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Higher Spin Holography

Abstract

This dissertation splits into two distinct halves. The first half is devoted to the study
of the holography of higher spin gauge theory in AdS;. We present a conjecture that the
holographic dual of Wy minimal model in a 't Hooft-like large N limit is an unusual “semi-
local” higher spin gauge theory on AdSsxS!. At each point on the S!' lives a copy of
three-dimensional Vasiliev theory, that contains an infinite tower of higher spin gauge fields
coupled to a single massive complex scalar propagating in AdSs. The Vasiliev theories at
different points on the S! are correlated only through the AdSs; boundary conditions on
the massive scalars. All but one single tower of higher spin symmetries are broken by the
boundary conditions. This conjecture is checked by comparing tree-level two- and three-
point functions, and also one-loop partition functions on both side of the duality. The
second half focuses on the holography of higher spin gauge theory in AdS,;. We demonstrate
that a supersymmetric and parity violating version of Vasiliev’s higher spin gauge theory in
AdS; admits boundary conditions that preserve N' = 0,1,2,3,4 or 6 supersymmetries. In
particular, we argue that the Vasiliev theory with U(M) Chan-Paton and A/ = 6 boundary
condition is holographically dual to the 2+1 dimensional U(N); x U(M)_; ABJ theory in
the limit of large N,k and finite M. In this system all bulk higher spin fields transform

M

in the adjoint of the U(M) gauge group, whose bulk t'Hooft coupling is %7. Our picture

111



Abstract

suggests that the supersymmetric Vasiliev theory can be obtained as a limit of type ITA
string theory in AdS, x CP?, and that the non-Abelian Vasiliev theory at strong bulk 't
Hooft coupling smoothly turn into a string field theory. The fundamental string is a singlet

bound state of Vasiliev’s higher spin particles held together by U(M) gauge interactions.

v
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Chapter 1

Introduction and Summary

One of the greatest challenges in theoretical physics is formulating a quantum theory of
gravity, a theory that would unify quantum mechanics and general relativity. Despite the
fact that we live in a de Sitter space, quantum gravity in asymptotically anti-de Sitter space
has instead undergone substantial development in the past decade due to the advance of
AdS/CFT correspondence [1, 2, 3.

The AdS/CFET correspondence in principle gives a precise and non-perturbative formula-
tion of quantum gravity in terms of large N gauge theories. In practice, our understanding of
quantum gravity using AdS/CFT has been largely limited by difficulties in solving strongly
coupled large N gauge theories. Thus, exactly solvable models of strongly coupled gauge
theories with a semi-classical gravity dual are highly desirable. In two dimensions, there are
lots of exactly solvable conformal field theories. Most of them do not have a large N limit
that allows for a weakly coupled gravity dual. In [4], Gaberdiel and Gopakumar proposed

that the coset models
SU(N)g x SU(N);

S0 (1.1)
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in the 't Hooft-like large N limit, where N,k are taken to infinity while fixing the t Hooft
coupling A = N/(k + N), are dual to some weakly coupled bulk theory . The central charge

of the CFT is

NV +1) ) — N(1— X2) + O(NO). (1.2)

c=(=1) (1_ e
The linear dependence on N is characteristic of a vector model. This coset model has
a holomorphic spin-s current W) and an anti-holomorphic spin-s current W™ for each
spin s = 2,3,4,---,N. The Fourier modes of W) generate the Wy algebra, which is
a higher spin generalization of the Virasoro algebra. The coset models (1.1) are usually
refereed to as the Wy minimal model. In the large N limit, the Wy algebra turns into
the W[\ algebra that contains generators with arbitrary spins. In Wy minimal model,
the Wy primary operators, the primaries with respect to the Wy algebra, are labeled by
two representatons (A, A_), where AL are the highest weight representations of SU(N)y
and SU(N )., 1, respectively.! For fixed representations A, A_ at sufficiently large N,? the

fusion coeflicients for the primary operators in the Wy minimal model is simply given by

the product of the fusion coefficients in the SU(N); and SU(N )1 WZW models, i.e.

(1% A3 A3 (k) A3 (k+1) A3
N(Af,AaxAi,Az)( ’ )—NAm TNy (1.3)

where N [(sz\z A% is the fusion coefficient of SU (N)r WZW model.
The gravity dual of Wy minimal model at large N is a higher spin gauge theory, which

contains a tower of gauge fields of spins s = 2,3,4,---, 00 that are dual to the higher spin

LA prior, the primary should also depend on the highest weight representation Ag of SU(N);. However,
Ay can be determining by requiring A + Ag — A_ being inside the root lattice of SU(N).

2Namely representations that are found in the tensor product of finitely many fundamental or anti-
fundamental representations of SU(N), at large N.
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currents W) and W(S). The pure higher spin gauge theory on AdSs can be described by
the Chern-Simons action with hs(\) x hs(A) gauge algebra. The higher spin algebra hs(\)
is an infinite dimensional Lie algebra, and by a Brown-Henneaux type computation, it was
shown, in [5, 6, 7], that W [\] is the the asymptotic symmetry algebra of higher-spin gravity
based on the algebra hs(A). It also follows from this computation that the bulk coupling

constant is proportional to inverse the square root of the central charge, i.e.

1 1
Goulk ™~ % ~ \/—N

(1.4)
The primary operators in the Wy minimal model, constructed from the diagonal modular
invariant, do not carry spin. They should be dual to scalar elementary particles and their
bound states with zero angular momentum, that become unbound in the infinite N (zero

bulk coupling) limit. In particular, the primary operator ¢; = (7,0) is dual to a scalar field

with left and right conformal dimension equal to

1
hao = 51+ ) (15)

in the large N limit. The primary ¢; = (3, 0) has the same dimension in the large N limit,
and is dual to the anti-particle of (7,0). The primary operators (H,0) and (m3,0) have
conformal weights

hqo =1+A  heoo =2+X (1.6)
in the large N limit. Note that h(B’O) and hm) are twice the dimension of (0,0) plus a
non-negative integer. This allows for the identification of (H,0) and (73, 0) as two-particle
states of ¢1’s. In general, the primary operators of the form (A,0) are dual to the multi-
particle states of B(A) ¢1’s, where B(A) is the number of boxes of the Young tableaux of

the representation A (here we assume that B(A) does not scale with V). The Wy minimal

4
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model in the large N limit has a symmetry that exchanges A, with A_, while flipping the
sign of \. Hence, the primary ¢, = (0,0) is dual to a scalar elementary particle, with

dimension

hiory = %(1 —\), (1.7)
and the primaries (0, A) are dual to the multi-particle states of (ﬁl. The fusion coefficients
(1.3) implies that the primaries of the form (A,0) (or (0, A)) are closed under the OPE, as
long as A is small compared to N. They form a closed subsector of the W minimal model
in the large N limit. Either one of these two subsectors has a consistent set of n-point
functions on the sphere, in the sense that they factorize through only operators within the
same subsector. In Chapter 2, we proposed a bulk dual for each of the subsectors. The
classical bulk theory is described by Vasiliev’s system in three dimensions [8, 9, 10], which is
a higher spin gauge theory of gauge fields of spin s = 2,3, --- , 00 based on the higher spin
algebra hs()), coupled to a complex massive scalar field of mass squared m? = —(1 — A\?).
This conjecture has also been checked by matching the three-point function <¢1gz_51W(5)>
computed on both side of the correspondence in Chapter 2 and [10, 11].

To go beyond these two subsectors, in Chapter 3, we study the bulk dual of the class of
primary operators (A, A_) for AL being one- or two-box representations. In this class of

primaries, we identify a number of single-trace operators, which are dual to single-particles

states in the bulk. They are summarized as follows,

o1 =(0,0), &1 =(0,0), w=(0,0),

by = % (@) - @), b= % (6.m) - .0, (18)
1

w =5 (o) — G D)

o1, (ﬁl, 0o, <§2 have spin zero and dimension of order 1 in the large N limit. They are dual to

bt
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massive scalars in the bulk theory. wy,ws have spin zero and dimension of order 1/N. They
are dual to massless scalars in the bulk. By analyzing exact results of three-point functions,
in particular, we demonstrate that the three-point function of three single-trace operators
in (1.8) is of order 1/v/N in the large N limit. This agrees with our expectation from the

bulk Witten’s diagram of three single elementary particles in a weakly coupled theory,

S T

N ~  Gbulk-

All the other primary operators are identified as multi-trace operators, which are dual to

multi-particle states in the bulk. They are summarized in the following table.

—~AJ0 0 I H

0 1 ¢1 Ly ¢

O o3} w1 %(éblwl + b2) 7(6251001 b2)

0| Ly z5(drwi+¢n) %(wf + V2w,) T5(Lun =5 (d102—¢201))
H o7 %(¢1w1—¢2) T(Lo.q_l' (P102—p201)) L(w? — V2w,)

The operator Ly is defined as
1 _ _
Lo = e (0200 — 000 , (1.9)

which is dual to an excited state of a two-particle state in the bulk. Consider two single-
trace operators, for example ¢; and w; in (1.8), the single-particle states dual to ¢; and
wy can form a bound state, which is dual to a double-trace operator % (o) + Ho).
By analyzing the exact three-point functions, we demonstrate in Section 3.4 that the three

point function of ¢y, wq, and % [(0,0) + (H,0)] is of order 1 in the large N limit. This

agrees with the bulk Witten’s diagram of two elementary particles with their bound state,
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Our identification of single-trace operators versus multi-trace oprators is subject to a peculiar

relation [12, 50]:
A
2N’

0wy = d1¢1,  hy, =

(1.10)

which, although naively seems to be in conflict with large N factorization, has a very natural
bulk interpretation that will be discussed later.

In Section 4.2, we carry on the identification of single-trace operators for the class of
primaries that includes also the operators with A, or A_ being three-box representations.

We find three more single-trace operators ¢s, ¢3 and ws,
V2 m) - ) - ERB) + V2R
Vi) - () - B+ VIE )] (L)

(o) - )+ ED)-

and all the other primary operators are identified as multi-trace operators. The large N
factorization has also been check for this larger class of primaries. In the large N limit,
b, b have the same value of dimension and higher spin charges as ¢1, ¢1, and the dimension
and higher spin charges of w,, are n times bigger than the corresponding values for w;. It is
very tempting to conjecture that the single-trace operators of finite dimension in the large
N limit fall into the three classes ¢, ¢n and w, for n being positive integers. ¢, is a
linear combination of primaries (A;, A_) with (n,n — 1) boxes, ¢, is a linear combination

of primaries with (n — 1,n) boxes, and w, is a linear combination of primaries (A, A) with

7
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A being n-box representations, which has dimension ~ n/N in the large N limit. However,
this is not the full story; there are more single-trace operators. The key observation is that

(1.10) can be interpreted as a current non-conservation equation,

_ A -
(1" = \/—N¢1¢1, (1.12)

where jﬁl) = (jfl))zdz + (j§l))2d2 = (Owidz + Owidz)/\/2h., is the level-1 descendent of w;
with normalized two-point function. In the infinite N limit, the right hand side of (1.12)
vanishes, and (jf))z becomes a primary spin-1 current. We refer these kind of operators
as large N primary operators, the operators that effectively become primary fields in the
infinite N limit. We propose that the bulk dual of ( jfl))z is a U(1) Chern-Simons gauge field
A, coupled to two scalar fields ® and &), which are dual to ¢; and ggl, respectively. ® and ®
have the same mass but satisfy different boundary condition (fall-off behavior near the AdS
boundary), which however is incompatible with the U(1) gauge transformation generated
by A,. As a result, the U(1) gauge symmetry, though is conserved in the bulk classically, is
broken by 1/N effects induced by the scalar boundary conditions; hence, is hidden from the
boundary CFT point of view. This entire picture is checked in Section 4.4 by an explicit

bulk computation of the Witten’s diagram -

$1

$1

which after taking the O-derivative is proportional to the factorized Witten’s diagram,
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9101

P1

This computation essentially reproduces the current non-conservation equation (1.12). In
Section 4.3 and Section 4.5, we demonstrate that the level-1 descendants of ws, w3 and also
a level-2 descendant of w; satisfy similar current non-conservation equations as (1.12). We
propose that the bulk dual of them are Chern-Simons spin-1 gauge fields and also a spin-2
gauge field in the bulk.

The amount of evidences are enough for us to present a consistent conjecture in Section
4.6, that for each w, there exist a tower of large N primaries j,(f), which are conserved
spin s > 1 currents in the infinite N limit. The complete spectrum of single-trace operator
of Wy minimal model is then given by a tower of spin-0 Wy primaries é,, dn, w, and a
tower of spin-s large N primaries j,(f), all of which are complex. In Section 4.7, we provide a
highly nontrivial check on this spectrum of single-trace operators, by matching the the torus
partition of Wy minimal in the infinite N limit with the bulk one-loop partition function
given by this spectrum.

The approximately conserved spin-s currents jy(f) are dual to gauge fields in AdS; of
various spins, which generate hidden higher spin gauge symmetries in the bulk. The massive
scalars dual to ¢y, ¢, are charged under the hidden higher spin gauge symmetries. In Section
4.8, we determine the gauge generators associated with the hidden symmetry currents, which

are incompatible with the boundary conditions on the massive scalars and leads to the

breaking of symmetry.



Chapter 1: Introduction and Summary

Our conjecture on the large N spectrum, combined with the identification of the gauge
generators acting on the matter scalars, leads to a dramatically new picture of the holo-
graphic dual of the W minimal model. We propose that the dual higher spin gauge theories
is a “semi-local”® theory living on AdSsxS*. This is not an ordinary four-dimensional field
theory, however. At each point of the S!, there is a tower of higher spin gauge fields in AdSs,
coupled to a single complex massive scalar field, of the type described by Vasiliev’s system
in three dimensions. The different Vasiliev theories at different points on the S' appear to
be decoupled at the level of bulk equations of motion. Rather, they interact only through
the boundary condition which mixes scalar fields living at different points on the circle S.
Essentially, while all the scalars classically have the same mass in AdSs, the boundary con-
dition assigns one scaling dimension 2k, on right-moving modes of the scalar on the circle,
and the complementary scaling dimension 2h; = 2 — 2h, on left-moving modes of the scalar
on the circle.

While our proposal for the holographic dual is rather unconventional due to the large
degeneracy in the bulk fields, it seems to be unavoidable due to peculiarities in the structure
of large N factorization in Wy minimal model. We believe that it is characteristic of gauged
vector models on non-simply connected spaces [14, 15]. Presumably, what we see here is the
field theory of the tensionless limit of a more conventional string theory in AdSs, dual to
quiver-like generations of the Wy minimal model, and the S* should come from a topological

sector of the string theory in this limit.

3The terminology comes from analogy with the holographic theory of semi-local quantum liquids [13].

10



Chapter 2

Higher Spin Gravity with Matter in

AdS3; and Its CFT Dual

2.1 Introduction

The AdS/CFT correspondence [1, 2, 3] has given us a tremendous amount of insight in
quantum gravity through its duality with large N gauge theories. Progress does not come
easily, however. The regime in which the bulk theory reduces to semi-classical gravity is
typically dual to a gauge theory in the strong 't Hooft coupling regime, and is difficult to
solve. In the opposite limit, where the gauge theory is weakly coupled, the bulk theory is
typically in a very stringy regime, involving strings in AdS whose radius is very small in
string units (though large in Planck units, as long as N is large). With a few exceptions,
such as the purely NS-NS background of AdS; [16], in which case the dual CFT is singular
[17, 18], generally the bulk string theory involves Ramond-Ramond fluxes; even the free

string spectrum is difficult to solve, and the full string field theory appears to be out of

11
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reach at the moment.

A particularly simple class of conjectured AdS/CFT dualities [19, 20, 4] avoids these
difficulties. These involve boundary CFTs whose numbers of degrees of freedom scales like
N rather than N2. In the AdS,/CFTj3 conjecture of [19], the boundary theory is given by
the critical O(N) vector model. Such a duality can be extended to Chern-Simons-matter
theories with vector matter representations [21]. In the AdS;/CFTy conjecture of [4], the

boundary theory is the Wy minimal model, which can be realized as the coset model

SU(N), x SU(N);
SU(N k41

(2.1)

In these examples, the CFT is either exactly solvable or has a simple 1/N expansion
that can be computed straightforwardly order by order. The dual bulk theories, however,
are higher spin extensions of gravity, involving an infinite tower® of higher spin gauge fields.
In the case of [4], additional massive scalar matter fields are coupled to the higher spin
gauge fields. It is likely that these higher spin gauge theories are UV complete (at least
perturbatively) theories that contain gravity, due to the large number of gauge symmetries,
and are interesting toy models for quantum gravity. However, they do not reduce to semi-
classical gravity in any limit. Note that the higher spin symmetry can be broken by AdS
boundary conditions [19, 23], but this breaking is controlled by the coupling constant of the
theory and is in some sense rather mild.

The goal of the current paper is to understand the conjectured duality of [4] at the in-

teracting level, in particular, to the second order in perturbation theory. In fact, a careful

"While a pure higher spin gauge theory in AdSs involving spins up to N can be formulated in terms of
SL(N,R)x SL(N,R) Chern-Simons theory, it is not known how to couple this theory to scalar matter fields.
The construction of [22] requires an infinite set of gauge fields of spins s = 2,3,--- ,00. This is the system
conjectured to be dual to the Wy minimal model in [4]. While the dynamical mechanism that renders the
set of spins finite in the interacting theory has not yet been understood, this seeming mismatch is not visible
at any given order in perturbation theory.

12
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examination of the spectrum of the linearized Vasiliev system leads us to propose a modifi-
cation of the conjecture of [4]. A key insight of [4] is that, in the large N limit of the coset
model (2.1), A = N/(N + k) plays the role of the 't Hooft coupling, and the basic primaries
labelled by representations ([J; 0) and (0; ) (as well as the conjugate representations) have
finite scaling dimensions A, and A_ in the 't Hooft limit, and are conjectured to be dual
to massive scalars in the bulk. We will consider a version of Vasiliev’s system that involve
a gauge field of spin s for s = 2,3,---, 00, coupled to two real massive scalar fields. We
propose that it is dual to a subsector of the Wy minimal model, generated by the Wy cur-
rents together with two basic primary operators of dimension A, labelled by ([J;0) and
(0J; 0), or two basic primaries of dimension A_ labelled by (0;) and (0;0), depending on
the boundary condition imposed on the bulk scalar. We will refer to these two subsectors
as the A, subsector and the A_ subsector, respectively. Each subsector has closed OPEs,
and hence consistent n-point functions on the sphere, in the sense that they only factorize
through operators within in the same subsector. This identification is natural by comparing
the bulk fields and boundary operators, and also avoids the puzzle with “light states” in
the 't Hooft limit of the coset model.? However, it suggests that the bulk Vasiliev system is
non-perturbatively incomplete, though makes sense to all order in perturbation theory. It
may be possible to enlarge Vasiliev’s system to obtain a higher spin-matter theory that is
dual to the full Wy minimal model, but such a bulk theory would be subject to the strange
feature of having a large number of light states. We will not address this possibility in the

current paper. There is, on the other hand, a minimal truncation of Vasiliev system, where

2The “light states” are the primaries labelled by a pair of identical representations, (R; R), whose dimen-
sion scales like 1/N in the large N limit. While the contribution of such states to the partition function is
argued in [4] to decouple in the strict infinite N limit, they show up in OPEs of basic primaries when 1/N
corrections are taken into account.

13
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one keeps only the even spin fields and one out of the two real massive scalars. We conjecture
that this system is dual to the orthogonal group version of the Wy minimal model.?

The main nontrivial check of our proposal is a comparison of the tree level three-point
functions involving two scalars and one higher spin field in the bulk, and the 't Hooft limit
of the corresponding three point function in the dual CFT. In order to carry out such a
computation, we first solve for the boundary to bulk propagators of Vasiliev’s master fields,
and then expand the nonlinear equations of motion to second order in perturbation theory
and compute the three point function. We encounter subtleties with gauge ambiguity and
boundary condition on the higher spin fields, and will find explicit formulae for the gauge
field propagators obeying the boundary condition of [5]. While one may expect that, in
principle, such three point functions are determined by symmetries and Ward identities, the
implementation of the latter is not so trivial on the CFT side. For instance, we do not
know a simple way to carry out the 1/N expansion of the coset model, and must calculate
correlators exactly at finite IV first, and then take the 't Hooft limit. For various quantities
of interest in the CF'T, analytic formulae for general spins are often difficult to obtain, and
instead one computes case by case for the first few spins. The results have a nontrivial
dependence on the 't Hooft coupling A, which is mapped to a deformation parameter v
in the bulk theory. The case in which the bulk theory is the simplest, namely the v = 0
“undeformed” theory, is mapped to A = 1/2. In this paper, most of our computation is
performed within the v = 0 theory, and is compared to the A = 1/2 case of the Wy minimal
model. In Appendix 2.C we give some formulae useful for the deformed bulk theory with

nonzero v, though the analogous computation of correlators in the deformed theory is left

3The 't Hooft limit of this class of CFTs are recently studied in [24].

14
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to future work.

More precisely, we compute correlators of the form (OO.J®)) at tree level in the v = 0
undeformed bulk theory. These three-point functions are fixed by conformal symmetry up
to the overall coefficient; the latter is computed unambiguously as a function of the spin
s. The result is then compared to the three point functions in the Wy minimal model, in
the large N limit, at 't Hooft coupling A = 1/2. We test the conjectured duality using
the explicit expression for the spin 3 current in the coset construction, and found perfect
agreement.

We begin with a brief review of the three-dimensional Vasiliev’s system in Section 2.2. In
Section 2.3 we describe the linearized spectrum of the bulk theory, as well as propagators and
boundary conditions, while leaving technical details to Appendix 2.A. Some useful formulae
for the deformed bulk theory (i.e. with nonzero v) are given in Appendices 2.C. In Section
2.4, we work to second order in perturbation theory and compute the three point functions
of interest. The details of these derivations are given in Appendix 2.B. Our proposal of the
dualities and a test on the three point functions are presented in Section 2.5. We conclude

in Section 2.6.

2.2 A brief review of Vasiliev’s system in AdS;

Throughout this paper, we will consider the Vasiliev system in AdSs, which consists of
one higher spin gauge field for each spin s = 2,3,4,---, coupled to a pair of real massive
scalar fields. We will often work explicitly with the Poincaré coordinates of AdSs, with
a# = (z,2%), i = 1,2, and the metric ds® = % (dz? 4 da'da?). Following Vasiliev, we

introduce the auxiliary bosonic twistor variables y,, z,, where o« = 1,2 is a spinorial index,
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as well as the Grassmannian variables ¢, i = 1,2, which obey {1, ¥;} = 28;;.* The master
fields are: W a 1-form in the spacetime parameterized by z#, S a 1-form in the auxiliary
z%-space, and B a scalar field. All of them are functions of a#, vy, 4, as well as 1;,°
W =W, (xly, z,;)dx",
S = Sa(x|y, z,1;)d=", (2.2)
B = B(z|y, z,¢;).
These fields are subject to a large set of gauge symmetries. The infinitesimal gauge trans-

formation is parameterized by a function e(z|y, z, ),
W = dye+ [W, €.,
08 = d.e + 1S, €., (2.3)
OB = [B, €.
One further imposes a truncation so that W, B are even functions of (y, z) whereas S, is
odd in (y,z) (so that the 1-form S is even under (y, z,dz) — (—y, —z,—dz)). The gauge

parameter € is then restricted to be an even function of (y,z) as well. One introduces a

star-product * on functions of (y, z), defined by

F(9,2) * gy, 2) = / Pud?oe™ fy +u, 2 + u)gly +v, 7 — ). (2.4)

Here and throughout this paper, the spinors are contracted as uv = u®v, = —v%Uu, = —vU

and uov = u®0, vg for a matrix o. The integration measure d*ud*v above is normalized

4Note that while the equations of motion treats )1 and v, on equal footing, the choice of vacuum will
not. The v;’s can be thought of as purely a bookkeeping device.

5In Vasiliev’s original papers, the master fields depend on the additional Grassmannian variables k, p.
This will be discussed in Appendix 2.C. We will refer it as the “extended Vasiliev system”, the Vasiliev
system we present here is obtained by making a projection (14 k)/2 on all fields, and effectively eliminating
k, p.
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such that f *1 = f. The Grassmannian variables v; commute with y,, 2, and do not
participate in the * product. Under the star-product, the auxiliary variables ¥, generate the
three dimensional higher spin algebra hs(1, 1) [25]%, which is an associative algebra, whose
general element can be represented by a even analytic function of in y,. In particular,
hs(1,1) has a subalgebra sl(2) whose generator can be written as Thg = (o * y). An inner

product on this algebra is defined as (4, B) = A(y) * B(y)|

y=0"
We define an involution ¢ on the star algebra as follows: «(y®) = iy®, o(2%) = —iz?,
1(dz*) = —idz*, and the action of ¢ reverses the order of all products (including the mul-

tiplication of 1);’s); in particular, ¢(¢112) = 191y = —111h. The master fields W, S, B are

then subject to the reality condition”

(W)= =W, (9)" =-S5, and «(B)" =B, (2.5)

where the superscript * stands for taking the complex conjugate on the component fields
while leaving the auxiliary variables y®, 2%, 1¢; untouched.

Vasiliev’s equations of motion are now written as
dW+Wsx«W =0,
dyS +d, W +{W,S}, =0,
d.S+ S S = BxKd?, (2.6)
d.B+ [W,B], =0,

d.B+ S, B, = 0.

6We will also consider hs()) the one parameter deformation of hs(1,1) in Appendix 2.C.

"Such a reality condition is necessary because, as we will see later, the physical components of the B
master field are of the form Yo Ceyepn + V2101 Coqq Where Ceyern is a real scalar and Cpqq is a purely imaginary
scalar field.
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Here d, and d, denote the exterior derivative in spacetime coordinates x* and the auxiliary

variables z* respectively. K = e*¥ is known as the Kleinian. It has the properties

KxK=1, K=xf(y,2)=Kf(z,y), [fly,z2)xK=Kf(—z —y). (2.7)

A few comments on (2.6) are in order. The third equation in (2.6) can be thought of as
the definition of the scalar master field B. The fourth equation is equivalent to a Bianchi
identity for the field strength of the connection A = W + S, which follows from the second
and third equation. The last equation, however, is an independent equation for B.8

Note that the equations of motion (2.6) are preserved under the involution ¢, if one sends
(W, S, B) to (=W, =S, B) at the same time. In particular, Vasiliev’s system can be further
truncated down to what we refer to as the “minimal Vasiliev’s system”. The latter is defined

by projecting the master fields onto the (-invariant components, namely

(W) =-=W, «(S)=-S, and «(B) = B. (2.8)

We will see later that the minimal Vasiliev’s system contains only the even spin gauge
fields and a single matter scalar. Though, in most of this paper, we will be considering the
untruncated Vasiliev’s system, where gauge spins of all spins greater than or equal to 2 are
included.

The equations (2.6) are formulated in a background independent manner. To formulate
the perturbation theory, one begins by choosing a vacuum solution, and identifies the physi-
cal propagating degrees of freedom by linearizing the equations around the vacuum solution.

One may then proceed to higher orders in perturbation theory and study interactions in this

8This is different from the four-dimensional version of Vasiliev’s system, which involves a similar set of
equations.
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background. It turns out that the system (2.6) admits a 1-parameter family of distinct AdS;
vacua, labeled by a real parameter v. In fact, the parameter v appears in a non-dynamical,
auxiliary component of B, and thus the 1-parameter family of AdS; vacua are not connected
by physical deformations, but should rather be thought of as different theories in AdSs. In
this paper, we will focus on the simplest, “undeformed” theory, corresponding to the v =0
vacuum. The deformed vacua/theories (v # 0) are discussed in Appendix 2.C. The pertur-
bation theory, and in particular the study of three point functions, of the deformed theory
is left to future work.

The undeformed AdS; vacuum solution is given by

B=0, S=0, W=W,=uw(zly)+ reo(z|y), (2.9)

where W, is a flat connection satisfying d, Wy + Wy Wy = 0. With Wy(z|y, 1) chosen to be
a quadratic function of y, the flatness condition is classically equivalent to the Chern-Simons
formulation of Einstein’s equation with negative cosmological constant in three dimensions.
In other words, the equations of motion is obeyed if the 1-forms eg, wy are chosen as the
dreibein and spin connection for AdSs, contracted with y® in spinorial notation. In Poincaré

coordinates z* = (z, "), they can be written as

« oh*
wo(z]y) = woﬁ(x)yayﬁ = - Szydl'”, eo(xly) = eg ( VWals = _S—d el (2.10)
Our convention for eg is such that
(el ap(e0u)" = — 51 (5‘*55 +000%),  (eh)apleon)™ = _555 (2.11)

Expanding around this vacuum solution, we will write W = W, + /W, and the equations of
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motion in its perturbative form as
DoW = =W W,

DoS + d.W = —{W, S},

d,S—Bx Kdz* =-S5 %S, (2.12)
dzB = _[57 B]*7
DoB = —[W, Bl.,

where we have defined Dy = d, + [Wy, -|«. By choosing a z,-dependent gauge function, one
can always go to a gauge in which S|, —o = 0. The physical degrees of freedom are entirely
contained in the z,-independent part of the master fields, whereas the z,-dependence are

determined via the equations of motion. It is then useful to decompose W, B as

W(zly, z,¢) = Wo + Qz|y, ) + W (zly, 2,9)
(2.13)

B(zly, z,v) = Clzly, ) + B'(zly, 2,9)

where Q and C' are the restriction of W and B to 2o = 0, respectively, while W’ and B’

obey W’ ‘Z =D ‘Z _o = 0. We will see that 2 and C' contain the higher spin gauge fields

and two real scalar fields, whereas W’ and B’ are auxiliary fields. At the linearized level,

the equations (2.12) reduce to

DoQW = —{Wo, W, (2.14)
d, W' = —DySM), (2.15)
d.SW = oW « Kdz?, (2.16)
BWY =, (2.17)
DyCW =0, (2.18)
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where the superscript (n) labels the order of the component of the respective field in the
perturbative expansion. These equations will be analyzed in detail in the next section as
well as in Appendix 2.A. We will then proceed to the quadratic order and study the cubic
coupling and three point functions in Section 2.4.

Let us note that the system of equations (2.6) and the AdS; vacuum (2.9) are invariant

under a global U(1) symmetry,

W — ew’”lWe_wwl, S — e Se_wwl, B — 91 Bem0v1 (2.19)

This U(1) rotates the phase of the complex scalar matter field, while leaving the higher
spin fields invariant. Note that (2.19) preserves the reality condition (2.5). While it is a
symmetry of the classical theory, and is expected to be a perturbative symmetry of the
quantum theory, it should be broken non-perturbatively (or alternatively, become gauged),
as anticipated in any quantum theory of gravity [26, 27]. In the proposed dual CFT, the U(1)
rotates the basic primaries ((J;0) and (CJ; 0) with opposite phases. As far as correlators of a
fixed number of basic primaries are concerned, in the large N limit, this U(1) is effectively
a symmetry of the theory, since any correlation function that violates the U(1) vanishes by
the fusion rule. This U(1) is obviously broken when N basic primaries are inserted, as the

tensor product of N fundamental representations of SU(N) contains a singlet.

2.3 Propagators and two point functions

2.3.1 The physical fields and propagators

In this subsection we will describe the physical degrees of freedom in the linearized master

fields, as well as their propagators. The details of the derivations starting from Vasiliev’s
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equation are given in Appendix 2.A.

The scalar matter field
The linearized scalar master field C™M)(x|y, ) can be decomposed as

CO (aly, ) = CL. (ly, ¥n) + LaClia (x]y, ). (2.20)

C’g)m is purely auxiliary; the only solution to its equation of motion is a constant, which

parameterizes a family of AdS; vacua. We will set C) = 0 for now. C’,(ri[)lt can be expanded

in y as
Cruae = Y O (2l 01) = D Cond oy (20)™ % (221)
It follows from Do(wgCSL)w) = 0 that the bottom component C,%;O(xwl) obeys the usual

Klein-Gordon equation for a massive scalar field in AdSg,

(V40— m?) OO aln) =0, m? = =3, (2.22)

Expanding further in v, Cﬁ,)ﬁo(x [t1) = Coven() + 11Coqq(x) contain a pair of real scalars

of mass squared m? = —% in AdS units. Due to the reality condition (2.5), Cepep is real
whereas C\,4q is a purely imaginary scalar field. They can be paired up to a complex massive

scalar as Cepen + Cogq, With Cepen, — Chogq its complex conjugate. Under the global U(1)

symmetry (2.19), Cepen £ Cogq transform as

Ceven + Codd — e:l:i@ (Ceven + Codd) . (223)

In the dual boundary CFT, this complex scalar corresponds to a complex scalar operator

of dimension A, or A_, depending on the choice of boundary condition. Here
1 3
2

1
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The higher components C’,%;n are expressed in terms of derivatives of Cmat through the
equation of motion.

In the v-deformed vacua, C’mat still describes a pair of real massive scalar fields, with

V(V:|:2

mass squared m? = —i— , where the + sign depends on a choice of projection. This
is discussed in Appendix 2.C.
The boundary-to-bulk propagator for the scalar is C™%*0 = K(Z,2)? for A = 3/2 or

—

= 1/2, where K(7,2) = =25, ¥ = (2',2%). It is convenient to introduce another

auxiliary variable 1;1, satisfying {ﬂvf = 1, to label the two different boundary conditions, so

that A =1+ @Zl /2. With the J-function source on Ct,e, component:

C, (7, 2 — Oly, ¥) = 27121~ % 6%(a) (2.25)

turned on on the boundary, the boundary-to-bulk propagator for the master field C' mat (x\y )

is then given by

Choan(xly, 1) = (1 + + % ) ¢ v 1+ (2.26)

22

where ¥ = 0% — Zotx*. We can also turn on the source on C,4y component:

V(7,2 — 0|y, v1) = 2miy 01 2~ F 62(x) (2.27)

on the boundary. The boundary-to-bulk propagator will be just (2.26) times 1);.

Under the action of the involution ¢, Ct,., is invariant whereas C,4y changes sign. Hence
only Cepen survives the minimal truncation (2.8). Thus, the “minimal Vasiliev system”
contains only a single real scalar scalar, which is dual to a real scalar operator in the boundary
CFT. Note that in writing the boundary-to-bulk propagator (2.26), we have chosen to turn

on a source for Cy,e, only, and the result is invariant under the projection by «¢.
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The higher spin fields

The higher spin gauge fields, as well as some auxiliary fields, are contained in Q(x|y, 1),

which may be decomposed in the form

QW (2y, i) = Q" (2y, 1) + L2207 (2]y, ¥). (2.28)

As the notations suggest, "¢ contain the higher spin gauge fields in AdSs, while Q¢ are in
fact auxiliary fields determined by the scalar matter fields. The linearized equations take

the form
Do =0, Do = —tho{Wy, W™}, |.—0. (2.29)

where we have defined

Dy = dx + [’on, ]* - ’le{ﬁ’o, }* (230)

It is demonstrated in Appendix 2.A.2 that up to gauge transformations, €2°¢ have no
propagating degrees of freedom and are determined entirely in terms of Cq. Q) on
the other hand, obeys the (linearized) Chern-Simons equation with higher spin algebra
hs(1,1) @ hs(1,1). They are related to the metric-like higher spin fields, which are usually
written in terms of traceless symmetric tensors, in the following way.

First, expand Q% = Q"*(eff)qp in y as

Qs (ly, ) =Y s (aly ) =Y QMn L (al)y® ey, (231)

and then express the components in terms of symmetric traceless tensors (in spinorial no-

tation) as

hs,(n n, n,0 n,—
Yo (Z101) = Xofs 0 T €01@XGagay) T Clator DXy (252)
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or equivalently,

1
(n+2)(n+1)

S, n ]' —
s (zly, ) = a0 (21Y: 1) + ~ Y00 X ([y, 1) + Yoo, (ly, 1)
(2.33)
Here xf(z|y,¢1) is defined as x7;", ., contracted with y*’s, and similarly for X2 (x|y, 1)

and x, (z]y,11). Next, we expand in 11, and write

n n,+/0
X;lz:/o - Xev:cFr{O + 7plXodd/ : (234)

It turns out that yepen, are determined in terms of (derivatives of) x,qq through the equation
of motion. Furthermore, XZ&% can be gauged away entirely. The residual gauge symmetry
on X" (y) takes the form

5Xodd( )= V+)‘odd( ),

1
n(n+1)

(2.35)

5XZ&;(?J) = - Vo Nua(),

where A7, (y) is related to the gauge parameter € by € = ¢ \",,. V* are defined here as

V= (yegy) Vi, V7 = (9,649, Vy, (2.36)

where V,, acts on a tensor (- --)a,a,.. as the spin-covariant derivative. Under the t-action,
only the even spin fields are invariant. Hence, the “minimal” Vasiliev’s system only contains
higher spin gauge fields with even spins, and its dual boundary CF'T contains only even spin
currents.

In the metric-like formulation, the spin-s gauge field is described by a rank s double
traceless symmetric tensor ®,,...,,.. It may be decomposed into irreducible representations

of the Lorentz group as
Pty s = Epnpe F Jlurpo Xpszopie) (2:37)
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where £ and y are traceless symmetric tensors of rank s and s — 2, respectively. With the

identification

2s—3
25s—2,4+ s 25s—2,— s
Xodd T = f( )7 Xodd = —mx( ), (2.38)

where ¢ is defined as £, ..., contracted with (ef))asy°y?, and similarly for x(*), the Chern-
Simons form of the equations of motion can be shown to be equivalent to the Fronsdal form

of the equation on P,

1
(O - mz)fbm...us — 8V VFP@ppp ) + —s(s — 1)V(H1VH2<I)”,W3...MS)

2 (2.39)
—s(s — 1)g(w<b“w3...us) =0,
which is invariant under the gauge transformation:
0Py =V (11 Mz (2.40)

where 1),,,...,, is a symmetric traceless gauge parameter. The gauge transformation (2.40) is
also equivalent to (2.35) under the identification (2.38).

In three dimensions, the higher spin gauge fields do not have bulk propagating degrees of
freedom. In AdSs, just as in the more familiar case of gravitons (s = 2), there are boundary
excitations of the higher spin fields, corresponding to field configurations that cannot be
gauged away by gauge transformations that vanish on the boundary of the AdS spacetime.
A careful analysis of the gauge conditions is necessary in order to talk about boundary-to-
bulk propagators and bulk-to-bulk propagators. We will first consider Metsaev’s modified de
Donder gauge [28], which is convenient for solving higher spin propagators in AdS in general
dimensions. We will see, however, that the propagators found in this gauge violates (the
higher spin generalization of) Brown-Henneaux boundary condition, and are not directly

applicable to the computation of boundary correlators. Nonetheless, this gauge should be
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useful in doing loop computations in the bulk. We will then proceed to find the appropriate
boundary-to-bulk propagators that obey Brown-Henneaux boundary condition, which allows

for computations of boundary correlators.

2.3.2 Propagators in modified de Donder gauge

The modified de Donder gauge was introduced by Metsaev in [28]. This gauge has the
advantage that the equations of motion for different components of free higher spin gauge
fields decouple, and hence the solutions can be obtained easily. The implementation of the

gauge condition, on the other hand, is a bit complicated. It can be described as follows.

s

ni-pe Which obeys the Fronsdal equation in

Start with the double traceless symmetric ®
AdS3. Write @5 4 = @5, . e‘j{l - e where A; are local Lorentz frame indices. Define a

generating function/field
D (e]Y) = By, VYR (2.41)
where Y4 = (Y*, Y1, Y?) are auxiliary vector variables (analogous to the twistor variables

y® introduced previously). One then performs a linear transformation on ®*(x|Y),
o(x]Y) = 2 ANTI?® D (2]Y), (2.42)

where z is the Poincaré radial coordinate, A/ is an operator that acts as a separate normal-
ization factor on each component of ®(z|Y) of given degree in Y7 and ¥ = (Y!,Y?), and
I1%® involves derivatives on Y* and Y. See Appendix 2.A.3 for the definition of these opera-
tors. The resulting generating field ¢(z|Y") is double traceless with respect to the directions

parallel to the boundary, namely

<8§2)2 $(z]Y) = 0. (2.43)

27



Chapter 2: Higher Spin Gravity with Matter in AdSs and Its CFT Dual

The modified de Donder gauge is defined by a gauge condition of the form

Co(z|Y) =0, (2.44)

where C' is an operator involving up to two derivatives on Y and one spacetime derivative.
The key point is that, in this case, the Fronsdal equation for ®° is re-expressed in terms of

equations on ¢(z|Y) as

(r=3r =3

22

oo J 6.7 =0 (2.45)

where ¢, (x|Y) are the components of ¢(z|Y) expanded in Y7,

s

Sx[Y) = (Y*) ", (x]Y). (2.46)

r=0
The equation of motion is then straightforwardly solved in momentum space. Note that the
gauge condition (2.44) relates the different components ¢, (z|Y). After solving ¢(z|Y), one
can translate it back into ®°(x|Y’), and further into the frame-like fields Xgil)cii- The result
for the boundary-to-bulk propagator of ij}f due to a chiral spin-s current Jf}r 4 source
inserted at & = 0 is given in momentum space explicitly by (up to the overall normalization

factor)

S

S), o -7 S r— s—r s+r s—r
@) =3 () )
r=0

(2.47)

S

) =5y (U ) )

The details of the derivation is given in Appendix 2.A.3. These propagators, however, do not
obey the higher spin analog [5, 6] of Brown-Henneaux boundary condition [29], which should
be imposed in order for the dual CFT to have the appropriate higher spin symmetry. In fact,

we know that any solution to the linearized higher spin equations in AdSs must be a pure
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gauge in the bulk. The key to finding the appropriate boundary-to-bulk propagator is then
to find the appropriate gauge transformation near the boundary. In the next subsection,
we will see that such a gauge transformation takes a rather simple form. The bulk-to-bulk
propagators in the modified de Donder gauge may still prove useful for loop computations

in the bulk, which we hope to revisit in the future.

