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Abstract

Arthur classified the discrete automorphic representations of symplectic and orthogonal
groups over a number field by that of the general linear groups. In this classification, those
that are not from endoscopic lifting correspond to pairs (¢, b), where ¢ is an irreducible
unitary cuspidal automorphic representation of some general linear group and b is an integer.
In this paper, we study the local components of these automorphic representations at a nonar-
chimedean place, and we give a complete description of them in terms of their Langlands
parameters.

Keywords Symplectic and orthogonal group - Arthur packet - Jacquet functor

Mathematics Subject Classification Primary 22E50; Secondary 11F70

1 Introduction

Let G be a split symplectic or special odd orthogonal group over a number field k. Arthur [1]
proved the automorphic representations of G (Ay) can be parametrized by the global Arthur
parameters, which are isobaric sums

Y =i (¢ Ruy,),

where ¢; is certain irreducible unitary cuspidal automorphic representation of a general linear
group and vy, is the (b; — 1)-th symmetric power representation of SL(2, C). For any such
¥, Arthur attached a global Arthur packet ITy,, which is a multi-set of isomorphism classes
of irreducible admissible representations of G (Ay). This packet admits a restricted tensor
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product decomposition
I 2 = ®v I Yy

where we denote by v, the local component of v at each place v, and Iy, is a multi-set of
isomorphism classes of irreducible admissible representations of G (k,), called local Arthur
packet. By the local Langlands correspondence for general linear groups [2—4,8], we can
associate ¢; , with a representation of the Weil-Deligne group W Dy =Wy, x SL(2,C)
at the nonarchimedean places (resp. Wy, at the archimedean places), which will still be
denoted by ¢; ,. Then v, can be viewed as a representation of WDy, x SL(2,C) at the
nonarchimedean places (resp. Wi, x SL(2, C) at the archimedean places). In particular,
Arthur showed that it factors through the Langlands dual group of G (k,). We will call v,
a local Arthur parameter for G (k). In this paper, we would like to describe the Langlands
parameters of the elements inside ITy,, when ¥ consists of a single term, i.e.,

v=¢Ky (1.1)

and v is a nonarchimedean place. It follows from Arthur’s theory [1] that the representations
in such ITy do not come from endoscopic lifting, so this justifies our title.

From now on, we will let G be a split symplectic or special odd orthogonal group over
a p-adic field F. Let G be the complex dual group of G. We recall an Arthur parameter for
G(F)isa a—conjugacy class of admissible homomorphisms

Y Wp x SL(2,C) x SL(2,C) - G

with the property that ¢ (W) is bounded. By composing with the standard representation of
G, we can view V¥ as a representation of Wr x SL(2, C) x SL(2, C). It decomposes as

1// = @;l:l IOl ® Va,' ® Vh,- (1'2)

where p; is an irreducible unitary representation of Wr and a;, b; € Z. To describe the
associated packet Iy, we will take p; to be the corresponding irreducible supercuspidal
representation of GL(d,,, F) through the local Langlands correspondence. Then we can
construct a self-dual representation of GL(N, F) by

wyti= Xy Sp(St(pi, ai), bi),

which is an induction of the Speh representations. Recall the Steinberg representation
St(pi, a;) is the unique irreducible subrepresentation of the induction

pill D s i [Ty |2
and the Speh representation Sp(St(p;, a;), b;) is the unique irreducible subrepresentation of
St(pi, ap)l| =02 5 St(pr, ap |70V St (proap | TV (13)
We will also denote the Steinberg representation by
(@i =1/2,...,—(ai = 1)/2)
and the Speh representation by a matrix

(@i —bi)/2 - 1—(a; +b;)/2
: : (1.4)
(@i +bi)/2—1--- —(a; —b;)/2
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where each row corresponds to the exponents of the shifted Steinberg representations in (1.3).
Since 7 9L is self-dual, one can consider its twisted character. Arthur [1] proved that there
exists a stable finite linear combination of characters on G (F), whose twisted endoscopic
transfer is this twisted character. By the linear independence of characters, this determines ITy,
as a finite subset of isomorphism classes of irreducible admissible representations of G (F).
(Moeglin [7] proved the Arthur packet is always multiplicity free in this case.) However, this
does not tell us explicitly which representations are contained in it. To answer this question, we
need a parametrization of the set Irr (G (F')) of isomorphism classes of irreducible admissible
representations of G (F'). This is given by the local Langlands correspondence for G (F).
Arthur [1] proved that there is a canonical bijection (after fixing a Whittaker datum)

Iir(G(F)) = {(¢. €)|p € D(G(F)), € € Irr(Sp)},

where ® (G (F)) is the set of Langlands parameters, which are G -conjugacy classes of admis-
sible homomorphisms

¢: Wr x SL(2,C) - G,
and
Sp=m0(Z5($)/Z(G)),

where Zz (¢) is the stabilizer of ¢ in G and Z (5) is the center of G. We will call the pair
(¢, €) complete Langlands parameter of G (F'), and denote the corresponding representation
by (¢, €).

Back to the Arthur parameter (1.2), let us write A; = (a; + b;)/2 — 1, Bi = |a; — b;i|/2
and ¢; = sgn(a; —b;). When a; = b;, we may choose ¢; arbitrarily. We will call (p, a;, b;) or
(p, Ai, B, ¢;) Jordan blocks, and denote the set of Jordan blocks by Jord (). For simplicity,
we will assume that

-~

pi = p for some fixed p, and (p, a;, b;) all have the same parity as G. (1.5)

Since we want to study the local component of a global Arthur parameter of the type (1.1),
we can assume all b; are equal and denote it by b. So we may rewrite (1.2) as

V=8_10® Vg ®Vp (1.6)

Under our assumptions, all @; will have the same parity. The simplest case is when ¥ consists
of a single term, i.e.,

Y=p® Vv, Qp

and a > b. In this case, we have the following result due to Mceglin [6, Theorem 4.2]. Firstly,
there is a bijection

Oy - {(,n eZx{£1}|0<I<[(A-B+1)/2]and ¢, = 1}/ ~

where

elﬂl::nAfBJrl(_1)[(AfB+l)/2]+l (1.7)

and the equivalence relation ~ only identifies those (I, n) and (', n’) forl =" = (A — B +
1)/2. Secondly, the representation 7 (v, [, n) parametrized by (I, n) satisfies

B _A
T, 1, n) — x (g, €) (1.8)
Balol--—(A—1+1)
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888 B. Xu

as the unique irreducible subrepresentation. Here the matrix represents a shifted Speh repre-
sentation (cf. (1.4)) and 7w (¢, €’) is a discrete series representation of G’ (F), which is of the
same type as G (F'). The complete Langlands parameter ¢; of the shifted Speh representation
factors through that of the inducing representation (cf. (1.3)), i.e.,

¢ =) (ol Qs pi)

and

/ A—l
d’ = @C:B_H P R V2Cc+1.

We can view ¢’ as an Arthur parameter, where the second SL(2, C) maps trivially. Then its
Jordan blocks are (p, C, C, +) for B+1 < C < A —I. The character €’ can be represented
by a sign function over this set of Jordan blocks. In this way, we have

€(p.C.C.H) = (=D,
The sign condition ¢; ; = 1 guarantees that

A-l

[T €w.c.c.H =1,
C=B+l

which is the necessary condition for €’ to define a character of Sy/. One can also describe the
complete Langlands parameter (¢, €) for 7 (v, [, n) from the embedding (1.8). Indeed,

P=p D¢ DY .

Moreover, € corresponds to €” under the natural isomorphisms Sg = Sy . By Maeglin’s result,
one can also view 7 (¢', €') as an element in ITy, where /' is the Arthur parameter of G'(F)
consisting of only one Jordan block (p, A — I, B + [, +). In particular,

(@ ey =ma@' ', n") (1.9
for!’ =0and n’ = €'(p, B+1, B+1,+). To save notations, we will write
a0y =a{(p,A—1,B+1,0,7n,+)).
In general, we can divide the Jordan blocks in (1.6) into two classes.

e ai >b,ie, (i =+4+:A; —Bi=b—1,A; + B; =a; — 1. So all intervals [B;, A;] have
the same length and are centered beyond (b — 1)/2.

e ai <b,ie.,;; =—1A; —Bi=a; — 1, A; + B; = b — 1. So all intervals are centered
at (b —1)/2.

We reorder the Jordan blocks such that A; > A;_;. Then there exists an integer m such that
(p, Aj, Bi, &) is in the first class if i > m and the second class if i < m. Now we can state
our main results.

1.1 Reductions

Theorem 1.1 Suppose A;, B; € Z. Let ' be obtained from Y by replacing all (p, A;, Bi, ¢i)
by (p, AL, B}, t/) such that: ¢} = + and

e Al = A;, Bl = B fori > m;

o Al =A; — B;, B =0fori <m.
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Then there is a bijection
My — My, 77

such that any representation w € Ily is given as the unique irreducible subrepresentation
of
—B; - —A;
T > Xi<m X T
—1 (A= B+ 1)

/

for the corresponding 7' € Iy, Moreover, if (¢', €') is the complete Langlands parameter
of ', then the complete Langlands parameter (¢, €) of 7 is given as follows:

¢ = (@i<m®i) D D (Bi<m®;),

where ¢; is the Langlands parameter of the corresponding shifted Speh representation and
€ corresponds to € under the natural isomorphism Sy = Sy.

