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Abstract

In this work, we develop conformal bootstrap for Galilean conformal field theory (GCFT).
In a GCFT, the Hilbert space could be decomposed into quasiprimary states and its global
descendants. Different from the usual conformal field theory, the quasi-primary states in
a GCF'T constitute multiplets, which are block-diagonized under the Galilean boost oper-
ator. More importantly the multiplets include the states of negative norms, indicating the
theory is not unitary. We compute global blocks of the multiplets, and discuss the expan-
sion of four-point functions in terms of the global blocks of the multiplets. Furthermore
we do the harmonic analysis for the Galilean conformal symmetry and obtain an inversion
formula. As the first step to apply the Galilean conformal bootstrap, we construct gener-
alized Galilean free theory (GGFT) explicitly. We read the data of GGFT by using Taylor
series expansion of four-point function and the inversion formula independently, and find
exact agreement. We discuss some novel features in the Galilean conformal bootstrap, due
to the non-semisimpleness of the Galilean conformal algebra and the non-unitarity of the

GCFTs.
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1 Introduction

Conformal bootstrap is a nonperturbative program to constrain or even read the spectrum and
operator product expansion (OPE) coefficients of a conformal field theory(CFT) by imposing
the conformal symmetry, unitarity and the crossing symmetry. It was first proposed in 1970s
[1, 2] and was applied to solve the two-dimensional (2d) minimal models successfully in [3]. In
the past decade, conformal bootstrap has been revived, starting from the seminal work of [4].
In this work, a numerical method has been proposed to extract the rigorous predictions from
the conformal bootstrap equations without fully solving them. The method has been applied
to study many models in various dimensions, for instance yielding precise critical exponents
of the critical 3d Ising model [5, 6]. For a review on the conformal bootstrap, especially the
numerical techniques, see [7].
Besides the numerical method, analytic approaches have been developed in modern con-
formal bootstrap. These analytic approaches include the large spin perturbation theory
[8, 9, 10, 11, 12], holography from CFT [13, 14, 15, 16|, Lorentzian inversion formula [17, 18],
analytic functional method [19, 20, 21, 22, 23], etc.. The analytic studies not only help us to
improve the numerical method, but also shed light on the AdS/CFT correspondence and the
S-matrix bootstrap.
The usual conformal bootstrap is based on the conformal invariance and unitarity. It would
be interesting to extend the program to field theories with other conformal-like symmetry. For
example, conformal bootstrap has been studied in theories with Schréodinger symmetry in [24]
and in Logarithmic conformal field theories (LCFTs) [25]. In the present work, we would
like to study the conformal bootstrap on non-relativistic field theories with Galilean conformal
invariance. The global part of the symmetry could be obtained by a non-relativistic contraction
of the conformal algebra [26, 27], and it contains the translations, the isotropic scaling, the
analogues of special conformal transformations and the Galilean symmetries instead of the
Lorentzian symmetries. Quite remarkably, it was found in [28] that the Galilean conformal
symmetry in any dimension is actually much larger and is generated by an infinite-dimensional
Galilean Conformal Algebra (GCA), which can be obtained by taking the non-relativistic
limit of conformal Killing equations and is shown to be the maximal subset of non-relativistic
conformal isometries [29, 30]. In two dimensions the generators of GCA obey the following
commutation relations
[Ly, L] = (n —m) Ly + CL5n+m,0(n3 —n),
(Lo, M) = (n —m) My + crrdnamo(n® —n), (1.1)
[M,,, M,] = 0.

The 2d Galilean conformal field theory(GCFT) is of particular interest, as 2d GCA is iso-



morphic to the Bondi-Metzner-Sachs (BMS) algebra in three dimensions, which generates the
asymptotic symmetries of 3d flat spacetimes [31]. This motivates a lot of works establishing
holography theory in asymptotic flat spacetimes (the so called BMS/GCA correspondence),
see [32, 33, 34, 35, 36, 37, 38, 39, 40]. In this paper, we will focus on 2d GCFT.

One typical feature in GCFT is that there are descendant states with negative norms.
This fact suggests that GCFTs are not unitary. Even though the usual (both numerical and
analytical) conformal bootstrap relies heavily on the unitarity, it does not mean the bootstrap
program can not be carried on in theories without unitarity'. The essential requirement is
that the block coefficients must be positive. The existence of the negative-norm states may
not be fatal. At technical level, as noted in [42], the Galilean boost operator My is in general
not diagonalizable when acts on the descendant states. This indicates that the theory is
not unitary. Just like in LCFTs [43], multiplets appear. When we try to expand four-point
functions in terms of GCA global blocks, in addition to the blocks of singlets calculated in [44],
we have to count the contributions from the global blocks corresponding to these multiplets.
We discuss the multiplets in GCFT and compute their global blocks.

Motivated by the Lorentzian inversion formula [17] for analytic conformal bootstrap, we
do harmonic analysis for the global part of Galilean conformal symmetry, thus obtain a GCA
inversion formula, which can be used to compute the spectrum and OPE coefficients. It turns
out that the harmonic analysis in GCA is quite similar to the one for CFT; [45, 46]. Our
result of harmonic analysis is new mathematically because the algebra considered here is not
semi-simple, while the conformal algebra is.

In order to check our study, we discuss the generalized free theory with Galilean confor-
mal symmetry. The generalized free theories (GFTs) play an important role in conformal
bootstrap. They provide the simplest examples of crossing-symmetric, conformally-invariant
four-point functions. Their spectrum and OPE coefficients can be read off from the inversion
formula [47, 48]. Moreover, if one test the crossing condition in some specific regions?, for
example, in the lightcone limit for CF'T, GFTs are the leading contribution to the correlators
at large spin [9]. Furthermore GFTs provides the leading contribution to the correlators in
bulk perturbation theory, from holographic point of view [13]. In the Galilean case at hand,
the study of generalized Galilean free theories (GGFTs) is the first step towards the analytic
Galilean conformal bootstrap. We expect that GGFTs will play similar roles as GFTs have
played in the usual conformal bootstrap.

In fact, there have been some earlier efforts towards 2d Galilean conformal bootstrap. In

!There are a few numerical [7] and (analytical) Polyakov-Mellin [41] bootstrap results for non-unitary CFTs.
2These regions are always the ones where conformal blocks expansion of a four-point function is not conver-
gent uniformly, this is also true for GCFTs.



[49, 44], the crossing equation for four-point functions and the global GCA blocks for the sin-
glets have been worked out. It was found that these kinematic quantities could be reproduced
by taking non-relativistic limit of the corresponding ones in 2d (non-unitary) relativistic CFTs.
It is tempting to think that other kinematic quantities in Galilean conformal bootstrap could
be obtained by taking non-relativistic limit of parent CFTs. Our study shows that this is
not always true®. For example, as we will show in section 3, the Galilean conformal partial
waves (GCPWs) can not be obtained by the limiting procedure, even though the inner product
measure and the Casimir operators can be read by taking the limit, as there are subtleties in
defining the Hilbert space. On the contrast, the GGFT can be reproduced by taking the limit
on a 2d generalized free theory(GFT).

The remaining parts of this paper are organized as follows. In section 2, we revisit the block
expansion of a four-point function in GCF'Ts, paying special attention to the contribution from
the multiplets. In section 3, we do the harmonic analysis for the global GCA. Following the
analysis in SL(2,R) [45], we specify the Hilbert space and determine the Galilean conformal
partial waves (GCPWs) as its complete orthogonal basis. Then we get an inversion formula and
find that the blocks of the multiplets should appear as multiple poles in the inversion function.
We also find that the limiting method is invalid to get the GCPWs. In section 4, we analyze
the GGFTs from several different angles. Firstly, we construct the rank-2 multiplet directly
from the level-1 quasiprimary operators in GGFT with two fundamental fields, and calculate
its global block. This method show explicitly the forms of the “double-trace” 4 operators in
GGFT, but the construction becomes awkward at higher levels. In order to get the information
of GGFT, it is more effective to use other ways. One way is to expand the four-point function
into a double Taylor series and read the coefficients of the block expansion directly. The other
way is to apply the GCA inversion formula obtained in section 3 to GGFTs. The result of
these two methods match perfectly, and expectedly both match with the level-1 result from
the constructive method. Moreover It turns out that GGFT could be obtained by taking the
non-relativistic limit of a 2d GFT. Especially, the multiplets appear in a remarkable way as all
superficially divergent terms under the limit cancel with each other. In section 5, we go beyond
GGFTs and discuss the spectral density of a GCFT. We use the Hardy-Littlewood tauberian
theorem to estimate the spectral density, and we check explicitly that the GGFTs satisfy the
requirement of using the theorem. In Section 6, we discuss the shadow formalism and alpha
space approach [50], and find that with appropriate boundary condition the “CPWs” in alpha

space turns out to be the one obtained by shadow integral. We end with conclusions and some

3Note that in [42], the constraint from the GCA analysis on the fusion rules is weaker than that from the
limiting procedure of 2d CFTs.
4We borrow the terminology “double-trace” in CFT here.



discussions in section 7. Some technical details are left to Appendix.

2 GCA revisited: multiplets

In this section, we revisit Galilean conformal field theory in two dimensional spacetime(GCFTy).
After a brief review on the basic knowledge on GCFT, including the symmetry, the primary
operators and their two-point and three-point functions [51, 42, 49, 44], we turn to the quasi-
primary operators which are essential in the global Galilean conformal bootstrap. We find that
the quasi-primary operators typically form multiplets ®, which include negative-norm states
and cannot be diagonalized under Galilean boost charge operator. We discuss the multi-point

functions of multiplets and their global blocks.

2.1 Review on Galilean CFT

2.1.1 Galilean conformal symmetry

GCFT; is a non-relativistic field theory in 2d spacetime. It has the scaling symmetry and the

boost symmetry as follows,

T — Az, Y — Ay. (2.1)

r—x, y—y+or. (2.2)

The local Galilean conformal algebra is generated by L,,, M,, (n,m € Z),

symmetry label | generator finite transform
T_
Diff(R! L "9, — (n+ Da"yd, | ¥, f(@)
(R%) n e — ( )" Y0y y' = f'(z)y
. il =z
affine translations | M,, | 2"7'0, ,
y =y+gx)

and after considering the central extension, the commutation relations are

[Lyn, L] = (n — m) Ly + an(n2 — 1)0n+m,0:
[Ly, M) = (n— m) Myt + cMn(n2 — 1)dn+4m,0,
[M,,, M,,] = 0.

Analogous to sl(2,R) x sl(2,R) in the full Virasoro algebra, there is a maximal finite
dimensional subalgebra g = is0(2,1) corresponding to global Galilean conformal symmetry.
The subalgebra is generated by L; € s0(2,1) and M; € R3, with i = £1,0. In Table 1, we list

the representations of the generators and the corresponding finite transformations.

5Since similar structure of multiplets appears in Logarithmic CFT, we review the multiplets in LCFT in
appendix A. In fact, our analysis of multiplets in GCFT is inspired from the one in LCFT.



name label | vector field finite trans

. =x+a
z-translation | L_1 | —0, ,
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~
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=
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~
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boost My 20y ,
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/
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I
<
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Table 1: The generators of global Galilean conformal group. “SCT” denotes “special conformal
transformation”

2.1.2 Primary operators
The primary operators® at origin O = ((0,0) can be labelled by the eigenvalues (A, &) of
(Lo, Mo)

(Lo, O] = AO, My, O] = €O. (2.3)

A and & are referred to as the conformal weight and the boost charge of the operator respec-

tively. The highest weight conditions are
[L,, O] =0, [M,,0] =0, n>0. (2.4)

Then the descendant operators can be generated by acting L_,,, M_,, with n > 0 successively
on the primary operators. And the primary operator together with its descendants form a

highest weight module.

The operators at other positions can be got by the translation operator U = e*L-17¥M-1,

O(z,y) =UO(0,0)U . (2.5)

Using the Baker-Campbell-Hausdorff (BCH) formula, the transformation law for the primary
operators are,
[Ln, Oz, y)] = (2" 10 + (n+ 1)a"ydy + (n + 1) (@"A — na1y€))O(x, y), (2.6)
[My, Oz, y)] = (—2" 19y + (n +1)2"€)O(z,y), (2.7)

5By the state-operator correspondence we can talk about local operators and states interchangeably.



and they can be integrated to finite one,

a +uf”

O'z,y) = |f[2e 7 O y). (2.8)

By requiring the vacuum is invariant under the global symmetry, the two-point function

and three-point function of primary operators are respectively

26, 42

G2($17‘/L‘27y1)y2) = d5A17A26§1,£2‘$12‘72A16 *12, (29)

Gs(x1, 22,23, Y1,Y2,Y3) = 0123|5612|_A123|$23|_A231|9331|_A3126§125 12 €512 65231"237 (2.10)

where d is the normalization factor of the two-point function, cio3 is the coefficient of three-

point function which encodes dynamical information of the GCFT5, and
Tij =T — T, Yig =Yi — Vi, Dije = Do+ A5 — Dy, Gk =&+ &5 — &k (2.11)

The four-point functions of primary operators can be determined up to an arbitrary func-
tion of cross ratios,

4 S A L/3 yL.j.Zizlgijk/g
Ga =[] Oilwi ya)) = [ ] lag [t =20 e G(z,y) (2.12)
i=1 ij
where the indices i = 1,2, 3,4 label the external operators O;, G(x,y) is called the stripped

four-point function and z and y are the cross ratios,

p= 22 Y _ Y2 Y34 Y13 Y (2.13)

C Ti3T T T2 Ty T13 T
2.1.3 Global blocks of primary operator

For simplicity, in the following we mainly focus on the case of four identical external operators
with (A, &). In principle, the stripped four-point function G(z,y) can be expressed in terms
of the OPE coefficients of primary operators and local Galilean conformal block. The local
Galilean conformal block encodes all the contribution from a primary module. Unfortunately
its form and properties has not been well-studied, as far as we know. In this work, we try to
study the bootstrap based on global Galilean conformal symmetry.

The contribution of a primary operator and its global descendant operators (which can be

got by acting L_; and M_1) to the stripped four-point function G(x,y) can be written as

1
7 C120C34p9p(2, ) (2.14)

where the index p labels the propagating primary operator O,. The function g,(z,y) is related
to the global block ga, ¢, (z,y) by

_9¢Y
2202

gp(x,y) = T gAp6 (T,Y) (2.15)



The global block is the solution of the conformal Casimir equations with the OPE boundary
conditions [49, 44]
Cign, & (T:y) = Niga, ¢, (T, y), 1=1,2 (2.16)
where
Cy = M3 — My M _4,
Co=4LoMy— L 1My —L1M_1— ML 1—M_1L4. (2.17)

The eigenfunction ga, ¢, (7,y) giving the global block of primary operators takes the form

—&py 1
98,6, () = 200 2B T2 (1 4 VT — )P e en A P (1 — )12, (2.18)
and the corresponding eigenvalues \; are
M =&, A=25(A,—1). (2.19)

In this paper, we only concern about Galilean conformal field theories that do not have
& = 0 operators in their spectrum. The special case of £ = 0 is very different and subtle.
Even in this case, there exists the multiplets as well, and when the propagating operators
have £ = 0 the corresponding singlet blocks are just the usual SL(2,R) conformal blocks, but
the multiplets blocks are quite different, which have non-trivial ¥ dependence. The following
discussion will not involve this subtlety, though it is certainly very important”. We leave a

thorough discussion on this degenerate case for a future project[53].

2.2 Multiplets

The Hilbert space of a GCFT can be decomposed into the highest weight modules of local
GCA

H=> Hae
A

However it is hard to find all the contribution of a module to the stripped four-point function
due to its complicated structure. Alternatively we can examine the usage of global GCA in
Galilean CFT in the spirit of modern conformal bootstrap. With respect to the global GCA,
the Hilbert space is composed of the quasi-primary states and their global descendants. This
way is more under control and is related closely to the harmonic analysis and the inversion
formula. However, the price we pay in this way is that My usually acts non-diagonally on

these quasi-primary operators, though Lg, My act diagonally on the primary operators.

"For example, see the discussion of BMS free scalar [52].