2.3.3 The asymptotic boundary condition

Let us begin with the spin 2 case, and consider the Brown-Henneaux boundary condition
[29] on metric fluctuations. In the Y-algebra language, a spin 2 tensor field sourced by a
positively polarized stress-energy tensor insertion on the boundary, at ¥ = 0, that obeys

Brown-Henneaux boundary condition is given by

®?(z2|Y) ~ 6*(Z)(Y )2 + (subleading contact terms) + (Y7)2 (2.48)

On the RHS we only indicated the leading order terms in the z — 0 limit; their coefficients
are not specified. The boundary-to-bulk propagators in the modified de Donder gauge,
derived in the previous subsection, does not obey this boundary condition. It suffices to
examine the spin 2 case. In position space, the graviton boundary to bulk propagator in the

modified de Donder gauge (for a positively polarized source) is

2i xtz i 22 i (z7)?
PY)="Vviyr—— (Y4 YVTY 2.49
¥) T (22 4 22)? 7r( ) (22 4 22)2 i (22 4 22)? (2.49)
In the limit z — 0, it goes like
2 2 +12 . Y-Vt
P*(Y') ~ 0°(z)(Y )" + (subleading contact terms) + (2.50)

()2
which clearly violates the boundary behavior of (2.48).
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Similarly, the higher spin gauge fields are subject to the an analog of the Brown-Henneaux
boundary conditions [5, 6]. For general spin s, the boundary condition is such that the

boundary-to-bulk propagator for a positive polarized spin-s source is

Y)szs

FREN

5 (z|Y) ~ 22756%(Z) (Y ")* + (subleading contact terms) -+ ( (2.51)

where the coefficient are again not specified. Let us examine this boundary condition (2.51)
in more detail. In three dimension, similarly to gravitons, the higher spin gauge fields do not
have any propagating degrees of freedom in the bulk. In other words, any solution to the
equation of motion can be (locally) written in a pure gauge form, ®*(z|Y) = YAD4Ap*(2|Y).
However, the gauge parameter n°(z|Y’) may have nonzero higher spin charge, the latter is
given by a boundary integral, and the higher spin gauge field ®*(z|Y) would not be gauge
equivalence to zero. As proposed in [5], the boundary behavior of the gauge parameter
n°(x|Y) can be fixed by demanding the gauge field ®°(z|Y) obeys the boundary condi-
tions (2.51). With some effort, we find the appropriate gauge parameter n°(z|Y) near the

boundary:

s—12s—2u—1 u

o _ (_1)r+u u 2u—1 . . u 2] 1
n°(z]Y) Z £ (2u)! <v) (g( +])> (H 25 —2j — 1) (2.52)

u=0 r=1 7j=1

ZZu—I—r—s

X (Y3>2v+r—1 (Y—)u—v(y—l—)s—r—v—u (x_ )2u+r

4 O(ZS+1),
and the corresponding gauge field
O (2]Y) = YDAy (2Y)

= 27227°6%(2)(Y")* + (subleading contact terms) (2.53)

(=125 — 1) (Z__))ZS O,

Notice that the leading analytic term on the RHS of (2.53) is proportional to the two point

function of the boundary higher spin currents. Since the gauge parameter is a traceless
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tensor, L.e. 5ny(Y) = 0, we can substitute Y = e25y*y” in (2.52) and obtain, modulo an
overall normalization coefficient, the gauge parameter in the (spinorial) y-algebra language
(see (2.35)):

2s—1 r—s

:_42 )2 I(Z—y + O, (2.54)

For later use, we also compute the boundary-to-bulk propagators for the generating function
of frame-like fields, x;*/* and \5uE/° using (2.143) and (2.138), and compute Q13 and
Q;‘;(S) using (2.134). They are

(25 — 1)(y*)*=*

ijl)d = 27(y")*2*7*0° () + (subleading contact terms) + )= + 025,
Xgild =0,
ij}[ — (contact terms of the order z*~2* and higher) + O(2*™!),
(2.55)
and
2¢ — 1 25 8
8t = —om(y")%227%6% () + (subleading contact terms) — (25 = D)™z + 025,

(.CL’_)2S

(5)}0 — (contact terms of the order 2372 and higher) + O(2*1),

XGU@’I’L

(5)— — (contact terms of the order z*~2* and higher) + O(z**1),

XEU@H

(2.56)

as well as

QP () = —2(1 — oy )w(y") > 2227*6%(x) + (subleading contact terms) + O(z5+1),

(28 - (1)(% )28 2 z° —I—O(ZS+1).

Qo)) = (contact terms of the order z** and higher) — (1 — t;)
(2.57)

Notice that the leading contact term in QH is proportional to (1 —1);); in other words, we
have imposed the Dirichlet boundary condition on the component (1 — ¢1)Q?f 2), Similarly,

for the negative polarized higher spin gauge field, we impose the Dirichlet boundary condition
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on the component (1 + ;)2

2.3.4 Higher spin two point function

With these formulae at hand, we can now compute the two point function of the higher
spin currents on the boundary. The linearized higher spin equation DyQ" = 0 can be

obtained from the quadratic part of a Chern-Simons type action:
She = — / dipy / ("5, Q" + 2W, Q") . (2.58)
We decompose the higher spin gauge field as
O = Qhedz + QM da™ + QM da. (2.59)
Modulo the equation of motion, the variation of the action (2.58) is
0Shs = — / diyy / dg;+dx—zl—2 [(Qf, 60") — (Q",600)], (2.60)

which, however, is non-vanishing under the boundary condition (2.57). To cancel it, we add

a boundary term to the action:
Shsp = — / di / d:c+dx_z—121p1 (s, ), (2.61)
whose variation is
0Shsp = — / dipy / dx+dx—zl—2¢l [(Qf7,60") + (P, 60%)] . (2.62)

Hence, the variation of the total action Shs + Shsp is

0Shs + 0Shsp = — / diyy / dx+dx—zl—2 [(1+ 1) (9%, 00) — (1 —4y) (1, 60%%)].
(2.63)
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which indeed vanishes under the boundary condition (2.57), or equivalently the Dirichlet
boundary condition on the components (1 — ¢;)Q% and (1 + ¢ )Q".

Since the bulk action (2.58) vanishes on-shell, the only contribution to the two-point
function comes from the boundary term (2.61). Evaluating the boundary integral (2.61)
using the higher spin boundary-to-bulk propagators, we obtain the two point function of

higher spin currents:

(28 _ 1)(y2)2s—2zs
(x7 —x5)>

(Js(x1)Js(x0)) = /d2x2—1247r(8y2)28_2z2_862(x — 1)
(2s — 1)!

(T12)% .

This is indeed the structure expected from conformal invariance.

(2.64)

=4r

2.4 Three point functions

2.4.1 The second order equation for the scalars

To extract the cubic couplings in the bulk Lagrangian, or the three point correlation
function of boundary operators, we need to express the master fields in terms of the physical
fields and expand the equations of motion to quadratic order. For the purpose of studying
three point functions involving the scalars, it suffices to work with the equations for the

master field B, to the second order. They are

d.B® = —[sM, g,
(2.65)

DOB(2) _ —[W(l), B(l)]*.
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Decomposing W1, BM B® as in (2.13), and restricting the second equation at z = 0, we

obtain

d,B'® =[SV 4,

mat]

DoC® = ~[Wo, BP),| _ — W'D, 4,0 (2.66)

mat]

= 2", $aChle — 22, ¥2Criai)s.
We remind the reader that CM = C{ + 1,CY), and QU = Q¢ + 4,0, and we have
set O\, = 0. The SO and W'D are linear in v, and the first equation implies B'® is
independent of 1),. Decomposing C® in a similar way as C®(z|y, ) = C’(gi)x(:dy,qﬁl) +

o mat(m\y, 1), we obtain the second order equation for the scalars:

DO,‘?D? mat - [tha ¢207(nlat] (267)
or more explicitly
DothsC2), = —hp [, C0 ), + o {0 1) 3, (2.68)

where Q" and Q°% are the components in the decomposition Q" = Qeven 4 o, Q04
We further decompose C'2), as C’,(fat( ) =D c@n aran Y-y, and specialize

(2.68) to the case n =0, 2.

0 Cmat - w ( )aﬁCmat af — UO
(2.69)

\Y Cmat aB — 2¢1 (60M)aﬁcmat - 24¢1 (60M)V607(73¢)17t4ﬁ5066 = Ui\aﬁ’

where U 0 and U?

plaraz

are the first two coefficient of the y-expansion of the RHS of (2.68).

After some simple manipulations, it follows that

(0= m?)CL = V,U% + 4y (eh) U . (2.70)
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The RHS is calculated in terms of the first order fields in Appendix 2.B.2. The resulting

the second order equation for the scalars can be written in the form

1,232
(O —m*)Cp’ = Z Cruai’”(0)Z4(v), (2.71)
where Z(y) is expressed in terms of the higher spin fields as

=) = 8 it () + (25 = 2)(2s = DX (v)]

320 {@S—{Dv-xﬁzmy) (25— V) <y>] |

(2.72)

2.4.2 The three point function

The boundary-to-bulk propagator for the higher spin gauge field satisfying the general-
ized Brown-Henneaux boundary condition (2.51) is determined by the boundary behavior
of the gauge transformation (2.54). The latter is enough for us to compute the three point
function of one higher spin gauge field and two scalars. Suppose the cubic action of a higher

spin gauge field and two scalars is of the form as the higher spin gauge field couples to the

dz
/ d*x (23) o5 T (2.73)

where the higher spin current 7#1# is a quadratic function of the scalar and its derivatives.

higher spin current, i.e.

Since the boundary to bulk propagator for high spin gauge field can be written in a “pure

gauge” form: &7 =V, 1) and the higher spin current is conserved: VT Hs=1 =

M1 s
dz
2 S s
/d (z )anuz “STM o
1
= / d%dzam( e TE “8) (2.74)

.1 s -
= —hm_3/d2x77u2wu5Tsﬂ2 /st’

z—0 2

0, we have
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which only depends on the boundary behavior of the gauge parameter at z — 0.
The RHS of the second order equation (2.71) gives the variation of the cubic action with

respect to the scalar up to some possible boundary terms.

z

B d*xdz (10 = A (1)25-2 7 o
08 = [ diby [ == n6Ch Y Craa (0,)Zs(v). (2.75)
s=2

While it is possible to recover the cubic part of the action from (2.75), in the form (2.73),
we will not need it for the computation of the three point function. The tree level three
point function is computed by varying the bulk action with respect to three sources inserted
on the boundary, and so it suffices to work with (2.75) directly, by evaluating it on the
boundary-to-bulk propagators for the higher spin gauge field and scalars. This computation
is performed explicitly in Appendix 2.B.3. The resulting three point function of one higher

spin current and two scalars is:

(O(21)O(2) J,(x3)) = —4m(s + 1 (s — 1))1(s) ! ( 1o ) . (2.76)

|5512|2J”Z1 Ty3T3
Here O and O are dual to Ceyep, + Cogg and Clpen, — Chogq Tespectively. They have scaling
dimension A, = % or A_ = % depending on the choice of boundary condition, corresponding
to Jl =1 or Jl = —1. The position dependent factor on the RHS of (2.76) is fixed by
conformal symmetry. The only nontrivial data here are contained in the overall coefficient,

which is unambiguous given the normalization of the currents. These will be compared to

representations of the Wy algebra in the 't Hooft limit in the next section.
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2.5 The dual CFT

2.5.1 The proposal

It has been proposed in [4] that Vasiliev’s higher spin-matter system (more precisely,
a version of this theory with four real massive scalars) is dual to the Wy minimal model,
which can be realized by the coset model

SU(N),® SU(N),
SU(N k41

(2.77)

This CFT has a 't Hooft-like scaling limit, in which N is taken to be large while keeping

the 't Hooft coupling

N

= 2.78
N+Ek (2.78)

A

to be fixed. In the infinite N limit, A becomes a continuous parameter, in the range 0 <
A < 1. It is proposed that A is mapped to the parameter v that label AdS3 vacua, with the

identification A = =(1+v). The undeformed, ¥ = 0 vacuum we have been considering so far

%
would be mapped to the A = 1/2 case. In the 't Hooft limit, “basic primaries” of (left plus
right) scaling dimension AL = 1+ X are mapped to the massive scalars in the bulk, whereas
all other primaries are found in the OPEs of the basic primaries, their duals interpreted as
bound states in the bulk.

A puzzle with this proposal is the existence of low lying primary operators in the coset
CFT, whose dimension scale like 1/N and form a discretuum in the 't Hooft limit. This has
been further addressed in [30]. It is unclear how to interpret the dual of such states in the
bulk.

Here we put forward a different proposal, namely that the Vasiliev higher spin-matter

system, involving only two real massive scalars in the bulk, is dual to a subsector of the Wy
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minimal model, generated by the two basic primaries of either dimension A, or dimension
A_, depending on the boundary condition for the bulk scalar field. This subsector has
closed OPE and is consistent as a CFT on the sphere, though not on Riemann surfaces of
nonzero genus, as it is not modular invariant. Hence, we believe that the bulk Vasiliev’s
system is nonperturbatively incomplete, though makes sense perturbatively to all orders in
its coupling constant (i.e. 1/N).

In a similar manner, we further propose that the “minimal” Valisiev’s system, obtained
via the truncation to fields invariant under the ¢-involution (2.8), is dual to a subsector of

the orthogonal group version of the coset model,’

SO(N)r ® SO(N )y

SOMN)ims (2.79)

Because SO(N) has only even degree Casimir invariants, the coset model contains only the
even spin currents. The real scalar in the “minimal” Valisiev’s system is dual to one of the
real basic primary operators, either ([J;0) or (0; ), depending on the choice of boundary

condition for the bulk scalar.

2.5.2 Wy currents and primaries

Let K%(z) be the currents of the SU(N); current algebra, and J%(z) the currents of

SU(N);. Our convention for the group generators of SU(N) is such that

Tr(T°T%) = —6* (2.80)

9The bulk gauge group of the minimal Vasiliev theory, in the Chern-Simons language, when truncated to
a finite (even) spin N, is Sp(N,R) x Sp(N,R). In mapping representations of the higher spin algebra in the
bulk to primaries labeled by representations of the affine Lie algebra of the minimal model, a transpose on the
Young tableaux is involved [30]. This suggests that the dual minimal model is based on SO rather than Sp
coset. We thank T. Hartman for pointing this out. Note also that the analogous Sp coset construction would
not give a Wy minimal model; its primaries are generally not labelled simply by a pair of representations,
but a triple of representations [31].
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where Tr is taken in the fundamental representation. The cubic symmetric tensor is defined

to be
d® = —iTe({T*, T"}T°). (2.81)

The SU(N);, currents, for instance, are normalized with the OPE

k K<(0
Ka(Z)Kb(O) ~ _;(Sab + fabc Z( >, (282)
where f%¢ = —Tr([T® T°|T¢). The spin-2 current, i.e. the stress-energy tensor of the coset

model constructed out of the Sugawara tensors, is given by

T(z) = W?3(2)
1 a a . 1 . a ja . 1 . a a a ay .
= v KR s T ey KO )
(2.83)

The spin-3 current W3, in the 't Hooft limit, is written as

3\2 3\
KoK g -0 Kegh g 4 JOgb e | 2.84
TSRSy J T JJC T T ( )

W?’(Z) = dabc

The normalization is such that the two point function of W3 is given by

(T+N)(2+N)
(I=X)(2-1))

(W3(2)W3(0)) = —6 N® + (1/N corrections). (2.85)

One may also construct higher spin-s currents out of the product of s K* and J%’s, subject
to the constraint that W* is primary with respect to the diagonal SU(N)gyi. This is
rather cumbersome, which we shall not attempt here. Nonetheless, we will perform one
unambiguous check with the spin-3 current.

Let us now turn to the primary operators with respect to the Wy algebra. These are
labelled by three representations of SU(N), (p, u; v); here p, ui, v are the height weight vectors

of the respective representations, subject to the condition that the sum of the Dynkin labels
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is less than or equal to the level, and the constraint that p + p — v lies in the root lattice
of SU(N). Further, it follows from the second SU(N) being at level 1 that p is uniquely
determined given p and v. Following the notation of [4], the primaries are labeled by (p; V).
We consider the diagonal modular invariant, by pairing up identical representations on the
left and right moving sectors. The basic primaries are:

O, =(0;0) @ (5;0), 04 =(00) @ (D;0),

(2.86)

O_=(0;0)®(0;0), O_=(0;0)(0;0).
In the t Hooft limit, O+ (and O.) have conformal weight hy = hy = %

Our proposal is that with the A, boundary condition, the two real massive scalars in
the bulk, combined into a complex scalar Cepe, + Cogq, is dual to Oy, while its complex
conjugate Cepen — Chaq is dual to O,. According to the fusion rule, the OPEs of O, and
O, involve only primaries labeled by the representations of the form (R;0). In particular,
the operators O_, O_ and the low lying primaries of the form (R; R) do not appear in the
OPEs of O, and O,. Thus, this subsector of the CFT closes on the sphere.

Alternatively, with A_ boundary condition imposed on the bulk scalar, we propose the

dual to the be subsector generated by O_ and O_.

2.5.3 A test on the three point function

The spin-3 current acts on the basic primaries O as

WylO-) = ClO-),

2.87)
L+ A2+ ) (
W20L) = —C ( (@)
3104 = ~Co =55 =5710%)
where C is the cubic Casimir for the fundamental representation, given by
CalO) = dupeJeJLJS0),  Co = iN? (2.88)
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in our convention. The three point function (Oa(2z1)Oa(22)W?(23)) is determined by con-

formal symmetry to be of the form

()

2137223
We will write (OaOaAW?®) = A(s) for the coefficient. It follows from the action of W3 on

the primary states that

(0,0, W3) = —iN? (1+A)2+N)

G—ne— (0-0-W9)=iN" (2.90)

If we define J©®) to be the spin-s current with normalized two-point function, namely

(JB)(2)J)(0)) = 272 (this fixes J&) up to a sign), then we have

0o 9y y-b [T 0y _ b LT A

(2.91)
o gy _ -t [ A+H)E2+A) o gy _ a1 [ (=X)(2-A)
(0,079 =N \/6(1—)\)(2—)\)’ (0-0.7%) =-N \/6(1+)\)(2+)\)’

From the bulk, we have computed the three point function (OO.J®)) in the undeformed

theory, with the result (after normalizing the spin-s current)

25 — 1 - I'(s)
r'2s—1) T(2s)

(0,0, @) = gI(s) (2.92)

Here ¢ is the overall coupling constant of the bulk theory. This should be compared with

the CFT at A = 1/2. With the identification

g= \/—N7 (2.93)

we see that (2.92) precisely agrees with (2.91) at A = 1/2. (2.92) then further makes
predictions for the three point functions (OO.J®)) of spin s > 4 in the Wy coset CFT, in

the 't Hooft limit at A = 1/2, which remains to be computed directly on the CFT side.
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Further, it would be very interesting to compute these three point functions in the deformed
bulk theory, i.e. the AdS3 vacua with nonzero v, which should be mapped to the CFT with

't Hooft parameter away from A = 1/2. We hope to report on this in future works.

2.6 Concluding remarks

In this paper, we have developed the perturbation theory of Vasiliev’s higher spin-matter
system in AdSs, to the second order. This allowed us to compute the bulk tree level three
point functions, in the undeformed v = 0 vacuum. The result passed a nontrivial test
that involves the explicit expression for the spin-3 current in the Wy minimal model (at
the special value of 't Hooft coupling A\ = 1/2). Our result from the bulk also makes
predictions on three point functions involving currents of spin s > 4 which in principle can
be straightforwardly computed (though tedious) in the coset CFT, by constructing the Wy
currents out of the spin 1 affine currents, and then taking the 't Hooft limit.

A natural next step is to move away from the undeformed, v = 0 vacuum, and consider
the deformed bulk theory, which should be dual to the CFT away from A = 1/2. In
Appendix 2.C, we have derived the boundary to bulk propagator for the scalar master field
in the deformed theory. The computation of correlators using these expressions could be
complicated, though at least one can work order by order expanding in v, which amounts
to expanding in A — % in the dual CFT.

Next, one would like to go beyond leading order in 1/N. The basic primaries in the Wy
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minimal model have exact scaling dimensions

N -1 N +1

A, = 2h(0;0) = (1+ A),
NN 1 N]\jt 1 (2:94)
AL =2h(0:0) = —— (1~ 55

Identifying AL =14 /1 + m?2, we see that the renormalized mass of the bulk scalar with

the two different boundary conditions are
A2 1
2 _ 2

m?2 = —(1-\% (1+%)_2 (1—%).

The bulk scalar propagator depend on the boundary condition (A or A_), which presum-

(2.95)

ably leads to the different renormalized masses m, and m_ through loop corrections. The
difference between m, and m_, say at order 1/N, or one-loop in the bulk, can in prin-
ciple be understood [32, 23] in terms of the tree level four-point functions, by factorizing

the difference in the bulk propagators for the two boundary conditions into the product of

2

boundary-to-bulk propagators. To compute either m* or mi form the bulk, however, re-
quires performing a genuine one-loop computation in Vasiliev’s theory. The precise relation
between the bulk deformation parameter v and the 't Hooft coupling A of the boundary
CFT, beyond the leading order in 1/N, is presumably also regularization dependent.

We proposed that Vasiliev’s system is dual to not the entire Wy minimal model CFT,
but only a subsector of it, generated by the basic primaries O, O, and the Wy currents,
or the subsector generated by O_, O_ and the Wy currents, depending on whether A, or
A_ boundary condition is imposed on the two bulk scalars. These two subsectors close on

their OPEs, and lead to consistent n-point functions on the sphere. However, they are not

modular invariant. From the perspective of the bulk higher spin gravity theory, modular
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invariance is expected to be restored by gravitational instantons (analytic continuation of
BTZ black holes), which are non-perturbative. At the level of perturbation theory, it is
consistent that the bulk theory is dual to a subsector of a modular invariant CFT. The
duality we are proposing is analogous to the statement that pure gravity in AdSs, at the
level of perturbation theory, is dual to the subsector of a CFT involving only Virasoro
descendants of the vacuum, i.e. operators made out of products of stress-energy tensors.
The latter lead to a consistent set of n-point functions on the sphere, though do not give
modular invariant genus one partition functions by themselves.

If our proposal is correct, then it suggests that Vasiliev’s system is non-perturbatively
incomplete, though makes sense to all orders in perturbation theory. One may suspect that
solitons, in particular black hole solutions, should be included and could make the theory
modular invariant. However, we are not aware of a modular invariant completion of the A
or A_ subsector of Wy minimal model that requires adding only states/operators whose
dimensions scale with N (and are large in the large N limit). The Wy minimal model itself
would amount to adding not only states of dimension of order 1, but also a large number of
light states whose dimensions go like 1/N, which seems pathological from the perspective
of the bulk theory.

It is clearly of great interest, still, to understand the bulk theory dual to the full Wy
minimal model, since the latter is non-perturbative defined and exactly solvable. It is shown
in [30] that the descendants of the light states give rise to bound states of the basic primaries,
while the light states themselves become null in the infinite N limit. It is unclear how to
understand this from the bulk. A possibility is that additional massless scalars should be

added in the bulk theory, with the non-standard boundary condition (so that they are dual
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to operators of dimension 0 rather than 2, classically). It would be an interesting challenge

to construct such a theory in AdSs.
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2.A Linearizing Vasiliev’s equations

2.A.1 Derivation of the scalar boundary to bulk propagator

In this subsection, we study the linearized equations (2.18), and solve for the boundary-
to-bulk propagator for the master field C'"),

Decomposing the CV) as in (2.20) the equation DyC'™") = 0 is written as

0 0
(1) ag, Y af, Y NA~(1)
dxcaux + 4('LU0 Ya ayﬁ + ¢160 Yo ayg)cau:c =0

9 (2.96)
(1) o, Y ~1) _ of n _
diBCmat + 4wO Ya 8yﬁ Cmat 2¢160 (yayﬁ + 8ya8y5)cmat =0
Expand Cfi()lt/am(x\y, ;) as in (2.21), we write the first equation of (2.96) as
auczglu):énar--an - 4n(w0ﬂ>(glﬁCC(L:QLL?’énBQ’Z‘“OCn) — 4nyy (6(]#)(@1606(52’27”50«’2‘“04”) = 0. (2.97)

Contracting this equation with (ef),s, and symmetrizing the indices (yday - - - o), we get

Vs O ey = 0 with Vg = €3V, (2.98)

auxr 1°Qn

which means that C\%, carries no propagating degree of freedom. We can simply set o) =
0.

The second equation of (2.96) can be written as

1)n 1),n
aﬂCfm)lt o1on 4n(w0#>(glﬁc7(nc)at Baz---an)

(2.99)

1 ,’I’L—2 a 1 n 2

~ 201 (0 @ir Ot~ ag) = 200+ 2)(n+ D (e0,)** g™ . = 0.
Or contracting this equation with (ef))as gives
(1)n 1 (1),n—2

vaﬁcmat Q1Qn + 1_6wl€(a(ﬂ€5)%0mat a3--an)

(2.100)

1 n
+ E(n +2)(n 4 Dt C 2 s, = 0.
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This equation is in a reducible representation of the permutation group of permuting the
indices. To simplify the equation, we decompose it into irreducible representations by con-

tracting with the tensor €’ or symmetrizing all the indices. First, contracting (2.100) with

o

gives
(6% n n + ]- n—
VOO e — e s CI2 (2.101)
Contracting (2.101) with %2 gives
VO s e T e )%Cﬁat 2 (2.102)

Next, we want to symmetrize the indices of equations (2.100), (2.101), and (2.102). It
is convenient to reintroduce the auxiliary y®-variable. By contracting the indices of the
equations (2.100), (2.101), and (2.102) with the y*’s which automatically symmetrizes all

the indices, we obtain

VIO ) — 160+ 2+ v C () =0,
Voo () = 0, (2.103)
VIO () — 2+ D G2 ) = 0,

where

Ot (1) = O apean Y -y (2.104)

which is the degree n homogeneous polynomial in the Taylar expansion of the matter field

C™*(y), and we define the operators

= (y¥y), V°=(y¥o,), V =(9,¥9,). (2.105)
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They obey commutation relations

VY, V] =0,
1 2 1
[VJF,V_]—Ni;g Daas — N(N+61(N+ ), (2.106)
_ L N? N3N +2)
02 _
(V) =V'V + 64DAds+ 123 .

with V' = y0, and Oaqs = —32VQBVO‘B where V,3 is defined to act covariantly both on
explicit spinor indices as well as on indices contracted with y®. Iterating the first equation

of (2.103), we get

Conai”* () = 77 (1601V7) O (2.107)
Since Cmat( ) is an even function in y®, it is totally determined by its lowest component

C0 via the above relation. After some simple manipulations of (2.103) using (2.106), we
derive
OaasConi' = %(3 +n(n+2)Cr. (2.108)
For n = 0, the equation gives the usual Klein-Gordon equation on AdSs, (2.22). The higher
components C’( . are determined by C’( . through the linearized equations of motion.
The equation (2.22) is solved by scalar boundary to bulk propagator C™*% = K (x, 2)?

for A = 3/2 or A = 1/2, where K(z,2) = It is convenient to introduce another

auxiliary variable iy satisfying 15% = 1, to label the different boundary conditions, so that
A =1+14/2. The (V*)* acting on K2 is
1 S

(VTP KA = & (H(A +j— 1)) (ySy) K2, (2.109)
j=1

and using (2.107), we obtain

1+ 1 g
Chaai(y) = <1+w1 +¢1y2y) TV, (2.110)

where ¥ = 0% — 2—§U“x“.
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2.A.2 The linearized higher spin equations

In this subsection, we study the linearized equations (2.14),(2.15),(2.16), and rewrite
them as the (linearized) Chern-Simons equation and Fronsdal equation by eliminating all
the auxiliary degrees of freedom.

The (2.15) and (2.16) imply that W’ is solved in terms of S and further in terms of
Cfiit; hence, in particular, it is linear in 1. Decomposing QW) as in (2.28), the linearized

equations are written in (2.29).

The linearized gauge transformations act by

SWW = de + [Wo, €.,
(2.111)

6SM = d_e.

Let us restrict to gauge transformations that leave S invariant, namely € = \(z|y, ;) +
Uap(z|y, 1), where \(xly, 1) and p(z|y, ;) transform Q" and Q% independently at the

linearized level. Their actions are

0 = dyp + o [Wo, 1hapls = Vap — thr{eo, p}a,
(2.112)

SO = d A+ [Wo, Als = Vo + ¥y [eo, A,
We show that ¢ contains no dynamical degrees of freedom. First consider the homo-
geneous part of the equation,

D¢ = 0, (2.113)

or more explicitly,
Va2 (aly, 1) — dreo(aly) A Q(aly, 1) + 0 (aly, 1) Aveolaly) = 0. (2114)
We have emphasized the wedge product between 1-forms, so the last terms involve the
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x-anti-commutator of the components of ¢, and 2°¢. Expand Q°¢ as

o0

Qsc(l’wa ¢1) = dx* Z QZC\;Z"'%L (x‘wl)yal .. yan_ (2115)

n=0

In components, the homogeneous equation for 2°¢ is written as

V[MQISJ}C"ZI_._% - 2¢1(60[u)(w9§|’23_~%an) —2(n+2)(n+ 1)%(eom)“ﬁﬂiﬂ’ﬁi.m =0.
(2.116)
Converting u, v into spinor indices, we obtain
sc,n sc,n—2 6T (sc,n+2 -
Vo U aran ~ 20160 @100V g0y — 200+ 2) (04 Dtone@ T =0,
(2.117)
where
€aplys = (65)(15(60#)«,5 = _6_4(@1“/555 + €as€py)- (2.118)
We can write (2.117) as
\V4 »stc,n _ iw Qsc,n—2 + i( + 2)( + 1),¢ -y(SQsc,n+2 .
(@ *B)yylar-—an 16 1€(a(a1* “B)az|az-—an) 16 n n 1€ (a)8)6aran —
(2.119)
In components, the gauge transformation (2.112) for Q% can be written as
5(2‘;0‘071% = VP, a, — le(eu)(al(mpg?an) —2(n+2)(n+ 1)1&1(@”)&6/)2;21'”%, (2.120)
or
sc,n n 1 n—2 1 n+2 (2 121)
0 o am = VapPoyan T ﬁww(a(g%)%pw) * ﬁ(n +2)(n+ DU1pa5a; 0,
Decomposing Qicﬁ?zan as
sc,(n) _ n+ n,0 n,—
aflar-an Caﬁal---ocn + 6(061(2 ﬁ)az---an) + E(Q(Oél 6@)“2@)43---0@)’ (2122)
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we find that (™" and (™~ can be gauged away by p"*2? and p" 2

. Furthermore, by sym-
metrizing (aBa; - - - ) of (2.119), (™0 can be fully determined by ¢™* and (™~

Now let us turn to the higher spin fields, €**. Their linearized equations are written

more explicitly as

V. 4 eg A Q" + QM AL eg = 0, (2.123)
or in components,
hs,n hs,n
V[HQVHal---a 47’L’¢1 (60[;1) Q ‘50@ an) 0. (2124)

Replacing [puv] with spinor indices, we can write it as

hs,n hs,n
V0 ) s, — 4108016007 (00 D Bylsan-an) = 05 (2.125)
or
V th o 1 QhS,” Y 1 th,n . (2 126)
B)vlai-an + En¢1€(ﬂ(a B) |vaz-an) T ﬁn% (a1 |B)az-an) — 0. .

(n)

Let us decompose Qa Slocr-

-, I0to the irreducible representation of the permutation group of

permuting the indices as

hs,(n) n,4 n,0 _—
aflar-an Xaﬁal o, + e(al(ﬂxé)ag---an) + €(a(a1€B)az Xag-an) (2.127)
Conversely,
hs,n
Q O‘B|OC1 OCn) Xaﬁal"'an’
hs,n _n + 2 n,0
D" 01 haan) = 5 Xaieans (2.128)
hs,nvyd n+1 n,—
Q ! |ﬁ/5a1"'an72 = n — 1Xa1n.an72'

Next, we want to also decompose the equation (2.126) into the irreducible representation of
the permutation group. Symmetrizing all indices (afa; - - - ay,) in (2.126) gives

1

v(al Xag- an+2) v(a1a2Xa3 ant2) 16 ¢1X@1 “Ong-2 =0. (2.129)
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On the other hand, contracting (2.126) with e** gives

VQVQﬁﬂaOQ...an + VBFYQaﬂaaz...an

n (2.130)
1 «
76 [0 +3)0% ey e + (0 = D)€z hsag an) T (1 = 1)Qa(asls“ag-an)] = 0.
Now symmetrizing (Bas - - ) gives
n+2 _ n + 2

VN V(m X am + YV (ar02 Xy ) — wl X2, =0, (2.131)

Alternatively, contract (2.130) with €722 gives
n+2 2(n+1)(n—2) _ (n+2)(n+1)
76 _ ¥ n, —
n \ “/5111 QU —2 n(n_ 1) \4 (OllXaz “Qn—2)Y 8(n ) wl Xayan—2 — 0.
(2.132)

As in the previous subsection, we reintroduce the auxiliary variable y“, and define

X () = X o, U™y,
Xo(U) = Xoan ¥ - Y™, (2.133)
Xn (Y) = X\ mann¥™ Y™,

and so

1

hs,(m), \ _ + 1 0 - 9.134
Qs (v) DI H)@aaﬁxn (y) + ny(a(?mxn(y)waygxn (y) (2.134)

The three equations derived previously for y, (2.129), (2.131), and (2.132), can now be

written as

1 n
—— VO (y) + §V+x2(y) — 1—6wlxi(y) =0,

n—+2

(n+2)1(n+1)v_><:(y>—%Voxg(y)— nywxg(y) ””wl O(y) =0, (2.135)
n+2 __ 2(n+1) 0\ (n+2)(n+1)  _

_7n2(n_1)v Xn(y)—ﬁv ~(y) + 80— 1) Yix, (y) =0
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Now expand xf /% in Uy,

X = XBE + i (2.136)

We can now solve Xepen in terms of xoq4:

. 161 1 .
xe;:n<y>=—[ VW) + 5V odd<y>],

n |n-+2
nggn(?/) = ni? {(n+2)n(n—|— 1)V_X2d:zr( y) — VOXodd( ) — (n+2)V+X otd W) 5 (2.137)
Xeven(y) = % [ﬁv‘x%&(y) VO Xoad (Y )] :

At this point, it is convenient to use part of the gauge symmetry to gauge away x°,, com-

pletely (we will show this in the later part of this subsection), and then write

16 0., n,+

n,+ _
Xeven(y) - n(n + 2)v Xodd (y)
8 n
no () -t + 2.138
Xeven(y) n_|_2 (n+2)(n+1)v Xodd (y) (n+2)v Xodd (y) ) ( )
16y

n,— — \v4
Xeven(y) n(n + 2) Xodd (y)
Plugging back in (2.135) (with x%,, = 0), we obtain (the second equation is automatically

satisfied because of the second equation of (2.106))

ST+ e VTV )~ AT ) ~ e ) =
(n+ 2)?71 + 1)n(V‘)2xZ;i§(y) A Q)V V' Xoaa () = %(VO)2 oad (Y)
TR
(2.139)
By using (2.106), we rewrite (2.139) as
Mm+8—n? . 16

OasXoaa (V) + = Xoaa (v) + o 1)V+V‘XZ’£(y) — 16n(V*)*xo (y) = 0,
_— (n? +2n +4) _— 8 C e 8 _\2. m,
OadsXogq (V) — 4 Xow (y) — ngrv Xoaa (U) + m(v )Xo () = 0.
(2.140)
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Now let us examine the gauge transformations on y*. The gauge transformation on the

components of Q"7 is

hs,n - n n n

5Qa5|o¢1~~an - vaﬁ)\al"'an - 1_6w1€(01(9)‘§)a2---an)' (2141)
In terms of Y™, we have
5XZ’1-t'an+2 = v(alaZ )\ZS"'an+2)’
2n n

’I’L,O — n n
5Xa1---an - n+ 2V(alﬁ/>\a2---an)’y -+ 1—67#1)\0{1,”0{“, (2142)
5X(x’1"'05n72 = n +1 K 'yéoq---an,g‘

; n n _ \n n n n0 __ n,4+ | n,—
Expanding A" as A" = AL, + ¥\l we can use A7, to set x.o, = 0, and X, Xooa

transform under gauge transformation generated by the residual gauge parameter A, as

X (W) = =V Xoaaly),
_
n(n+1)

(2.143)

OXoma (y) = — V™ Aoad(y).

It is very useful to rewrite the equations of motion in the metric-like formulation. In the
metric like formulation, we have the metric like field ®,,,...,,. which is totally symmetric and

satisfies the double traceless condition:

orv = 0. (2.144)

Py s fs

P,,,...u, satisfies the Fronsdal equation (2.39), and transforms under the gauge transformation
as (2.40).
We show that the Fronsdal equation (2.39) and the frame-like equation (2.139) are equiv-

alent. Let us decompose ® into the irreducible representation of the Lorentz group as

M1 ps

o4



Chapter 2: Higher Spin Gravity with Matter in AdSs and Its CFT Dual

in (2.37). Plugging this in to (2.39), we obtain

(O- mz)&u“'us + (0O - m2)g(MXﬂz3'“ﬂs) = SV (i V0 1)

+ (25 = 3)V (Vi Xpus o) = (8 = 2)Guapa Vias V" Xpapaa-as)

— 2(25 = 1)g(upu2 Xug-as) = 0-

Contracting this with g"#2, we get

(2s —1)(0— m2)Xu3~-us = 5(8 = VIV E s (28 = 3) DX g

+ (25 = 3)(s = 2) V'V (3 Xpupaa-s) — 2(

— (5 =2)(5 = 3)9(usps V"'V X i) — 2(25 — 1)2)(”3...”3 =0.

By using the formula

8 = 2)V (us V"X s 1)

VIV s Xprane) =V (s V! Xpapa oss) — (s = 1)Xpgopre

we can simplify (2.146) as

(25 = 1)(O = 1) Xpugoue — 5(5 = D)VEV Epg sy + (d 4 25 — 5) x5,

+ (25 = 5)(8 = 2)V (us V"X pupuaons) — (28 = 3)(s — 2)(8 — 1) Xpgopis

—2(2s — 1)2)(”3...”3 — (5 =2)(5 = 3)9(usa V"'V X ) = 0-

Defining

gs(y) = ya1 t 'ya% (66“>a1a2

Xs(y> = ya1 U yazs (60 )a1a2 e

we can write (2.145) and (2.148) as

T (egs)a2sfla25£ﬂl“'ﬂs7

16
Oaas€® — s(s —3)& + ———VTV € + (25 — 3)(VH)*x* = 0,

2s — 1

64

4
Oaasx® — (8 — s+ 1)x* — ;VJFV_XS -

55

(2s —1)(s—1)(2s — 3)

60 )a2575a2374Xu1---u3727

(V7)% =0,

(2.145)

(2.146)

(2.147)

(2.148)

(2.149)

(2.150)
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We can then identify (2.140) and (2.150) by

s— s s—2.— 2s—3 s
Xoag "= Xew = —mx : (2.151)

. . 25—2,+ (s),% ;
Later, we will also write x,,,”~ as X, for convenience.

Let us also analyze the gauge transformation. Plugging (2.37) into (2.40), we have

0& iy s + g(wéxusmus) = V(i Mpig-oopss) - (2.152)
Contracting this with g#'#?, we obtain

s—1

Wpvpe = 5o V' M- (2.153)
It follows that
o&*(y) = Vn'(y),
16 (2.154)
ox*(y) = — Vi (y).

(2s —1)(2s — 3)
The gauge transformations (2.143) and (2.154) are also equivalent by the identification

(2.151).

2.A.3 Derivation of higher spin boundary-to-bulk propagator in
modified de Donder gauge

The Fronsdal equation (2.39) can be easily solved in the modified de Donder gauge
proposed by Metsaev in [28]. As in (2.28), we define the generating function ®*(z|Y") of

the metric-like higher spin gauge field ®% . The field ®*(z|Y) is related to x**~** and

X28—2,+ by

ngld_z’Jr(y) =& (y) = ¢S(Y)}YA—)€Aa6yay5’
25—2,— 2s =3 2s =3 0?Ps(Y)

Xodd (y) = _mX (y) = _64(25 _ ].)(S — 1) Y2 }yA_,eAaﬁyay,ﬁ"

(2.155)
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Using the variable Y4, we can rewrite the Fronsdal equation (2.39), the gauge transformation

(2.40), and the double traceless condition (2.144) as

0
Oags —s(s—3)—YADA——_D"B
( AdS S(S 3) 8YB

1o 4 a5 g 0 0 _ aya 00 s _
5 DYDY o YAV e | (V) = 0, 15

60%(2]Y) = YADAn  (z|Y),

0%\’
(572) @) =0

where D4 is the covariant derivative acting both on explicit frame indices as well as on
indices contracted with Y4; in particular Jaqg = D4 D4. As proposed by Metsaev [28], one

then perform a linear transformation:
O(z]Y) = 2 INTI?®D% (2]Y), (2.157)

and the inverse of it is

5 (2|Y) = 22II* N p(z]Y), (2.158)

where the various operators are defined as

1/2
o (2UT(Wy + N = )TNy — 1) /
F(N? — %)F(?Ng + NZ — 1) ’

2 . 2
m*® = Iy 4 Y2 ! <a N tl 0 )

A(Ng+1) Y \oy2 Ny ov=
2 = Ty + Y22(2N31/ + 3)HY (aa;z - 2Nj+ 1 818;) ’ (2.150)
H?EH(?,O,N?,%,O,Q), 1Ty EH(?,YZ,Ny,ﬁ%,%,?)),
. e B2 n
N?:?.(%, szyzagz, Ny = Ny + N,.
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The modified de Donder gauge condition written in terms of the field ¢(z|Y) is:

Co(x]Y) =0, (2.160)
where 5 52 52
- - 15 = 1
CE—_,'a——Y'a—_,—‘——€1 = —élﬂl,
oY 2 oy? 2 9y?
2
I'=1-Y? L 8% ,
4(]\737 +1)9y?
2s — 3 — 2N,
€1 = €11 5z+2— )
< (2.161)
_ 2s —3 — 2N, _
o (0 BTN
2z
0
€1,1 [ €1,1 faYz’
2s —2— N, \1/2
/ 5(23—2—21\]2) ’ ©
In this gauge, the equations of motion is simplified as
1 1 3
2 _
O+ =S = =36 =0, (2.162)

where ¢, (z|Y) are the components of ¢(z|Y) expanded in Y as in (2.46), and the general

solution of this equation is

6(7, 2|¥) = CT (7, V)2 s (215]) + O35, Y )v/ZYs -1 (2]5]), (2.163)
where we Fourier transformed ¢, (z]Y) as
o (z|Y) = / Pz ¢, (p,2|Y) 7. (2.164)

Notice that p is imaginary momentum. We can Wick rotate back to the real momentum
by p'— ip. For the purpose of computing the boundary-to-bulk propagator, we can simply

replace J,_1(z|p]) and Y,_i(z|p]) by i "H K, _1(x).
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Next, let us solve for the functions C7(7,Y) and C%(p,Y) using the double traceless
condition and the gauge condition. Let us first look at the reduced double traceless condition.

It is convenient to define
Yt=Y'4+iV? and Y =Y'—ivV2 (2.165)

The double traceless condition (2.43) can be written as

< 0 i)zcr(ﬁ,?):o. (2.166)

oY+ oY -
The general solution of it is
CT(p.Y) = (DY) + ()Y (Y )T (YY) L ()(Y ) (2:167)

for r > 2. For the r = 1,2, we have
C'pY)=c Yt +cY™ and CHY)= (YH2+E YTV~ +2 (Y7)R (2168)

Next, let us consider the gauge condition (2.160).

o) = (2 5= L7 L L P ) S v (2T
x - a? p 9 pa?2 2618?2 1 s r\D,

R 8_2+1 Z€<2s+d—4—]\fz>1/2 5 4 25 d—5-2N. 5?2
2s+d—-5—-2N 2s+d—4—-N,\1/2 0
— z z z H/ str , ’ Y
0 22 )€<2s+d—4—2Nz> oY > }ZO( ) (D 2Y)

B (az 27’+d 3)( t:tld_23>1/2sy H'} ¢T(P72|Y)
_E(az_2r2;1>(s+27’r—1>1/2s;rn,] r(ﬁ,ZD?)

(2.169)
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The gauge condition can be written as

p 0 1y ~82) l/s+r 1/2< 2r+1) 0?
- TS __'Y——o r +_ 82—"_ = Wy
(p gy 2p Y2 Ori1 2 <2r + 2> 2z 3Y2¢ 2 (2.170)

~e(o. - T ) () e e =0

with p = |p]. Plugging (2.163) into (2.170), we obtain

= S ¥ 1/2 2
<p 0 Ip Ya )Cr+1_|_1<5+7’> 0 Or+2

p oy 2p  ov? 2\2r +2/  py2
o " ir—1)ayvz)
or more explicitly,
+ - + - 1/2
lp—m o (v 4 Z’—W)ma_} o+ 4 2( il ) 8,0 _Cr+?
b b P b art 2 (2.172)
c 2r s r—1 " -

with 0y = Oy+. Plugging (2.167) and (2.168) into the above equation, we obtain

e (g ) o DR @ + -0 2Ty ) @) =0,
(2.173)
and
)+ 5(m) (s =+ D) + 2= )P () +2(7, ) T (e ) =0,
(2.174)
for r > 2, and in the cases r =1, 2,
+ 5\ 1/2 s+ 1\1/2
2%@@) +5<§) (s — 1)k (7) + 2( v ) 2%, () =0,
- 1/2 1\ 1/2
2%&_(5) + 5(%) (s — 1)cl (7) + 2(81' ) 26 () =0, (2.175)
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We can consistently set ¢, _ =0 = ¢ for r > 2, and obtain
p+ T S + T - 2 1/2 T— p_ T
)+ a<m) (5= r D) + 2P () =0, (2170
and
- +r—2\1/2 +
e @ re(S ) s—r D@+ -0t @) =0, (2177)
p 2(r—1) p
for r > 2, and
P, $\1/2 1
2L )+ (5) s =nem =0,
p_ 9 S 1/2 1
of 2 () + 5(5) (s — 1)l (5) = 0, (2.178)
p
p+ p_ S 1/2
Lo+ +2(3) ) =0,
p p 2
for r = 1,2. The solution to the above recursive equations is given by
_— s! 257(s — Dl(s+71— 2)!( pt e
T 5= )l (r—1)1(25 — 2)] p ) G+
(2.179)
! 2577 (s —1)! —2)! -
P (= Dls+r =2y,
(s —r)lr! (r—1)1(2s — 2)! P
and
2572l(s — 1 P 2572gl(s — 1)!
_ P s s A 2.180
Starting from here and in what follows, we set ¢ = —1 and only consider the positively

polarized fields by setting ¢® _ = 0. Plugging (2.179) and (2.180) back to (2.167) and

(2.168), then back to (2.163), and Wick rotating to the real momenta, we obtain

o(p, 2|Y, Y?)

