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MODULI OF SINGULAR SEXTIC CURVES VIA PERIODS OF K3 SURFACES

CHENGLONG YU, ZHIWEI ZHENG

ABSTRACT. In this paper we realize the moduli spaces of singular sextic curves with specified symmetry type
as arithmetic quotients of complex hyperbolic balls or type IV domains. We also identify their GIT com-
pactifications with the Looijenga compactifications of the corresponding period domains, most of which are
actually Baily-Borel compactifications. Some special cases were studied in [MSY92], [Laz09] and [GMGZ17].
This paper is a follow-up of [YZ18].
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1. INTRODUCTION

A double cover of P? branched along a smooth sextic curve is a smooth K3 surface with an ample class
of self-intersection 2 (a degree two K3 surface, for short). The converse also holds for generic degree two
K3 surfaces. Thanks to the global Torelli theorem for K3 surfaces (Pjateckii-Sapiro and Safarevi¢ [PS71],
Rappoport-Burns [BR75], Looijenga-Peters [LP81]), Shah realized the GIT compactification of moduli space
of sextic curves as a modification of the Baily-Borel compactification of a type IV arithmetic quotient
(see [Sha80]). This construction can also fit into a more general framework developed by Looijenga (see
[Loo03a, Loo03b]|). We will review this in section 2.

It is natural to consider reducible and nodal sextic curves. A double cover of P2 branched along a nodal
sextic curve is a nodal K3 surface, with nodes at the preimage of singular points on that curve. After
resolving the singularities, we obtain a K3 surface with natural lattice polarization. Along this direction,
there are lots of works on moduli spaces of singular sextic curves, including [MSY92] about six lines on P?,
[Laz09] about pairs consisting of a plane quintic curve and a line, [GMGZ17] about triples consisting of a
plane quartic curve and two lines. In these works, the GIT compactifications are identified with Baily-Borel
compactifications of the period domains. The main purpose of this paper is to give a uniform and systematic
account of these results, hence provide more examples.

We briefly formulate our main theorem. Notice that there is a natural stratification on the moduli space
of plane sextic curves induced by number of nodes. Let T be a singular type, which corresponds to an
irreducible component of certain strata. See section 3.1 for detailed definition. Let Fr be the moduli space
of sextic curves of type T and Fr the GIT compactification, which are constructed via geometric invariant
theory, see section 3.1. The period map of the corresponding lattice-poarized K3 surfaces gives a morphism
P Fpr — T'\D. Here I'\D is an arithemetic quotient of type IV domain. There is a [-invariant hyperplane

——H.
arrangement H, on . We have the Looijenga compactification T\D ~ of T'\(D — H..), see [Loo03b]. Our
main theorem is:
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Theorem 1.1 (Main theorem). For any singular type T, the period map &: Fr — T'\D is an algebraic

open embedding and extends to an isomorphism between projective varieties &2: Fp = T\D

.
We will also give an criterian when I'\D ~ is Baily-Borel compactification.

Irreducible nodal sextic curves has very close relation with del Pezzo surfaces. We investigate this relation
in section 4.1. When a generic sextic curve of singular type T is a union of smooth components, we identify
Fr with quotients of products of projective spaces. See equation (8) and table 1.

In our previous work [YZ18], we considered moduli spaces of symmetric cubic fourfolds. Similar con-
struction can also be achieved sextic curves. Actually, in section 5, we will consider sextic curves with given
singular type and symmetry type, and similar results hold.

Acknowledgement: The first author thanks Mao Sheng, Colleen Robles, Matt Kerr, Bong Lian and Hosono
for helpful discussion of the paper [MSY92] on moduli of six lines. He also thanks his advisor, Prof. S.-T.
Yau for his constant support. The second author thanks his Ph.D. advisor, Prof. Eduard Looijenga, for his
encouragement along the way.

2. REVIEW: PERIOD OF DEGREE TWO K3 SURFACE

In this section we review the characterization of moduli of sextic curves via period map of degree two
K3 surfaces. See [Sha80], [Loo03b] (section 8, theorem 8.6), [Laz16] (section 1.2.3).

Let V be a 3-dimensional vector space over C. We call a sextic curve together with an embedding into
P(V) a plane sextic curve. The space of plane sextic curves is PSym®(V*). We call a homogeneous polynomial
smooth if it defines a smooth hypersurface. Denote PSym®(V*)*™ to be the subset of PSym®(V*) consisting
of smooth sextic polynomials. Consider the action of SL(V) on PSym®(V*), and define M to be the GIT
quotient SL(V)\PSym®(V*)*™. Define M to be the GIT compactification of M, and M; the moduli of
sextic curves with at worst simple singularieties.