10



As an illustration, consider the following level-2 descendant operators of a primary operator

O,
A=L_,0, B=M-_0. (2.20)

on which M, acts as
[Mg, .A] =E¢(A+ 2B, [M(), B] =¢B. (2.21)

This gives rise to a rank-2 Jordan block. Generically, the action of My on quasi-primary

operators can be written in the Jordan canonical form,
Mo, 0] = €0 (2.22)

where O are quasi-primary operators in the theory, and §~ is block-diagonalized,
= G (2.23)

in which {Z are Jordan blocks,

N N 221

&

TXT

The quasi-primary operators in the same Jordan block form a multiplet®. The quasi-primary
operators in a multiplet, together with their global descendants, compose a reducible but
indecomposable module of global GCA. If there are r operators related to each other in a
Jordan block, the multiplet they form will be referred to as of rank r, the same as the rank of
the Jordan block. The above two operators A, B form a multiplet of rank 2, and the primary
operators introduced in previous subsections will be referred to as singlets or rank-1 multiplets.

In the following, we will discuss correlation functions of multiplets. Though there are some
differences, our calculation of correlation functions follows the one in LCFT. To make this
part more readable, we will not show all the details of the calculation in the subsection here.
Instead, we set the details in appendix B. Since these details closely follow the analysis of

LCFT, we also give a review on multiplets in LCFT in appendix A.

8The situation is somehow similar to what happens in a logarithmic CFTs. Our analysis actually bases on
the techniques developed in [54, 55, 43].

11



In GCFT the correlation functions of multiplets differ from the ones of singlet, since the

action of My on the operators changes. Now the transformation under M, is

(M, Ou(,y)] = (—0ap2" 10y + (n + Da")Oy(x,y), forn >0 (2.25)
(M 1, 0u(2,9)] = —0,0a(,y). (2.26)

The two-point functions (0,04), where O, and O, belong to the same rank-r multiplet? with
(A, €), can be determined by the Ward identities with respect to global symmetries,

(Oa(z1,51)Op(m2, 92)) = |w12] 22eXV12/712 4 (212, y12) (2.27)

where Agp(z12,y12) is the following matrix,

r—a—>b

1 2
Awp(z12,Y12) Z fk+a+b y12) (2.28)

with friqtp being undetermined coefficients. One can always set A,y to a triangular matrix,
by re-defining the operators in the multiplet, which eliminates r degrees of freedom. This

simplifies the two-point functions into the following canonical form,

o o 0 for g < 0
= vi2 q 2.2
(Oky (21, 1) Ok, (22, y2)) dy [a1g] 7251215 (29%> . otherwise (2.29)
where
q=ki+ka+1-r, (2.30)
and d, is the overall normalization of this rank-r multiplet. Here we denote Oy, (k; =0,--- ,r—

1) as the (k; + 1)-th operator in the multiplet.’
The three-point functions involving multiplets can also be determined by the Ward iden-

tities. Their general forms are given by,

(0;0;0k) = Aiji.Bijr Cijk (2.31)

where
Aije = exp<€123+§312y31 +£231y2§> (2.32)
Biji, = |12 %1% |xos|” A231\9031| stz (2.33)

ri—1lrog—1rz—1 (abe) q )(Qk)
Cijr = Z Z Z Cirn W’ (2.34)

a=0 b=0 c=0

9When two operators belong to different multiplets, their two-point function is vanishing.
"The two-point functions of the rank-2 case has also been discussed in [56].

12



with
q; = 8&. In Az]k (235)

Note that O;, 0;,O), can belong to different multiplets of rank ry,72,73 respectively. The

coefficient cggzc) encodes the dynamical information of the theory. For the case r; = ro =
rs = 1, the three-point function reduces to (2.10). Another simple example is when r; = ry =

1,73 = 2, then

(000y) = ABcy,
(O00,) = AB(c1 + coq3) (2.36)

where O is a primary operator, Og, O; belong to a rank-2 multiplet, and g3 = 0¢, A with
&3 being the charge of Oy. Here are two independent dynamical three-point coefficients. In

general, for the three-point function of singlet-singlet-multiplet, we have

(O00y) = ABcy,
<OOO/€¢> = 853 <000ki—1> + ABcy,, ki=1,---7—1, (2.37)

where &3 is the charge of Og. For a rank-r multiplet, there are r coefficients ¢, -« , ¢—1.
Now let us turn to the four-point functions. In the following discussion, we focus on the case

where the four external operators are identical singlet. One can insert the identity operator

10p) {0y

1 == ’I‘ra operators (238)
1T (0| Op)
into the four-point functions
(000,)(0,00)
=T rators 2.39
G4 rall operat < (Op’Op) ( )

We can get the global block expansion by collecting the contribution of each multiplet of

quasi-primary operators and their global descendants.
Gi=) > Ti(000,,)(0,;00) (2.40)
Poiyg
where O); is the (i +1)-th operator in the rank-r multiplet labelled by p and Tj; is the inverse
of the Gram matrix (Op|0)p) (which is a right-lower triangular matrix).

Different from the case of a singlet, the global block of a multiplet is not the eigenfunction

of the Casimir operators. Instead, the Casimir operators act on the multiplet as follows,

(Ci = X)"|Opg,) = 0. (2.41)

13



This is also true for its global descendant operators. The stripped four-point functions can be

expanded into

Ga,y) = Y 110/, (2.42)
o, "

where the propagating quasi-primary operator O, is a rank-r multiplet with an overall nor-

malization d,, and f[O,] satisfy the following Casimir equations

(Ci = X)"flOy] =0, fori=1,2. (2.43)
The general solution is
r—1
0= A4 . (2.44)
s=0

Here gg 605 = 0,---r—1 make up the global block (up to the square of the two-point function

of the external operators) for the multiplet,

S S 0
9a e = 09N ¢, (2.45)

where gg)z ¢, takes the form as gp(z,y) in (2.15). To get the coefficients Ay in (2.44), one need
to consider the OPE limit of the global blocks by expanding them around x = 0,y = 0. Using

the three-point functions in (2.37), one gets the following coefficients As,
1
As = Y (2.46)
a,bla+b+s+1=r

where ¢,’s are the three-point coefficients in (2.37). The global block expansion of the stripped
four-point function in GCFT is

r—1
1 1
=T 1T h Y canl 2.0

O s=0"" a,bla+b+s+1=r

2.3 Fermionic operators

The quasiprimary operators we have introduced obey bosonic statistics as the ones in 1d CFT,
and the correlation functions contains no sign functions. Asin CFT1, one may define fermionic
operators. For fermionic operators we need to add sign functions into the finite transforms.
To be motivated, recall that in 1d CFT the conformal group is SO(2,1) = PSL(2,R) =
SL(2,R)/{£1}, and to get fermionic representations we lift it to the double covering group

SL(2,R). Then the finite transformation of fermionic operators is,

O'(x) = sign” (cx + d)|cz + d| 72 O(z') (2.48)

14



where r = 0 for bosons and r = 1 for fermions, and z transforms as PSL(2,R)

cr+d

, ar+b
x

One can check that the fermionic one is indeed a representation by using

ign(1 )z) = sign(1 + c'z) sign(1 z ).
sign(1 + (¢ + ¢')x) = sign(1 + 'x) sign(1 + s c’x)
Then the two-point functions of fermionic primaries are
Gg(xl, .%'2) = d5A17A2 sign(mlg)\xlg\_QAl, (2.49)

as those appearing in SYK model [46] and 1d analytic bootstrap [19]. Effectively the operators
are anti-commutative.

Turning back to GCFTsg, the conformal group is ISO(2,1) and the related spin group is
SL(2,R)xR3. Following the procedure of 1d CFT, the transformation rule should be modified
by adding sign”(cx+d) when L; is involved, and the two-point functions of fermionic primaries
are

Y12

. oA, 26,012
Ga (1,22, Y1,Y2) = dOa, Ay0e, ¢, Sign(z12)|z12| 22 e STy (2.50)

For external fermionic operators, the propagating operator should be bosonic due to parity
conservation. And the global block expansion gets no modification. For the generalized free
theory in section 4, the four-point functions of generalized free fermions equal (s + ¢t — u)

channels, in contrast to (s + ¢ + u) channels for generalized free bosons.

3 Harmonic analysis
3.1 Overview of harmonic analysis

In this section, we study the harmonic analysis on the symmetry group generated by GCA.
Let us first review briefly the harmonic analysis in the conformal group.

One essential step in applying the inversion formula is to decompose the four-point function
by using a set of complete basis of conformal group in the Euclidean space. The conformal
group is now SO(d + 1,1) in d dimensions. The complete basis consists of the normalizable
eigenfunctions of the Hermitian Casimir operators. What one needs to do is specifying the

Hilbert space which makes Casimirs Hermitian. This requires:
1. specifying the inner product;

2. specifying the boundary conditions.
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Then using the boundary conditions, we can obtain the eigenfunctions of Casimirs, which
include the principal series representations and possible discrete ones. For example, in CFT1,

the Hermitian condition is,
(Cf,9)—(f,Cg)=0 (3.1)

where C'is a Casimir operator, and (f, g) = [ dzpf*g is the inner product. Specifying the inner
product means that we need to specify the measure p which makes the left side of (3.1) reduce
to some boundary terms, then by choosing appropriate boundary conditions (including the
normalizable condition) we can set these boundary terms vanish. So the functions satisfying the
above boundary conditions, together with the above inner product defined on them, constitute
the Hilbert space which makes the Casimir Hermitian.

The complete basis refers to a complete basis of the Hilbert space defined above. Note
that the normalizable condition is considered as one requirement to define this Hilbert space,
so only the normalizable part of the four-point function is in this Hilbert space, which means
only this part can be decomposed into our complete basis. For the non-normalizable part of
four-point function, the subtleties were explained in [18].

The so-called conformal partial waves (CPWSs) corresponding to principal series repre-
sentations and possible discrete ones are the expected complete basis. The orthogonality is
guaranteed by the Hermitian condition. For physical blocks, which have real dimensions and
satisfy the unitarity bound, there exists no inner product making them orthogonal. The CPWs
are necessary when we try to invert the OPE.

Besides the usual CFT case, the above procedure has been applied to the study of other
models with conformal symmetry, including the SYK model [45] and its supersymmetric ver-
sion [46], different boundary condition for CFT; [50], the defect CFT [57] and the CFT at a
finite temperature [58]. In the following subsection, we will apply this procedure to the 2d

field theories with Galilean conformal symmetry.

3.2 Harmonic analysis on GCA

As the group generated by GCA is not semi-simple, we cannot apply the formal harmonic
analysis for conformal symmetry group. Here we just follow the discussion on the SYK model.

There are two independent Casimir operators C7 and Cy for 2d GCA. However, one can
not define a Hilbert space which makes C'; and Cs Hermitian simultaneously. From the point
of view of taking the non-relativistic limit, as we will discuss in section 3.4, C5 comes from the
difference between the holomorphic and the antiholomorphic quadratic Casimirs, and is not
suppose to be Hermitian. To evade this obstacle, we introduce a quartic Casimir C3 = C3,

which is Hermitian together with C. In the following, we use C; and C3 to do harmonic
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analysis.
Let us first write down the action of these two Casimirs. For the quadratic Casimir, its
action is
Crfag(@,y) = 2*(1—2)0; fae(w,y) = Efaelz,y) (3.2)
and for the quartic Casimir, it acts like
Csfae(z,y) = CF faele,y)
= [(3z — 2)ay0; + 22°(x — 1)0:0, + 22°0,)* fa ¢ (2, y) (3.3)
=46%(A = 1)*fae(,y)
where Cy, Cy are the quadratic Casimirs defined in (2.17) and could be obtained by taking the
non-relativistic limit on the quadratic Casimirs of CFT5.

Now we can specify the Hilbert space. We define the inner product to be,

(f.9) = / dedyp(z, y) [ (3.4)

The integral domain of (3.4) is restricted by the symmetry of the four-point function, which
is the invariance under the exchange of 1 <+ 2 or 3 ¢ 4, just as in the SYK model.'’ In our

GCA case, we can use the global coordinate transformation such that [44]:

{<xi7yi)} - {(O0,0),(LO),(QZ,y),(0,0)} (3‘5)

Under the exchange of 1 <> 2 or 3 «<» 4, using the above configuration and the expressing of
the cross ratios (2.13), one can easily obtain the symmetry as follows:

-y

x
e - —. 3.6
R Y (1—1x)? (36)
Using this symmetry, it is easy to see that the required region is a strip,
S [072]7 y e (-OO,—i—OO). (37)

Now we use the Hermitian condition (C'f,g) — (f,Cg) = 0 to determine the measure. Since
we have two Casimirs, the required Hilbert space should make both of the them Hermitian.
Let us analyze them one by one to reduce the Hilbert space. For the quadratic Casimir C1, it
is easy to see that it becomes a Strum-Liouville problem with respect to the variable y, so the
measure is found to be independent of y: u(x,y) = p(x). Then as expected, the Hermitian

condition reduces to the boundary terms,
+oo

2
(Crf.9) — (f,Crg) = /0 dwp(x) / dyd, (90, f — [9,9)

—00
—+00

= /02 dxu(JU)(gayf_fayg)‘ 00

11n the SYK model, the 1 ¢« 2 or 3 < 4 invariance of the four-point functions leads to the symmetry
X — ﬁ (x is the cross ratio), from which one get the boundary condition f’(2) = 0 and then determine the
region to be x € [0, 2], see [45] for details.
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The normalizable condition for the function f in y direction is:

|—1/2

f — 0 faster than |y . as |y| = oo, (3.8)

which ensures the boundary terms to be vanishing. The eigenfunctions of C is of the form

§y

Ye(z,y) = exp P T

The normalizable condition (3.8) requires that the quantum number £ to be imaginary § = ir,

(3.9)

where 7 is a real number. Note here that (3.9) are the eigenfunctions of C, but the eigenvalues
for z € (0,1) and z € (1,2) are different: £2 in z € (0,1), while —¢2 in = € (1,2).

For the quartic Casimir C', it is difficult to work with it directly. The idea is using the
result for C to decompose the Hilbert space into smaller ones. That is, using the above basis

e to write,
“+100 R
fay) = / de fe(a e (. y). (3.10)

—100
Now, we only need to decompose individual fg(a:) Substituting fg ()¢ (z,y) into the equation

(3.3), we get a much simplified equation:
L 1 . .
Csfe(z) = [2%(x — 1)02 + §x(2 +2)0p — 1) fe(z) = (1 — A)? fe(x) (3.11)

where C means the reduced action on the function fg (). The dependence on y and & disap-
pear in the above equation, and the equation reduces to a second order ordinary differential
equation. Actually, Cy=— 6'22, where,

T —2
2v1 -z

This Cs can also be obtained by substituting fg ()¢ (x,y) into the eigen-equation of Cy: once

Cy = V1 —zxd, + (3.12)

again the y dependent terms cancel mutually.
From the second order differential equation (3.11) we again have a Sturm-Liouville problem,
so the measure can be worked out:

(z) = 1) p/ QQidx — 7\/‘1_:'3‘ (3.13)

22(z—1 o r(x—1) " a3

Note that here we use iz because this is not the final measure. Also, we drop the integration
constant because it is not important for a measure. Strictly speaking, there could be a differ-
ence between = € (0,1) and z € (1,2) up to a multiplicative constant, but this will reduce to

the difference in the matching condition at x = 1, so it does not matter.
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To find the total measure, we need to write down the Hermitian condition for C3 explicitly:
(Csf.g) = (f,Cs9)
2 +o0
= [ o) [ dylate)Cof (@) = 5. 9) gl

“+o00 —Hoo “+i00 . R
/dwu / dy / e,y e (3,9)[Ca o (8)3e () — Cosgen () f2()

—100

Substituting (3.9) into the above relation, and write ¢ = is, £’ = ir, we find that the right-

hand side becomes:

—+oco +oo +oo R R

/ dyexp{ (r ) M} [ tente) [ as [ s @ante) - it
2 —+00 o .

_ /0 dwp(z)e /1] / s / dré(r — 8)[Cs fi(@)dir (@) — Cador (2) F1 ().

So we have:

/11 —
Yo /[T — 2| = filz M (3.14)
Our final result for the measure is simply:
1
p(x) = —, (3.15)

which can be actually obtained from the one in CFTy by taking the non-relativistic limit.
Next, we want to determine the Galilean conformal partial waves (GCPWs). Similar to
the CFT case, this requires to find all the solution with same eigenvalues of C7 and C3. For

given eigenvalues of quadratic and quartic Casimirs, there are four independent solutions:

XA X2—A g XA,—¢ X2—A,—¢ (3.16)

where,

exvi—z, (3.17)

These four solutions are related by the symmetry of the eigenvalues: A <> 2 — A and £ < —¢.
More precisely, due to the fact that Cs = —6'22, to obtain these four solutions we only need to
solve the eigen-equation of Cs, i.e. Eq. (3.12), together with the y dependent part (3.9).