— —r)lr! P

-—1 28_28!(5_1)! p_+ SCS +y —(yz)s—2 o p
vi ’/—(23_2)! (p) LYY (YRR (p2).
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Using the transformation (2.158), we arrive at the expression for the boundary to bulk

propagator in momentum space, in the modified de Donder gauge,

*(p, 2|Y)

= 2 1™ N(F, 2|Y, Y7)

S [e’e) (_1)ni1—rr(s —n— %) S! p+ s—r ) s
— r Yyn(yz)s-r ny-‘rrs K.
st L 4”n!F(s— 3) (s=r—=2n)lrl \ p ¥) (¥T) ezl (p2)
- T(s—n— %) (s —2)! P\’ 2 29 -
— ) SLYPH(YR)TETY Y 2K .
+nz 4"n'F (s—1) (s—2=2n)!'\p YY) K (p2)
(2.182)
In terms of the frame-like fields, using (2.155), we have
s' S—=r ST S—r
7 2l) =5, 307 s A M O e T )}
r=0
X(S),—(ﬁ z|y) =¢ S zs:ir (s —2)! p’"_l(p+)8_’"(y1)8+’"_2(yz)s_’"_zzKr_l(z|ﬁ|).
odd A7 225 —1) — (s—r—2)lr!
(2.183)

2.B Second order in perturbation theory

2.B.1 A star-product relation

Let us write the following useful formula for the star-product:

(m+p)l(n —m + p)! - )
A( ) ¥ B Z (Z Z [m| n - m>' Aoq---ap(ﬁl--ﬂmB 1 pﬁm+1"'ﬁn) yﬁl . yﬁ

n=0 \m=0 p=0
(2.184)
where A(y) and B(y) have the expansions:
=3 Aupeany®™ -y, and By ZBM Y™ (2.185)
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(2.184) follows from writing the (m-th) % (n-th) term as

(Aar--amyal U yam) * (Bﬁr'ﬂnyﬁl e yﬁn)

= (=) AT (Yo, +

0
%) o (yam + ayam)Bﬁl‘“ﬁnyﬁl .. yﬁn

n'm'
_ Z _ p)‘p'Aal...ap(MBoq apM)yaerl . yamyﬁp+1 . yﬁn'
p<m,n )

(2.186)

2.B.2 Derivation of U%* and U2|aﬁ
The purpose of this subsection is to compute the RHS of (2.70).
By using the star-product relation (2.184), we obtain

[Qeven C(l

mat]

(et oA,

_ - (n i(m+p)!(n—m+p)!

(2.187)
The U; and U7, ,, are coefficients of the components in —[Q*", C 1, + e {Qedd ¢y,

which are independent and quadratic in y. They can be written as

UD =y Y pl(1+ (=)0, oo, (2.188)
p=0
and

[e.e]

Ul(jflﬁ - Z (p + 1)(]9 + 1)'(1 — (_)P) even C(l Q- apﬁ)

plo o (™~ mat
p=0

p+2' ° a1 - p+2' o
vy Py ot e S PR a0,
p=0 p=0

(2.189)
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p'm!(n —m)! (1+ (=70 ‘ap(Br--Bm B Cmat ™" pﬁm+1---ﬁn)> Yy
m=0 p=0

g

even 1) -« X
p'm'(n — m)' (1 ( ) )Qal “ap (B Bmcmat ! p5m+1 Bn)) yﬁl e -yﬁ

B
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We first compute V”U,SO):

af|ar--ap —mat aflag-a

VAU = = 3201 3 pl(1+ (2)7) (V00 o™ 7 o Qe VOl )
p=0

« ,+,0 1) ay-ap ,—,0 1) gy
= — 8201 3 pl(L+ () (VOO Ch™ % & Vs X O™
p=0

dd 1 _ 1
+Xigéf-~-apvaﬁcr(m)ual o +Xp7 ~7~Oddvalazcr(nt)zta1 aP)

ag--p

—32 Y1+ () |Clr o) (e

o) V*xi’aé(y))

(V+COID O ()
(p+2)(p+1)

+ <v—c,5iif><ay>x5;l;<y>] ,
(2.190)

where we have assumed the gauge condition XZ&% = 0. Using (2.103) to express Vinic)f in

terms of C'\VP£2

at, we have

VU =324 i(l + (=) [Cfii’f’(ay) (( vV Xou(y)

— p+2)(p+1)

1),p4+2 ,
Cr(nt)ztp+ (8y)X€dZ(y)
16

+1

+1 _ -
2D s 2<ay>x’;;id<y>] .

Next, we compute (efy)*’U ;(1,‘221(5:

ar-opB
t

ey 2 - (p + 3) (p + 1)' 1,0,even ~(1
() Uyas =D 5 (1= (=)o a3 Cona
p=0

= (p_l_ 2)' O 1 1y X
iy (1+ (=P el enoved
p=0

2

oo

+3 + 2)p! —,0 oy
Y WEIOEIR |y gty oo

2 a1-0p

o

p=0
= PEICZER oo, o) + v 3 T 0o, v

p=0 p=0

b 3 DDA+ P o n

2 mat X odd
p=0

(2.192)
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p+1,0

by’ in terms of

where we have assumed the gauge XZ;J% = 0. Using (2.138) to express x

p+1,+
Xebt and X211 we have

o - dp+1 _ -
(U, = X (1= (MO0 | 3 )~ A+ 3T )
p=0
(14 ()P +3)(p+2)(L+ (—) -
i3 W ot i) 4y 3 LR E AL P iz,
p=0 p=0
(2.193)
Adding the two terms (2.191) and (2.193), we obtain
vrU© + 4¢1(60)°‘5U(|2aﬁ
=430 ) [ @)X w) + (b + DpCod ™ (0)Xbialy)] (2.194)
p:
P10 Y (14 (P)C0,) | sV ) — V)|
p=2

2.B.3 Computation of the three point function

In this subsection, we compute the three point function of a higher spin current with
two scalars by explicitly evaluating the integral (2.75).

To begin with, let us turn on boundary sources only for the C,,., component of the
scalars in (2.75). It is convenient to decompose =, as =, = =F + =0 + =7, with = being
the homogeneous polynomials in y of degree 2s, 2s — 2, and 2s — 4, respectively. The action

(2.75) splits into three terms. The terms with =% have already been of the form (2.73). For
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the term with =, we need to perform an integration by part:
dz o
/dzz <_3) (a )5Cmat Cmat2 2
dZ 1 _ s s),— s—
= /diL’ (z ) 32y <(28 — l)v X(()d)cf_(ay) — (25 — 2)V+X£d)d7 (8?;)) 502@ Cr(riaf ’

1 s— s
= /‘d':(:2 (;) |i_ 4mX(()dd (a )5cr(nlat Cr(nlat2 ? 48X (8 )5Cmat Cmat2

+ 4(28mar — 2) X (0))0C 2 (0, Chni™ > 4 2(25 = 2)2(25 — V)Xo (9,)0C 0 Chas™ ™

odd mat ~'mat
(2.195)
where we have used (2.103) to express VEC )7 in terms of C'7*? The variation of the
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action 0.5 is then given by

dz s), s s—
65 = /d2.flf (;) |:ng)d+(8y) ((8 48)6Cmat Cr(nlat2 - (28 - 1>507(nlat Cr(nlat2 2)

+ 4 (0,) ((25 = 2CLO,)ChuE T +2(s = 1)(s + (25 = DICLLIC, 35_4”

_ / & d_j VEN,) [ (8 = 4s)3CH CONE — d————0C NP CR 0z
z (2 1)
_4V_)\(8y)< (231— 1)50;} (8,)C 12572 (5 4+ 1)sC 012 4)
1
- _/d2$dzaz |:Z )‘(a )a a ((2 - S)écr(riat Cr(rimgs - (2 _ 1)5Omat Cmat2s 2)

1 s— s—
- 5000 0,) (5= 0C 0O 2+<s+1>50,5;t et

. 1 s .
= lim d%; {A(ay)aylayg ((2—3)5Cm s o 1)5Cmat 2ol 2)
+ (000,20) (9,) (2—_60 PO (s maccii ) |
2s5—1
=4 hm d2l' Z — xg y2)2s_r(_ay1)r <( )5Cr(r1at Cr(rimgs - (28 . )5Cmat Cmat2s 2)

= (25 —r =) = 1)(@,)* " (=0,)"? (28 — 000 () Conai”™ ™ - (5 + 10C0 O™ 4) ]
= (551 + 552 + 553 + (554,
(2.196)
where we substituted the boundary to bulk propagator for X(()Z)f and X(()Z)Lf in the “pure
gauge” form, and we also performed the similar step as illustrated in (2.74), and we used
(2.103) again to express ViC,(mt in terms of Cmatp *2 For the convenience of the later

computation, we have split 4.5 into four terms 6.5 = 657 + §.52 + 653+ 0S,. We will compute

these four terms one by one in the following. The next step is to substitute the boundary-
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to-bulk propagator for the master field cW) . We first expand C’mat as

mat*

: _
Choar(y) = (1+w1 leZy) R

i Sl (1 +s(1+ @bl)) (ﬂ) (yy) K7

_ 2 ?/)!1 (1 +s(1+ %)) [(Z - x:x_)ylyz e+ PPt | KR
w s U U—w
- 3 (1+31+¢1)Z%§%2% (s —u)(u—w —v)lw!

X Zu—w—2v(_x—)w—l—v(x+>s—u+v(y1)u+w(y2)2s uU— wK1+ +s

(2.197)
In particular, the piece of homogeneous degree 2s is given by
C ) = (104 00) T35
ma _ _ — ) laply!
u=0 w=0 v=0 S U u U)UJU (2198)

% Zu—w—2v(_x—)w—l—v(x—l—)s—u—l—v(yl)u+w(y2)2s uU— wK1+ +s

where K = 57— is the scalar boundary-to-bulk propagator. Near the boundary, K L1

has the following expansion

i |
K1+ — N ﬂ.z (8 q ) 2q+1———s(a 20, )q52({E) 1+ Lts . +
T (1+ s+ 1"1) aFrts

(2.199)
where we keep only the leading analytic term and the first s contact terms. The subleading

terms will not contribute to the three point function.
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Let us first compute 9.5].

0.5,

2s—1

= 4lim d?:goz 2—5 = 2 5720,2) % (=0, ) SO (20) O ()
03

2s—1 s 2u-—r

(2 —s)rl(2s — r)l(—1)" vt
= 4lim [ d (1 (1 )
= xOZQﬂl s+ UZOUZO (s —u)l(r —u)!(2u —r —v)l!
u—20—85— — \r—u+v s—u+v 1 1+w1 1+w1 +s
x 2472 (o) " () ﬁ o Ko ?
o3)
2s—1 s 2u-—r

(2 —s)rl(2s —r)l(—1)"utv

—4/d2x02¢1 <1+81+¢1)ZZ (s —u)l(r —u)!(2u —r —v)lw!

u=0 v=0

To1) ————(20)" (25) O —=
F(%)F(H%) xﬁgwl”s PR g

) 2 I g(qg+7r—s)! o 1 1 }
+5vu sTT 0°(x o\ s+n8n7 - _ 7
. ;F 145+ %) (w2) 2 it —s 1%\ Gy e
(2.200)

where we have substituted the boundary-to-bulk propagator for 5Cmat (z01) and C’mat *(zo2ly),
and the Kj;; stands for K ‘ ~, and we have substituted the expansion (2.199) for K;;. In-

tegrating out the delta functions gives

2s—1

0.5, :42(2—5)1/;19 (14_3(1_‘_12)1)) {2W¢1 (2s —1)! 1

(s —r)! x?;ﬂﬁl(

Tyo)* T (wy3)"

rl(2s — )T (s — +ﬂ 1)¢—s ., 1
Y (25 = )5 — g + 3)g!(~1) o ((_ ¢>]

=0 g=0 ( s—u)!(r—u)!(u—r—q+s)(u+q—s)F(1+s+w1)( —r)! To3) Ty
(2.201)

Similarly, let us compute S and 655 as follows. Substituting the boundary-to-bulk
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propagator for the master field C’,(nat, we have
Bl o2
s Z 5T (%_S)Aayz)%-f( ~0y2)"0C 0 (101) Conai”™ ™ (202])
. = ~ 2+ L
= —dlim [ d xoz BT %3) U (14 (s =D+ 00) 2+ b Koy 7 Ko
{iﬁfl rl(2s — r)!(=1)"
= = (s—u—DI2u—r+1-v)l(r—u—1)h!
% %1%1) pRumos=1(_ o yrowbv=l (g ys—utv-l
s—1 2u—r+2

T!(2S - T)'(_l)r —\ 2u—2v—s —\r—u+v—2/ ..+ \s—ut+v—1
* (s—u—1DQ2u—r+2—-0v)(r—u-— 2)!1}!(_%1)Z (=762) (752)

rl(2s —r)l(=1)"

+\ 2u—2v—s—-2¢( . — \r—utv .+ \s—utv—1
« (s—u—1)!(2u—r—v)!(r—u)!v!<x )z (=202) (702)

Y

(2.202)

and

2s—1 r—s—2 1

083 = —4lim dxoz @D

X (8,2)25 72 (=81 ) 26O (2011, OO (woay)

Pl 2s—r—1)(r—1)

2s5—1
1 1 - -
= 41 d? 2s —r— 1)(r — DS (1 —1)(1 2
0 " r—1 (25 —1) (x(?g)r( s—r=Dlr Wl( + (s = 1)( +¢1))( + )
TS oA (r—1)1(2s —r — 1)I(=1)r
o1 02 e = (s—u—12u—r+1-0v)l(r—u-1)h!

. - 2“§:+2 (r—2)1(2s — r)(=1)""}

2u—2v—s(_ . — \r—utv—2(_ .+ \s—utv—1
Gou_Dl2u—r12—0)(r—u_2)l (=20) (%)

(z01)7

T!(2S —r— 2)' r u—20—8— —\r—u+tv s—u—1+v
- (s —u— 1)!(2u—r—v)!(7’—u)!v!(_1) (wg0) 272 (g )T

(2.203)
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These two terms can be combined as

0S5 + 053
2s—1 2+1111 ¥ s 1

_ _45—% AP Z 0 (1 +(s—1)(1 -0—1;1)) (2 —0—151)K01 > Ko @

s—1 2u—r+1 7“—1) (QS—T—l)!(—l)T
[Z Z (s—u—DQ2u—-r+1—-v)l(r—u—-1h!

u=0 v=0

% zl 1'1 ) 2u— 2v—s—1(_xa2)r—u+v—1(xa—2)s—u+v—1
s—1 2u—r+42
(T _ 1)'(28 _ 7,)[(_1)7“ -\ 2u—2v—s —\r—ut+v—2/,.+ \s—utv—1
+u:0 — (s—u—1)!(2u—r+2—v)!(r—u—2)!v!( To1)? (=0z) (202)
s—1 2u—r

r!(2s —r — )I(=1)"
+ ( ) ( ) +) 2u—2v—s—2(_xa2>r—u+v(x+ )s—u—l—v—l

(s —u—D2u—1r—v)l(r—u)h! 02

[en]

v=0

u=

= U1 + U2 + U3,
(2.204)
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where we have split 0.55 + 0535 into three terms Uy, Us, Us. These are computed as follows.

2s—1

= =4 [ @20 Y0 (14 (5= D1+ ) 24+

i o 1 1 1 (r—1D!12s—r—1)!
XZ;[ 2+ ) S ) Gy (5= = Dlu— 1+ DI — = Dl
~47T 2(401) ~1 1 1 (r—112s —r—1)!
2 + 1 22 (202)* " (2g3)" (s —u = Dl —r + Dl(r —u — 1)lu!
+*1 (r—1)!(2s —r — DIT(s — 1 — g+ L)gl(—1)=+o+!
= (s—u—DWu—r—qg+s)(r—u—1)! (q+u—s+1)'T(s+w1)(s—r)'
2 T S—T 1 1
<) <x§ﬁ1 <xas>*> }
= - 104, —8 (25— 7 —1)! 1
——4Z;m(1+@—JX1+¢o)@+wo[ T e
gt (r =125 —r — DIT(s — 1 — g + L)gl(—1)=+at!
_'_
§qzo u—l)!(u—r—q—l—s)(r—u—l)(q+u—s+1)'T(s+w1)( —r)!
S—T 1
s (xﬁ%%xgr>}’

(2.205)

2s5—1

U = —4?_)10% d*z Z; (UH (1 +(s=1)(1+ @Zl)) (24 41)

1
(203)"

s—1 2u—r+2 r—1)1(2s —r)! o I
’ ; ; (s —u— 1)!(2<“ - T>+< 2 - U)>!(7” —u—2)l! (=1)"(=z01)(—2g2) (252)

1 1

Nl-—q+% 1

« |:7T ( q IZ 2 )(axo axo )q5 ( ) w = Z2u—2v+2q
= ¢T2+4) Log

s—1 ’Z’l
1 s—1-
WZ (s q+ 3 )Z2u 204+2g+4— 28((‘9 +0,- )1 52(x02) )

2 7 4 7 :r: Ty
o AT+ %) '

=0,
(2.206)
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and
42SZI¢ <1+ 5_1)(1+¢1))(2+@51) 47T~ (28_70_1)!07 1
= Lo e DU R i) )
Reke D(s — 1 — g+ S)r1(2s — 7 — 1)lglr(— 1)1+

=0 uZOF(S—i—J}l)(S—U—l) (u—r—q+s—Dr—uwlg+14+u—s)(s—r—1)!
()]
’ $2Irw (231)(223)"

where we have substituted the expansion (2.199) and taken the z — 0 limit. Finally, let us

(2.207)

compute 05y:

25—1
05, = —4hm d*zo Z (25 —r —1)(r —1)——2""2(s+ 1)
—1 (2o3)"

X (D,2) 22 (=8,) 2800 (w01 Cona® ™ (0sy)

2s—1 - -
) o 1 I R W I 1Ok ~
_ 2 § : _1\r—2 3 2 1 _
s—2 2u—r+2
> S - 2) (T - 1) (28 - = 1)' 2u—2v—s(_ — )r—u+v—2( + )s—u+v—2
o _ 2 _ 2_ ) (/r,_ _2)' | x02 ':UOQ °
= = (s —wu u—1r-+ v U vl
(2.208)

After substituting the boundary to bulk propagators and taking the z — 0 limit, we obtain

2s—1

05, = —4 Z(s + 1) (1 +(s—=2)(1+ Q/~11)>

y { F(%) 1 (r=1)2s—r—1)! (a5)" % (ay)"?
i = = —
D(1+ %) zppt>? (s—r)! (213)"
=2 52 T(s—2—q+%)(r—1)!2s—r—1)lg!

ST 14 (s —u—2)u—r— gt ) —u—2)g+u—s+2)(s —r)l

(2.209)

The three point function is proportional to 65 = 65| + U; + U3 + 6S4. One can simplify
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the above expressions and compute the full three point function directly, but since we are
only interested in the overall coefficient whereas the position dependence is completely fixed
by the conformal symmetry, we can take the limit in which one of the two scalar operators
collides with the higher spin current, and extract the overall coefficient.

- - -

Let us define the variables yi© = 27 — 23 and 33 = x5 — 23, and consider the limit

y1 < yo. The various pieces of contributions are given in this limit by

. 11
S —4(2 — syt (1+ s(1 27y sl ——
1 —4( s)@Dl( + s( +w1)> TS s )

- - 10¢ — 8 1

Uy — — 4¢3 (1 +(s =11+ wo) 2+ wa%ﬂs — D=0 )
1

- - dr 1 —311 (2210)

Us = — 445 (14 (s = 1)(1+ 1) @ D) sl
INES 11

55— = A(s + 105 (14 (5 = 2)(1+60) ) m (s— 1)(s —1)!

D+ ) i) g+
Summing these four terms, and recovering the full position dependence using the conformal

symmetry, we obtain the three point function of one higher spin current and two scalar

operators:

— — ~ 1 T *
(O +0) (21) (O +0) (1)) = 8+ (s —~ D)1+ (I (22 )
|21 ]2HY1 \ X303
(2.211)
Note that since we have turned on the sources for C.,., so far, the dual scalar operator is
O+ O. The three point function involving an insertion of @ — O, dual to the bulk field Cyyq,

can be computed analogously by turning on a source for C,4. Note that C,4q is a purely

imaginary field; in other words, if we write C,qq = i, then ¢ is a real field with the “right
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sign” kinetic term. A computation similar to the above gives

{(O=0) (21) (O + O) (w2)J(w3)) = 87(s + D1 (s — 1))(1 — (=))[(s) 1 ( T ) .

|9312|2J”Zl T13%o3
(2.212)
Adding (2.211) and (2.212), we obtain
— ~ 1 T 3
<O($1)(’)(x2)Js(x3)> = —dn(s+P1(s — 1))T'(s) - 12 ) (2.213)
|12 |2 Y1 \ 213703

2.C The deformed vacuum solution

In this section, we discuss the formulation of the three dimensional Vasiliev system as
originally written in [22], which amounts to an extension of the equations (2.6) by introducing
two additional auxiliary variables k£ and p, as described below, and the 1-parameter family
of “deformed” vacuum solutions. The deformed vacuum solution of the system (2.6) can be
obtain by a simple projection on the extended system. We will also present the boundary
to bulk propagator for the B master field, which contains the bulk “matter” scalar field, in
the deformed vacua, by solving the linearized equations.

To describe the deformed vacuum, it is useful to introduce two additional auxiliary
variables k and p. They obey the following (anti-)commutation relations with one another

and with the twistor variables (y, z):

K=p'=1 kot ={kya} ={kza} =0 [p,va] = [p,2] =0. (2:214)

It will be also convenient to define the variable

1
Wo = (2o + ya)/ dt te'*. (2.215)
0
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It is straightforward to show that w, satisfy the following star commutation relations:

[wav wﬁ]* = 07

[wonyﬁ]* + [yom wﬁ]* = 2€aﬁKa

(2.216)
(Wa, 28], + [%a, wg], = —2€48K,
{wa,z8}s * K — {ya, wph. = 0.
Next, let us define
Za(V) = 2o + vwak,
(2.217)
Ja(V) = Yo + vwe x Kk.
Using the relations (2.216), it is easy to show that
[Ga Gp], = 2€as(1 + V),
[pZ0, P8, = —2€0p (1 + VKE), (2.218)

[pZa; Gg], = 0.
Under the star algebra, g, generate the (deformed) three dimensional higher spin algebra
hs(\) with A\ = %(1 + vk). Later we will make the projection onto the eigenspace of k = 1
or k = —1, in which case A = (1 +v) or A = 3(1 — v). The higher spin algebra hs(\)
is an associative algebra, whose general element can be represented by an even analytic

star-function in g,. In particular, it has an sl(2)-subalgebra whose generator can be written

as Top = Ya * Us)-
The deformed vacuum solution is given by
B = _V, Sa == _p(ga - Za>7

2 (2.219)
W =Wy = wo + 1160 = (wgﬁ(x) + ¢legﬁ(x)) Ts.
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They satisfy the (k, p)-extended Vasiliev equations:*°
AW +WxW =0,
d,S+ d,W +{W,S}. =0,
d,S+ S *S = Bx* Kkd?, (2.220)
d.B+[S,Bl. =0,
d.B+ [W,B], =0,
We can go back to the system (2.6) by simply multiplying a projector %(1 + k) on the left
of every equation. Given any solution of the extended Vasiliev equations, by acting on it

with the projector we obtain a solution of the equations (2.6). It follows that the deformed

vacuum solution of (2.6) is

B = 1V, Sa: %(204(_1/)_2&)7

(2.221)
W = (w(@) + 16§ (@)) Galv) * Ga(—v).

Next, we will solve the linearize equation on the deformed vacua, and derive the boundary
to bulk propagator for B (the scalar and corresponding auxiliary fields). For simplicity of the
notation, we will work in the extended Vasiliev system. The boundary to bulk propagator
for fields in the system (2.6) can be obtained simply by applying the projector %(1 +k). The

linearized equations for B are

(050 B0, =0,
(2.222)

DyBY = 0.
where Dy is defined by Dy = d + [Wy, -|. The first equation of (2.222) immediately implies
BW(z|y, z,¢) = Bﬁ”(ﬂgj,@b), where the subscript * of a function means that it is a star-

function.

10Note that the form of these equations differs from the system (2.6) only in the RHS of the third equation.
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Decomposing B (2], 1) as B (2], 1) = Clida(2[7,11) + ¢2Clar. (27, 1), the second

equation of (2.222) gives

dCaum* [w0>cc(mm*] +¢1[607 at)m*] :()7
(2.223)

deat* [wo, mat*] — ¢r1{eo, mat*} =0.
As in the case of equations in the undeformed vacuum analyzed in Section 2.3.1 and Ap-
pendix 2.A.1, the equation for Cét)gv* is over-constraining, and eliminates all dynamical de-
grees of freedom of Céi):c* We will simply set C(gzlL)x* = 0, and only study the equation of the

“matter” component Cmat* in the following. Let us expand C’,(mt* in the form
1 ~ 1 a ~Qin,
oo (7]) = ZCfnat* oy GO Kk GO, (2.224)
n=0
To compute the (anti-)commutators in (2.223), let us first consider the star product of g*
with gl - . % gon):

OCn)

ga*g(al*...*g

n

o~ 1 o -
AR )+?Z(n—1+1) GO [, G x g
i=1
1 n
:g(a*gal**gan)_i_n_'_l;(n—’l—'—l)(l_'_(_) k)2€a(a7, U % . *ﬁﬁl )

(2.225)
Contracting the above with e,C,, ..., (here and in what follows, e and C' are used to denote

arbitrary totally symmetric tensors), we obtain

eay” * Coyiy Y™ %ok gon
(2.226)
= €(0Cayan)* ¥ G %k J — a(n, vk)e® Caayooan_ § % - x g7,
where
a(n,vk) =2y ———(n—i+ 1)1+ (=)"1vk). 2.227
(n, vk) ; o 1)( )1+ (=) vk) (2.227)
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718n

Applying a similar operation, staring §® % ¢ with §(® % ... % §*) and contracting with

€8aCay-an, We get

sal” * U * Coyoay T % -+ % JO = e(@C(xl...an)gjﬁ TR T TRy y

Qn

n 1a(n + 17 Vk)eﬁ(gcﬁal---anfl)ga " Z’]Oq %ok gan,l
" S (2.228)

an—1

- a(”a —Vk)e(ﬁacaal...anil)ﬂﬁ * go‘l ok g n
+a(n, —vk)a(n — 1,0k) e Cgay a4 % -+ - % 72
Now, starring §* with §(®* % - % §*) from the right side,

«

G ) kg

n

1
=g g ;(—z‘)(l + (=) T k) 2eM G e e ),
(2.229)
Contracting this formula with e,C,,...q, , We have
Cagoan P ¥ % G x e §”
(2.230)
= €0Capan) ¥ G # -k JO = b(n, vk)e* Cony oy §* % - - % JO 1,
where
"\ 1 _ i
b(n,vk) =2 Z m(—z)(l + (=) k). (2.231)
i=1

Performing a similar operation with §(* x %), we obtain

Coapoooay GO H - % GO % egagjﬂ *x g% = e(gaCal...an)gjﬁ i T SR Vi

n

b(n +1, Vk)eg(QCBQ1...an71)ga * j]al koo ek gan,l
" - (2.232)

— b(n, Vk:)e(@anl...anfl)gjﬁ * GOk ek GO

+ b(n, vk)b(n — 1, Vk)eaﬁCagal...angal * ook U2,
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Adding (2.228) and (2.232), we obtain the anticommutator:

Qn

{660cg6 * 7% Coyea Y™ * - % YO} = 26(@Ca1~-an)?jﬁ YLy x e xy

+ f(n’ Vk)eﬁ(ﬁcﬁal'"anfl)ga * gal Kook gan,1 + g(nv Vk>€aﬁcaﬁa1~-an72gal O gan727
(2.233)

where

f(n,vk) = —

n n
1,vk) — —vk) — b 1,vk) —b k
T L

g(n,vk) = a(n, —vk)a(n — 1,vk) + b(n,vk)b(n — 1, vk).

If n is even, f(n,vk) and g(n,vk) can be further simplified to

f(24,vk) =0,
, (42 —vE)(—1+ 25 + vk)
9(2j,vk) =4 12 .

Subtracting (2.228) from (2.232), we obtain the commutator:

(2.235)

[w5ad” % 5%, Caroc T 5 -+ 5G], = —4n00” (g Cay o §* # G % g (2:236)
The linearized equation (2.223) for the matter field, therefore, can be written as

1),n 1),n 1),n—2
a,ucr(m)zt aran 4n(w0u)(glﬁcr(m)zt Bag-an) — 21 (eou)(amzcr(m)zt Qs an)
(2.237)

— g(n + 2, k)1 (e0,) P OO g = 0.

After contracting with (ef).s, this equation is written as

VO o + 701t 51as Co ) + 35900+ 2, RV s = 0.
(2.238)
We follow the same procedure used in analyzing the undeformed vacuum, decomposing the
above equation according to the action of permutation group on the indices. Contracting

(2.238) with e*** gives

n+1
16m

vaﬁcrgz)z;tnaazman - ¢165(%C$3%n_2a3___an) = 0. (2.239)
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Further contracting (2.239) with €2 gives

n+1

(1);n—2 — 2.240
16( )¢IC Qg Qi O ( )

mat

1)
VaﬁC?S’Lat aBag-an +

As in the analysis of undeformed vacuum, now contracting the indices of the equations

(2.238), (2.239), and (2.240) with the y*’s, we obtain

n 1 n
VHCouai () = 550(n + 2.0k) i Crsf () = 0,
vOC'mat (y) = 07 (2241)

1 -
VG () = 160+ DG () =0,

where
Cr(nlat (y) = C,(,gl;"al...anyal R Tha (2.242)

Iterating the first equation of (2.241), we obtain

. 1
C2s )y — — | (32¢y, V)P0, 2.243
Since C’,(mt( ) is restricted to be even in y®, it is entirely determined by the bottom compo-

nent C’,(mt via the above relation. After some simple manipulations of (2.241) using (2.106),

we derive the second order form linearized equation
1 1 n
DAdSCr(riat = 8 (4 + 8+ ig(n l/k‘)) Cmc)nt . (2244)

For n = 0, the equation is just the usual Klein-Gordon equation on AdSs, and can be

rewritten in a more familiar form:

1
(V#8, —m?) CL¥ =0, m? = —7 (3= vk)(L+ vk). (2.245)

mat

Depending on the choice of AdS boundary condition, this scalar field is dual to an operator

of dimension
1—V]{2_1+V]{3 3 — vk

_ 2.246
5 5 or (2.246)

Ay =1+
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It is convenient to package the choice of boundary condition into a variable 1)1, obeying

’lZJ% = 1, so that the scaling dimension of the dual operator can be written as

A=14+1 (1_2”k). (2.247)

The boundary to bulk propagator for the scalar field is a solution of (2.245), which up to

normalization is given by

CWO _ KA where K = %ﬂz (2.248)

Here (7, z) are Poincaré coordinates of the AdSs3 (not to be confused with the twistor variable

Zo). Using (2.109) and (2.243), we obtain

Chn(y) =D Ch(y)
s=0
B [e'e) S A —l—] i 1 . A
-3 (5555 ) worvmrs

(2.249)

i J(1 425 —vk)(—=1+2j + vk)
~ (1— 1 i (v
= 1A (3 m( ”k),§¢1y2y) R

In the actual master field, the above expression should be understood as a star-function,

¥ <H (A+j—1)(1+2)) ) STy K

).

with y replaced by y. More concretely, we can transform the ordinary function C,(,it(y) to

the star-function C’

o () via the formula

() (2 — 1 2,12, (1) iuy e 9.9
Cmat*(y) (271')2 /d yd ucmat( ) eXp*( Zuy) ( . 50)
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Chapter 3

Correlators in W)y Minimal Model

Revisited

3.1 Introduction

The AdS/CFT correspondence [1, 2, 3] is one of the most important insights that came
out of the study of string theory. While it is often said that both strings and the holographic
dimension emerge from the large N and strong 't Hooft coupling limit of a gauge theory,
there are really two separate dualities in play here. Firstly, a large N CF'T, regardless of
whether the ’t Hooft coupling is weak or strong, is holographically dual to some theory of
gravity together with higher spin fields in AdS, whose coupling is controlled by 1/N [19].
It often happens that, then, as a 't Hooft coupling parameter varies from weak to strong,
the bulk theory interpolates between a higher spin gauge theory and a string theory (where
the AdS radius becomes finite or large in string units). The duality as two separate stories:

holography from large N, and the emergence of strings out of bound states of higher spin
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fields, has become particularly evident in [21].

The holographic dualities between higher spin gauge theories in AdS and vector model
CFTs [19, 20, 4, 21] are a nice class of examples in that they avoid the complication of the
second story mentioned above.! Both sides of the duality can be studied order by order
in the 1/N expansion. The AdS3;/CFT; version of this duality, proposed by Gaberdiel and
Gopakumar [4], relates a higher spin gauge theory coupled to scalar matter fields in AdS;
22] and the Wy minimal model in two dimensions [31].? While it was proposed in [4]
that the bulk theory is Vasiliev’s system in AdSs, it was pointed out in [10] and in [12]
that Vasiliev’s system should be dual only perturbatively in 1/N to a subsector of the Wy
minimal model, while the full non-perturbative duality requires adding new perturbative
states in the bulk.?

One of the key observations of [4] is that the Wy ; minimal model has a 't Hooft-like limit,
where N is taken to be large while the “’t Hooft coupling” A = HLN is held finite. The basic
evidence is that the spectrum of operators organize into that of “basic primaries”, which
are dual to elementary particles in the bulk, and the composite operators which are dual
to bound states of elementary particles. It was not obvious, however, that the correlation
functions obey large N factorization, as for single trace operators in large N gauge theories.

This will be demonstrated in the current paper. In particular, we will understand which

operators are the fundamental particles, and which ones are their bound states, by extracting

1See [33, 34, 35, 36, 23, 37] for recent nontrivial checks and progress toward deriving the duality with
vector models.

2For works leading up to this duality, and explorations on its consequences, see [5, 6, 7, 38, 39, 30, 24,
10, 12, 40, 41, 42].

3See [42] however for intriguing candidates for some new bulk states in higher spin gauge theories in
AdSs.

84



Chapter 3: Correlators in Wy Minimal Model Revisited

such information from the 1/N expansion of exact correlation functions in the Wy minimal
model.

Our main findings are summarized as follows.

1. We derive all sphere three point functions of primaries in the Wy minimal model
of the following form: one of the primaries is labelled by a pair of SU(N) representations
(AL, A_), both of which are symmetric products of the fundamental (or anti-fundamental)
representation f (or f), and the other two primaries are completely general.? We see the
explicit large N factorization in these three point functions. For example, denote by ¢ the
primary (f,0) (on both left and right moving sector). The large N factorization leads to the
identification X
7

1 _ _
S,0) ~ —— (00 — DPpOP),
(5,0) ﬁA(f,O)((b ¢ — 0p0p)

where A and S are the anti-symmetric and symmetric tensor product representation of f,

(4,0) ¢,

(3.1)

and A o) = 1+ A is the scaling dimension of ¢ at large N. This large N factorization is
a simple check of the duality, in verifying that (A, 0) and (S,0) are indeed bound states of
two elementary scalar particles in the bulk, and behave as two free particles in the infinite
N limit.

A less obvious example concerns the “light” primary (f,f), which we denote by w. Its
scaling dimension A ¢ vanishes in the infinite /N limit, and is given by A g = A2 /N at

order 1/N. Two candidates for the lowest bound state of two w’s are (A4, A) and (5, 5),

4The technique used in this paper allows us to go beyond this set using four point functions, but we will
not present those results here.
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both of which have scaling dimension 2A¢¢) at order 1/N. We will find that

is the bound state of two w’s, while %((A, A) —(S,9)) is a new elementary light particle

in the bulk. This shows that the elementary light particles in the bulk also interact weakly
in the large N limit.
A word of caution is that even in the infinite N limit, the space of states is not the

freely generated Fock space of single particle primary states and their descendants. As

observed in [12], for instance, the level (1,1) descendant of w, namely A;,f) 00w, should be
identified with the the two-particle state (or “double trace operator”) ¢>$, where 5 is the
other basic primary (0, f). We will see that this identification is consistent with the large N
factorization of composite operators made out of w, ¢, and 5 This suggests that the Hilbert
space at infinite NV is a quotient of the freely generated Fock space, with identifications such
as ﬁa&u ~ QSQNS. This peculiar feature is closed tied to the presence of light states. The
large N factorization in the Wy minimal model holds only up to such identifications.

2. We compute the sphere four-point function of (f,0), (f,0), with a general primary
(A4, A_) and its charge conjugate, which generalizes the four-point functions considered in
[12]. This result is not new and is in fact contained in [43]. In [43], the sphere four-point
function was obtained by solving the differential equation due to a null state, which we
will review. The method gives the answer for general N, but is not easy to generalize to
correlators on a Riemann surface of nonzero genus. We will then consider an alternative
method, using contour integrals of screening charges. This second method requires knowing

which contours correspond to which conformal blocks; they will be analyzed in detail through

the investigation of monodromies. While this approach appears rather cumbersome due to
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the complexity of the contour integral, it allows for a straightforward generalization to the
computation of torus two-point functions.®

3. We derive a contour integral expression for the torus two-point function of the basic
primaries (f,0) and (f,0). Since the result is exact, it can be analytically continued to
Lorentzian signature, yielding the Lorentzian thermal two-point function on the circle. The
latter is a useful probe of the dual bulk geometry. In a theory of ordinary gravity in AdSs,
at temperatures above the Hawking-Page transition, the dominant phase is the BTZ black
hole. The thermal two-point function on the boundary should see the thermalization of
the black hole reflected in an exponential decay behavior of the correlator, for a very long
time before Poincaré recurrence kicks in.® While the BTZ black hole clearly exists in any
higher spin gravity theory in AdSj, it is unclear whether the BTZ black hole will be the
dominant phase at any temperature at all, as there can be competing higher spin black
hole solutions (see [40, 41, 42]). Nonetheless, the question of whether thermalization occurs
at the level of two-point functions can be answered definitively using the exact torus two-
point function. So far, it appears to be difficult to extract the large N behavior from our
exact contour integral expression, which we leave to future work. In the N = 2 case, i.e.
Virasoro minimal model, where the contour integral involved is a relatively simple one, we

computed numerically certain thermal two-point functions at integer values of times, as a

demonstration in principle.

>Our method is a direct generalization of [44], where the torus two-point function in the Virasoro minimal

model was derived.
2

NVTR (VD ~ w and
hence Poincaré recurrence must already occur at no later than time scale N3. In fact, we will see that the
Poincare recurrence in the two-point function under consideration occurs at an even shorter time N(k+ N).
But if the BTZ black hole dominates the bulk in some temperature of order 1, we should expect to see
thermalization at time scale of order 1 (and < N?).

In the Wy minimal model, all scaling dimensions are integer multiples of N 1
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In Section 3.2, we will summarize the definitions and convention for Wy minimal model
which will be used throughout this paper. Section 3.3 describes the strategy of the compu-
tation, namely using the Coulomb gas formalism. In Section 3.4, 3.5, 3.6 we present a class
of sphere three, four-point, and torus two-point functions, make various checks of the result,

and discuss the implications. We conclude in Section 3.7.

3.2 Definitions and conventions for the Wy minimal

model

The Wy minimal model can be realized as the coset model

SU(N) @ SU(N)y

S0 (3.3)

A priori, through the coset construction, the Wy primaries are labeled by a triple of rep-
resentations of SU(N) current algebra (p, p;v) (at level k,1, and k + 1 respectively.) By
a slight abuse of notation, we will also denote by p, u, v the corresponding highest weight
vectors. The three representations are subject to the constraint that p + p — v lies in the
root lattice of SU(N). Each representation is subject to the condition that the sum of N —1
Dynkin labels is less than or equal to the affine level. This condition determines y uniquely,
given p and v. We will therefore label the primaries by the pair of the representations
(p;v) = (AL, A_) from now on.

Let o, ¢ = 1,--- N — 1, be the simple roots of SU(N). They have inner product
a;-a; = A;j, where A;; is the Cartan matrix. In particular, af = 2. Let w’, i =1,--- ,N—1,

be the fundamental weights. They obey w’ - a; = 6%. We write F/ = w'-w/ = (A7')"Y. The
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highest weight A of some representation A takes the form
N-1
A=A (3.4)
i=1

where (Ag, -+, Ay_1) € Zgo_l are the Dynkin labels.
The Weyl vector is
p=) W, (3.5)
i.e. it has Dynkin label (1,1,---,1).

Given a root «, the simple Weyl reflection with respect to a acts on a weight A by

Sa(A) =X — (a- Na. (3.6)

A general Weyl group element w can be written as w = S4, * -+ - Sa,,. We will use the notation

w(A) for the Weyl reflection of A by w. The shifted Weyl reflection w - A is defined by

w-A=wA+p)—p. (3.7)

Now let us discuss the Wy character of a primary (A, , A_). Throughout this paper, we

use the notation p = k+ N and p’ = k + N + 1. The central charge is

2 _
c=n—1- YD) (3.9)
bp

Note that p? = %N (N? —1). The conformal dimension of the primary is

1
hiaiany = T (Ip'Ay — pA_ + p|* = p%) . (3.9)

The character of (A, A_) can be written as a sum over affine Weyl group elements,

1 oy =L | (A Ap)—p(A_+p)[2
Xé\jf\+7A,)(7_) — W Z €(1) g7 [p"@&(A++p)—p(A—+p)] ’ (3.10)
HEW
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where W is given by the semi-direct product of W with translations by p times the root

lattice, namely an element w € W acts on a weight vector A by

w(\) = wA\) +pn'ay, weW, n; €Z. (3.11)

e(w) = e(w) is the signature of .

Let us illustrate this formula with the N = 2 example, i.e. Virasoro minimal model.
Write Ay = (r—1Nw', 1<r<p—-1=k+1l,and A_=(s—1)w', 1 <s<p=k+2 The
Weyl group Z, contains the reflection w(A\) = —\. We have w(A; + p) = —rw! + pna; =

(=7 + 2pn)w!. So

! 2
— —1
By = (p'r 4;39,) | (3.12)
and
1 1 ( ’(T’+2pn)—p8)2 L(p’(—r+2pn)—p8)2
Xr,s(7-> = - Z [q4pp’ p _ q4pp/ i|
7’](7’) neZ
= (3.13)
g’ ) n(pp/n-+p'r—ps) (pn—r)(p'n—s)
~—Y s ~ }

nez

The term corresponding to (w,n = 0) comes from the null state at level rs.