Consider the double cover S¢ — P? branched along a smooth plane sextic curve C C P2. Let H €
H?(S¢,Z) be the pull-back of the hyperplane class of P2. Then (S¢, H) is a polarized smooth K3 surface
with o(H, H) = 2. Here ¢ is the topological intersection pairing on the second cohomology.

The isomorphism type of (H?(S¢,Z), ¢, H) does not depend on C. Let (A, p, H) be a triple isomorphic
to (H%(Sc,Z),, H). Then (A, ) = U3 @ Eg(—1)? is an even unimodular lattice of signature (3,19). This
is usually called the K3 lattice. We write A for (A, ¢) for short. Let Ay be the orthogonal complement of H
in A. Let D be a component of P{z € Ag ® C|p(z,z) = 0, p(x,Z) > 0}.

The second cohomology of degree two K3 family over PSym®(V ) gives a variation of Hodge structure
on PSym®(V*)*™. This induces a period map Z: IP’Sym (V*)s™ — T\D. Here I' C O(A, ¢, H) is the index

two subgroup leaving D stable. The quotient space I‘\D is an arithmetic quotient of type IV domain, hence
quasi-projective thanks to the Baily-Borel compactification (see [BB66]). Since SL(V') is a connected Lie
group acting on the K3 family, the holomorphic map & descends to

(1) 2: SL(V)\PSym®(V*)*™ — T\ D.

We have two [-invariant hyperplane arrangements Ha and H in ]ﬁ), which correspond to two O(A, ¢, H)-
orbits of vectors in Ay with self-intersection —2. The vectors defining Ha have divisibility 1, and those

~ ~ ﬁHDO
defining H have divisibility 2. We have the Looijenga compactification of I'\ (D —H ), denoted by T'\ID
See [Loo03b].

From [Sha80] and [Loo03b], we have



Theorem 2.1 (Shah, Looijenga). The period map (1) defined above is an algebraic open embedding with
image the complement of T\(Ha UH). Moreover & extends to an isomorphism M; 2 T\(D — Ho), and

further to M = f\]ﬁ) -

=—=Ho
Remark 2.2. The Looijenga compactification T\ID can be constructed from the Baily-Borel compactifica-
———=bb ——bb
tion T\D in the following way. First we blow up some boundary components of T\D  to make the closure
of each hypersurface in f\?—[oo Cartier. Then we contract the strict transform of f\?—[oo to a point. The
corresponding point in M is a semi-stable sextic, represented by cube of quadric polynomials.

3. MODULI OF SINGULAR SEXTIC CURVES

In this section, we will first characterize the moduli spaces of singular sextic curves via GIT constructions
(subsection 3.1). Using the Hodge structure of certain K3 surfaces naturally associated to singular sextic
curve, we can realize those moduli spaces as arithmetic quotients of type IV domains (subsection 3.2).

3.1. GIT construction of singular sextic curves. Consider the subspace X" of PSymG(V*) consisting
of plane sextic curves with n different nodes. Let ¥ be an irreducible component of X", with Zariski closure
3. A plane sextic curve in ¥ is called to have singular type Tx. In the following discussion, we fix one
singular type and write T for Tx. The group SL(V) acts on & with a natural linearization O(1). Let & be
the normalization of %, with a linearization given by the pull-back of O(1). This also admits an action of
SL(V). By [Sev68§], X is smooth. So it is isomorphic to its preimage in f], which is also denoted by 3.

By [Sha80], the points in ¥ is stable under the action of SL(V). We consider the GIT quotient Fr =
SL(V)\Z. There is a natural GIT compactification Fp = SL(V)\ %% of Fr. Here £°% consists of semi-stable
points in Y. We have a natural injective morphism j: Fr — M. Since the map between polarized varieties
(2,0(1)) = (PSym®(V*),O(1)) is SL(V )-equivariant, we have a finite morphism F7 — M, which extends
7 and is still denoted by j. In conclusion, we have

Proposition 3.1. The morphism j: Fr — M is a normalizations of its image.

3.2. Period domain and period map. Let F € Sym®(V*) with Z(F) € ¥. We denote Sr to be the double
cover of P(V') branched along Z(F'). Then SF is a K3 surface with n nodal singularities on the preimage of
Z(F). Let Qp be the blowup of P(V) at the n nodes of Z(F). Assume Z(F) has [ irreducible components.
The proper transforms of those components in Qr are [ disjoint curves, denoted by Cy,Cs,--- ,C;. Let Sp
be the double cover of @) r branched along Uli:1 C;. Then S r 1s a smooth K3 surface which resolves the nodal
sigularities of Sr. There is an anti-symplectic involution ¢ on Sp induced by the double-cover construction.
We use the same notation to denote the involution of H? (§ r) induced by ¢. Define

Mp = {z € H*(Sp,Z)|ix = z}

to be a primitive sublattice of H? (§F, Z). Since the action of ¢ on §F is anti-symmetric, the lattice Mp has
signature (1,n’). Here n’ is a non-negative integer and we will show n’ = n from the next lemma.