The above solutions should be taken with care. First of all, because the /1 — z factor is
double-valued, we need to specify one of them. In fact, the other choice correspond to another
independent solution which is just x2_a,—¢. This is similar to 1D conformal block, where
there are two branch points at 0 and 1. Secondly, the above solutions are not valid in the
entire region x € (0, 2), because there is a singular point at = 1, which is a branch point as

well. Nevertheless, the above expressions of solutions are valid in the interval (0,1) and (1, 2)
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separately. The point here is, for example, if we have a solution (3.17) for € (0,1), then

continue it to x € (1,2), which means the matching between z = 17 and x = 1™, we can not

find (3.17) anymore. Instead, we will find a solution which is a linear combination of the four

solutions in (3.16). Just like in the SYK model, the analytic continuation form = < 1 either

below or above the real axis to x > 1 will not give a solution we need in 1 < x < 2, only one

of their combination does the job.

To obtain the GCPWs of CGA, we need to consider the solutions in different regions and

match them properly. Let us first analyze the region = € (1,2) case. From the above analysis,

we know that (3.16) in = € (1,2) are different from the ones in = € (0,1), so for = € (1,2) we

label these solutions as

Xargrs Xa—args Xar,—¢ X2-a/,—¢
where A N
2 (1 + iV — 1) _itly
X/A’ ¢ = ( + ) erVz—1,
’ r—1
Then the GCPWs in z € (1,2) are:
(I)A’,g’ = CLlX,A/’g/ —+ a2xl27A/7€/ + CL3X/A/77£/ —+ a4xé7A,77§/, 1 < << 2.

Because of the symmetry (3.6), we get the boundary condition at z = 2:

Parer(2,y) = Parer (2, —y),

which leads to

ay = as, ag = aq.

Notice that z = 2, y = 0 is a fixed point, so we have another boundary condition'?:

0, Pare1(2,0) =0,
which leads to
a1(1+1)2722 = ap(1 — )2 24
After setting a; = 1, we finally obtain

- _ I
a1 =a3z =1, as = ay = ™12,

Note that we can not write e/"(1=2") = (—1)mr(1-4")

because of the multi-valuedness.

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

Next, we have to continue the GCPWs to 0 < < 1 with the matching condition at x = 1

Pae(17,y) =Pa (1, y).

'2This boundary condition is similar with f’(2) = 0 in [45].
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As x — 1, we set |[v/1 —z| = € = 0 in the following. For z — 17, we find

(1414€)>728" ey

Xavg (1T y) = =————ec, (3.25)
then the GCPWs as e — 0
1 ¢ 1 e
Pagly) = (a1 a2)ge < + (a3 +a4)ze o

ie'y —ig'y

< + (a1 —a3)(2 - 2A"ie" < +--- . (3.26)

—|—(a2 — al)(2 — 2A/)ie

Here we have neglected the higher order terms, which vanish in the e — 0 limit.'* On the

other hand, we write the GCPWsin 0 < z < 1 as:
Pre =Dbixage+baxa—ae +b3xa,—¢ +baxo_a ¢, O<z<l1. (3.27)

When x — 17, we have the GCPWs

—&y

| =

£y
€ €

_ 1
Pae(17,y) = (b1+b2)ze

(b — b1)(2 — 2A)e " +

+ (bg + b4)

by—b3)(2—2A)e + . (3.28)

~~ M

The matching of the GCPWs at © = 1 leads to the identification of the exponential factor
& =i or —i€, A=A or 2-A. (3.29)

In fact, this relation just reflects the normalizable condition in y direction, where £ € R for
xz € (0,1) and £ € iR for z € (1,2). The identification of the coefficients before the exponentials
gives

a1 + as = by + by, i(al—ag) = by — by,

as + aq4 = b3 + by, ’i(ag — a4) = by — by.

Finally we get the coefficients

1+ 1—14 .
by = by = ;LZ + - Leim(i=4)
. . (3.30)
_1—'l ].+Z iﬂ'(l—A)
by = by = 5 + —5 ¢ ;

and the GCPWs

Xag+Xae T V00 ae T Xoa)y forl<ae<y,
Paelz,y) = (3.31)
bi(xae +xa,—¢) +ba(x2—ae +x2-n,—¢), for0<z <1

13Note that the exponential part is oscillatory and bounded, due to the normalizable condition in the y
direction (3.8). This is true for both « € (1,2) and = € (0, 1).
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where X/A,g and xa¢ are given in (3.19) and (3.17) respectively. As before, now using the
normalizable condition to determine A, we find that the solutions have the power law behaviour
near x = 0O:

XA L ™~ XA,—¢ ™~ a, X2—A¢ ~ X2—A,—¢ ™~ 2 A, (3.32)

3

Because ji(x) ~ x7°, so to make GCPWs normalizable, one way is to allow all four terms.

This leads to

2ReA — 3 > —1,
© = (3.33)
2(2—-ReA) -3 > —1.
The only solution to the above two constraints is ReA = 1, that is:
A=1+1is, seR. (3.34)

This is the usual quantum numbers of the principal series representation. Just like the SYK
model, each term is marginally allowable. Another possible way to have normalizable CPWs
is to let two of four terms vanish, namely, let by = bg = 0 or by = by = 0. This leads to the

discrete series:

1
A:g—i—Zn or A:—§—2n n=0,1,2,---. (3.35)

Note that the (—%)—series is linearly dependent on the g—series, due to the symmetry A < 2—A.

This Zy symmetry also appear in the principal series: Wa ¢ and Wo_a ¢ are linearly dependent.
Besides, there is another symmetry § <+ —& for WA ¢ in both case. Moreover, it is easy to see
that for both £ =ir, A =1+ is and £ =ir, A = —1/2 — 2n, the eigenvalues of the Casimirs
are real.

To compare with CFT, the GCPWs can be written in a more symmetric form by multi-

plying a factor ez (A1,

e%(A—l)(X’A’é + X/A,fg) 4 eF(1-0) (X’27A75 + XIZ—A,fg)’ for 1 <z <2,

Unel@,y) =
A(A)(xag +xa-¢) T AR = A)(x2-ag T X2-a,-¢), for0<z <L
(3.36)
where
A(A) = eTADp —sin % + cos %, (3.37)
A(2—-A) = e (A=1p, — sin % — cos % (3.38)

From now on, we use this symmetric form of the GCPWs for discussion.
Note that in the CFT case as well as the SYK case, for the principal series we have an

alternative expression called the shadow integral representations. In GCA case, it will be

22



interesting to ask whether there exists an analogue of shadow representation for our principal
series. This will be the subject of section 6.
Now, let us work out the orthogonality and the completeness of our GCPWs. Firstly,
because of the Zs symmetry:
A 2-—A £+ =&, (3.39)

the quantum number of our complete basis can be chosen to be: & = ir, A = 1+ is or
A =—-1/2—-2n with r;s € R, n € N. Now we determine the normalization factor in the inner
product. For the principal series, we expect the inner product (xa ¢, Xa’¢) to be proportional
to 6(r —r")d(s — '), so we only need to consider the singular part of the inner product, which
comes from the integral over the small x region, as the y part just gives 27r:v\/m5(r —1r').

Then it turns out to be
(Witis,irs Vigis i) = 4772]\75(7“ —r")d(s — &), (3.40)

where

N = —cosmA = A(A)A(2 - A). (3.41)
For the discrete series, we can calculate the normalization factor directly:
(\I/Ayg, \PA',ﬁ') = N/(S(T - r/>(5nn/7 (342)

where
N =7x= A(A)OAA(2 — A). (3.43)

Of course, the principal and the discrete series are orthogonal to each other:
(Wipis,ir, W_1_gp, jpr) = 0 (3.44)

For the orthogonality, here we cannot simply follow the fact that for the Hermitian operators
the eigenfunctions with different eigenvalues are orthogonal to each other, because our GCPWs
are not the eigenfunctions of the Casimirs in the whole region. As mentioned before, the
GCPWs are the eigenfunctions only for x € (0,1) and = € (1, 2) separately, but with different
eigenvalues in these two regions. Nevertheless, based on this fact and just follow our analysis
step by step one can easily find that our GCPWs are indeed orthogonal with each other. The

completeness relation is then:
1 +o00 +o00 1 .
4772/0 dS/O d”f’N\I’His,ir(l’,y)\I’1+is,ir($ Y)

00 +oo 1
+ Z /0 drﬁ\ll_%_zmir(x, y)\If_%_Qn,m(:L", y) =2t (x — 2")d(y — /). (3.45)
n=1
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3.3 Read Data from Inversion

A four-point function admits global block expansion in which the expansion coefficients contain
the data of the theory. It admits the GCPW expansion as well, where the expansion coefficients
can be obtained by using the inversion formula. The two expansions are related by the contour
deformation. In this section, we want to explain how to get the date from the inversion formula.

The standard (Euclidean) inversion formula method takes the inner product of the four-
point function and the CPWs to obtain the inversion function. After analytic continuation
and contour deformation, one can read the spectrum and the OPEs from the poles and the
residues of this inversion function.

The contour deformation analysis is still valid in the GCFT case. Here we would like to
point out some novel features in the GCF'T case. Firstly, we note that though our harmonic
analysis include two regions, 0 < z < 1 and 1 < x < 2, we can actually use any one of them
to find the block expansion. In practice, we will work in the region 0 < z < 1 in the following.

Now we write the GCPWs expansion of a four-point function:
& 1 > 1 & 1
G(z,y) = ; dri— ; ds - Vae(z,y)(Yae G)+ ; drzn: v Yae(@)(Tag,G). (3.46)

As we will show shortly, one can double the integral region and then try to use a contour
deformation and find that the contributions from the arc at infinity (to the right hand side)
can be dropped so that the above integral become a sum of residues which located at physical
poles.

Secondly, the £ = 0 part should be treated separately as we mentioned in section 2.2. In
this paper, we only deal with theories with no & = 0 spectrum, for example, the Generalized
Galilean Free Field Theories in section 4. For the treatment of the £ = 0 case, see [53].

Thirdly, the multiplets appear as the multiple poles in the inversion function. As we have
already shown, the multiplets are essential existence in GCFTs. But only the singlet blocks
are the eigenfunctions of the Casimirs, and the singlets appear as simple poles in the inversion
function just as in the CFT case. So how to see the multiplets in the inversion formula? The
answer is that they appear as multiple poles. This can be understood by considering Fourier
analysis. The analog of a conformal block is e® with s real, which is generally not in the

Hilbert space of the Fourier analysis™*.

In fact, our GCA global blocks as well as physical
four-point functions are in the same case: they are generally not in the Hilbert space of the
GCA harmonic analysis. To discuss these more general functions, we need to extend Fourier

transform to Laplace transform. Here is a toy model for the inversion method: for a single

14YWith s pure imaginary, e** is a complete basis, so is the analog of CPW or GCPW.
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“conformal block” fs,(t) = e*0!, after the unilateral Laplace transform

oo
Fls) = / et f (1), (3.47)
0
one get F(s) = 5_150. So it appears as a simple pole at s = sg, which means that we can read

the spectrum s = sg directly (of course here the residue, which is related to the OPE, is 1).

For the GCA case, the multiplets involve additionally “multi-blocks”:
Ol et = el (3.48)

which corresponds to a multiple pole after the Laplace transform
n!
(s — sp)nt1’
In fact, this is exactly what happens in the GCA inversion because the block of multiplets is
related to the global block by
ool oo (6 ).
y

z4/(1—2x)

Moreover, we observe that in order to get the block expansion, we only do the unilateral

such that £ plays the role of s and plays the role of ¢ in the Laplace transform.
Laplace transform, which means we only need to use a half of the integral region. The full
integral (bilateral Laplace transform) is actually divergent for a single block €%, but since we
only concern its analytic structure, the unilateral Laplace transform is enough. This is also
the case for an GCA four-point function. In the next section when we discuss GGFT, we will
use this logic and show explicitly the independence of the integral region.

Now let us make the above analysis more explicitly. For a stripped four point function

G(z,y), we first use the GCA inversion formula to get a GCA inversion function:
I(A§) = (Yag, 9) (3.49)

Using the above GCA inversion formula, one gets the expansion with respect to the GCPWs.

the global block expansion is

g(xvy) = Z PA,E,ka§g§7)£> x <1 (350)
A’£7k

Now we would like to compare the block expansion and the GCPW decomposition for G(x,y)
in the region x < 1 to get the relation between I(A, &) and Pa ¢ . For the GCPW expansion,

we have

e 1 * 1 e 1
o) = [ rys [ dsppadenWae @) [T ar S (¥ada ) (¥as ). (65
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(a) A-plane (b) &-plane

Figure 1: The contours in the A-plane and &-plane.

which contains the contribution to the poles in the inversion function We want to move the
integral contour on the complex A-plane and complex £-plane. We need fix £ firstly to get
the complex A-plane, and choose the contour as in Fig.1a : the contour goes clockwise along
the line Re(A) = 1 and the arc at infinity. This will help us to read the potential poles
corresponding to the physical spectrum. Then we may fix A to work on complex £-plane, and
choose the contour as in Fig. 1b: the contour goes clockwise along the line Re(§) = 0 and the
arc at infinity. This will pick up the physical poles corresponding to & spectrum. However,
it is not obvious that the contribution from the arc at infinity is always under well control,
considering all four terms in the GCPWs. To make sure these contour integral are always
well-defined, we need to use the symmetry of the GCPWs under A — 2 — A, £ — —¢ to
re-express the above expansion. By expressing it from the xa ¢ term, the contribution from
the principal series part in G(x,y) is

i |4 [ AAGIB.0AO N = o [ e [ A8 Oy
@mi)? Jo, " Joy N S@mi)? Jo, C Joa TA2-A)
where each contribution from xa —¢ and x2_a +¢ is the same as the one from xa ¢. This allows
us to double the integral region twice. At this moment, the integral is on the complex A plane
and complex £ plane. The relation A = 1 + is,£ = ir gives additional %2 as the pre-factor of
the integrand.

Note that the factor A(2 — A) has simple zeros at A = A,, which gives the discrete
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spectrum. Deforming the integral contour, one also picks up the residues at these simple poles

of m. The residue reads,

ZRGS"A A4 A) ZOAA 2 A

Considering the direction of the contour, this cancels the contribution from the discrete spec-

trum which is
A \\J .
2712 L{ Za,A X )5(‘r7y)( A,ﬁ;g)

Combining them, one gets the contribution from the physical spectrum as follows,
1
- EZ:RGS l& ; Res !Ammf(ﬁa Oxae =<1, (3.52)

where I(A,§) has poles at & = & and A = A,,,, which constitute the physical spectrum. On
the other hand, the global blocks of multiplets read

k _
g = 222720k A, (3.53)

so the singular part in I(A, ) reads

228m=2  Pp e kil

(5 - El)k+1 A — Am

(A ~— Y AR-AT(k+1) + shadow poles. (3.54)

Amvflvk

We see that generically, there are multiple poles in £ and single poles in A in the inversion

function. What’s more, there are shadow poles in the inversion function. Consider

I(A8) = (Tag9)
= A2-A)(xa69) +A2-A)(xa-69) + A(A)(x2-a69) + A(A)(X2-a,-¢,9),

one do not know a priori which of the four terms contributes to the physical poles. If (G, xa ¢)

contributes to the physical poles, it should have the following singular behaviour,

22Am—2 P
(Tae @) ~— > T(k+1) o AATfK:: (3.55)

Amuglzk

We can see in the next section that this is the case for the GGFTs.

3.4 Limiting Analysis

The GCFT5 can be seen as the non-relativistic limit of the CFT9, which has the space time
coordinates z =z +y,z = x — y [42, 44, 59],

x—x, y—ey, €—0. (3.56)
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This is to take the speed of light ¢ — co'®. In this sense, it is called the non-relativistic limit.

Under this limit, the generators behave as,

L,=L,+L,, M,=¢L,—Ly) (3.57)
where L,,, £,, are the generators of the two copies of Virasoro algebra of CFT5, and the Virasoro
central charges ¢, ¢ become,

c+e e(c—¢)
= —". 3.58
12 M7 (3.58)
Starting with the highest weight representation in CF'Ts, one gets the highest weight represen-

Cr, —

tation in GCFTy after taking the non-relativistic limit. The weights and charges of operators
are related as follows,

A=h+h, &= lim e(h — h) = lim e(£.J), (3.59)
E—

e—0

where h, h are (anti-)holomorphic weight of the operators in CFTj.