Theorem 1.2 Suppose A;, B; ¢ 7. We consider the maximal sequence of integers
O=sp<s1<---<sg=m

such that As; — Bs; # As;+1 — Bs;+1. For any 0 < k < [, we get a new parameter Yy by
replacing all (p, A;, B, &) by (p, A}, B}, ¢/) such that: ¢} = + and

Y A;:AI,B;:BlfOI’l.>m,
o Al=A; —B; —1/2, Bl =1/2fori <mandi # si;
o Al=A;— B +1/2,B = 1/2fori = 5.

Then we can divide Iy, into l + 1 classes, i.e.,
My = U_o My k),

and for any 0 < k <1, we can get an injection
My () = My, 7 7@, L),

such that
-B; --- —A;

T = Xg£i<m _ :
—1/2 -+ —(A; — Bi +1/2)
—By, - —Ag,
= : XYy, ')
—3/2 -+ —=(Ag, — By, +3/2)

as the unique irreducible subrepresentation. Here we have parametrized the elements of I'IM

by (U, Q’ ) as explained in Sect. 1.2 below. The image is characterized by the condition that
foralli < sy,

* l{/:O; Ai—Bj+1
o n;=—[[;; (=D F*L

@ Springer



890 B. Xu

When k # 0, the second condition can also be simplified as ) = —1. Moreover, if (¢’, €') is
the complete Langlands parameter of w (Y, ', Q’ ), then the complete Langlands parameter
(¢, €) of w is given as follows:

¢ =®@iznd) ® ' ® Bizmd;),
where ¢; is the Langlands parameter of the corresponding shifted Speh representation and

€ corresponds to €' under the natural isomorphism Sy = Sy.

1.2 A special case

The previous two theorems reduce our problem to the following special case (cf. ¥, ¥/;):
V=0 (p ® vy ® V),

where A; > A;_1, B; > Bj_1 and ¢; = +. In this case, we have the following result.

Theorem 1.3 Suppose we are in the special case described above.

(1) There is a bijection

Iy — {{, n € 7" x {£1}"10 <[; < [(A; — Bi +1)/2],(1.10) and (1.11)
are satisfied }/ ~

where | = (I;), n = (n;), and

nip1 = (DA Bin, = A1 —liy1 = Ai — i, Big1 +1liv1 = Bi +1;, (1.10)
N1 = (DA Big = Biyy + i1 > A — 1. '
and
n
IT%%:l (1.11)
i=1

where €, . is defined as in (1.7). We have identified (L, 1) ~ @, ﬁ/)’ whenever

L=
[;7,- =1, unlessl; = (A — B +1)/2

(2) Let w(¥, 1, n) be the representation parametrized by (I, n). Consider the maximal
sequence of integers

O=ky<:--- <k =n
such that Ag; — lx; < Bi;41 + lk;+1. When A; — l; > Bit1 + liy1, we take

(A =)+ Bit1 +lit1)
B 2

i
and

1 lfl‘l'—A,'EZ

8 =
T2 ifn—A¢Z
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Then we have

B; —A;
T, L) = xi_ : :
Bitli—1- —(Ar— L+ 1)
I;
Bjyi+1ljt1 - —(A; — 1))
XTIy X <j<k; X’
=8 o —(t; +8))

1j

as the unique irreducible subrepresentation, where

n’:ﬂ(Ui[...})

[] = [(,OaAk; _lk,'»Bk,' +lk,'903 Nk; s +)]

l'fki — ki—l = 1, and

with

{ } = {(p, A, =l tiy—1 — 8k,—1 + 1,0, (—1)thi—1 =8k -1+1=(By; +lk,-)r]k, , +),
Uk i +1<j<k; (P, ti+8; — Ltjo1 — 81 + 1,0, (= 1)1 H =B, +>,
(ps i +1+ 8k171+1 =1, Bk,'71+1 + lk171+17 0, ﬂk,,1+1,+)}

otherwise. Here 7' is a tempered representation of a group G'(F) of the same type
as G(F), and its complete Langlands parameter (¢, €') can be described as in (1.9).
Moreover, the complete Langlands parameter (¢, €) of (¥, 1, n) is given as follows:

b= (D;d) O (@id) DY O (@io)) ® (®,0))

where ¢; (resp. ¢ ) is the Langlands parameter of the corresponding shifted Speh repre-
sentation I; (resp. I ;) and € corresponds to €' under the natural isomorphism Sy = Sy .

Remark 1.4 When the intervals [B;, A;] are disjoint, the condition (1.10) becomes void. In
that case, the result is due to Meeglin [6, Theorem 4.2].

1.3 Even orthogonal groups

Let G be a quasisplit special even orthogonal group over F, split over a quadratic extension
E/F. Let 6y be an outer automorphism of G over F, induced from the conjugate action of
the even orthogonal group. Let g = (fp) and G = G x X, which is isomorphic to the
even orthogonal group. Let 6o be the dual automorphism on G, which commutes with the
action of Gal(E/F). The local Langlands correspondence for G*0(F) takes the following
form: there is a canonical bijection (after fixing a 6p-stable Whittaker datum)

Irr(GXO(F)) = (¢, 0)|p € CT)(G(F)), €€ II”I'(S(EO)}a
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892 B. Xu

where ®(G(F)) is the set of éo-orbits of Langlands parameters of G (F), which are G x (éo)-
conjugacy classes of admissible homomorphisms

¢ :Wr x SL(2,C) - G x Gal(E/F)
and
Sy =0(Z 5000y @)/ Z(G)UED),

This follows from Arthur’s results on the local Langlands correspondence for G (F) and
the 6p-twisted endoscopic character relations (cf. [1] and [9, Theorem 4.3]). We will call
the pair (¢, €) complete Langlands parameter of G>°(F), and denote the corresponding
representation by 70 (¢, €).

For any Arthur parameter  of G (F'), Arthur [1] has associated it with a finite multi-set l:I,/,
of Xp-orbits in Irr (G (F')), in the same way as we have described for symplectic and special
odd orthogonal grougs. This is also multiplicity free due to Moeglin [7]. In [10] we define
the Arthur packet HV/O for GZ0(F) to be the subset of isomorphism classes of irreducible

representations of G¥0(F), whose restriction to G(F) have irreducible constituents in l:[w.

In this paper, we will also prove the analogues of Theorem 1.1, 1.2, 1.3 for 1'[50.

2 Review of Moeglin’s parametrization

From now on, we will let G be a quasisplit symplectic or special orthogonal group over a
p-adic field F. In order to get a uniform description, we will also take g = 1 and G*® = G,
when G is not special even orthogonal. Let ¢ be an Arthur parameter of G(F). We will
review Moeglin’s parametrization of elements in Hio. The reader is referred to [9,10] for
more details.

Let v/, be the parameter consisting of Jordan blocks of i that has the same parity as
6, and >y be an admissible order on Jord(v),). The admissibility condition requires that
for any (o, A, B,¢), (p, A’, B', ) € Jord(yp) satisfying A > A', B > B’ and { = ¢/,
we have (p, A, B,{) >y (p, A, B’,¢’). Then Meeglin showed that there is an injection
depending on >y,

32— {@.m e 277100 x (14 1o, 4, B, ¢)

v
€[0,(A—B+1)/2],(22)is satisﬁed] [~zy» 2.1)
where
I en(p. A B.0) =1 (2.2)
(0,A,B.;)eJord(Yp)
and

en(p, A, B, O):=n(p, A, B, () PH (- )lA=BHDRIH.ABD,
Here we say (I, ) ~x, (I, ') if and only if

L=
(m/n)(p, A, B,¢)=1lunless(p, A, B,{) = (A—B+1)/2.
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This is the parametrization appearing in Sect. 1.2, where we have implicitly chosen the
order >y to be that of the indexes. For any (I, n) in (2.1), we let nﬁ°>w(1//, L, n) be the
associated representation if (, 1) is in the image, or zero otherwise. Mceglin also expressed

the nonvanishing of f}”w (¥, 1, n) in terms of the nonvanishing of certain Jacquet module
(cf. (2.3)). Following this description, we have developed a procedure in [10] to determine
the image explicitly. As an application, we give the formula (1.10) for characterizing the
image in the special case (cf. Sect. 1.2). The proof will be given in Appendix A.

What turns out crucial to this procedure [10] is to understand how the injection (2.1)
changes when one changes the order >y . This is also one of the main results in [10] and we
will recall it here. Suppose we have two adjacent Jordan blocks (p, A;, Bi, &) (i = 1,2)
with respect to the admissible order >, and

(p, Az, B2, §2) >y (p, A1, B1, ¢1).

Suppose the new order >1# obtained by switching the two is still admissible. Then by def-
inition, either &1 # ¢ or one of {[B;, A;]};=12 is included in the other. Let us define ¥_
by

Jord(Yy—) = Jord(Y)\{(p, A2, B2, £2), (p, A1, B, §1)}.

Suppose
Tty L) =70 (1) # 0.

then the restrictions of (/, ) and @, Q’) to Jord(y_) are equivalent with respect to (~x,)
and the following conditions are satisfied.

(1) If ¢; = &, it suffices to consider the case [B>, Ay] 2 [B1, A1]. Then we are in one of
the following situations.