Lemma 3.2. Let X — Y be a branched cyclic cover between two closed manifolds with branch locus B
a closed submanifold of Y with codimension 2. Suppose v is a generator of the Deck transformation group,
and denote H*(X,Q)" the invariant subspace of H*(X,Q) under the induced action of t. Then we have an
isomorphism H*(Y,Q) =2 H*(X,Q)".

Proof. The preimage of B in X is also denoted by B. Let Ny (B) be a tubular neighbourhood of B in

Y, and Sy (B) be the boundary of Ny (B) which is a circle bundle over B. Take Y° :=Y — Ny (B). Let

Nx(B),Sx(B) and X° be the preimage of Ny (B),Sy(B) and Y° in X, respectively. The Mayer-Vietoris
3



exact sequence gives the following commutative diagram:

- —— H¥Y) —— H¥(Ny(B))® H*(Y°) —— H*(Sy(B)) —— ---

o | |

- —— H¥(X) —— H¥(Nx(B)) ® H*(X°) —— H*(Sx(B)) — ---

where all the cohomology groups have Q-coefficients. The second long exact sequence in diagram (2) admits
an induced action by ¢. The image of the first exact sequence in diagram (2) is contained in the t-invariant
part. Since Nx(B) — Ny (B) is a homotopy equivalence, the morphism H*(Ny (B)) — H*(Nx(B))
is an isomorphism. The maps X° — Y*° and Sx(B) — Sy (B) are regular covers, hence the maps
H%(Y°) — H¥(X°)* and H*(Sy(B)) — H*(Sx(B))" are isomorphisms. Therefore, by five lemma, we
have isomorphism H*(Y,Q) = H*(X,Q)". O

Let H be the total transform of the hyperplane class in Qr and E; (1 < i < n) be the exceptional
divisors in Q. These n + 1 cycles form an integral basis of H?>(Qr,Z). By lemma 3.2, the rank of M is
equal to n+ 1 and n = n’. Consider the embedding of lattice H2(Qp,Z)(2) into H2(Sg,Z), which has image
contained in M. We use [H] and [E;] to denote the corresponding cohomology classes in H2(Sg,Z). The
preimage of C; in S is still denoted by C;. The proper transform of Og, (C;) to Spis O§F (2C;). We denote
[Ci] to be the first Chern class of Og _(C;). Let d; be the degree of the image of C; in P(V). Then
3) Cy] = d;[H] E2j:1 Aij [EJ]

Here a;; = 1 if E; is from blowing up of an intersection point between image of C; in P(V) and another
component of Z(F), a;; = 2 if E; is from blowing up of a node on the image of C; in P(V) and a;; = 0
otherwise. We have the following description of Mp.

Proposition 3.3. The primitive sublattice M is generated by H*(Qp,Z)(2) and [C1],[Cs],- -+ ,[Ci]. More-
over o

— = = (Z/2 .

Qe n® -
Proof. Take My = H2(Qp,7)(2) and M the sublattice generated by M; and [C1],[Ca], -+ ,[Ci]. We have

M C Mp with the same rank. Since H?(Qp,Z) is a unimodular lattice, we have M; /M; = (Z/2)"*1. Since
M, C M C Mp C M{, the quotients Mp/M; and M/Ml are both Z/2-vector spaces. Tensoring the short
exact sequence

0— H*(Qr,Z) — H*(Sp,Z) — H*(Sp,Z)/M; — 0
with Z/2, we obtain a long exact sequence

(4)  0— Tor(H?*(Sp,Z)/My,7/2) — H*(Qp,Z/2) — H*(Sp,7/2) — (H*(Sp,Z)/My) @ Z)2 — 0.

So the Z/2-rank of the kernel of H2(Qp,Z/2) — H2(Sp,Z/2) is equal to the Z/2-rank of the torsion part
(H*(SF,Z)/Mi)tor of H?*(Sp,Z)/M;. On the other hand, according to theorem 1 in [LW95|, we have the
exact sequence
1
(5) 0— H'(Qr, | Ci,2/2) - H*(Qr,2/2) — H*(Sp,Z/2).
i=1
The long exact sequence for relative cohomology

1 1
(6) 0— H(Qr,2/2) — H(| J Ci,Z/2) = H'(Qr, | Ci,Z/2) — 0
i=1 i=1
implies that the rank of H'(QF, Uézl C;,Z/2) is I — 1. Combining sequences (4), (5) and (6), we conclude

that the Z/2-rank of (H2(Sg,Z)/M)sor is equal to | — 1. Since M is the saturation of M, we have
Mp /M = (Z/2)!71 as abelian groups.
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We claim that [C1],[Ca], ..., [Ci_1] € M /M are Z/2-independent.

