)

The simplicity of this description, as opposed to the organization by quiver charges or even
D-brane charges, suggests that saddles of Figure 5 provide an especially natural basis for
the BPS spectrum at the point Q.

Fiber-base symmetry may be also studied on the BPS states of table (4.51). The map
relates some BPS states with the same BPS index, as follows

(0,0,1,0) > (0,2,1,2) (0,1,2,1) > (0,3,2,3)
(0,1,1,0) > (0,2,1,1) (0,3,2,0) + (0,4,2,1)
(0,0,1,1) + (0,1,1,2) (0,2,2,1) + (0,3,2,2) (4.58)
(0,1,2,0) > (0,4,2,3) (0,1,2,2) + (0,2,2,3)
(0,0,2,1) > (0,3,2,4) (0,0,2,3) ¢ (0,1,2,4)

There are also charges which are invariant under fiber-base symmetry, these include

(07 07 17 2)7 (07 27 17 0)7 (07 n,n, n)a (07 37 27 1)7 (07 17 27 3)7
(03 57 37 1)7 (0747 37 2)7 (07 27 374)7 (Oa 17 37 5) .

Finally, the remaining charges are dual to states which we have not encountered so far.
This gives predictions for new BPS states, based on the assumption that the spectrum
enjoys fiber-base symmetry:

v Q(v) gl Q(v)
(0,2,3,5) Q= —6 (0,5,4,8)| Q=
(0,2,3,6)] Q=1 (0,6,3,2) | Q=1
(0,3,3,4)|Q = —72 (0,6,3,4) | Q=
(0,3,3,5)| Q=20 (0,6,4,5) | Q =172
(0,3,4,8)] Q= (0,6,4,6) |Q = —16
(0,4,3,3)|Q = —72 0,6,4,7) | Q=
(0,4,3,4)| Q=27 (0,6,5,10)] Q= (459)
(0,4,3,5)|Q = —14 (0,7,4,4) | Q=35
(0,4,3,6)] Q= (0,7,4,5) |Q = —24
(0,4,4,7)] Q=35 (0,7,4,6) | Q=6
(0,5,3,2)| Q= —6 (0,7,5,9) | Q=16
(0,5,3,3)] Q=20 (0,8,4,3) | Q=
(0,5,3,4)|Q = —14 (0,8,4,5)| Q=
(0,5,4,6)| Q = 172 (0,9,5,7) | Q=16
(0,5,4,7)|Q = —24 (0,10,5,6)| Q=
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Likewise, applying fiber-base symmetry to the BPS states in (4.53) yields the prediction

gl Q(v)
(1,2,2,3) | Q=—-2
(2,4,4,6) | Q=—6
(3,6,6,9) | Q = —42
(4,8,8,12)|Q = —364

(4.60)

One should note that the first state can be viewed as a boundstate of the vectormultiplet
(0,1,1,2) = DO — D2, and a DO brane, so it is natural to ask whether there is a whole KK
tower of states with charges (n,n+ 1,17+ 1,1+ 2). This would of course be the fiber-base
symmetric image of the tower mentioned below (4.53).

5 BPS spectrum in various limits

This section studies how exponential networks, and saddles representing BPS states, behave
under two different limits of the mirror geometry. We will first consider a four-dimensional
limit obtained by shrinking the S! radius to zero. Later we will also consider a factorization
limit into a half-geometry obtained by sending either of the complex moduli to zero or to
infinity. Since BPS states of the models appearing in either limit are well-understood, the
study of these limits will provide further checks on brane-charge dictionary (4.3) for saddles
of K, Fo-

5.1 Spectral networks in 4d N =2 SU(2) super Yang-Mills theory

Before we consider the four-dimensional limit of exponential networks, let us briefly recol-
lect basic results about spectral networks for 4d A/ = 2 super Yang-Mills with gauge group
SU(2). The class S presentation of Seiberg-Witten theory can be written in the following

form [41
orm (1 A2 2u A?
A = <— + 5 - ) dx? (5.1)

where x is a local coordinate on the UV curve, u is the Coulomb branch modulus and A
is the dynamical sQCD scale. This curve has a Zs-symmetry sending  — 1/z, as well as
a Zo symmetry acting as A — —A\. The Coulomb branch also has a Zs symmetry, sending
u — —u.?Y This curve has two branch points, where A\ = 0. The branch points coincide
if w = A? (the dyon point) or if v = —A? (the monopole point).?! The chamber structure
of the Coulomb branch consists of two chambers, separated by walls of marginal stability
connecting the monopole and dyon points, see Figure 13.

The BPS spectrum in the strong coupling chamber consists of two BPS states: a
monopole and a dyon, both are BPS hypermultiplets with 2 = 1. To illustrate this we plot
the spectral network at a point us in the Coulomb branch, and find two saddles. Choosing
u, on the positive real axis and close to the dyon point?? we find the dyon and monopole as

20Combining this with a change of coordinates (A, ) — (i), —z) leaves the curve invariant.
21 Assuming these conventions are compatible with those of [34], where this identification is made on p.28.
22We fix us = 25 A2

100
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Figure 13: Coulomb branch of 4d N' =2 SU(2) Yang-Mills theory.

shown in Figure 14. Moving to the weak coupling chamber, the BPS spectrum jumps and
includes infinitely many BPS states. In addition to the monopole and the dyon there are
several boundstates, including a vectormultiplet with 2 = —2. To illustrate this we plot
the spectral network at a point u, on the positive real axis and close to the dyon point??
we find the BPS spectrum partially shown in Figure 15.

Figure 14: Left: monopole appearing for ¢ = 0. Right: dyon appearing for ¢ = 7/2.

o C O G -

(a) Monopole  (b) Mono.+v.m. (c) V.m. (d) Dyon+v.m. (e) Dyon

Figure 15: Weak coupling BPS states.

In the limit u > A2, e.g. along the positive real axis, the separation between two
branch points increases arbitrarily. The system eventually decouples into two separate

2We fix uy = —}83 A2
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parts, where only one BPS state remains of finite mass: it is a half of the vectormultiplet,
consisting of a circular saddle supported on a single branch point. In fact, what remains is
the spectral network of the CP' 2d sigma model, reflecting the fact that after decoupling
the 4d theory only the 2d (2,2) defect theory remains dynamical [11, 19].

5.2 Four-dimensional limits to Seiberg-Witten theory

In section 2.3 we reviewed how dependence on the radius of compactification may be
introduced in the geometry of the mirror curve, showing that the latter approaches the
Seiberg-Witten curve of 4d N = 2 super Yang-Mills as R — 0. In this section we explore
how exponential networks behave in this liimit.

Limit to strong coupling

The Coulomb branch of the 4d theory has a strong coupling region, corresponding to
u/A? < 1. Going all the way to the center of the strong coupling region corresponds to
sending this ratio to zero, which in terms of 5d moduli implies

Q 1/ 1
Qi__2<A2R2+2X2+...>. (5.2)

We will henceforth specialize Q5 ~ —Qp/(2A?R?), and study the limit R — 0 keeping
A fixed. Let us focus on a small patch of the moduli space near one of the singularities,
namely near the divisor Dy in (2.15), where Q¢ 4+ Qp = 1/2. As is clear from (2.19), this
corresponds in the 4d limit to the dyon point u = A2.24

We shall fix 4d moduli to be

A=1, u = 0.95A2, (5.3)

which, at radius R = 1 correspond approximately to Q, = —1, Qf = 1/2 + u = 1.45.
Focusing on the simplest BPS saddles encountered in Section 4, we consider exponential
networks at ¥ = 0, 7/2 shown in Figure 16.

These should be compared with the saddles of Figure 5. Indeed, highlighted in black
we recognize ps at ¥ = 0 and ps at ¥ = w/2. As we argued above, the two branch points
supporting ps, ps survive in the 4d limit, while the two other branch points will end up
disappearing into punctures. In terms of BPS states, whose charges can be read from (4.3),
this means the following

e D4, which corresponds to p3, remains of finite mass. This should descend to a purely
magnetic state, the BPS monopole of Seiberg-Witten theory.

o likewise D2 f—m, which corresponds to ps, remains of finite mass. This should de-
scend to a dyon with (e,m) = (1, —1), the BPS dyon of Seiberg-Witten theory

e instead DO branes, which correspond to red towers of saddles at ¥ = 0 will become
infinitely massive and eventually disappear into the punctures

*Due to symmetries of the curve, corresponding to (z,Qy) — (—x, —Q) and (y,Qf) — (—y, —Qy), the
analysis of divisor D3 will be essentially identical. Likewise divisors D1, D4 should be equivalent.
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Figure 16: Left: ¥ = 0. Right: J = 7/2

e likewise D2y, corresponding to the red saddle at 9 = w/2 (or ps in Figure 5) becomes
infinitely massive due to the fact that the two branch points that support it become
infinitely separated and disappear

These expectations can be verified directly, as shown in Figures 17 and 18. As the ra-
dius decreases, the exponential network approaches precisely the spectral network of SU(2)
Seiberg-Witten theory, corresponding to the last frame, which coincide with saddles shown
in Figure 14. Comparing with spectral networks offers another check of our identification
of the ps saddle with the monopole (hence a D4 brane) and of the p; saddle with a dyon
(hence a D2 f—m boundstate). These are the only states present in the strong coupling
chamber, providing an unambiguous check of (4.3).

C\ e €

J

Figure 17: Exponential networks at ¢ = 0, for R = {0.85, 0.65, 0.45, 0.25, 0.05}. Only
primary walls are shown. This interpolates between Figures 16 and 14.

@

Limit to weak coupling

We next take a 4d limit that approaches the weak coupling chamber of SU(2) Seiberg-
Witten theory. For this purpose, we switch from moduli chosen as in (5.3) to

A=1, u=1.05A%, (5.4)
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Figure 18: Exponential networks at ¢ = w/2, for R = {0.85, 0.65, 0.45, 0.25, 0.05}. Only
primary walls are shown. This interpolates between Figures 16 and 14.

which, at radius R = 1, correspond approximately to Q, = —1, Q¢ = 1/2 +u = 1.55.
Comparing to the strong coupling point analyzed earlier, this point is on the other side of
the dyon singularity Dy at u = A2, where ps shrinks to zero length. Again focusing on the
simplest BPS saddles, we consider exponential networks at ¢ = 0,7/2 shown in Figure 19.

Figure 19: Left: ¥ = 0. Right: ¥ = 7/2. Some of the states surviving in the 4d limit are
visible already at R = 1, compare with 15.

These saddles consist of just a tiny sample of the full BPS spectrum, but we may again
recognize some familiar states.

e D2y, which corresponds to the black saddle at ¥ = 0, arises as a boundstate of
p3 Ups, and remain of finite mass. This should descend to a purely electric state, the
W-bosons in the BPS vectormultiplet of Seiberg-Witten theory.

o likewise D2 f—m, which corresponds to p5 (after a flop across the dyon singularity)

remains of finite mass. This again descends to a dyon with (e, m) = (—1,1), the BPS
dyon of Seiberg-Witten theory
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e asin the case of strong coupling, D0 branes, which correspond to red towers of saddles
at ¥ = 0 will become infinitely massive and eventually disappear into the punctures

o likewise D2y, corresponding to the red saddle at 9 = /2 (or ps in Figure 5) becomes
infinitely massive due to the fact that the two branch points that support it become
infinitely separated and disappear

Comparing with the strong coupling spectrum, we observe a change in a part of the spec-
trum corresponding to the well-known wall-crossing phanomenon in Seiberg-Witten theory.
The two regions are separated by a wall of marginal stability for D4 and D2 f—m states,
the vectormultiplet D2y is one of the boundstates formed in this process. The match with
spectral networks at weak coupling offers yet another check of our identification of D-brane
charges: the vectormultiplet should indeed carry pure electric charge under the U(1) gauge
symmetry associated with the fiber P!,

While we omit the details, it is worth noting that these expectations can be verified
directly, along the same lines of Figures 17 and 18. Plotting exponential networks for
decreasing values of R, one observes that red saddles grow infinitely large, while black ones
remain finite. Black saddles can be identified directly with the vectormultiplet and dyon
from Figure 15.