(@) If gy # (—=DA17 By and ) = (—1)A27 B2y}, then

L=l
L—1, = (A; — By —2I}) + 1
) = (=hA~By,

(b) If 2 = (=)~ Piny and ) # (=127 P2ny, then

I =li
lé—lz:(Al — B —2)+1
R ]

(c) If gy = (—DHA1=Biy; and n| = (—1)A27B2y), then

L=1
=1+ —1)=(A2— By) — (A1 — By)
ny = (—Aby
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894 B. Xu

(2) If &1 # &2, then

lé =D
h=n
m = (== Bitly)
n o= (=)A= Btly

This formula suggests that for (o, A, B, ) € Jord(y),) with B = 0, the choice of sign ¢
will affect the parametrization (cf. [10, Proposition 7.5]).

2.1 Terminology

We recall a few terminologies from [9] [10]. Let ¢ be an Arthur parameter of G(F) such
that ¢/ = . Let p be an irreducible unitary supercuspidal representation of GL(d,, F).
We denote by Jord, (i) the subset of Jord(y) containing p. A subset J of Jord, () is
said to have discrete diagonal restriction if the intervals [B, A], [B’, A’] do not intersect
forany (p, A, B,¢), (p, A’, B', {') € Jord, (). We say ¥ has discrete diagonal restriction
if Jord, () has discrete diagonal restriction for all p. A Jordan block (o, A, B, ¢) is said
to be far away from a subset J of Jord, (V) if

B2Vl (Y A 3 (A~ B +1)

(p,A",B",t)el (p,A",B",;")eJord, (V)

and we will write (p, A, B, ¢) > J (cf. [10, Section 2]).
Let >y be an admissible order on Jord(y) and we index Jord, () for each p so that

(0, Ai, Bi, &) >y (p, Ai—1, Bi—1, 8i—1).

A new parameter v, is said to dominate v with respect to >, if Jord, () is obtained by
shifting (o, A;, B;, §) to (p, A; + T;, B; + T}, §;) with T; > 0 for each p, and > induces
an admissible order on Jord (). In this case, nf,gw (.1, ) and nf,gw (W, L, ) are
related as follows:

HM =y Vs L 1)1= 04p:Jord, ()0} © (o, As, Br.ti) e ordy ()
X
Jac(p, A+ 73, Bt 00> (0, A B i) Tt >, (U L ), (2.3)

where i is decreasing (cf. [9, Remark 8.4]). If we further assume both of them are nonzero,
then we have

HE?N,(I//»’L 1) < X{p:Jord, ()0}
G(Bi+Ti) - &Gi(Bi +1)
X (0, A By gi)eordy () : : Ty, L),
Gi(Ai +T0) - Gi(Ai + 1)

where i is increasing (cf. [9, Proposition 8.5]).

At last, we will say a few words about the operators used in (2.3). Let M = GL(d,) x G
be the Levi component of a standard maximal parabolic subgroup P of G. For any finite-
length smooth representation 77 >0 of G>°(F), we can decompose the semisimplification of
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its Jacquet module as follows

s.s.JacP(nEO) = EBTi ® oi,
i

where 7; (resp. o;) are irreducible representations of GL(d),, F) (resp. GE"(F )). We define
Jac, 7t >0 for any real number x to be

Jacx(nx"): @ 0.
Ti=p|l*

We also define

Jacy, .. xsnzo =Jacy, 00 Jacxlir20
for any ordered sequence of real numbers {x1, ..., xs}. Let
G(Bi+Tp) -+ &i(Bi + 1)
X, = . .

AT - G+ 1)

with respect to (p,A; + Ti,B; + T;,¢) in the previous paragraph. Then
Jac(p, A;+T0, Bi4+T: ¢ (0, A;, B: ;) 18 defined to be Jac, := oxcx; Jacy, where x ranges over X;
from top to bottom and left to right.

3 Step one

In the next three sections, we will give the proofs of the main results stated in the introduction.
The Arthur parameters (cf. (1.2)) considered in these proofs are always under the Assumption
(1.5). Later we will make some comments on the general case (cf. Sect. 6).

In step one, we consider a subclass of representations in the special case (cf. Sect. 1.2).
In the special case, we have

Y= 69zr'l=1(:0 ® vg; @ vp;)
where A; > A;_1, B; > B;j_1 and ¢; = +. We fix the order so that
(p, Ai, Bi, &) >y (0, Ai—1, Bi—1, gi—1)-

Now let us consider n,flow W, 1, Q), where [ = 0. In this case, we can reinterpret the nonva-
nishing condition (1.10) as follows.

o If A; > Biyy, then i = (—DA =By Let; = (A; + Bit1)/2 and
__{1 ift; — A eZ
T2 it — A ¢
e If A; < Bj41, then there is no condition on 7;41.
Consider the maximal sequence of integers
O=ky<:-- <k =n

such that Ay ;< Bkj+1. ‘We would like to show
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Theorem 3.1
Bjy1 - —Aj
T, L) = Xy g <ja | : xo®0 (3.1)
tj=38j - =t +38j)

as the unique irreducible subrepresentation, where

oM=myt ( Ui { . ])

is a tempered representation with

{}: {(p,Aki,Bki,O, nk,-,‘i‘)}

ifki —ki—1 =1, and
[-}= {(p Aoty 1 = St + 1,0, (—1)h 701 =By ),
Uk, 1 +1<j<ki (p,z,- +8; —1,tj-1 —8;—1+ 1,0, (—1)’1—1—5f—1+1—3f;7j,+),
(p, fki 41+ 0k +1 — 1o Big_ 41, 0, k41, +)}

otherwise. Moreover, the induced representation T in (3.1) is a subrepresentation of the
costandard representation, obtained by taking induction of the shifted Steinberg representa-
tions from rows of 1; together with o>,

The following corollary is an immediate consequence of the theorem.

Corollary 3.2 In the notations of Theorem 3.1, the complete Langlands parameter (¢, €) of
7'[15[0>w (¥, L, n) is given as follows:

b= (D;6) 0 ¢ ®(@;8))

where ¢ j is the Langlands parameter of I i, (¢, €) is the complete Langlands parameter of
>0, and € corresponds to € under the natural isomorphism Sf 0= S;:,O.
We will prove Theorem 3.1 by induction on

n—1

Z max {A; — B;;1, 0}.
i=1

Suppose it is not zero. Let us choose the maximal integer s < n such that Ay — Bgy1 >
A; — Bj4g forall 1 <i < n. By maximality of s, we have Bg;o > Bgyjors =n — 1.
Moreover, there exists [ < s + 1 such that

AS:AS_IZ--.:AZ_I andBH_] =By =---=B

and A;_| > Aj_porl =2.
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Lemma 3.3
Ta sy W L) > 5y (Bt —Aj) )y (W L),
where A} =A;—1, B}_H =Bj1 +1 ana,’n;._H =—njy1forl—1<j<s.
Proof Since [ = 0, we can reorganize the Jordan blocks for/ — 1 < j < s+ 1 as
(05 As+1, Bsp1 + 1,0, =ng1, +) > (0, Bst1, Bs11, 0, 0511, +) > (0, As, Boy1, 0,15, +)

> o> (0, Ap, Bis1, 0, ) > (p, Aj—1, By, 0, (1) BBty 4y
> (p,Br—1,B1-1,0,m-1, +),

where we have splitted the first and last ones. Note the last Jordan block above disappear
when B; = B;_1. Then we can move (p, Bgs+1, Bs+1, 0, 541, +) to the second last position
(or last when B; = Bj_1) above. By the change of order formula, it can be combined with
the last term. So we get
(p, Ag41, Bsy1 + 1,0, =541, +) > (p, As, Byy1, 1, =15, +)
> > (p, Al Bip, 1, =i 4) > (0, Aim1, B 1, — (=D P81y )
> (p, B, B—1,0,m-1, +)

Since Aj—1 > Aj—» and Bg42 > By, we get by applying Lemma 4.3

b
T, (U L) > XSy (Bt —A) X (L ).
[}
By Lemma 3.3 and the induction assumption, we have
o, W L) > 5y (Bjts oo, —Aj) 0 T (3.2)
and
/ /
Bi —4j
1= le:l Xki—1<j<ki X o ™0
tj—8; - —(tj +4;)

Ij

Moreover, 7' is a subrepresentation of the costandard representation, obtained by taking
induction of the shifted Steinberg representations from rows of I ; together with o*0. Com-
bined with the maximality of A; — By+1, we see the induction in (3.2) is a subrepresentation
of the costandard representation as we want. It also follows that the induction in (3.2) has a
unique irreducible subrepresentation. Since I ; are interchangeable with each other (cf. [10,

Corollary 4.3]), one can combine (Bj1, ..., —A;) with ij forl —1 < j < s, and this gives
3.1).
4 Step two

We will settle the special case in this step, hence complete the proof of Theorem 1.3. Let

Y= EB;‘1=1(:0 ® vg; ® Vi)
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where A; > A;_1, B > B;—_1 and {; = +. We fix the order so that
(0, Ai, Bi, i) >y (p, Ai—1, Bi—1, i—1).

By Theorem A.1, nﬁ?>w(¢, L,m) # 0if and only if (1.10) is satisfied. We would like to
prove the following theorem.

Theorem 4.1
B; —A;
L x| ;
Bi+1li—1- (A — L+ 1)
I;
oy, (Ui 0 A =1, B 410,01, 6) ) (4.1)

as the unique irreducible subrepresentation. Moreover, after applying (3.1) to

' ( Ui (0, Ai =i, Bi +1i, 0, 1;, Q)), (4.2)

we can embed the right hand side of (4.1) into an induced representation Z. Then T is a sub-
representation of the costandard representation, obtained by taking induction of the shifted
Steinberg representations from the shifted Speh representations with a tempered representa-
tion o> as in Theorem 3.1.