3.3 Coulomb gas formalism

The idea of Coulomb gas formalism is to represent operators in the Wy minimal model
by vertex operators constructed out of N — 1 free bosons. This allows for the construction
of all Wy currents as well as the primaries of the correct scaling dimensions. However, the
free boson correlators by themselves do not obey the correct fusion rules of the Wy minimal
model. To obtain the correct correlation functions, suitable screening operators must be

inserted, and integrated along contours in a conformally invariant manner. More precisely,
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one obtains in this way the Wy conformal blocks. One then needs to sums up the conformal

blocks with coefficients determined by monodromies, etc. This strategy is explained below.

3.3.1 Rewriting free boson characters

Let us begin with the following character of N — 1 free bosons, twisted by an SU(N)

weight vector A,

~ 1 1 /2
KN(r) = 7 A ppal
A (T) T](T)N_l aEAZ q
1 root 1 (314)
5o7 [A+pp'nd a2
= — q?rr .
TR S
Define the lattice
F:c = \/EAT’oota (315)
and its dual lattice
. 1
F:c = ﬁAweighb (316)
We may then write
1 1 2
KN () = ——=— gzt
o) @10
for w € I'; . In fact, u may be defined in the quotient of lattices,
Uu 6 F;p//l—‘pp/. (318)
Note that the number of elements in I'; /T, is
det(pp/Ai) = N(pp')" " (3.19)
It is useful to consider the decomposition
u=XA+\, M€ F%/Fppr, N el /Ty (3.20)
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This decomposition is well defined up to the identification
(A, )‘/) ~ (A +t, A — t), te Fl,/rpp’ - (F*l, N FZ’)/FPP" (3.21)
Consider the action of a simple Weyl reflection on v € I'},

W (v) =v — (- v)a, (3:22)

where a is a root. Since (a- v)ar € 272,00y = I'1, the Weyl action is trivial on /Iy
In particular, the Weyl action on w is trivial on I'*, /I',,, and is well defined on A and
oy’

N\ separately. Therefore, one can define the double Weyl action by W x W on A and X

independently. This will be important in describing Wy primaries.

Now consider N — 1 free bosons compactified on the Narain lattice [V ~5¥=1 which is
even, self-dual, of signature (N — 1, N — 1), defined as’
YN = L0, D) v, 0 € Ty, v — 0 € Ty} (3.24)

The free boson partition function can be decomposed in terms of the characters as

ZRana(mm) = > KX ()] (3.25)

u€Ls /Ty

"To see that TN ~5N=1 ig even, note that

(v,0) - (v,0) =v? —* =v? — (v+n)? = —2v-n—n? (3.23)
where n € 'y, and the RHS is an even integer. To see that it is self-dual, take a basis (v’,v") and (v;,0),
it=1,---,N —1, where v; € I'y,y and vt € I}, are dual basis for the respective lattices. This basis is
unimodular.
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3.3.2 Wy characters and partition function

Consider a Wy primary (A;, A_). Using the decomposition u = XA + X described in the

previous subsection, we may rewrite the Wy character

A_ 2
Xé\/[\w&f)(T n(r)N—1 Z e (3.26)
wEW
in the form xY.,/(7), where
P r_ /P x
A= [=(AL+p) EF N=—=(A_+p)el. (3.27)
p p 3
In other words, we write
1 1 w '4n 2
X]AVH/(T) = Z E(w)q2\ (A)+X +n|
77(7—) weWmnel'_
o (3.28)
=D cw)K oy n (7).
weWw

The rationale for the alternating sum in the above formula is the following. The dimension

X corresponding to the character K, with linear

of the free boson vertex operator ¢/~
dilaton (as will be described in the next subsection), is

1 1
hy = —u? — =Q%. 3.29
2u 2@ ( )

Let w be a simple Weyl reflection, by a root «,,. A simple computation shows that

huwyen = hogx + (0 - A)(—ay, - X'). (3.30)

If we restrict A and —\' to sit in the identity Weyl chamber of I'}, and I'%,, then (o, -
»’ 2
A)(—ay - N) is always a nonnegative integer. It is possible to subtract off the character

K 3’()\) .+ to make the theory “smaller”. The alternating sum in (3.28) does this in a Weyl

invariant manner®, and gives the character x%, ,,(7) of the Wy minimal model.

8For w not a simple Weyl reflection, one can show that hwy+a — hata is still a nonnegative integer,
when A and — ) sit in the identity Weyl chamber of T'%, and I'*, .
p’ o

P
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Note that x4,/ () vanishes identically whenever (A, X) is fixed by the action of a sub-
group of the double Weyl group W x W. The set of inequivalent characters are thus pa-

rameterized by
E = (T}, /Tpy — {fixed points})/W x W. (3.31)

This is also the set of inequivalent Wy primaries. The partition function of the W minimal

model is given by the diagonal modular invariant

ZN () = D I (P
(At,A-)

1
- N(N!? Z ‘Xf\VJr/\'(T)‘z (3.32)
Xer, T, NEr*, /Ty ’

~wE L MR

u€l™ /Ty

where the first sum is only over inequivalent (A, , A_) under shifted Weyl reflections. The
decomposition u = A+ X" is understood in going between the last two lines (A, \" are defined
up to a shift by t € I, /T,).

Let us illustrate again with the N = 2 example. In this case, I'y, = /2pp' Z, Loy =

1
WZ' We have
A / [P [pp’
A —7Z, A — 7, t —7Z 3.33
< 2p < 2 < 2 (3:33)
and
F;p/ ~ ng X ng/ (334)
Ppp/ ZQ

W =~ Zs, acts on ', by reflection. The set of inequivalent characters is

X X
N Zp X Zp,

3.35
— (3.35)
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where the Z, identification on Z,; X Z;, is

(r,s) = (r+p,s+p)~@—rp —s) (3.36)

Returning to the general Wy characters, the modular transformation on x¥ (7) takes the

form

- - 1 o

N N —2miu-u
Xy (—1/7) = SuaXa (T)s  Sua = —F——==¢ : 3.37
aer;pz,/rpp, N (pp )™ ( )

The RHS is not yet written as a sum over independent characters. After doing so, we have
Xi\/<_1/7-) = Z Su,ﬁszV(T)v (3.38)
€ (T /T, —fixed) /W x W
where
Su,ﬁ = E(w)e(w,)su,w(jx)—l—w’(jx’)' (339)

(w,w")eW xW

3.3.3 Coulomb gas representation of vertex operators and screen-
ing charge

We have seen that the partition function of the Wy minimal model may be obtained
from that of the free bosons on the lattice 'V =1V =1 by twisting by €(w) in a sum over action
by Weyl group elements w € W. The free boson vertex operators corresponding to lattice
vectors of TN=1N=1 take the form

o0 X+if- X1

(3.40)

Y

where v € I'; ,, and 3 € I'jy. The lowest weight states appearing in the characters |KN|?

are of the form e®¥X,
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Given a Wy primary labeled by (A, A_), we associate it with the free boson vertex

operator X with the identification

U:ﬁm_@_. .41
p p

In order to match the conformal dimensions, we need to turn on a linear dilaton background

charge ) = 2vyp, where vy = % (\/g — \/%> = —2\/11?. The conformal weight of e®X in

the linear dilaton CFT is then

_ 1 2 Ll 1 3.42
hv—Q - 2(1) Q) 2Q - 2'U Q v. ( ’ )
Using
Y Iz
u=v-Q=/E+p) = 2 +0),
p P (3.43)
Q? = —p? = ——N(N? - 1)
py/ 12pp/ ’
we see that indeed
ho—g = h Ay (3.44)

We will denote by O, a primary of the Wy algebra and by V, the corresponding free
chiral boson vertex operator X2, On a genus g Riemann surface, correlators of the linear
dilaton CF'T are nontrivial only if the total charge is (2 — 2¢g)Q. For instance, the non-
vanishing sphere two-point functions must involve a pair of operators V,, and V,g_,, of equal
conformal weights and total charge 2¢Q). On the other hand, the fusion rule in the Wy
minimal model is such that the correlation function (O,, ---O,,) is nonvanishing only if
o v EF% +Ty :F#.

For each simple root «a;, we have

[
A /50&@ c Fp , %Oéi € F&/. (345)
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The vertex operators
‘/;+ — v > _ ‘/;._ = o - (346)
Vo —\/gaz‘
have conformal weight 1, and can be used as screening operators. By inserting screening
charges, the contour integrals of these screening operators, we can obtain all correlators of

Wy primaries that obey the fusion rule. We can also absorb the background charge with

screening charges. This relies on the fact

p= % > a (3.47)

C!GA+

where A is the set of all positive roots. So we can write

2Q = 4vgp = \/E/oz - \/goz) . (3.48)

which may be further written as a sum of non-negative integer multiples of \/gai and
—\/%ai, which are the screening operators.

As an example, consider O, and its charge conjugate operator Q. If V,, is the Coulomb
gas representation of O,, then Vag_, has the correct dimension and charge (modulo root
lattice) to represent Op. Alternatively, one may take V4, which differs from Vag_, by some

screening charges. There is a Weyl reflection wy (the longest Weyl group element) such that

wo(T) = —v,  wo(p) = —p. (3.49)

(3.50)

So indeed ¥ and 2(Q) —v are identified by Weyl reflection and represent the same Wy primary.
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3.4 Sphere three-point function

On the sphere, Wy conformal blocks can also be computed directly from affine Toda
theory, by taking the residue of affine Toda conformal blocks as the vertex operators approach
those of the Wy minimal model [43]. This spares us the messy screening integrals in the
Coulomb gas approach, and allows for easy extraction of explicit three-point functions. Our

computation closely follows that of [43].

3.4.1 Two point function and normalization

The two and three point functions in W minimal model can be obtained from those of
the affine Toda theory, as follows. The affine Toda theory is given by the N — 1 bosons with

linear dilaton described in the previous section, with an additional potential

N-1
'UZ eboir X (3.51)
i=1
added to the Lagrangian. Following the convention of [43], the background charge Q is
related to b by @ = (b+b71)p, where p is the Weyl vector. Note that Q will be related to Q
in the previous section by Q = (). Normally, one considers the affine Toda theory with real
b and Q. To obtain correlators of W minimal model, analytic continuation on b as well as
a residue procedure will be applied, as we will describe later.

The primary operators in the affine Toda theory are given by

Ve =ev™¥. (3.52)
V. and V., represent the same operator (recall that w - v is the shift Weyl transformation

of v by w € W), but generally come with different normalizations. They are related by

Vv = R’LU(V)V’LU~V7 (353)
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where R, (V) is the reflection amplitude computed in [45]:

Alw-v) Awlv-—9)+ Q)

R, (v) = ALY = AL , (3.54)
and
AW) = [ )] [Ira—blv— Qb ~ h)N(-b7 (v~ Q.1 ~ )
(ZV>7jQ,p) (355)

— [my :1 b“ﬂ b [Ir—oPy)T(=b""Pyy),

where P;; = (Q — v) - (h; — h;). In particular, applying this for the longest Weyl group

element wy, we obtain the relation

p, = ARL—Y)

NG Vao—v, (3.56)

where v is the conjugate of v. Notice that the function A(v) has the property A(v) = A(v).
The operators V5, are such that the two point function between V,, and V,g_ is canonically

normalized,

(Vefa)Vaons (0)) = o (3.57)

It follows that that two point function of V,, and its charge conjugate is

CAR2Q-v) 1

In the Wy minimal model, by (3.74), we have a similar relation (by a slight abuse of
notation, we now denote by V,, the primary operator in the W minimal model that descends

from the corresponding exponential operator in the free boson theory)

V;) = Rw(v)vuwva (359)
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where

Rw(’l}) _ A(w ) U) _ A(w<v — Q) + Q>’ (360)

A(v) Av)
- [ ()

_\/pﬁ_/(
Hr 1+ \/7 ) \/7 3 (3.61)

where P;; = (v—@Q) - (h; —h;). The two point function between V, and its charge conjugate

and

is then

A2Q —v) 1
A(v)  |z2e

(Vi (2)V5(0)) ™™ = (3.62)

In computing this in the Coulomb gas formalism, appropriated screening charges are in-
serted, to saturate the background charge. Consequently, the vacuum isn’t canonically

normalized. In fact, we have

unnorim A(2Q)
1 = . 3.63
i o (3.63)
The normalized correlators are related by
Vie-- Vn . A 0 unnorm
<V1---Vn)=< ! ) - (>(V1---Vn> ‘ (3.64)

T AR)

Here again the “unnormalized” n-point function is understood to be computed with appro-

priated screening charges inserted. Next, we define the normalized operators V, by

S ] AWARE) L
V= \/ 106 o) = B0V (3.65)
and then we have
(Ve)¥o(0)) = o (3.66)
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3.4.2 Extracting correlation functions from affine Toda theory

Let us proceed to the three point functions in the Wy minimal model:

<‘/Ul‘/v2‘/v3>unnorm . CWN('UlaU%UB)

= |£L’12|A1+A2_A3 |1’23|A2+A3—A1 |x13|A1+A3—A2 . (367)

where A; denotes the total scaling dimension of V,,,. The normalized three point functions

of the normalized operators 171)2 are given by

<‘7U1 ‘7@2‘71,3> = B (v1) B (v3) B (v3) " (Vy, Vi, Voo ) ™™™, (3.68)

and the structure constants, with two-point functions normalized to unity, are

Chor (01, 03,03) = B (v1) B (v2) B (v3) ™" Cry (01, v2, 2Q — T3). (3.69)

Nontrivial data are contained in the structure constants Cyy,, (v, va, v3), which we now com-
pute.
In the affine Toda theory, the three point functions of the operators (3.52) are of the

form

_ CToda(Vh Vo, Vg)
= |LL’12|A1+A2_A3 |x23|A2+A3—A1 |;L’13|A1+A3—A2 .

<VV1 sz VV3> (370)

The structure constants Croqa(V1, V2, v3) are computed in [43]. They have poles when the

relation
N-—1 1 N-—1
/ —_—
V1+V2+V3+b;SkOAk+E;Skak—2Q (371)

is obeyed, where s; and s} are nonnegative integers. The pole structure is as follows. For

general v;’s, define a charge vector € = > ¢;«; through the following equation

N-1 N-1
1
vi+vVvo+vs+b E SpQ + g E S;Oék +e=20. (372)
k=1 k=1
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The relation (3.71) is obeyed when ¢; = 0,4 = 1,--- /N — 1. This is an order N — 1 pole
of the structure constant Cryqa(V1, Ve, v3), understood as a function of e. The Wy minimal

model structure constant, Cyy,, (v1, v2, v3), is computed by taking N — 1 successive residues,’

IeS¢; »0ICS¢y—ey * ° reSENfl—%N,gCToda(Vb Vo, V3)> (373)

and then analytically continuing to the following imaginary values of b and v;,
p/
b= —1 E, V; = ’in. (374)

The relation (3.71) is always satisfied by the v;’s obeying the Wy fusion rules in some
Weyl chamber. The overall normalization of the three point function can be then fixed by
requiring

Ciwy (0,0,2Q) = 1. (3.75)

In [43], by bootstrapping the sphere four point function, the following class of three point

function coefficients were computed in the affine Toda theory:

Croda(V1, V2, 0™ 1)

ca s (TONY X0 I T((Q=vi)-a)T((Q=va)a) (376

b CEGA+

)

= |mpy (BP0 N-1
[rn 6] M T(5+ M- bt (v 9)-h)

i,j=1

N-1

where s is a real number, w is the fundamental weight vector associated to the anti-

fundamental representation, and the h’s are charge vectors defined as

k—1
hy=w' =) a, (3.77)
i=1

9The residue (3.73) can also be computed using a Coulomb gas integral. See (1.24) of [43].
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where w! is the first fundamental weight, associated with the fundamental representation.

The function T is defined by

log Y (z) = /OOO dt [(9 - x)ze_t s (F-a)g ) (3.78)

2 sinh % sinh
It obeys the identities,
T (x +b) = y(bx)b' =Y (z),
T(z + 1/b) = y(z/b)b* /"1 (z), (3.79)
T(z)="(b+1/b—x),

and has zeros at + = —nb —m/b and at © = (1 4+ n)b+ (1 + m)/b, for nonnegative integers
n, m.

The procedure of computing Cy,, (v1, v2,v3) from the residue of (3.76), when vs is pro-

1

portional to w™¥ 7!, is carried out in Appendix 3.A. The result is

P’ p

CWN U1, U2, —N =/ M| WN-1
p p

N—-1

N—-1
_ (P’)Zf—f(sjszﬂ—%#sp [_W L A= -
— — / ya / ?
; () () k=0 120 (\/Z(n )=y /y(m = k))
P P
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5:’:7175’. .
where R;; 777" is the ¢ = 0 value of

s’
3rd— 15]] 1 N

R _ 111 1
e k=1 1=1 h+\/7k: \/71 23+1 \/7]<;+\/7[ \/gk—l—\/%l)?

< | TT (.hj+pl)H7( % —z) (\/7P2+pl)

[ =1 i=j+1
- p a p p
X H e-hy+ =k ] V(=[P + = k)y(=f ,PEJF —k)
k=1 PiSih p p p

(3.81)
P\ and P} are defined as P, = (v, — Q) - (h; — h;), » = 1,2, and the function y(z) is
defined as y(z) = I'(x)/T'(1 — x). p' is the dual cosmological constant, which is related to
the cosmological constant p by

A

/

p
In the special case of s, =0 for all i = 1,--- | N — 1, the expressions simplify:
N<U17U27<U_n_\/ m>wN 1)
(3.83)
Sk sy_1—1 N—
s s
:[ 5 T - S T e
7(5) 1=0 j=1
and
Sj,j—1 , / , /
my = 1A 0 T 2 RL+ Lo [Zee + (3.84)
S P p p p

3.4.3 Large N factorization

In this section, we compute three point functions of Wy primaries (f,0), (f,f), and/or
their charge conjugates, with the primary (A, A_) where AL are the symmetric or anti-

symmetric tensor products of f or f. While the former are thought to be dual to elementary
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scalar fields in the bulk AdSs theory, the latter are expected to be composite particles, or
bound states, of the former. If this interpretation is correct, then the three point functions
in the large N limit must factorize into products of two-point functions, as the bound states
become unbound at zero bulk coupling. We will see that this is indeed the case. Our method
can be carried out more generally to identify all elementary particles and their bound states

in the bulk at large NV, including the light states.

Massive scalars and their bound states

To begin with, let us consider the three point function of (f,0), (f,0), and (A,0), where
A is the antisymmetric tensor product of two f’s. Note that in the large N limit, (f,0) has
scaling dimension A = 1+ A, while (A, 0) has twice the dimension, and is expected to

be the lowest bound state of two (f,0)’s. The charge vectors are

/ /
V1 = Uy = ng_l, V3 = gwg. (385)
p p

The structure constant, extracted using affine Toda theory, is

Chry (ﬁw_l, \ﬁw_l, 2Q — \/EwM) - [‘—‘”] o (1 - ]i/) v (23/ - 1) .
p p p 7(2) p p

(3.86)
By (3.69), the normalized structure constant are computed to be
o _ys| G- Brevr@re - pre- »’
(1+ %)3F(>‘)F(_)‘ + %)F(_%W(%) (3.87)

2+ 4N+ mAcot A 42X (v + (V) 1
=v2- +0(=),
V2N (N2)

where 7y is the Euler-Mascheroni constant, and the 1(\) is the digamma function.

In the infinite N limit, the bulk theory is expected to become free. If we denote (f,0)

by ¢, the OPE of ¢ should behave like that of a free field of dimension A ). Given the
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two-point function

1

R 559

(d(2)9(0)) =
the product of two ¢’s, normalized as %(ﬁz, has the two point function 1/|z[**®0. With

the identification

Loy
(A,0) ~ ﬁaﬁ : (3.89)

i.e. (A,0) as a bound state of two ¢’s that becomes free in the large N limit, the three-point

function coefficient is indeed /2, agreeing with the free correlator (¢(z1)(z2) % 2 (3) ).
(£,0)

(4,0)

(£,0)

The next example we consider is the three point function of two (f,0)’s and (S, 0), where
S is the symmetric tensor product of two f’s. In the large N limit, (S,0) has dimension
2A¢,0) + 2, and may be expected to be an excited resonance of two (f,0)’s. The charge

vectors of the three primaries are

/ /
V1 = Uy = Zin_l, V3 = ]i 20}1. (390)
p p

The structure constant computed from Coulomb integral is very simple:

/ / /
Cwy ( Zin—h ngv—l’QQ— E2WN—1> =1, (3.91)
\/ p \/ p V p

and the normalized structure constant is
| ENTRIN2 - RIPREA+ R) |
O NTOP (=1 = )T (2+2A) (-1-A-%)
_1+A+A(1+ A)(—4 27+1/)(—1—)\)+1/)(2+)\))+ 1
V2 2v/2N
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Let us compare (S,0) with the primary that appears in the OPE of two free fields ¢’s at
level (1, 1), with normalized two-point function,

1 _ _
5 (9006 — 0609). 3.93

V24 ) (3.93)
The structure constant of (3.93) with two @’s is A,9)/V/2, precisely agreeing with (3.92) in

the large NV limit, as A o) = 1 + A. This leads us to identify

1 _ _
5,0) ~ ———(¢dp — D). .
(5,0) \/EA(f,O)M) ¢ — DpIP) (3.94)

Next, we consider the three point function of (f,0), (f,0), and (adj,0), where adj is the

adjoint representation of SU(N). A similar computation gives!®

Cror((£,0), (£,0), (adj, 0)) = (1- LTI -2 |°

(1+2)2TT(=A + %) (3.95)
14+ A+ smAcot TA — Ap(A) 1
=1- N + O(m)
This allows us to identify
(adj, 0) ~ ¢¢, (3.96)

in large N limit.
As a simple check of our identification, we can compute the three point function of
(A4,0), (S,0), and (adj,0), which is expected to factorize into three two-point functions (i.e.

~ (¢#)?) in the large N limit. Indeed, with the three charge vectors

P P P
U =y —wa, V=4[ —2wWN-_1, U3 = —(Wl + WN—l)a (3-97)
p p p

0Here and from now on, we write Cop(v1,v2,v3) in terms of the three pairs of representations rather
than charge vectors.
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we have

]
—L(p_,)] 7(1—2 [Hv((——1)2 ))7(%(51'7N—1+2')+(2—2'))],

"6

(3.98)
and for the normalized structure constant,
NY 14+ APTA+ M (—=1+ A+ %) :
Cror((4,0), (5,0), (a5, 0)) = (N +A2(N+ 20T (-1 =ML (2+ A+ %) (3.99)
1) - A(1+A)(6+w(;\f_ A)+ (24 ))) +O(%),

which is indeed reproduced in the large N limit by the three point function of free field

products fqbqb, \fA (¢88¢ 090¢), and ¢. 5.0

(adj, 0)

(4,0)
Light states

The bound states of basic primaries discussed so far can be easily guessed by comparison
the scaling dimensions in the large NV limit. This is less obvious with the light states, which
are labeled by a pair of identical representations, i.e. of the form (R, R).

To begin with, consider the light state (f,f), whose dimension in the large N limit is
A gy = A?/N. The OPE of two (f,f)’s contains (A, A) and (S, S), whose dimensions in the
large NV limit are both 2A¢ ¢y, as well as (A, S) and (5, A), whose dimensions are 24 ¢) + 2.

A linear combination of (A4, A) and (5,S) is thus expected to be the lowest bound state

108



Chapter 3: Correlators in Wy Minimal Model Revisited

of two (f,f)’s. This linear combination can be determined by inspecting the three-point
functions of two (f, f)’s with (A, A) and (S, S).

The normalized structure constant of two (f,f)’s with (A4, A) is computed to be
(N+NEA =N E)T ()T ()T (73)

N N N+ N+

Cror((£,£), (£, £), (4, 4)) =

N (Z2)°T () T+ 0T (75) T (25)
1
2
N DES) TR T+ A - ) T (5EE2) (3.100)
2 _ _ _
D(25) T ()T (M) T (2222 1 (53
B MN(—mcot T + A cot? A — 18y — 2¢0(\) — 22 (N)) 1
=1+ N +O<W)’

and with (5, 5),

Cror((£.£), (£.£), (S, 9))

NI

Q—FQ%(N + 1)21’\ (1 _ )\) r ()\—i-N)\) r (—A—N)\) r ( N43)A ) r (% _ %) T (N+>\+N)\)

= N N+ 2N+2) A
NI () T (RT3 30T (S50 T (522
M (mcot A — m2hese? A + 2(y + () + A (X)) 1

(3.101)
where 1)) ()) is the trigamma function. We will denote the operator (f,f) by w, and the
lowest nontrivial operator in the OPE of two such light operators by w?. Anticipating large
N factorization, if w were a free field, then the product operator with correctly normalized

two-point function is %wz. The structure constant fusing two w’s into their bound state

%aﬂ is therefore v/2 in the free limit. This is indeed the case: the three point function

coefficient of two (f, f)’s and the linear combination %((S, S)+ (A, A)) is

44292 1
Cror = V2 — o T Ol5s): (3.102)

This leads to the identification

~ (3.103)
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The other linear combination
V2

is orthogonal to w? and has vanishing three point function with two (f,f)’s in the large N

(3.104)

limit. It is therefore a new elementary light particle.
To identify the first excited composite state of two (f,f)’s as a linear combination of

(A, S) with (S, A), we compute the structure constants

o T2 (N = 1)(N + X)5 csc 222 esc %I’/\\F(l — AT (NLH) I (=52)
Cnor((fa f), (f7 f)7 (A7 S)) = 2 1+N)A
NST )T ()T (+25) T (2 T (752)°T (S0

r (N+3>\) r (N—)\—i-N)\) r (N—NA)

1
2

N N N+
D(1-A+2)T (22
_ AN =3A A cot TA + 20y + 2Mp(N)) i @(L)
N ON Nt

(3.105)

(N — 1)NScscmA esc szjff\F (J;iv/\) r(&A)ri1-2)

(N 4T AT ()T (ZF2) T (735) T (553)

D=

FL+ A+ /) D) T ()

X
N(1+X _N— 2
P (M) T (252 T (3
A2 A2 (1 = BA+ mAcot T + 2\ + 2Xh(N)) 1
ot e +O(5a):

(3.106)
Comparing its large N limit with the free field products leads to the identification of
%((A, S) + (S, A)) as the two-particle state,

(A’S)_I—(S’A)N ! wOOW — Owdw
NG \/EA(“)( D0w — Owdw). (3.107)

Note that the RHS of (3.107) has the correctly normalized two-point function provided that

the dimension of w is Ag¢) = A*/N. The orthogonal linear combination %((A, S)—(S,A))
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has vanishing three point function with two (f,f)’s at infinite V.

There is an important subtlety, pointed out in [12]: while ﬁ@@éw is a descendant of w,
it is not truly an elementary particle. In fact, direct inspection of three-point functions at
large N shows that it should be identified with the bound state of ¢ = (£,0) and ¢ = (0, ),

1.e.
1
A )

DOw ~ ¢ . (3.108)

This is not in conflict with the statement that w itself is an elementary particle, since in
the large N limit 90w (without the normalization factor 1/A ) becomes null. With the

identification (3.108), we can also express (3.107) as

~Y

V2 V2

(A,8)+ (5,4 1 ( &u@w) , (3.109)

In the next subsection, we will see a nontrivial consistency check of this identification.

Light states bound to massive scalars

So far we have seen that the massive elementary particles and the light particles interact
weakly among themselves at large N. One can also see that the bound state between a
massive scalar and a light state becomes free in the large N limit. We will consider the
example of (f,0) and (f,f) fusing into (A,f) or (5,f). At infinite N, the operators (A4, f)
and (5, f) have the same dimension as that of the basic primary (f,0), namely A o) = 1+,
and the light state (f, f) has dimension zero. A linear combination of (A, f) and (.5, f) should

be identified with the lowest bound state of (f,0) and (f,f). This is seen from the three
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point function coefficients

=

(N —1)% ese 7% ese gy sin 50 (50) (1 + NL—M)2

Couon(£,0). (£ ), (A, £)) = | -

2 2
N2T (52)°T (S0 1 (32
1 A
= — 4+ tTA 4+ 27+ 2¢9(N)) + O(—),
75+ 5y MOt 27+ 20(1) (372) .
and
1
- 2D () (R T () |
Cnor ((£,0), (£, £), (5. £)) = N-+2)+NA -2 N+A—NA
NT (M2 [ (20 ) T (M) (3.111)

A 1
=55 2\/§N(7rcot7r>\ + 27+ 2¢9(N)) + O(m)

By comparing with the free field product of the elementary massive scalar ¢ with the light

field w, we can identify
(A, f) + (S, 1)
V2

The orthogonal linear combination %((A,f) — (S,f)) has vanishing three point function

~ fuw. (3.112)

with (f,0) and (f,f) in the infinite N limit. This is a new elementary particle, with the
same mass as that of ¢ in the infinite N limit.'!

One can further study the fusion of (0, f) with (A, f) into (A, 5), and the fusion of (0, f)
with (S,f) into (S, A). The normalized structure constants for both three-point functions

are 1/4/2 in the infinite N limit. In particular,

(A1) +(5,f) (A,9)+(S,4)\ 1 1
) v

Chor <(0, f), NG , 7 =7 + O(=). (3.113)

HWe thank S. Raju for emphasizing this point. Note that on dimensional grounds, if —= 7 (A, f) = (5,1))

were a bound state, it could only be that of (f,0) with a light state of the form (R, R), but by fusion rule
R must be f, and we already know that —- ((A f) — (S,f)) is orthogonal to the bound state of (f,0) with

(f,f) in the large N limit.
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This is precisely consistent with the identifications

~ (A f)+(S,1)
(07 f) ~ ¢7 T

N¢W7 ~ =

(4,9 + (54 1 (
V2 V2

The leading O(N?) contribution to (3.113) comes from the free field contraction of

= - :wqbg:
<¢ D QW NG > (3.115)

This is shown in the following (bulk) picture

As the last example of this section, let us also observe the following three-point function:

(A,£) - (S.F) (A,8)—(S,A)
2 ’ V2

Chor <(0,I-'), ) _ L + O(i). (3.116)

2 O'N

As argued earlier, the operator %((A, f) — (9,f)) is an elementary particle state; denote it
by W. We have Ay = A in the large NV limit. Analogously, %((f, A)—(£,9)) = U, with
Ag = Aoy at large N. There is a similar three-point function, fusing ¢ = (f,0) and ¥ into
%((S, A)—(A,S)). Combining this with (3.116), we conclude that %((A, S)—(S,A4))is a

bound state of two elementary massive particles, namely

(AaS)_(S>A) ~ \Pa_ﬁjgb
V2 V2o

(3.117)
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3.5 Sphere four-point function

In the section, we investigate the sphere four-point function in the Wy minimal model,
of the primary operators (f,0), (f,0), with a general primary (A,, A_) and its charge conju-
gate. The main purpose of this exercise is to set things up for the torus two-point function
in Section 3.6. We consider two different approaches in computing the sphere four-point
function: the Coulomb gas formalism, and null state differential equations. In Section 3.5.1
through 3.5.3, we illustrate the screening charge contour integral and its relation with con-
formal blocks in various channels, primarily in the N = 3 example, i.e. the W3 minimal
model. In this case, the conformal blocks are computed by a two-fold contour integral on a
sphere with four punches. More generally, the conformal blocks in the Wy minimal model
are given by (N — 1)-fold contour integrals. The identification of the correct contour for
each conformal block, however, is not obvious for general N. In Section 3.5.4, we recall
the null state differential equations of [43], which applies to all Wy minimal models. The
conformal blocks are given by the IV linearly independently solutions of the null state differ-
ential equation. One observes that the N distinct ¢-channel conformal blocks (to be defined
below) are permuted under the action of the Weyl group. This motivates an identification
of the Coulomb gas screening integral contours for the t-channel conformal blocks for all val-
ues of NV, which we describe in Section 3.5.5. The monodromy invariance of our four-point

functions is shown in Appendix 3.D.

3.5.1 Screening charges

Let us illustrate the screening charge integral in the W3 minimal model. Consider the

sphere four-point function of the primary operators (f,0), (f,0), with a general primary
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(AL,A_) and its charge conjugate. The highest weight vectors of f and f are the two
fundamental weights w! and w? of SU(3). In the Coulomb gas approach, we first replace the
four W5 primaries by the corresponding chiral boson vertex operators e Xt i = 1,2, 3,4,

where the charge vectors v; are taken to be

/ / /
= gwl’ Vg = ]iw2, V3 = £A+ - B,A—a Vg = 2@ — Us. (3118)
p p p V D

There is some freedom in choosing the charge vectors, since different charge vectors related
by the shifted Weyl transformations are identified with the same W-algebra primary. For
instance, here we have chosen v, to be 2() — v3 rather than v3 = \/%/Lr — \/gf\_. Indeed
these two ways to represent the primary (A, A_) are related by the longest Weyl reflection,
as explained at the end of Section 3.3. In terms of Dynkin labels, we write

1
pp

wh = (1,0), w? = (O> 1)a Q=- (1> 1)a Ay = (n-i-’m-i-)a A= (n—’m—)a
(3.119)
where ny, my are nonnegative integers that obey n. +m, <k=p—-3, n_+m_<k+1=

p— 2. The two simple roots are a; = (2, —1), ag = (—1,2). The corresponding simple Weyl

reflections s, s act on the weight vector (n, m) by

si(n,m) = (—n,n+m), sa(n,m) = (n+m,—m). (3.120)

To compute the sphere four point function of the Wy primaries, we must insert screening
charges so that the total charge is 2(Q). In our example, a total screening charge —v; — vy =
— %(al + ) is inserted. This is done by inserting two screening operators, V;~ and V5,

both of which have conformal weight 1. So we expect

(O, (21) Oy (12) Oy (23) Oy (4)) :/Cd51d52<Vv1(Il)‘@z($2)VL3(~”€3)VU4($4)‘/1_(51)‘/2_(32)>7
(3.121)
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for some appropriate choice of the contour C for the (s, $3)-integral. In fact, by choosing the
appropriate contour C', we can pick out the three independent conformal blocks in this case.
One may allow the contours to start and end on one of the z;’s where the vertex operator is
inserted, but we will demand the contours are closed on the four-punctured sphere.!? This
will allow for a straightforward generalization to the torus two-point function later.
Without loss of generality, we will choose z3 = 0, x4 = oo, while keeping x,x, two
general points on the complex plane. Write V; (00) = limg, o0 :):ih““ Viu(24). The correlation

function with screening operators is computed in the free boson theory (with linear dilaton)

as

/ 2 7 2
vy i e —\ Buzea; P an
= x5 s xBs, VT (zi —s5) Vr
12 J

i=1 i.j=1 (3.122)
/ / /

B @nitgmy)—Gnotgmo) B(gnitimy)—(gn_+im-) —Eni4n. -5
=Ty Lo 51 S

my+m_

X If_gsm (71— 81)" 7 (22 — 52)

S

/
! !
p P _p
p p

Note that as a function in s, (3.122) has branch points at s; = 0,00, x1, S2. As a function
in so, it has branch points at s; = 0,00, x9, s1. The property that there are 4, rather than

5, branch points in each s;, will be important in the construction of the contour C.

3.5.2 Integration contours

We will consider the following type of the two-dimensional integration contour C. First
integrate sy along a contour Cy(s;) which depends on s;, and then integrate s; along a

contour C. Cy(sy) is chosen to avoid the four branch points sy = 0,00, 9, s1, and C is

12Gtrictly speaking, due to the branch cuts connecting the vertex operators V,,,, the contour C lies on a
covering Riemann surface of the punctured sphere.
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chosen to avoid the branch points 0,00, 21, s (z2 will be a branch point in s; after the
integration over sy). To ensure that one comes back to the same sheet by going once around
the contour, we demand that C;, Cy have no net winding number around any branch point.*?

For Cy(s1) to be well defined the entire time as s; moves along C}, we also demand the
following property of C: upon removal of the s;-branch point x;, C; becomes contractible.
Since z; is not a branch point of the so-integrand, this makes it possible to choose Cs(s) to
avoid all branch points of sy and comes back to itself as s; goes around (7, ensuring that
the full contour integral is well defined.

Let us denote by L(z, 29) the following contour that goes around two points 21, 25 on

the complex plane:

This contour is well defined when there are branch cuts coming out of z; and 25, and the
monodromies around z; and zo commute. It is also nontrivial only when z; and z5 are both
branch points. If we integrate (3.122) along a contour L(z, z5) where z1, zo are two of the
branch points of the integrand, the contour may be collapsed to a line interval connecting

z1 and 25, namely

20— p———0 22

in the following sense. Let g,, and g., be the action by the monodromy around z; and 2,

13This is sufficient because the monodromies involved are abelian.
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respectively. Then we can write

z2
/ = (1 — 9z + 92192 — gz_zlgz1gz2> / e (3123)
L(z1,22)

21

where an appropriate branch is chosen for the integral from z; to 25 on the RHS.

The two-dimensional contour C' will be constructed as follows: we first integrate s, along
a contour Cq(s1) of the form L(z, z2), where 21, 2o are two out of the four branch points
0, 00, T9, $1, and then integrate s; along a contour C that is of the form L(xy, z) (so that it
becomes contractible upon removal of 7). We must then investigate the transformation of

the contour integral under the monodromies associated with s- and t-channel Dehn twists:

T, : x; going around x5, and
(3.124)

T; : z7 going around 0.
These are analyzed in detail in Appendix 3.B. We only describe the results below.

Among the following four L-contours for the ss-integral: L(xs,00), L(0,s;), L(0,00),
and L(xq,s1), only two are linearly independent. In fact, the basis (L(xq,00), L(0, s1)) is
convenient for analyzing t-channel monodromies, whereas the basis (L(0,00), L(z2, s1)) is
convenient for analyzing s-channel monodromies. The linear transformation between the

two basis is given by

L(0,00) | [ a2 o L(0, 1) 3.125)
L(z3,00) —gslt”z,:f —1;33‘:7131 L(s1,22)

Using the basis for the s,-integral adapted to the ¢-channel, namely (L(xs, 00), L(0, 1)), we

may consider the following four candidates for the two-dimensional contour C|

/ :/ dSl/ dSQ, / :/ d$1/ dSQ,
c) L(ml,xg) L((EQ,OO) c2) L(m1,w2) L(0731)

/ :/ d81/ ng, / :/ dsl/ ds,.
c®) L(0,z1) L(x2,00) cH® L(0,z1) L(0,s1)
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These contours are shown in the figures below:

o (0. 9] ce o

oM c2 ® C®) cw ®

° > —- ¢ oN_e -—--o -0 °

0 X1 ) 0 X1 ) 0 X1 T 0 X1 )

The solid lines represents the interval onto which the ss-contour collapses (as opposed to
the contour itself), whereas the dashed lines represent the corresponding collapsing interval
of the s;-contour.

We will denote the integral of (3.122) along C® by J;, i = 1,2,3,4. The t-channel

monodromy 7; then acts on the basis vector (J1, Jo, J3, J1) by the matrix

M, = go(1) I 1-dals) , (3.127)
0 go(81)9x,(51)

while the s-channel monodromy 7 acts by the matrix

9z (Sl)gm (51) 0
M, = gu,(21) S . (3.128)
921(51) = Go: (81)90(s1) 1
In both (3.127) and (3.128), g.(z) denotes the 2 x 2 monodromy matrix that acts on the

sp-integrand (after having done the s,-integral) by taking the point z around x. The explicit

form of gO(‘T1>7 gm(xl)v 90(51)7 9z (51)7 gmz(sl) are given in Appendix 3.B.

3.5.3 The conformal blocks for N =3

While we have constructed four candidates for the two-dimensional contour C' (out of
many possibilities), there are only three linearly independent conformal blocks for the four-

point function considered in Section 3.5.1. Indeed, only three out of the four 7;’s are linearly
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independent, as shown in Appendix 3.C. They are

j2 fL(xth) d$1 fL(8]7ZC2) d82...
T3 | = fL(O,xl) ds, fL(x%m) dsy--- |- (3.129)
T fL(O,ml) ds, fL(O,sl) dsy -+

where the integrand - - - is given by (3.122).

There are three s-channel conformal blocks, corresponding to fusing the (f,0) and (£, 0)
into (0,0), (adj,0), and (adj’,0), where adj stands for the adjoint representation of SU(3),
and adj’ refers to a second adjoint Wj3-conformal block whose lowest weight channel is the

(W3)_1 descendant of (adj,0). We denote these conformal blocks by

F* = (F(0), F*(adj), F*(adj’)) . (3.130)

The lowest conformal weights in these channels are (computed using (3.9))

N-1, N+1. 4
hig0) = ho) = W(l + N k:) = 3 1,
N o3 3p’

i 2, hegio) = L 1.
N+Ek p (adg",0) P

(3.131)
Pagioy =1 +

By comparing the s-channel monodromies, one finds that F* is expressed in terms of the

contour integrals via the linear transformation

T 1 0 0
s - D S it € Sy Sl A ¢ S i ) 3.132
Fr=A T A T=0P (O Lops (3.132)
j4 _ C372m+7n+ (l_cm+)(1_€~1+m++n+) O 1

(1-0)?(1+¢)(1+¢+¢?)
where ¢ = e2™#'/p,
Similarly, in the t-channel, there are three conformal blocks, associated with three distinct

primaries (A, +w', A_), (Ay —w! +w? A_), and (Ay —w? A_). The conformal blocks are
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denoted
Ft = (Fwh), Fi(—w! + w?), Ft(~w?)). (3.133)

The lowest conformal weights in the respective channels are

Py 2 1 4. 2

1
Pay+wt Ay = My ay + E(gmr +3my + §) - 3N gm- - 1,
P, 1 1 1 1 1
hiay —worswzasy = haagas) + 5(—§n+ +3me + §) +3n- = 3me, (3.134)
p. 1 2 2 1 2
ha,—w2aly = hapa) + E(—gmr — g - §) + 3o+ gmo+ 1.

By comparing with the ¢-channel monodromy, we find that F* is expressed in terms of the

contour integrals as

j 1 — (1=0)2(A+Q¢ ™ty (1-0)2(A4¢) ¢y
2 (1—Cl+m+)(1—<1+n+) (1_Cl+m+)(1_c2+m++n+)
F=Al gl Ao 1 0 . (3.135)
\74 0 O 1

Finally, the four point function is obtained by summing over either the s-channel or the

t-channel conformal blocks,
(O, (21, 1) Oy, (T, T2) Oy (0) O} (00)) = (F*) I MPF* = (FIY M F. (3.136)
Here M* and M! are “mass” matrices, and obey
(A TMEAS = (AT MEAL (3.137)

Mt is diagonal, while M? is only block diagonal a priori, since there are two adjoint confor-
mal blocks in the s-channel. The mass matrices are computed explicitly in Appendix 3.C,
up to the overall normalization which can be fixed by the identity s-channel. In this way,

the four point function is entirely determined.
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3.5.4 Null state differential equations

In this section, we describe a different method of computing the sphere four-point func-
tion of the Wy primaries (f,0), (f,0) with (A,, A_) and its charge conjugate, following [43)].
Analogously to Section 3.5.1, now for general N, the four operator on the sphere are O,,

with the charge vectors v; given by

/ / /
o= Pt = [Pt vs=v=/EA, = JBAL w=20—v. (3138)
p p p p

To compare with the formulae in Section 3.3, we also write

u=A+\N=v-0Q, (3.139)
where A and X lie in the lattices 10 Iy and 1", I and are defined modulo simultaneous shifts

by lattice vectors of I, with the opposite signs. As shown in [43], the primary states (f,0)
and (f,0) are complete degenerate. They obey a set of null state equations. For instance,

in the W3 minimal model, the vertex operators O,, gives rise to the null states

3w
(w220, =

120, 6w(A+1) -
(W—2 TAGAT D T AGa ) On =0
16w

12w 3w(A — 3)
(W—3 CAA=1)(BA+1)

AGA 1) ke T

L3_1 + L 3) Ovl - O

2ABA+1)
(3.140)

Here A and w are the conformal weight and spin-3 charge of O,,. Explicitly, they are given

by
4/ 2 /I
AWy s PR
3p 27 3p —b5p

(3.141)
Similar relations hold for O,,. Using the null state equations, one finds that in the Wj
minimal model the conformal blocks obey hypergeometric differential equation of (3,2)-
type.
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The null state method applies straightforwardly to the Wy minimal model with general
N, and the conformal blocks therein obey the following hypergeometric differential equation

of (N, N — 1)-type:

N N
d 7 P d P
{xH <x% T EP““) - kI:II (5”% + \ EP““> ]g(g;) -0 (3.142)

k=1

where z is the conformally invariant cross ratio of the four z;’s, and F; ; are defined in terms

of the charge vectors as
Pi=u-hy, P;=P P, (3.143)
The vectors hy, were defined in (3.77). The solutions to (3.142) are

Gr(z) = x\/gpk’lNFN—l(/ijEk‘x> = x_\/%Ple(x). (3.144)

where [i}, and 7, are the following N-dimensional vectors:

/ /
Hr = “g(Pk,h"' 7Pk,N)+]i(1a"' 1),
p b
(3.145)

/
ﬁk:“%(Pm,'“ cPen)+ (1,04, 1),

and ;*k is the (IV—1)-dimensional vector defined by dropping the k-th entry of .. yFn_1(aq,---

is the generalized hypergeometric function.
One observes that, the action of shifted Weyl transformations on v (or equivalently,
ordinary Weyl transformation on u) permutes the N t-channel conformal blocks. One may

define a Weyl group action on Py as

w(Py) = w(u) - hy, =u-w ' (hy). (3.146)

The Weyl group acts as permutations on hy, and hence permutes P, and Gg(x) as well.