5.3 The half-geometry

The mirror curve admits two types of factorization limits, corresponding to |log Q| — oo
or |log Q| — co. In each case it reduces to the mirror curve of O(0)&O(—2) — PL. Let us
start by briefly recalling salient features of the exponential networks for this half-geometry,

a more comprehensive analysis can be found in [4]. The mirror curve?
Q o
l—y—2y+ - —~35y" =0 5.5
A oot (5.5)

enjoys a Zg symmetry, which becomes manifest after rescaling v/ = /Q(1 + Q)™ 'y, ex-
changing 3’ <> 1/y’ There are two logarithmic punctures above x = oo, as well as two
regular punctures at x = 0 where y+ — ¢+ for constants c4.

The BPS spectrum consists of boundstates of D2 and DO branes. All states are mu-
tually local, this allows to capture the whole set of saddles by going to a point in the
moduli space where arg Zps = arg Zpg. Introducing ) defined by ch = Q1+ Q)2
we fix Q¢ = 0.8. Then all BPS states have real positive central charges, corresponding
to Zpo = 27 and Zpo = i log@ (at R = 1). All saddles appear therefore at ¥ = 0, see
Figure 20. Highlighted in red is an infinite tower of double walls corresponding to pure D0
boundstates, while highlighted in black is a simpler saddle corresponding to a D2 brane
wrapping the P!,

Limit Qp — 0

Going back to the full geometry Kp,, we now study how it degenerates to O(0) @ O(—2) —
P! and what happens to BPS states using exponential networks. Consider the ‘weak

25This corresponds to the curve studied in [4] after a change of framing.
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Figure 20: Exponential network of O(0) @ O(—2) — CP! at 9 = 0.

coupling’ regime defined by moduli (5.4). Starting from here we will take @, — 0 along
the negative real axis, while @ is kept finite. In this limit, two of the branch points fall
into z = 0 with positions z = &%7‘@, while (by Zs-symmetry @ — x71) the other two tend

to infinity as x = &5% Changing variables to x = 2’/Q;, to focus near the region z = oo

where 7/ is finite, we observe the limiting behavior of the exponential network shown in
Figure 21. In the limit, the exponential network of the half-geometry emerges (cf. Figure
20). By Zo symmetry a similar picture emerges near x = 0.

The vectormultiplet corresponding to a D2 wrapping }P’} (the black saddle) starts out
with BPS index 2 = —2, but in the limit only half of it remains, ending up with Q = —1
as expected [4]. Comparing with the known spectrum for the half-geometry, this yields
another check that our identification of D2; is correct. Likewise, the spectrum of DO-
branes is halved in the limit, as half of the red saddles disappears into the puncture. The
way the BPS spectrum changes in this degeneration limit is quite different from what we
observed in the 4d limit. While in the 4d limit certain BPS states became very heavy and
disappeared altogether (as in the case of DO0), here they remain of finite mass but their
BPS index changes. It still happens that certain BPS states become infinitely heavy. This
is the fate of both saddles previously at ¥ = 7/2 in Figure 19, as shown in Figure 22. The
heavy states correspond to the D4 (black saddle) and to D2,-D4, in line with expectations
from the mirror side where ]P% and the whole Fy grow to infinite size.

Also worth of notice is the behavior of punctures and branch points: in the 4d limit
we observed one branch point falling into # = 0 and one into z = oco. Here (after a
rescaling of x) there are two branch points falling into x = 0, resulting into a simple

puncture log ydf ~ d%

instead of an irregular one (as in the 4d limit). At the same time,
the puncture at x = oo remains logarithmic. This behavior is consistent with expectations

about the degeneration of the mirror curve from the corresponding factorization of the
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toric diagram.

:

& | <o | <

Figure 21: Exponential networks at 9 = 0 for (Qy, Q) = (—1+0.2-k,1.55 — 0.15 - k)
and k = 0,1,2,3,4,5. Only primary walls are shown. This interpolates between Figures
15 and 20.
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Figure 22: Exponential networks at ¥ = 7/2 for (Qp, Qf) = (—1+0.2- k,1.55 — 0.15 - k)
and k£ =0,1,2,3,4,5. Only primary walls are shown
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6 Conclusions

In this paper we investigated the BPS spectrum of M-theory on X x S! xR* when X = Kp,.
More precisely, we focused on the sector of BPS states obtained by wrapping M2 and M5
branes on compact holomorphic two- and four-cycles on X. Via geometric engineering,
this is directly related to the BPS spectrum of instanton-particles and monopole-strings
in 5d /' = 1 SU(2) Yang-Mills theory on S! x R%. Due to wall-crossing, the spectrum
depends on a choice of moduli, and we focused on the special point Qg (corresponding to
@y = —1,Q¢ = 1) in the moduli space of the mirror curve (2.7).

Our approach to this problem is based on exponential networks. For practical reasons
we used a combination of techniques to obtain extensive information about BPS states,
although in principle the same information (and more) could be obtained just by studying
networks. The spectrum contains infinitely many BPS states, including ‘wild BPS states’,
making it challenging to provide a closed-form description. We computed part of the
spectrum , corresponding to the lowest-energy (more precisely, lowest-charge) states. A
detailed description of results can be found in Section 4.3, here we recall the a few salient
features.

We found a system of ‘basic’ BPS saddles at ¥ = 0 and ¥ = x/2, corresponding
to specific D-brane boundstates D4, sz-m, DO—DQb—mf—m and the fiber-base duals
obtained by switching D2, <+ D2;. Here D2y and D2j, denote D2 branes wrapping the
fiber and base P! in Fy. We found evidence that the BPS spectrum enjoys fiber-base
symmetry. In fact, the structure of the spectrum appears to simplify when expressed in
terms of the five basic BPS saddles, presumably because both the spectrum and the setof
basic saddles are invariant under fiber-base symmetry.

We also derived the BPS quiver and its potential from exponential networks. The
quiver has four nodes, corresponding to four of the five basic saddles. This choice however
breaks fiber-base symmetry, which is no longer manifest when the spectrum is described
in terms of quiver representations.

Having obtained the spectrum at the point Qg, we studied how BPS states behave
in different limits. First, we considered a 4d limit obtained by shrinking the M-theory
circle. One can see how certain BPS states grow to infinite size in this limit. For example
the DO brane central charge is a unit of Kaluza-Klein momentum Zpy = 27/R, causing
all boundstates including one or more D0 branes to disappear from the spectrum. In the
strict 4d limit we recovered spectral networks for 4d N'= 2 SU(2) Yang-Mills theory, both
at strong and at weak coupling. For each value of the radius one can follow the fate of
individual states, as some grow to infinite size, others may disappear (or appear) because
of wall-crossing and so on.?® We also consider the limit to a half-geometry, by sending
Qp — 0, and recovering exponential networks for O(0) ® O(—2) — P!. Once again one
can follow the behavior of each BPS saddle in the spectrum, tracking which saddles grow
infinitely large and which ones disappear because of wall-crossing.

Besides obtaining the spectrum itself, one of the motivations for this work was the goal
of validating and exploring the framework of exponential networks developed in [1, 3]. In

26Similar questions were posed, and explored with different techniques, in [45].
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particular, after studying geometries with compact two-cycles in [4], in this work we explore
for the first time a geometry with compact four-cycles. From the viewpoint of enumerative
geometry, exponential networks provide a systematic way to compute rank-zero numerical
Donaldson-Thomas invariants of X. When the geometry features compact four-cycles,
these include Vafa-Witten invariants. It would be interesting to refine BPS counting with
exponential networks to compute protected spin characters (or motivic Donalson-Thomas
invariants). A natural attempt in this direction would be to promote approaches developed
in the context of spectral networks [43, 46]. A further step forward would be to switch from
the study of single BPS states to the computation of the motivic Kontsevich-Soibelman
invariant. As shown in [41, 47] this may be achieved directly from spectral networks at
certain points in moduli space. This construction should admit a direct lift to exponential
networks, and would be certainly interesting to explore. More ambitiously, one may ask
for a full-fledged categorification, to really make contact with the description of D-branes
in the context of homological mirror symmetry. We expect this to be possible, and believe
that the recent developments of [48], based on [49], would provide a good starting point
towards this goal. Another interesting direction is the study of framed BPS states. It
is unclear to us how to include non-compact D2, D4 or D6 branes on the mirror side,
although we expect that it would involve some version of a wrapped Fukaya category.
Direct computations of framed BPS states in presence of non-compact D-branes have been
performed by various methods, see e.g. [50-55], and it would be interesting to reproduce
them with exponential networks. This also points to interesting applications to the study
of black hole entropies in connection to [56-58]. Indeed, one of our results is the fact that
the growth of BPS degeneracies with mass, along a fixed direction in the charge lattice,
can be described in terms of algebraic equations like (1.1). As pointed out in [39], where
similar equations were found in the context of 4d N' = 2 Yang-Mills theories, it is possible
to deduce information about asymptotic growth of BPS degeneracies.

Relation to other work

Over the past year, several works studying related questions have appeared.

The authors of [59] considered the same geometry studied in this paper using BPS
quivers [60-66]. The computation of BPS states relies on the assumption of existence of
stability conditions corresponding to a ‘tame’ chamber, where the mutation method can
be applied to great effect. It would be interesting to compare the results with ours using
wall-crossing formulae. For this one would need to know the exact central charges corre-
sponding to the putative tame chamber. Interesting extensions of the mutation method
were considered in [67, 68], based on the discrete-time evolution of the integrable system
associated to the quiver.?”

Another approach based on quivers was taken in [33], using the ‘Coulomb branch’
and the ‘flow tree’ formula of [71-74] and [75]. The workings of this formula are rather
involved, with complexity growing quickly with the dimension of the quiver representation.

2T Another very interesting approach connected to quivers is based on scattering diagrams [69], this has
been recently applied to great effect to the study of sheaves on P? [70].
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Using the mathematica package [44] provided with the paper, we were able to check their
predictions against our results, for charges v = (d1,ds,ds,ds) with Y. d; < 6, and found
an exact match.

The first main difference with these approaches, is that exponential networks only
rely on information of the mirror geometry. Connecting with enumerative invariants on
the toric side, such as Vafa-Witten invariants, then requires establishing a map between
D-branes between the toric side and the mirror side. The details of such a map are spelled
out in Section 3. On the other hand, one of the advantages is that it is straightforward to
obtain information about central charges (hence stability parameters for the quiver) from
the mirror geometry, where they are encoded by periods of A = logydlogx on X. This
sidesteps any assumptions on the existence of suitable chambers, or the necessity to study
very special limits of the spectrum, since networks are well-defined over the entire moduli
space (with the exception of singular divisors (2.15)). Another nice feature is the fact that,
in some cases, a single BPS saddle encodes information about whole towers of BPS states:
the corresponding BPS indices (or rank-zero numerical Donaldson-Thomas invariants) are
encoded in algebraic equations like (1.1). Perhaps the main drawback, is that whenever the
BPS spectrum is complicated, saddles tend to be harder to study. Overall, each of these
techniques has its strengths, and we found that the the most effective approach was to
use a combination of exponential networks, quiver representation theory and wall-crossing
identities of [40, 76].

A third approach to compute the Vafa-Witten invariants is through exploiting modu-
larity. The elliptic genus for the M5-branes on D x T2, where D corresponds to a divisor,
is expected to be a (higher depth, mock) modular form of certain weight [57, 77-79]. On
the type ITA side, this descends to the D4-D2-D0 branes boundstate configuration of the
N = 2 supersymmetric black holes. From the fact that this partition function has spe-
cific modularity properties, one can then derive the BPS degeneracies explicitly, which in
mathematical terms provides predictions for Donaldson-Thomas invariants for sheaves of
various ranks. This is a strategy which has been implemented to great extent in several
recent works [80, 81]. In particular this was invoked in the papers [33, 82, 83]. Several
recent works of mathematicians also take this approach for computing the DT invariants,
for example the works [84-97]. This remarkable connection of the DT invariants was in fact
a source of inspiration for recent developments in the field of modular forms [98], which
provide a remarkable generalization of Zwegers’ construction of mock modular forms [99].
However, this connects to our story of exponential networks in a slightly non-trivial fash-
ion. In particular, this powerful modularity property holds in the chamber corresponding
to the so called large volume point. From there, coming to our chamber involves intricate
wall-crossing phenomena. The compatibility of our results with that of this large volume
chamber, as deduced by the match with [33] mentioned above, corroborates the remarkable
consistency of several of these methods.