The following corollary is an immediate consequence of the theorem.

Corollary 4.2 In the notations of Theorem 4.1, the complete Langlands parameter (¢, €) of
”EO>1// (W, L, n) is given as follows:

¢ = (@idi) DD D (D))

where ¢; is the Langlands parameter of I;, (¢, €') is the complete Lanélands parameter of
(4.2), and € corresponds to €' under the natural isomorphism S 5 =3 ¢,0.

We will prove Theorem 4.1 by induction on ) ;_, /;. Among all i such that ; # 0, let us
choose maximal s for the property that A; — By > A; — B; for any such i. By the maximality
of s, we have Bs| > By or s = n. Moreover, there exists [ < s such that

Ay =---=A;and By =--- = B;
and A; > Aj_jorl =1.
Lemma 4.3
T, (U Lm) = iy (Biy oo —AD )t (W1 ),

where Al = A; — 1, Bl = Bi + 1, and ] =1; — 1 for| <i <s.

Proof Let wg) be a dominating parameter of ¥ such that the Jordan blocks fori < [ remains

the same, and the Jordan blocks for i > [ are shifted by 7;, so that they are disjoint and far

away from U; .;{(p, A;, Bj, ¢;)}. Similarly, we can define 1//§;+1) (resp. 1///>§+1)).
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7TM>W(W>>J 77)"—> Xl l( l+’Tlss_(Al+Tl)>X
Bi+T;+1--- B +2

. . 1

Xlszl : : ><|7TM - (w>ﬁ‘+) l/ 77)

A+ T =1 A
i (B T =40 X (Z(Ai + D, =+ T)) ) x
Ii

Bi+Ti+1-- Bi+2

xia| P, e
Ai+Ti—1--- A

11

We can switch I; with I1; (cf. [10, Corollary 4.3]). Since A; > A;_, we can then take the

dual of I; (cf. [10, Proposition 4.6]). Moreover, we can combine / I; with Il.v, for otherwise,

Jaca, 11, nﬁ‘jw (wéi), 1, m) # 0, which is impossible. Therefore, we get

!
T, WS L) = X (Bi+ Th, o —Ai)x

Bi+T;+1-- B +2

3 : B RN CAQEN )
A+ T A+ 1
Bi+T;+1---B;i+2
s xf:l<(Bi+Ti,...,—A,-) X )
Ai+T - A+

“ nM - (W "(s+1) l/ '7)
It follows
o, ST L o X B = A . ST

Bi+T, --- Bi+1
< xi (B —A) x (xims | )

SRR )
Since By41 > By, we can switch (B, ..., —A;) with I11; (cf. [10, Corollary 4.3]). Hence,

P X P
”M(,J>,,, W, 1, n) <= X3 (Bi, ..., —A;) JTM(’)>1// W', l/’ﬁ)'

By Lemma 4.3 and the induction assumption, we have

Mo, L) > Xy (Biy, =AY 0 T (4.3)
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and

Bi+1 - —(Ai—1 B - —A;
T=xj f } X Xi<loriss : ;

Bi+li—1--—(A=-Li+1 Bi+li—1--—=(A-Li+1
11; 11;
Bjyi+1jq1 - —(A; 1))
X X some j X o0
tp=38; o = +38))

1j

Moreover, Z’ is a subrepresentation of the costandard representation, obtained by taking
induction of the shifted Steinberg representations from the shifted Speh representations with
o %0, We claim the induction in (4.3) is a subrepresentation of the costandard representation
as we want.

To prove the claim, we need to show any shifted Steinberg representation above, whose
shift is less than that of (By, ..., —Aj), can be moved to the front. By our choice of s, it
suffices to consider (x, ..., —y) fromrows of fj.Moreover, itisnecessary that/; | =1; = 0.
There are two cases.

(1) If A, < Aj, then y > Aj.
2) If By > Bj+1,thenx < By.

In either case, we see (x, ..., —y) and (B;, ..., —Ay) are interchangeable (cf. [10, Corollary
4.3]). This finishes the proof of our claim. As a consequence, the induction in (4.3) has aunique
irreducible subrepresentation. So we can combine (B;, ..., —A;) with I [; for] <i < s, and
this gives (4.1).

5 Step three

In this step we will prove Theorems 1.1 and 1.2, which reduce our problem to the special case
settled in the previous step. In order to apply the induction argument, we need to generalize
our problem (cf. (1.6)) to the following case

w = @:l:l(p ® Va; ® Vb,')
where A; > A;_1 and there exists m < n such that

e ifi > m,then¢; =+, Biy1 > B;;
e ifi <m,then¢; = —,and B; < B;_1.

We choose the order so that
(0, Ai, Bi, &) >y (0, Ai—1, Bi—1, Ci—1).

Among all i < m such that B; # 0 (resp. 1/2), we choose s < m maximal for the property
that

e A; > A; forall such i;
e B, > B;,if A; = A, for any such i
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By the maximality of s, we have By > By4 or s = m. Moreover, there exists /[ < s such
that

Ag=---=Ajand By =--- =B,

and A; > Aj_jorl =1.

Lemma 5.1 There is a bijection between

PN N
Hw — 1'[ij

HM L, WL HM O, @ L)
such that
Ta ey W L) > Iy (=B —A) @ (L),

where * is obtained from v by changing (p, A;i, Bi, &) to (p, A; — 1, B; — 1,¢;) for
[ <i<s.

Proof We first show

Mo, (L) £ 0 & T (L) # 0,

Following the procedure in [10, Section 8], we can first reduce to the case that all
(p,A;, B;i,¢) for i > m are far away from U;<,,{(p, A;, B;, i)}, except for one
(p, Aj, Bj, ¢;). This is done by the operations of “pull” and “expand” (cf. [10, Section 7.1,
7.2]). Since A; > A; for all i < m, then we can “expand” [B;, A;] and change the sign
¢; to negative (cf. [10, Section 7.3]). In this way, we can further reduce to the case that all
(p, A;, B;, ¢) for i > m are far away from U; <, {(p, A;, B;, ¢;)}. Since A; > A;_; and
By > B4, the inclusion relations of intervals are not changed after shifting [B;, A;] to
[Bi — 1, A; — 1] forl <i < s. Then it is not hard to see from the procedure in [10, Section
8] again that the nonvanishing condition is not changed.
Next we impose a new order >:p by moving {(p, A;, B;, §;)};_, to the front. Suppose

”M>¢(Wl77)—77 (l/fl/ﬂ)
then

T, U L) = L)
by the change of order formula. So it suffices to prove the lemma under this new order. Let
Y be the parameter obtained by shifting [B;, A;]to [B; + T;, A; + T;] forl <i <s, which

are disjoint and far away from the rest. Then

~(Bi +T) - —(Ai +T))
Z . . %
ﬂMO>:/, (P, U, ﬂ/) s xle : : X 7TM(,)>§// ARG E/)’
—B; e —A;
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where i increases. It follows
—B+T) - —(A +T))
T (s, ) = : : X (=B, ..., —A;)x
> 4
—Br+1) - =(A+ 1)
~(Bi+T) -+ —(Ai +T))
Xt 41 : : w L)
—B; —A;
—B+1T) - —(A+ 1))

—BIH D) - —(A+ D)
B+ T) (A T))

N
Xi=l+1 :
—B; e —A,;

X (=Bl =A@ 1)
Continuing this way, we should get
—(Bi+T) - (A +T))

b :
”M?>§,, W, U n) = xig : : x
—Bi+1) - =(Ai+ 1)

@ﬂ<—&“.”—Anxnﬁg¢¢ﬂqu
It follows
nﬁ‘jw(w,y,ﬁ’) > XI_j(—Bi, ..., —A;) % JTE?>;1/(¢S,£/,Q/).

This finishes the proof.

m}

Remark 5.2 In this lemma, it is critical to have A; > A; for {; = +, {; = —. Here we give

a counter-example when this condition is not satisfied. Suppose
Jord(Y) = {(p, A1, B1, ¢1), (p, A2, B2, £)}
with A;, Bi € 2,1 = —, (o =+,and A| > B + B, > A, > A; — By. Let

Jord(‘ﬁ/) = {(10! Al - Blv 05 {1)7 (10’ A29 B27 §2)}

We claim |l'[£° | > |l'[§9 |, which will result in a contradiction to Lemma 5.1. After changing

£y to positive, we can apply Theorem 1.3 to ¥'. Then there is a bijection

“59 = {(l,n) € Z* x {£1}*|0 < [; < [(A; — B; + 1)/2],(1.10) and (1.11) are satisfied }/ ~x,

where [ = (I;), n = (n;). By our assumption, [0, A; — B;] intersects with [A2, B>], so the

condition (1.10)715 not void. On the other hand, let

Jord(¥") = {(p, A1, B1, 1), (0. A2 — B2, 0, 0))}
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By applying Jac(p, a5, B,,22) (p, A2—B,0,02)» WE get a surjection

> — o

i3 o 5.1)

By our assumption, [0, Ay — B>] does not intersect with [A1, B]. So by [6, Theorem 4.2],
there is a bijection

o

v {d, n) € 72 x {j:I}ZIO <[l <[(A; = B; +1)/2], (1.11) is satisfied }/ ~5,

Hence, |I'[¢°| > |1'I1//,,| > |H 9]. From (2.1), we also see (5.1) is actually a bijection.