Apparently I < 6. For [ = 1, the claim is clear. Suppose [ > 2. For any i € {1,2,...,1 — 1}, take
s(i) € {1,2,...,n}, such that E,q is from blowing up of an intersection point of images of C; and Cj in
P(V). Then a;;) = 1. Thus the coefficient of [E;] in the expression (3) of [C;] is equal to —3. Therefore,
any nontrivial Z/2-linear combination of [C1], [Ca], ..., [Ci—1] can not vanish. We conclude the claim.

Since M /My C My /M, we have M /M, = (Z/2)""* and hence Mp = M. O

The isomorphism type of (H2(§F, Z), Mg, H,) does not depend on the choice of F' € ¥. Let (A, M, H, 1)
be an abstract data isomorphic to (H? (§F, Z),Mp,H,t). Let Ar be the orthogonal complement of M in A.
We use the same notations for the corresponding elements of [H], [E;] in M. We have a family p: § — ¥
of smooth K3 surfaces with anti-symplectic involution ¢. The Hodge structure of K3 surfaces gives rise
to a variation of polarized Hodge structures on the local system R%p,(Z) with induced involution ¢. Let
H be (—1)-eigensubsheaf of R%*p,(Z). We have a subvariation of Hodge structure on H, which is naturally
polarized by the topological intersection pairing ¢.

Definition 3.4. We define the period domain D = Dy of type T to be the connected component of
P{x € Ar @ Clp(z,x) = 0,(x,T) > 0}

contained in D. The arithmetic group T is defined to be the centralizer of ¢ in T. Equivalently, T = {o €
F|U(M) = M} can be viewed as group of automorphisms of the data (A, M, H,t) with spinor norm 1.

The variation of Hodge structure H induces a period map &2: ¥ — I'\ID. Since the group SL(V) acts
equivariantly on the variation of Hodge structure H, the period map is constant on each SL(V)-orbit in X.
Therefore, the map &2 descends to Fp — I'\D), still denoted by £2.

Define H. to be the intersection of H,, with D, which is a I'-invariant hyperplane arrangement. From
[YZ18] (appendix, theorem A.14), we have

- . ~—=Hw
Proposition 3.5. There is a natural finite morphism T\D ~ — T'\D

We call an element in a lattice with self-intersection —2 a root. Let Hj; be the orthogonal complement
of H in M. To show theorem 1.1, we need the following lemma:

Lemma 3.6. The vectors £FE; € M are all the roots in Hf\z

Proof. Suppose not, let v be a root in Hﬁ which is distinct from +F;,+Fs, ..., £F,. From proposition 3.3,
M is generated by [E1], [E2], ..., [Exn], [C1],[C2],...,[Ci]. We can write v as an integral linear combination
of [H], [EA], [E2l;- .., [En], [C1],[C5],...,[Ci]- Suppose the coefficients of [C;] is €;. Let C’ be the union of
images of those C; in P(V'), such that ¢; is odd, and C” be the union of images of other C; in P(V).

There is unique expression of v as %Z—hnear combination of [E1], [Es], ..., [Fy]. In this expression, the
coefficient of [E;] is congruent to % (mod Z) if and only if E; is from blowing up of certain intersection point
of C" and C”. By the assumption on v, there is at least one j € {1,2,...,n} with the coefficient of [E};]
congruent to %, hence both C’ and C” are nonempty. Since deg(C’) + deg(C”) = 6, there are at least 5
intersection points between C’ with C”. Choose 5 intersection points, and let the corresponding exceptional

rational curves be E; , Ej,, E;, E;,, E;,. Notice that the orthogonal complement of [H] in M is negative
definite, we have
o< ([Ej |+ [Ej] + [Ejs] + [E] ]+[Ej5])2 _ 5
— 2 27
contradiction! The lemma follows. O



Proof of theorem 1.1. We first show injectivity of &2: Fr — I'\D. Suppose Fy, Fy € ¥ satisfy Z(Fy) =
P(Fy). Then there exists isomorphism  between (H2(Sg,), Mp,,H,1) and (H2(Sg,), Mp,, H, ), sending
H2’0(§F1) to H2’0(§F2). Notice that x maps roots in HI\J;[F1 to roots in HI\J;[Fz. By lemma 3.6, the roots
[E;] € Mp, are sent to =[FE;] in Mp,. Denote r; to be the reflection of H2(Sp,Z) with respect to [Ej],
for any F' € X. Suppose k sends [E;] to —[E}], then we use r; o k instead of k. After adjustments, we
may assume k sends exceptional divisor classes [Ei], -, [E,] in H J\l/fpl to those in H 1\L4F2' Furthermore,

the class 16H — [Ey] — [Ea] — --- — [Ey] is ample on both Sg, and Sg,. From global Torelli theorem, the
adjusted k is induced by an isomorphism f: S P = S r,, which commutes with ¢. So f descends to an
isomorphism Qr, — Qp,. This morphism preserves {E1,--- , F,,} on both sides. So it descends to a linear
transformation P(V') — P(V) sending Zp, to Zp,. The injectivity follows.