One more approach worth of mention is based on the mirror geometry like exponential
networks, and revolves around the study of quantum periods of the (quantized) mirror
curve. The connection to BPS counting is not entirely clear to us at this point, but it
seems plausible that applying the techniques recently developed in [100, 101] to quantum

47 —



periods of mirror curves considered e.g. in [102-104], should lead to a computation of
the same kind of BPS indices studied in this paper. These expectations are based on
the better-understood relation between the two frameworks in the context of 4d N = 2
theories, and quantum periods (obtained via exact WKB analysis) for their Seiberg-Witten
curves [41, 105].
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A Central charges and plots of BPS saddles at Q

Central charges of BPS saddles can be evaluated numerically, by integrating
dx
Nij = (logy; —logy; + 2mn) — (A.1)

along a double-wall (saddle) composed of underlying £-walls (ij,n)/(ji, —n). The direction
of integration corresponds to the orientation of the (ij,n) wall.

The periods of the five basis saddles, obtained by integrating %)\ij along each sad-
dle, are reported below together with the corresponding central charges of D-branes. We
evaluated these numerically, both both at the point Qg and at a slightly perturbed point
in moduli space. The normalization corresponds to Zpy = 27/R independent of moduli,
where R = 1.

(@.Qn] 11 | [(@nQ)] (-L1+01) |

A 4.34600 7 4.54916 — 0.0546797:
Z 4.34600 Zy 4.15047 — 0.034779: (A.2)
Z3 1.93718 Zs3 1.93337 + 0.0447295i
Zs  0.502661i Zy |—0.0743764 + 0.506038:
Zs | 0.50266i Zs | 0.124961 + 0.4960881i
(@1, Q)] (~1,1) | [@n@n)] (-L1+01) |
Zno 6.28318 Zno 6.28318
Zpy, |1.93718 4 0.5026611 Zpa, | 2.05833 4 0.540817; (A.3)
Zpa, |1.93718 + 0.5026614 Zpa, |1.85899 + 0.550767i
Zpa 1.93718 Zpa  |1.93337 + 0.0447295¢

This information is essential for studying BPS states with exponential networks, since
to see the corresponding saddles one needs to tune the phase ¢ to the one of the central
charge arg Z,. Below we collect plots of saddles for some of the BPS states found at Q.
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Figure 23: Saddle of BPS state with charge v = (0,0,1,1), corresponding to D0-D2j.
There are two saddles of Type-2, giving overall Q(y) = —2, corresponding to a BPS vec-
tormultiplet.
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Figure 24: Saddle of BPS state with charge v = (0,0, 1,2), corresponding to D0-D2;-
D24-D4. This is a saddle of Type-0, so () = 1 corresponding to a hypermultiplet.
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Figure 25: Saddle of BPS state with charge v = (0,0, 2, 1), corresponding to 2D0-D2-
ZWf—m. This is a saddle of Type-0, so (y) = 1 corresponding to a hypermultiplet.
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Figure 26: Saddle of BPS state with charge v = (0,0, 2,3), corresponding to 2D0-D2;-
2D2;-D4. This is a slight variant of a saddle of Type-0 (see e.g. [12, Figure 35]), so
Q(v) =1 corresponding to a hypermultiplet.
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Figure 27: Saddle of BPS state with charge v = (0,0, 3,2), corresponding to 3D0-D2-
3ﬁf-m. This is a saddle of Type-0, so (y) = 1 corresponding to a hypermultiplet.
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Figure 28: Saddle of a BPS state with charge v = (0,1,1,0), corresponding to DO-
D2,-2D4. This is a saddle of Type-1, giving overall Q(y) = —2, corresponding to a BPS
vectormultiplet.
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Figure 29: Saddle of BPS state with charge v = (0,4,2,3), corresponding to 2D0-D2;-
2D2;-3D4. This is a saddle of Type-0, so () = 1 corresponding to a hypermultiplet.
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Figure 30: Saddle of BPS state with charge v = (0,2,1,0), corresponding to D0-D2-
D2 f—3m. This is a saddle of Type-0, so (y) = 1 corresponding to a hypermultiplet.
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Figure 31: Saddle of BPS state with charge v = (0,6,3,4), corresponding to 3D0-D2;-
3D2 f—5m. This is a saddle of Type-0, so Q(y) = 1 corresponding to a hypermultiplet.
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Figure 32: Saddle of BPS state with charge v = (0, 3,2,0), corresponding to 2D0-2D2-
D24-5D4. This is a slight variant of a saddle of Type-0 (see e.g. [12, Figure 35]), so
Q(v) =1 corresponding to a hypermultiplet.
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Figure 33: Saddle for the BPS states of charge ny = (0,n,n,n) with n > 1, corresponding
to n x (D0-D4). This is a saddle of Type-4, therefore Q(v) = 4. Due to the special choice
of moduli (@, = —1,Qf = 1), central charges satisfy the relation Z,, + Z,, = 0, and
for this reason this saddle appears at the same exact phase of 741,72,v3 (and many other
saddles), making it hard to define from this picture alone To properly identify this saddle,
we worked at the perturbed point @, = —0.9 — 0.17,Qy = 1.1 + 0.1 where this becomes
well-distinguished from other saddles.
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Figure 34: Saddle of a BPS state with charge v = (0,2,1,1), corresponding to D0-D2-
2D4. There are two saddles of Type-2, giving overall Q(vy) = —2, corresponding to a BPS
vectormultiplet.
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Figure 35: Saddle of a BPS state with charge v = (0,1,1,2), corresponding to DO-
D2,. This is a saddle of Type-1, giving overall Q(y) = —2, corresponding to a BPS
vectormultiplet.
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Figure 36: Saddle of a BPS state with charge ny = (n,n,2n,2n) for n > 1, corresponding
to n x (2D0-D2y). There are two saddles of Type-3, giving overall () = —2, correspond-
ing to a BPS vectormultiplet.
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B Soliton equations for selected BPS saddles

B.1 Type-1

Here we study the junctions appearing in the Type-1 saddle. Junction J; is depicted in
Figure 37. There are three double-walls, and infinitely many one-way walls.

Ty

Ay

i, <

=ig,<

As

Figure 37: Junction J; in the saddle of Type-1.

The soliton labels for each wall are as follows

(B.1)

‘ Aq ‘ T3 ‘ As "I‘ i, *n)/'r(]% ‘ (74, n)/A jj,n)
)

(14,0 ]ZO‘]Zl‘lj,—l‘ (ii,—n)/ j],—n‘zzn /(Gj,n

We consider paths g1, p2 across the junction, as shown in Figure 41. To write down the
parallel transport along g let us introduce the following conventions on notation. We will
work with two-dimensional matrices, with index 1 corresponding to sheet ¢, and index 2
corresponding to sheet j. We will keep track of the logarithmic shift carried by a soliton
by introducing an auxiliary variable z. For example, the transition function associated to
a wall of type (ij,n) would be

Ziin — 1 ZnEijm
e~tmn =14 Zijn 0 1 (B.Q)

The transport F'(p1) then has the following form

F(py) = D3T3 H eZij,—(k+1) H eZit—k oZij—k H eZiik | D1~ 1

k>1 E>1 k>1

_ (1 — A3Y3 2_1A3> (1 Eij,<(z)> (Sii,<(2) 0 ) (B.3)
—27Y5 1 0 1 0 Sjj<(2)

o 1 0 1 e
E]’Z‘7<(Z) 1 Al 1-— AlTl
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where we introduced

Sji<(2) =Y 28k, Eiye() =) WUES ),

k>1 k>1
k= k= (B4)
Si(z) =[] e =0, Sjj<(z) = ][ & Fr.
k>1 E>1

A bit of algebra yields the following expressions for components of the transport matrix

F(p1)ii(2) = (1 — A3Y3)Sii,<(2)

+ [Z_lAg + (1 — Ang)Eij <(Z)] Sjj (Z) [Al + Eji,<]
F(p1)ij(z) = [» 7 As + (1~ A3T3)~fu <(2)] 8jj<(2) [1 = (A1 + Eji<(2)) T1]

—(1—A37Y3) Sy

( 3Ys) Sii<(2) T (B.5)

F(p1)ji(z) = —2T355,<(2)

+ (1 = 2T3E4,<(2)) Sjj<(2) (A1 + Eji<(2))

F(p1)jj(2) = 2Y3855,<(2) T1
+ (1= 2T3E:5,<(2)) Sjj<(2) [1 = (A1 + Eji > (2)) T4

Similarly, the formal parallel transport along o is

_ ih,—k ij,—k ik ik _
F(QQ) = H e_‘:‘ij,k H e’rg )eTé]] ) H e_Ag )e_Aé“ ) H e_djiyk‘Fl

k>0 k>1 k>1 k>0
(125 () [ ST ()ST () 0 10
0 1 0 Sg’]5<( )Sf]5>( )_1 —Zji>(2) 1
(B.6)
where we introduced
Zji>(2) = > 2 ik Eij>(2) = ) _ "B,
k>0 k>0
75 () = T a8 s () _ T oo
w>( ) H€ ’ ]J> )_He ) (B7)
k>1 E>1
,kTEii,fk) —k'r(]] k)
st =1, =]
k>1 k>1

Components of the transport matrix are as follows

F(@2)u(z) = SZS<(Z)SZ5>( ) E“ ( )Sf]5<( )S]p15>( ) I‘Eji,>(z)
F(@Z)i]’(z) = _~—*1] >(z)Sf]5<(z)Sf]5>( )_ (BS)
F(p2)ji(2) = =877 (2)S73 . (2)7'Eji»(2)

F(p2)jj(2) = 33 ()83 ()

Now studying the equations F(p;) = F(p2) for each matrix element, and term by
term in z, yields the generating functions of outgoing solitons in terms of those of incoming

ones.
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Without loss of generality, we introduce ©, © as follows?®

P5 1 Sp5

Sii<(2) = 1119’ r<(z) =1+ 2710, (B.9)

These generating functions are formally inverses of each other, as should be expected by the
fact that all transport matrices have unit determinant. There is thus no loss of generality
in expressing the transport in this way. The notation chose here is inspired to reflect our
earlier work on the ij — ji junction in [3, Section 3].

After a bit of algebra®’, we obtain the following solution

A =—(2-07371)Q(p) O3
Az =-T10(2—-07371)Q(p)

1
Ei' =7 ’
],>(Z) 1 1+ 2757, Q(p)
1
Zia(z) = — 2T,
] ,>(z) 1 + ZT3T1 z 3
ops 1

i,> 1427173’
Sf;7> =1+ ZT3T1 s
3+42:719(1 — 2 3T) — 2107 3Ty
142271 @(1 —z Tng) + 272 @2 (1 —zT3T + Z2(T3T1)2)

3+ 2271@(1 — ZTng) — 271 @QTng

— _ -2
:ij,<(z) =z 2T1@

=ii<(2) = 14227101 —27T3Yy) + 272 e (1—27T3T; +22(T371)?) a @2T3 o)
-1
B . [ oy :;;@2@(1 T+ AT AP
5, (=1t 2:719(1 — 211 T3) j:—:faf@u — 2T Mo+ (T To)?) o
(B.10)
where
Q(p) = Qp1) = Qp3) = (1 — A1) = (1 — A3T3) = (1 - OYT3Y1) ">, (B.11)

Let us comment on the limiting behavior of this solution. When Y is set to zero, this

?8This parametrization appears to be the inverse of the one used in [3, Sec. 3.3]. The difference can
be tracked to the choice of sign rule in (C.1): repeating the computation of [3] with this rule would give
(B.106). This boils down to a change of conventions for the signs of soliton degeneracies, since log S;;/;;, <
is a linear combination of them. See also footnote 33.