5.1 Integral case

We assume A;, B; € Z. Recall {; = + fori > m and {; = — fori < m. We get a new
parameter ' by replacing all (p, A;, B;, &;) by (p, A, B, ¢/) such that: ¢/ = ¢; and

e Al =A;, B = B;fori > m;

° A: = A; —B,‘,Bl{ =0fori <m.

Theorem 5.3 There is a bijection

>0 >0
HV/ —>l'[w,

T L) T (L)
such that

—B; - —A;
T, L) > Xizn | : s, WL (5.2)
—1 -+ —(A;—Bi +1)

Ii

as the unique irreducible subrepresentation.
Let us assume

T, WL = @ ).

after changing ¢; to positive for i < m. By applying (4.1) and (3.1) to ﬂAX/:I(,)>¢, W', ﬂ/)’ we
can embed the right hand side of (5.2) into an induced representation Z. Then T is a sub-
representation of the costandard representation, obtained by taking induction of the shifted
Steinberg representations from the shifted Speh representations with a tempered representa-
tion o™ as in Theorem 3.1.

Proof We can prove this by inductionon )
tion, we have

i<m Bi-By Lemma 5.1 and the induction assump-

i3 O W L) > X (B, —A) X T (5.3)
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and
~Bi =1 =4 = D) —Bi —A
Ih=xiy : : X Xiclormziss | : x
1 o —(A;—Bi+1) —1 - —(Aj — Bi + 1)
111; 111;
LA —4 T G )
x"_, : : X X some j : : X o 20
B+l —1- —(A) =L +1) t—8; o —(th+3)

11; I~,-
Moreover, Z° is a subrepresentation of the costandard representation, obtained by taking
induction of the shifted Steinberg representations from the shifted Speh representations with
o %0, We claim the induced representation in (5.3) is a subrepresentation of the costandard
representation as we want.

To prove the claim, we need to show any shifted Steinberg representation above, whose

shift is less than that of (— By, ..., —Ay), can be moved to the front. There are two cases.
(1) If it is in the form (—x, ..., —y) from I11;, then by our choice of s, we have Ay > y

and x > Bs. Hence, (—x, ..., —y) and <_B~S’ ..., —Ajy) are interchangeable.
(2) Ifitisin the form (x, ..., —y) from I I; or I}, then we have y > Aj. Otherwise,

soy_ vy A AtB
) 2 = 2

which contradicts to our assumption about the shifts. Hence, (x,...,—y) and

(—Bs, ..., —Ajy) are interchangeable (cf. [10, Corollary 4.3]).
This finishes the proof of our claim. As a consequence, the induction in (5.3) has a unique
irreducible subrepresentation. So we can combine (—B;, ..., —A;) with I1[; for] <i <,
and this gives (5.2). ]

The following corollary is an immediate consequence of Theorem 5.3.

Corollary 5.4 In the notations of Theorem 5.3, the complete Langlands parameter (¢, €) of
7'[}5[(3>¢/ W, 1, Q) is given as follows:

¢ = (®ig) D' D (Dig;)
where ¢; is the Langlands parameter of I;, (¢, €') is the complete Langlands parameter of

7'[151?>W (', L, n), and € corresponds to € under the natural isomorphism Sfo = 54}):,0.

5.2 Half-integral case

We assume A;, B; ¢ Z.Recall {; = 4 fori > m and {; = — fori < m.
Theorem 5.5 Consider the maximal sequence of integers
O=so<s1<:---<§=m
such that ASj — st * Asj+1 — Bs,~+l' For any 0 < k < I, we get a new parameter 1#,2 by

replacing all (p, A;, B;, ;) by (p, A}, B}, ¢/) such that: §] = + and
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° A: — Al-, Bi/ = B,-fori >m;,

o Al=A; —B; —1/2, B =1/2fori <mandi # si;

° A; =A; —Bi+1)/2, Bl.’ = 1/2 fori = s.
Then we can divide l'[;“;o intol + 1 classes, i.e.,

=
be =1_ o " (k).
For any 0 < k <[, we put an order >y on Jord(lﬁ,:) so that
(107 A;7 Bl/s ;[/) >WI£ (105 A;,p B;,]s é‘i/fl)'

Then we can get an injection

M0 (k) < T30, w0 > w0 ,(wk,l/ ),

Vi
such that
-B; - —A; —By, - — Ay,
T > Xgizm | : B :
—1/2 -+ —(A; — B; +1/2) —3/2 .- —(Ay; — By, +3/2)
Ii Isk
SR ,(I/Ik,, n') (5.4)

as the unique irreducible subrepresentation. The image is characterized by the condition that
foralli < sy,

° l; =0y
o 0= —[1;o (DB,
When k # 0, the second condition can also be simplified as n} = —1.

After applying (4.1) and (3.1) to 7TM =y . U, ’), we can embed the right hand side

of (5.4) into an induced representation T. Then T is a subrepresentation of the costandard
representation, obtained by taking induction of the shifted Steinberg representations from the
shifted Speh representations with o0 as in Theorem 3.1.

The following corollary is an immediate consequence of the theorem.

Corollary 5.6 In the notations of Theorem 5.5, the complete Langlands parameter (¢, €) of
w0 s given as follows

¢ = (@idi) DD D (D))

where ¢; is the Langlands parameter of I,, (¢, €') is the complete Langlana’s parameter of
nfl - (Y. U, "), and € corresponds to €' under the natural isomorphism Sy Zo o~ =S, Zo

We will prove Theorem 5.5 by induction on ), <m(Bi —1/2).
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5.2.1 Change sign

Suppose
> (B —1/2) =0, (5.5)

i<m
ie., B; = 1/2fori < m. We change the order > so that
(0, Ai, 1/2,8) >y (p, Aiv1, 1/2, Git1)
for 1 <i < m — 1. Then there are two cases.
First case: [, # 0 or n,,, = 1. There exists [ < m such that
Ap=Ap—1=---=A;withA; > Aj_jorl=1.

Let ¥” be obtained from ¥ by replacing all (p, A;, B, &) by (p, A; — 1,1/2, —¢;) for
[ < i < m. Note " also falls into the general case that we consider in the beginning of
Sect. 5. We also change >, by reversing the order for the Jordan blocks with negative ¢.
It can be obtained by moving (p, A; — 1, 1/2, —¢;) to the front of the last m Jordan blocks,
one by one as i goes from / to m. In particular, it satisfies

(107 Ai7 Bi! ;l) >y (/LAm - 17 1/25 _gm) >1/f" e >‘W” (105 Al - 17 1/27 _é‘l)
>y (psAj,1/2,85)

foranyi > mand j < /.
Lemma 5.7 There is a bijection
[mi., @l e P 10y £ 0 0r =1} > T30
such that
nM >w(w L) = xXiL(=1/2,---, =A;) ><]7TM> ,,(W” 0",

where (I, ") only differs from (1, n) for 1 < i < m. Wewill setn, = —1ifl, = (Am—i—%)/Z.
Then

Q<D I'=1
<
nl/_/ — ni(—l)(m_l+l)(Ai_§)
1
) n// =~ ( 1)(1—1)(A'+j)
(l<i<my {7 ALy
Ny = (=1
G=izm fp=1""" ’.f”’"z_l
lm lfnm =1

Proof If ”/‘%1(3%/1 W, 1, Q) # 0, then it is necessary that

li =1, and n; = (—I)Af“’%n,-“ forl <i < m.

(cf. [10, Lemma 5.5]) Similarly, if AE/I(’)>11/” (W, 1". ") # 0, then it is necessary that
/=1, and 3y, = (=D 3y] forl <i <m.
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So for the bijection, it suffices to show
T WL A0S R ) £0

Let ¢ (resp. ¥4) be dominating parameters obtained from v/ (resp. ¥”) by changing
(p, Ai, Bi, i) to (,0, Ai +T;, Bi + T;, &) for i > m, far away from the remaining ones. By
Proposition B.1 together with the change of order formulas, we know

”M >¢(1/’>>’l n) #0 % r[M - //(1/,;;’ I ") #0.
Moreover, we have
ﬂ]a(,)>w (w>>a L Q) — X:'n:[<_1/2, .. A > X T[M >y (w/>/>’ l// //)- (56)
Suppose ”E?W (.1, ) # 0, then if we apply o;~,Jacx, (i decreasing) with
Bi+T; - Bi+1
Ai+T; - A+ 1

to the right hand side of (5.6), we should also get something nonzero. We claim the result
must be

XM (=1/2, ..., —A;) X 0j=p Jacy, nE‘j>W WL 0,
which shows the nonvanishing of JTAX,:I°>W w10, ﬁ”). Otherwise, since A; +1 > A,, for
i > m, there exist j > m and ¢t > 1 such that

Jacx;, 0 0j=i=m Jacy, (RHS.(5.6))
contains a term
(=172, ..., —A) x (=1/2, ..., —(An — 1))
xJacX— 0 0jsj=mJacy, ﬂﬁ)fl L Ws. 1" 0" #0
where
Bj+T;---Bj+t
Xjoe=| :
Aj+Tj--- Aj+1t

and X', means that we take away the entry A, from the last column of X ; ;. For X', to be
well-defined, we must have

B./+1§Bj+I§Am<Aj+lfAj-i-l

Let ¢/ be obtained from y§ by changing (p, A; 4T, B; +T;, ;) back to (p, A;, B;, ¢;) for
j>i>mand(p,A; +T;,B;+Tj,¢)to(p, Aj +1t, Bj+1t, ;). Then we can conclude

It follows JacAmHnM >y W2, 1", ") # 0. But this is impossible, since B; + T; > A, + 1
fori > j, and

B,‘SBj<Bj+t§Am<Am+1
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forj >i > m.
Conversely, if 7TA240>¢” w1, ﬁ”) # 0, then

T, W 1) = i Cx, 0y (1),

where

Bi+T, --- Bi+1

Cx;i= : :

Ai+T; - A+ 1

Since Cx; and (—1/2, ..., —A,,) are interchangeable for i > m, it follows from (5.6) that
Ty (WL > Xy (=120 = Al oy ).