Consequently, many kinematic quantities can be obtained by this limiting method, in-
cluding the Casimirs, the two-point functions, three-point functions, the null vectors and the
global conformal blocks of singlets, etc. Interestingly, we will show in the next section that
this limiting method can even be valid in the dynamical level, namely, it can be used to obtain
the results on GGF'T. Particularly, one can easily see that how the multiplets appear after
taking the limit. On the other hand, when we try to revisit the harmonic analysis by using
the limiting method, surprising things happen: we find that it is impossible to reach the result
of GCA harmonic analysis, though the symmetry is preserved well in the limiting procedure.

Now, we turn to discuss the harmonic analysis of GCA from the point of view of taking
the non-relativistic limit. We will show that it is in principle impossible to obtain the GCA
harmonic analysis result by taking the limit. The reason is, in a word, that the Hilbert space
in the GCA harmonic analysis can not be obtained from the one in 2d conformal harmonic
analysis. We will discuss two different aspects of this claim, both related to the definition of
the Hilbert space. The first one is the normalizable condition, which determine the quantum
number of GCPWs. The other one is the boundary condition.!

Before explaining the two unsuccessful aspects of the limiting method, let us note that

there is actually something still valid. After taking the limit, the measure becomes

1 . 1 1
pla,y) = lim 5 = lim CETTE It (3.60)

5There are actually two distinct contractions both leading to GCA from 2d conformal algebra. However, as
explained in [44], only the non-relativistic limit is relevant to the highest weight representations. We will focus
on the non-relativistic contraction.

SNote that all the previous results (for example, the ones in [42, 44, 59]) that can be obtained by the limiting
method do not involve the boundaries.
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which perfectly match with the one in GCA harmonic analysis. Notice that the measure is
independent of the normalizable condition as well as the boundary condition.

It is most obvious to see the ineffectiveness of the limiting method by considering the
quantum numbers. For the quantum number of the GCPWs, the principal values of A are
actually the same as the ones in 2d conformal harmonic analysis. However, it is impossible
to obtain the discrete values of A or the quantum number of £. Let us explain this point in
detail. Firstly, a function G(z, z) in the Hilbert space of the 2d conformal harmonic analysis

has the following CPW decomposition:

0 1+ic0 dA
G(,7) = Z/ (A ) Es (2, 2), (3.61)
J=0 1—ico

Taking the limit on both sides, the question is whether or not that the right-hand side (RHS)
will become the GCPW decomposition of the left hand side. We want to look at the quantum
number on the RHS. From (3.59), a finite J always leads to £ = 0 after taking the limit. This
is a trivial case because both sides will be y independent under the limit. In order to obtain
a non-trivial result, the spin appeared in the CPW decomposition of G(z, Z) must be of order
1. Then after the limit, the function on the left-hand side (LHS) still has y dependence and
the quantum number £ on the RHS is nonvanishing and finite (in fact, GGFTs in the next
section are in this case). There are several possible problems. The first one is: do CPWs have
reasonable (finite) limiting results? We will show this is true in the next paragraph. Another
subtle point is on the commutativity between doing the J summation and doing the A integral
in the ¢ — 0 limit. Even if we ignore the above subtle issues, it seems impossible to obtain
a continuous spectrum of £ by taking the limit. No matter what Hilbert space we use, the
spectrum of £ should be continuous because the y direction is not compact. As the spin is
discrete, it seems impossible to translate the J summation in the RHS of (3.61) into an integral
of ¢ after taking the limit. In fact, the true principal value of £ should be pure imaginary which
originates from the normalizable condition of the y direction. Moreover, the possible discrete
series of A, which does not appear in a 2d CFT at all, cannot appear from taking the limit
on the RHS of (3.61) either. This discreteness also originates from the normalizable condition
for the x direction.

Next, let us turn to the boundary conditions for GCPWs, which will be more explicit. It
has already been known that a single conformal block can be obtained by taking the limit [44].
In fact, it turns out that the full CPWs is well defined (finite) in the € — 0 limit. Recall that
the CPW in a d dimensional CFT takes the following form:

Fa,p(2,2) = Ka,yGa, (2, 2) + Kgon,1Ga—n,g(2,Z) (3.62)
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where Ga j(z, %) is the conformal block, and

rA-1) L(5 =)l (5 +a)l(5 = HI(5 +0) (3.63)
1 .

Ras=pa—gytarn 1= TG -1

)
In the d = 2 case, if we take the limit on the CPWs, divergences appear in both the two terms.

The point here is that only the relative ratio between the coefficients K[‘i(_AAjJ is meaningful,

which reaches a finite value under the limit. We observe that all gamma functions in KIZAJ’J
could be combined into Beta functions:
L'(b)L(c) /1 b—1 -1
B(b,c) = ———- = 1—y) dy. 3.64
(b, c) Thro ), ¥ (1—-y)"dy (3.64)

Then in the limit ¢ — 0, we can use the saddle point approximation for these Beta functions
just as in [44], and find that the relative ratio between the coefficients of the block and its
shadow is 1. This is very different from the GCPWs in our intrinsic harmonic analysis.

Now, we explain what goes wrong in this story. In short, the origin of the mismatch
stems from the boundary conditions. More precisely, unlike the measure, the computation of
the GCPWs are closely related to the boundary conditions. In fact, the differential equation
(3.2) and (3.3) can be obtained from taking the limit [44], but we are not sure whether the
boundary conditions can also be preserved in the limiting procedure. Let us look more carefully.
Notice that unlike the ones in usual CF'T, the GCPWs in Galilean conformal theory are linear
combinations of four blocks. This is not strange because J = |h — h|, so the combination of
& block and —¢& block correspond to a single block in CFT. It gives naturally the £ + —¢&
symmetry of GCPWs in GCA. Moreover, in CFT5 there is a symmetry

z z
z 3.
e P (3.65)
which transforms into
z 2x
W=z E o f o = +0(e)
z—1 z-1 r—1 366
_ z z —2ey 9 (3.66)
2ey =2 —z — - = + O(€e%).

z—1 z-1 (z-1)2
After taking the e — 0 limit, this is just the symmetry (3.6) for GCA . It seems that the
boundary conditions in harmonic analysis could also be obtained by taking the limit because
they come from the symmetry. However, this ¢ — 0 limit for the boundary conditions is illegal
because the symmetry property for the CPWs can not be preserved in the limiting procedure.
The point here is that, when we do the limiting analysis, because £ = eJ, we must analytically

continue the spin J = h — h'7, then the CPWs for 2d conformal group will generally do not

17 As noted in [46], 2d CPW F, j, has a meromorphic continuation in &, but need to keep the spin h — h fixed
to be an integer. So in the following we will see that multi-valuedness appear when we analytically continue
the spin.
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have the symmetry (3.65). In fact, with respect to (3.65) the CPWs of 2d conformal group

transforms as [46]
z z

z2—1"z—-1

Fy5( ) = (~)""E, (2, 2), (3.67)

which holds only for integer spin so (—l)h*E make sense. More precisely, the above symmetry
(3.67) only holds for CPWs with even values of J = h — h. Because (3.65) arises from the
invariance of the four-point function under z; <+ zo, this means a four-point function that
possesses the z1 <> 29 symmetry can only receive contributions from Fj,; with even spin.
However, under the e — 0 limit, this even spin condition gets lost and the relation (3.67) does
not hold any more. More concretely, because z = 1, Z = 1 become branch points when J is

analytically continued, the symmetry (3.65) can be rewritten as:

1—2z— , 1-z— (3.68)

1—-=2 1-2z
Consequently in the arguments of 1 — z = re?® and 1 — zZ = re~%, the transformation (3.65)
results in the transformation

0 — —0, (3.69)

which means that the RHS and LHS of (3.67) may live on different sheets with respect to the
branch point z =1, Z = 1. Thus, when J is not restrict to be an integer, (3.67) is not correct.
Only a single conformal block have a definite transformation law. For J being an integer, the
transformation law of a conformal block coincides with its shadow, so (3.67) holds. If one

consider the fixed point of (3.65):
z2=z=2, or l—z=1-z=-1, (3.70)
then 6 = (2n + 1), after the transformation (3.65),
AO=60—(—0)=(2n+1)2m. (3.71)

Thus, when we consider the CPWs, the fixed point (z, z) = (2,2) is at a different sheet after
the transformation (3.65). Only when J is an even integer, the CPWs are single valued and
(3.67) holds and the CPWs have the symmetry (3.65), given the Euclidean condition z = z*.
In this case at (z,z) = (2,2) we have the boundary conditions satisfied by CPWs just like in
the 1d case'®. However, when .J is analytically continued, taking the limit does not lead to any
boundary condition. In short, after taking the limit, for CPWs we do not have the symmetry

(3.6) as well as the boundary conditions (3.23). Note that there is another symmetry z > z

8For the 1d case [45], a single conformal block indeed has similar transformation law for y — ﬁ (x is
the 1d cross ratio), so only when the quantum number of A is an even integer can it be a CPW. This fact is

reflected on the appearance of the discrete series.
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in 2d CPWs, which becomes the symmetry y <> —y after taking the limit, so the boundary
condition (3.21) still hold. In fact this is related to the £ +» —¢ symmetry.

Finally, our harmonic analysis is like the one in CFT;, which relies on the space of real x
and y, while the d > 2 conformal Harmonic analysis stand on the Euclidean space z = z* with
z and z complex. In the d > 2 conformal Harmonic analysis one needs a single valued boundary
condition at z = Z = 1 to ensure that the CPWs are Euclidean single valued. Our GCA case
do not have such a boundary condition. Instead, near z = 1, we have a matching condition
similar to the 1d case, which makes our GCPWs have different expressions for 0 < z < 1 and
1 < z < 2. One can not see this piece-wise structure when take the the limit of a CPW,
note that this matching condition is also related to the normalizable condition for the Hilbert

space.

4 Generalized Galilean Free Field Theories

In this section, we study generalized free theories (GFT) with Galilean conformal symmetries.
The correlation functions in GFTs can be read from the Wick contraction. We consider a
generalized Galilean free field theory (GGFT) which contains two fundamental scalar type
operators 01, Oy with the conformal weights A1, As and the charges &1, & respectively. The

two-point functions read

<0101> — SU1_22A162€1?J12/:E12’
(0202> = LL‘I;AQ 6252y12/$12’
Q0 =0 (4.1)

The four-point function of O1010505 is simply the product of two-point functions.

4.1 GGFTs from operator construction

In this subsection, we consider the spectrum and three-point coefficients in such GGFT by
constructing the quasi-primary operators explicitly. We want to study the operator product
expansion (OPE) of O103. Due to the Wick theorem, only composite operators containing
0105 can appear in the expansion. Moreover, L_1, M_1 which are the derivatives with respect
to x,y can also appear in the construction. We give a detailed analysis of the number of the
operators in appendix C. It turns out that the generating function of the total number of

linear-independent operators at each level is

Z(q) = 1_q ZP (4.2)
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where P(N) is the number of operators at level N with a weight A; + Ay + N. According to
the appendix C, we list the information on the operators and the multiplets in the following

table.

Level 0172 |3 |4

Number of operators 114 110]201 35
Number of quasi-primaries | 1 | 2| 3 | 4 | 5
Rank 1123|415

Number of multiplets 111] 1 1 1

Note that there is one multiplet at each level.
Let us construct the level 1 operators explicitly. At level 1, there are four linearly inde-

pendent operators denoted by A, B, C, D, respectively,
A: 01M7102, B:M_10.05

C: 01[/_102, D . L_10102.

At level 1, there are two quasi-primary operators, which are the linear combination of the

above four operators

Pi=aA+bB+c,C+dD, i=0,1. (4.3)
They should satisfy
LiP; =0, MP; =0, (4.4)
MoPy = §Po = (§1+&2)Po,  MoP1 = &P1 + Po, (4.5)
LoPo = ApPo = (A1 +Ax+1)Py,  LoP1 = ApP1. (4.6)

From acting the generators on A, B,C, D,
LC = 2A20102, LD = 2A10102,

MiC =2860102,  MD =2860,0,,
LiA =265010,, L1B =200,
M A =0, M{B =0,
MoA = (& +&)A, MyB = (& + &)B,
MoC= (& +&)C+A  MD= (& +&)D+ B,

one can obtain that

Po:rag=¢&, bo=-&&, co=dyp=0 (4.7)
aly Dokt — A1l
&1 &1 ’

Pr:a1=a, by =— =&, dp=—&. (4'8)
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Note that there is still one undetermined parameter a in P;.
On the other hand, in order to define the composite operators properly and calculate their

correlation functions, we may apply the point-splitting regularization,

(O(a1,1)0(a2,12)): = Jim OO — (00) (49)

Y2yt
such that there is no singularities as z9 — x1. Note that there is no singularities as yo — 1
in the two-point function, so we can simply take the same y. The above composite operators
should be taken as the regularized ones. Now we can calculate the two-point functions of Py

and P,

(PoPo) = 0, (4.10)

(P1Py) = deXCrreama/my 2 HEtD), (4.11)
2

(PP = (PiPo) 22+ (Po) f(a), (4.12)

where d = 2£1£2(&1 + &2) is the overall normalization. To normalize the two-point functions as

required, one should choose a so that f(a) = 0. This leads to

_ A3 — D& (& + 28)
262(&1 + &2)

Let us turn to the multiple-point functions. There are two three-point functions. One is

(4.13)

(0104P,) = ABC (4.14)

where A and B share the same structure with (2.32) (2.33), and

C =cp=—2&. (4.15)
The other one is
(0102P1) = ABcy + c9ABOg, In A (4.16)
where Aoff + Ai€3
L= TTats (4.17)

For the four-point function (0101 0205), the contribution of the global block from the quasipri-

mary operators to the stripped four-point functions is
1oy, (1)
Gla,y) = S(Aogn s aoirgres T A1IA A1 1LE +e) T (4.18)
where the ellipsis represents the contributions from other levels, and

A() = 20061, A1 = Cg. (419)
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To compare with the calculations using other methods where we consider the global block con-
tribution to the ¢-channel of the stripped four point function with identical external operators

O, we take A1 = Ay = Ap, & = & = &o such that

0 1
G(z,y) = AOQ%A)@H,zgo + §OQ§A)@+1,2§@ o (4.20)

Note that it shows just the explicit contribution from the level-1 quasi-primary operators. For
the quasi-primary operators at higher levels, the construction becomes more and more tedious.
We will use the inversion formula and double series expansion method to read the relevant

information on the quasi-primary operators at higher levels.

4.2 Radial coordinates in Galilean CFT

In many cases, it turns out to be more convenient to work in radial coordinates in Galilean
CFT. The configuration of four points is p1 = (—p, —7),p2 = (p,7),p3 = (1,0),ps = (—1,0),
where (p,7) € D = (0,1) x R. For simplicity, the slope k = 7 € R will be used. In terms of
(p, k), the cross ratios (z,y) € (0,1) x R could be written as

. r12w34 _ 4p

r13724  (p+1)2’
Yy _ Y12 | Y4 Y13 Y 1—p

K
T Ti2 X34 T3 T4 I+p

(4.21)

and inversely

1-vV1-z Y
p=—-"T7T——, K=——. (4.22)
1+v1—2z zv/1l—x

The conformal block with correct s-channel OPE behavior is

XAg = Vi exvi-z, (4.23)
In terms of the radial coordinates it is of the form
4 A e
Xag =gz arte (4.24)
Now the blocks for the multiplets are just
. VN g
Xagk = 7= 2P (—K)"e ", (4.25)

where (—k) is to keep the relation x, = 8?)(.
Notice that since |p| < 1, the s-channel block expansion is a possibly convergent series. To

get convergence we need to control the coefficients further.
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4.3 Taylor series expansion of four-point functions

In radial coordinates the block expansion has a simpler form, and for GGFT we can calculate
the block coefficients of all orders by a Taylor series expansion. The s-channel conformal block

expansion of four identical quasi-primary operators with the weight and charge (Ao, o) is

0000
g 2> = > Pagrxaek (4.26)
z280 eXP( 0 y) Ak

In GGFT, it turns out that there is no £ = 0 part and more restrictively, the &-spectrum
contains only & = 2£». From the viewpoint of operator construction, the condition & = 2£p
is consistent with that only double trace operators, schematically O&g@g(), enter in the OO
OPE. Besides, the limiting procedure also suggests this spectrum, see section 4.6. Hence now

the summation is over A and the multiplet number k,

1
> Pasp®(=r)t = 7(1= )G, (4:27)
Ak
For t-channel, we have
2
RHS = 2*2072(1 — p?)(1 — p) 180220 exp (—2&9/{1 P > (4.28)
—p
For u-channel, we have
2
RHS:2“%—%1—p%u+wﬂ*&OﬁA@mm<%@H1f ), (4.29)
p

which is related to ¢-channel by p — —p, as in the case of CFT.