29The equations for g1, p2 as written above seem to be insufficient. We actually used a resolution of the
network, and chose several more refined choices of paths. This allowed us to focus separately on certain
sub-junctions that appear in the resolution, individually. This gives far more equations than the whole big
junction at once. It makes the problem solvable, at the price of introducing more equations.
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becomes
A; =-2073
A3 =0
Eij>(2) =0,

Eji,>(z) = ZTg,

ps  _ aPs
Si< = e =1 (B.12)
Eij<(2) =0
Eic(z)=———m——— 2607
]z,<( ) (1 + 271 @)2 3

Sii<(z) = (1+z7'0)"!
Sjj<(z) =1+2710
Notice that this agrees with the computation in Appendix C.3. A similar limit can be

checked to hold when T3 is set to zero.
One may also set © = © = 0, this yields

A1 =0
A3 =0
— 1
‘—"L],>(Z) 1 1 n ZTng
_ 1
“]Z,<(Z) 1+ 27371, T3,
1
S = B.1
> T T T (B.13)
S§;7> =1+ ZT3T1 ,
—17,> (Z) - 0

recovering exactly the descendant wall structure of the ij — ji junction [3, Section 3].

B.2 Type-2

Here we work out the soliton equations for the junction appearing in the Type-2 saddle,
depicted in Figure 38. There are three double-walls, and infinitely many one-way walls.
The soliton labels for each wall are as follows
Y| A | Ty | Ay | Ty | Ay
(i, n) | (ji, —n)| (i, —n)| (i, n) | (ji, 0)] (i, 0)

We consider paths g1, g2 across the junction, as shown in Figure 38. As above, we adopt

(B.14)

matrix notation to keep track of finite indices ¢, 7 and of a formal variable z to keep track
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Zij,—(k+1)n

Zij,(k+1)n

T
A;

Zji,(k+1)n

=
—ii,kn

=jj,kn

Figure 38

of logarithmic indices. We can then write F'(p1) as follows

F(p) = e 21el H e~ Zii —n(k+1)
k>1 k>1

ZnT1

H e~ Zii,—nk o~ Eijj,—nk

H e Zid,—n(k+1)

k>1

_ 1 1 0\ ( Sii<(z)7? 0
—27"A1 1 - A1y —Eﬁ’<(2) 1 0 Sjj,<(z)_1

1 *Eij7<(z) 1 *Z_nTQ
“lo 1 0 1

where we introduced

= — —n(k+1)=
Eji,<(2) = Z z )Hji,fn(kJrl) )
E>1

Sii<(2) = H e "

k>1

Zii,—nk

1-— A3T3 *Ag
T, 1

= — —n(k+1)=
Eij<(z) = Z Z )Hij,fn(k+1) .
E>1

Sjj<(2) = H e?

k>1

—nkz=
=jj,—nk
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A bit of algebra yields the following expressions for components of the transport matrix

F(p1)i(2) = [1 = 2" T155i,<(2)] Sii<(2)7" [1 = AgY3 — (27" T2 + Eij<(2)) T3]
+ 2" Sjj<(2) 7t T3
F(p1)ij(2) = [1 = 2" 11555, < (2)] Sii<(2) 7" [-A3 — (27" T2 + Eij<(2))]
+ 2"y Sjj7<(z)_1
F(p1)ji(z) = = [z7"A1 + (1 = A1 T1)Zji < (2)] Siie(2) 71 [1 = A3Y5 — (27" To + Zij<(2)) L]
+ 1= A1) Sjj<(2)7t T3
F(p1)ji(2) = [27"A1+ (1 = AiT1)Zji < (2)] Sii<(2) 7" [Az + (27" T2 + Eij<(2)) ]
+[1— A1) S« (2)7 "
(B.17)

Similarly, the formal parallel transport along go is

F(po) = Y3~ T2 00 H eZdimn(kt1) H eZiink oZjjnk H eSignkt1) | 11
k>1 k>1 E>1

[ L O0)[1-T2Ay =2z L0 (B.18)
N Tg 1 ZnAQ 1 Eji7>(z) 1
Sii7>(z) 0 1 Eij7>(2:) 1 ZnTl
0 Sij>(2) 0 1 0 1

where we introduced

Eji,>(z) = Z Dz —ji,n(k+1) E’L’j7>(z) = Z n(k+1 )‘:Z] n(k+1) »

X

k>1 k>1 (B 19)
nkg .. :
” > H e Hm nk , S]],>(Z) — H ez =jjnk
k>1 k>1

A bit of algebra yields the following expressions for components of the transport matrix

F(p2)ii(2) = (1 = T2A2) Sij>(2) — 27" T2 Eji > (2) Sii> (2)

Fp2)ij(2) = (1= T2A2) Sii>(2) (Bij>(2) +2"T1) — 27" T2 855> (2)

F(p2)ji(2) = [T;g (1 —"ToAs) — Z”Ag] Sii>(2) + (1 — z_"Tng) Eji>(2) Sii,>(2)

F(p2)jj(2) = [=T5 (1 = Talo) + 2" Ao] Sii>(2) [~Eij>(2) = 2"T1] + (1 = 27"T3T2) Sjj>(2)

(B.20)

Now studying the equations F(p1) = F(p2) for each matrix element, and term by
term in z, yields the generating functions of outgoing solitons in terms of those of incoming
ones. Let us adopt the following definitions

Sii< =1+ Z 2 S ke Sii>=1+ Z 2S5 kn

k>1 k>1

= — E —kng = = § kn=

k>2 k>2

(B.21)
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and similarly with i <> j.
Our goal is now to derive expression for Ay, As in terms of Y1, Yo, T3. To compute
A1, let us consider the (ji, —n) equation, that is the equation F'(p1);; = F(p2);i restricted

to the coefficient of z7":

Ap(1—A3T3) —(1—A1T1) S, T5=0. (B.22)

Next let us note that the (jj, —n) equation, which reads

A1As+ (1—ATy) S = =TT, (B.23)

jj7_n
can be multiplied from the right by T3, then used to substitute into the (ji, —n) equation

to obtain
Al = —TngTg . (B.24)

Now using the (ji,0) equation, which reads

(1 - A7) 3 =T3(1 — ToAy) (B.25)
we arrive at L AT
Ap = —T3YoTy— 11 B.2
1 si2ds Yohs (B.26)

where we used the fact that Q(p;) =1 — A;Y; can be formally traded for generating series
of closed paths, which commute with other soliton generating functions.
Similarly, to obtain Ay we consider the (ji,n) equation

— Ay — Tg(l — YoA9)Siin + TngEﬁ,gn =0. (B.27)
Combining this with the (i7,n) equation, which reads
(1 — TgAz)Sii’n — Tg Ej@gn = T1T3 (B28)

yields
1-A171,

Ay = —T3T T3 =T 1 Tg ————
2 31113 stils 77 A0

(B.29)

where we again used the (ji,0) equation already invoked above. Now from these expressions
for Ay, A9 one can immediately see that A1) = YT9Ay (upon taking closure of paths),
leading to

A= -T3T,7T3, Ag=—-T3T1T3. (B.30)

For later convenience, let us note that this also implies T3 = Y3. Expressions (B.30) imply
that

Qp1) =1-"T1A1 =1-"T2A2 = Q(p2) . (B.31)

Let us move on to Ag by considering the (ij,0) equation

A3 =T18jj,—n="T2Sjjn (B.32)
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Consider the (jj, —n) equation
A1Az+ (1= A1Y1) Sjj—n = —T3Ts,

solving this for S;j; _, and plugging into the (ij,0) equation above, we obtain
Az +T1T3To = (1 —Y1A1) 250

Now using the (j7,0) equation
AT = TgTsz]’,n

and recalling that T3 = Y3, we can multiply (B.34) from the left by T3 to obtain

TsAy = —T3T1T3Ts + (1 — T1A1) L5 2S5
= -T3T1T3Yy + (1 — TlAl)AlTl

which can be recast as follows
1-Q(p3) = (1-Q(p) + Qp1)(1 = Q(p1)) =1—-Q(p1)?,

implying that
Q(ps) = Q(p1)” = Qp2)”-

B.3 Type-3

(B.33)

(B.34)

(B.35)

(B.36)

(B.37)

(B.38)

Here we work out the soliton equations for the junctions appearing in the Type-3 saddle.

Junction J;

We begin with junction Jj, depicted in Figure 39. There are three double-walls, and

infinitely many one-way walls.

(@1/33, —k(m +n))) (ii/4j, k(m +n)))

Ts
As (ij,n)

Figure 39: Junction J; in the saddle of Type-3. Here m = 0,n = 1.
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The soliton labels for each wall are as follows
Y| A | T | Ay | Y5 | A
(i, 1) (i, =1)| (73, 0) | (i3, 0) | (i, —2) | (73, 2)

We consider paths @1, g2 across the junction, as shown in Figure 39. Adopting the formal

(B.39)

variable z as above to keep track of logarithmic indices, we can write F(p;) as follows

F(p)) = -T3 Heuu —k He:ii,—ke:jj,—k He:'ji,fn(kJﬁl) eAip—T1

k>1 E>1 k>1

_ (1 ~ AsTs A3> <1 El-j,<(z)) (Sii,<(z) 0 > (B.40)
—Tg 1 0 1 0 Sjj7<(z)

1 0 1 —zT1
X
Eji,<(z) 1 Z_lAl 1-— AlTl

where we introduced

= . E ’ (k+1) = — E —kz
—ji, < z j’L —(k+1) » “74],<(z) - Z Sij—k

k>1 k>1

Si<(z) = [[ 50, Sij(z) = [J e k.

k>1 k>1

(B.41)

A bit of algebra yields the following expressions for components of the transport matrix
F(p1)i(z) = (1 — AsT3)Sii<(2) + 271 [Az 4+ (1 — AsT3)Zi5,<(2)] Sjj,< (2) A
F(p1)ij(2) = [As + (1 = A3T3)Ei5,<(2)] Sjj< (2) [1 = (271 A1+ Eji<(2)) 2T1]

(1 —A3Y3) Sii<(2) 21
F(p1)ji(2) = =T3Si,<(2) + (1 = T35ij,<(2)) Sjj<(2) (27 A1+ Eji<(2))
F(p1);;(2) = T3Sii,<(2) 2T1 + (1 = T3Z5,<(2)) Sjjo<(2) [1 = (271 A1+ Eji<(2)) 271]
(B.42)

Similarly, the formal parallel transport along o is

F(pg) _ e—Tl H e_Eij,k+1 H e_Eii,ke_Ejj,k H e_Eji,k eT5e—A5€—5ﬁ,1e—T3

k>1 k>1 k>3

1 -2z Tl sz > Sii > 0 1 0
0 1 jj,><z)—1 —Eji>(2) 1
% 1-— T5A5 z T5 1 0

—22A5 1 - :jzl 1 —Tg 1

(B.43)
where we introduced
Eji>(2) = Z ik Eij>(2) = Z PALRC TR
k>3 E>1
- onk= B nke (B44)
Sii>(2) = H er Tk Sji>(2) = H er Siimk
k>1 k>1
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A bit of algebra yields the following expressions for components of the transport matrix
F(p2)ii(2) = Sii>(2) 7' [1— 27205 (22A5 + 2501 + Ts)]
+ [0 4+ Eijs (2)] Sjjs(2) 7 [z2A5 4T
+Ejis(2) (1= 27275 (225 + T3)) + (1 - Eji»(2) 27775) ZEle]
F(p2)ij(2) = Sii> ()7 #7205 = [£T1 + Zij> ()] 85> ()7 [1 = Zji» () 2 7205] (B.45)
F(p2)ji(2) = =Sjj>(2) " [TS + 2205 + Zji = (2)(1 — T5A5 — 272757 3)
+ (1= Zi>(2) 27T5) 2
F(p2)ij(2) = Sjj>(2) 7 (1 = Ejis(2) 27275)

Now studying the equations F(p;1) = F(p2) for each matrix element, and term by
term in z, yields the generating functions of outgoing solitons in terms of those of incoming
ones. Let us adopt the following definitions

Sii< =1+ Z 2 S5k Sii> =1+ Z 2FSii 1

E>1 k>1

= _ E k= = _ § k+le
i< = Z S —k iG> = z Zigk+1

k>1 k>1

(B.46)

and similarly with i <> j.
Our goal is now to derive expressions for A, Asg, As in terms of Y1, T3, T5. To start,
let us note that the (ji,0) equation reads

Ts3=173. (B.47)
To compute A; we consider the (ji,—1) equation
Ar—T384-1=0 (B.48)
To compute As we consider the (ij,0) equation
— Ag(1— A1) + (1 — A3Y3) S5 111 = —5;5 Vs (B.49)
To compute As we consider the (ji,2) equation

—1~ -1 = -1 — ~ —_ —_ —_ ~
A5 + Sjj,2ﬁf3 + 34,1 :ji,l - Sjj,l :ji,3 T5T3 - :'ji,3 T5 ':'ji,l - :ji’4T5T3 =0 (B50)

From the (i7, —1) equation, which reads
(1 — Ang)Sii7_1 + Az = —Si;llﬂrg)Tg — T5E]’i71 , (B.51)

we can solve for Sj; 1, and use this to plug into the (ji, —1) equation above, yielding

Ay = —T58;!