It is a classical result ([Sev59], also see [Ser06], chapter 4.7) that dim¥ = 27 — n, hence dimF =
dim ¥ — dim PSL(V) = 19 — n. On the other hand, dimD = rank(Ar) — 2 = 20 — rank(M) = 19 — n. Thus
F and I'\D are irreducible quasi-projective varieties with the same dimension. We conclude that & is a
bimeromorphic morphism.

There is natural morphism 7: T\D — f\]ﬁ) We claim this morphism is generically injective. Recall
that T is the centralizer of ¢ in T'. By [YZ18] (appendix, theorem A.14), the morphism 7 extends to a finite
_ ﬁ’Hoo
morphism F\]D)H* — I\D , still denoted by .
For any point z € I, denote Pic(z) = H}' N A to be the Picard lattice. Take two points z,y € D with
Pic(x) = M. Suppose there exists o € I' with o(x) = y. Then o~ !(Pic(y)) C Pic(x) = M, hence Pic(y) = M

and o preserves M. Thus ¢ € I'. This implies the generic injectivity of 7. We conclude that 7: f\]ﬁ) Tisa
normalization of its image.

We now have the following commutative diagram:

F—Z 5 T\D
™ I &

. =—=H
M —Z5T\D

oo

Here the commutativity follows from the standard construction of the period for nodal K3 surface. Since
_ =—=H

F and T'\D are bimeromorphic via &, the Zariski closure of j(F) in M and that of #(T'\D) in T\D  are

identified via &2. By taking normalizations of the two closures, we obatin a unique isomorphism between F

and F\]D)H*, which extends the upper row morphism in diagram (7), and is still denoted by 2. The theorem
follows. 0

In the remaining of this section, we give a criterion to determine whether F is identified with the Baily-
———bb —H .
Borel compactification I'\D . When #. is empty, the Looijenga compactification I'\D "~ is actually the
———bb
Baily-Borel compactification T\D  of T'\D.

Proposition 3.7. Let T be given a singular type. The hyperplane arrangement H, is empty if and only if
Yr does not contain cube of a quadric polynomsial.

Proof. This is direct from remark 2.2 and diagram (7). O

4. EXAMPLES AND RELATED CONSTRUCTIONS

4.1. Relation to del Pezzo surfaces. Let T be a singular type. Suppose a generic sextic curve Z(F) of

type T is not irreducible, then it contains a line, a quadric curve or a cubic curve. Suppose Z(F) contains a

line, then there are at least 5 nodes on that line. Suppose Z(F') contains a quadric curve, then there are at
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least 8 nodes on that quadric curve. Suppose Z(F') contains a cubic curve, then there are at least 9 nodes
on that cubic curve. In any cases, the nodes are not of general position.

Suppose a generic sextic curve of type T is irreducible. Let n be the number of nodes. Since a sextic
curve has arithmetic genus 10, we have n < 10. It is well-known that for generically n < 8 points on P2, there
exists an irreducible plane sextic curve containing those points as nodes. This implies the following relation
between singular sextic curves and del Pezzo surfaces. For reader’s convenience, we include a proof.

Proposition 4.1. Suppose n < 8. Then for a generic sextic curve Z(F) of type T, the surface Qp is a del
Pezzo surface of degree 9 — n, and the double cover Sp — Qr is branched along a smooth irreducible curve
of genus 10 — n.

Proof. Consider the map
f: 30 — S\ = Ayj)
i#£]
sending C' € Y7 to the set of its nodes. Here A;; consists of points in (P?)" with the same i-th and j-th
coordinates, and .S, is the permutation group of degree n. Take any C' € ¥p. Let p1,...,p, be the n nodes
of C. Let C be the normalization of C, and denote ¢2;_1, g2i to be the preimage of p;. Let D =p;+---+p,

be a divisor on C, and D= q1 + -+ - q2n, be a divisor on C. By local calculation of variation of nodes, the
tangent space of X at C' is naturally identified with:

H®(C.0(6)(~D)) = H(C,m"O(6)(~D)).
The tangent map df at C' is:

df|.: H(C, 7 O(6)( —)@w -D)

qi

sending s to (s(g;));. We claim that df ‘ ¢ is surjective. From the following exact sequence of coherent sheaves
on C:

0 — 7 0(6)(—2D) — 7 O(6 —>@w o6 —0

qi

it suffices to show H(C,7*O(6)(—2D)) = 0. The degree of 7*O(6)(—2D) equals to 36 — 4n. The genus of

Cis g(C) = 10 — n. Since n < 8, we have 36 — 4n > 2¢(C) — 2. Thus H'(C,7*O(6)(—2D)) = 0 and the
claim follows.