Diagrammatically, the ¢-channel conformal blocks can be represented as

123
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.1 p N—1 _
NCe N1 Q

il

u —u
The shifted Weyl transformation on v permutes the diagrams with different internal lines.

In terms of the conformal blocks Gy (x) or Gi(z), the four-point function is given by

(Ou (21) 0wy (22) 01, (0) O, (20) )

o
S R I C )

where G(x, Z) sums up the product of holomorphic and anti-holomorphic conformal blocks,

(3.147)

N

G(z,7) =Y (M.);;G;(x)Gy(). (3.148)

i=1

M, is a diagonal “mass matrix”. We indicated here the explicit u-dependence of M,,
though G,(z) depend on u as well. M,, can be expressed in terms of the structure constants

(three point function coefficients) via

2
4 v 2
(Mu>jj = < E’Uﬂ) CWN < 5w1,u+Q,Q—u— Ehj>

P’ P’
X Cwy [ Q+u+ Ehj, whQ —u (3.149)

2 2 a 2 P P
20 () B () (2 )
P p)) i p P p

In deriving the last line, we used the results of B and Cy, computed in Section 3.4. Note
that, expectedly, the Weyl transformations on u also permutes the N diagonal entries of

M,,. For later use, we also define
Y "\ 11 I y Y
Ci=(Muy)nn =7 <—) Y (N <1 - —>) H Y —PN 7| = /=P~ |-
p p)) +1 p p p
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3.5.5 The contour for general N

Let us return to the Coulomb gas formalism, and we are now ready to present a contour
prescription for the four-point conformal blocks in Wy minimal models with general N. It
may appear rather difficult to directly identify the N contours that give precisely the N
linearly independent conformal blocks. But once we find the contour that gives one of the
N t-channel conformal blocks, we can apply Weyl transformations on the charge vector u
and generate the remaining N — 1 ¢t-channel conformal blocks.

The screening charge integral that computes the four point function, or rather, a con-

formal block, takes the form

o _ P _.Jr m o
6 (2) VAT a0
T2
N_2 5 , , (3.151)
=/ 5 (ut+Q)a; —r -z
" (H %dsiﬂ Si-l—\l/: " (8i — sit1) ,,) (@2 — sy-1) 7
i=1
where s1, s9,- -+, sy_1 are integrated along the following choice of contour:

H %ds, / d51/ dSQ"‘/ dsy_1. (3.152)
L(0,z1) L(0,s1) L(0,sn—2)

Pictorially, this is represented as

000,
°°o %o,
o PR 1 R R
o - ~
o~ S
O ...................... ° .QUQ

where the various lines represent the collapsing intervals of the L-contours of sq, $o, 83, - -
In the N = 3 case, this is the last contour of (3.126), denoted by C'® in Section 3.5.2.

The integral (3.151) can be computed by collapsing the prescribed contour to successive
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integrations over straight lines,

1 S1 SN—-2
/ d31/ dsy - - / dsn_1 :Nu/ dsl/ dsy - - / dsn_1,
L(0,21) L(0,s1) L(0,sx—2) 0 0 0

(3.153)
where the factor N, is obtained by taking the differences of line integrals related by mon-

odromies, similarly to the derivation in Appendix 3.B. The result is

=2

-1

Nu = (1 —g5,)(1 — go4),
im1

ot (3.154)

gs; = €

)
Jo.n— _6—27r21/ ZJ an- j—27r21/ (u—I—Q ‘aN_; 27r2 1/ P +p
i =

The integral expression G, is related to the conformal block G y(z) derived in the previous

subsection as

P p—/P p—,P 1 —/2 u Kot P
G, (ﬂ) “N,z vE N%\/: 1/ ds, 51\/:( *Qor
$2 0
(H / dsit 8 ; Qe (Si - Sz’+1)_€’> (952 - SN—l)_%
N1 , , (3.155)
- F(\/ZPNk +2) /
k— b
:Nu Nll ;Dl p F(l_g)N—lGN (ﬂ)
r=1 T/ 5Py + 1) P 2
:NuLuGN <ﬂ> 9
T2

i.e. they differ only by the normalization constant N, L,. Here we made use of the integral

representation of the generalized hypergeometric function:

NFN—l(alu'” 7aN;b17"' ,bN_l‘ZZ}')
N-1 N—1 N1 —an
F(bk‘) / /1 ak 1 br—an—1
- Il (1 —&)oF 1—3:” dér - -dén_1.
(k:l I'(ar)(bx — ax) ) 0 &) o Sk &1 EN-1

(3.156)
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Now we have obtained the N-th t-channel conformal block of Section 3.5.4. To produce the

other t-channel conformal blocks, we act the Weyl transformation on u, and obtain

oz)-or(2)
T T

In terms of the contour integral G, (z), the four-point function (3.148) can be written as

VO R | !
- w(U)Lw(U)Gw(“) ([l?_) : (3'157)
u—w(u) 2

T weWw

where we defined the normalization constant C, as

Co = Cu LN (3.159)

A useful formula, derived using (3.150), is
v I "\ 17 P I I

C?L72=—T(1—=)22Ny (—) ~y (N (1 — —)) H cscmy | =Py ysinm —Poyn——|.
p p p)) i p p p

The representation of the four-point function (3.158) is the main result of this section. It
may seen rather unnecessary given that we already know the relatively simple expression
for the conformal blocks as generalized hypergeometric functions. But as discussed in the
next section, our t-channel contour prescription allows for a straightforward generalization

to torus two-point functions.

3.6 Torus two-point function

3.6.1 Screening integral representation

We now consider the torus two-point function of a fundamental primary and an anti-

fundamental primary operator in the Wy minimal model, O, and O,,. The relevant
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genus one conformal blocks will be constructed using free bosons on the Narain lattice
[V-LN=1 " with insertions of vertex operators V,, and V,,, along with screening operators
Vi,V ,...,Vy_;. Note that the set of screening operators is the same as in the earlier
computation of sphere four point function, now the total charge being 0 on the torus (as
opposed to 2Q) on the sphere).

Our starting point is the torus correlation function in the free boson theory with screening

operators insertions,

ZE% a1 (Vi (21) Vi (22) Vi (1) - Vg (1)) s

’

U1 -V p_ N— p—lai-ai
_ 1 01 (212|7) |72 | 01(21 — ta]7) | 72% |61(20 — tya|T) |27 H b1 (tii41lT) )P e
|77(T)|2N_2 0291(O|7') 0291(O|7') 0291(O|T i=1 a 91 0|7_
T N—
X Z 2" 2" exp [2m' (v (V121 + vo2g — v Z a;t;)
(v,5)€ELN-1,N -1 —
e
— - (’0121 -+ ’0222 — - Z 04212)
Pz
08 2
= Z ‘GZ (ZlazQatla'” atN—l|7_)} .
uEF;p,/Fpp/
(3.161)

Our convention is that the coordinate z on the torus of modulus 7 is identified under
2z~ z+1~ z+7. The lattice 'V ~1V=1 is defined as in (3.24). G is a genus one character

of the free boson with N + 1 vertex operator insertions,

GZOS(ZD 22, t17 te 7tN—1|T)

_ 1 (91 Z12|T )p_N (‘91 2 — |7 ) (91(22—tN 1|7 ) v 2<91 tii1|T) )_%
7]( ) 0 ‘91 0‘ 291 0‘ 82‘91(0‘ i1 0 91 O|T

(u—l—n p
X q2 exp |27ty | — ((u+n) - (w121 + wn_122 — a;t;)) | -
> o2

TLEF !

(3.162)
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Recall that in the formula for the Wy minimal character (3.28), an alternating sum over
Weyl orbits is perfomed in order to cancel the contribution from null states in the conformal
family of w = A+ X" at the level hy(x)+a — hatn and higher. A similar procedure is applied
here to produce the correct minimal Wy torus correlation function. A t-channel conformal

block for the torus two-point function can be represented by the following diagram:

)\—l-)\/—f—\/%hk
"l ' N—1
Y5 -0 Fut - Q

A+ N

On the lower arc, there are null states at the level hy ) — harn that are included by the

free boson character. On the upper arc, there are null states at the level' h ro—
Atw(N)+y/ L hy

h 7. To cancel the contribution from these null states, we consider the alternating
AN+ hy,
sum:
G (21, 20,10, -ty a|T) = Z ()G o (21, 22, 11, -ty |T). (3.163)

weW
Next, we integrate the positions ¢; of the screening operators on an (N — 1)-dimensional
contour. Different appropriate contour choices may give different conformal blocks, say in

the t-channel or s-channel.

YSimilar to (3.42), one can show that h/\+w(/\/)+\/zp'hk —h +\/§hk is always a nonnegative integer,

AN

when A + 4/ %hk and X sit in the identity affine Weyl chamber of 1"*% and I,

P

15The reason that we are summing over the Weyl orbits of X' (rather than, say \) has to do with the
inserted vertex operator being (f,0) rather than (0,f). Also note that normalization factors involving the
structure constants, e.g. (3.160) are needed to obtain the full correlator. In fact, (3.160) is invariant under
the Weyl transformation acting on X, i.e. C’A+w()\,)L;iw(/\,) = C’AJFA/L;i/\,. This is consistent with the Wi

primaries being labelled by u = A + X\ up to the double Weyl action.
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t-channel s-channel

As in the case of sphere four-point function, we will construct the integration contour by
composing one-dimensional contours with no net winding numbers, which ensures that the
integral is well defined despite the branch cuts in the integrand. To go from the four-
punctured sphere to the two-punctured torus, we can simply cut out holes around the
points 0 and oo on the complex plane, and glue the two boundaries of resulting annulus
to form the torus. The annulus coordinate x to the torus coordinate z are related by the
exponential map z = e?™*. The L-contours introduced in Section 3.5.2 are closed contours
that avoids the branch cuts including 0 and oo, and thus are readily extended to the case
of the torus under the exponential map. In particular, the part of the contour that winds

around 0 or oo now winds around cycles of the torus.

We will still use L(0,z) or L(oo,z) to denote the contour on the torus related by the

exponential map, with the understanding that when the L-contour winds around 0 or co on
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the plane, it now winds around the spatial cycle either above or below z = ﬁ log x on the
torus.

Let us consider the following contour integral:

Gl(z1, 2|T) = /

dt1/ dty - - / dtn_1G2 (21, 20, t1, -, tn_a|T),  (3.164)
L(0,21) L(0,t1) L(Otn—_2)

which, as in the case of sphere four-point function, is a conformal block in t-channel. The
contours L(0, z1), L(0,t1), - -, L(0,tny_2), for t1, - -+, ty_1 integrals, are now contours on the
torus of the type shown in the right figure above. The positions of the two primaries, z1, 25

and the positions of the screening charges t¢;, are in cylinder coordinates. They are related

to x1, 9 and s; described in Section 3.5.5, now annulus coordinates, by the conformal map
x; = e2m’zi7 s; = €2mti. (3165)

Generally, it appears rather difficult to explicitly identify a set of contours that gives all
the conformal blocks in one channel. Instead, we use the trick described in Section 3.5.5,
starting from (3.164) and obtain the other N —1 ¢-channel contours by Weyl transformation
onu = A+ ). Note that in arriving at (3.164) we have already performed an alternating sum
on X, so the Weyl transformations that permute the different ¢-channel conformal blocks
really only act on \.

The torus two-point function of the primaries (f,0) and (f,0) is then given by

_ _ 1 2
On(,200u(22) =57 2 [CowGipian(r )
T AEAL, NEAs, weW

, (3.166)

where Ay and A, are the identity chambers of the shifted affine Weyl transformation in the
lattices I', and I', respectively. In summing A and X" independently, we have overcounted,
»’ )

P

as (A, \') are identified under (3.21). This is compensated by including an extra factor of
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- in (3.158) into + in (3.166). The normalization factor C,

1/N, turning the factor ﬁ N

was given in (3.159) and (3.160).

3.6.2 Monodromy and modular invariance

On the torus with two operators inserted at z; and x5, besides the s-monodromy (x;
circling around z5), t-monodromy (z; — x; + 1 below z3), and u-monodromy (z; — x1 + 1
above xs), there are also what we may call the “v-monodromy” which is ;1 — x; + 7 on
the left of x5, and “w-monodromy” which is z; — x1 + 7 on the right of x5. Three of these
five monodromies are independent. The two-point function should be invariant under these
three monodromy transformations, as well as the modular transformations (7" : 7 — 7+ 1
and S : 7 — —1/7).

The t-channel conformal blocks in (3.166) are trivially invariant under the ¢-monodromy
and T-modular transformation. The s- and u-monodromy, on the other hand, mix the
different ¢t-channel conformal blocks. The invariance of the full two-point function can be
seen by expanding (3.166) in powers of ¢ = e*™7 with z; — 2, fixed, where each term in the
expansion is a sphere four-point function of O,,, O,, with a pair of conjugate Wy primaries,
or their decedents. The s- and u-monodromy invariance then follow from those of the sphere
four-point functions.

The S-modular invariance is less obvious in terms of the t-channel conformal blocks. On
the other hand, it acts in a simple way on the s-channel conformal blocks, and in particular
leaves the identity channel invariant. The identity s-channel conformal block for the torus
two-point function can be constructed by an easy generalization of the J, contour in the

N = 3 case for the sphere four-point function.
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3.6.3 Analytic continuation to Lorentzian signature

As a potential application of the exact torus two-point function, we wish to consider its
analytic continuation (with 7 = if) to Lorentzian signature. The result is the Lorentzian
thermal two-point function (O,, (t)0,,(0))s of the Wy minimal model on the circle (in our
convention of z-coordinate, of circumference 1), at temperature 7' = 1/8. This Lorentzian
two-point function measures the response of the system some time after the initial pertur-
bation (by one of the two operators), and its decay in time would indicate thermalization

of the perturbed system. Of course, since all operator scaling dimensions in the Wy mini-

1
N(N+k)(N+k+1

mal model are multiples of N;p, = L Poincaré recurrence must occur at time
t = Npp' ~ N3. In fact, we will see that it occurs at time ¢t = Np in the two-point function
(O, (t)O,,(0)) 5. Nonetheless, the behavior of the two-point function at time of order N in
the large N limit should be a useful probe of the dual semi-classical bulk geometry.

For simplicity of notation, we will denote both O,, and O,,, by O in most of the discussion

below, thinking of O as a real operator. Starting with the Euclidean torus two-point function

(O(2,2)0(0,0)),, we can write

=41y, Z=x—1y, (3.167)

and then at least locally make the Wick rotation y to —it. In other words, we would like to

make the replacement

z—x+t, zZ—ax—t (3.168)

The resulting two-point function has a singularity at x = +¢, when the two operators are

light-like separated (as null rays go around the cylinder periodically, the two operators are
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light-like separated also when z 4t is an integer'6). One must then specify how one wishes
to analytically continue from t < |z| to ¢ > |z|. If we are interested in the time-ordered
two-point function at ¢ > 0,

(TO(x,)0(0)), = > e (n|TO(x,1)O(0)|n)

(3.169)
= D e BB (1] O(a, 0) m) (m|O(0) ).

then the correct prescription is to replace 1y by t — i€, where € is a small positive number.

Now consider the analytic continuation of the conformal block (3.164). We can set zo = 0
and z; = x + iy, and applying our prescription, replacing z; by x +t — te. Similarly, we will
analytically continue the complex conjugate, anti-holomorphic conformal block by sending
Z1 —> x —t+ e

We are interested in the behavior of the two point function at time ¢ of order O(N?)
but parametrically large. For this purpose, we may consider simply integer values of ¢ and
generic x. To obtain the values of the two-point function at integer time ¢ = n, we can start
at (z,t =0), and apply the t-monodromy which moves t — t + 1 (with negative imaginary
part so that O(x,t) goes below the insertion of O(0)) n times. The t-monodromy on the

holomorphic conformal block is given by

omi (/2 Py D)
g§\+>\/(l'+t+1+i€,0|’7') =e (\/7 N 2N )g§\+>\/($+t+i€,0|7). (3170)

The anti-holomorphic conformal block transforms with the same phase, due to the complex
conjugation and the inverse t-monodromy. The phase factor is simply due to the difference

of the conformal weight of the primary operators labeled by u = A + X\ and u + \/%hk in

161f there is thermalization behavior at late time, the two-point function should decay in the distribution
sense.
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the t-channel. The two-point function at ¢ = n is then given by

1 i 24/ w(Py)+ LA =L 02
(O, =n)0(0)5 = + > e ( Vi PN )}cw(u)gfmﬂ,)(xw)\ .
" AEAL, NEAs, weEW
(3.171)
Recall that w(Py) = w(u) -hy = u-w ' (hy), and \/%w(PN) is always an integer multiple
of 1/(Np). So in fact the two-point function (O(x,t)O(0))s has time periodicity at most
Np (this is simply a consequence of the fusion rule).

Unfortunately, we do not yet know a way to extract the large N behavior of the analyt-
ically continued two-point function, or even simply the two-point function at integer times,

(3.171), for that matter. In the N = 2 case, i.e. Virasoro minimal models,!” the contour

integral is one-dimensional, and we have computed (3.171) numerically in Appendix 3.F.

3.7 Conclusion

We have given in Section 3.4 the explicit formulae for the coefficients of all three-point
functions of primaries in the Wy minimal model, subject to the condition that one of the
primaries is of the form (®2,.f, @ f), where ®7, f is the n-th symmetric product tensor of
the anti-fundamental representation f. This allows us to study the large N factorization and
identify the bound state structure of a large class of operators. Apart form the elementary
massive scalars (£,0) = ¢, (0,f) = ¢, and the obvious elementary light state (f,f) = w,
there are additional elementary light states e.g. %((S, S) — (A, A)), as well as additional

elementary massive states e.g. %((A, f)—(S,f)) = . On the other hand, we have identified

1"The contour integral expression for the torus two-point function in the Virasoro minimal model has
been derived in [44]
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the following operators as composite particles:

oL
V2
1 _ _
S,0) ~ ———(¢Ip — DPDS),
(:5,0) \@A(ﬁo)(aﬁ ¢ — 0pd9)
(adj,0) ~ ¢¢,
(S,9)+ (A, 4) 1

~

V2 V2

(4,0) ¢,

(3.172)
AD+E0
V2
AS)+(S4) 1
NG NI (WIOw — Owdw)
1 ~ 1 =
~ % <w¢¢ — A(ff) 0&)(9&)) ,

(AvS)_(SvA) ~ \Ilg_{il(b
V2 V2o

We have also seen that the identification ﬁa&u ~ ¢ of [12] is consistent with the large

N factorization of composite operators. It would be nice to have a systematic classification
of all elementary states/particles among the Wy primaries and their bound state structure.
This should not be difficult using our approach.

The other main result of this paper is the exact torus two-point function of the basic
primaries (f,0) and (f,0), expressed explicitly as an (N — 1)-fold contour integral. Direct
evaluation of the contour integral appears difficult, but nonetheless feasible numerically at
small N (as demonstrated in the N = 2 case in Appendix 3.F). As our formulae are written
for individual holomorphic conformal blocks, the analytic continuation to Lorentzian thermal
two-point function is entirely straightforward. It would be very interesting to understand
its large N behavior, say at time of order N°. We expect some sort of thermalization

behavior (as already shown in the N = 2 example at large k, in fact) reflected in the decay
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of the two-point function in time, and the precise nature of the decay contains information
about the dual bulk geometry. If the BTZ black hole dominates the thermodynamics at
some temperature (above the Hawking-Page transition temperature), then we expect to see
exponential decay of the thermal two-point function. To the best of our knowledge, such an
exponential decay of the two-point function has not been demonstrated directly in a CFT
with a semi-classical gravity dual (the closest being the long string CFT'® of [46, 47] and
in toy matrix quantum mechanics models [48, 49]). The Wy minimal model, being exactly
solvable and has a weakly coupled gravity dual at large N (though seemingly very different
from ordinary semi-classical gravity), seems to be a good place to address this issue. To
extract the answer to this question from our result on the torus two-point function, however,

is left to future work.

18The long string picture a priori holds in the orbifold point, which is far from the semi-classical regime
in the bulk. One may expect that a similar qualitative picture holds for the deformed orbifold CFT in the
semi-classical gravity regime, but showing this appears to be a nontrivial problem.
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3.A The residues of Toda structure constants

Let us carry out the procedure of obtaining the structure constant Cyy,, (v1, va, v3) in the
Wy minimal model by taking the residues of correlators in the affine Toda theory. Firstly,

using (3.79), we derive the identities

T (x)
Y(z +nb+ m/b) (3.173)
. m—1n—1 1 n—1 p—1+2bz+2;b? m—1 p—2a/b=2j/b+1 .
-y (L!LE@%+x+ﬂw>[£Lw@:7@>lﬁﬂv@w+ow%r
and
T(x)
Y(z —nb—m/b)

= (_1)mn (H H m) [H ry(bx _ jb2)b1—2bx+2jb2] [H’Y(l’/b . j/bg)b_1+2m/b_2j/b2

7=1 7j=1

(3.174)
Next, we factorize the denominator of (3.76) into four groups, and substitute in (3.72), and
set € = 0 in the factors that remains nonzero when € = 0. The factors in the denominator

of (3.76) with j > i become

T(%ﬂL(Vl—Q)'hiﬂL(W—Q)'hj)

1 (3.175)
= T(bsio1 = 51) + (sl = )+ (Q=va) - (b — )
and for 7 < ¢ we have
T(%+(V1—Q)~hi+(V2—Q)~hj>
1 (3.176)
- T(b(sj_l = 5) + (5 = )+ (Q=v1) - (= hi)).
The denominator factors with ¢ = j = N become
T(%Hvl— Q) - h; + (v — Q)-hj)
. (3.177)
= T(%—I— bsn_1 + ES’N_1>,
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and for ¢ = 7 # N, we have

T(%+(V1—Q)-hj+(V2—Q)-hj—i-e-hj)

! (3.178)
= T(b(sj_l — Sj) + E(S;_l — S;) + Ej — Ej_1>,

where so = s{, = €y = 0.
Now, it is clear that (3.178) are the only factors in the denominator that vanish at e = 0,
and also they vanish only when s; > s; 1 and s} > 5% _;, or 5; < s5;1 and s} < s, ;. Let us

first assume s; > s;_; and s;» > s;_l. We have

T<b(3j—1 —55) +3(si_, —s)) e hj> ¢-h; iy (e hy + £+ 1b)?

« [ﬁl (e - h; — lbz)] JlJ_fV ‘h; — k:/b2) LB b (8- — D)1 =g g +62(s)y —1)s },jﬂ’
i (3.179)
The prefactor i is the only divergent piece in the ¢ — 0, and at this point we could take
€ — 0 on the remaining factor, but we will keep the formula with nonzero e for later use.
There are also
T((Q-va)- (b —hy))
T(b<sj_1 ) =) (@) by - b))

Sj,j—1 Sj,5—1 s;}jfl
1
= (—1)%1% H H (o [H y(bP% — lb2] IT @3/ k/p%)
k=1 I=1

k=1

% bSid-1— b2 (sj—1,j—1)8j,j—1— i 1O (8] 1 Dsh 2bP 85,5~ 1+2P i85 i 1/b

(3.180)

139



Chapter 3: Correlators in Wy Minimal Model Revisited

and

T((Q@-v1)- (h; b))

T(b(sj_l —s;)+ %(s’-_l —85) +(Q—wv1) - (h; - hz))

Sj,j—1 Sj,5—1 s;}jfl
1
( 1)511 15,51 H H Pl — —lb)2 [H ’y bPl lb2 ] H ’Y(P]ll/b—]{?/b2)
k=1 1=1 b k=1
x bSii—1— —b? (sj-1,5—1)sj,5-1— 5“ 1+b( —1,5 —1)s 33 1 2bP 55,0~ 1+2P 5]] 1/b
(3.181)
where we introduced the notation s;; = s;

—s; and P, = (Q —

Va) . (hl — hj), a = 1,2
Combing the above three terms, we have

T(b) 3 *(P}) v(P%)
T(bsj_lﬁbs] e h)z ]HT(bsy 1+ 18 1J+P1>T<bsj_1y+bs] 1j+P2>
1 , ‘ -

. Sj,i—1 s, i .

S i 1S4,5—1 R 253 25,i—11.C
e-h.(_1> P J,€ b]’
J

(3.182)
where Rj»fe’j*l’sg"j ~' is defined to be

JJ 185,j—1 N
S: 1.8 . ]_ 1
R.]: D71 =

P IH H “hy +§ +lb) H (P — 5 —1b)2 (P2 — E —1b)?

X “hy — 1b?) H v(bP; — I6%)y(bP3; — 1b%) (3.183)
L (=1 i=j+1
x (e by — k/b7) H V(PJi/b— k/6)1(P5 /b — k/V)
| k=1 i=j+1
The exponent C; of b is given by
Cj= (2N =25+ 1)(sj5-1 — 85 ;21) + 2(5j-18; — 5;85_1) +0° [(2N — 25 + 1)s;-1 + 571 — 53]
1
R [N =25 + 1),y + 87 — 87 — 2bs;;- 1%+2683’j_1%’
(3.184)
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where we have used

N
1 o 1
Y (Pji+Ph) =5 b(N = )5y 1 +bs; + 3N =) 0+ 555 (3.185)
i=j+1

We also have

17 lsyoa—

T(%) ’ 1

= (—1)5N-15N-1 —
Y (5 + bsy_1 + Sy_,/b) (=1) 1:[ (e 4 5 +1b)?

=0
sN—1—1 sy_1—1
3.186
[T v —bse—?)| | T] ~(1—5/b—k/p) ( )
=0 k=0

« b—SN,1+2b%SN,1+b28N71(SN71—1)+8/N71—2%%89\771—%89\771(8/}\;71—1) )

Putting the above terms together, the total exponent of b is

=z

-1

1
Ci —sn_1+ 2bsxesy_q + b sy 1(sy_1 — 1) + shy_q — 25%5’]\,_1 — b—25’N_1(s’N_1 —1)
j=1
N-1 L N N-2
=2(1 +b%) —2(1+ bz)Zs’ +22(sjs;-+l — 8j1157).
j=1 j=1 J=1
(3.187)
Finally, we rewrite the prefactor of (3.76) in the form
< ) Nzl Nil
(22— vy, s sh
iy ()52 SR [ : u;)b 2 ﬂ = { ?M/?)bfg+2:| = (3.188)
N =
The residue of the three point function is then
I€Se; —0ICSey—se; " T€Sen_1—en_o C1toda(Vl> Vo, J'ﬁ‘un—l)
Nilsk / Nils’ Sv_1—Lsy_1—1
_ (ib)zzé\r:?(ws;ﬂ—s:jﬂs;) { —HT }k—l { _NZT }k—l F kl
7(=b?) (=) o o et gl
sN—1—1 Sy_1—1 N-1
X [ v(l—b%—lbz)] H (1 — 3¢/b— k/b?) 8” %1
1=0 = j=1

(3.189)
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The € is the subscript of R]S-::, is understand to be taken to zero in computing the residue,

but we will leave it in the formula as we will make use of it below.

In the case s; < s;_; and s} < s)_;, we can apply the following identity:

j=b
T(z) _ Tb+1/b—x) | (3.190)
Y(x—nb—m/b) Y(b+1/b—x+nb+m/b)
and then the residue will be computed by the above formula with the replacement
e=b+1/b—e Pj—b+1/b—-P), P}, —=b+1/b-P3, (3.191)

and then set € to zero. Finally, we obtain the structure constants in the Wy minimal model

by the analytic continuation (3.74).

3.B Monodromy of integration contours

In this appendix, we analyze the s and ¢ channel monodromy action on the contour
integrals described in Section 3.5.2.

Let us begin by considering the so-integral. The ss-integrand has branch points at
0, s1, w9, 00. There are relations among the L contours encircling a pair of the branch points.

For instance,

/L(O,OO) /13(07{81,962})
S1 ) S1 0 S1 ) i) ) ) S1 0
= / + / t Yz, / +92,9s, / +92,9s190 / +9229s1 9095, / +92,95,9095, Gz, ( / + / )
0 S1 T2 S1 0 S1 T2 s1
z2

s1
= (1 — Yz29sy + Gz29s190 — gngslgogs_llgm_21>/ +(1 — Gao + gngslg(]gs_ll - gngslgogs_llg;;)/
0 s1

(3.192)

Now since all the ¢’s are commuting phase factors, we can write
S1 T2
/ = (1—g0)(1— 951gx2)/ +(1 = go)(1 — g@)/ : (3.193)
L(0,00) 0 s1
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Naively, one may think that the integral over L(xs, 00) is given by the same expression with
0 and x5 exchanged. This is not correct, however, due to the choice of branch in the line

integrals. We have

/ {Ez OO / -'EZ {31 ZEO}
1 1 2
/ +981/ +gs190 (/ / ) +951909x2 </ / ) +951909x290 / +gs1gogﬂc2go— gs_l /
S1

= (1 95190)(1 gm) / 951(1 gO)(l g:cz) /0
1 (3.194)

Together with using the following relation between the L-contour and the “collapsed” line

/ —(1-g0 —go>/ ,
L(0,s1) 0
T2
/ —(1- g —gm)/ ,
L(s1,x2) s1

we derive the formula (3.125).

integral,

(3.195)

Now consider the two-dimensional contours (3.126). Let us denote by Z) the contours
obtained from C'® by collapsing L(z1, z;) into straight lines, and by .J; the integral of (3.122)

along Z | and also by J; the integral of (3.122) along C¥), i = 1,2,3,4. J; and J; are related

T 1—-9.,)(1 =9 Jp
1 gl g (s | T
To (1—=g0)(1 —gs)J2
(3.196)
T3 1—64,)(1 =900 J3
(1 gl — g (s | )
Ju (1=g0)(1 —gs,)Js

T; and Ty acts on (J1, Ja, J3, J1) via the monodromy matrices (3.127) and (3.128). Define

(= 2™’ . We find

wl=

go(21) = C§n++§m+e—2m’(§n,+§m,)7 Goy (1) = (3, (3.197)
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and

¢t 0 . . 1 0
90(81) = ) gl‘l(sl) = C_ 17 g:cz(sl) = A" A. (3198)
O C—n+—m+—1 0 C‘—Z

The matrix A is the linear transformation of L-contours,

L(0, 00) L(x3,00)
—al , (3.199)
L(Sl,l‘g) L(07 31)
and from (3.125) we know
1- g -1+ 909z29s:
Aot ’ R (3.200)
1- 909s,

1 —gs 981(1 - g:m)

Using the monodromy phases of the so-integrand,

Go=CT" Go = gay =C 7 (3.201)

we find
L (1 e

A= ——
1- C_m+_l 1— C—l C_l _ C—2

(3.202)

3.C Identifying the conformal blocks with contour in-

tegrals

It is useful to work in instead of (J1, Jo, J3, J1), the basis

T T dsy---
— A _ / dSl fL(O,oo) :
NG J2 L(wy,w2) f s dsg -
Eoves) (3.203)
T dso - - -
3 _ / d81 fL(xg,oo) 2
j4 L(val) fL(O,sl) dSQ e
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In fact, jl vanishes identically, as a consequence of the relation

Cmme (1 — ¢lme) 0 0
A1 = goy(51)) (1 = ga (51)) = — - . (3.204)
I+O0=0% {4

Acting on (\72, J3, J1), the monodromy matrices are of the form

¢3 0 0
= 1 24+m n
= (¢ )(a=¢"+)
Ms C3 <1+m++"+(1—C2) 1 0]
(1=¢H) (A=t
C2m++n+ (l_cz) O 1
(3.205)
1 0=02a+Qcime (1-02A+Q T
1_Cm++1 1_<-m++1
M _ sEZng4imy —2mi(Zn_+imo) 1
;= (3 3M+e 3 3 0 ¢ ng 0
0 O C—2—n+—m+

As described in Section 3.5.3, the four point function is obtained by summing over either

s or t channel conformal blocks (3.136). The mass matrices therein, M" and M?, are of the

form
a 0 0 d 0 0
Mt = O b 0 ) MS = 0 Xx Xk ) (3206)
0 0 ¢ 0 * =x*

and obey (3.137). (3.137) is solved with

@ _ G (L (1 (1 (M1 cHmen)(1 - GRbmatna?

c (1= (1 + O)2(1 — ¢Znr)(1 — (3+matnr) ;

b (1= (m)(1 = (IFmene)(1 — ¢Bhmatne) (3:207)
c (1= ¢#rme)(1 = ¢me) (1 — ¢hme)

The overall normalization can be fix by the identity s-channel, which then fixes the entire
four point function. From this four point function one may also extract the coefficients of

the sphere 3-point functions, (Oaj,0)0uOu), <O(adj/70)(’)u(’)_u), etc., and reproduce some of

the results in Section 3.3.
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3.D Monodromy invariance of the sphere four-point

function

In this section, we show that the formula (3.148) for the four-point function is invariant
under the ¢- and u-monodromy transformations, i.e. circling 1 around 0 and co. By (3.144),
the t-monodromy acting as a phase on the ¢-channel conformal blocks; hence, the the four-
point function (3.148) is trivially invariant. To exhibit the u-monodromy, let us apply the
following identity on the generalized hypergeometric function:

NEN_1(ar, -+ an; by, - by |)

N—lF

N § VS (bx) Y T(ax) H;'V:Lj;ékr(aj — ay)
TTas, T(ax) ; [15 T — ar)

1
xNFN_l(ak,ak—bl—l—l,--- ,ak—bN_1+1;1—a1+ak,--- ,l—aN+ak|;).

(—z)~a (3.208)

Via this identity, the conformal block G;(x) can be rewrited as

Gi(x) = x\/? 'NEN- 1(#1;%@)

HZ 1 F \/7Pl7, _'_ 1 N p/ p/ p/ p/
Z (4/—Pp+—)I(1+ /=Py ——)
Y, oo \f Py p p p (3.209)
y ljgék \/7Pk] 27r \/>Pkl——)
Hy(z),
I, \/;ij +1-2)

where Hj(x) are the u-channel conformal blocks, given by

P/P ! -~ ]_

S

Hy(w) = 2V ™% g Py (i 7y ;) (3.210)
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and iy, v, are N-vectors defined as

/ /
ﬁﬁg—\/ (Pir -+ Prg) + (1, 1),
p p
(3.211)
/
ﬁ]/g_‘lp(Plkv 7PN,k)+(1771)

Again 5; is given by 7/, dropping the k-th entry. In terms of the u-channel conformal blocks

H)(z), the four-point function can be written as

N
Z WulGi(x

N N I( Iipl. ra-— Iipl.
=v<ﬂ>v<zv<1—ﬂ'>>z I )
=1 zlz;élrl__+\/7pzl __\/7le ?

N N p/ pl p, p \/»P
X Z Z F( — P, + )F(l - Plkl - _)F( Plk}g + )F(l — Plk}g — = “T kq kg
k1=1 ko=1 p p p p p D

N /
Hj:l,j;éklr( %P’flj) J 1]#’@2 \/7Pk2]
N /
Hj:lr( %Pklj_'_l_ ] 1 \/7Pk2j+1__

Hy, () Hy, (7).

(3.212)

Using the following identity

i ﬁ F\/zPilFl—\/zPil
=1 \i=1,i21 [’ 1——+\/7Pu ——\/71321

Pp P I P /Pp L F I P /P
x I P I'(1 — P — =)'(4/ =P I'(l—4/—P., ——)e p " Fkika
( ; Iy + p) ( P p) ( ; I + p) ( o Fika p)

N N sinﬂ(p—' — \/Epil) / , ; ..
- Z H - ; - cse 7 ( ]iplkl + ]i) cse 7 ( ZiPle + ]i)e“r\/%Pklkz
=1 \i=Li#l sl W(\/%Pu) P P D v

(3.213)
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(3.212) may be simplified to

M)ulGi(z

Mz

=1

N N N I( P_’p. I(1— P_’p.
o p/ p/ \/7Zl \/7Zl ]_
‘”(5)”@(17))22 S o
k=1 1=1 \i=1,iz [ +\/7le __\/7le (%)
N vp,.
r( 2 p+ Zyera - Py - Py F(\/;P'”) 1
x I'( e+ —)7I( Ik ) H ; / (1 — 2)2
Py PP s DR +1-8) ) TO-5)
| Hy ()]
N N 24 Pp_
) <£)”<N<l‘p/))ZH A -
- / / '7
# i=1i=1iz (1 =& + p—sz)F(l_\/?Pyz)
N
:Z w)jilHj(x
7j=1
(3.214)

where the u-channel mass matrix M, is given in terms of the structure constants as (here

the subscript u is the charge vector)

(M) —B<\/;wl> CWN<\/;1U Q—u,Q+u~— %hj>
XCWN< —u+\/7],\/7 u+Q>

The u-monodromy acts as a phase on the u-channel conformal blocks (3.210). The four-point

(3.215)

function (3.214) is invariant.
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3.E ¢-expansion of the torus two-point function

In this section, we study the g-expansion of the torus conformal block (3.164). Let us

start by expanding (3.162) as

G5 (21, 29|T) = Z gty utn)? Gztf;fo)(zl,@) +Gzof’,fl)(z1,z2)q+(’)(q2)] , (3.216)

nEF !

where G%* (21, 29) are obtained from the g-expansion of the #; and 7 functions in (3.162).
For simplicity, here we will assume that N is sufficiently large, and examine only the first
few terms in the g expansion. For this purpose, we can ignore the sum over the lattice I',,,
by setting n = 0, while restricting u € I' , /Ty to take the value in the equivalence class
that minimize 2, since the effects of nonzero n only come in of the order ¢~ ’. Plugging
this formula into (3.163) and (3.164), we obtain
gHN 21,22|7‘ Z q N2+ 1 (A +w(N))? G(o (21,2’2) + Gf\+w v (21,2’2)q—|- O(qz) .
wew

(3.217)

Next, we expand the product of theta functions in (3.162),

1 (91(212|T)) (91(z1 —t1|7))—”— (91(z2—tN 1|T))- (9 (¢ “+1|T))-%
n(T)N=1 \ 9.61(0|7) 0.0:(0]7) 9.0:(0|7) 1\ 9:.0:(0]7)
— g o (i)pp_N_%N ( L12 )p_N <$1 - 31) ($2 - SN—l)_% s Siyi+1 )_%
— 1 4m VT1T \V/T181 V/SN—1T2 P SiSit1
Zi
P

p Lo
1 N-—-1-— —=
+ ( pN $1x2>

ST
i
v
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where sy = 71, and we have made a conformal transformation x; = e?™% and s; = 2™,

The zeroth order term in this expansion, after the contour integral, gives'?

/ !

) pLN_%N rop/(N-1) p/(N-1) p
Gr(uo)(zl7 z2) — (L) (x2 B xl) b, 2PN 2y WG, <ﬂ) ' (3'219)

47 Ty

2‘*@

The first order terms in the expansion (3.217) can be split into three terms,

GV (21, 2) = GP (21, 29) + G2 (21, 29) + GIB (21, 2), (3.220)

coming from the three terms of order ¢ in the second line of (3.218),
; N—-1 2 ; N— 1 2

P’ f%z ) p p 552 — SN— 1
N-14+-2—=) = . = . 3.221
( PN x129 D Sk—15k j% Z ( )

SN_1T
k=1 k=1 N-1+2

The first term is independent of s; and its contribution is proportional to GO after doing

the contour integral. The second term of (3.220) is computed as

N E—E2N ,N-1 2
(Z)pN ey Sk—1,k VEP+ERED \/%P +ED

— (r9 — 1) pr
Sp_158
D i Sk—15k

(x1—s1) 7

N-2 Sq o/ . / ’
=/ 5 (wtQ)-aipr _r _
X dsi1 Sit1 (Si - 3i+1) P ($2 - SN—1) P
0
1

P__P N o
; / (V- 1) /p P'(
= ( Z )pN p +p 2PN P + N QPN -

x / e VB v
0

47

R T RPN
N 4 — )2 - =
il AR \/7PN,+1+6Z,€) I'(Z) p p

X NFy_1(fiy — 03 VN + 5k|x—1),
2
(3.222)

YHere a conformal factor of the form z :c2 , together with the factors in (3.147), is included in rewriting

GSP’ in terms of the sphere four-point conformal block G,,.
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where 1= (1,---,1

/

NN (st — 22)?
G () = (1) Ly
p

47 T2SN-1

) and (6;); = Oki- The third term of (3.220) is given by

/ +p<N 1) /o’ Py 4P N-D
xg—xl pr

2pN

) / as1 8_\/7(%62 - (z1—s1)" (H / dsiy1 S_\/g(w@m+1
0

_r _
i+1 (8i — Sit1) p) (9 — sn-1)
L’ /

_p

'l. pN pN /p PN+P(N 1) 1 /p" P +P(N 1) P_;’_l
=1 (x9 — x1) pr

T

2pN
’Hkl \[PNHP__”F“__) Fyoa(fiy — 1T — on:on — 1)1 20).
NLN-1 N — — ON, VN — -
) \prk T2 —1)

X2
P

(3.223)
Using the identity (3.208), G and GV can be combined into

, N—l /
i\ EN o PESN PR ry P Poe- 1= T \/ZPNleLl
e (zg — 1) VP 2y Ty —(1- )(2—_

p p i [, T( \/7PNZ
ir(\fp]vm \fp N1 jy:l’j¢mf(\/;Pm,j—l—5m,k—5j7k)
X
m=1 j:l \/;Pm,‘] + 1-— % +5y,k+5m,k>
(2P, _ \/gpm_%"l‘&mk
e (\/: ! ,,) (ﬂ) NFN-1(fTh, — Skl
T2

N - X
6k, Vi, 6k,m1 + (1 - 6k,m)6k|x_2)

(3.224)1

3.F Thermal two-point function in Virasoro minimal

models

In this appendix, we study numerically the torus two-point function of (f,0) with (f, 0)

and its analytic continuation to Lorentzian signature, in the N = 2 case, i.e

Virasoro
minimal model. The result was first derived in [44], and is a special case of our formulae for
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general .

The formula in terms of summation over ¢ channel conformal blocks in this case is

1 p—1p'—1 2
<Ov1(21>21)0v2 22’22 2 z;z [ ]

(3.225)

C gp'r ps 21,22|7_) ‘ —Tgt—p’r+ps (21722|T)

r s=1 V2pp’ vV 2pp’
p—1p'—1
= C, QP,T b zl,z2|7')
r=1 s=1 V2pp!