In the ¢t-channel’s contribution (4.28), apart from the p?20 factor, the remaining part has a
Taylor series expansion of p (an expansion of p", where n € N). So matching the left hand side
of (4.27) to its right hand side (which is (4.28) for the t-channel), we get A,, = 2Ap +n. This
is also true for the u channel’s contribution (4.29). Now we calculate each channel separately,
to compare it with the inversion formula and the operator construction method. The relation
in the t-channel is,

- - —48okp

ST Bt ()t = 2180-2(1 = g2) (1 — p)the exp(l_ (4:30)

n,k P
The key feature is that x only appears in exponential factor together with p due to the condition
& =2€0. Also it is analytic at p = 0. Hence the summation range isn > 0 and k=0, -+ | n.
Expanding the right hand side we get the coefficients,
4AO+2k—2 ¢k
2 o+2k—-2 5(9

o Ank (4.31)

t
Pn,k*
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where A,, 1 is a polynomial of Ap of degree n — k.

4Ao+2n—k—2 4A@—|—n—2
A = 4.32
mk iAo +n—2 ( n—k > (4.32)
We list explicitly A, of the first few levels in order to compare with other methods.
K 0 1 2 3
n
0 1
1 iAo 1
2 8A%2+2A@—1 4Ap +1 1
32A
3 22 +8A% — 882 | 8AZ +6Ap | 4Ap +2 | 1
At level 1, we have,
Ply=2"%0Np, PL=2"0¢, (4.33)
and the corresponding block expansion is,
Gi(7,y) = 2"20 A0 Xanp+1,260.0 + 2°29€0 Xonp 41,2601 + -
_ (0) (1)
= B0Gsnpt12¢0 T E0IA0+12¢0 T (4.34)

where the different conventions of blocks are related by gXC)E = 9242

XAk 1t matches the
operator construction result (4.20).

Now it is easy to sum over the ¢t and u channels:

n is even
Pt+u _ )7

— k! 4Ap+n—2 n—k
n,k

0, n is odd.

248042k —1ek AN o +2n—k—2 (4A@+n72
(4.35)

This is the result for the generalized free boson, and for the generalized free fermions we only

need to interchange even and odd in the above formula.

4.4 Inversion function of GGFT

It is interesting that we are able to extract the spectrum data of generalized free theory,
although the inversion function I = (WA ¢,G) is divergent due to the pathological behaviors
of two-point functions with non-vanishing Refn'”. Without lose of generality we assume
Re&p > 0 in this subsection.

The way out is to introduce a regularization, and analyticity ensures the results are cut-off
free. We regularize the two-point functions by defining

(00), = 0(r — !2)(00) (4.36)

T12

9As we will show in the next subsection, if we choose £ to be pure imaginary such that the inversion
function is convergent in the sense of distribution, however, the result has no A poles related to the physical
operators, closely relating to the fact that there is a branch cut in the &-plane in the inversion function.

37



which converges to (OO) when r — 400. And equivalently the integration region of inversion
formula restricts to D, = (0,1) X (—oo,r). In the previous subsection we have known that the
block expansion is analytic in . The rigidity of analytic functions ensures that nothing will
be changed if restricting to D,., yet the inversion integral will be convergent.

To be concrete, the structure of regularized inversion function turns out to be

e imvers A2—-A
I(A€) = Z Z inversion e A;)(g = 2)§(’))k+1 + shadow poles + regular w.r.t. £. (4.37)
n=0 k=0

The shadow poles are from the three shadow blocks in WA ¢. The third term, contributed from
D,\Dy and (1,2) x R, though depends on r and contains the poles of A, is regular with £. If
we deform the contour of A and &, only the first term I; gives non-vanishing contributions.
The first term I, and also the shadow part are independent of r and remaining finite in the

limit » — +o00 and we can safely evaluate it at r = 0, i.e.
Il,r:oo = Il,r:() (438)

which means taking Dy as the integral region. Equivalently it is a unilateral Laplace transform.
Now let us calculate Iy,
I = A2 - A)(xae 9t)p,- (4.39)

It is more convenient to transform the inversion integral into p coordinates. The integration
region Dy in radial coordinates is (p, k) € (0,1) x (—00,0), and we denote it also by Dg. The

inner product is,

1., (1= .
(fi9) = O dxdygf 9= O ddeTpgf g- (4.40)
0 0
The input ¢-channel contribution is
(1—z)280 exp(‘2§0y> 200 )
G = A <(1 _”p)2> e~2néoT] (4.41)

The conformal partial wave is a linear combination of four blocks, but as we have discussed in

(4.37), to read out the physical spectrum of GGFT we only need one of them. The block is
XAE = X5, —¢r and

1
(xag,Ge)p, = 21802 /0 dpp~ 2015 () (4.42)

a 1

= =, and

in which k has been integrated out: fi)oo er

(1+p)(1—p)* 120

I = 0= e~ 2oli T p)°

(4.43)
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We will see that the independence of A in f(p) simplifies the calculation drastically.

The integral (4.42) can be represented as an Appell function F;. However to figure out
the analytic structure it is more convenient using the following method. Recall that p?~! is a
distribution on p € (0,1) and is meromorphic with respect to a, with poles at a = —n, n € N

and the residues Resg——_,, = (—1)n%

Y

1
dpp®~1 no_ n 4.44
/Opp N =3 T (4.44)

We use this to read the poles and the residues of A, and the &-pole structure automatically

appears in the residues of A - there are multiple poles at £ = 2£» corresponding to the
multiplets at each level, whose order ranges from 1 to n+ 1. To extract the pole structures we
need to calculate the n-th derivatives of f(p) at p = 0, and then expand them with respect to

L The result is

§-20"
o n 1 1 ) )
: _ Pt,mversmn 4.45
(XA,£ gt)Do T;HCZ:O “A+ 2AO +n (5 — 2£O)k+1 n,k ( )
where,
Pivililversion — K PfrtL,k:' (4.46)

It matches with (4.31) obtained by the Taylor series expansion. The factorial k! is due to
reading out the block expansion from higher order poles. And the clock-wise direction of
contours with respect to & and A gives rise to two minus sign but totally (—1)2 = 1. When
reading out the spectrum data, we firstly deform the A-contour picking up the poles at A,

and then deform the £-contour giving rise to multiplets.

4.5 Branch cut of inversion function

The order of &-poles in (4.45) is unbounded above as n — oo. This suggests that £ = 2o
could be a logarithmic type branch point in £-plane. This fact could be shown explicitly if we
change the order in doing the integrals. In the above discussion, we took the contour integrals
first in A-plane and then in &-plane. If we take the &-contour integral first, we will find a
discontinuity along the £&-branch cut. With this discontinuity we can still recover the ¢-channel
stripped four-point function, as we will show.

To see the branch cut we discuss a toy model firstly. Consider an improper integral of ¢,

/1dt1—1 -1 (4.47)
0 t—a ® a)’ '

It has a branch cut with respect to a at (0,1). This is because when a € (0, 1) the integrand

should be understood as a distribution, and the ambiguity of definition comes into play,

1 1
— =PV(—— 0(t —a). 4.4
g = PV ) Fris(t—a) (4.48)
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Figure 2: The analytic structure of (xa¢, Gi)p,. From the ¢-viewpoint, it has a branch cut,
while from A-viewpoint it has double trace multiple poles.

This is also the Fourier transform (integral with respect to k) of Heaviside step function
supporting on R>Y or R<?. And the discontinuity is just twice the integration of the imaginary
part,
1
Disc = / dt2mié(t — a). (4.49)
0

For the inversion function I, which is proportional to (4.42), there is a singularity in f(p),

Eq. (4.43), lying at
o _ &%
Psing €1 260 )

and the resulting branch cut in &-plane is along £ € (20, +00). Then the discontinuity is,

(4.50)

2—4A 0

1
. . _ _ 11 +p)(1-
Disc (XA,Ev gt)DO S 24A0 2 / dpp A+2Ap—1 ( p)( ,0) 5 (p _ psing)

0 —(§ +2¢0)
= —2mi 27RO (TR0 (¢ 9g,)PROTATL (¢ 4 9g,)ATRROTE (45])

Now if we reverse the order of doing A and ¢ integrals, opposed to the ones in the previous
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subsection, using (3.52) and enclosing the £-contour onto the branch cut, we get,

1 1
= — dA— d
G 27 Jo, 211 /Cg $ (XA’S’gt)Do XA
! dAl/oong' (xag. Go)
= — — isc
ami Jo, O 2mi o, XA Fpy XA
1 oo 1
=— [ dA / dEK (§) ——— pReXor 4.52
2 Jou %0 ( )1 —p? ( )
where the integrand K (&) is
K(f) _ _2—4Ao+5€€(29—4A(9 (€ _ 2§O)QA(9—A—1(£ + 2€O)A+2Ao—3e—(§—2§o)ﬁ. (453)

Notice that the factor (€ — 26p)**© =21 plays the role of p~2+220~1 in (4.42), and provides
the double-trace poles A%An' And there are no contributions of double-trace poles from
& — 260 — oo due to the exponential decay.

To check (4.52) indeed recovers the ¢-channel contribution G;, we borrow the identity of

confluent hypergeometric function F} and get,

/2 :o dEK(€) = ki (A)T(280 — A) + kg (4.54)
where,
21801 (2 — 4N ) .
k(&) = T A oao 13 ((ZAO — 1) 1F1 (280 — A 400 — 23 4KE0)

+(A—2A0) 1F (~A+200 + 1,400 — 1; 4&50)) (4.55)

and the ko-term contains no poles of A. The factor I'(2Ap — A) of ki-term gives double trace

poles A,,, with residue % After doing the A-contour integration, the clock-wise contour

of A gives an extra minus sign (—1), and the right hand side of (4.52) is,

rEs =3 OV (AL paeg-on (4.56)
— nl 1 n — p2p .
n=0

where k1(A,) is a polynomial of k since 1 Fj(—n,a; z) truncates to the generalized Laguerre
polynomials. Now we can re-expand with respect to x and get back to the Taylor series
expansion of G;.

Finally we discuss the subtlety of inversion integral for purely imaginary?? £». In this case
the inversion integral is convergent in D = (0, 1) X R since the part involving y is only a phase

factor, giving rise to a delta function of x, and the integral

(Xae: Gi) p ~ (€ — 2£p)? 207871 (€ 4 26p) A TR0 73 (4.57)

20The physical operators lie on the unitary principal series, which also happens in celestial CFTs, see e.g.
[60].
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has no double-trace pole structures and coincides with (4.51). This is because for purely
imaginary £» we can freely choose the integration region as Dy or D\Dy = (0,1) x (0, 400)
since both are convergent. Adding these two up we get the result (4.57) and lose track of pole

structures coming from PV(:L) in (4.48).

4.6 Limit for GGFT

Now, we show how to reach the GGFT by taking the limit on a 2d GFT. Our starting point
will be the block expansion of a four-point function of four identical fundamental operators
(we use the same notation O for this operator) with the same quantum numbers Ay and Jo
in a GFT. In 2d, such a correlator can be easily analysed by its factorization property, namely,
it can be factorized into holomorphic and anti-holomorphic sectors. In each sector, the theory

is a generalized free theory. For simplicity, we will focus on the identity in ¢ channel, which

2ho _ 2ho
(t) _ z z
o= ()" () 59

where hg and hg are the input quantum number and satisfy:

has the following form:

ho + ;L@ = Ao, ho — Bo = Jo. (4.59)

The holomorphic part has a block expansion with respect to the SL(2,R) symmetry:

<1 j Z>2ho = ;anGn(z) (4.60)

where G, (z) is the conformal block corresponding to a double trace operator with dimension

hy, = 2ho +n and

(2h0)2
L= _ 4.61
= (4o +n— 1), (4.61)

The same thing holds for the anti-holomorphic part. So we have:

(1 - Z>2ho (1 f Z>2ho = i nlmGn(2)Gm(2). (4.62)

n,m=0

Now we take a limit on both sides of the equation (4.62). The limit is defined by setting
z=x+ey, Z=x—¢ey, A=h+h, E=e¢h—h)=¢l (4.63)

and taking the € — 0 limit while keeping & to be finite. It is easy to work out the left-hand
side of (4.62) after taking e — 0:

2ho _ 2ho 2A0
lim (-~ ) = (- e oD (4.64)
e—=0\1— 2 1—2 1—=x




which is just what we want: the identity part of the ¢ channel correlator in GGFT.

Next we deal with the right-hand side of (4.62). First, we want to know which operators
appear in the block expansion. The quantum numbers of double trace operators in 2d GFT
are:

hp = 2ho + n, hym =2ho +m, n,m € N. (4.65)

After taking the limit, we have:
A =2Ap+n+m, £ =20 +€e(n—m) (4.66)

We see that the spectrum of A is € independent, while the £ spectrum depends on €. The
point here is when we take the ¢ — 0 limit, the spectrum of ¢ is localized to £ = 26 and the
A spectrum always stay at the “double trace” location, which is just the result of the previous
sections.

However, here comes a question: how do multiplets appear in this procedure? The answer
is that we need to count the small shift of €, namely, we should expand the block at & =
260 + €(n — m) in terms of the block at £ = 2£». Then, one naturally obtain the terms of
some derivatives with respect to & of the singlet blocks. The crucial point here is that even
at the higher order of the ¢ expansion, these terms indeed give finite contributions, due to
the combination of the % factor in the coefficients a,a,, under the limit. Furthermore, all
the superficially divergent terms cancel with each other, and the coefficient function only has
terms of finite order in %, which gives a truncation of the rank of the multiplets. The above
analysis indeed has two kinds of € corrections: one comes from the order O(e) shift of £ away
from 2€p, as mentioned above. While the other comes from higher order corrections in e for

a 2d conformal blocks:

Gn(z)Gm(E) = 92Ap+n+m,260+e(n—m) + O(e) (4'67)

where g, .. 2¢o+e(n—m) is the GCA singlet block. Both these two kinds of € corrections
are possible to give finite contributions when combining with higher % order terms in the
coefficients a,, and a,,. In the argument above, we have only concerned about the first one,
as the second kind of correction is always at higher order in € in the calculation and does not
contribute. The final picture is that the limit of the right-hand side of (4.62) is well defined
and match perfectly with our pervious calculation!

Let us illustrate the picture by showing several leading terms. Denoting G, ;, as the 2d
conformal block, we relabel it as G'a ¢ according to (4.63). The leading term corresponds to

n + m = 0 which requires n = m = 0, and has:
A=2Ap, =280, apap=1.
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This is just the singlet block in the previous sections. The next-to-leading terms correspond

to n +m = 1, which requires
n=1m=0, or n=0m=1,
then the two terms contribute to:

a1a0(Ga, 260 + €0cG A, 2¢0) + a001(G A, 20 — €0cG A, 2¢0)
= AoGa, 20 +800:Ga, 20
= Aolga, 260 + O(6)] + 009, 260 + O(€)]

0
= Aoga, 260 +£00:9A, 260 - (4.68)

This is the contribution from the rank 2 multiplet in the previous section. From above analysis
it is obvious that the second kind of corrections is at higher order in e. When we go to the
higher orders, some possible divergences appear. Interestingly, these terms cancel with each

other. For example, at rank 3, the three possible terms are:
- (2€) =
a2do | Gy 260 +260:Ga 260 + 750G g0 | + 01016, 260

_ (2€)*
+ aoaz (Gm,%o — 2e0¢Ga 260 + 5 0:Gar2e0 ) + O(e) (4.69)
= AoGa, 260 + A10cGa, 260 + A207Ga, 260 + O€)
0
=" Aoga, pco + A10ega, 260 + A2039A, 260

It is easy to see that As has no divergence. For Ay and A1, one can find the potential divergence
disappear due to the cancellation. In general, the terms with k& = n are not divergent, while
the terms with k£ < n consist of superficially divergent terms which cancel with each other
such that these terms are finite as well. One can prove this cancelation precisely and find the
final results are identical to the ones obtained before. The details of the proof can be found

in the appendix D.