It is now clear that a generic point C = Z(F) € X7 has n nodes of general position. Therefore, the
surface Qp is a del Pezzo surface of degree 9 — n. Moreover, the double cover Sp — Qr is ramified along
C, which is a smooth irreducible curve of genus 10 — n. O

Remark 4.2. A generic choice of 9 points on P? can not be realized as 9 nodes of certain sextic curve. See

[CayTl].

4.2. Union of smooth plane curves. In this section, we apply theorem 1.1 to describe the moduli spaces
of tuples of smooth plane curves with total degree 6. Special cases were studied in [Laz09], [MSY92|,
[GMGZ17]. Let T be the singular type such that a generic sextic curve in X is union of several smooth
curves. Suppose the degrees of those smooth components are m; < my < --- < my, then we also denote
T = (m1,...,my). We have 11 possibilities of such T. They are (6), (1,5), (2,4), (3,3), (1,1,4), (1,2,3),
(2,2,2), (1,1,1,3), (1,1,2,2), (1,1,1,1,2) and (1,1,1,1,1,1).

3 ) 3 ) 3

Now we give an explicit description of the GIT quotient Fr for the types above. Let ny -1 4+ ng -2 +
-+ 4+ ng - k = 6 be a partition of 6. Then we have a natural finite map

£ [PSym' V)™ — P(Sym®v™).

7



Taking quotient by the action of permutation group [], S, on the left, we have a generically injective finite
map

[IS.\ ][ PSym' V)" — P(SymV™).
which is the normalization of . So we have

Y H Sni\ HP(SymiV*)"i.

Next we describe the polarization on . The pull-back of O(1) under f is
F(O) = o)FmErm,

So the GIT construction has the following form
(8) SL(V) x [ [ S M([ [ P(Sym? V), O (1)Kt
In other words, the GIT quotients of the form (8) are isomorphic to Looijenga compactifications of
arithmetic quotients of type IV domains. From proposition 3.7, we have:
Proposition 4.3. For the following T': (6), (1,5), (3,3), (1,1,4), (1,2,3), (1,1,1,3), (1,1,2,2), (1,1,1,1,2),
— ——bb
(1,1,1,1,1,1), we obatin identifications of Fr with the Baily-Borel compactifications T\D .
We put together the information in table 1.

TABLE 1. Information of singular types T' when a generic member in Y7 is the union of
some smooth curves

Type Number of Nodes Dim(Fr) Rank(M) Ay Whether Baily-Borel
) 0 19 1 (Z]2Z)" 1o
(1,5) 5 14 6 (2,/22)" yes
(2,4) 8 11 9 (2,/22)7 no
(3,3) 9 10 10 (Z)27.)8 yes
(1,1,4) 9 10 10 (2/22) yes
(1,2,3) 11 8 12 (/22)3 yes
(2,2,2) 12 7 13 (2/22)° no
(1,1,1,3) 12 7 13 (/227 yes
(1,1,2,2) 13 6 14 (2/22)3 yes
(1,1,1,1,2) 14 5 15 (z/22)" yes
(1,1,1,1,1,1) 15 4 16 (2,/22) ves

5. MODULI OF SINGULAR AND SYMMETRIC SEXTIC CURVES

We follow [YZ18] to define the so-called symmetry type. Let A be a finite subgroup of SL(V') which
contains the center 3 C SL(V). For any ¢ € pg and F € Sym®(V*), we have ((F) = Fo(~! =(SF. Let A
be a character of A such that the restriction to 3 sends ¢ to (5. Let V, be the eigenspace of Symﬁ(V*) with
respect to A. Two pairs (A1, A1) and (Ag, \2) are called equivalent if and only if there exists g € SL(V') such
that gA197! = Ay and A\a(gag™!) = A1 (a) for all @ € A;. In this case we write (Aa, A2) = g(A1, \1).

Definition 5.1. A symmetry type for sextic curve is an equivalence class of pairs (A, \), usually denoted by

Ts = [(A, N)]-

Remark 5.2. The space V) depends on the choice of the representative (A, \). Suppose g(A1, A1) = (A2, \2),
then gV, = Vx,.
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Next we consider moduli of sextic curves with singular type T; and symmetry type Ts. Recall X7, is
the irreducible space of plane sextic curves of singular type T,;. Let n be the number of nodes. Choose a
representative (A4, \) for the symmetry type Ts. Define X7, 7. == X7, N PVy. This may be reducible, see
example 5.5. We denote X to be one of the irreducible components of X7, 7. Let X be the closure of ¥ in