Hence 7 1510> v W, 1, Q) # 0. In the meantime, we have also shown the inclusion relation as
well. m]
Second case: /,, = 0 and n,, = —1. By [10, Lemma 5.5], it is necessary that /; = O for

i < m. Therefore,
1
ni = (=D "2y fori <m.

We get a new parameter v’ by changing (o, A, 1/2, &) to (o, Ay, 1/2, —Cp), and
(p,Ai, 1/2,4) o (p, A; — 1,1/2, =¢;) for i < m. After imposing the usual order >
on the Jordan blocks of ¥/, i.e.,

(05 Ams /2, =8m) >y (0, Am—1 — 1, 1/2, =) >y -+ >y (0, A1 — 1,172, =81),
we would get (', n') from (I, n) by requiring /; = 0 fori < m and
np=—landy),, = (=D Tn fori <m.

Lemma 5.8

NMN(W L) = Xiem (= 1/2,---,—Ai>><17rM> MC Y bT

Proof Let lﬁ(k) be the parameter by changing (o, An, 1/2, &n) to (p, A, 1/2, —&m), and
(p, Ai, 172, 8) to (p, Ai —1,1/2, =¢;) form — k < i < m. We will also change the order
to >, & by moving these Jordan blocks to the front of the last m Jordan blocks as i goes
from m — k + 1 to m. The representations inside the corresponding packets are parametrized
by (l(k), n(k)) with respect to >y

Since I, = 0 and 1,, = —1,

nM >w(1/, 1, ’7) — 7TM N <1>(¢/(1) l(l) (1))
where (1D, ﬁ(l)) satisfies
(1) = (- 1)Am+2n fori < m.
Since ll.(l) = 0fori < m, we also have

m_(nMr*m fori <m — 1.
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We compute
1 1 1 _1
no) = (DA F g, = (DA (—)A T, =1

So we can apply Lemma 5.7. Choose [ < m — 1 such that

Ap_1=---=A;withA; > Aj_jorl =1.
Then
Tar L WLy o =12, Ay
o (]/,(m—z+1)7 é(m—z+1)7 Q(mflJrl)),

X
M, s>y (m—1+1)

To go further, we need to compute

m—1
n[(ml 1+1) — n(l_)] 1_[(_1) i 7 — l_[( 1)A -3 1_[( 1
i=l

This means we can repeat the previous process. It is not hard to see that one gets eventually

N\
||

P2} (m—I+1) j(m—I+1 (m—I1+1) . .
nM%,H)W DLTED D) o (=172, A

M - )(1//(m) l(m) (m))
As aresult, we get

oy (L) > Xiam(=1/2,00 = A )yl @1, )

By definition ) = . So it remains to show (1", Q(’”)) = (', ). Itis clear that li(m) =0
fori < m. Hence,

nfﬂ =(— ) l.(m) fori < m.
By Lemma 5.7,
—k
nim) n]((m )
for maximal k < m such that A; = A; for all i < k. From the above discussion, we see
n,(cm_k) =1.So nim) = —1. Hence, n™ =n’. |

Combining the two cases, we can describe Hi" under the assumption (5.5) as follows.
Consider the maximal sequence of integers

O=so<s1<---<§=m

such that Ay, # A,;41. Forany 0 < k < [, we get a new parameter Y. by replacing all
(p, A;, B, ;“,) by (,0 A}, B/, ¢/) such that: ¢/ = + and

e A =A;, B/ = B fori >m;

o Al=A; —1,B =1/2fori <mandi # s;;

o Al =A;, B =1/2fori = st.
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Then we can divide Hio into [ + 1 classes, i.e.,
)
l'[¢ = |_|k o1 0(k)
For any 0 < k <[, we can get an injection
M) < T8, 7™ eyl (L),
such that

T > Xi<mandigs (—1/2, ..., —Ai) X JTM >, ,(1//k,l/ 7). (.7

The image is characterized by the condition that for all i < sy,

° ll( =0;
41
o nj =Tl (-DY*2
Because of the first condition, the second condition can be simplified as 77; = —1 when
k # 0.

After applying (4.1) and (3.1) to JTM - W, U'sn'), we get

T2 > Xicmandizs (—1/2, ..., —A)) X T’ (5.8)
and
B —A
T=x!_, : :
Bl.’—i—llf— l--- —(A;—llf—i—l)
11;
j+1 +l]+1 _(A/j - 13)
X X some j : : X g X0 (5.9)
t;-—Sj —([}4-5]')
I
Note if (x, ..., —y) from I [; or fj has shift less than that of (—1/2,..., —A;), then it is

necessary that y > A;. So they are interchangeable (cf. [10, Corollary 4.3]). This shows
the induced representation in (5.8) is a subrepresentation of the costandard representation
as we want. As a consequence, the induced representation in (5.8) has a unique irreducible
subrepresentation. Therefore, the same is true for that of (5.7).

5.2.2 Resolution

Now we can complete the proof of Theorem 5.5. By Lemma 5.1 and induction assumption,
we have

X0 s x3_, (=Bi, ..., —A;) x T (5.10)
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and
—(B; -1 —(4i = 1)
= xj : :
—1/2 - —=(A; = B; +1/2)
i
-B; --- —A;
X Xii<lorm=i>s\{se} | :
—1/2 - —(A; — B; +1/2)
11
—By, --- —Ag,
% xT
—3/2 -+ —(Ay, — By, +3/2)
111y,
if s # s¢, and
—Bi—=1)--- —(A =1
"= x{Z} : :
—1/2 - —(A; = B; +1/2)
111
—B; --- —A;

X Xi<lorm>i>s

12 (A= B 4 12)

111;
~By — D (A= 1)
X : x T
: _(Ask - Bsk + 3/2)

111y,

—32

if s = s;. Here 7’ is defined as in (5.9). Moreover, Z* is a subrepresentation of the costandard
representation, obtained by taking induction of the shifted Steinberg representations from
the shifted Speh representations with o >0. We claim the induced representation in (5.10) is
a subrepresentation of the costandard representation as we want.

To prove the claim, we need to show any shifted Steinberg representation above, whose
shift is less than that of (— By, ..., —Ay), can be moved to the front. There are two cases.

(1) Ifitisin the form (—x, ..., —y) from /11;, then by our choice of s,
x> By ify < A,
x=1/2< By ify> A;.
In either case, (—x, ..., —y) and (—Bs, ..., —Ay) are interchangeable.
(2) If it is in the form (x, ..., —y) from I; or I; in (5.9), then we have y > Ay. Hence,

(x,...,—y)and (—Bg, ..., —Ay) are interchangeable (cf. [10, Corollary 4.3]).
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This finishes the proof of our claim. As a consequence, the induction in (5.10) has a unique
irreducible subrepresentation. So we can combine (B;, ..., —A;) with I11]; for]l <i <'s,
and this gives (5.4).

6 Comments on the general case

Let ¢ be an Arthur parameter of G (F) (cf. (1.2)) with the assumption that all b; = b. Note
we do not assume (1.5) here. Let v, be any representation of Wr x SL(2, C) x SL(2, C)
such that

1// = 1//np ©® 1//]1 @ W}'\l/p7
where anp is the dual of V. Maeglin [5, Theorem 6] proved that there is a bijection

20 - M0, 7%0 s >0,
¥ Yy

such that
¥ = ( X (pi.a;,bi)eJord(Wny) SP(St(pi, ai), bi)) x 70

We can embed 70 into a costandard representation, which is an induction of shifted Steinberg
representations and a tempered representation of a group of the same type as G (F). Note these
shifted Steinberg representations are interchangeable with the ones from Sp(St(p;, a;), b;)
for (pi, a;, b;) € Jord(y,,) by the parity condition. So the complete Langlands parameter
(¢, €) of w0 will be given as

¢ = (Didi) DD D (D))

where ¢; is the Langlands parameter of Sp(St(p;, a;), b;) for (p;,a;, bj) € Jord(Yyp),
(¢’, €) is the complete Langlands parameter of >0 and € corresponds to €’ under the canon-
ical isomorphism Sf“ = S¢,°.

At last, we can extend our main results (Theorem 1.1, 1.2, 1.3) to ¥, by applying them to
each p appearing in Jord (). For the proofs, it suffices to modify the induction assumptions
in the proofs of Theorems 3.1, 4.1, 5.3, 5.5 by considering all Jordan blocks of v/, and apply
Theorem A.3 for the nonvanishing result in the special case (cf. Sect. 3, 4).