The subscript of the conformal block G', u = p\//%, is the charge associated with the

(r,s) primary in the ¢-channel, normalized such that the fundamental weight is % The

normalization factor C, is given by

1 14 P sin(rZ(r—1))]*
L P r N (3.226)
)[ (onta - =

We will also write G, as gfm). It is obtained from the free boson correlator by the contour

integral

Glrsy (21, 22|T) = / dt Gy (21, 22, t|7),
L(0,21)

(3.227)
gé)?gss)(’zl?’z%th—) G(rs (Z17Z27t‘ ) Gbos (Z17z27t‘ )
G is given explicitly by
1 91(212|7'))§P (91(21 —t|7)>—’; (91(22 —t|7)>—’;
Gbos (21, 20, t|T) = < R YN A
(rs) (21, 22, 1]7) n(r ) .60, (0]7) .60, (0]7) 9.0, (0]7) (3.228)

/

X Z qpp(p;ppp % exp 2m,(pr D2 +p'n)(z1 4+ 22 — 2t)| .
2p

n=—oo
In the explicit evaluation of the two-point function below, we will restrict to the special case

T =10, 21 =0, 20 = 1/2, and compute

G (0, %ﬁﬁ)- (3.229)
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At positive integer values of time, t = m > 0, we have

p—1p'—1

1 rim P (—r 1
<OU1(07m)Ov2(§aO)>ﬁ = Zzez p (T2

r=1 s=1

1 2

The integral is evaluated numerically using the following contour, which is convenient when
the fractional powers of 0,(z|7) in (3.228) is defined with a branch cut along the positive

real z axis.

21,

The results for minimal models up to k& = 30 are plotted in Figures 3.1 and 3.2. At large
values of k, while the Poincare recurrence times is of order k, the two-point function is
already “thermalized” at t = 1.

We also plotted the two-point function at various temperatures, ranging from 0.05 to 20
(times the self-dual temperature), at integer times in the k£ = 4 Virasoro minimal model, in

Figure 3.3.
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02
NS = =
1 2 3 4 5 6 7 8 9 10
Figure 3.1: The modulus of the two-point function (O(0,t)O(0,0)) (nor-
malized to 1 at ¢ = 0) at inverse temperature 5 = 0.3 is plotted at integer
values of time t = 0,1,2,---,10. The results for Virasoro minimal mod-
els with £ = 1,2,---,14 are shown in colors ranging from red to green
and then to blue. For each k, the values of the modulus of the two-point
function at integer times before Poincaré recurrence are connected with
straight lines, for the purpose of illustration only.
1¢- ° ° °
08
06
04
0.2 °°, O“‘ “‘O O‘“‘ “‘O n"‘ “‘g
v ? . ° ® o © & © 3 ® [ J o ¢ ¢
° ! e s e g * 1 o \
5 10 15 20 25 30 40

35
Figure 3.2: The modulus of the two-point function (O(0,t)O(0,0))s (nor-
malized to 1 at ¢ = 0) at inverse temperature S = 0.3 is plotted at in-
teger values of time t = 0,1,2,---,40, in Virasoro minimal models of
k = 10,20, 30 (shown in red, green, and blue).
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1¢

08+

0.6 -

h O o o0 o
b © 0 0 o

02

¥ ‘ time
1 2 3 4

Figure 3.3: Plots of the modulus of the two-point function
(0(0,t)0(0,0))s (normalized to 1 at ¢t = 0) in the k = 4 Virasoro min-
imal model, at integer values of time ¢ = 0,1,---,4 (connected with
fictitious straight lines for illustration only), at different values of the
temperature 7' = 1/8. T ranges from ~ 0.05 to 20 (depicted in colors
ranging from blue to red), evenly spaced in logarithmic scale.
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Chapter 4

A Semi-Local Holographic Minimal

Model

4.1 Summary of Section 3.4.3

In previous chapter, we computed the three-point functions of Wy primaries (O, 0),
(0,0), and/or their charge conjugates, with the primary (A, A_) where AL are t11 or H.
This result allowed us to identify the primary operators (A,, A_), for AL being one- or two-
box representations, with the single-particles or multi-particle states in the bulk in large N

limit. The result can be summarized in the following table:

A0 O . H

0 0 1 Ly ol

0 03} w1 %(%M + ¢2) %(lewl b2)

M| Lo| J5(drwit¢n) 3 (Wi + v2wy) 75 (Lon = 5(0102—6201))
H 1| HZ0wi—¢2) | J5(LuntJ5(d102—02¢1)) 3(wi — V2uws)
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where the ¢, gz~51, w1, ¢g, gz~52, wy are operators that dual to the elementary particles in the bulk:

o1 =(0,0), ¢ =(0,0), w =(00),

Two comments about this identification: first note that the expressions only make sense
in the large N limit since each term in the linear combination has different dimension in
the subleading order of 1/N. In the large N limit, we conjecture that each term in the
above linear combination has the same dimensions and higher spin charges. This conjecture
has been checked up to spin 5; see Appendix 4.A. Second, in the table, the products of
the operators are well-defined because one can check that the OPE’s of the them have no

singularity in the large N limit. The operator Le is defined as

1
L=
© " 9he

(0900 — 90DO) . (4.2)

Again, the products are well-defined since there is no singularity in the OPE. This table is

further subject to a relation [12]:

1
2N,

00w1 = G191, (4.3)

The bulk physical meaning of this relation will be explain in detail in the Section 4.5.

In Section 4.2 and 4.3, we will present some new examples of single-trace operators and
operator relations involving light primaries at large N. In Section 4.4, we argue that the
operator relations that seemed to be in conflict with large N factorization should in fact
be interpreted as current non-conservation relations for currents that generate approximate

“hidden” symmetries in the large N limit. Further data on higher spin currents of this
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sort are presented in Section 4.5. In Section 4.6, we state our conjecture on the complete
spectrum of single-trace operators in the CF'T at infinite IV, or single-particle states in the
bulk. These include the infinite family of massive scalars ¢,, ggn, light scalars w,, and the
hidden higher spin currents j,(f), all of which are complex. Various checks based on partition
functions and characters are given by Section 4.7. In Section 4.8, we determine the gauge
generators associated with the hidden symmetry currents, and reveal the picture of semi-
local higher spin theory on AdS;xS!. We discuss the implication of our results in Section

4.9.

4.2 New single-trace operators/elementary particles

Let us extend this table to the the representation with three boxes. Before diving into the
computation of three-point functions, there are some principles can help us to determine
whether a primary operator O4 can be dual to the two-particle state of two elementary
particles that are dual to Og and O¢. First, the primary Q4 must appear in the OPE of
the primary Op and O¢. Second, the dimension of the primary 04 must be equal to the
sum of the dimension of Op and O¢ up to higher order corrections in 1/N. Following is
a table summarizing the dimension of the primary operator up to representation of three

boxes.
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T A 0 0 M H [TT] H u
0 0 2 (1-N+1] 1-X [3(E2)+3]|3(E2)+1 [ 3(52)
0 ) 2 = A T (1-MN)+1] 1-2) —\
o | (A+N+1] B 1 =2 2 241
i 1+ L 1 A 242 . t
o [ 3(EM 43| Q4N+l B [ A9 o 1 3
T [ 3(A)+1] 1+ 1 A 1 i 1
- 3 (H42) 1+ | B241 | L2 3 1 I

Let us first focus on the light states: (o, o), (-, H), (H, a) By the fusion rule and
the additivity of the dimension, two linear combinations of these three operators can be
identified with the multi-particle states w? and wyw,. Let us see this explicitly in terms of
structure constants. A formula of a large class of the structure constants is given in [50]. By
explicitly evaluating the formula, we find out that, in the large N limit, the OPE of (0,0)
and (17, 0) has no singularity, hence the product (0,0)(c, ) is well-defined, which in the
large N limit is

(DvD) (D:‘v D:‘) = (D:D> D:D) + (E‘jv Bj) <44)

Similarly, in the large N limit, we have

(DvD)(H> H) = (B:‘> Hj) + (@7 E) (45)

Rewriting the equation in terms of wy,wsy, we have

Wiz = (D:‘jv D:D) - (Evﬁ>7
= (o) + 2@ ) + ().

(4.6)

There is one linear combination of (7™, m), (H,H), @, E), which cannot be expressed as

wiws, w?. This operator should be dual to a new light elementary particle. Hence, we define

(o, om) - (E ) + GR) (4.7)

1
Cdgzﬁ
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which is orthonormal to wiws, w? and is a new elementary light particle.

Next, let us look at the primaries with dimension % and with three boxes represen-
tations. They are (m1, ), (), ), (H,FY), (H,E) From the additivity of the dimension,
three linear combinations of these four operators can be dual to the multi-particle states
brwo, gzzlwf, dowr. Again, we can see this explicitly from the structure constants. From the

structure constant computation, we have the following products at large N:

OONm) = )+ 2,
2 1
0.0EH =365+ BD. .
B = |5 + P+ S B
V3 1 2
(D> D)(Dv H) = 7('3:‘75:‘) + 2—\/5(57 EP) + \/;(Hvﬁ)
Expressing them in terms of &1, (52, w1, Wy, We obtain
s = = [0 + V@) - V2B P - B
T - 2_~( >D:|)+(HvH) 1
gl = b ¢Amzmmﬂm@+f@m B0
— sl B @ om) + vEm D) + vEBE) + B,
b = = [Valw o) - @)+ BB - V2B ).
(4.9)

There is one linear combination of (), ™), (3, ), (H, ), (B, E), which is linear inde-
pendent of q~51w2, qzlw%, ngwl, and should be dual to a new elementary particle in the bulk.

Hence, we can define

b5 = == |V2(m,mm) - () - B + V26, ) (4.10)
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which is orthonormal to gz~51w2, %q@lwi gzzgwl. Similarly, by exchanging the left and right

representations, we have

bron = = @) + VEF.) - VD) - G
%@w%:% () + VA ) + V@D + GD) (4.11)
pron = — [VE(EDm) - B.0) + BB - v2E8) .
and we define
69 = = [VEemm) - @) - @B + v2(i3). (412)

Next, let us focus on the primaries (3,H), <D’@' By the fusion rule and the additivity
of the dimension, it is not hard to see that they must be identified with the two linear
combinations of ¢;¢, and wlgz;%, which are dual to two- and three-particle states. Similarly,
the primaries (-, 0), (E, 0) are identified with the two linear combinations of ¢;¢, and
wi¢?. All the other primaries: (7,7m), (73,0), (H, ), (00,F), (oo, ), (H.]), and
the primaries with left and right representations exchanged, are also dual to multi-particle

states. We will show this in Section 4.7.

4.3 Large N operator relations involving w, and wjs

There is a new relation involving the descendant of ws, similar to the relation (4.3). By

the following two structure constants:

Cour (0.9, G0, BD) = L +0(), -
Coor (0.0, (5.0, B D)) = 22+ O().
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we have the three-point functions:

(@220 ()0)) = (@2(2)020)61(0)) = o, (410)

in the large N limit. Taking 09 on @,, we obtain:

<85@2(z)¢1(w)g§2(0)> = <85@2(z)¢2(w)$1(0)> = \/%2]\] <|z _ ;‘2(14—)\)) <|Z‘2(11—)\)) :
(4.15)

The two factors on the right hand side of (4.15) are precisely given by the two-point functions
of <¢2q32> and <$1<;1>7 or <¢1q31> and <$2$2> Hence, this suggests the following relation in

the large N limit:

th 0wy = \}5(6251(52 + d16h). (4.16)

To make sure that there are no extra term on the left hand side, one can compute the two-
point function for the right hand side of (4.16) with its charge conjugate, and the two-point
function for the left hand side of (4.16) with its charge conjugate, and find that they agree.

Form the previous analysis on wy,ws, it suggests that there is also a relation involving

the descendant of ws. We postulate such relation should be

Q;MS 85W3 = %(¢1Q~53 + ¢2Q~52 —+ ¢3Q~51)_ (417)

We give an argument for this relation. In the large N limit, we have the following structure

constants
Cror (0,09, (e, 01), (7, 779)) :%, Cuor (0,00, &8 G 1) :% "
Cor (0. BP0, B = |2k Coor (0.9, 0. ) = 2
These structure constants give the three-point functions:
(@320 )30)) = (@3(0s0)(0)) = S, (419)
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in the large N limit. Taking 00 on @,, the three-point function again factorizes as a product

of two two-point functions:

_ - - “ A2 1
(0025(2)61(w)5(0) ) = (9025(2)65(w)60(0)) = sy (420)
The three-point functions (4.20) imply the relation
1 = 1 ~ ~
QOws = —=(P1¢3 + P31 + -+ - ). (4.21)

2Ny, V3

By comparing the two-point functions of the left and right hand sides with their charge

13 7

conjugates, we know that the must take the form as a single term ¢,,¢,, with n, m +

1,3, and the only candidate is @qgg.

4.4 Hidden symmetries

In this section, we give physical interpretation of the relations (4.3), (4.16), (4.17), and
provide a bulk mechanism of producing such relations. The key observation is that the
dimension of w, goes to zero in the large N limit. Therefore, it should effectively behave
like a free boson, whose derivative is a conversed current. Hence, we define the holomorphic
current ( jfll))z = Owy/+/2h,, and also the antiholomorphic current ( jy(Ll)) s = Owy/~\/ 2Ny,
for n = 1,2, 3, which has normalized two-point function with itself. For simplicity, we will

sometimes suppress the index by simply denoting ( jr(f))z as j,(f) in the following. However,

since the dimensions of w, are not exactly equal to zero, the currents jy(Ll) are not exactly

conserved. The relations (4.3), (4.16), (4.17) are then naturally interpreted as current non-
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conservation equations':

a5 = J%(élcfﬁn F Gobnr + -+ Gudr). (4.22)

The bulk interpretation of these current non-conservation equations is simple. Let us

illustrate this by considering the case of jr(Ll).

In this case the current non-conservation
equation is simply

_ A
i = \/—N¢1¢1- (4.23)

Following the AdS/CFT dictionary, the bulk dual of the current j{l) is a U(1) Chern-Simons

gauge field A,, and the bulk dual of the operators ¢y, gz~51 are two scalars @, ®. These two

0
scalars have different but complementary dimensions, hence they have the same mass but

different boundary conditions. They can be minimally coupled to the gauge field A,. The

action of this system up to cubic order is

S = % AdA + 2i / d*xdz\/g A" [cfap -~ <1>au&>] . (4.24)

Using this action, we can compute the three-point function of ajfl) with ¢1, ¢1. The bound-
ary to bulk propagator of the Chern-Simons gauge field takes a pure gauge form A, = 9, A.

The cubic action, hence, can be written as

lim 2 [ d2zA [@62(5 . 6@@] . (4.25)

z—0 2

!The current non-conservations equation for theories in one higher dimension have been studied in [21,
51, 52].

164



Chapter 4: A Semi-Local Holographic Minimal Model

The three-point function is then given by

(3" @)n ()i () )

.2
= ll—rf(l) ; A’z Nz — x3) [KHA(:); —11)0. Ky )\(x — x9) — K1 \(x — 22)0, K110 (x — xl)}

1 1 1
_ 2
- 167T)‘/d x(x+ ") [T = POV |7 — 7PN

(4.26)

where Ka and A are the boundary to bulk propagators for the scalar and gauge function:

z A 4
Kya=|—"—" A= —. 4.27
° <z2+|f|2> ’ ot 427
Taking the derivative ai* on the above expression, we obtain
Z3
(857 (@)or ()b (22) ) = ~162°) [ P (w — ) 1 L
1 AE3JFILF2 VT = 320N |7 = 7, 20+N

, (4.28)

. 2
= —16m )‘|53 _ f2|2(1—,\)|373 _ gj:1|2(1+,\)’

which factories into a product of two two-point functions of scalars with dimension A =
14+ XA and 1 — A. This matches exactly with what we expected from (4.23) provided the
identification of the Chern-Simons level kcg = N. In Section 4.8, we will show that every
( jr(f))z gives a U(1) Chern-Simons gauge field, and combined with the gauge field dual to

(j7(7,1)>5, they form a U(1)* x U(1)* Chern-Simons gauge theory in the bulk.

4.5 Approximately conserved higher spin currents

The approximately conserved spin-1 current (j,gl))z generates a tower of approximately

conserved higher spin currents ( jr(f))z, by the action of Wy generators on ( j,gl))z. For example,

165



Chapter 4: A Semi-Local Holographic Minimal Model

( jfl))z has a level-one W-descendent

‘ 1 3. .
(), = N (Wﬁ?’f - izAL_l) (31)-

4.29
=\ ey e

which is also a Virasoro primary?. This is an approximately conserved stress tensor. The
. . ¢ GOV then d d I .
current non-conservation equation of (j;’), then descends to the current non-conservation

equation of (j§2) ).

a1, = ﬁ <W£‘°’1’ - gz‘AL_l) 51"
N ~ ) (4.30)
= \/ﬁ [(1 —N)0¢1¢1 — (1 4+ N)$10¢1 |

where we have used the null-state equations in Appendix 4.C. In general, the approximately
conserved spin-1 current ( jfl))z has exactly one W-descendant Virasoro primary ( jfs))z at

each level s, which takes the form as

(). = VN(@WS™ + a0, + -+ a,0%)w, (4.31)

where a; are some constants depending on A, and can be fixed by requiring (jf))z being
a Virasoro primary. The ( jfs))z’s are approximately conserved higher spin currents. They

satisfy the current non-conservation equations taking the form as

1

VN

where by are constants depending on A, and can be fixed by requiring the left hand side of

(010" P11 + 020" 29101 + -+ - + bs$10° 1), (4.32)

(4.32) being a Virasoro primary. By same argument, there are also antiholomorphic higher

spin currents ( jfs)) 5. We expect that there are also approximately conserved holomorphic

2In Appendix 4.B, we fix the normalization of (j§1))z and check that it is a Virasoro primary.
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and antiholomorphic higher spin currents (557)., ()., and (i$)s, (5{”); that take a the

similar form as (4.31).

4.6 The single particle spectrum

Now we state a conjecture on the complete spectrum of the single particle states in the
bulk. Throughout this paper, by a single-trace operator we mean an operator that obeys
the same large N factorization property as single-trace operators in large N gauge theories;
such an operator is dual to the state of one elementary particle in the bulk. The products
of single-trace operators are dual to multi-particle states. As we have seen in the previous
section, the primary operators that involve up to one box in the Young tableaux of A, and
A_ are all single-trace operators: they are ¢, gz~$1, and w;. The primaries that involve up
to two boxes in the Young tableaux of A, and A_ are some suitable linear combination of
single-trace operators ¢o, <§2, wy, or products of two single-trace operators. We have also
seen some evidences that the primaries with up to three boxes in their representations are
linear combinations of single-trace operators ¢s, ¢s, ws, or products of single-trace operators.
We conjecture that the primaries with up to n-box representations are linear combinations
of single-trace operators ¢n, ¢n, wy, or products of such single-trace operators ¢, dm, Wm
for m < n. Here ¢, is a linear combination of primaries of the form (A, A_) that involve
(n,n — 1) boxes, by, is a linear combination of primaries that involve (n — 1,n) boxes, and
wy, 18 a linear combination of light primaries of the form (A, A) where A involves n boxes.

A part of this conjecture is easy to prove: the statement that there is only one light
single-trace operator w,, for each n labeling the number of boxes in its corresponding SU(N)

representations follows easily from the fusion rule. First we note that generally, the light
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state of the form (A, A) have dimension B(A)A\?/N + O(N~2), where B(A) is the number
of boxes of the Young tableaux of the representation A, in the large N limit and fixed finite

B(A). We may write a partition function of the light states

1
Z) = 2" =] (4.33)
(AA) n=1

Each single-trace operator of dimension nA?/N is a linear combination of (A, A) with B(A) =
n. The dimension of the product of single-trace operators is additive at order 1/N. The
products of a single-trace operator is counted by the partition function 1/(1 — z™). By
comparing this with Z(x), we see that there is precisely one single-trace operator w, for
each n.

The ¢, dn, wn are all the single-trace operators that are dual to scalar fields in the bulk.
These are not all, however. There are other single-trace operators that are dual to spin-1,
spin-2, and higher spin gauge fields. As explained in the previous section, while dw, is a
level-one descendent of w,,, the norm of dw,, goes to zero in the large N limit. Consequently,

the normalized operator ( jr(Ll))

. ~ V/NOw, behaves like a primary operator. Such operators
will be referred to as large N primary operators, and we include them in our list of single-
trace operators because they should be dual to elementary fields in the bulk as well. We
conjecture that jr(f)’s are single-trace operators dual to the spin-1 Chern-Simons gauge field
in take bulk. This statement has passed some tests involving the three-point function of jy(Ll)
with two scalars. This is not the end of the story. As shown in the previous section, there are
large N primaries of higher spin s, denoted by jr(f). These are single-trace operators dual to
additional elementary higher spin gauge fields in the bulk. Unlike the original Wy currents,

however, the would-be higher spin symmetries generated by j,(f) are broken by the boundary

conditions on the charged scalars, leading to the current non-conservation relation. These
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hidden symmetries are recovered in the infinite N limit.

Let us summarize our conjecture on the single-particle spectrum. There are two families
of complex single-trace operators ¢, <;~Sn, which are dual to massive complex scalar fields (of
the same mass classically), one family of complex single-trace operators w,, that are dual to
massless scalars in the bulk, and a family of approximately conserved higher spin single-trace
operators jr(f) for each positive integer spin s = 1,2,3,---, that are dual to Chern-Simons

spin-1 and higher spin gauge fields.

4.7 Large N partition functions

In this section, we check our proposed single particle spectrum against the partition
function of the W minimal model in the large N limit.

Let us consider a single-trace operator O with nonzero left and right dimensions hp and
ho. O is dual to the ground state of a single elementary particle in the bulk. The SL(2, C)
descendent operators ™0™ are dual to the excited states of that elementary particle. The
contribution of this single elementary particle to the partition function is given by

¢"oqhe

o= pi-q

(4.34)

If a single-trace operator j has zero right (or left) conformal dimension, then 9™ (or 9™j)
are all its SL(2, C) dependents. The contribution of j to the partition function is then given

by

Zj = (OI‘ ) (435)

1—q
If a single-trace operator w has zero left and right conformal dimension, then it has no

SL(2,C) dependent. The contribution of w to the partition function is given by Z, = 1.
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According to our conjecture, we have the single-trace operators {¢,, Bry Wi, ( jr(f))z, ( j,(f)) 2}

Their contributions to the partition are given by

¢Eqs R
7z, — _ Z (4.36)
T U-gl-q T -9 -9
and
B B qs — qs
an - 1> Z(jgf))z - 1_ qa Z(jné))z Z(Jn)z - 1 q (437)

For simplicity, let us sum up the partition functions of the operators (jy(f))z to a single

partition function Z;,). as

N q
E — 4.38)
7L Z — P 2’ (

(s —~1-q (1-9

and similar for operators (jn i) )s. The bulk theory also contain boundary higher spin gauge

fields. Their contribution to the partition function is given by

HH

s=2n=s

l—q 7 (4.39)

Next, let us consider the partition function for the Wy minimal model in the large N
limit. Following from the diagonal modular invariance, the partition function in the large

N limit is given by the sum of the absolute value square of the characters:

Zwy = Y Ixaeao (4.40)
(AJr’A*)

The characters x(a,.a_), for A; being representations with one to three boxes in the Young
tableaux, in the large N limit are computed in the Appendix 4.D up to cubic order. The
following formulas in this section have all been checked up to this order. Let us start by
looking at the contribution of the identity operator to the partition function, which in the

large N limit gives the partition function of the boundary higher spin gauge fields:
i 2 4.41
Jdim [x00)l" = Zhs. (4.41)
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The primary operators (0,0) = ¢; and (0,0) = ¢1 are dual to massive scalars. Their
contributions to the partition function indeed give the partition function of single massive

scalar (with boundary higher spin gauge fields)

im |xE0l° = ZnsZe,,
N (4.42)

Jim Xy * = ZnsZ;,.
The primary operator (0,0) = w; is dual to a massless scalar. The Wy-descendants jfs) of
(0,0) are dual to spin-1, spin-2 and higher spin gauge fields. The other Wy descendants
of (0,0) are dual to two-particle states, by the equation (4.32). We confirm this by the

following decomposition of the character,

A xao)l® = Zns(Za + Zao. + Zao- + Zo Z3,), (4.43)

where the last term is the contribution of the two-particle states of ¢; and ¢;.
The identification of other primary operators are inevitable involving multi-particle
states. By Bose statistics, we can write a multi-particle partition function in terms of

the single-particle partition function (4.34) as

ngm(t) = exp -

i L(w,w)tm] . (4.44)

m=1

Suppose O = ¢, then the partition function Z;”n““i(t) can be expanded as
Zg () =D ' 2y, (4.45)
=0

where Zym is the m-particle partition function. For instance, Zs and Z,3 are given by

Zd)Q _ q1+>\q1+)\(1 +El(j) .

" (1=l +q)(1-q2(1+7q)

g2 V@O 4 g7+ ¢°F+ Pq + ¢°F + )
1=+ +q+)1-*A+(1+q+¢)

(4.46)

Zgy =
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For O = w,, all the m-particle partition functions are identity:

Zym = 1. (4.47)
For O = jy(f), the multi-particle partition function for jy(f), s =1,2,---, can be computed
from
| o0 | 0 & X0 (@™) © v=(g™)
mults _ multi o In m| _ In m
Zmihi(t) = Hl T (E) = exp [ L2 ™| = exp [Z:l ——t (4.48)

Expanding Z"!"(t) in powers of ¢, we can write the Z/™(t) as

Zi () = 1+ Zoy b+ Zet* + Zgpet + o (4.49)

where Z(;,» has the interpretation of the m-particle partition function. For instance,

g @+

= (14 g

g CU+C 42 +q" 1)
(=)0 P+ g+ )

(4.50)

Let us continue on the matching of boundary and bulk partition functions. Consider the
primary operators (H, 0) and (73, 0). They are dual to two-particle states. Their contribution

to the partition function matches with the two particle partition function:

: 2 2
Jim (\X(moﬂ +1x@ol ) = Zns Ly} (4.51)

Now, consider the primary operators (tr3,0), (H,0), and (a, 0). They are dual to three-
particle states. Their contribution to the partition function matches with the three-particle

partition function:

. ) ) )
Aim <|x<mjz,o>\ +Ixgol” + |x@0)| ) = ZnsZg- (4.52)
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Next, consider the primary operators (r17,0) and (H,0). Their contribution to the partition

function also decomposes as the multi-particle partition functions:

Yy 2+ Xemo ) = 2| Zo (Zon + Z. + Zous) + Z3, 2 + Zaa | (453)

For the primary operators (rm,), (H,H), (m,H), and (H, ™), their contribution to the

partition function decomposes as

: 2 2 2 2
Jim <|X(Dj,mj)| +Ixgpl” + Xap "+ xgm)| )
= Zhs [Zw% + Zun(Zny. + Za2) + (L + Zgoz) +1260).1° + ZnZ, 2,

+ 23, Z5, (2. +Zj).) + 22 232 + Ziy + (Ziia). + Zija).) + Zsa 25, + Z, 23,
(4.54)

Now, let us go on to the representations with three boxes in the Young tableaux. For the
primary operators (c1,0), (H,0), and @’D)’ their contribution to the partition function

decomposes as

lim (ool + ol + xa, )
N0 Ho (4.55)
= Zns [Z¢>1 Zoy + (Zor + Zo). + Zin).) Zsz + 25, qu} '

For the primary operators (), ™), (H, ™), @’m)’ (m,H), (H,H), and (E,H), their

contribution to the partition function decomposes as
Jim (\X(zmmﬂz +Ixgpml© + |X@m)\2 + Xempl® + g + ‘X@H)F)
= Zns [ (Zos + Zia). + Zia).) Zoy + (Zin + Zgr). + Zgv).) Zow + Z2 25, + 29, 25, 2,
+ (Zuz + Zen . + Zn By, + Ziie + Zig + 2. Zony: ) Zon

+ (Zwl + Z(j1)z + Z(j1)z) Z¢%Z¢;1 + Z(Z)%Z(;% + Z¢3].
(4.56)
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The contribution from the primary operators (mmm, ), (H, om), (E, m), (o, ),

(a=R==j) @’ M), (oo, a), H, a), and (a,@), to the partition function decomposes as
: 2 2 2 2
Jim <|X(1:Dj£|jj)| + |X(Hﬂ,z|jj)| + |X@,Djj)| + |X(DEHJ)|

+ X * + |X@Bj)|2 + |X(D:\Z|,a)|2 + |X(Hj’a)|2 + |X@@|2>

= Zns [Zw% + 22 (Zio. + Ziv.) + Zon (Zivz + Zoz + 260 Z0)-)

+ (ZGe + Ziay + 22 Z60- + Z6v-Zaz)
+ (Zg + Zor (Zoo. + Z) + (Zy + Ziz + Zi. Zaany,) ) Zon Za,
+ (Zun + (Zjy). + Z(j0).)) Z5Z + Zy3 Zgs + Zin Zus,
+ Ziy (Z). + Za).) + Zw (Z1). + Zn).) + (Z6o. + Zin.) (Zg). + Zia).)
+ (Zon + 2. + Z).) (ZonZs, + Z9u Z5,) + (Ziw + Zgay. + Ziga).) Zan Zs,

+ Z¢%Zd~>12d~>2 + Z¢1Z~§Z¢2 + Zw1 + Z(jl)z + Z(jl)z + Z¢1Z¢;3 + Z¢QZ¢;2 + Z¢3Z¢;1} .
(4.57)

4.8 Interactions and a semi-local bulk theory

The three-point functions® involving the hidden symmetry currents amount to the fol-
lowing assignment of gauge generators T,, associated to the currents j,(f)(z), which act on
the states |¢,,) and |¢,). We use the ket notation here, rather than the primary fields

themselves, because while ¢,, and qu have different scaling dimensions at infinite IV, they

are dual to scalar fields of the same mass that transform into one another under the hidden

3Some three-point functions are computed, and a general form of such three-point functions are postulated
in Appendix 4.E.
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gauge symmetries.

Tn‘¢m> = ‘¢n+m>7 Tn|§gm> = _‘ém—n> (n < m) or — |Q~5n—m+1> (n > m),

_ _ (4.58)
Toldm) = —|Ontm)s  Toldm) = |dm-n) (n<m) oI |@p_mi1) (n=>m).
Let us define the fields ¢, and @, for r € Z + % by
QOT—CbT, i, —r:qzr 1,
" " (4.59)
@T - ¢r+%7 @—7‘ = ¢r+%’
They are related by complex conjugation:
Or = @—7‘7 SBT =Q_r. (460)
In terms of ¢, and ¢,, the gauge generators act as
Tolor) = |@rin)s  Tal®r) = —|@rin)- (4.61)
We also have
Tﬂ‘(pT> = _|SOT—n>7 Tn‘@r) = ‘@r—n>- (462)
which suggests the definition 7, = —T,, or ](_S,)L = —j%. Now (4.61) is extended to all

n € Z. The action of T,, can be diagonalized by the Fourier transform:

p@) = D e, @)= Y €la), T()=) ¢, (4.63)

r€Z+1/2 r€Z+1/2 nez
where z is an auxiliary generating parameter. Here we also included the generator Ty which
assigns charge +1 to ¢ and charge —1 to @. With this definition, |p(z)) = |@(x)), T(x) =

—T'(z). We have

T(x)le(y)) = 0(x = y)le(y))- (4.64)

Here x,y are understood to be periodically valued with periodicity 27.
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What is the interpretation of this result? We see that there is a circle worth of gauge
generators T'(z), each of which corresponds to a tower of gauge fields in AdSs, of spin
s=1,2,3,---,00. Furthermore, these gauge generators commute, indicating Vasiliev theory
with U(1)> “Chan-Paton factor”. At the level of bulk equation of motion, we expect
the infinite family of Vasiliev theories to decouple. They only interact through the AdSs

boundary conditions that mix the matter scalar fields. The boundary condition is such that

N

the “right moving” modes of ¢(z) on the circle, namely ¢, with r >0 (r = 3,2,...) are
dual to operators of dimension A, = 1 4+ A\, whereas ¢, with r < 0 are dual to operators

of dimension A_ =1 — \. As a consequence of this boundary condition, the corresponding

generating operator ¢(z; 2z, z) in the CFT has two-point function

(p(x;2,2)p(y; 0)) = Z 6m+z’sy<%(z)¢8(0)> = <|z|21+2’\ o |Z|21—2A) : (4.65)

rys€Z+1/2 2sin =¥
in the large N limit.

Note that the spin-1 gauge field is included here. It is also natural to include the massless
scalar wy, of spin s = 0. |¢(x)) labels a complex massive scalar in AdSs, for each z. This
spectrum precisely fits into Vasiliev’s system in three dimensions. In earlier works, we did
not consider the spin-1 gauge field in Vasiliev theory, because it is governed by U(1) x U(1)
Chern-Simons action and would decouple from the higher spin gravity if it weren’t for the
matter scalar field. It is possible to choose the boundary condition on the spin-1 Chern-
Simons gauge field in AdS3 so that there is no dual spin-1 current in the boundary CFT.
This is presumably why the spin-1 current j((]l)(z) is missing from the spectrum of Wy
minimal model. But the spin-1 currents j,gl)(z) do exist in the infinite N limit. Usually, in

three-dimensional Vasiliev theory, there is no propagating massless scalar field either. There

is however, an auxiliary scalar field C,,, [10], whose equation of motion at the linearized
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level takes the form V,C,,,; = 0. Classically, we could trade this equation with the massless
Klein-Gordon equation [ICy,, = 0, together with the A = 0 boundary condition which
eliminates normalizable finite energy states of this field in AdSs. If this scalar field acquires
a small mass, of order 1/N due to quantum corrections, then the boundary condition would
allow for a normalizable state in AdS; of very small energy/conformal weight. We believe
that this is the origin of the elementary light scalars w,, themselves, in the infinite family of
Vasiliev systems parameterized by the circle.

The identification of the single-trace operators, dual to elementary particles in the bulk,
makes sense a priori only in the infinite N limit. Non-perturbatively, or at finite N, k, the
infinite family ¢,, gzzn,wn, jr(f) should be cut off to a finite family. Due to the restrictions
on the unitary representations of SU(N) current algebra at level k or k + 1, we expect the
subscript n which counts the number of boxes in the Young tableau in the construction of the
single-trace primaries to be cut off at n ~ k. This means that the circle that parameterize
a continuous family of Vasiliev theories in AdSs should be rendered discrete, with spacing

~ 27 /k.

4.9 Discussion

We have proposed that the holographic dual of Wy minimal model in the 't Hooft limit,
kE,N — oo, 0 < XA < 1, is a circle worth of Vasiliev theories in AdS3 that couple with one
another only through the boundary conditions on the matter scalars, which break all but
one single tower of higher spin symmetries. It would seem to be a natural question to ask
what is the CFT dual to the bulk theory with symmetry-preserving boundary conditions,

that assign say the same scaling dimension A, to all matter scalars. If we are to flip the
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boundary condition on gz;n, on the CFT side this corresponds to turning on the double trace
deformation by qan:Sn and flow to the critical point (IR in this case). This deformation
decreases the central charge ¢ ~ N (1 —\?) by an order N° amount. It is unclear what is the
fixed point one ends up with by turning on double trace deformations g?an:sn for all n (which
should be cut off at ~ k), if there is such a nontrivial critical point at all.

There has been an alternative proposal on the holographic dual of Wy minimal model
[42, 53, 54], as Vasiliev theory based on hs[N] ~ sl(NN) higher spin algebra, with families of
conical deficit solutions included to account for the primaries missing from the perturbative
spectrum of Vasiliev theory. On the face of it, this proposal involves an entirely different
limit, where N is held fixed, and an analytic continuation is performed in k£ so that the
central charge c is large. The resulting CFT is not unitary. Furthermore, it is unclear to us
that the analog of large N (or rather, large ¢) factorization holds in this limit, which would
be necessary for the holographic dual to be weakly coupled.

There is also an intriguing parallel between the 't Hooft limit of Wy minimal model
in two dimensions and Chern-Simons vector model in three dimensions. While the gauge
invariant local operators and their correlation functions on R? or S? in the three dimensional
Chern-Simons vector model are expected to be computed by the parity violating Vasiliev
theory in AdS, to all order in 1/N, the duality in its naive form is not expected to hold for
the CFT on three-manifolds of nontrivial topology (e.g. when the spatial manifold is a torus
or a higher genus surface). This is because the topological degrees of freedom of the Chern-
Simons gauge fields cannot be captured by a semi-classical theory in the bulk with Newton’s
constant that scales like 1/N rather than 1/N?. In a similar manner, the Wy minimal model

CFT on R? or S? in the large N admits a closed subsector, generated by the OPEs of the
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primary ¢, along with higher spin currents, that is conjectured to be perturbatively dual
to Vasiliev theory in AdSs. This duality makes sense only perturbatively in 1/N. The light
primaries which in a sense arise from twistor sectors must be included to ensure that the
CFT is modular invariant. Here we see that the bulk theory should be extended as well, to
an infinite family of Vasiliev theories. It would be interesting to understand the analogous
statement in the AdS,/CFT3 example, where the connection to ordinary string theory is

better understood [52] .
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4.A Higher spin charges

The higher spin charges of primary operators can be computed using the Coulomb gas
formalism reviewed in [31, 55, 50]. In Coulomb gas formalism, the higher spin currents W)
are functions of derivatives of the compact boson X, which can be constructed as follows.

Considering the order-N differential operator Dy given by

N
(2iv0) "Dy =: [ [(2iv60 + hi - 0X) : . (4.66)

1=1

A tower of quasi-primary spin-s current U®) is given by the coefficients of the expansion of
Dy in the variable vy,

N
Dy =N+ (2ivg) U@V (4.67)

s=1

For example, we have U") =0 and U® = —1:0X - X : +2v9p - 9*°X, which is the stress
tensor. The primary spin-s current W) can be constructed by taking linear combinations

of derivatives of U, for example [56]:

W@ =y,
w® =yt - %(zm)(w@%
W =W - ?(%%)azf@ C ?E]N —3) (2ivy)?0*U®
RUELIEE e 4o
we =yt - %(m@fww I ?;N —4) (2iv)20°U®
(V- 2)(N8; 3)(N — 4) Qi PU®)
S 311% (]_V;l)_(zj\)f 13) (¥ = 2)@iw) - UDU® : —2: UOTE ).

The higher spin charges wy of the primary (A, A_) are given by the eigenvalues of the

zero modes of the higher spin currents W (). The eigenvalues of the zero modes of the
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quasi-primaries U®) are given by

ug(v) -y H (v hi; + (s — 5)vo) - (4.69)

11<<tg j=1

v—\/7A+ \/7/\_, hs =w; — iai. (4.70)

Plugging u, into the formula (4.68), we obtain the higher spin charges w;.

where

The higher spin charges of ¢, and ¢; were computed in [11] in the large N limit. We

generalize their formula to ¢, and (ﬁn,

T (s)’T(\ + 5)
ws(9n) = [(2s—DT(1+ )
SO (4.71)
w3y = S TTE AL 5)

'2s—1)I{a+n)
We check these two formulas up to n = 2, s = 5 using the above method.

We also propose that the higher spin charges of w, are given by n times the higher spin
charges of w; in the large N limit. For example, the higher spin charges of w,, up to spin-5

are given by

n\?
wz(wn) = W’
n\3
UJ3(CU”) 1 9
6N (4.72)
o) — M)
Wy Wy ) = 20N )
1A (5 + \?)
wslen) ==

The above formulas are checked up to n = 3.
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4.B An approximately conserved spin-2 current

The approximately conserved spin-2 field takes the form as

(i), =a (Wﬁ? - gz’AL_l) Loyw; = a(W®) — ixd?)w, (4.73)

where « is a normalization constant. We check that this is a Virasoro primary operator:

LiW®) —ixg*)w, = [4W£31) - 2i)\L_1] w =0,

(4.74)
LW —ix0*)w; = (6ws — 6ihA\)w; = 0,
where we have used the null-state equation for wy:
Wg)wl = %8&)1. (475)

Let us compute the normalization constant . Considering the three-point function <W(z)&)1(z1) (W) —ix

since it is a three-point function of three conformal primaries, it takes the form as

ai

(z = 21)(2 — 22)5(21 — 22)~

(4.76)

<W(z)@1(zl)(W£‘°;’ - z‘Aa?)wl(ZQ)> _

1

The structure constant a; can be determined by performing contour integral j;zQ dz(z — z)?

on the both hand side. On RHS, we obtain

7{2 dz(z —21)(2 — z2)(21 — 22) 7! - (4.77)

On LHS, we have

o1 ()W WS — iddPwi(22) ) = (@1(21) 8W0<4>+§(A2—4)L0—12MW(§3> w1 (22)
5

C22(1 -0
e

(4.78)
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Now, we perform a contour integral f21 dz on (4.76), we obtain

3 - ®) _ g2 _ @
<W‘2 wi(z)(W=y —idd )w1(22)> f;l dz(z —21)(z — 22)%(z1 — )
(4.79)
B a C22%(1 -\ 1
(21 — 22)* N o (- =)t
Using similar method, we obtain
b
- (3) _
<W1(Z1)W_2w1(22)> = 7{2 dZ<Z _ z1)3(z _ 22)3(z1 — 22)—3
. (4.80)
I R
(22 — 21)5(21 — ZQ)_3 N (Zl — 22)2 '
We have
» - , 2X\2(1 — )2 1
(79 +30P)an(a) (W = 0 () = U2 (o1 — 2 (4.81)

The normalization constant « is

/ N

4.C Null-state equations

The W[\, in the ¢ — oo limit, and truncating to the generators WT(LS), In| < s, reduces

to the wedge algebra hs(\), which is given by

s+t—|s—t|—1
WO WO = ST gt m s WS, (4.83)
u=2,4,6,---

where the structure constant g5'(m, n; \) is

u—2

st a4 st st
9y (ma n; )‘) - m¢u ()‘)N (m> TL), (484)
and
N = G (—1)*T(w)D(s — m)L(s + m)T(t — n)T(t +n)

FrA+k(u—kT(s—=—m—kT(s+m+k—u+1)It+n—KIl'{t—-—n+k—u+1)’
(4.85)

e
Il

0
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and

S5, 3—t, t4s+t—u

¢ is an arbitrary constant controls the normalization of the higher spin generators. In our
convention, ¢ = i/4. Using this commutator (4.83), we can derived a set of null-state
equations for &, ¢, and w,.

Consider a primary operator O. The descendants of O can be separated into two classes.
The descendants in the first class are the operators take the form as a combination of Wfs,z,
0 < n < s, acting on O. The rest of the descendants are in the second class. The descendants
in the first class have the norm of order one, and the descendants in the second class have
the norm of order N. The bulk dual of the descendants in the first class are single- or
multi-particle states without boundary higher spin gauge field excitation, and the bulk
dual descendants in the second class are the states with boundary higher spin gauge field
excitations. Now, let us focus on the primary (0,0). The partition of (T, 0), after modding
out the contribution from the boundary higher spin gauge field, takes the form as

14N 14X

q24q:2

. -1 2 _ = ——F—
Aim Z, Hxool* = Zo, = 1—q)(1—q) (4.87)

14N 14X

=q? ¢ (I+q+q+-)1L+q+q+ ).
This means that at each level (m,n), there is only one independent descendent in the first

class. Therefore, the Gram matrices

Lr L] (W L
(LY, L], ] 1 (488)

[y, W W wh)]

for 0 < n < s, are rank 1, and have a singular vector, which gives the null-state equation:

P 0(s)T(n + s)T'(s + A)
(n+ D025 — DT+ A+ 1)

W g = - "y (4.89)
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Similarly, we have the null-state equation for ¢:

~ (—0)*2T(s)T'(n + s)I'(s — A)

7 _ n 7
Wonr = T(n+ 1)T(2s — )T (n— A+ 1)(9 o1 (4.90)

One can then express the operators Wfs,z(ﬁl, W(S)qgl as O™ ¢r, 0 ¢y for 0 < n < s.