5 Tauberian theorem and the spectral density

The tauberian theory plays an important role in the modern conformal bootstrap program
[61, 9, 62, 63]( see [24] for the Schrodinger case). In this section, we want to use it to estimate
the spectral density. The p and k coordinates will simplify our discussion here as well. The
key point is that the stripped four-point function in ¢ channel is dominated by the identity
operator in the z — 1 (or p — 1) limit. This allows us to use the Hardy-Littlewood tauberian

theorem to estimate the spectral density.
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Because the y (or k) dependence is always exponential, we want to expand it and match
the asymptotical behaviour near x = 1 (or p = 1) in each order of y (or k). We will see that

tauberian theorem can be used in each order. The crossing equations are:

1 Y .
Ao 08 S bacrglp(@y) = (x> 1 -2,y = —y) (5.1)
A7£7k

where we pack the dynamical data into the coefficient ba ¢ ,,, and the GCA block is:

k _ _
o (2,y) = 222 xa enle,y) = 22720k xa (@, y): (5.2)

Our strategy is to expand both sides in y and match the asymptotical behaviour at x — 1

order by order. In the ¢ channel, the general block is:

k.t
g(A,g)(w, Y) =9n

_ A )2-2A y
(k) (1—z,—y) = 92A-2 (1 ) (i/jc; V) 657(1_x)ﬂ(ﬁ)k_ (5.3)

Moving the input factor on the left-hand side to the right, we have the prefactor (which is just

the ¢ channel identity because gi(é)entityzl)
200
L 280 750y
Tt (5.4

Now we look at the z — 1 behaviour. Expanding both sides in y, we can get the asymptotical
behaviour near x = 1 from the right-hand side. In fact, at each order of y, the z — 1 behaviour
is controlled by the t-channel identity only. For example, in the y° order, the identity gives
the most singular power law behaviour so we have (we use ka or Q“k denote the k-th order

part of the four-point function in the following):
G¥ ~ (1 — ) 280, (5.5)

When we go to the higher order of y, in both the prefactor and the GCA (¢ channel) blocks,

y is always combined with a power law term ﬁ, so at each order of y, the identity always

dominates near x = 1. At the order y*, the asymptotical behaviour near z = 1 is
G¥" ~ (1 — g)2B0k, (5.6)

Then we can estimate the spectral density for each order. We use the p and s coordinates to
make the argument more explicitly. In these coordinates, all the argument above is still valid,
except that now we expand in x and look at the p — 0 behaviour. For technical reason, we
need to write every k¥ part of the four-point function as the Laplace transform of a “weighted

spectral density” . This allows us to use the Hardy-Littlewood tauberian theorem in its general
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form, otherwise we need to rewrite the theorem in a different form. It turns out that?!
0 (9) = [ dns @)y (5.7
0

where e™# = p and f*)(A) is the spectral density function. Because the GCA block in p
coordinate has a simple power-law form, one can easily read the spectral density function

f (k)(A) from the dynamical coefficient ba ¢ ;. For example, at order k" the spectral density
function f(©(A) for the GGFT is

FOA) =) PLos(A—A,) (5.8)

where P} is the GGFT coefficient (4.31). Note that for GGFT, ¢ is fixed to be 2. Gener-
ically, f*)(A) will include the contributions from all possible ¢ for the specific A. For the
higher order of &, the contributions from the multiplets should be included in f*)(A). At
order x°, from the ¢ channel, we know that as p — 1 (that is, 8 — 0)

0

" (B) ~ 2180711 — )i T80~ 2tReTIpIR0 (5 (). (5.9)

We may define the integrated spectral density function

A
F(A) = / dA FO (AN, (5.10)
0
Then by the Hardy-Littlewood tauberian theorem, we get:
A4A@—1
~ 94801 1
F(A) ~2 T(4Ag)’ (A — ). (5.11)

There remains an important question: does the condition of tauberian theorem hold in
the GCA case? For the case of CF'T, thanks to the unitarity, the spectral density function is
always non-negative so the tauberian theorem is valid. Our theory is generically not unitary,
so we have no convincing argument to show the validness of the tauberian theorem at present.
However, note that the condition for the tauberian theorem is actually more relaxed than the

non-negativity of spectral density function, it is (see Theorem 1.15.3 in [64]):
FO>A) > —cAtho—2 (5.12)

where C' > 0 is some constant, and the above condition need only to hold for sufficiently
large A (A" < A < oo for some A’ > 0). This condition seems gentle, and our result for

the integrated spectral density is only valid for those theories who satisfy this condition. In

2In the following of this section, by saying a four point function or its x* order part, we always multiply

1_4” ® because we want the p dependence of the expanding block become a single pure

them an additional factor
power law.
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fact, we have checked that GGFTs marginally satisfy this condition in the appendix E. As a
result, we also have checked that the integrated spectral density of the GGFT has the above
asymptotical behaviour.

Just as in the CFT case, we can actually discuss the error estimates in the Hardy-Littlewood
asymptotics [61]. The error is controlled by Ax, the lowest dimension of operators in the O x O
OPE.

0

G~ (8) = 2101180 (1 4+ O(B2Y)). (5.13)

As usual, this power-suppressed error will not translate into a power-suppressed error term
for the integrated spectral density function. Instead, the best possible error estimate is only
logarithmic:

1Ao—1

F(A) = 24%—1?(4%)(1 + O(1/logA)). (5.14)

6 Shadow formalism and alpha space approach

In CFT we have several approaches to the inversion formula besides the harmonic analysis,
one of which is the shadow formalism [65, 66, 67, 68, 69, 70, 48]. In this section we set the
stage for the shadow formalism of Galilean CF'T. Besides, in one and two dimensions there
is another slightly different method of diagonalizing the Casimir equations named the alpha
space method [50, 71], where an unusual boundary condition at z = 1 is selected and the
Hilbert space is supported only on z € (0,1). Unlike the situation in CFT, we find that in
GCFT, the alpha space approach could be related to the shadow formalism.

6.1 Shadow formalism of GCFT

The starting point of the shadow formalism is the shadow transform, an intertwining operator
between two principal series representations of the conformal group. Another highlighting
concept is the Plancherel measure, a canonical measure on the unitary dual of the conformal
group, appearing in the decomposition of the regular representation as a direct integral of
unitary irreducible representations. In the following we explore on similar objects of the
Galilean conformal group 1.50O(2,1).

After analytic continuing the dimensions of a bosonic primary operator O onto the principal

series (A = 1+1is,& =ir), r € R*, s € R,>2, we can construct a shadow operator O, non-local

22For ¢ = 0, the discussion is the same as in CFT;, hence we focus on the & # 0 sector.
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with respect to O,

Oe.y) = AlAr) [ delay (Ol n)O O )

1 _9ipy=y

= A(A, ’I”) /1;2 da:/dy/me z—a’ O(-’El, y/)

transforming as an primary operator of weight (2 — A, —¢). The undetermined pre-factor

A(A,r) is to ensure the equivalence of two representations O = O, or equivalently

6(z1 — 22)0(y1 — y2)

dady (O(z1,y1)0(x, y)) (O (2, y)O (2, y2)) = AN A2 = A, —1)’

(6.1)
This leads to the vertex-graph identity,

(p(x1,91) (22, 42)O(2,Y)) = /R2 dzodyo(B(z1, Y1) (22, y2) O (0, %0)) (O (20, 50)O(2, ).

(6.2)
Actually, from (6.1), we can read its left-hand side
. y(zg—z9)+tz(y] —y2)+z —x
LHS = / dady |z — 1|22z — woPA eI G
RQ
o Y1—Y2
= 15(301 — 9) / dx |z — z1] e A ey
i R
2
= 75(%1 — $2)5(y1 — yg), (6.3)

r
where in the first line the integration of y contributes to §(x; — z2), in the second line the
simplification is due to 1 = x2 and in the last line we change the variable FIM = t. This
determines A(A,r) = %

There are several remarkable points:

e All the terms are distributional and hence are taken as principal values or as analytic

continuations if necessary. For & = 0 the integral is divergent due to the reducibility of

representations (or null states), and we need to adopt the shadow transform of SL(2,R).

e For 4 — 2A = —2n — 1, n € N, the distribution |z|=2"~! in the shadow transform seems
to be ill-defined as in 1d CFT, where this phenomenon corresponds to the discrete series
of SL(2,R). Here the key point is that we must integrate out y firstly, then the apparent
divergence due to |z|~2"~! disappears and I'(A)-like factors do not appear in A(A, 7).

e The condition of principal series (A = 1+ is,{ = ir), r € R*, s € R means that the

representation admits an inner product,
(01,02) = [ dudy (©1(2,1)) Oul.) (64)
R

which is invariant under (2.8).
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e The factor A(A,7)A(2 — A, —r) ~ 2, compared with CFT, should be proportional
to the Plancherel measure[18]. We find in page 114 of [72] the Plancherel measure
of Poincare group. The measure of massive and tachyonic representations have non-
vanishing supports on the unitary dual, and our result matches the tachyonic ones up to

numerical factors.

e The co-adjoint orbits (mass-shell) of tachyonic representations are one-sheeted hyper-
boloids, and imaginary mass im < —im label the same representation. Our shadow

transform £ <> —¢ shares the similar feature.

As in CFT, the partial waves for four identical primary operators ¢ with (Ag,rg), 7o € R*

can be constructed as (we use the same notation ¥ here),

U ir(x,y) = < ! /R2 dzsdys (01020 ir (75, y5)) (O (25, Y5 ) P364) (6.5)

P102)(P3b4)

where r € R*, ¢; = ¢(x;,y;). The detailed evaluation of (6.5) is as follows:

1 N
Ypir(2,y) = / dzsdys (910204 ir (25, Y5)) (O(T5, Ys) P304
:7/'"( ) <¢1¢2><¢3¢4> R2 < 7'“"( )>< ( ) >
A 2-A
:A(A,r)/ d$5dy5 |§C12’ |$34| eilr<%+%7%7%+%7%
R? 215|251 |235] 745
A . ( m%—215+z +E z5 )
:A(A,T)/ dzsdys S - 11— z5|A2e  \ PG e i
R? |z5]|7 — 5]

where r € R*, ¢; = ¢(x;,y;). In the third line we have fixed the gauge to the standard
conformal frame by conformal covariance. Since the exponential factor is just a phase, the

integration of y5 gives a delta function,

< 72— 25+ > 1 |xs(x — 25)(1 — x5)]
olr = —
z5(z — 5)(1 — x5) I [z — x|

where z+ = 1 4+ /1 — z. Then the resulting partial waves are

isign(r) <xA(1 +1—2)2724
2w V1i—z

The conformal blocks can be split out by different monodromy around x = 0 as in [70].

(0(xs —xy) + (x5 —2_))

Upir(z,y) = 67”1\/2—71 +(A—=2-Ar— —T)) (6.6)

However notice that the second delta function in (6.6) is located in z5 € (1, 00). If we restrict
the integration region to x5 € (0, 1), the physical block is automatically selected. And this also
happens in 1d CFT. In higher dimensional CFT, we pick out the physical block by changing
the integration region to Lorentzian spacetime z5 € R4~ 11,

There are several different features from the harmonic analysis in section 3. The shadow

integral (6.5) vanishes in z > 1. The shadow integral automatically guarantees that the partial
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waves are eigenfunctions of the Casimir operators, restricting the ones in (1, 00) to zero. The
discrete partial waves at A = % +n, n € N are absent and the boundary condition at x = 1 is

different.

6.2 Alpha space approach to GCFT

The alpha space approach in CFT is defined by solving the Sturm-Liouville problem of the
Casimir operators restricted in the region z € (0,1), leading to an integral transform slightly
different from the inversion formula. We seek a similar transform for Galilean CFT.

Now we restrict the region to (z,y) € D = (0,1) x R mimicking the alpha space method,
and in radial coordinates®® the region is (p,x) € (0,1) x R denoted also by D. The Casimir

equations are

Ch: (02— €%) faelp.k) =0,

2
Cri (0 - L0+ 6 1)) faclpr) =0 (6.7)

By changing of variables fa ¢(p, k) = % hae(p, k) and t = —logp € (0,400) the new region
is denoted by (t,x) € D = (0,400) x R, and we get,

Cl : ((92 - 52) hAvs(t7 K;) = 0,
Cr: (DD — €A 1) hag(t,r) =0, (6.8)

and the general solutions are linear combinations of,

hag(t,k) = e(A_l)tefﬁ,

ho n_¢(t, k) = =B8R, (6.9)
The measure and inner product are simplified to,

()= [ dndy=ysg= [t [ anrs (6.10)

Now we need to specify the boundary conditions. Formally this is to determine possible self-
adjoint extensions of symmetric operators, see eg. chapter 10 of [73]. The quadratic Casimir

C4 sets £ =ir, r € R as before. Then the Hermitian condition of Cj is
(Caf.g) = (1.Cag) = [t [ d [0S 5) = 0(F"0u9)
= / drk (0. f7(0,k)) g(0, k). (6.11)
R

23For the Harmonic analysis in section 3, the transformation to radial coordinates are piece-wise defined in
the region (x,%y) € R? and we get no simplification.
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In the second line, other boundary terms have been dropped by the fall-off conditions at
infinity, leading to A = 1 + is.

To make the remaining boundary term in (6.11) vanish, we need to choose a specific
boundary condition at ¢ = 0, and then check if this condition leads to a self-adjoint extension
of (5. As we will show later there are infinitely many in-equivalent boundary conditions
corresponding to different self-adjoint extensions. We pick one of them to match the result of
shadow formalism,

F0,8) = F(0,~),  g(0, ) = g(0,—), (6.12)
namely, boundary values are even functions of x. Then the basis are (ha¢ + ha—a,—¢), and

back to the (x,y) coordinates, are,
Uar = XAc¢ + Xo—A,—¢, (6.13)
in which the normalization is fixed by,
(U, Uy) = 4726 (r1 — 12)6(s1 — 52). (6.14)

In fact, we need to use the theory of self-adjoint extension of unbounded operators [73]. Recall

that the deficiency subspaces of a closed symmetric operator A are defined by
D, =ker(AT — i),
D_ =ker(AT +14), (6.15)

and different self-adjoint extensions Ay correspond to different unitary operators U from D

to D_. Then the domain of Ay is spanned by

D(Ay) ={¢+ ¢+ +U(¢4) : ¢ € D(A), ¢4 € D4}, (6.16)
and the action of Ay are extended by
Au(o+ o4 + U(94)) = A(9) +ids — iU (o). (6.17)

Now for Oy, starting from D(Cy) = {f € L*(D) : f(0,x) = 0}, the deficiency subspaces are
D, = {ha7+(t, k) = e e g > 0} ,
D_ = {ha7_(t, k) = e /% g > O} . (6.18)

Any unitary operator from D, to D_ leads to a different boundary condition. We choose U

such that U(hq,+) = hg,— then,
D(CQ,U) = {f + ha7+ + ha7_ : f € D(CQ), ha,:l: € D:t} , (619)

then for a generic function f € D(Cy ) we have f(0,k) = f(0, —k), matching with (6.12).
As a result we can construct an alpha space method sharing similar features with the shadow

formalism in Galilean CFT5. This is different from the case in CFT.
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7 Conclusion and Discussions

In this work, we tried to develop Galilean conformal bootstrap, paying special attention to
its analytical aspects. A general Galilean conformal field theory is not unitary. Even though
all the primary operators have positive conformal dimensions, the quasi-primary states have
negative norms. Such a non-unitarity is mild in the sense that the primary states are always
of positive norm?*. Our study suggests that the conformal bootstrap might still be viable. In
particular we showed that analytic Galilean bootstrap is valid, at least for generalized Galilean
free theory.

Our study on the Galilean conformal bootstrap is based on the global symmetry. One
reason is that the local GCA block is unknown and the infinite dimensional symmetry cannot
be applied. Nevertheless, there appear some novel features in our study. Due to the presence
of multiplets, their contribution should be taken into account appropriately. Our first study
was on the multiplets and their multi-point functions. Especially we computed the global
blocks of the multiplets and showed how the four-point functions can be expanded in terms of
these global blocks. The appearance of multiplets is an essential feature in Galilean conformal
bootstrap.