Appendix A: A nonvanishing result

In this appendix, we will prove the following nonvanishing result. Let ¢ be an Arthur param-
eter of G(F) (cf. (1.2)) under the Assumption (1.5). Let >y be an admissible order and we
index the Jordan blocks in Jord (i) such that

(0, Ait1, Bit1, Giv1) >y (0, Aiy Bi, §i).
Let

J:=VU/_ {(p, Ai, Bi, &)} € Jord ()
Suppose

Aiv1 =2 Ai, Bix1 =B, Gy =¢ fori<n
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and
J¢ > J, J€ has discrete diagonal restriction,
where J¢:=Jord(y¥)\J. Then we have the following theorem.

Theorem A.1 ﬂﬁ?>w (¥, L, n) # 0 if and only if the following condition are satisfied for all

i<n:
nig1 = (DA Big; = Ay —lig1 = Ai =i, By +1lig1 = Bi +1;,

. (A1)
mip1 # (DA Bin, = B+l > A —1;

Proof The necessity of the condition follows from [10, Lemma 5.5]. So it remains to prove
its sufficiency. We will proceed by induction on |J|. If | J| = 2, this has been proved in [10,
Proposition 5.2].

Suppose |J| = m+ 1. We first “expand” [ By 41, Amt11t0 [B, 1, Ay, 1(cf. [10, Section

7.2]), so that B,";H = B,,. By [10, Proposition 7.4], we know 715‘3>w (Y.L, n) # 0if and
only if

Ty (Voo L (0 At B s s G )) 0 (A2)
where v_ is defined by

Jord(Y-) = Jord(Y)\{(p, Am+1, But1, Smy1)}

and
l;tl-ﬁ-l = lm+l + (Bm+] - Bm)

It is easy to check that the condition (A.1) holds for & E‘;w (¥, L, n) if and only if it holds for
the representation in (A.2). So we will assume By, = B, from now on.

Next we can “pull” [By+1, Am+1], [Bm, Am] (cf. [10, 7.1]), so that they are far away
from U; ., {(p, Ai, Bi, ¢)}. By [10, Proposition 7.1, 7.3], we know nﬁ)j‘;w W, L) #0if
the following representations are all nonzero. So it suffices to show each of them is nonzero
by our induction assumption. Let ¥_ be defined by

Jord(lﬁf) - JOVd(W)\{(Pa Am+1, Berl’ (erl)v (Pa Amv Bm7 ;m)}
(1) Show

”Elw (W—a Lon (o, Amt1 + T, B + T, Ip 1, Tt 1, Sm+1), (05 Am

T, B+ Tl s G)) # 0 (A3)

for some T. Let J_ = Jord(y_). Then we will choose T so that J¢ > J_. To make
J¢ having discrete diagonal restriction, we will shift [B,,+1 + T, Ap+1 + T further
to [But1 + T/, A1 + T'] such that B,y + T’ > A,, + T. Then by our induction
assumption,

)
7TM(’)>X// <I/f—7 l_v ﬁ_; (ps Am+1 + T’v Bm+1 + T/a lm+] ) 7]m+] ) é‘m-’rl)v (p7 Am

T, By + Tl s E) ) # 0
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2

3

Let ¥ be the dominating parameter with discrete diagonal restriction, obtained by

shifting [B;, AjJto [B; + T;, A; + Ti]with A; + T; < B, + T forall 1l <i <m — 1.

Then

G(Bi+T) - Gi(Bi+ 1)
. )

X nM(f>w (lb_,L_, n

nllz/:l(,)>\/,(w>>7£’ ) <= Xi<m : :
Gi(Ai +T) -+~ Gi(Ai + 1)

(pa Am+1 + T’v Bm+1 + T/s lm+] ) 7]m+1 ) §m+1)7 (pv Am + Tv Bm + Tv lm’ Nm s é‘m))
By [10, Proposition 5.2],

)
JaC(p A1 4T Bt +T" 9> (0. A1 4T By +T G ) g >, (U, L) # 0.

So after we apply the same Jacquet functor to the full induced representation above, we
should get something nonzero. Since By,,+1 + T + 1 > A; + T; fori < m, the result is

G(Bi+T) - Gi(Bi + 1)
Xi<m : :
GAi+T) - G(Ai + 1)
XJAC(p, Ay 1+ Bt 4T Lo )P (0 A1+ By 1+ G 1)
o, (Vo L 0y At T Bt T Lt st G,
(0 Am + T By T Ly, s ) ) # 0

This shows (A.3).
Show

P
nM[.)>,p (w—’ é,,ﬂ_; (o, Am+1 + T, Bm+1 +T, lm+ls Nm+1, {m-%—l), (o, Ap,s By, In, Nm s Zm)) #* 0

(A.4)

for some T.Let J_ = Jord(¥_) U {(p, A, Bm, &m)}. We can choose T so that J€ >
J_. Then the statement follows from our induction assumption immediately.
Show

o o ’ ’
T[M,>:// (W—, I, n_; (05 Am+1s Bm+1, lm+1’ Mn+1s Em+1),

(P A+ T B+ To 0y 1. Ga)) #0 (A.5)

for some T, where >:p is obtained by switching (o, A1,
But1, Ent1) With (0, Ay, B, &), and (U, ') = St (L, n) (cf. [10, Section 6.1])
given by the change of order formula. Let J_ = Jord (Y —) U{(p, Am+1, Bn+1, Em+1)}-
We can choose T so that J¢ >> J_. Then the statement follows from our induction
assumption again, provided we can verify the representation in (A.5) satisfies (A.1).
Indeed, we only need to show

77,,"+1 = (—1)A’""_B’""Tlm—| = Am+| - l;,H,] = Am—l - lm—ls Bm+] +l,,n+1 = Bm—] +lm—ls
77:,,+1 #* (_I)A"H]_Bm*] Nm—1 = Bm+1 + l;,,_H > Am—1 = lm—1.
(A.6)

We leave it to the next lemma. O
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LemmaA.2 (A.6) holds.

Proof We divide into three cases according to the change of order formula.
(1) I g1 # (=14~ Bny,, then
{ninﬂ =
bygr = B +1n) = (A — ) +lng1 — 1
We get

Bm-H + l;/n+1 = (Bm+1 + lm+l) + (Bm + lm) - (Am - lm) -1
Am-H m+l (Am-H - lm+l) + (A - lm) - (Bm + lm) +1

By (A.1), we have
Bm+l +lm+l > Ap — lm

(a) When n, # (=1)An-1=Bn-1p, | then ), | # (—D)An-17Bn-1p, | We need to
show

B+1 +l,/n+1 > An_1—Iln_1.
By (A.1), we have
By +1ln > Ap—1 — ln—1.
Then
Buit 41y =By +ln > Ap_1 —ln_1.

(b) When 1, = (=1)An=1=Bn-1p,,_y then ), = (=1)An—1=Bn-1p, | We need to
show

Bm+] +l,/n+1 > By—1 +1ln—
A1 — lm+] > Am—1 —lp—1

By (A.1), we have

By +1ln = By—1 +ln—1
m lm > Amfl - lmfl

Then

Buy1 + 11 = By + 1l = Bt + ln—1
Am+1 - l;/n+1 = Am+l - lm+l > Am - lm > Amfl - lmfl

) If g1 = (=1)A»~Bnp, and
Im+1 —lm < (Am+1 — B+1)/2 — (Am — Bm) + I,
then

ninﬂ #
m+1 = (Ap —lm) — By + 1) +lm+1 -1
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We get
Bm+l + l;/n+1 = (Bm+1 + lm+l) - (Bm + lm) + (Am - lm) +1
Am+l - l;nJrl = (Am+l - lm+1) - (Am - lm) + (Bm +lm) -1
By (A.1), we have

Bm+1 + lm+1 > By + 1y
Aerl - lm+l > Am - lm

(a) When 1, 3 (=1)An-1=Bn-1p, | then ), | = (—D)An-1Bn-1p, | We need to
show

Bm+1 +l;n+l > By +lm—1
Am+l - lr/n+1 > Ap—1—Iln1
By (A.1), we have
By +1n > Ap—1 — 1.
Then
Bm+l + l;n+1 > (Am - lm) +1> (Amfl - lmfl) +1> Bmfl +lm71
Am+1 - l;n+1 = (Bm + lm) —1>Au_1— lm—l

(b) When 1, = (—D)An=1"Bn-1p,, | then ), | # (—1)An=17"Bn-1p, | We need to
show

By+1 + l,/n+] > A1 —Ilna
By (A.1), we have

By 41y = Bu—1+ -1
Ap —lp > Ap—1 — ln—1
Then
Buyi+1l, = (An—l)+ 1= (Ant —ln) + 1> Ayt — Iy
(3) If st = (=)A= Bnpyy and
Insr —lm = (Apt1 — Bug1) /2 = (A — Bi) + I,
then
{nin+1 =
Lyvi = (Ams1 = Bug1) — w1 — (A — ) + (B + L)
We get
Byt + Ly = (At — b 1) — (A — ) + (B + )
Amt1 = Lyt = Bt +ln1) — B + ) + (A — L)
By (A.1), we have

Bm+1 + lm+l > Bm + lm
Apgt —lpy1 = Ay — I
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(a) V}&l’hen M # (=1)An=1=Bn-tp, | then n),,, # (=1)An=1"Bn=1y, | We need to
snow

Bt1 —i—l,'nH > Ap_1—ln_1
By (A.1), we have
By +1ln > Ap—1 — lp—1.
Then
Bt +lpyy1 = By +ln > Apt — ln—

(b) When 5, = (—D)An=1=Bn-1p, | thenn), | = (—=D)An-17Bn-ty, | We need to
show

Bint1 + l;n+] > By—1+1ln—
Amy1 — l;n+l > Ap—1—Iln—

By (A.1), we have
Bm +lm > Bmfl +lmfl
Am - lm = Am—] - lm—l
Then

Bt +lyyiy = B+l = Bt + I
Am+l - l;n-&-l >Ap —Ilpn = A1 — Il

[}

More generally, we can drop the Assumption (1.5), but only assume ¥ = v,,. Suppose
for each p appearing in Jord (), we have the same setup as in Theorem A.1. Then we have

Theorem A.3 n,ﬁ‘;w (¥, L, n) # 0 if and only if the condition (A.1) is satisfied for each p.