1,1

Y5Ts — T3 55501 (B.52)
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We need to evaluate both Zj; 1 and Sj; 1. The former can be obtained by considering the
(ji,1) equation

Ejin =235 3 — Sj_j}lT?) ; (B.53)
together with the (j7,1) equation
Y31 =54 —ZjisTs, (B.54)
which together imply
Eji,l =-T3TY5. (B55)
To obtain Sj;1 we consider the (i, 1) equation
0="1Ts+S5;1(1 - T5A5) — ;5 5Ts — S5 5 V55501 - (B.56)
From the (i7,0) equation
A3Y3 =T5A5 + Si;712T5T3 + S;}llT5Eﬁ71 (B.57)

we solve for 55712”1’5?3 and plug into the term S’;IQT5E]-¢,1 = —SZ-;}QTE,TngTg in the above
(13,1) equation. Moreover, from the (ij,1) equation

(1—A3T3)Y1 =71 — 5575 (B.58)
we solve for Si_i’éT5 and also use this in the above (ii, 1) equation. Overall, we arrive at an
explicit exact expression for Sj; 1

1—-"T5A5

St =—
i1 1—"T5A5+T5Y3T T35

1173 (B.59)

We can finally plug this into the expression for A; together with the expression found
above for Zj; 1 to obtain

- 1 T5A;
11— TsAs + Ts5T3T1 Y371 s

A1 T3YT1 Y35 3+ T3 Y5737 T3 (BGO)

This is not the final expression though, since it still involves A5, we will simplify it further
below.
Next we turn to As. Equation (B.50) can be simplified by employing the (j7j,2)

equation:
Sia— S;jaZiisTs — ZjiaTs (B.61)
which gives
As + (Sjn — ZjisTs)Zji1 = 0. (B.62)

Next recall the (ji,1) equation already discussed above, which implies
(Sjn — ZjisTs)Ts = —Fjix - (B.63)

Together with the explicit expression for Z;; 1 obtained previously, this implies

As =T5T1T3T T s. (B.64)
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This is the desired exact expression for As.
In a similar way, having obtained A5 we can simplify S5;; 1 as follows

Sl =—(1=T5T3 1 3 1 3) 1 s (B.65)
Now we can use this to further simplify A
AL =TT T3T5T3(1 — L5 Y31 Y371 Y3) + L3531 Y3, (B.66)

this is the desired expression for Aj.
We can say something nice at this point: let T, = —=T5Y3T1 13T Y3 = =11 T3Y5T37 T3,
then we deduce that

Q(pl) =1- AlTl = (1 + TA/)Q = Q(p5)2 . (B67)

Next we study As. Starting with the (ij,0) equation written above, solving for Az we
obtain
Az =S;4T5+ Sii 171 (B.68)

Now consider the (ii,2) equation
0= Si;2 Q(ps)

+ <—SZ-;7£T5 + 70155, 4+ Eija + Tlaji,?)TS) T3 (B.69)

+ (Tl - 553§T5) Eji1

The term in brackets in the second line vanishes, by virtue of the (i7,2) flatness equation,

while the (77, 1) transport equation implies that the term in brackets in the third line equals
Q(p3)Y1. Overall we find

5;12 _ _Q (p3)

’ Q(ps)

Next we need to evaluate S;; —1. For this purpose we recall the (ii, —1) equation written

Tlgji,l . (B.?O)

above, from which we deduce

1
Sii1 = ——=— [(1 = Ts T3 X131 T3)T1 T3 5 3 + AzAy] (B.71)
Q(ps3)
Plugging these into the expression for Az we find
1
Az = — — Q(p3>T1T3T1T3T5 — (1 =T5T3T1 T3V T3) Y1353y
Qlp1) | Q(ps)

(B.72)
—Ts5T3T Y37 + AsA Ty

Next, let us use this to derive a formula for Q(ps). Multiplying from the right by —Ys3,
this becomes

Qps3)—1=

1 [Q(m)

060 | Qlps (@) =1+ (Qps) = 1(Q(ps) + 1) + (Qlps) — D(Q(p1) - 1>]

(B.73)

74—



Now using the fact that Q(p1) = Q(p5)?, the above equation simplifies to

Q(ps) = Q(ps)* . (B.74)

Plugging this into the expression for Az eventually gives
Az = Q(ps)* Y1 3 1 3 s + Q(ps) T1 T3 5 T3 Y1 + L5 T3 1 37 (B.75)

where the expression for Q(ps) in terms of Y; was given above. This is the desired final
expression for As.

Junction Js

T4 (’Lj’_l)

A4 T5 (/L]7 _2)
As

Eij,> o
=TS
02 (#/jj,—n)
Iz Eji,<
To
Az (44, 0)

Figure 40: Junction Jy of the saddle of Type-3.

The soliton labels for each wall are as follows

Ny | Ty | Ay | X5 | A

Ty | |
(i, —1)| (74 1)| (74, 0) | (i, 0) | (i, —2)| (ji. 2) (B.76)

We consider paths @1, g2 across the junction, as shown in Figure 40. Adopting the formal
variable z as above to keep track of logarithmic indices, we can write F'(p1) as follows

F(p1) = B2 T2 H eFiisk H eZiink gk H ek | AT
k>2 k>1 k>1

B 1 LAY 10 Sii>(2) 0 (B.77)
a *Z_ITQ 1— ATy Eji,>(z) 1 0 Sjj,>(z)

1 Eij7<(z) 1-— A4T4 A4
0 1 -1y 1
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where we introduced generating functions =;;~(2), Zji > (2), Sii,> (%), Sj;,> (%) defined as
usual. A bit of algebra yields the following expressions for components of the transport
matrix
F(p1)ii(2) = 27 12855 (2) Yo+ (1 — 27 955i5(2)) Sii > (2) (1 — (Eij> (2) + Ag) L)
F(p1)ij(2) = 27 12855 (2) + (1 = 2711955 »(2))Sii,> (2) (g > (2) + Ad)
F(p1)ji(z) = [282 + (1 = A2Y2)Zj5 5 (2)] Sii>(2) [1 = (Sij,> (2) + Ag) T4
— (1= A272)8);~(2)T4
(1= A2Y2)S;5>(2) + [2A2 + (1 — AaT2)Zji > (2)] Sii>(2) [Eij > (2) + Ad]
(B.78)

Fp1)j5(2) =

Similarly, the formal parallel transport along o is

F(po) = e Ta H e Zit—k H e Zii—k o Zij,—k H e Zij—k | D5 T5,—T2

k>1 k>1 k>3

(10 1 0\ (Si<(x™* 0 1-E5<(2) ) (B.79)
—T41 )\ —Eji<(2) 1 0 Sjy<x™')\0o 1

« 1 *Z_2T5 1 —2z71 Tg
22A5 1-— A5T5 0 1

where we introduced generating functions Zj; «(z) etc, defined as usual. A bit of algebra
yields the following expressions for components of the transport matrix

F(pa)ii(2) = Sii<(2) 7" (1 = Bij<(2) 2°As5)

F(p2)ij(2) = =Sii<(2) 7" [27 T2 + 27 5 + Zij < (2) (1 — As5(T5 + 2T2))]
F(p2)ji(2) = Sjj< ) ! 2A5 — (T4 + Zji<(2)) Sii< (2) 7 (1 = Eij<(2) 2°As)
F(@)Jﬂ (2) = [SJJ < (T4 + 5ji,<(z)) Sii,<(z)_15ij,<(2)] (1 = As(Ts5 + 272))

+ (T4 + Zji < ( ) Sii7<(z)_l (z_ng + 2_2T5)
(B.80)

Now studying the equations F'(p1) = F(p2) for each matrix element, and term by
term in z, yields the generating functions of outgoing solitons in terms of those of incoming
ones. Let us adopt the following definitions

Siie =1+ 27" & Sus=1+Y 2"
E>1 E>1

= _ E k= = _ § k+1le
i< = Z S —k iG> = z Zigk+1

k>1 k>1

(B.81)

and similarly with i <> j.
Our goal is now to derive expressions for As, Ay, T5 in terms of To, T4, As. To begin
with, note that the (ij, —1) equation implies

To=T,. (B.82)
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To compute Ay we consider the (ji, 1) equation
— Do (1= AgYy) + (1 — AgT9) 851 Ta = =51 As
To compute Ay we consider the (ij,0) equation
Ay — Y2551 =0
To compute Y5 we consider the (ij, —2) equation
0="75+ (5571,1 — Eij,—3A5) Ty
Let us start from Y5. The (ii, —1) equation
ToYy = 55,1_1 — Zij,—345

immediately gives the result
Ts=—"TT4Ts.

This is the desired expression for Ts.
Next consider the (j7,1) equation

(1 —AgY3) Sjj1 + Aoy = —AsTy
solving for Sj;1 and substituting into the (ij,0) equation above leads to
Ay = —ToA57Ts
This is the desired expression for A4. Note that this implies
Q(p1) = Q(ps) -
Substituting the (jj, 1) equation into the (ji,1) equation above gives
Ay = —AsToTs+ 55 As

To obtain Sj_j}_l consider the (jj,—1) equation

Sita(1 = A5T5) + (Ta = 5,1, 85) To = 0.
Using the (j7,0) equation

(1 =AYy =T, —S:1 LA

J5,—2
we obtain Qo)
_ P2
Sh=- T4Y5.
T Q)
Plugging this into the expression for Ag gives
Ay = —AsTo Ty — ggii;T4T2A5
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Multiplying from the right by — 19 and denoting Y, any cyclic permutation of —A5Y2Y Y9,
this can be rewritten as

Qp2) — 1=~ (1 + gg;;) T, (B.96)

Noting that Q(ps) =1 — AsT5 =1 — T, we obtain

Q(p2) = Q(ps)° (B.97)

where the right-hand side is known explicitly in terms of Yo, T4, As. Finally, we have the
following expression for Ao

Ay = —A5To Ty — (1 + A5T2T4T2)T4T2A5 . (B98)

B.4 Type-4

All four junctions appearing in the Type-4 saddle are of the same type, up to changes of
labels. Here we focus on junction .J;, depicted in Figure 41. There are three double-walls,
and infinitely many one-way walls. Note that this is very similar to the junction of the
Type-1 saddle.

Ay

i, <

=g, <

Figure 41: Junction J; in the saddle of Type-4.