PSym®(V*), and 3. the normalization of 3. Define
N:={ge€ SL(V)’gAg*1 = A, \a) = Mgag™"),Va € A, g € SL(V)}
which is a reductive subgroup of SL(V'). Take g € N and = € ¥, for any a € A, we have:
a(gr) = g(9~ ag)(z) = gAg~ 'ag)z = \a)ga,
which implies that gz € ¥. Thus N naturally acts on X, hence also on ¥ and 3. The points in ¥ are stable

under the action of N. Define F := N\X and F := N\\i”. From [Lun75] and the argument in the proof of
proposition 2.6 in [YZ18], we have:

Proposition 5.3. There is a natural morphism j: F — Fr, which extends to a finite morphism j: F —
Fr,.

Next we define the period domain and period map corresponding to the type (T4, Ts). Let (A, M, H,¢)
be the data associated to T}, see section 3. Take F' € Sym®(V*) with [F] € ¥. Denote A = A/u3 C PSL(V).
We have an action of A on Z(F). This induces an action of A on Sp commuting with ¢. The induced action
of A on A preserves M and its orthogonal complement M= in A. Let 7 be the character of A associated to
H2’0(§F). Let A, be the eigenspace of Mé- corresponding to 7.

We consider the Hermitian form h on A, defined by h(z,y) = ¢(z,7) for any z,y € A,. When
n(A) C {£1} (we then say  is real), we define D to be one component of P{z € A, |p(z,z) = 0, ¢(z,T) > 0},
which is the type IV domain associated to A,. When 7 is not real, we define D := P{x € An‘gp(a:,f) > 0},
which is a complex hyperbolic ball.

Recall I'r, is the centralizer of ¢ in T. We write r; for the reflection in [Ei] € A, for all 1 <4 <n. We
have r; € T'r,. We also have A C T'r,. Define I'z, 7, to be the normalizer of (4,71, -+ ,7,) in I'r,. We write
I' = I'z, 7, for short. Then I is an arithmetic group acting on . Take F' € Sym®(V*) with [F] € ¥. Choose
an isomorphism

®: (H*(Sp), Mp, H,1,A) — (A, M, H, 1, A)
then ®(H2°(Sr)) € D. Two choices of ® differ by an element in the centralizer of 4 in 'y, which is contained
in I'. Thus we obatin an analytic morphism £: ¥ — I'\D. Taking quotient by N on the left side, the map
& descends to #: F — I'\D. This morphism is called the period map for sextic curves of type (Ty,Ts).
Let H. := DN Hoo be a hyperplane arrangement in D. It is clear that &2(F) C T'\(D — H.).

Theorem 5.4. The period map & : F — T\(D — H..) is an algebraic open embedding, and extends to an
isomorphism & : F = I‘\DH*.

Proof. Take Fy, Fy € Sym®(V*) such that [F}],[Fs] € ¥. Suppose Z([F1]) = P(|Fs]). Then there exist
markings ®1, &5 of S, Sp, respectively, such that ®;(H?(Sg,)) = ®2(H*°(SE,)). We have that r; € T
for any 1 < i < n. Hence we can assume without loss of generality that ® 1®, sends effective roots
in Mp, to those in Mp,. Then ®,'®; sends an ample class (say, 16H — [E1] — --- — [E,]) to an ample
class. By global Torelli of polarized K3 surface, there exists an isomorphism between Sg, and Sg, inducing
<I>2_1<I>1: H?(Sp,,Z) — H?*(Sk,,Z). This isomorphism commutes with ¢, hence is induced by a linear
transform g € SL(V). We have gAg~—! = A. Now take any a € A. We have
MNa)Fy = aFy = agFy, = gaFy = gag™ ' Fy = Agag™ ') Fy,
hence A(gag~') = A(a). This implies that g € N. The injectivity of & follows.

Take [F] € ¥ and ® a marking of Sp. Denote z = ®(H2%(Sp)) € D C Dy,. By theorem 1.1, an
open neighbourhood of x in Dy is induced by sextic curves of singular type Ty. In particular, there exists
9



a contractible open neighbourhood U of z in D, parametrizing a family of type Ty sextic curves ¥ — U.
For every @ € U, let Z(F,) be the sextic curve over z. We have ®(H2*9(Sp,)) = z. Points in U are Hodge
structures invariant under the action of A. By theorem 1 in [BR75|, the K3 surface S r, admits an action of
A commuting with ¢. Thus the family over U of K3 surfaces S r, admits an action of A commuting with ¢.
This action is induced from an action of A on € — U. Therefore, The image of &2: F — I'\ID contains
image of U in T'\D. Thus £ has open image in I'\D. We conclude that & is a bimeromorphic morphism.

By [YZ18] (appendix, theorem A.14), there is a natural morphism I'\D —» T'\D, which extends to
N =—=How
I‘\ID)H* — T\D . Both two are finite.