Proof We can apply the arguments of the proof of Theorem A.1 to each p one by one, which
reduces it to the case that |J| = 2 for each p. Then this case follows from [10, Proposition 5.3].
[}

Appendix B. Change sign

In this appendix, we would like to extend [10, Proposition 7.6] as follows. Let i be an
Arthur parameter of G(F) such that v = /,. We choose an admissible order >y and fix
an irreducible unitary supercuspidal representation p of GL(d,, F). Let us index the Jordan
blocks in Jord, () such that

(0, Ait1, Biy1, Giv1) >y (0, Ai, Bi, §i).

Suppose there exists n such that for i > n,

(p, Ai, Bi, &) > Uj_{(p, Aj, Bj, ¢j)}
Moreover, there exists 1 < m < n such that

Ap=-=A12 A, By=-=B=1/2 {u==0#
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for m < i < n. We introduce another parameter ¥* by changing (o, A;, B;, §;) to (p, A; +
1, Bi, —=¢;) fori < m. For any (/, n), such that

1 .
livi=1i, niy1= (—1)A’ Ip; fori <m, (B.1)
we can associate it with (*, Q*), defined as follows. Fori > m,
I =1, nf=n.
Fori < m,
41
fa=1 nfg = DM (B.2)

Then it remains to specify [{, 5], which are given by

* * I +1 1f771=1
METIT L iy =1
Incase ] = (A + 3)/2, we fix gy = —1.

Proposition B.1 NE(L (¥, L, n) # 0 if and only lf?'[ w* I*,n*) # 0. Moreover,

7TM O, W) = XL (=612, =G (A 1)) X ﬂM‘;w(l/f,L ) (B.3)
Remark B.2 [10, Proposition 7.6] settles the case when m = 1.
Proof As in the proof of [10, Proposition 7.6], we can reduce it to the case that
m =n and Jord(Y)\ U'_, {(p, A;, B;, &)} has discrete diagonal restriction.
Because of the conditions (B.1) and (B.2), we have
Mo, L) #0and (W 15 %) #0

by Theorem A.3. So we only need to show (B.3), and we will proceed by induction on .
Let /X be obtained from ¥ * by changing (p, A, +1, 1/2, —¢,) to (p, Ay +1+T,, 1/2+
Tn, —&n) for T, sufficiently large. Then by our induction assumption, we have

Ta e, WS 0 = X (=51/2, =G (A + D) e (1, ™)

where w>" is obtained from ¥* by changing (o, A; + 1, 1/2, —¢;) back to (p, A;, 1/2, &)
for 1 <i < n. Moreover,

ll.(n) =1, nl(n) ni fori < n,
and
l(") I, ’7:(”) ni fori > n.

Then we claim

_Cn(l/z‘f'Tn) _é'nl/2
ey V100" : : ATy (UL )
_g-n(An +1+ Tn) e _gn(An + 1)
Cxy

B.4)
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where

_gn(l/2+Tn) _é‘nl/2
Xy : :
_gn(An + 1 + Tn) _fn(An + 1)

If this is the case, then

ZOWI ) = X612 G (A D) x Cx, oy (L)
= Cx, % X (=G1/2 o =G (A D) ey (L),

from which (B.3) follows.

We still need to show the claim (B.4). Let ¢ ™ be obtained from w by moving (p, A, +
14T, 1/2+4 T, —80) back o (p, Ay +1,1/2, =¢,). Suppose 70 (6™, 1, n™) 0,
then

_gn(l/z‘i‘Tn) _§n3/2
iy, W1 ™) : : s, 1 ™),
_gn(An + 1+ Tn) _é‘n(An + 2)
(B.5)

To show the nonvanishing of 1‘);1?>w (w(”), A (ON Q(”)), we need to switch to a new order >£1/
by moving (p, A, + 1, 1/2, —¢,) to the last position. Then

E ’
o>‘//(1//(n)7 ™, (n)) — 71 (w(n) I (n) (n))’

where
"(n) _ () "(n) (n) .
L =017, n =, fori > n,
and
=1 0" = (=M ™ fori <,
and

l’;(ﬂ) — lTv n;l(ﬂ) — 77>1k-

Let wg) be a dominating parameter for ¥ with respect to >/¢/, obtained by changing

(p, Ai, Bi, ¢i) to (p, Ai + Ti, Bi + T, &) fori < n. We also require that 1/fg) has discrete
diagonal restriction. Then by [10, Proposition 7.6],

nf;%(wﬁ;“, 10 ™) > (=6,1/2, ... —Lu(Ay + 1)) x Tatrwr, W L),

where ¥, is obtained from v by changing (p, A, + 1, 1/2, —,) back to (p, Ay, 1/2, &,).
Note

Il = l;("), nh = ;7;.(") fori # n,

and
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It is easy to check by the change of order formula that
Ty, W lom) = LW L)
In particular, the right hand side is nonzero. Therefore,
G241 -+ 43/2
Toper W L) = X1 : e, @ L)
G(Ai+T) -+ G(Ai + 1)

Combined with the previous inclusion, we get

o WL 0 ) o (612 =54+ D) x
GA24T) - 53)2
xiZy : : T L)
GA +T) - Gi(Ai + 1)
GA2+T) - §3)2
o~ X;l:ll . .

gi(A-'+T»> G
X (=612, =Gy + D)X ()

Consequently, nff?%/, AN ACH ﬁ,(")) # 0 and

SO L™ Oy s (=g 172, =G (A + D) ) ().
>y A >y hA

Substitute the above expression into (B.5), we obtain
_zn(l/z"'Tn) _§n3/2
by . .
0L (W1, 1) . :
_;n(An +1+ Tn) _é‘n(An +2)
X (=& 172, ..., =8 (An + 1)) % th -, W L)

Note the Jordan blocks in Jord, () satisfies A; < A, +1fori <n,and B; > A, +1+T,

for i > n.If we apply Jacy, to the right hand side of the above expression, we can only get

nlafg (¥, 1, ). This means the left hand side is the unique irreducible subrepresentation of

the right hand side. Therefore,
Eo>w (wﬁn)’l(n) (n)) < Cyx, ﬂM - W, 1, 77)

which is exactly (B.4). This finishes our proof. O

References

1. Arthur, J.: The Endoscopic Classification of Representations: Orthogonal and Symplectic Groups, Col-
loquium Publications, vol. 61. American Mathematical Society, New York (2013)

2. Henniart, G.: Une preuve simple des conjectures de Langlands pour GL(#) sur un corps p-adique. Invent.
Math. 139(2), 439-455 (2000)

@ Springer



Nonarchimedean components of non-endoscopic... 921

Harris, M., Taylor, R.: The geometry and cohomology of some simple Shimura varieties. Annals of
Mathematics Studies, vol. 151, Princeton University Press, Princeton, NJ, With an appendix by Vladimir
G. Berkovich (2001)

Langlands, R. P.: On the classification of irreducible representations of real algebraic groups, Represen-
tation theory and harmonic analysis on semisimple Lie groups, Math. Surveys Monogr., vol. 31, Amer.
Math. Soc., Providence, RI, pp. 101-170 (1989)

. Meeglin, C.: Paquets d’arthur pour les groupes classiques; point de vue combinatoire. arXiv:math/0610189

(2006)

Mceeglin, C.: Paquets d’Arthur discrets pour un groupe classique p-adique, Automorphic forms and L-
functions II. Local aspects, Contemp. Math., vol. 489, Amer. Math. Soc., Providence, RI, pp. 179-257
(2009)

Mceeglin, C.: Multiplicité 1 dans les paquets d’ Arthur aux places p-adiques, On certain L-functions, Clay
Math. Proc., vol. 13, Amer. Math. Soc., Providence, RI, pp. 333-374 (2011)

Scholze, P.: The local Langlands correspondence for G L, over p-adic fields. Invent. Math. 192(3), 663—
715 (2013)

Xu, B.: On Mceglin’s parametrization of Arthur packets for p-adic quasisplit Sp(N) and SO(N). Can. J.
Math. 69(4), 890-960 (2017)

Xu, B.: A combinatorial solution to Mceglin’s parametrization of Arthur packets for p-adic quasisplit
Sp(N) and O(N), J. Inst. Math. Jussieu. 1 — 114 (2019)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


http://arxiv.org/abs/math/0610189

	Nonarchimedean components of non-endoscopic automorphic representations for quasisplit Sp(N) and O(N)
	Abstract
	1 Introduction
	1.1 Reductions
	1.2 A special case
	1.3 Even orthogonal groups

	2 Review of Moeglin's parametrization
	2.1 Terminology

	3 Step one
	4 Step two
	5 Step three
	5.1 Integral case
	5.2 Half-integral case
	5.2.1 Change sign
	5.2.2 Resolution


	6 Comments on the general case
	Appendix A: A nonvanishing result
	Appendix B. Change sign
	References