The soliton labels for each wall are as follows

T, ‘ A, ‘ Ty ‘ As ‘ (i3, n)/T(JJ, ‘Agii,n)/Aéjj,n)
(i, D[ Gié. ~1)[ (52, 0)] (. 0)] (&, =)/ (i, ~n)] (id. m)/ (. )

(B.99)

We consider paths @1, g2 across the junction, as shown in Figure 41. Adopting the formal
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variable z as above to keep track of logarithmic indices, we can write F(p;) as follows

F(p1> = €A3€—T3 H eEij,—k H eEii,—keEJ‘j,—k H eEji’,n(kJrl) €A16—T1

k>1 k>1 E>1

(1 — ATy A3> (1 Eij,<(z)> (Sii,<(z) 0 ) (B.100)
—Tg 1 0 1 0 S]-j,<(z)

1 0 1 -2
E]’i7<(2’) 1 Z_lAl 1-A1T,

where we introduced

Eji<(2) = Z 27(k+1)5ji,7(k+1) ) Eij<(2) = Z kaEij,fk )

X

k>1 k>1
B (B.lOl)
u < H e’ Sk ) ]j < H e’ =2 k.
k>1 k>1

A bit of algebra yields the following expressions for components of the transport matrix

F(p1)i(z) = (1 — A3Y3) S84, (2)
+[As+ (1= A3Y3)Zi5,<(2)] Sjj<(2) [z AL+ Eji <]
F(p1)ij(2) = [A3+ (1 = A37T3)Z5<(2)] Sjj<(2) [1 = (27 A1 + Eji<(2)) 271]
— (1= A37Y3) Sii<(2) 211
F(p1)ji(2) = —T35i,<(2)
+ (1 — Y355 <(2)) Sjj<(2) (zflAl + Zji<(2))
F(p1)5(2) = T3Si1,<(2) 211
+ (1= T35, (2)) Sjjc(2) [1 = (271 A1 + Eji < (2)) 271]

(B.102)

Similarly, the formal parallel transport along go is

F(p2) _ H e_Eij,k-H H ergii,fk)eﬂrgjjﬁk) H e_Aéu‘,k)e_Aéjj,k) H e_Eji,k
k>0 E>1 E>1 k>0
_ (1 -Eiys(2) S (2)S s (2) 0 1 0
o1 0 Sh<(2)S53 ()7 )\ —Ehis(2) 1
(B.103)
where we introduced
Eji,>(2) = Z Ejik, Eij>(2) = Z PHE e
k>0 k>0
kA(“ k) Sp5 . kaA(;]'v*k)
Shios( H e ’ i (2) = H € ’ (B.104)
k>1 E>1
gPs ( ) _ H z’“Téii’k) SPs ( ) _ H z—kTéjj’_k)
i<\Z)=1]¢€ ; gi<\Z) = 11°€ :
k>1 E>1
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Components of the transport matrix are as follows

' (2 )Sfj’<( )55 5 ()7 B> (2)

i <(Z)Sm >( ) +E'j
—Zij> (Z)Sff<(z)sfj5,>( 27!
7 (2)852 ()71 s (2)

Sf;<(z)5§);>(z) !

(B.105)

Now studying the equations F'(p1) = F(p2) for each matrix element, and term by
term in z, yields the generating functions of outgoing solitons in terms of those of incoming

ones.
Without loss of generality, we introduce ©, © as follows>’
1 =
Siin< (2 )_ma S (2)=14+276. (B.106)

These generating functions are formally inverses of each other, as should be expected by the
fact that all transport matrices have unit determinant. There is thus no loss of generality
in expressing the transport in this way. The notation chose here is inspired to reflect our
earlier work on the ij — ji junction in [3, Section 3].

After a bit of algebra®!, we obtain the following solution

Ay =—(2-0T371)Q(p) O3
Az =-T10(2—-0T371)Q(p)

1
Eij =27 )
1>(2) = T, Q)
1
Zis(2) = ————T3,
J ’>(Z) 1+ ZTng 3
1
Ps
Sii’> - 1 + ZT1T3 ’
Sf;> =1 + ZT3T1 )
=2 3+ 22’_1@(1 — ZT3T1) — Z_l @2T3T1

142:710(1 — 2 T3T1) + 2207 (1 — 2 3Ty + 22(T371)?2)
3+ 22_1@(1 — ZTng) — 271 @2T3T1

—2
Eji<(2) = — — 2720 T3 Q(p)
= 142:10(1 — 2T301) + 2720 (1 — 2371 + 22(T3T1)2)
B 1+271'0 .
Si<(2) = T T — o Ta ) 7 202 (1 — 2 TaTy & 22(Ta1 1) O
1+ 2271@(1 — 2 T1T3) + 2’72@2 1-— ZTng + 22(T1T3>2
Sjj,<(z) = ( ) Q(p)

142716
(B.107)

30This parametrization appears to be the inverse of the one used in [3, Sec. 3.3]. For a discussion see
footnote 28

31Similarly to what we have found for the junction of the TYpe-1 saddle, the equations for g1, po2 as
written above seem to be insufficient. See footnote 29.
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where

Qp) = Q1) = Q(ps) = (1 — A1T1) = (1 - AzY3) = (1 - OT3Y) 2. (B.108)
Let us comment on the limiting behavior of this solution. When Y is set to zero, this
becomes
Ay = —207;
A3=0

Eij>(2) =0,

Eji>(2) = T3,

SPs =8P =1
B (>) ojp (B.109)
=ij,<\Z) =
3+2:7'0 5,
Eic(z)= ——m———27°0"Y
<) = gt O

Sii<(z) = (1+z7'0)"!
Sjj,<(z) =1+ Zﬁlé
Notice that this agrees with the computation in Appendix C.3. A similar limit can be

checked to hold when Y3 is set to zero.
One may also set © = © = 0, this yields

Ay =
A3=0
= ()_ T 71
=i\ = 2 11—|—ZT3T1’
1
Siis(2) = ———T;,
]7>(Z) 1+ZT3T1 3
1
S = (B.110)

“,> 1427173 ’
S;% =1+ ZT3T1 y

Eij<(2) =0

recovering exactly the descendant wall structure of the ij — ji junction [3, Section 3].

C Some technical results

This appendix collects computations of homotopy invariance across a branch point and
across a junction of one-way £-walls of types ¢ and ij. The latter was not included in our
previous works, but appears in the main body of this work. In this paper we adopt slightly
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different conventions from our previous papers concerning rules for writing down parallel
transport matrices, in this appendix we spell out the convention and illustrate how certain
signs are fixed.

C.1 Convention on signs for the parallel transport

In our previous work [3, 4] we adopted the convention of working with a twisted flat
connection on ¥, following [12]. It is however possible to keep track of signs in a more
convenient manner, which is the convention we adopt in this paper. Given an £-wall p of
type (ij,n), and a path p intersecting the wall transversely at a point z(, we define the
parallel transport along p as follows

F(p) = D(p4) "= D(p_)  where o = sgn (§ A ) . (C.1)

Here D(p) = >, X o) is the diagonal transport on each sheet, and p = p4 o p_ is

the splitting of p at x9. The generating function Zij, = > nez D aer e X counts

soliton paths supported on p. The wedge product pAp between the tngfgggennt (co)vectors
is understood to be taken at the common fiber at x(, and is dualized by the Hodge star to
a scalar.3?

The role of the sign ¢ is to ensure that the inverse of the transition matrix is applied
when reversing the direction in which an £-wall is crossed. When i # j one has e Ziin =

1+ 0 Zjjn, but when i = j al powers in the expansion fo the exponential survive [3].

C.2 Homotopy at a branch point

Consider a branch point with one (or possibly more) double walls ending on it, as in
Figure 42. The flatness property of the nonabelianization map enables to determine the
‘flow of soliton data’ at the branch point: all soliton generating functions of outgoing
E-walls can be determined in terms of generating functions of incoming £-walls.

Ty
22 Al

1

T

Figure 42: Homotopy of transport paths g1, g2 across a branch point.

There are three outgoing £-walls, with soliton generating functions Y; for ¢ = 0,1, 2.
In this simple example we consider only one incoming wall, with soliton data encoded by

32For clarity, in the (z,y) plane we have dz A dy = +1.
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A1 is an incoming wall giving rise to a two way street with Y; in the British resolution.
The three outgoing walls carry types Yg : (ji,0), Y1, Yo : (ij,0). Correspondingly, A; has
type (ji,0). The parallel transport along p; reads

F(p1) = D(py)(1+ T2)D(e) (1 + To) D(p7 )

_ (C.2)
— D(pl) —+ XptiTQXp?; —+ Xpt(]) TOXK’l_,i —+ XpiiTgXp(l)J TOX@l_,i

where we adopted the sign rule (C.1), and split the path at crossings as g1 = o] 0 Yo o .
For s one finds

F(p2) = D(p3)(1 + A1) (1 = T1)D(p;)

(C.3)
— D(pg) =+ X@;nglXp;z — Xp;rﬂTlXp;] — X@;UAlTlX@;J
where now D(gps9 is off-diagonal due to the branch cut.
Comparing the 7j-components of the parallel transport gives
XWLTQXKJ?; = X@m‘j — XW;,ijAlTlXp;,j (04)

now shrinking 1, po to infinitesimal size, with endpoints approaching the branch point,

we arrive at

To = Xg, (1 — Xg, A1), (C.5)

where a; are simpleton paths on streets p;, see footnote 12.
Here we have performed the computation using the sign rule (C.1). For an alternative
approach using twisted flat connections see [3, 12].

C.3 The it —ij junction
In this section, we focus on the interaction of the walls of type (ii/jj, kn)for k& > 1 and
(ij,m). One important thing to notice for this computation is that the walls i and jj
appear together and one needs to consider the infinite set of these walls together. This
follows from how they are generated in ij — ji junctions [3].

Using the auxiliary variable z as a placeholder for the logarithmic label, we have

F(p1) = H [e_zknE“’k" e_zknafj”“"} (1—2"Ejm)

k=0 (C.6)
F(p2) = H (1 - ZerlnEiijn)) H [ezka“vk" eZkEjJ’»’m}
>0 k>0

Let us denote

Eii(z) _ H e_zkE”‘k” -1, Ejj(Z) _ H e—zkEjj,kn -1 (07)
k>0 k>0

Then the flatness equations become
F(pl) =1+3;+ ij — (1 + Eii)ZmEij,m
o
= (C.8)
F(p2) = 1+ Zi+ 555 — Y 2™ " Eppin(1+ )
1=0
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(i4, m) (é/343, kn)

(ij,m + 2n)

(73/77, kn) (ij,m)

Figure 43: One way junction of of type ii — ij.

Any walls of ii/jj type must be generated from an ij — ji junction, from the results
of [3] one therefore has®3

Z2"0O
and as a consequence of the shift symmetry [3],
OZijp = Eijp©,  Zjip® = OF;jip. (C.10)

Plugging these into the flatness equation yields

> ZHE i = (14 2"0) "By (1 +2"0)
1>0 (C.11)
= (14 2"0)*Zijm

Expanding in z and matching terms with the same logarithmic shifts, we obtain

Eijmtin = (1" +1)0'Eijm, (C.12)
and in particular for [ = 0, E'ij,m = Eijm.
References

[1] R. Eager, S. A. Selmani, and J. Walcher, Ezponential Networks and Representations of
Quivers, JHEP 08 (2017) 063, [arXiv:1611.06177].

33There is in principle an ambiguity in choosing X vs 3, which is unambiguously fixed by demanding
that the (ij,m) wall crosses the ii/jj walls in the same direction as the ¢j wall that generated the latter.
More precisely, there is an extra sign in the exponent here compared to [3] arising from (C.1). Taking this
into account would give [, e*"Siikn = (14 2"0)"! in [3]. On top of that, here in Figure 43 there is
also an inversion of sheet labels i <+ j, which switches back to (14 2"O). Therefore in (C.7) one gets
Y = (1+6)7! — 1 leading to (C.9).

— 84 —


http://arxiv.org/abs/1611.06177

2]

3]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]
[19]

[20]

A. Klemm, W. Lerche, P. Mayr, C. Vafa, and N. P. Warner, Selfdual strings and N=2
supersymmetric field theory, Nucl. Phys. B4T7 (1996) 746-766, [hep-th/9604034].