Our second study was on the harmonic analysis of GCA, which paves the way for further
analytic study. Due to the fact that GCA is not semi-simple, the harmonic analysis is quite
different from the usual conformal case and is more subtle. Due to the semidirect product
structure of GCA, the technical treatment followed closely the one in CFTy, but the Galilean
conformal partial wave is very different. Especially, in order to define a bona fide Hilbert space,
we had to use quartic Casimir and introduce proper measure and inner product. We found
that for GCA, there are principal series representation, as well as discrete series representation,
similar to CFTy. With the GCPWs, we established an inversion formula which allow us to
read data of GCFT. We pointed out that a rank-n multiplet appear as a multipole of order n
in the inversion function. By the way, we showed that the GCPWs could not be reached by
taking non-relativistic limit on CPWs of 2d conformal group, as the normalizable condition
and boundary conditions should be analyzed in a way independent of the non-relativistic limit.

In order to test our formalism, we studied the generalized Galilean free theory in several
different ways. Firstly we constructed explicitly the level-1 double trace operators, which
form a rank-2 multiplet. Secondly we studied the crossing equations by doing double series
expansion and read the data of GGFT. Thirdly we tried to do inversion integral and found the

same set of data successfully from the inversion function. Finally, we found that GGFTs can

24Gimilar phenomenon happens in holographic warped CFT, where the Kac level is negative leading to mild
non-unitarity [74]. It was shown that the modular bootstrap is still viable in this case.
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be obtained by taking the non-relativistic limit of 2d GFTs. Our study of GGFT provided a
nontrivial example of using analytic conformal bootstrap to a non-unitary theory.

In this work, we focused on the GCFT whose spectrum is made of the operators with
nonvanishing & charge. The £ = 0 case is quite different and subtle, but could be essential to
have a complete bootstrap analysis. It is indispensable to have a thorough study of this case
[52, 53].

The study in the present work can be extended to several directions. Considering the fact
that the similar multiplets appear in LCFT, it would be interesting to discuss the confor-
mal bootstrap for such CFT, see [25] for relevant study. Moreover, the viability of applying
conformal bootstrap to the theories with conformal-like symmetry and mild non-unitarity sug-
gests that other theories sharing similar features, like warped CFT [75, 76, 77] and anisotropic
Galilean CFTs [78], should be investigated in more details.

Our study focused on the 2d case. It would be interesting to study higher dimensional
Galilean CFT. In this case, one has to take the angular momentum quantum number into
account[79]. Another interesting direction is to investigate Galilean conformal bootstrap nu-
merically. This is a field which has not been explored. There are some efforts to do numerical
investigations on the theories without unitarity, see the review [7] for details. It is also in-
teresting to further study the Galilean conformal bootstrap analytically. For example, it is
possible to develop the analytic functional method [19, 20, 21, 22, 23] for the Galilean confor-
mal bootstrap. One can also try to develop our GCA inversion formula further just like in the
case of CFT (d > 2) [17, 18] and CFT; [80].

One essential obstacle in the Galilean conformal bootstrap beyond GGFT is the non-
independence of the blocks of multiplets. For example, a rank-1 block can be rewritten as an
infinite summation over the blocks of arbitrary rank up to infinity,

o

X goted(pR) = X 20k0,r+1(p; K)- (7.1)

r=0 '
For the GGFT, this is not a problem as the spectrum of ¢ is fixed. However, if we consider a
generic Galilean CFT rather than generalized free theories, the block expansion of a four-point
function is not unique. One can easily see this from the above observation that the blocks of

multiplets are not independent. Another way to understand this is as follows. Recall that our
GCA blocks have the following form:

1— p? A k —tr 79
1 Xaek(ps ) = p=(—k)"e (7.2)

We can multiply a 4-point function G(p, k) with a factor #, then Taylor expand it in k.

We try to match the 4-point function and its block expansion order by order in k. At order

93



k™, only blocks pA(—m)ke_§” with k£ < m contribute. So at every order k", new blocks
P2 (—k)™e~ 8% are introduced. However, it is easy to see that there are no constraints on the
spectrum of £ of these new introduced blocks. So at every order of x, these &s will be free
parameters. As a result, the block expansion is not unique. In the GGFT case, we have the
condition £ = 2£» so we get a unique block expansion.

This phenomenon does not occur in the CFT case, since it relies on the existence of infinite
rank multiplets. Even in LCFTs, e.g. Logarithmic generalized free theories [25], there are only
finite rank multiplets in the quasiprimary OO OPE. Hence to make further progress on Galilean
conformal bootstrap analytically and numerically, we need more physical inputs for GCFTs.
One possible choice is to consider the local Galilean conformal symmetry, giving more tight
constraints on the block expansions. Another way is to assume that the spectrum contains
only finite rank multiplets as in the GGFT case that we expand the four-point functions at
& = 2£p, then figure out the implications in the crossing equations.

The third option is from the observation that the sign of block coefficients(4.31) Pfhk is
positive if Ap > 1/4 and {» > 0, although there are states of negative norms from the
descendants and multiplets. If we re-expand at £ = 26p — ¢, ¢ € [0,2{p), the coefficients
remain positive. This suggests that in the bootstrap problem we may start from the positive-

coefficient assumption, and different crossing solutions may correspond to the same GCFT,

like a gauge structure with respect to £ on the space of GCFT.
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A Review of LCFTs

In this section, we give a quick review on the multiplets in the logarithmic conformal field
theories(LCFTs). We will review the basic structures and results in the LCFTs, and also
review the key points and tricks to access them. We will only give some short and simple
examples. For more discussions, please see the references [81, 82, 83, 84, 43]. We can see that
the multiplets in the GCFTs can be discussed in a parallel way.

Consider the primary states in the conformal field theories (due to the state-operator

o4



correspondence, we use the following notation),
L,0O=0, n>0, LyO=A0O (A.1)

where A is a matrix. In the LCFTS, A becomes triangular, which can be written into the

Jordan blocks. A rank-2 multiplet has the following properties,
LoOg = AOy + O, LoO1 = AO;. (AQ)

In the following discussion, we use the same notation A for the matrix, as well as for its
diagonal elements. In the LCFTs, the correlation functions of multiplets have logarithmic
behaviour. What’s more, there are negative norm states in such theories, where the Hilbert
space is not positive definite. Please see [84, 43] for more detailed discussions on the norm.
Generally, we denote the primary operators in a rank-r multiplet as O;,i = 0,--- ,r — 1.

From the BCH formula, one gets in general
[Ln, O(z)] = ("0, + (n + 1)2"A)O(x). (A.3)
Now note that A is a matrix. For example, for a rank-2 multiplet,
[Ln, Op(x)] = (x"710, + (n + 1)2"A)Op(x) + (n + 1)2" 0y, (A4)
(L, O1(x)] = (2™10, + (n + 1)2"A) Oy (). (A.5)
This in turn gives the infinitesimal transformation of the multiplets,
= z+e(x), 0.0;(r) =A;j0,e0; + €0,0; (A.6)
and the OPE between the stress tensor and the multiplets,

A;

T(x)0;(0) ~ ?2]01(0) + %6z10i(a:’)]z/_>0. (A7)

Compared to the usual conformal field theories without multiplets,

3.0(x) = AdyeO + €8, 0, (A.8)
A 1
T(2)0(0) ~ —50(0) + Eaz’o(x/)|:v’—>07 (A.9)

there is a simple replacement rule in the expressions above, which is linear in A,
O — Oi, A — Aij (A.lO)

From the infinitesimal transformation, one can get the finite transformation behaviour of the
multiplets: under x — F(x),

r—i—1

Oi() =+ Y 1OK(F ()20 (A1)
k=0
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Note that here is another replacement rule,

r—i—1

F(A8,0) 5 3 kI8, 0u) (A1)
k=0

where f is a general function containing the operators in discussion. Note that (A.10)(where
f is linear of A) is a special case of (A.12).

One can understand this replacement in the following heuristic way. Define

r—1
O(z,a) = Zof_l_k(’)k(:v), a" =0, (A.13)
k=0
on which there is
LoO(z,a) = (A 4 8,)0(z, ). (A.14)

One can then expand the expression with respect to a to get the O; terms. In general, the

action of f(Lg) on O in usual CFTs without multiplet reads
f(Lo)O = f(A,0). (A.15)

Expanding in both Ly and «, one can get the replacement rule (A.12),

r—1—:
1

F(Lo)Oi= > Hagf(A)OH—k- (A.16)

k=0
For more than one operators with weight A; involved, the replacement rule becomes

ri—i1—1reo—is—1

FALAg, 01,00, ) = > > - k: T Alk ,3222 (A1 Agy e, Oy, gy 7).
k1=0  ko=0 -
(A17)

We now review the two-point functions of a rank-r multiplet. We denote
Gij(z1,22) = (0i(21)0j(22)), i,j=0,---r—1. (A.18)
We can also define the matrix
Gij(x1,22) =0, dorj>r, (A.19)

to write the following differential equations in a unified way. The vacuum is invariant under

Lg, L11, thus by the Ward identities we have
DG; ;=0 (A.20)
where D are the differential operators being comprised of Ly, Ly1. For L_q, there is
(Or, + 02,)Gij =0, (A.21)
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which means Gj ; is translationally invariant,

Gi,j(xla .TQ) = Gi,j (l‘) (A22)
with
r =1z — T2. (A.23)
Considering Lg, we get
10:Gij(x) = (A1 + A2)Gij(x) — Gis,j(x) — Gij1(@). (A.24)
Considering Ly, we find
xc‘)xGi,j(a:) + (A1 — AQ) = —(Al + AQ)G,‘J(%) — 2Gi+1,j(x). (A.25)

Now, from the action of Ly and L1, we read

Al = Ag, Gi,j = Gjﬂ'. (A26)
If there is no G41,; term in the differential equations, the solution is the usual one

G(r) = —~ (A.27)
Therefore, we can make the ansatz
1 -

Gij(z) = 55 Gij(@). (A.28)

From the properties of the two-point functions and the differential equations, we know that

Giyj = Gjyi (A.29)

and only the summation of ¢ and j matters in the differential equation. Therefore we may
introduce

Tw=Gij, Tp=Gi; withk=1i+j. (A.30)

From the differential relations above, we have

20, i () = —20 41 (A.31)
and
Ty =0, fork>r. (A.32)
Finally we get the solutions -
= 3 S Nok(5) (4.33)
k=0
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which can also seen as the replacement rule (A.17), with the condition

1

FT‘ - 07 Fr_l - xQT (A34)

Note that there are r undetermined constants N, -+, N,_1 in (A.33). But there are further

degrees of freedom to change the basis. For example, in the rank-2 case, one has
Op — aOg + bOq, (A35)

01 = a0y (A.36)

to keep the multiplet relation invariant,
LoOg = AOg + O, LoO1 = AO;s. (A37)

For the rank-r case, there are totally r degrees of freedom so that one can make the two-point

function into the canonical form

1 1
For the rank-2 case, we write them explicitly as follows,
1 —2logx
Gu =0, Gou=Guo=—z5, Guo= Tf. (A.39)

One can get the three-point function in the similar way (please see [81, 82, 43] for details),
Gijie = (O1,i(21) 02,5 (22) O3k (23)). (A.40)

But now, one cannot rotate the basis anymore, so there are undetermined constants,

—Avss —Aog1 —A
Gri—lira—lrs—1 = Cri—Lrp—Lirs—1T1g - Lgg o gy o0, (A.41)
where
Tap = Tq — Tp, (A.42)
Aabc = Aa + Ab - Aa (A43)
—Aios, —Aozr—A:
Gri—1ra—1,r3-2 = 083 Gry—1,ra—1,05—2 + C001T 15 P T3 2 gy 212 (A.44)
Generically |,
o
L 111y e
Gri1-iro—1—jrs—1-k = Z Z Z Cqwe— —7 7O, IR, 075 Gooo- (A.45)
g S s ql w! el

From the finite transformation rule, one can define the conjugate states,

r—i—1

. 1
(O4] = zh—>nolo Z <0|Oi+k(x)32x2Ag. (A.46)
k=0 ’
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And the inner products of the primary states in a rank-r multiplet are
(0ilOj) = bitjr—1- (A.47)

This is helpful to the discussion of the global blocks.
The differential equations could be read from another point of view. For example, in the

rank-2 case, one has

LoOyg =AOg+ 01 = (Lo—A)Oy = Oy, (A.48)
LoO1 = AO; = (Lo —A)?Oy = 0. (A.49)

Such structure holds in generic case. For a rank-r multiplet, there is
(Lo —A)~0; =0, i=0,---7—1, (A.50)

where O; is the i-th operator in the multiplet. This may lead to the logarithmic behavior in

the correlation function. Consider the function in usual CF'T obeying the differential equation
Df = d(8)f, (A51)

where D is a differential operator and f is a function of the operator, then in a LCFT, the

corresponding differential equation becomes
(D—d(A))~f, =0 (A.52)

where f; = f(O;) is the function of the i-th operator O; in a multiplet. One can see this from

the replacement rule. Actually, from (A.12), there is

r—1—k r—1-k

1 1
Dfi= ) Haﬁd(A)fHk = > Hagd(A)fiJrk‘i‘d(A)fia (A.53)
k=0 k=1
which gives
r—1—k 1
(D —d(A)fi= Y 170Ad(A) fis (A.54)
k=1
with the condition
£, =0. (A.55)

One gets (A.52). In order to find the general solutions of (A.52), one may consider the following
differential equation
(D —d(A))"g =0, (A.56)

Using the trick (A.13), one can see that the linearly independent solutions of (A.56) reads

1
—Kfr_1, k=0,1---r—1, A.57
k!
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where f._1 is the eigenfunction obeying
(D — d(A)) fy1 = 0. (A.58)

To see why the solutions read (A.57), one can consider acting da on

(D —d(A))fr—1=0. (A.59)
So we have
IA[(D —d(A)) fr-1] =0, (A.60)
and
DOA[fr—1] — d(A)Oa fr—1 = Oad(A) fr—_1. (A.61)
This is actually,
Dfrg—d(A)fr—2 = dad(A) fr-1. (A.62)

So we have checked that Oa fr—1 is a solution of f._s. Actually, it is straightforward to check
that Oa f; is a solution of f;_;. Then starting from f,_1, we can read f; by acting Oa (r—i—1)

times on it. In this way, we may read the generic solution to (A.56):

r—1
1
9= 70Afr- 1N (A.63)
k=0
with r constants Ng,---, N,_1. The above discussion may be extended to the case that the

function f is not only a function of O;, but also involves multiple operators. When it applies
to the multi-point function, the logarithmic behavior appears.

The differential equation (A.52) shows the basic structures in the LCFTs where multiplets
appear. Such structure appears in the three-point functions and the global blocks as well.
Consider the blocks expansion of the four-point functions with rank-1 quasi-primary operators.
The propagating operator may be some multiplets. The Casmir equation reads (now we have
the Lo action on the multiplets, and we can consider the action of the Casmir operator on the
propagating operators),

(C—¢c(A)"Ga=0 (A.64)

where ¢(A) is the eigenvalue in the usual CFTs without multiplet, and Ga is the stripped

block. The solutions read,
1
k!

where Pj, is the undetermined coefficient, related to the three-point coefficients. The relation

oK GAP, (A.65)

can be derived in the OPE limit. Here we provide a heuristic way to see the key structures in
the LCFTs, where the multiplets appear. For more details of the blocks, please see [43]. For

more discussion on the trick, please see [83] and related papers.
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B Details on the multiplets in GCFTs

In GCFTs, we consider the My multiplets, where My is not diagonal. For example, the rank-2
case reads,

MO = €O (B.1)

where £ is a matrix.

MyOy = Oy + O1, MO, = £O;. (B.2)

These multiplets have similar structures as the ones in LCFTs. The trick (A.13) shows the

reason why this is the case. But now, comparing to the LCFTs one should replace
oA — 85 (B.3)

in the discussion. All the discussions are parallel to the ones in the section above.