We have the following commutative diagram:

F—2Z T\D

|

. =—=How
M —Z5 T\D

J— =—=How
Since Z(F) is open in I'\D, the two closures j(F) and 7(I'\D) are identified via #: M = T\D . By
lemma 5.4 in [YZ18], there is an isomorphism F =2 I‘\ID)H*, which extends &: F — T'\(D — H..). O

As an end, we give two examples of theorem 5.4.

Example 5.5. An involution T of P(V') must be represented by diag(1,1,—1) on V', with respect to certain
choice of coordinate (x1,7a,73). Let A = {id,7} and A be the preimage of A in SL(V). Take \ to be the
trivial character of A. We take symmetry type Ts = [(4, N)], and singular type Ty = (1,1,1,1,1,1). We neat
describe X, 1,. A point in X, v, corresponds to siz lines on P(V) preserved by action of T, such that any
three of them do not intersect at one point. A line | C P(V) satisfies (1) =1 if and only if | = {x3 =0} or
I passes through [0 : 0 : 1]. We call a pair of different lines 7-conjugate, if one line is mapped to the other
via 7. The points in X1, 1, belong to the following two irreducible components: one component ¥1 with the
corresponding siz lines are union of three T-conjugate pairs, the other component Yo with the corresponding
siz lines are union of two different lines passing through [0 : 0 : 1] and two T-conjugate pairs. Denote
P(V*) to be the space of lines on P(V'), and P(V*)/7 = P(1,1,2) to be the space of T-orbits in P(V*). Let
N = SL(GL(2,C) x C*).
Consider the morphism
g Ss\([P(V*)/7)* — Se\P(V*)°
sending [(I1,12,13)] to [(I1,1l2, 13, 7(l1), T(I2), 7(13))] forl1,l2,1l3 € P(V*). This morphism is a closed embedding
with image 31. Hence $1 = 21 = S5\(P(V*)/7)3. So the GIT quotient is
F12 (N xS\ ((P(V*)/7)*,0(1) KO(1) K O(1)) = (N x S3)\(P(1,1,2)*, O(1) K O(1) K O(1))

and is isomorphic to the Baily-Borel compactification of an arithmetic quotient of a type IV domain with

dimension 2 by theorem 5.4.

Let Vy be the quotient of V' by the line {x1 = x2 = 0} C V. Then P(V5") parametrizes lines in P(V)
passing through [0 : 0 : 1]. Consider the finite morphism
g2 (S2\P(V5)?) x (S2\(P(V*)/7)%) — Ss\P(V")°
sending [(I1,12,13,14)] to [(I1,12,13,14,7(l3), 7(14))] for l1,la passing through [0: 0 : 1] andl3,ls € P(V*). This
morphism is generically injective with image 1. Hence ¥1 = (So\P(V5)?) x (So\(P(V*)/7)?). So the GIT-
quotient is Fo = N x (S2)*\ (P(V5)2 xP(V*)2, O(1)%4), and is isomorphic to the Baily-Borel compactification
of an arithmetic quotient of a type IV domain with dimension 2 by theorem 5.4.

Example 5.6. Let T be an automorphism of P(V') represented by diag(1,1,w) with respect to certain choice
of coordinate (x1,x2,x3). Here w = e™5" is a third root of unity. Let A = {1,7,7%} and A be the preimage
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of A in SL(V). Take X to be the trivial character of A. We take symmetry type Ts = [(A,\)] and singular
type Ty = (1,5). In this case T, 1, is trreducible and ¥ = X1, r,. The equation of a point in ¥ can be
arranged as
(t1I1 —|— tQ.IQ)(LQ(Il, IQ).I% —|— L5($1, {EQ)),

where t1,ta € C and Lo, Ls are polynomials of x1,x2 of degree 2,5 respectively. The line (tix1 + taxa = 0)
passes through [0 : 0 : 1], and such lines are parametrized by P(Vy") as defined in example 5.5. The quintics
Z(Lo(x1,x0)x3 + Ls(x1,72)) are parametrized by P(Sym?(Vy) @ Sym®(Vy¥)). Consider the natural finite
morphism

Ji POVE) x B(Sym? (V) @ Sym® (V) — B(V*) x P(Sym®(V*)).
This morphism is generically injective with image S. Thus % = P(Vy) x P(Sym? (V) @ Sym®(V5¥)). The
reductive group N is equal to SL(GL(2,C) x C*). So the GIT-quotient is F = N\ (P(V5") x P(Sym? (V") @
Sym®(Vy)), O(1) K O(1)). In this case, the character of ps on H2O(Sg) is non-real. Thus F is isomorphic
to the Baily-Borel compactification of an arithmetic ball quotient with dimension 5 by theorem 5.4.
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