S. Banerjee, P. Longhi, and M. Romo, Fxzploring 5d BPS Spectra with Ezponential
Networks, Annales Henri Poincare 20 (2019), no. 12 4055-4162, [arXiv:1811.02875].

S. Banerjee, P. Longhi, and M. Romo, FExponential BPS graphs and D brane counting on
toric Calabi-Yau threefolds: Part I, arXiv:1910.05296.

C. Vafa and E. Witten, A Strong coupling test of S duality, Nucl. Phys. B 431 (1994) 3-77,
[hep-th/9408074].

M. Aganagic and C. Vafa, Mirror symmetry, D-branes and counting holomorphic discs,
hep-th/0012041.

M. Aganagic, A. Klemm, and C. Vafa, Disk instantons, mirror symmetry and the duality
web, Z. Naturforsch. A57 (2002) 1-28, [hep-th/0105045].

S. Cecotti, P. Fendley, K. A. Intriligator, and C. Vafa, A New supersymmetric index, Nucl.
Phys. B 386 (1992) 405-452, [hep-th/9204102].

S. Cecotti and C. Vafa, Topological antitopological fusion, Nucl. Phys. B 367 (1991)
359-461.

S. Cecotti and C. Vafa, On classification of N=2 supersymmetric theories, Commun. Math.
Phys. 158 (1993) 569-644, [hep-th/9211097].

D. Gaiotto, G. W. Moore, and A. Neitzke, Wall-Crossing in Coupled 2d-4d Systems, JHEP
12 (2012) 082, [arXiv:1103.2598].

D. Gaiotto, G. W. Moore, and A. Neitzke, Spectral networks, Annales Henri Poincare 14
(2013) 16431731, [arXiv:1204.4824].

S. Cecotti, D. Gaiotto, and C. Vafa, tt* geometry in 3 and 4 dimensions, JHEP 05 (2014)
055, [arXiv:1312.1008].

N. Seiberg, Five-dimensional SUSY field theories, nontrivial fized points and string
dynamics, Phys. Lett. B 388 (1996) 753-760, [hep-th/9608111].

D. R. Morrison and N. Seiberg, Extremal transitions and five-dimensional supersymmetric
field theories, Nucl. Phys. B 483 (1997) 229247, [hep-th/9609070].

M. R. Douglas, S. H. Katz, and C. Vafa, Small instantons, Del Pezzo surfaces and type
I-prime theory, Nucl. Phys. B 497 (1997) 155-172, [hep-th/9609071].

S. H. Katz, A. Klemm, and C. Vafa, Geometric engineering of quantum field theories, Nucl.
Phys. B 497 (1997) 173-195, [hep-th/9609239].

K. Hori and C. Vafa, Mirror symmetry, hep-th/0002222.

D. Gaiotto, S. Gukov, and N. Seiberg, Surface Defects and Resolvents, JHEP 09 (2013)
070, [arXiv:1307.2578].

N. Nekrasov, Five dimensional gauge theories and relativistic integrable systems, Nucl.
Phys. B531 (1998) 323-344, [hep-th/9609219].

T. Bridgeland, T-structures on some local Calabi-Yau varieties, math/0502050.

P. Seidel, Vanishing cycles and mutation, arXiv Mathematics e-prints (July, 2000)
math /0007115, [math/0007115].

— &85 —


http://arxiv.org/abs/hep-th/9604034
http://arxiv.org/abs/1811.02875
http://arxiv.org/abs/1910.05296
http://arxiv.org/abs/hep-th/9408074
http://arxiv.org/abs/hep-th/0012041
http://arxiv.org/abs/hep-th/0105045
http://arxiv.org/abs/hep-th/9204102
http://arxiv.org/abs/hep-th/9211097
http://arxiv.org/abs/1103.2598
http://arxiv.org/abs/1204.4824
http://arxiv.org/abs/1312.1008
http://arxiv.org/abs/hep-th/9608111
http://arxiv.org/abs/hep-th/9609070
http://arxiv.org/abs/hep-th/9609071
http://arxiv.org/abs/hep-th/9609239
http://arxiv.org/abs/hep-th/0002222
http://arxiv.org/abs/1307.2578
http://arxiv.org/abs/hep-th/9609219
http://arxiv.org/abs/math/0502050
http://arxiv.org/abs/math/0007115

[23]

[24]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

P. Seidel, More about vanishing cycles and mutation, arXiv Mathematics e-prints (Oct.,
2000) math/0010032, [math/0010032].

P. Seidel, Fukaya categories and Picard-Lefschetz theory, vol. 10. European Mathematical
Society, 2008.

K. Hori, A. Igbal, and C. Vafa, D-branes and mirror symmetry, hep-th/0005247.

M. Kontsevich, Lectures at ENS, Paris, Spring 1998, notes taken by J. Bellaiche, J.-F. Dat,
I. Marin, G. Racinet and H. Randriambololona., .

E. Zaslow, Solitons and helices: The Search for a math physics bridge, Commun. Math.
Phys. 175 (1996) 337-376, [hep-th/9408133].

D. Auroux, L. Katzarkov, and D. Orlov, Mirror symmetry for weighted projective planes
and their noncommutative deformations, Annals Math. 167 (2008), no. 3 867-943.

A. Tomasiello, D-branes on Calabi- Yau manifolds and helices, JHEP 02 (2001) 008,
[hep-th/0010217).

S. Govindarajan and T. Jayaraman, D-branes, exceptional sheaves and quivers on
Calabi- Yau manifolds: From Mukai to McKay, Nucl. Phys. B 600 (2001) 457486,
[hep-th/0010196].

S. Franco, S. Lee, R.-K. Seong, and C. Vafa, Brane Brick Models in the Mirror, JHEP 02
(2017) 106, [arXiv:1609.01723|.

K. Ueda and M. Yamazaki, Dimer models for parallelograms, math/0606548.

G. Beaujard, J. Manschot, and B. Pioline, Vafa- Witten invariants from exceptional
collections, arXiv:2004.14466.

N. Seiberg and E. Witten, FElectric - magnetic duality, monopole condensation, and
confinement in N=2 supersymmetric Yang-Mills theory, Nucl. Phys. B426 (1994) 19-52,
[hep-th/9407087]. [Erratum: Nucl. Phys.B430,485(1994)].

A. Hanany and A. Igbal, Quiver theories from D6 branes via mirror symmetry, JHEP 04
(2002) 009, [hep-th/0108137].

M. Gabella, P. Longhi, C. Y. Park, and M. Yamazaki, BPS Graphs: From Spectral
Networks to BPS Quivers, arXiv:1704.04204.

T. Bridgeland and I. Smith, Quadratic differentials as stability conditions, arXiv e-prints
(Feb., 2013) arXiv:1302.7030, [arXiv:1302.7030].

D. R. Morrison and M. Plesser, Nonspherical horizons. 1., Adv. Theor. Math. Phys. 3
(1999) 1-81, [hep-th/9810201].

D. Galakhov, P. Longhi, T. Mainiero, G. W. Moore, and A. Neitzke, Wild Wall Crossing
and BPS Giants, JHEP 11 (2013) 046, [arXiv:1305.5454].

M. Kontsevich and Y. Soibelman, Stability structures, motivic Donaldson-Thomas
mvariants and cluster transformations, arXiv:0811.2435.

D. Gaiotto, G. W. Moore, and A. Neitzke, Wall-crossing, Hitchin systems, and the WKB
approzimation, Adv. Math. 234 (2013) 239-403, [arXiv:0907.3987].

[42] M. Reineke, The Harder-Narasimhan system in quantum groups and cohomology of quiver

moduli, Inventiones Mathematicae 152 (May, 2003) 349-368, [math/0204059].

— 86 —


http://arxiv.org/abs/math/0010032
http://arxiv.org/abs/hep-th/0005247
http://arxiv.org/abs/hep-th/9408133
http://arxiv.org/abs/hep-th/0010217
http://arxiv.org/abs/hep-th/0010196
http://arxiv.org/abs/1609.01723
http://arxiv.org/abs/math/0606548
http://arxiv.org/abs/2004.14466
http://arxiv.org/abs/hep-th/9407087
http://arxiv.org/abs/hep-th/0108137
http://arxiv.org/abs/1704.04204
http://arxiv.org/abs/1302.7030
http://arxiv.org/abs/hep-th/9810201
http://arxiv.org/abs/1305.5454
http://arxiv.org/abs/0811.2435
http://arxiv.org/abs/0907.3987
http://arxiv.org/abs/math/0204059

[43]

[44]

[45]

[62]

[63]

D. Galakhov, P. Longhi, and G. W. Moore, Spectral Networks with Spin, Commun. Math.
Phys. 340 (2015), no. 1 171-232, [arXiv:1408.0207].

B. Pioline, Mathematica package ‘Coulombhiggs’
https://www.lpthe. jussieu.fr/~pioline/computing.html.

S. Kachru and M. Zimet, A comment on 4d and 5d BPS states, JHEP 01 (2020) 060,
[arXiv:1808.01529).

A. Neitzke and F. Yan, g-nonabelianization for line defects, JHEP 09 (2020) 153,
[arXiv:2002.08382].

P. Longhi, Wall-Crossing Invariants from Spectral Networks, arXiv:1611.00150.

A. Z. Khan and G. W. Moore, Categorical Wall-Crossing in Landau-Ginzburg Models,
arXiv:2010.11837.

D. Gaiotto, G. W. Moore, and E. Witten, Algebra of the Infrared: String Field Theoretic
Structures in Massive N' = (2,2) Field Theory In Two Dimensions, arXiv:1506.04087.

F. Denef and G. W. Moore, Split states, entropy enigmas, holes and halos, JHEP 11 (2011)
129, [hep-th/0702146].

D. L. Jafferis and G. W. Moore, Wall crossing in local Calabi Yau manifolds,
arXiv:0810.4909.

M. Aganagic and K. Schaeffer, Wall Crossing, Quivers and Crystals, JHEP 10 (2012) 153,
[arXiv:1006.2113].

M. Cirafici, A. Sinkovics, and R. J. Szabo, Instantons, Quivers and Noncommutative
Donaldson-Thomas Theory, Nucl. Phys. B 853 (2011) 508-605, [arXiv:1012.2725].

W.-y. Chuang, D.-E. Diaconescu, J. Manschot, G. W. Moore, and Y. Soibelman, Geometric
engineering of (framed) BPS states, Adv. Theor. Math. Phys. 18 (2014), no. 5 1063-1231,
[arXiv:1301.3065].

T. Nishinaka, S. Yamaguchi, and Y. Yoshida, Two-dimensional crystal melting and
D4-D2-D0 on toric Calabi-Yau singularities, JHEP 05 (2014) 139, [arXiv:1304.6724].

J. M. Maldacena and A. Strominger, Statistical entropy of four-dimensional extremal black
holes, Phys. Rev. Lett. T7 (1996) 428-429, [hep-th/9603060].

J. M. Maldacena, A. Strominger, and E. Witten, Black hole entropy in M theory, JHEP 12
(1997) 002, [hep-th/9711053].

J. de Boer, M. C. Cheng, R. Dijkgraaf, J. Manschot, and E. Verlinde, A Farey Tail for
Attractor Black Holes, JHEP 11 (2006) 024, [hep-th/0608059].

C. Closset and M. Del Zotto, On 5d SCFTs and their BPS quivers. Part I: B-branes and
brane tilings, arXiv:1912.13502.

M. R. Douglas and G. W. Moore, D-branes, quivers, and ALE instantons, hep-th/9603167.

M. R. Douglas, B. Fiol, and C. Romelsberger, The Spectrum of BPS branes on a
noncompact Calabi-Yau, JHEP 09 (2005) 057, [hep-th/0003263].