Next, let us consider the operator (0,0). After moving out the contribution of boundary
higher spin gauge fields, the partition function of (0,0) takes the form as

lim Z ool = U+ g+ 20° +3¢" + 4" + - )L+ 7+ 2¢° +3¢° + 47" +--+). (491)
At level one, there is one descendent in the first class. The Gram matrix

[L1> L—1]> [W1(8)> L—l]

(4.92)
(L, WL ™, W)
is rank one, and gives the null-state equations:
s SWs
WS, = o7 0. (4.93)
For s = 3,4,5, we have
A
WS?Wl = ii&ul,
1+ A2
Wby = — E O, (4.94)
A5+ A2
Wﬁ‘r’l)wl = —z%@wl
At level two, there are two descendants in the first class. The Gram matrix
[L% L2—1]7 [W2(3)7 L2—1]7 [W2(S)7 Lz—l]
L3, WL, i Wl i wi | (4.95)
s 3 s s s
(L3 W, g, W), g™ W)
has one singular vector. For s = 4, this gives the null state equation
() Lo A 4.96
Wijw = —58 w1 +Z§W_2w1. (4.96)
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In general, at level n, there are n independent descendants in the first class. They can
be written as 0”‘1j£1), 8"‘2j£2), .-+, and jf"), or equivalently 0"wy, 0”_1W£32)w1, .-+, and

Wﬁzﬂ)wl. All the other descendants are related to them by null state equations.

4.D Wy characters

As reviewed in [31, 50], the characters of the primary operators in the Wy minimal model

are given by the formula

]_ lw '1n|24 £
o) = oy D, clw)g T (4.97)

wGW,nEFpp/

where p =k + N, p' =k + N + 1, W is the Weyl group, ',y is v/pp’ times the root lattice

A= \/%(A++p), A’Z—\/g(/\—ﬂ)- (4.98)

In the large N limit, the terms with nonzero n in the summation over the lattice I',,, are of

Avoor, and X, X are

order O(¢"), and can be ignored. By evaluating the formula (4.97), we obtain the following
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characters:

X(0,0) =14+¢+2¢+---

X0 = 4" (1+q+2¢* +4¢> +- )
X@o) = R (1 +q+3¢>+5¢3+-- )
Xeoo = 4" (1+q+3¢2+5¢° +--+)

X@O) =¢"8 (14+¢+3¢>+6¢° +---)

X{ o) = g &0 (14+294+4¢°+9¢° +--+)
X(r3,0) = ¢ =0 (1 +q+3¢2+6¢>+-- )
XoD = g"eo (1 +q+3¢2+6¢+-- )
Xmm) = g"== (1 +q+3¢>+6¢>+-- )
Xgp = q"ew (1 +q+4¢47 +8¢4 + - - )
(4.99)
X = "= (14 ¢+ 3¢* + 6¢° + - --)
Xpey = "2 (1+2+6¢° + 14¢° + )

XEE :qh@ﬁ) (1+q+4q2+9q3+...)

()

Xeoo = ¢"@ (1+q+3¢*+6¢°+ )
X = €8 (1+ 20+ 44>+ 9¢* + - )
X = ¢"== (1+q+3¢% +6¢° +---)
X = €' (1+2¢+5¢° + 11¢° + )
X = ¢"®9 (1+2¢+5¢° +12¢° + - - -)

Xfp =1 (14 2¢+5¢2 +11¢° +---)
hpo 9 5
X(B:\D):q(ﬁjy)(1+2q—|—5q + 11q +)
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— @0 2 34 ...
X@m) q 8 (1+2¢+5¢"+10¢> + -+ )

Xeof) = ¢"@® (14 2¢+5¢> 4+ 10¢° + - - -)
XA = €' (1+2¢ +5¢° + 10¢° + -+

_ h(ﬁ,m) 2 3 .
X@m) q (1 +2q + 69" + 12¢° + )

_ hm 2 3
Xermp = 4@ (142 +5¢" +11¢° + - )

. , , (4.100)
Xy =4 = (1429 +5¢>+11¢° +---)

=¢"®D (14+3¢+7¢> +17¢° + - -)

Xgd
h

X(Em@ =q" @ (14+2¢+6¢>+13¢° +--+)

X[ = R (1+2¢+5¢+ 11> +---)

X = ¢"6® (143¢+7¢* +17¢° + - -)

— G 2 3.,
X@,DZD) q (1+2¢+6¢>+13¢° +---)

4.E  Some three-point functions

In this section, we will compute several three-point functions involving the approximately
conserved spin-1 current (j,sl))z in the large N limit. For simplicity, we will suppress the
index z in the following discussion. Let us first consider the three-point functions of the
form < jﬁl)émgn_m+1>. They are given by taking a derivative on the three-point function

<wnq_5mgz:5n_m+1>. For example, by taking one derivative on

(r(2)61(22)6n(25)) L L (4.101)

N |212|2A|Z23|2\213\_2A’
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we obtian

(1) - = 1 1 1 1
<]1 (21)¢1(22)¢1(23)> VN |22 23?218 72 <Z_13 - 2—12> : (4.102)

Similarly by taking a derivative on (4.14) and (4.19), we obtain

(38 ()1 (22)0(z0) ) = (357 (e1)da(2)1(24) ) = (57 (1) (22) () ) = (35 (21)a (2)n (20) )

B 1 1 ( 1 1 )
\/N‘Z12‘2’\‘223‘2|213|_2’\ 213 212 '

(4.103)
We postulate the general form of the three-point function to be
_ = 1 1 1 1
D ()8 (20) o1 (2 > _ <_ - _) _ 4.104
<jn ( 1)¢ ( 2>¢ +1( 3) \/N‘212|2)“223|2‘Z13‘_2)‘ 213 212 ( )

Next, let us consider the three-point function of the form < j,sl)¢m<5n+m> and < j,(ll)émq;n+m>.
The computation of this three-point function is a bit subtle. Let us first show an example

< jfl)(zl)él(zg)qgg(zg)>. To compute this three-point function, we consider the three-point

functions:
T.0) () = !
<W1(21)¢1(22)(ED, D)(Zs = \/5 |223|2h@,o)+2h@a)—2h(g,u> |Zl2|2h(D70)+2h(D,u)—2h(m) |zlg|2h<ﬁa>+2h<u,n>—2h(n,0) )
<W1 (Zl)¢l(22) (H’ D)(Zg)> - ﬁ |Z23|2h(u,0)+2h(g,a)—2h(g,ﬂ) |212 |2h(g,0)+2h(g,n)—2h@ﬁ) |2’13 |2h@ﬁ)+2h(nyu)—2h(uy0) '
(4.105)
By taking the derivative 0., and taking the large N limit, we obtain
1 1 Al A+N
(Owi(21)01(22)([@0,0)(23)) = —= 10 (__ _ _)
’ (1-X) N N )
V2 | 223 Z12 212 (4.106)

(a0 @) = s (- + ).

Taking the difference of these two three-point functions, we obtain

- 1 1 1 1
<]§1)(2’1)¢1(Z2)¢2(23)> = \/—NW <Z_12 — 2’_13) . (4.107)
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In a similar way, we also compute the three-point functions

(1 ot = (i Gob) = <o (- ) @108)

212 213
and also

(3" (21)61(z2)82(20) ) = (it (21)ba(z2)u(24) ) = (357 (21)61 (22)u(24) )

- 1 1 < 1 1 ) (4.109)
VN |2323Y \ 212 213/
We postulate the general form of these kind of three-point functions to be
1 1
<] (21)Pm (22 ¢n+m 2’3> Tﬂ(———),
23| %12 %13 (4.110)

1 1
D (2 mz nmz> —_7<———)
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AdS, higher spin holography
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Chapter 5

ABJ Triality: from Higher Spin

Fields to Strings

5.1 Introduction and Summary

It has long been speculated that the tensionless limit of string theory is a theory of
higher spin gauge fields. One of the most important explicit and nontrivial construction
of interacting higher spin gauge theory is Vasiliev’s system in AdS, [57, 58, 22|. It was
conjectured by Klebanov and Polyakov [19], and by Sezgin and Sundell [20, 59|, that the
parity invariant A-type and B-type Vasiliev theories are dual to 2+1 dimensional bosonic
and fermionic O(N) or U(N) vector models in the singlet sector. Substantial evidence for
these conjectures has been provided by comparison of three-point functions [33, 34|, and
analysis of higher spin symmetries [60, 23, 37, 51].

It was noted in [61, 21] that, at large N, the free O(N) and U(N) theories described

above each have a family of one parameter conformal deformations, corresponding to turning
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on a finite Chern-Simons level for the O(NN) or U(N) gauge group. It was conjectured in
[21] that the bulk duals of the resultant Chern-Simons vector models is given by a one
parameter family of parity violating Vasiliev theories. In the bulk description parity is
broken by a nontrivial phase in function f in Vasiliev’s theory that controls bulk interactions.
This conjecture appeared to pass some nontrivial checks [21] but also faced some puzzling
challenges [21]. In this paper we will find significant additional evidence in support of the
proposal of [21] from the study of the bulk duals of supersymmetric vector Chern-Simons
theories.

The duality between Vasiliev theory and 3d Chern-Simons boundary field theories does
not rely on supersymmetry, and, indeed, most studies of this duality have been carried out
in the non-supersymmetric context. However it is possible to construct supersymmetric
analogues of the Type A and type B bosonic Vasiliev theories [58, 22, 59, 62, 63]. With
appropriate boundary conditions, these supersymmetric Vasiliev theories preserve all higher
spin symmetries and are conjectured to be dual to free boundary supersymmetric gauge
theories. In the spirit of [21] it is natural to attempt to construct bulk duals of the one pa-
rameter set of interacting supersymmetric Chern-Simons vector theories obtained by turning
on a finite level k for the Chern-Simons terms (recall that Chern Simons coupled gauge fields
are free only in the limit & — o0). Interacting supersymmetric Chern-Simons theories differ
from their free counterparts in three ways. First, as emphasized above, their Chern-Simons
level is taken to be finite. According to the conjecture of [21] this is accounted for by
turning on the appropriate phase in Vasiliev’s equations. Second the Lagrangian includes
potential terms of the schematic form ¢% and Yukawa terms of the schematic form ¢%?,

where ¢ and 1 are fundamental and antifundamental scalars and fermions in the field theory.
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These terms may be regarded as double and triple trace deformations of the field theory;
as is well known, the effect of such terms on the dual bulk theory may be accounted for
by an appropriate modification of boundary conditions [64]. Lastly, supersymmetric field
theories with A" = 4 and N = 6 supersymmetry necessarily have two gauge groups with
matter in the bifundamental. Such theories may be obtained by from theories with a single
Chern-Simons coupled gauge group at level k£ and fundamental matter by gauging a global
symmetry with Chern-Simons level —k. In the dual bulk theory this gauging is implemented
by a modification of the boundary conditions of the bulk vector gauge field [65].

These elements together suggest that it should be possible to find one parameter families
of Vasiliev theories that preserve some supersymmetry upon turning on the parity violating
bulk phase, if and only if one also modifies the boundary conditions of all bulk scalars,
fermions and sometimes gauge fields in a coordinated way. In this paper we find that this is
indeed the case. We are able to formulate one parameter families of parity violating Vasiliev
theory (enhanced with Chan-Paton factors, see below) that preserve N' = 0,1,2,3,4 or 6
supersymmetries depending on boundary conditions. In every case we identify conjectured
dual Chern-Simons vector models dual to our bulk constructions.?

The identification of parity violating Vasiliev theory with prescribed boundary condi-
tions as the dual of Chern-Simons vector models pass a number of highly nontrivial checks.
By considering of boundary conditions alone, we will be able to determine the exact relation
between the parity breaking phase 6y of Vasiliev theory, and two and three point function

coefficients of Chern-Simons vector models at large N. These imply non-perturbative rela-

LA similar analysis of the breaking of higher spin symmetry by boundary conditions allows us to demon-
strate that all deformations of type A or type B Vasiliev theories break all higher spin symmetries other
than the conformal symmetry. We are also able to use this analysis to determine the functional form of the
double trace part of higher spin currents that contain a scalar field.
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tions among purely field theoretic quantities that are previously unknown (and presumably
possible to prove by generalizing the computation of correlators in Chern-Simons-scalar vec-
tor model of [66] using Schwinger-Dyson ? equations to the supersymmetric theories). The
results also agree with the relation between 6y and Chern-Simons 't Hooft coupling A = N/k
determined in [21] by explicit perturbative computations at one-loop and two-loop order.

From a physical viewpoint, the most interesting Vasiliev theory presented in this paper
is the N/ = 6 theory. It was already suggested in [21] that a supersymmetric version of
the parity breaking Vasiliev theory in AdS, should be dual to the vector model limit of the
N = 6 ABJ theory, that is, a U(N); x U(M)_; Chern-Simons-matter theory in the limit
of large N, k but finite M. Since the ABJ theory is also dual to type ITA string theory in
AdS, x CP? with flat B-field, it was speculated that the Vasiliev theory must therefore be
a limit of this string theory. The concrete supersymmetric N' = 6 Vasiliev system presented
in this paper allows us to turn the suggestion of [21] into a precise conjecture for a duality
between three distinct theories that are autonomously well defined at least in particular
limits.

The N = 6 Vasiliev theory, conjectured below to be dual to U(N) x U(M) ABJ theory
has many elements absent in more familiar bosonic Vasiliev systems. First theory is ‘super-
symmetric’ in the bulk. This means that all fields of the theory are functions of fermionic
variables 1); (i = 1...6) which obey Clifford algebra commutation relations {v;, ¥;} = 26;;
(all bulk fields are also functions of the physical spacetime variables z,, (1 =1...4) as well
as Vasiliev’s twistor variables ya, Za, Ua, Z3, as in bosonic Vasiliev theory). Next the star

product used in the bulk equations is the usual Vasiliev star product times matrix multi-

2See [21] for these equations in the Chern-Simons fermion model.
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plication in an auxiliary M x M space. The physical effect of this maneuver is to endow
the bulk theory with a U(M) gauge symmetry under which all bulk fields transform in the
adjoint. Finally, for the reasons described above, interactions of the theory are also modi-
fied by a bulk phase, and bulk scalars, fermions and gauge fields obey nontrivial boundary
conditions that depend on this phase.

The triality between U(N) x U(M) ABJ theory, type IIA string theory on AdS, x CP?,
and supersymmetric parity breaking Vasiliev theory may qualitatively be understood in the
following manner. The propagating degrees of freedom of ABJ theory consist of bifundamen-
tal fields that we denote by A; and antibifundamental fields that we will call B;. A basis for
the gauge singlet operators of the theory is given by the traces Tr(A;B1AsBsy ... A, By). As
is well known from the study of ABJ duality, these single trace operators are dual to single
string states. The basic ‘partons’ (the A and B fields) out of which this trace is composed
are held together in this string state by the ‘glue’ of U(N) and U(M) gauge interactions.

Let us now study the limit M < N. In this limit the glue that joins B type fields
to A type fields (provided by the gauge group U(M)) is significantly weaker than the glue
that joins A fields to B fields (this glue is supplied by U(N) interactions). In this limit the
trace effectively breaks up into m weakly interacting particles A By, AsBs ... A,,B,,. These
particles, which transform in the adjoint of U(M), are the dual to the U(M) adjoint fields of
the dual N’ = 6 Vasiliev theory. Indeed the spectrum of operators of field theory operators
of the form AB precisely matches the spectrum of bulk fields of the dual Vasiliev system.

If our picture is correct, the fields of Vasiliev’s theory must bind together to make up
fundamental ITA strings as M /N is increased. We now describe a qualitative way in which

this might happen. The bulk Vasiliev theory has gauge coupling g ~ 1/ VN, Tt follows that
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the bulk 't Hooft coupling is Apux = g>M ~ M/N. In the limit M/N < 1, the bulk Vasiliev
theory is effectively weakly coupled. As M/N increases, a class of multi-particle states of
higher spin fields acquire large binding energies due to interactions, and are mapped to the
single closed string states in type IIA string theory. Roughly speaking, the fundamental
string of string theory is simply the flux tube string of the non abelian bulk Vasiliev theory.

Note that although we claim a family of supersymmetric Vasiliev theory with Chan-
Paton factors and certain prescribed boundary conditions is equivalent to string theory on
AdS,, we are not suggesting that Vasiliev’s equations are the same as the corresponding
limit of closed string field equations. Not all single closed string states are mapped to single
higher spin particles; infact the only closed strings that are mapped to Vasiliev’s particles
are those dual to the operators of the form TrAB. Closed string field theory is the weakly
interacting theory of the ‘glueball’” bound states of the Vasiliev fields; it is not a weakly
interacting description of Vasiliev’s fields themselves.

Let us note a curious aspect of the conjectured duality between Vasiliev’s theory and
ABJ theory. The gauge groups U(N) and U(M) appear on an even footing in the ABJ
field theory. In the bulk Vasiliev description, however, the two gauge groups play a very
different role. The gauge group U (M) is manifest as a gauge symmetry in the bulk. However
U(N) symmetry is not manifest in the bulk (just as the U(N) symmetry is not manifest in
the bulk dual of N' = 4 Yang Mills); the dynamics of this gauge group that leads to the
emergence of the background spacetime for Vasiliev theory. The deconfinement transition
for U(M) is simply a deconfinement transition of the adjoint bulk degrees of freedom, while
the deconfinement transition for U(V) is associated with the very different process of ‘black

hole formation’. If our proposal for the dual description is correct, the gauged Vasiliev
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theory must enjoy an N <> M symmetry, which, from the bulk viewpoint is a sort of level
— rank duality. Of course even a precise statement for the claim of such a level rank duality
only makes sense if Vasiliev theory is well defined ‘quantum mechanically’ (i.e. away from
small &) at least in the large N limit.

We have noted above that Vasiliev’s theory should not be identified with closed string
field theory. There may, however, be a sense in which it might be thought of as an open
string field theory. We use the fact that there is an alternative way to engineer Chern-
Simons vector models using string theory [67], that is by adding N; D6-branes wrapped on
AdS, x RP? inside the AdS, x CP?, which preserves N' = 3 supersymmetry and amounts
to adding fundamental hypermultiplets of the U(N); Chern-Simons gauge group. In the
“minimal radius” limit where we send M to zero, with flat B-field flux ﬁ f(cpl B = % + %,
the geometry is entirely supported by the Ny D6-branes [68].* This type IIA open-closed
string theory is dual to N' = 3 Chern-Simons vector model with N; hypermultiplet flavors.
The duality suggests that the open+-closed string field theory of the D6-branes reduces to
precisely a supersymmetric Vasiliev theory in the minimal radius limit. Note that unlike
the ABJ triality, here the open string fields on the D6-branes and the nonabelian higher
spin gauge fields in Vasiliev’s system both carry U(N;) Chan-Paton factors, and we expect
one-to-one correspondence between single open string states and single higher spin particle

states.

3We thank Daniel Jafferis for making this important suggestion and O. Aharony for related discussions.
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5.2 Vasiliev’s higher spin gauge theory in AdS, and its
supersymmetric extension

The Vasiliev systems that we study in this paper are defined by a set of bulk equations
of motion together with boundary conditions on the bulk fields. In this section we review
the structure of the bulk equations. We turn to the consideration of boundary conditions
in the next section.

In this section we first present a detailed review of bulk equations of the ‘standard’
Vasiliev theory. We then describe nonabelian and supersymmetric extensions of these equa-
tions. Throughout this paper we work with the so-called non-minimal version of Vasiliev’s
equations, which describe the interactions of a field of each non-negative integer spin s in
AdS,. Under the AdS/CFT correspondence non-minimal Vasiliev equations are conjectured
to be dual to gauged U(N) Chern-Simons-matter boundary theories.*

There are exactly two ‘standard’ non-minimal Vasiliev theories that preserve parity sym-
metry. These are the type A /B theories, which are conjectured to be dual to bosonic/fermionic
SU(N) vector models, restricted to the SU(N)-singlet sector. Parity invariant Vasiliev the-
ories are particular examples of a larger class of generically parity violating Vasiliev theories.
These theories appear to be labeled by a real even function of one real variable. In Section
5.2.1 we present a review of these theories. It was conjectured in [21] that a class of these
parity violating theories are dual to SU(N) Chern-Simons vector models.

In Section 5.2.2 we then present a straightforward nonabelian extension of Vasiliev’s

4The non minimal equations admit a consistent truncation to the so-called minimal version of Vasiliev’s
equations; this truncation projects out the gauge fields for odd spins and are conjectured to supply the dual
to SO(N) Chern-Simons boundary theories.
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system, by introducing U(M) Chan-Paton factors into Vasiliev’s star product. The result of
this extension is to promote the bulk gauge field to a U(M) gauge field; all other bulk fields
transform in the adjoint of U(M). The local gauge transformation parameter of Vasiliev’s
theory is also promoted to a local M x M matrix field that transforms in the adjoint of
U(M). The nature of the boundary CFT dual to the non abelian Vasiliev theory depends
on boundary conditions. With ‘standard” magnetic type boundary conditions for all gauge
fields (that set prescribed values for the field strengths restricted to the boundary) the
dual boundary CFT is obtained simply by coupling M copies of (otherwise non interacting)
matter multiplets to the same boundary Chern-Simons gauge field. The boundary theory
has a ‘flavour’ U(M) global symmetry that acts on the M identical matter multiplets.

In Section 5.2.3 we then introduce the so called n-extended supersymmetric Vasiliev
theory (generalizing the special cases studied earlier in [57, 58, 22, 59, 62]). The main idea
is to enhance Vasiliev’s fields to functions of n fermionic fields ¢; (i = 1...n; we assume n to
be even) which obey a Clifford algebra®. This extension promotes the usual Vasiliev’s fields to
2% x 27 dimensional matrices (or operators) that act on the 27 dimensional representation
of the Clifford algebra. The local Vasiliev gauge transformations are also promoted to
functions of 1;, and so 2% x 2% matrices or operators®. Half of the resultant fields (and

gauge transformations) are fermionic; the other half are bosonic.

5We emphasize that n should not be confused with the number of globally conserved supercharges 4\
(equivalently 4\ is the number of supercharges in the superconformal algebra of the dual three-dimensional
CFT). n characterizes only the local structure of Vasiliev’s equations of motion. A on the other hand
depends on the choice of boundary condition for bulk fields of spin 0, 1/2 and 1. As we will see NV < 6 for
parity violating Vasiliev theories, as expected from the dual CFT3 (n, or course, can be arbitrarily large ).

6The bulk equations of motion for n extended supersymmetric Vasiliev theory is identical to those for n =
2 theory extended by U(2%~!) Chan Paton factors. However, the language of n extended supersymmetric
Vasiliev theory is more convenient when the boundary conditions of the problem break part of this U/(2% ~1)
symmetry, as will be the case later in this paper.

200



Chapter 5: ABJ Triality: from Higher Spin Fields to Strings

5.2.1 The standard parity violating bosonic Vasiliev theory

In this section we present the ‘standard’ non minimal Vasiliev equations, allowing, how-

ever, for parity violation.

Coordinates

In Euclidean space the fields of Vasiliev’s theory are functions of a collection of bosonic
variables (z,Y, Z) = (z#,y®, §%, 2%,2%). 2 (u = 1...4) are an arbitrary set of coordinates
on the four dimensional spacetime manifold. y® and z® are spinors under SU(2), while
y* and z% are spinors under a separate SU(2)r. As we will see below, Vasiliev’s equations
enjoy invariance under local (in spacetime) SO(4) = SU(2)L x SU(2)g rotations of y*, 2%,
y* and z% This local SO(4) rotational invariance, which, as we will see below is closely
related to the tangent space symmetry of the first order formulation of general relativity, is

only a small part of the much larger gauge symmetry of Vasiliev’s theory.

Star Product

Vasiliev’s equations are formulated in terms of a star product. This is just the usual

local product in coordinate space; whereas in auxiliary space it is given by
FY,Z)xg(Y,Z)
— — — — (= — —
— F(Y, Z) exp [eaﬁ (aya + aza) (ayﬁ _ azﬁ> 4 eob (ayd + aza) (3y5 _ azgﬂ g(Y, 7)

— /d%d%dzad%e“%a”%f(y tu, g,z +u,z+a)g(y +u, 9+ 0,2 —v, 2 —9).
(5.1)

In the last line, the integral representation of the star product is defined by the contour

for (u®,v®) along e™“R in the complex plane, and (a%, %) along the contour e ™/4R. It
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is obvious from the first line of (5.1) that 1 f = f %1 = f; this fact may be used to
set the normalization of the integration measure in the second line. The star product is
associative but non commutative; in fact it may be shown to be isomorphic to the usual
Moyal star product under an appropriate change of variables. In Appendix 5.A.1 we describe
our conventions for lowering spinor indices and present some simple identities involving the
star product.
Below we will make extensive use of the so called Kleinian operators K and K defined
as
K=¢"% K=" (5.2)

They have the property (see Appendix 5.A.1 for a proof)

K«K=KxK =1,
(5.3)

K*f(yvzhgvz)*K:f(_yv_zvng)a K*f(yuzvg72>*K:f(yvz7_g7_2>'
Master fields

Vasiliev’s master fields consists of an x-space 1-form
W =W,dx",
a Z-space 1-form
S = S,dz" + Ssdz?,

and a scalar B, all of which depend on spacetime as well as the internal twistor coordinates
which we denote collectively as (z,Y, Z) = (z#,y%, 7%, 2%, 2%). It is sometimes convenient to

write W and S together as a 1-form on (x, Z)-space

A=W + 8 =W,da" + Sadz” + Ssdz*.
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A will be regarded as a gauge connection with respect to the x-algebra.

We also define

N 1 1 .
S=8-— §zadzo‘ — §de2°‘,
o N 1 1 1 1_ »
A=W+S5S=A- izadzo‘ — §zddza =W,dz" + (—iza + S, )dz" + (—§zd + S4)dze.

(5.4)
Let d, be the exterior derivative with respect to the spacetime coordinates z* and denote
by dz the exterior derivative with respect to the twistor variables (z%,z%). We will write

d=d, + dz. We will also find it useful to define the field strength

F=d A+ Ax A
(5.5)
= (d,W + W« W) + (dm§+{W,§}*> + (S*S) .
Note also that
N o 1 . :
S8 =d.5+ 55+ (capdzds? + ;50207 (5.6)

Gauge Transformations

Vasiliev’s master fields transform under a large set of gauge symmetries. We will see
later that the AdS,; vacuum solution partially Higgs or breaks this gauge symmetry group
down to a subgroup of large gauge transformations - either the higher spin symmetry group
or the conformal group depending on boundary conditions.

Infinitesimal gauge transformations are generated by an arbitrary real function €(z,Y, 7).

By definition under gauge transformations

SA=dye+ Axe—ex A

0B = —ex B+ Bx(e).
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In other words the 1-form master field transforms as a gauge connection under the star
algebra while B transforms as a ‘twisted’ adjoint field. The operation 7 that appears in

(5.7) is defined as follows

m (yv Z, dzay7z7 dz) = (_y7 —Zz, _dzvyv 27 dz)

Since € does not involve differentials in (z, Z), the action of 7 on € is equivalent to conjugation
by K, namely m(e) = K e K. (m acting on a 1-form in (z,, Z4) acts by conjugation by K
together with flipping the sign of dz).

It follows from (5.7) that the field strength F ( and so each of the three brackets on the

RHS of the second line of (5.5)) transform in the adjoint. The same is true of B * K.

OF = [F, €,
(5.8)
d(BxK)=—ex(B*xK)+ (BxK) xe,
When expanded in components the first line of (5.7) implies that
oW, =0,e+W,*xe—exW,,
(5.9)
5§a:5’a*e—e*5’a.
In terms of unhatted variables,
0A=de+ Axe—ex A,
(5.10)
Oe
0S, = — + S, xe—€ex*xS,.
0z%

Truncation

The following truncation is imposed on the master fields and gauge transformation pa-

rameter e. Define
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We require

[R,W], ={R,S}, = [R,B. = [R,€], = 0. (5.11)
More explicitly, this is the statement that W, B and € are even functions of (Y, Z) whereas
Sa, Sg are odd in (Y, Z),

W, y,9,2,2) = W, —y, =9, =2, —2),

Sa(, 9,9, 2,2) = =5a(t, =y, =¥, =2, —2),

Sa(x,y,9,2,2) = =Sa(x, -y, —7, —2, —Z), (5.12)

B(z,y,9,2,%2) = B(x,—y, -y, —2, —Z2).

e(r,y,7,2,2) = €(x, —y, -7, —2, —Z2).
A physical reason for the imposition of this truncation is the spin statistics theorem. As
the physical fields of Vasiliev’s theory are all commuting, they must also transform in the
vector (rather than spinor) conjugacy class of the SO(4) tangent group; the projection (5.12)
ensures that this is the case. One might expect from this remark that the consistency of

Vasiliev’s equations requires this truncation; we will see explicitly below that this is the

case.

Reality Conditions

It turns out that Vasiliev’s master fields admit two consistent projections that may be
used to reduce their number of degrees of freedom. These two projections are a generalized
reality projection (somewhat analogous to the Majorana condition for spinors) and a so
called ‘minimal’ truncation (very loosely analogous to a chirality truncation for spinors).
These two truncations are defined in terms of two natural operations defined on the master

field; complex conjugation and an operation defined by the symbol ¢. In this subsection
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we first define these two operations, and then use them to define the generalized reality
projection. We will also briefly mention the minimal projection, even though we will not
use the later in this paper.

Vasiliev’s fields master fields admit a straightforward complex conjugation operation,
A — A*, defined by complex conjugating each of the component fields of Vasiliev theory

and also the spinor variables Y, Z7

W) =0a  (Wa) =9y (%) =2, (Z) =2 (5.13)
It is easily verified that

(M « N)* = M* % N* (5.14)

where M is an arbitrary p form and N and arbitrary ¢ form. In other words complex
conjugation commutes with the star and wedge product, without reversing the order of
either of these products. Note also that the complex conjugation operation squares to the
identity.

We now turn to the definition of the operation ¢; this operation is defined by
v (Y, 9,2, 2,dz,dz) — (iy, 1y, —iz, —iz, —idz, —idZ), (5.15)
The signs in (5.15) are chosen® to ensure

uf *+g) = ug) *u(f) (5.16)

(see (5.186) for a proof). In other words ¢ reverses the order of the % product. Note however

that ¢ by definition does not affect the order of wedge products of forms. As a consequence

" As complex conjugation of SO(3, 1) interchanges left and right moving spinors, our definition of complex
conjugation (the analytic continuation of the Lorentzian notion) must also have this property.

8Changing the RHS of (5.15) by an overall sign makes no difference to fields that obey (5.12).
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¢ picks up an extra minus sign when acting on the product of two one-forms
(Cx D)= —u(D)*(C)

(see (5.187) for a proof; the same equation is true if C'is a p form and D a ¢ form provided
p and ¢ are both odd; if at least one of p and ¢ is even we have no minus sign).

We now define the generalized reality projection that we will require Vasiliev’s master
fields to obey throughout this paper (this projection defines the non-minimal Vasiliev theory

which we study through this paper). The projection is defined by the conditions
(W) =-W, (S)*=-S, (B)=K+«+BxK=Kx*xBxK (5.17)

The equality of the two different expressions supplied for ¢(B)* in (5.17) follows upon using
the fact B commutes with R = KK (see (5.11)).

It is easily verified that (5.17) implies that
L(F) =—-F (5.18)
(see (5.192) for an expansion in components) and that
(BxK)*=BxK, B*xK)"=Bx*K. (5.19)

(5.17) may be thought of as a combination of two separate projections. The first is the
‘standard’ reality projection (see (5.188)). The second is the ‘minimal truncation’(5.189). As
discussed in Appendix 5.A.3, it is consistent to simultaneously impose invariance of Vasiliev’s
master field under both these projections. This operation defines the minimal Vasiliev theory

(dual to SO(N) Chern-Simons field theories). We will not study the minimal theory in this

paper.
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Equations of motion

Vasiliev’s gauge invariant equations of motion take the form

F=d A+ Ax A= f(BxK)dz*+F,(B*K)dz?,
(5.20)
d,B+AxB—Bxn(A) =0.
where f(X) is a holomorphic function of X, f its complex conjugate, and f,(X) the corre-
sponding *-function of X. Namely, f.(X) is defined by replacing all products of X in the
Taylor series of f(X) by the corresponding star products.
Note that both sides of the first of (5.20) are gauge adjoints, while the second line of
that equation transforms in the twisted adjoint. In Appendix 5.A.4 we have demonstrated

that the second equation of (5.20) may be derived from the first (assuming that f(X) is a

non-degenerate function) using the Bianchi identity
d,F+[A Fl.=0 (5.21)

In Appendix 5.A.4 we have also expanded Vasiliev’s equations in components to clarify their
physical content. As elaborated in (5.193) and (5.194), it follows from (5.20) that the field
strength dW + W x W is flat and that the adjoint fields B x K, S, and S, are covariantly
constant. In addition, various components of these adjoint fields commute or anticommute
with each other under the star product (see (5.203) for a listing). The fields S, and Sg,

however, fail to commute with each other; their commutation relations are given by

S Sl = €apfu(B * K)
o (5.22)
[Sd, SB]* = Eaﬁ'f*(B * K)

Using various formulae presented in the Appendix (see e.g. (5.190)) it is easily verified

that the Vasiliev equations, (expanded in the Appendix as (5.193) and (5.194)) map to
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themselves under the reality projection (5.17). The same is true of the minimal truncation

projection.

Equivalences from field redefinitions

Vasiliev’s equations are characterized by a single complex holomorphic function f. In
this subsection we address the following question: to what extent to different functions f
label different theories?

Any field redefinition that preserves the gauge and Lorentz transformation properties of
all fields, but changes the form of f clearly demonstrates an equivalence of the theories with
the corresponding choices of f. The most general field redefinitions consistent with gauge
and Lorentz transformations and the form of Vasiliev’s equations are

B— g (BxK)xK

(—%za b 82" — 8 ha(B # K), (5.23)

)

z

1 - - ~ . _
= (—5,2@ + Si) *xdz® = S; x h (=B x K).

)

Several comments are in order. First note that the field redefinitions above obviously pre-
serve form structure and gauge transformations properties. In particular these redefinitions
preserve the fact that B K, S, and S; transform in the adjoint representation of the gauge
group. Second the field redefinitions above are purely holomorphic (e.g. g, is a function
only of B x K but not of B x K). It is not difficult to convince oneself that this is necessary
in order to preserve the holomorphic form of Vasiliev’s equations. Finally we have chosen

to multiply the redefined functions S, and S; with functions from the right rather than the

209



Chapter 5: ABJ Triality: from Higher Spin Fields to Strings

left. There is no lack of generality in this, however, as

S,xh,(B*xK)=h(—BxK)*S.,, S.«h(BxK)=nh(B*EK)x*S.,
(5.24)

S;xh,(B*xK)=h,(B*K)%5s;, Ss;xh,(B*xK)=h(-Bx*EK)x*S:,
((5.24) follows immediately from (5.203) derived in the Appendix). Finally, we have inserted

a minus sign into the argument of the function A for future convenience.

The reality conditions (5.17) impose constraints on the functions g, h and h. Tt is
not difficult to verify that ¢ is forced to be an odd real function g(X). g¢(X) is forced
to be odd because the complex conjugation operation turns K into K. When ¢ is odd,

however, the truncation (5.11) may be used to turn K back into K. For instance, with

9x(X) =1 X + g3X %« X « X + - -+ the field redefinition is

B—¢B+¢B+«xK*«BxKxB+--- (5.25)

The RHS is still real because K * Bx K = K * B * K (it would not be real if g(X) were not
odd).

In order to examine the constraints of (5.17) on the functions h and h note that

WS, xh(B* K)+ Ss% hy(—B*K))* =h(BxK)*(=S5) + h(—B x K) % (—5.)
- (5.26)
= — (SE*E(—B *K)+ S, * fL(B * K))
(where in the last step we have used (5.24)). It follows that the redefined function S obeys

the reality condition (5.17) if and only if
h=h
where h is the complex conjugate of the function h.

The effect of the field redefinition of B is simply to permit a redefinition of the argument

of the function f in Vasiliev’s equations by an arbitrary odd real function. The effect of the
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field redefinition of S may be deduced as follows. The da* A dx” component of Vasiliev’s
- the assertion that W is a flat connection (see (5.193)) - is clearly preserved by this field
redefinition. The dx A dZ components of the equation asserts that §Z and :9\5 are covariantly
constant. As B * K and B x K are also covariantly constant (see (5.194)) the redefinition
(5.23) clearly preserves this equation as well. However the dZ? components of the equations

become

~

S, hy(B* K)% 5, h,(Bx*K) = f.(B*K)d,
{§*h*(B*K),§E*E*(—B*F)} —0, (5.27)
Soxh(—B*K)*S:%h,(—BxK)=[,(BxK)dz*.

Using (5.24) and the fact that B x K commutes with B % K (this is obvious as K and K

commute), these equations may be recast as

~ ~

h(—B % K) % (SZ * SZ> * ho(Bx K) = f.(Bx* K)d2*,

~

ho(—B K) * ({§ 5}

he(B x K) * <§g* §g) xh(—B*K)=f,(BxK)dz.

) #hu(~B«K) =0, (5.28)

(5.28) is precisely the dZ? component of the Vasiliev equation (the third equation in (5.193)

) with the replacement

FolX) = ha(=X) 7 fu(X) % ho(X) 7Y (5.29)

or simply f(X) = h(X)'h(=X) 7" f(X).
So we see that the theory is really defined by f(X) up to a change of variable X —
g(X) for some odd real function g(X) and multiplication by an invertible holomorphic even

function. Provided that the function f(X) admits a power series expansion about X = 0 and

that f(0) # 0,° in Appendix 5.A.6 we demonstrate that we can use these field redefinitions

9This condition can probably be weakened, but cannot be completely removed. For example if f(X) is
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to put f(X) in the form

1
f(X) = + X exp(if/(X)) (5.30)
where 6(X) = 0y + 0, X2 + - - - is an arbitrary real even function.

Ignoring the special cases for which f(X) cannot be cast into the form (5.30), the function

0(X) determines the general parity-violating Vasiliev theory.

The AdS solution

While Vasiliev’s system is formulated in terms of a set of background independent equa-
tions, the perturbation theory is defined by expanding around the AdS; vacuum. In order to
study this solution it is useful to establish some conventions. Let e and wg® (a,b=1...4)
denote the usual vielbein and spin connection one-forms on any space (the index a transforms
under the vector representation of the tangent space SO(4)). We define the corresponding

bi-spinor objects

1 1 1
Cop = Ze“a(‘; Wap = —w“bagbﬁ, Wy = —— ™Y (5.31)

16 16 o
(see Appendix 5.A.7 for definitions of the ¢ matrices that appear in this equation.) Let e

and wy be the vielbein and spin connection of Euclidean AdS, with unit radius. It may be

shown that (see Appendix 5.A.8 for some details)

A= Wo(@]Y) = eo(@]Y) + wolz]Y)
(5.32)

= (€0)agy" ¥’ + (W0)apy ™y’ + (wo)agy*y”, B =0,

an odd function, it is easy to convince oneself that it cannot be cast into the form (5.30). In this paper we
will be interested in the Vasiliev duals to field theories. In the free limit, the dual Vasiliev theories to the
field theory in question are given by f(X) of the form (5.30) with 8 = 0. It follows that, at least in a power
series in the field theory coupling, the Vasiliev duals to the corresponding field theories are defined by an
f(X) that can be put in the form (5.30).
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solves Vasiliev’s equations. We refer to this solution as the AdS; vacuum (as we will see
below this preserves the SO(2,4) invariance of AdS space).

In the sequel we will find it convenient to work with a specific choice of coordinates and
a specific choice of the vielbein field. For the metric on AdS space we work in Poincaré

coordinates; the metric written in Euclidean signature takes the form

9 2
ge? = W+ de (5.33)
22 ’
We also define the vielbein one-form fields
; dz’ dz
d=-2, g4=-Z (5.34)

(a runs over the index i = 1...3 and a = 4). The corresponding spin connection one form

fields are given by
dat . .
wi = 42 [Tr (6%20®) — Tr (576" (5.35)

Using (5.31) we have explicitly

1 dz’ : -
wo(|V) = =5 — (yo" "y + y0"y),
1dz (5.36)
X _
eo([Y) = —ZTN?JU”?J

Here our convention for contracting spinor indices is yoty = ya(U“)Qngﬁ-, etc (see Appendix

5.A.7).

Linearization around AdS

The linearization of Vasiliev’s equations around the AdS solution of the previous sub-
section, yields Fronsdal’s equations for the fields of all spins s = 1,2,---, 00 together with

the free minimally coupled equation for an m? = —2 scalar field. The demonstration of this
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fact is rather involved; we will not review it here but instead refer the reader to [22, 69] for
details. In this subsubsection we content ourselves with reviewing a few structural features
of linearized solutions that will be of use to us in the sequel.

In the linearization of Vasiliev’s equations around AdS, it turns out that the the physical
degrees of freedom are contained entirely in the master fields restricted to Z = (z,, Z4) = 0.

The spin-s degrees of freedom are contained in

Q(s—l—l—m,s—l—m) — Wu(SL’, Y, 7 — O)

y371+7ng3717m7
C(2s+n,n) — B(l»’ }/’ Z = O)|y28+ngn, (537)
Cn2s+n) _ B(z,Y,Z = 0)|ng2stn,

s—1gs—1 —

for —(s = 1) < m < (s —1) and n > 0. In particular, W(z,Y,Z = 0)],-15

QaB\a1~~~a57161~~Bsflyal . ~yAS*1gj51 . -ngS*ld:co‘B contains the rank-s symmetric (double-)traceless
(metric-like) tensor gauge field'?, and B|,2s, Bl contain the self-dual and anti-self-dual
parts of the higher spin generalization of the Weyl curvature tensor (and involve up to s
spacetime derivatives on the symmetric tensor field). While the components of W, and B
listed above are sufficient to recover all information about the spin s fields, they are not
the only components of the Vasiliev field that are turned on in the linearized solution. The

linearized Vasiliev equations relate the components

e C(l,2s+1) «— 0(0,25) «— Q(0,2s—2) e Q(s—2,s) «— Q(s—l,s—l) N
(5.38)

SN 9(8,8—2) . 9(25—2,0) N 0(28,0) N C(2S+1’1) .

Starting from Q=171 the arrows (to the left as well as to the right) are generated by the

action of derivatives. This may schematically be understood as follows. Q=11 has s — 1

19Tn order to formulate Fronsdal type equations with higher spin gauge symmetry of the form §p,,.... =
Vi1 €pzps) + -5 the spin-s gauge field is taken to be a rank-s symmetric double-traceless tensor field
Ppur--us- The trace part can be gauged away, however, leaving a symmetric rank-s traceless tensor.
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symmetrized « type and s — 1 symmetrized & type indices. Acting with the derivative 876-,
symmetrizing v with all the o type indices but contracting 3 with one of the & type indices
yields an object with s « type indices but only s — 2 & type indices, taking us along the
right arrow from QG~1=1 in (5.38). A similar operation, interchanging the role of dotted
and undotted indices takes us along to the left.

The equations for the metric-like fields ¢,,, ..., of the standard form (O—m?),, ...+ -+ =
(nonlinear terms) can be extracted from Vasiliev’s equation by solving the auxiliary fields

in terms of the metric-like fields order by order.