From BCH formula, we find
Ly, O(z,y)] = [(a:"“(‘)w + (n+1)2"yoy)I + (n+ 1)(:1:”A — nw”flé)](’)(az,y), n>—1 (B.A4)

[M,, O(z,y)] = [—(x"+18y)f+ (n+1)x" ~](’)(x,y), n>—1 (B.5)

where we denote the identical matrix as I explicitly. Now we consider the two-point functions

first. For a multiplet of rank r, we denote

Gij(21,y1, 72, y2) = (Oi(w1,91)O)(w2,92)), 4,5 =0,1,---r—1. (B.6)

Since the vacuum is invariant undert {Lg, L41, My, M1}, we can get the differential equations

which the two-point functions obey. From L_1 and M_q, we have
L—l : (8:E1 + 8$2)Gz,j = 07 (B7)

M_1: =0y, + 9y,)Gi; =0, (B.8)

which means G ; = G; j(x,y) with @ = 1 — 22,y = y1 — y2. Moreover, we have
Lo: (20, +yd, +hx I +1xh)G;j =0, (B.9)

Li: [(ar%(‘)xl +221y10y, +2<1‘1iL X I—y1§~>< I+ (w%@c2 +2x9Y20y, +2(x21 X h—1Ix ygé)]Gm =0,

(B.10)
My : (—20y +EX T+ 1 x€)Gi; =0, (B.11)
M - (—x%ayl — x%@w -+ 2:1)15 X I+ 2xol % E)Gm- =0. (B.12)
Similar to the way in the LCFTs, from My and My, one gets
20y Gij(x,y) = 28G5 j(2,y) + Givrj + Gijr, (B.13)
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Gij=Gj.
Introducing
I'y=Gj, k=1i+],
we have
20y (z,y) = 2Tk(z,y) + 2T k41
The y-dependent part reads,

k

r—

1-
Tulry) = >0 Nef(n)oheE.
i=0
Using Lo and L, we get
F#) = 5.
Turning into the canonical form, we have
Ti(e,y) = 105 (greh).

(B.14)

(B.15)

(B.16)

(B.17)

(B.18)

(B.19)

Let us give an explicit example: the two-point functions of a rank-2 multiplet in the GCFTs.

We consider the following rank-2 multiplet O = (Og, 01)7,
L,0O=0, M,0=0, n>1

LoO = AO, MO = £0,

where

~_ (A0 > (&1
A_(O A)2><27 €_<0 €>2><2‘

The two-point functions now read

]. Ey

G11=0, Go1=G19=—xe%r, Gopo=0Gor.

24

This result matches with the replacement rule (B.3).

Note that we use a different notation in the paper, compared to the LCFTs case,

Oo(—)@l

Generally,
O; + Or_1-4

(B.20)

(B.21)

(B.22)

(B.23)

(B.24)

(B.25)

From the discussion of the above sections, one can confirm the more general results in the

paper in a straightforward way.
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C Number of the operators in GGFT

We want to find the local operators which appear in the 01Oy OPE. In other words, they have
non-vanishing three-point functions with O1O0s. Since we are discussing the GGFTs now, they
are the composite operators comprising of O, Oy. Moreover, to have non-vanishing three-point
functions, only one O; and one Oy can appear in the composite operator due to the normal
ordering and the Wick theorem, since only the terms from the contraction of O;(or Os) in the
composite operator with the operators outside the composite operator are left. L_; and M_;
can appear in the local composite operator, since they correspond to d, and 9, respectively.
In short, we want to construct the operators like O = L% M® 01 L¢ ;M 05 and find their
linear combinations which are quasi-primary operators.

More concretely, we would like to find the quasi-primary operators at level N. By level N,
we mean that there are totally N L_; and M_; in the composite operator, since both L_;
and M_; are of weight 1. The problem is how many independent quasi-primary Os at level N.
Firstly, there are two different operators (L_; or M_;) inserted at two distinguished position

(before O; or Oz) so that the partition function is
1
(1-q)*

where 4 = 2x2. After doing expansion with respect to ¢, we can get the number of independent

Z(q) = (C.1)

operators at level N by reading the coefficient of ¢V. Secondly, starting with a quasi-primary
operator, we can find its global descendent operators by acting L* lel onit. At level k = a+b,
the number of independent global descendent operators related to a specified quasi-primary
operator is f(k,2), where f(k,2) is the number of different ways of the binary partition of the
integer k. The number of independent quasi-primary operators at level N is the total number
of independent operators minus the number of global descendent ones at level N.

At level 0, the composite operator O) = ©,0, is a quasi-primary operator, since Oy
and Oy are quasi-primary operators. Consequently at level 1, there are f(1,2) = 2 global
descendent operators related to O, As totally there are 4 independent operators at level 1,
there remains two quasi-primary operators at level 1. At level 2, there are f(2,2) = 3 global
descendent operators related to @M. And there are 2x f(1,2) = 4 global descendent operators
related to quasi-primary operators at level 1. Totally there are 10 independent operators at
level 2, so there remains 3(= 10 — 4 — 3) quasi-primary operators at level 2. In this way, we
get the numbers of quasi-primary operators at each level.

Considering the general action of My on the composite operator O = L% M, O1L¢ M, 0s,

it will give one term proportional to O (the coefficient is {n = &1 + &2) and additional terms
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with one of the L_1’s being replaced by M_; due to the commutation relation
[L_y, Mp] = —M_. (C.2)

By acting (My — &v) k times on O, we get zero, where k is the number of L_;’s in O. In
other words, the composite operator O belongs to a rank-k multiplet if there are k L_1 in its
construction. For a level-N operator, there are at most N L_ys in O. Therefore a level-N
quasi-primary operator is at most of rank N. On the other hand, we can show that it is at least
rank-N, which means L%, 01L? Oy with a + b = N must appear in the linear combination
in at least one of the quasi-primary operators. Supposing not, we can count the number of
the quasi-primary operators constructed without these terms. We denote the number of the

quasi-primary operators with(/without) these terms as Q(N)(/A(N)).
AN)=Q(N)— f(N,2)+1x N=Q(N) -1 (C.3)

where f(N,2) comes from the terms of the form L%,0;L? 0, and 1 comes from that there
are one less global descendant operators related to each quasi-primary operators at level
0,1,2,--- ,N — 1. Thus, there must be one quasi-primary operator at level N containing
terms L% (’)1Lb_1(’)2. To conclude, at level N, there is at least one rank-N multiplet of the
quasi-primary operators. From the counting of the number of the quasi-primary operators, we

know that at level-IV, there is one rank-/N multiplet.

D Proof of the cancelation in section 4.6

In this section, we will show the cancellation of the superficially divergent terms in taking the
non-relativistic limit of the global block expansion of a 2d GFT. The cancellation is due to
some combinatorial identities.

We consider the general case A = 2Ap +n = A, which is just the contribution of the
rank-(n + 1) multiplet as we will show very soon. At rank n + 1, we have:

2.2

_ n-e
anto(Ga, 20 + 1€0:GA, 260 + 73§GAn,2so + )
_ n — 2)2%e?
Fan101(Ga, 260 + (1 = 2)ed:G A, 260 + %%ZGA”,%@ + )
(n —2)2¢2 (D.1)

+an—2@2(GAn,2§@ + (n — 2)68§GA7“25@ + 8§2GAn,2€o + )

2!
+...
+aoa’n(GAn72§O + (_n)eafGA'rquO + Taf GAn»ZEO + )

where the ellipses denote the higher order terms in the Taylor expansions. The point is that

all the aa terms have at most ( %)” singular behaviour, so the Taylor expansions are truncated

64



to the first n+ 1 terms as ¢ — 0, corresponding to a multiplet of rank n+ 1. Now we calculate

the above summation, it can be written as:

D AnkOEGa, oo (D.2)
k=0
with i
~ _ (2¢—n)
An,k = Z aqan_qTek. (D3)
q=0
Using the relations
(2ho)7 _ (2ho)7
Qp = ) an = 7 ’
n!(4dho +n —1), n!(4dho +n—1),
and
hOZAOJr%O, BO:AO*@
we have:
ZF2 2ho + )T (4ho +q—1) T?(2ho +n — )T (4ho +n — ¢ —1) (2 — n)keh
Ak = 31 2 T2 (2ho) N (o + 24 = 1) (n — @) T2(2ho) (4o + 2n — 2g — 1) 24
S (2t Lok Lioléo + (B0 + /21 TS [6o + (Ao +i/2))
K e IIE o + e(Bo + /DN T2 6o + (Do +/4)]
(D.4)

from which we easily get that when & > n, A, — 0 as € — 0. This truncation avoids the

appearance of infinite-rank multiplet and in fact lead to a rank-(n + 1) multiplet. For k = n,

Ap i is finite; for £ < n, the above expression has superficial divergent terms of order ek

eb=ntl el Interestingly, all these divergent terms actually vanish. To see this fact, let us

rewrite A, ; as:

kemn N q—1 1 Ap+i/2\2 n—q—1lcy Ao+i/2 2
1 — +e—F" _ 1 ==
B LRI s s e e
" ¢=0 & 4): 1_[]':(1—1(1 te—e ) I_Ijzn—q—l(1 - o )
(D.5)

k—n—+l

To calculate the order € terms directly is not easy because the above expression is quite

k=ntl vanish for | < n — k, we

complicated. However, since we expect all the terms of order €
can use mathematical induction to prove the cancellation. Let us start from the simplest case,

the most singular part involving the terms of order ¢*~™ (I = 0), which is of the form

k n
5@2 o (2= w1 (D.6)

For k < n, the above summation vanish. In fact, when & = 0, the involved summation is:
> = Ly encar = Loy =o (0.7)
— g!(n — q)! n! = " n! ’
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For general k, we can expand (2¢ —n)* in (D.6) and the summation for every individual ¢™

0 <m < k < n term actually vanishes, namely:

n

1
Z ﬁqm(—l)n_q =0, m < n. (D.8)

= ¢'(n—q)!

Now we use mathematical induction to prove this result. For m = 0, we have already proven
it in (D.7). If (D.8) holds for m < n, then for m + 1,n + 1, we have
n+1

1 m—+1 —
- -1 n+l—q
Zq!(n%—l—q)!q (=1)

(D.9)

Note that m < n is necessary, and m + 1 < n + 1 is automatically true when m < n is given.

In the above discussion, using the general result (D.8) we find that the terms of order e*—"

(I = 0) always vanish. Following the same logic, we can show that the terms of general order

"=+ vanish as well. In fact, from (D.5) we need only to show that in the e expansion of the

product . .
[15 0+ 2020 TG (1 - o) D.10)
2q—2 Ap+j/4 2n—2q—2 Ao+j/4y’ ’
[TE20 0+ 25 TEL 23 (1 — 25

the order-¢ terms, as polynomials in ¢, are at most of order ¢'. Then as m +1 < k+1 < n,
by (D.8), the summation vanishes. However, the terms of order ¢ in the expansion of (D.10)
are superficially the polynomials of order ¢*. Next we would like to show that those terms of
order g™ for m > [ always vanish. This can also be proved by using mathematical induction.
For [ = 0, (D.10) is 1 and is of course of order ¢°. Now, suppose that for m = 0,1,2...1, the
order-€™ terms are polynomials in ¢ of at most order ¢, then for m = [+ 1, we denote (D.10)

as an,q, and rewrite a, q4+1 as:

Un,g+1 = Gngbn g, (D.11)
where
2n—2q—3
(142972 (1 +eA@§ ) (1— Rt )
Gl = Ang Ap+7= Ap+% Aot (D-12)
(1 - 200 (14 (Bl (1 - (Bt i
Denote the order €™ term of an 4 as ay', and the order € term of by 4 as by, then
I+1
o+l !
+q+1 Z an qbnfql 1“7 (D13)
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so that

n?q n7q n?q

l
+1 +1 _ roopl+l—r
Uplgi1 — Ang = E a, b . (D.14)
r=0

If we can prove the RHS in (D.14) is at most of order ¢/, then alf!

; is at most of order ¢t

r

g is at most of order ¢" for 0 < r <[, so what

and we are done. By induction, we know that a

remains is to show bﬁj’“ql_T is a polynomials in g of order ¢!~ at most. In other words, we need

+1—r

to show that the highest order term, which is of order ¢ , vanishes. In fact, for this term,

we can effectively calculate the order €+1=" (r = 0,1,2...1) terms for the following expression:

q q =29
(Itegs) (Ltegs) (1 —eg)
—q 2q —q

(L—eZ)(1+ed) (1—ed)

(D.15)

It easy to see that this gives exactly 1. So all the order €+1~" terms vanish. Then from the
above analysis, we have finished the proof.
Furthermore, we can also show that the remaining finite pieces of the 2d GFT coincide

with the GGFT result from other methods. From (D.9), if we set m = n, then:

1 . 1
" (1) = —0°(-1)"" = 1. D.16
> = = ) (D.16)
What remains to obtain A, ; is to calculate the coefficient of ¢ % in aﬁ;lk. One can try to

calculate it directly or again use mathematical induction method, and will find our GGFT

result can be reproduced by the limiting method.

E Check the spectral density of GGFTs

In this section, we will show that GGFTs satisfy the requirement of using the tauberian the-
orem and verify that the integrated spectral density function of GGFTs has the asymptotical
behaviour predicted by the tauberian theorem in section 5. This gives a cross check of the
calculation in both sides.

Firstly, we need to see whether the condition of the Hardy-Littlewood tauberian theorem
(5.12) hold in the GGFT case. Let’s focus on the order x° case, for which we have the relaxed
condition (5.12) for the spectral density function. It is easy to see that when Ap > 1/4%5
the coefficients (4.31) is positive, so the requirement (5.12) is satisfied. In fact, the condition
Ao > 1/41s just the one that ensure the order x° part of the four point function divergent when

B — 0 in (5.9). Note that this divergent case is the standard situation for which tauberian

25Note that in the case of order k°, the coeflicients Pfl’o have no £ dependence, generally, we also need the
condition £» > 0 to ensure the positivity of Pfl’k.
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theorems are applied. Nevertheless, as noted in [64], the Hardy-Littlewood tauberian theorem
also holds for the convergent case (corresponding to Ap < 1/4 here). In general, the coefficients
(4.31) can be negative®, nevertheless, the condition (5.12) still hold for GGFTs. In order to
show this, we only need to check the case Ap < 1/4, calculate the asymptotical behaviour of
Pﬁ,o as n — oo (equivalently A = 2Ap +n — o0) and then compare with the right hand side
of (5.12). Note that both of these two quantities goes to 0 and are negative when A — oo.
We write Py, explicitly:

I'4Aop +n—2)

Pl =2%0"2(4Ap +2n — 2 E.1
n0 R0+ 20 = ) R T+ 1) (E-1)
we want to know its behaviour when n — co. Using Stirling’s approximation:
x
Mz +1) ~V2rx (E) , T — 00 (E.2)
e
we find
_ I'4Ap +n—2)
P!y =2120"2(4Ap +2n — 2
n0 (480 420 =) R — T+ 1)
otho—2__ 2N V21400 +n — 3)(2Retn=3)ilotn=3
F(4AO — 1) 1/271'71(%)”
2 4Ap — 3
N24Ao—2 n 63—4Ao(1 + o )n(4AO + n — 3)4Ao—3
I'4Ap —1) n (E.3)
2n ’
N24A072 3—4Ap 4A0p—3, 4A0p—3
T4ro -1 ¢ "
yifont nibo—2
I'4Ap — 1)
N24A071 A4Ao—2
I'(4Ap — 1)

The A dependence of this behaviour is just the same as the right hand side of (5.12) (so we
say GGFTs marginally satisfy the condition in section 5). However, the condition (5.12) only
needs to hold for some constant C, and for any Ap < 1/4, we can always find such a C' which
makes (5.12) holds 27. So we find the GGFTs satisfy the requirement of using the tauberian
theorem.

Our next goal is to calculate the asymptotical behaviour of integrated spectral density
function of GGFTs, it is expected to coincide with (5.11). We want to use a quick way to
check this result and do not calculate the integrated spectral density explicitly. From the
behaviour (5.11), we know

(QA(’) + n)4Ao—1

 odAo—1
F(n) ~2 T(iA0)

(E.4)

26In the GFT case, unitarity bounds ensure the positivity of its coefficients, but as we emphasize in the main
body of the paper, there is no unitarity for GCFTs.
2"In fact, (E.3) is true for any Ao. So for Ap > 1/4, we can choose any C' > 0 to make (5.12) holds.
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SO

Ply=F(n)—F(n—-1)
~[n — (n—1)]F'(n)

_ 200 + n)4Ao_2
otbo—lyn 1y (2R0 (E.5)
2 (4A0 - 1) T(iAg)
N24A071 A4Ao—2
T(4Ao — 1)

which is precisely (E.3). So we have finished the cross check.
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