B. Fiol and M. Marino, BPS states and algebras from quivers, JHEP 07 (2000) 031,
[hep-th/0006189].

F. Denef, Quantum quivers and Hall / hole halos, JHEP 10 (2002) 023, [hep-th/0206072].

— 87 —


http://arxiv.org/abs/1408.0207
https://www.lpthe.jussieu.fr/~pioline/computing.html
http://arxiv.org/abs/1808.01529
http://arxiv.org/abs/2002.08382
http://arxiv.org/abs/1611.00150
http://arxiv.org/abs/2010.11837
http://arxiv.org/abs/1506.04087
http://arxiv.org/abs/hep-th/0702146
http://arxiv.org/abs/0810.4909
http://arxiv.org/abs/1006.2113
http://arxiv.org/abs/1012.2725
http://arxiv.org/abs/1301.3065
http://arxiv.org/abs/1304.6724
http://arxiv.org/abs/hep-th/9603060
http://arxiv.org/abs/hep-th/9711053
http://arxiv.org/abs/hep-th/0608059
http://arxiv.org/abs/1912.13502
http://arxiv.org/abs/hep-th/9603167
http://arxiv.org/abs/hep-th/0003263
http://arxiv.org/abs/hep-th/0006189
http://arxiv.org/abs/hep-th/0206072

[64] M. Alim, S. Cecotti, C. Cordova, S. Espahbodi, A. Rastogi, and C. Vafa, BPS Quivers and
Spectra of Complete N=2 Quantum Field Theories, Commun. Math. Phys. 323 (2013)
1185-1227, [arXiv:1109.4941].

[65] M. Alim, S. Cecotti, C. Cordova, S. Espahbodi, A. Rastogi, and C. Vafa, N' = 2 quantum
field theories and their BPS quivers, Adv. Theor. Math. Phys. 18 (2014), no. 1 27-127,
[arXiv:1112.3984].

[66] S. Cecotti, The quiver approach to the BPS spectrum of a 4d N=2 gauge theory, Proc.
Symp. Pure Math. 90 (2015) 3-18, [arXiv:1212.3431].

[67] S. Cecotti and M. Del Zotto, Y systems, Q systems, and 4D N = 2 supersymmetric QFT,
J. Phys. A 47 (2014), no. 47 474001, [arXiv:1403.7613].

[68] G. Bonelli, F. Del Monte, and A. Tanzini, BPS quivers of five-dimensional SCFTs,
Topological Strings and q-Painlev\’e equations, arXiv:2007.11596.

[69] T. Bridgeland, Scattering diagrams, Hall algebras and stability conditions, arXiv e-prints
(Mar., 2016) arXiv:1603.00416, [arXiv:1603.00416].

[70] P. Bousseau, Scattering diagrams, stability conditions, and coherent sheaves on P2,
arXiv:1909.02985.

[71] J. Manschot, B. Pioline, and A. Sen, Wall Crossing from Boltzmann Black Hole Halos,
JHEP 07 (2011) 059, [arXiv:1011.1258].

[72] J. Manschot, B. Pioline, and A. Sen, A Fized point formula for the index of multi-centered
N=2 black holes, JHEP 05 (2011) 057, [arXiv:1103.1887].

[73] J. Manschot, B. Pioline, and A. Sen, From Black Holes to Quivers, JHEP 11 (2012) 023,
[arXiv:1207.2230].

[74] J. Manschot, B. Pioline, and A. Sen, On the Coulomb and Higgs branch formulae for
multi-centered black holes and quiver invariants, JHEP 05 (2013) 166, [arXiv:1302.5498].

[75] S. Alexandrov and B. Pioline, Attractor flow trees, BPS indices and quivers, Adv. Theor.
Math. Phys. 23 (2019), no. 3 627-699, [arXiv:1804.06928].

[76] D. Joyce and Y. Song, A Theory of generalized Donaldson-Thomas invariants,
arXiv:0810.5645.

[77] R. Dijkgraaf, J.-S. Park, and B. J. Schroers, N=/ supersymmetric Yang-Mills theory on a
Kahler surface, hep-th/9801066.

[78] D. Gaiotto, A. Strominger, and X. Yin, The M5-Brane Elliptic Genus: Modularity and BPS
States, JHEP 08 (2007) 070, [hep-th/0607010].

[79] D. Gaiotto and X. Yin, Examples of M5-Brane Elliptic Genera, JHEP 11 (2007) 004,
[hep-th/0702012).

[80] S. Alexandrov, S. Banerjee, J. Manschot, and B. Pioline, Multiple D3-instantons and mock
modular forms I, Commun. Math. Phys. 353 (2017), no. 1 379-411, [arXiv:1605.05945].

[81] S. Alexandrov, J. Manschot, and B. Pioline, S-duality and refined BPS indices, Commun.
Math. Phys. 380 (2020), no. 2 755-810, [arXiv:1910.03098].

[82] S. Alexandrov, Vafa- Witten invariants from modular anomaly, arXiv:2005.03680.

[83] S. Alexandrov, Rank N Vafa-Witten invariants, modularity and blow-up,
arXiv:2006.10074.

— 88 —


http://arxiv.org/abs/1109.4941
http://arxiv.org/abs/1112.3984
http://arxiv.org/abs/1212.3431
http://arxiv.org/abs/1403.7613
http://arxiv.org/abs/2007.11596
http://arxiv.org/abs/1603.00416
http://arxiv.org/abs/1909.02985
http://arxiv.org/abs/1011.1258
http://arxiv.org/abs/1103.1887
http://arxiv.org/abs/1207.2230
http://arxiv.org/abs/1302.5498
http://arxiv.org/abs/1804.06928
http://arxiv.org/abs/0810.5645
http://arxiv.org/abs/hep-th/9801066
http://arxiv.org/abs/hep-th/0607010
http://arxiv.org/abs/hep-th/0702012
http://arxiv.org/abs/1605.05945
http://arxiv.org/abs/1910.03098
http://arxiv.org/abs/2005.03680
http://arxiv.org/abs/2006.10074

[84]

[85]

[36]

[87]

[38]

[89)]

[90]

[91]

[92]

[93]

[94]

[95]

[96]

[97]

[98]

[99]
[100]

[101]

[102]

[103]

J. Manschot, BPS invariants of N' = 4 gauge theory on Hirzebruch surfaces, Commun.
Num. Theor. Phys. 6 (2012) 497-516, [arXiv:1103.0012].

J. Manschot, BPS invariants of semi-stable sheaves on rational surfaces, Lett. Math. Phys.
103 (2013) 895-918, [arXiv:1109.4861].

S. Mozgovoy, Invariants of moduli spaces of stable sheaves on ruled surfaces,
arXiv:1302.4134.

A. Gholampour, Y. Jiang, and M. Kool, Sheaves on weighted projective planes and modular
forms, Adv. Theor. Math. Phys. 21 (2017) 1455-1524, [arXiv:1209.3922].

A. Gholampour and A. Sheshmani, Generalized Donaldson-Thomas invariants of
2-dimensional sheaves on local P?, Adv. Theor. Math. Phys. 19 (2015) 673699,
[arXiv:1309.0056].

A. Gholampour and A. Sheshmani, Donaldson—Thomas invariants of 2-dimensional sheaves
inside threefolds and modular forms, Adv. Math. 326 (2018) 79-107, [arXiv:1309.0050].

A. Gholampour, A. Sheshmani, and S.-T. Yau, Localized Donaldson-Thomas theory of
surfaces, arXiv e-prints (Jan., 2017) arXiv:1701.08902, [arXiv:1701.08902].

L. Gottsche and M. Kool, Refined SU(3) Vafa- Witten invariants and modularity, Pure
Appl. Math. Quart. 14 (2018) 467-513, [arXiv:1808.03245].

A. Sheshmani, Hilbert Schemes, Donaldson-Thomas Theory, Vafa- Witten and Seiberg
Witten theories, arXiv:1911.01796.

V. Bouchard, T. Creutzig, D.-E. Diaconescu, C. Doran, C. Quigley, and A. Sheshmani,
Vertical D4—D2-D0 Bound States on K3 Fibrations and Modularity, Commun. Math. Phys.
350 (2017), no. 3 1069-1121, [arXiv:1601.04030].

Y. Tanaka and R. P. Thomas, Vafa- Witten invariants for projective surfaces I: stable case,
J. Alg. Geom. 29 (2020), no. 4 603668, [arXiv:1702.08487].

Y. Tanaka and R. P. Thomas, Vafa- Witten invariants for projective surfaces II: semistable
case, arXiv:1702.08488.

L. Gottsche and M. Kool, Virtual Refinements of the Vafa—Witten Formula, Commun.
Math. Phys. 376 (2020), no. 1 1-49, [arXiv:1703.07196].

R. P. Thomas, Equivariant K-Theory and Refined Vafa—Witten Invariants, Commun.
Math. Phys. 378 (2020), no. 2 1451-1500, [arXiv:1810.00078].

S. Alexandrov, S. Banerjee, J. Manschot, and B. Pioline, Indefinite theta series and
generalized error functions, Selecta Math. 24 (2018) 3927, [arXiv:1606.05495].

S. Zwegers, Mock Theta Functions, arXiv:0807 .4834.

S. Garoufalidis, J. Gu, and M. Marino, Peacock patterns and resurgence in complex
Chern-Simons theory, arXiv:2012.00062.

S. Garoufalidis, J. Gu, and M. Marino, The resurgent structure of quantum knot invariants,
arXiv:2007.10190.

Y. Hatsuda, M. Marino, S. Moriyama, and K. Okuyama, Non-perturbative effects and the
refined topological string, JHEP 09 (2014) 168, [arXiv:1306.1734].

J. Kallen and M. Marino, Instanton effects and quantum spectral curves, Annales Henri
Poincare 17 (2016), no. 5 1037-1074, [arXiv:1308.6485].

— &89 —


http://arxiv.org/abs/1103.0012
http://arxiv.org/abs/1109.4861
http://arxiv.org/abs/1302.4134
http://arxiv.org/abs/1209.3922
http://arxiv.org/abs/1309.0056
http://arxiv.org/abs/1309.0050
http://arxiv.org/abs/1701.08902
http://arxiv.org/abs/1808.03245
http://arxiv.org/abs/1911.01796
http://arxiv.org/abs/1601.04030
http://arxiv.org/abs/1702.08487
http://arxiv.org/abs/1702.08488
http://arxiv.org/abs/1703.07196
http://arxiv.org/abs/1810.00078
http://arxiv.org/abs/1606.05495
http://arxiv.org/abs/0807.4834
http://arxiv.org/abs/2012.00062
http://arxiv.org/abs/2007.10190
http://arxiv.org/abs/1306.1734
http://arxiv.org/abs/1308.6485

[104] A. Grassi, J. Gu, and M. Marino, Non-perturbative approaches to the quantum
Seiberg- Witten curve, JHEP 07 (2020) 106, [arXiv:1908.07065].

[105] D. Gaiotto, G. W. Moore, and A. Neitzke, Four-dimensional wall-crossing via

three-dimensional field theory, Commun.Math.Phys. 299 (2010) 163224,
[arXiv:0807.4723|.

- 90 —


http://arxiv.org/abs/1908.07065
http://arxiv.org/abs/0807.4723

	1 Introduction
	2 Geometry of local F0 and its mirror
	2.1 Geometric engineering from M-theory
	2.2 Mirror curve
	2.3 Four-dimensional limit

	3 Exceptional collections in the mirror
	3.1 A view from the Fukaya category
	3.2 From sheaves to thimbles via helices: a review
	3.3 Mapping Lefshetz thimbles and exceptional sheaves in F0
	3.4 An alternative derivation of the map between thimbles and D-branes

	4 BPS spectrum at a special point
	4.1 Basic saddles and quiver
	4.2 Saddle topologies
	4.3 Description of the spectrum
	4.4 Fiber-base symmetry

	5 BPS spectrum in various limits
	5.1 Spectral networks in 4d N=2 SU(2) super Yang-Mills theory
	5.2 Four-dimensional limits to Seiberg-Witten theory
	5.3 The half-geometry

	6 Conclusions
	A Central charges and plots of BPS saddles at Q0
	B Soliton equations for selected BPS saddles
	B.1 Type-1
	B.2 Type-2
	B.3 Type-3
	B.4 Type-4

	C Some technical results
	C.1 Convention on signs for the parallel transport
	C.2 Homotopy at a branch point
	C.3 The ii-ij junction