Parity

We wish to study Vasiliev’s equations in an expansion around AdS space (with asymp-
totically AdS boundary conditions, as we will detail in the next section). Consider the
action of a parity operation. In the coordinates of (5.33) this operation acts as z* — —z*
(for i = 1...3). In order to fix the action of parity on the spinors y®, y* and z® and z%
we adopt the choice of vielbein (5.34). With this choice the vielbeins are oriented along
the coordinate axes and the parity operator on spinors takes the standard flat space form

s [2I'3 = I'y. Using the explicit form for I'y listed in (5.205), it follows that under parity
P(W(Z, z,dZ, dz|Ya, 2as Uas Z2a)) = W(=Z, z, —dZ, dz|i(0.7) 0, 1(022) 0y 1(0:2Y) &, 1(0.2) &) s
P(S(fa Z|yoca Zay gd) 201)) = S(_fa Z|7;(0'Z'g)a, Z.(O-ZZ)OM i(Uzy)d> Z.(O-zz)d)7

P(B(fv Z‘yav R gdu 20'4)) = :l:B(_fv Z‘i(azy)av i(022>a, i(azy)dv ’i(UZZ)d>
(5.39)

(while the parity transformation of the one-form fields W and S are fixed by the transforma-

tions of dz* and dZ, the scalar B can be either parity odd or parity even). With the choice
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of conventions adapted in Appendix 5.A.7, ic, = —I. Consequently parity symmetry acts
on (Y, Z) by exchanging y, <+ —¥a, Za < —Za, and so exchanges the two terms f,(Bx* K)dz>
and f,(B * K)dz? in the equation of motion.

When are Vasiliev’s equations invariant under parity transformations? As we have seen
above, B may be either parity even or odd. Thus we need either f(X) = f(X) or f(X) =

f(=X). Combined with (5.30), we have

fX) =7+ X (Awpe) or f(X)=+iX (Bope)  (5.40)

They define the A-type and B-type Vasiliev theories, respectively.

Without imposing parity symmetry, however, the interactions of Vasiliev’s system is
governed by the function f(X), or the phase (X). If 8(X) is not 0 or /2, parity symmetry
is violated. Parity symmetry is formally restored, however if we assign nontrivial parity
transformation on 6(X) (i.e. on the coupling parameters 0,,) as well; there are two ways of

doing this, with the scalar master field B being parity even or odd:

Py: B—B, 0X)— —-0(X), or
(5.41)
Pg: B——-B, 0X)—7m—-06(X).

This will be useful in constraining the dependence of correlation functions on the coupling

parameters 6s,,.

The duals of free theories

The bulk scalar of Vasiliev’s theory turns out to have an effective mass m? = —2 in units
of the AdS radius. Near the boundary z = 0 in the coordinates of (5.33) the equation of
motion the bulk scalar field S to take the form

S ~ az + bz (5.42)
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while the bulk vector field takes the form
A, ~a,+ g,z (5.43)

In order to completely specify Vasiliev’s dynamical system we need to specify boundary
conditions for the bulk scalar and vector fields (the unique consistent boundary condition
of fields of higher spin is that they decay near the boundary like z°™1).) We postpone
a systematic study of boundary conditions to the next section. In this subsubsection we
specify the boundary conditions that define, respectively, the Vasiliev dual to the theory of
free bosons and free fermions.

The type A bosonic Vasiliev theory with b = 0 (for the unique bulk scalar) and a,, = 0 (for
the unique bulk vector field) is conjectured to be dual to the theory of a single fundamental
U(N) boson coupled to U(N) Chern-Simons theory at infinite level k. The primary single

trace operators of this theory have quantum numbers

Z(s +1,5)

5=0
(the first label above refers to the scaling dimension of the operator, while the second label
its spin), exactly matching the linearized spectrum of type A Vasiliev theory. In Section
5.3.2 below we demonstrate that these are the only boundary conditions for the type A
theory that preserve higher spin symmetry, the necessary and sufficient condition for these
equations to be dual to the theory of free scalars [37].

The spectrum of primaries of a theory of free fermions subject to a U(N) singlet condition
is given by
2,00+ > (s+1,5)

s=1
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This is exactly the spectrum of the type B Vasiliev theory with boundary conditions a =
a, = 0. It is not difficult to convince oneself that these are the unique boundary conditions
for the type B theory that preserve conformal invariance; in Section 5.3.2 below that they
also preserve the full the higher spin symmetry algebra, demonstrating that this Vasiliev

system is dual to a theory of free fermions.

5.2.2 Nonabelian generalization

Vasiliev’s system in AdS; admits an obvious generalization to non-abelian higher spin
fields, through the introduction of Chan-Paton factors, much like in open string field theory.
We simply replace the master fields W, S, B by M x M matrix valued fields, and replace the
x-algebra in the gauge transformations and equations of motion by its tensor product with
the algebra of M x M complex matrices. In making this generalization we modify neither
the truncation (5.11) nor the reality condition (5.17) (except that the complex conjugation
in (5.17) is now defined with Hermitian conjugation on the M x M matrices). We will refer
to this system as Vasiliev’s theory with U(M) Chan-Paton factors.

One consequence of this replacement is that the U(1) gauge field in the bulk turns into
a U(M) gauge field, and all other bulk fields are M x M matrices that transform in the
adjoint of this gauge group.

It is natural to conjecture that the non-minimal bosonic Vasiliev theory with U(M)
Chan-Paton factors is then dual to SU(N) vector model with M flavors. Take the example
of A-type theory in AdS, with A = 1 boundary condition. The dual CFT is that of NM free
massless complex scalars ¢, @ = 1,--+ N, a = 1,--- M, restricted to the SU(N)-singlet

sector. The conserved higher spin currents are single trace operators in the adjoint of the
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U(M) global flavor symmetry. The dual bulk theory has a coupling constant g ~ 1/v/N.

The bulk 't Hooft coupling is then

M
A= g*M ~ N (5.44)

We thus expect the bulk theory to be weakly coupled when M/N < 1. The latter will be
referred to as the “vector model limit” of quiver type theories.

At the classical level the non abelian generalization of Vasiliev’s theory has M? different
massless spin s fields, and in particular M? different massless gravitons. This might appear
to suggest that the dual field theory has M? exactly conserved stress tensors, in contradiction
with general field theory lore for interacting field theories. In fact this is not the case. In
Appendix 5.A.9 we argue that % effects lift the scaling dimension of all but one of the M?
apparent stress tensors for every choice of boundary conditions except the one that is dual

to a theory of M? decoupled free scalar or fermionic boundary fields.

5.2.3 Supersymmetric extension

Following [58, 22, 59, 62, 63], to construct Vasiliev’s system with extended supersym-
metry, we introduce Grassmannian auxiliary variables ;, ¢ = 1,--- ,n, that obey Clifford
algebra {1;,1,;} = 26;;, and commute with all the twistor variables (Y, Z). By definition,
the 1;’s do not participate in the x-algebra. The master fields W, S, B, as well as the gauge
transformation parameter €, are now all functions of ¢;’s as well as of (2", Yo, Us, Zas Za)-

The operators 1; may be thought of as I matrices that act on an auxiliary 22 dimensional
‘spinor’ space (we assume from now on that n is even). Note that an arbitrary 2% x 22

dimensional matrix can be written as a linear sum of products of I' matrices.!! Consequently

. . n n . . .
HThis fact gives a map from the space of 22 x 2% dimensional matrices to constant forms on an n
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at this stage the extension of Vasiliev’s system to allow for all fields to be functions of ;
is simply identical to the non abelian extension of the previous subsection, for the special
case M = 2%. The construction of this subsection differs from that of the previous one in

the truncation we apply on fields. The condition (5.11) continues to take the form

[R,W], ={R,S}, = [R,B], = [R, €], = 0. (5.45)

but with R now defined as
R=KKTD (5.46)

and where

.n(n—1)

(note that I'? = 1 and that it is still true that R* R = 1).

While the modified truncation (5.45) looks formally similar to (5.11), it has one very
important difference. As with (5.11) it ensures that those operators that commute with I'
(i.e. are even functions of ;) are also even functions of the spinor variables Y, Z. However
odd functions of 1;, which anticommute with I", are now forced to be odd functions of Y, Z.
Such functions transform in spinorial representations of the internal tangent space SO(4).
Consequently, the new projection introduces bulk spinorial fields into Vasiliev’s theory, and
simultaneously ensures that such fields are always anticommuting, in agreement with the
spin statistics theorem.

The reality projection we impose on fields is almost unchanged compared to (5.17). We

dimensional space, where 1; is regarded as a basis one-form. Every 27 x 2% dimensional matrix can be
uniquely decomposed into the sum of a zero form agl, a one form a‘ty;, a two form a*+;1; ... an n form
an1ta...b,. The number of basis forms is (1 + 1)™ = 2", precisely matching the number of independent
matrix elements.
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demand

(W) =W, (S)* =-S5, «B)*=KxB*KI' =TKx*B=xK. (5.48)

The operation ¢ and the complex conjugation on the master fields, A — A*, are defined in
the Section 5.2.1, in combination with ¢ : ; — ; but reverses the order of the product of
;’s, and ;s are real under complex conjugation. We require ¢ to reverse the order of v; in
order to ensure that

(D) =T"1t=T.

(the reversal in the order of 1); compensates for the sign picked up by the factor of i

under complex conjugation in (5.47)). The only other modification in (5.48) compared to
(5.17) is in the factor on I' in the action on B; this additional factor is necessary in order
for the two terms on the RHS of +(B)* to be the same, after using the truncation equation
(5.45), given that R in this section has an additional factor of I' as compared to the bosonic
theory.

Vasiliev’s equations take the form

F=d A+ Ax A= f(BxK)dz*>+ f, (B« KI)dz,
(5.49)
d,B+ AxB— Bxn(A)=0.
Compared to the bosonic theory, the only change in the first Vasiliev equation is the factor

of I' in the argument of f; this factor is needed in order to preserve the reality of Vasiliev

equations under the operation (5.48), as it follows from (5.48) that
(B*K)*=K+KxBxKI'=BxKI.

The second Vasiliev equation is unchanged in form from the bosonic theory; however the

operator 7 is now taken to mean conjugation by I'K together with dz — —dz, or equivalently,
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by the truncation condition (5.45) on the fields, conjugation by K together with dz — —dz.

Note in particular that

m(S)=KxSz+ K +TK S, «xT'K
= Sa(z| —y, 9, —2,2,0)dz* + Sa(z|y, =7, 2, =2, =) d2" (5.50)
= S(x|y, -y, z, —Z, —,dz, —dZ).
As in the case of the bosonic theory, f(X) can generically be cast into the form f(X) =
T+ X exp(i6(X)) by a field redefinition.
The expansion into components of the first of (5.49) is given by (5.193), with the last

line of that equation replaced by
Sx8 = f(BxK)dz*+ f(B*KI)z?, (5.51)

The expansion in components of the second line of (5.49) is given by (5.194) with no modi-
fications.

As in the case of the bosonic theory, the second equation in (5.49) follows from the first
using the Bianchi identity for the field strength. The details of the derivation differ in only
minor ways from the bosonic derivation presented in Appendix 5.A.4.12

Parity acts as
PW(Z, z,dZ, dz|ya, 2o, Yas Za)) = W (=T, 2z, —dZ, dz|i(0.9) 0, 1(0:2)a, 1(0:Y) 4, 1(022) a) s
P(S(f, Z|ya7 Zoy Yas Zd)) = S(_fv Z‘i(O'Z:U)a, i(UZE)a, i(02y>d7 i(UZZ)d),

P(B(Z, 2|Yas Zas Yas 2a)) = B(—Z, 2i(0:9)0s 1(0:2)a, 1(0:2Y) 4, 1(0:2)a) L.
(5.52)

12(5.196) holds unchanged, (5.197) holds with K — KT these two equations are equivalent by (5.45).
Equation (5.199) holds unchanged. (5.201) applies with K — KT'. (5.202) holds unchanged.
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The factor of I in the last of (5.52) is needed in order that the theory with f(X) =1+ X

is parity invariant.

5.2.4 The free dual of the parity preserving susy theory

In this subsection we consider the dual description of the parity preserving Vasiliev theory
with appropriate boundary conditions. The equations we study have f(X) = i + X. Let us
examine the bulk scalar fields which are given by the bottom component of the B master
field, namely ®(z,v) = B(z|Y = Z = 0,1), which obeys the truncation condition I'®I" = P,
i.e. ®iseven in the 1;’s. There are 2" ! real scalars, half of which are parity even, the other
half parity odd. We impose boundary conditions to ensure that A = 1 for the parity even
scalars and A = 2 for the parity odd scalars (see the next sections for details). In other
words the fall off near the boundary is given by (5.42), with b = 0 for parity even scalars,
a = 0 for all parity odd scalars. The boundary fall off for all gauge fields is given by (5.43)
with a, = 0.

The bulk theory has also m = 0 spin half bulk fermions, whose boundary conditions we
now specify. Recall (see e.g. [70]) that the AdS/CFT dictionary for such fermions identifies
the ‘source’ with the coefficient of the z2 fall off of the parity even part of the bulk fermionic
field (the same information is also present in the 23 fall off of the parity odd part of the
fermion field), while the ‘operator vev’ is identified with the coefficient of the 23 of the parity
odd part of the bulk fermion field (the same information is also present in the 23 fall off
of the parity even part of the fermion field). We impose the standard boundary conditions
that set all sources to zero, i.e. we demand that the leading (’)(z%) fall off of the fermionic

field is entirely parity odd. We believe these boundary conditions preserve the fermionic
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higher spin symmetry (see Section 5.5.4 for a partial verification) and so yield the theory
dual to a free field theory.

The field content of this dual field theory is as follows; we have 22~ complex scalars in
the fundamental representation and the same number of fundamental fermions (so that the
singlets constructed out of bilinears of scalars or fermions match with the bulk scalars). We

organize the fields in the boundary theory in the form
¢iA7 wiBav

where i is the SU(N) index, A, B are chiral and anti-chiral spinor indices of an SO(n) global
symmetry, and a denotes the spacetime spinor index of v,;5. The 272 +2""2 SU(N) singlet

scalar operators, of dimension A =1 and A = 2, are

G bip, V. (5.53)

They are dual to the bulk fields (projected to the parity even and parity odd components,

respectively)

14T 1-T
B, =D D — —id .

- - (5.54)

The free CFT has U(227!) x U(2271) bosonic flavor symmetry that act on the scalars and

fermions separately, as well as 2”72 complex fermionic symmetry currents

(Jau)BA — @QB%}“@A NI (5.55)

The Vasiliev bulk dual of the U(227') x U(227!) global symmetry is given by Vasiliev
gauge transformations with € independent of z, Y or Z, but an arbitrary real even function
of ¥; (i.e. an arbitrary even Hermitian operator built out of ¢;). Operators of this nature

may be subdivided into parity even and parity odd Hermitian operators which mutually
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commute. The 2"~2 parity even operators of this nature generate one factor of U(2271)
while the complementary parity even operators generate the second factor. The two central
U(1) elements are generated by I+1" and I —T respectively; these operators clearly commute
with all even functions of 1;, and so commute with all other generators, establishing their
central nature.!3 It is easily verified that parity even Vasiliev scalars transform are neutral
under the parity odd U(227!) but transform in the adjoint of the parity even U(2371)
(the reverse statement is also true). On the other hand the parity even/odd spin half
fields of Vasiliev theory transform in the (fundamental, antifundamental) and (fundamental,
antifundamental), all in agreement with field theory expectations.

With the boundary conditions described in this section, the bulk theory may be equiva-
lently written as the n’ = 2 (i.e. minimally) extended supersymmetric Vasiliev theory with
U(277') Chan-Paton factors and boundary conditions that preserved this symmetry. Our
main interest in the bulk dual of the free theory, however, is as the starting point for the
construction of the bulk dual of interacting theories. This will necessitate the introduction of
parity violating phases into the theory and simultaneously modifying boundary conditions.
The boundary conditions we will introduce break the U(227') global symmetry down to a
smaller subgroup. In every case of interest the subgroup in question will turn out to be a

subgroup of U(2371) that is also a subgroup of the SO(n)' that rotates the v;’s (here 1; are

13As an example let us consider the case n = 4 that is of particular interest to us below. The parity even
U(2) =U(1) x SU(2) is generated by
(1+T), (I+T)vats
while the parity odd U(2) = U(1) x SU(2) is generated by
(1-T), (1—-T)vats
(wherei=1...3).

14 As we will see in the sequel, we will find it possible to choose boundary conditions to preserve up to
N = 6 supersymmetries together with a flavour symmetry group which is a subgroup of U(27 ~!) x U (27 ~1).
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the fermionic fields that enter Vasiliev’s construction, not the fermions of the dual boundary
theory). As the preserved symmetry algebras have a natural action on 1);, the language of
extended supersymmetry will prove considerably more useful for us in subsequent sections
than the language of the non abelian extension of the n = 2 theory, which we will never

adopt in the rest of this paper.

5.3 Higher Spin symmetry breaking by AdS, bound-

ary conditions

In this technical section, we will demonstrate that higher spin bulk symmetries are broken
by nontrivial values of the phase function # and by generic boundary conditions.

In this section we study mainly the bosonic Vasiliev theory. We demonstrate that higher
spin symmetry is broken by generic boundary conditions and generic values of the Vasiliev
phase. Higher spin symmetry is preserved only for the type A and type B Vasiliev theories
with boundary conditions described in Section 5.2.1. We will see this explicitly by showing
that, in every other case, the nonlinear (higher) spin-s gauge transformation on the bulk
scalar field, at the presence of a spin-s’ boundary source, violates the boundary condition
for the scalar field itself for every other choice of phase or boundary condition. We also
use this bulk analysis together with a Ward identity to compute the coefficient ¢,y in the
schematic equation

M = oo J O+ - -

where the RHS includes the contributions of descendants of J* and descendants of O. The

violation of the scalar boundary condition is directly related to a double trace term in the
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anomalous “conservation” law of the boundary spin-s current, via a Ward identity.

This section does not directly relate to the study of the bulk duals of supersymmetric
Chern Simons theories. Apart from the basic formalism for the study of symmetries in
Vasiliev theory (see Section 5.3.1 below) the only result of this subsection that we will use
later in the paper are the identifications (5.83) and (5.86) presented below. The reader who
is willing to take these results on faith, and who is uninterested in the bulk mechanism of

higher spin symmetry breaking, could skip directly from Section (5.3.1) to the next section.

5.3.1 Symmetries that preserve the AdS Solution

The asymptotic symmetry group of Vasiliev theory in AdS, is generated by gauge pa-
rameters €(x|Y, Z,1;) that leave the AdS; vacuum solution (5.32) invariant. S = 0 in the
solution (5.32) is preserved if and only if the gauge transformation parameter is indepen-
dent of Z, i.e it takes the form e(z|Y,1;). As B transforms homogeneously under gauge
transformations, B = 0 (in (5.32)) is preserved under arbitrary gauge transformations. The
nontrivial conditions on e(z|Y, ;) arise from requiring that W = W is preserved. For this

to be the case €(x|Y, ;) is required to obey the equation

Doe(|Y, 1) = dpe(x]Y,00) + [Wo, e(2|Y, )] = 0. (5.56)

As the gauge field Wy in the AdS,; vacuum obeys the equation d, Wy + Wy x Wy = 0, W)

is a flat connection and so may may be written in the “pure gauge” form.

Wy =L %dL, (5.57)

where L™! is the *-inverse of L(z|Y"). We may formally move to the gauge in which Wy = 0;'®

15Note that the formal gauge transformation by L is not a true gauge symmetry of the theory, as it
violates the AdS boundary condition. We regard it as merely a solution generating technique.
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W = 0 is preserved if and only if € is independent of x. Transforming back to the original

gauge we conclude that the most general solution to (5.56) is given by €(z]Y") of the form

e(z|Y, 1) = LN (z|Y) * (Y, ;) * L(z]Y). (5.58)

where €y(Y) is independent of x and is restricted, by the truncation condition, to be an even
function of y, v;.'6

The gauge function L(x|Y") is not uniquely defined; it may be obtained by integrating the
flat connection Wy along a path from a base point z to 2. We would then have L(x¢|Y) =1
and €(Y) = e(zo]Y). See [71, 33| for explicit formulae for L(z]Y") in Poincaré coordinates.
We have used the explicit form of L(x|Y) to obtain an explicit form for e(z|Y). We now
describe our final result, which may easily independently be verified to obey (5.56)

Let us define y+ = y+0*y. The x-contraction between y4 and y4 is zero, and is nonzero

only between y; and y+. Namely, we have

(Yt)a * (Y£)s = (Y )aly+)s,

(5.59)
(Y)a * (Y5)s = (Y)a(yx)s + 2€as.
In Poincaré coordinates, Wy may be written in terms of y. as
dx’ , d
Wo = — . Y+0yy + —Zy+y—- (5.60)
8z 8z
A generating function for solutions to (5.56) is given by
e(z]Y) = exp [z_%AJr(:?)er + z%A_y_]
(5.61)

6This is obvious in the gauge in which W vanishes. In the gauge (5.58) it follows from the truncation
condition [e, R]. = 0, and that the fact that [L(x|Y"), R]. = 0, we see that ey(Y).
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where A (%), A(Z), and A(F) are given in terms of constant spinors Ay and A_ by

A(Z) =N+ 2-00"A_,

Az) = 2 2 A, (F) + 22A_, (5.62)

Az) = —2 207N, (T) + 220°A_.
€(z|Y") as defined in (5.61) may directly be verified to obey the linear equation (5.56). (5.61)
is a generating function for solutions to that equation in the usual: upon expanding e(z|Y")
in a power series in the arbitrary constant spinors Ag and A_ the coefficients of different
powers in this Taylor expansion independently obey (5.56) (this follows immediately from
the linearity of (5.56)).

Notice that the various Taylor coefficients in (5.61) contains precisely all generating
parameters for the universal enveloping algebra of so(3,2) (in the bosonic case) or its ap-
propriate supersymmetric extension (in the susy case).

Let us first describe the bosonic case. Recall that, on the boundary, the conserved
currents of the higher spin algebra may be obtained by dotting a spin s conserved current
with s —1 conformal killing vectors. Let us define the ‘spin s charges’ as the charges obtained
out of the spin s conserved current by this dotting process. The spin-s global symmetry
generating parameter, €*)(2|Y"), is then obtained from the terms in (5.61) of homogeneous
degree 2s — 2 in (y,y) (or equivalently in Ay and A_).

As a special case consider the ‘spin two’ charges, i.e. the charges whose conserved
currents correspond to the stress tensor dotted with a single conformal killing vector, i.e the
conformal generators. These generators are quadratic in (y,y). These generators may be
organized under the action of the boundary SU(2) (i.e. the diagonal action of SU(2), and

SU(2)r) as 3+ 3+ 3 + 1, corresponding to 3d angular momentum generators, momenta,
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boosts and dilations, in perfect correspondence with generators of the three dimensional
conformal group so(3,2).}” Indeed the set of quadratic Hamiltonians in Y, with product
defined by the star algebra, provides an oscillator construction of so(3, 2).

Let us now turn to the supersymmetric theory. The generators of the full n extended
superconformal algebra are given by terms that are quadratic in (y,1;). Terms quadratic
in y are conformal generators. Terms quadratic in 1; but independent of y are SO(n) R
symmetry generators. Terms linear in both y and 1; (we denote these by e(%)(:)s|Y)) are
supersymmetry and superconformal generators. More precisely the terms involving A, are
Poincaré supersymmetry parameters, where the terms involving A_ are special supersym-
metry generators (in radial quantization with respect to the origin & = 0).

In the sequel we will will make use of the following easily verified algebraic property of

the generating function e(x|Y") (5.61) under * product,

e(@Y) * fy,y) = e(@|Y) fly + A, g+ D),

f(y,9)  e(@]Y) = e(z]Y) f(y — A, g — A).

(5.63)

5.3.2 Breaking of higher spin symmetries by boundary conditions

Any given Vasiliev theory is defined by its equations of motion together with boundary
conditions for all fields. Given any particular boundary conditions one may ask the following
question: which of the large gauge transformation described in the previous subsection pre-
serve these boundary conditions? In other words which if any of the gauge transformations
have the property that they return a normalizable state (i.e. a solution of Vasiliev’s theory

that obeys the prescribed boundary conditions) when acting on an arbitrary normalizable

1Tt may be checked that The Poincaré generators are obtained by simply setting A_ to zero.

230



Chapter 5: ABJ Triality: from Higher Spin Fields to Strings

state? Such gauge transformations are genuine global symmetries of the system.

In this paper we will study the exact action of the large gauge transformations of the
previous section on an arbitrary linearized solution of Vasiliev’s equations. The most general
such solution may be obtained by superposition of the linearized responses to arbitrary
boundary sources. Because of the linearity of the problem, it is adequate to study these
sources one at a time. Consequently we focus on the linearized solution created by a spin s
source at x = 0 on the boundary of AdS;. Such a source creates a response of the B field
everywhere in AdS4, and in particular in the neighborhood of the boundary at the point
x. We study the higher spin gauge transformations ¢ (z|Y") (for arbitrary s’) on the B
master field at this point. The response to this gauge variation contains fields of various
spins s”. As we will see below the response for s” > 1 always respects the standard boundary

conditions for spin s” fields. However the same is not true of the response of the fields of

1
' 92

low spins, namely s” = 0, =, or 1. As we have seen in the previous section, for these fields it
is possible to choose different boundary conditions, some of which turn out to be violated
by the symmetry variation 0 B.

In the rest of this section we restrict our attention to the bosonic Vasiliev theory. The
variation 0 B under an asymptotic symmetry generated by e(z|Y’) in (5.61) is given by (5.7).

Let B®(x|Y) be the spin-s component of the linearized B(z|Y") sourced by a current
J®) on the boundary, i.e. the boundary to bulk propagator for the spin-s component of the
B master field with the source inserted at # = 0. B®)(z|Y) only contains terms of order
y> g™ and y" >t n > 0; as we have explained above, the coefficients of these terms are

spacetime derivatives of the basic spin s field. We will work in Poincaré coordinates (5.33),

with the spin-s source located at ¥ = 0. Without loss of generality, it suffices to consider
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the polarization tensor for J), a three-dimensional symmetric traceless rank-s tensor, of
the form €4,..a,, = Aoy - Aas., for an arbitrary polarization spinor A. The corresponding
boundary-to-bulk propagator is computed in [33]. Here we generalize it slightly to the parity
violating theory, by including the interaction phase %, as

Zs—i—l

B =

e v [ (A\xo®y)* + e (Ao"x0°y)* ], (5.64)

where Y and x are defined as

Y=o — X, x=alo, =7 -0+ 207, (5.65)
18
Note that this formula is valid for spin s > 1, for the standard “magnetic” boundary
condition in the s = 1 case and for A = 1 boundary condition in the s = 0 case. The
variation of B under the asymptotic symmetry generated by e(z|Y") is given by
6B = —ex B® + B® x (e)
= —e(zly, ) Baly + A, g+ A) +e(zly, —9)Bzly — A, g+ A),

where we made use of the properties (5.63). Using the explicit expression of the boundary-

18In the special case s = 0 the terms in the square bracket reduce simply to 2 cosy. This observation
is presumably related to the fact, discussed by Maldacena and Zibhoedov [51], that the scalar and spin s
currents in the higher spin multiplets have different natural normalizations. In the sequel we will, indeed,
identify the factor of cosfy with the ratio of these normalizations.
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to-bulk propagator, this is

s+1

< Ay _— J+A 7 z s —1 z 2(= A28
6B = RS {eAy+Aye WHOE@ED Teio (Axo®(y + A))* + e (Ao"x0* (g + A))*]
_eAy—ng—(y—A)E(?-i-A [ ZeO()\XO’ (y A)) ieo()\o.zxo.z(g_l_K))%}}
s+1

_1 1
— _ Z —y3y+z  2AL (1—0.2)y+22 A_(140.X)y

(:Z.’Q +22)28+1
_1 1 _1 1 _1 o1 B
% {6(2' 2A4+22A 207 (27 2A4—22 A )4z 2A4 (07 —2)y—22A_(c*+2)y
6o z -1 lA 2s —iby z Z( = 2/ —1 lA 2s
X [e7(Ax0*(y + 2 2 Ay + 22A))* + e " (No"x0o®(y — 0 (27 2AL — 22A)))
1 1 _1 1 _1 1
—(272A4+22A)X0% (27 2A4—22A_)—2" 2 A4 (07 —X)§+22 A_(c*+X)7

—€

v [ewo()\xaz(y — 22N, — Z%A_))% + e 0 (N\o*x0*(§ — (2~ 2A+ — 27A_ ))*
5. 66)

Note that although the source is a spin-s current, there are nonzero variation of fields of
various spins in 0B. The self-dual part of the higher spin Weyl tensor, in particular, is
obtained by restricting B(x|Y") to y = 0. The variation of the self-dual part of the Weyl
tensors of various spins are given by

ZS+1 1 1
5B _ 27 2A L (1—-0.2)y+22 A_(14+0.X)y
o = ~ T

(:Z.’Q +Z2)2s+1
_1 1 L, 1 1 )
% {e(z 2AL+22A)80% (27 2A4—22A) [EZGO(AXO'Z(y—I—Z_%A_i_ _I_Z%A_))ZS 7,60()\0. X(Z 2A+ _ 22A )) :|

_6—(27%A++z%A7)EaZ(z7%A+—z%A,) |:6i60()\xo.z(y . Z_%AJ’_ . Z%A_))ZS 7,60()\0. X(Z 2A+ _ 22A ))

(5.67)
Now let us examine the behavior of B near the boundary of AdS,. In the z — 0 limit,

the leading order terms in z are given by

1
5 1
z 2272 (WA+O'ZX+A,)y

5B|§:0 —_—r — |[)j'|475+2
> {€z2A+a xAp—2A LA |: iag()\xo_z(zéy_‘_[\_i_))% +6—i00()\0_zXA+)28] (568)
. e—x%A+gzxA++2A+A, [ ZGO()\XO’ (Z2y A+)) wo()\O'ZXA_;,_)zs}}
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The variation of the spin-s” Weyl tensor, 6B®"), is extracted from terms of order y**" in
the above formula, which falls off like 2*"*! as z — 0. This is consistent with the boundary
condition for fields of spin s” > 1, independently of the phase ;. As promised above, the
spin s” > 1 component of the response to an arbitrary gauge variation automatically obeys
the prescribed boundary conditions for such field and so appears to yield no restrictions on

allowed boundary conditions for the theory.

Anomalous higher spin symmetry variation of the scalar

The main difference between the scalar field and fields of arbitrary spin is that the
prescribed boundary conditions for scalars involve both the leading as well as the subleading
fall off of the scalar field. So while the leading fall off of the scalar field will never be faster
than 2! (in agreement with the general analysis above upon setting s” = 0), this is not
sufficient to ensure that the scalar field variation obeys its boundary conditions.

Let us examine the variation of the scalar field due to a higher spin gauge transformation,
at the presence of a spin-s source at Z = 0 on the boundary. The spin s” = 0 component of

the symmetry variation B is given by (5.67) with (y,y) set to zero,

z

0 __9 =~
0B = 2(f2_|_z2)2s+1

sinh [(z_%/\Jr + ,Z%A_)Zaz(z_%[\Jr - Z%A_):|

% [eieo()\XUZ(A.,_ + ZA_))28 + e—iﬂo()\azX(A+ — ZA_))25:|

4 ) 72 — 22 A TGN, — 22PA_T-Go*A_
— m Slnh |i2 B (A+A_) ‘l— 2 :Z'Q _I_ 22 :|

2+ 2z

X [cosOg(AT - Go*Ay)**z +isinby - 2s(A(Ay + - Go*A_)) (AT - G0 Ay )27 + O(2%)] .
(5.69)

When expanded in a power series in A, the RHS of (5.69) has the schematic form
O(A**2) x (Taylor expansion in A*)
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Recall that the spin-s’ symmetry variation (see the previous subsection for a definition) is
extracted from terms of order 2s’ —2 in A,. It follows that we find a scalar response to spin
s’ gauge transformations only for ' = s+ 2, s+ 4,.... When this is the case (i.e. when s’ —s
is positive and even)

4 23’—3—1
(@) (5 — 5 — 1)

1 s'—s—1
(5(5/)3(0) = T (A+A_ + ?A_FSL_’» : O_"O'ZA+)

X [cos Og(AT - Go*Ay)**z +isinby - 2s(A(Ay + T - Go*A_)) (AT - G074 ) 127 + O(2%)] .
(5.70)
Recall that Ay = Ay + 7 - d0*A_, and Ay, A_ are arbitrary constant spinors. For generic
parity violating phase 6y, and s’ > s > 0 with even s’ — s, terms of order z and 2% are both
nonzero, and so both A =1 and A = 2 boundary conditions would be violated, leading to
the breaking of spin-s’ symmetry.

Note that the condition s’ > s > 0 and that s'—s is even means that the broken symmetry
has spin s’ > 2. In particular the s’ = 2 conformal symmetries are never broken.'?

The exceptional cases are when either cosfy = 0 or sinfly = 0. These are precisely the
interaction phase of the parity invariant theories. In the A-type theory, 8y = 0, we see that
§BOY ~ 2 4+ O(2?), and so A = 1 boundary condition is preserved while A = 2 boundary
condition would be violated. This is as expected: the A-type theory with A = 1 boundary
condition is dual to the free U(NN) or O(N) theory which has exact higher spin symmetry,
whereas the A-type theory with A = 2 boundary condition is dual to the critical theory,
where the higher spin symmetry is broken at order 1/N. For the B-type theory, 6y = 7/2,
we see that dB(% ~ 22 + O(2%), and so the A = 2 boundary condition is preserved, while

A = 1 boundary condition is violated. This is in agreement with the former case being dual

YNote that the extrapolation of this formula to the s = 0 case assumes A = 1 boundary to bulk
propagator, and the variation 6(5/)3(0) is always consistent with the A = 1 boundary condition.
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to free fermions, and the latter dual to critical Gross-Neveu model where the higher spin
symmetry is broken.

In summary, the only conditions under which any higher spin symmetries are preserved
are the type A theory with A = 1 or the type B theory with A = 2. These are precisely
the theories conjectured to be dual to the free boson and free fermion theory respectively,

in agreement with the results of [37].

Ward identity and current non-conservation relation

To quantify the breaking of higher spin symmetry, we now derive a sort of Ward identity
that relates the anomalous spin-s symmetry variation of the bulk fields, as seen above, to
the non-conservation relation of the three-dimensional spin-s’ current that generates the
corresponding global symmetry of the boundary CFT.

Let us first word the argument in boundary field theory language. Let us consider the

field theory quantity
(J°(0)---)

where ... denote arbitrary current insertions away from the point x#, and ( ) denotes av-
eraging with the measure of the field theory path integral. On the path integral we now
perform the change of variables corresponding to a spin §' ‘symmetry’. Let J,SSI) denote
the corresponding current. When Jff,) is conserved this change of variables leaves the path
integral unchanged in the neighborhood of x (it acts on the insertions, but we ignore those
as they are well separated from x). When the current is not conserved, however, it changes
the action by ea”Jff/)(y). Let us suppose that

oI (y Zj(le(s Je2) (5.71)

5182

S1752
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where D?

5182

is a differential operator, It follows that, in the large N limit, the change in the

path integral induced by this change of variables is given by

[0 P01 w)

(where we have used the fact that the insertion of canonically normalized double trace
operator contributes in the large N limit only under conditions of maximal factorization).
In other words the symmetry transformation amounts to an effective operator insertion of
J®1) . Specializing to the case s; = 0 we conclude that, in the presence of a spin s source
J®) a spin s symmetry transformation should turn on a non normalizable mode for the

scalar field given by

DS (T*(0)T ) (y)). (5.72)

Before proceeding with our analysis, we pause to restate our derivation of (5.81) in bulk
rather than field theory language. Denote collectively by @ all bulk fields, and by <p,(ff?. a
particular bulk field of some spin s. Consider the spin-s’ symmetry generated by gauge
parameter €(x), under which ¢,.. = ¢,.. + 6p,.... Let ¢(Z) be the renormalized boundary
value of (%, 2), namely ¢(7,z) — z2¢(F) as z — 0. Let us consider the expectation value
of ¢(¥) at the presence of some boundary source j*" (of some other spin s) located away
from . The path integral is invariant under an infinitesimal field redefinition ® — ® + 9. P,
where o, takes the form of the asymptotic symmetry variation in the bulk, but vanishes
for z less than a small cutoff near the boundary, so as to preserve the prescribed boundary

condition, ®(7, 2) — 25724(7') + O(z*). From this we can write
0c [*)(T, 2) exp (—=S[])]

0= /D<I>
(7,2) 23725 (F)+0(22) (5.73)

= <5€¢(S1)(f’ Z)>. _ <¢(S1)(f’ 2) 5€S>j.

J
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The spin-s source j is subject to the transversality condition 0, j(“ s = (. Now .S should

reduce to a boundary term,

5552/ dy e " T ——/ €Y gtIDY gl 4. 5.74
0AdS ( 0AdS Z ( )

S1,82

where Dj ., is a differential operator, and J, is the boundary current associated with the
global symmetry generating parameter ¢ which is now a constant along the cutoff surface,
which is then taken to z — 0. On the RHS of (5.74), we omitted possible higher order terms

in the fields. From (5.73) we then obtain the relation

<5€g0(31)(f, Z)>j = < (31)(33 z)/ di'e o=V (_’/)Dzls2¢(sz)(f/)> + (higher order)
DAdS

J
= 6/ di’ {p\*)(z, 2)¢" ) (&)) D2, <¢(52)(f')>j + (higher order).
DAdS
(5.75)

Now specialize to the case s; = 0, i.e. ) is the scalar field ¢ subject to the boundary
condition such that the dual operator has dimension A. The anomalous symmetry variation
shows up in terms of order z3~2 in §.p(7, z). After integrating out Z’ using the two-point

function of ¢ and taking the limit z — 0, we obtain the relation

(Ocp(@,2));| = €D, <¢(82)(i’)>j + (higher order), (5.76)

Keep in mind that j is the spin-sy transverse boundary source, and € is the spin-s global sym-

metry generating parameter. The differential operator D, appears in the spin-s’ current

5152

non-conservation relation of the form

1
M) = JEIDs J2) 4 (total derivative) + (triple trace). 5.77
12 2 8182 ( )

51,52

In particular, the double trace term on the RHS that involves a scalar operator takes the

form

JO(z) Dy

0sg

JE2)(Z) + (total derivative). (5.78)
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Knowing the LHS of (5.76) from the gauge variation of Vasiliev’s bulk fields, and using that
fact that <¢(52)(f)>j is given by the boundary two-point function of the spin-s, current, we
can then derive Dj,, using this Ward identity. In other words we have rederived (5.72).
(5.72) applies to arbitrary sources J* and also to arbitrary spin s’ symmetry transforma-
tions. Let us assume that our sources is of the form specified in the previous subsection; all

spinor indices on the source are dotted so with a constant spinor A which is chosen so that
\oo. )\ = €.

In other words our source is uniformly polarized in the e direction. Let us also choose the

spin ' variation to be generated by the current Ji , ~ Ag'.. Ay ~? with

Aoﬁaon =€

where € is a constant vector. In other words we have chosen to specialize attention to
those symmetries generated by the spin s’ current contracted with s’ — 1 translations in
the direction € rather than with a generic conformal killing vector. If we compare with the
asymptotic symmetry variation the bulk scalar derived earlier we must set A_ to zero and

Ay = Ay. It follows from the previous subsection that

6BO = 1 L 2 Ao - Go*A T
— (52)232+1 (S— 5y — 1>! x; o - 00" 1\

(5.79)
X [c0s O(AT - G0°Ng)**2 2 + isin by - 255(Ao) (AT - G Ng)**2712* + O(2%)] .

In the A =1 case, the anomalous variation comes from the order 2? term in (5.79), giving

(e-2) %220 cx - —aPe- &) etPel g 1,
(52)5—1—32—4—1 )

(5.80)

D;,, (6°9(@)), = sin 6C,
Here C,, is a numerical constant that depends only on s and ss.
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(5.80) gives a formula for the appropriate term in (5.71) when the operators that appear

in this equation have two point functions
&%)
2 )
v (5.81)

a2

(PO @) = T

Note in particular that these two point functions are independent of the phase 6. Let us now

(0(0)0(z)) =

compare this relation to the results of Maldacena and Zhiboedov [51]. Those authors deter-
mined the non-conservation relation of currents of spin s, which in the lightcone direction
to take the form

N

9, IO = Y e JOO g (5.82)

\/1—}—}\% s!

where - - - stands for double trace terms involving two currents of nonzero spins, total deriva-
tives, and triple trace terms. Note that the first term we exhibited on the RHS of (5.82) is
not a primary by itself, but when combined with the total derivatives term in --- becomes
a double trace primary operator in the large N limit. We have used the notation Xb of
[51] in the case of quasi-boson theory, but normalized the two-point function of J© to be
independent of Xb.

Indeed with (Dg,J))_ . ~ e, 0 19" and the identification

Xy = tan by, (5.83)

the structure of the divergence of the current agrees with (5.80) obtained from the gauge
transformation of bulk fields.

Similarly, in the A = 2 case, the anomalous variation comes from the order z term in
(5.79). We have

(-2)*' 2z ex-& —a’ &)

(iﬁ)s-‘rs’-l-l (5’84)

DSSQ <¢(82)('f)>3 = COS 905532
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This should be compared to the current non-conservation relation in the quasi-fermion the-
ory, of the form

)\ —~ ’ ’
8MJ(S)“_..._ - _ Z a’SS/J(O)ai_S g6 4 (total derivative) + - - -, (5.85)

A
1 + )\f S
Once again, this agrees with the structure of (5.84), with (D5, J®))_._ ~ 9= =1 J6)_ _

and the identification
Xf = cot . (5.86)

Following the argument of [51], the double trace terms involving a scalar operator in the
current non-conservation relation we derived from gauge transformation in Vasiliev theory
allows us to determine the violation of current conservation in the three-point function,
((8-J®)JE)JO)  and hence fix the normalization of the parity odd term in the s —s'— 0
three-point function.

Here we encounter a puzzle, however. By the Ward identity argument, we should also
see an anomalous variation under global higher spin symmetry of a field p**) of spin s; > 1.
This is not the case for our 6,8 as computed in (5.67). Presumably the resolution to
this puzzle lies in the gauge ambiguity in extracting the correlators from the boundary
expectation value of Vasiliev’s master fields, which has not been properly understood thus
far. This gauge ambiguity may also explain why one seems to find vanishing parity odd
contribution to the three point function by naively applying the gauge function method of

[34].20

20We thank S. Giombi for discussions on this.
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Anomalous higher spin symmetry variation of spin-1 gauge fields

Since one can choose a family of mixed electric-magnetic boundary conditions on the
spin-1 gauge field in AdS,, such a boundary condition will generically be violated by the
nonlinear asymptotic higher spin symmetry transformation as well.

Let us consider the self-dual part of the spin-1 field strength, whose variation is given in
terms of 0. B0 (&, z|y), i.e. the terms in §.B of order y? and independent of 3. According to
(5.68), the leading order terms in z, namely order z? terms, of §.B?%(Z, ) in the presence

of a spin-s boundary source at & = 0 is given by

_|x‘4s+2 |x\2

2 1 2 2
5. BZO(Z, z|y) —> - [2 < Ao*x + A_) y} sinh [7A+UZXA+ — 2A+A_}
x
% [eieo ()\XO_ZA+>2S + e—ieo ()\O_ZXA+)28]

6o 4822 1 z 2 z z z 2s—1
—e"—— 12 —Aj0"x+ A_ ) y| cosh EAJFU xAL —2A LA | (Ax0®y)(Axo“Ay)

|[L’|4S+2 |[L’|2

4 25(25 —1)22 2
- 6290% sinh [EAJFUZXAJF - 2A+A_} (Axo™y)?(Mxo* Ay )% 2

(5.87)
The anti-self-dual components, 6,82 (%, z|), is related by complex conjugation. Note
that by the linearized Vasiliev equations with parity violating phase 6, B*% and B2 are

related to the ordinary field strength F),, of the vector gauge field by

B®O(aly) = ™22 F L ()(0")agy™y”,
(5.88)

B (zlg) = e 22 F, (2)(0") 4557

The factor z? here comes from the z-dependence of the vielbein in egﬁ-{eg 56“'*5. The two point

functions of the operators dual to the gauge field in the equation above are given by

1 o — 2zHx”

(J#(0)J"(x)) = e, (5.89)
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where g is the bulk gauge coupling constant. The mixed boundary condition
is equivalent to*!

where e?? = ﬂ

—ip p+
e PF }zzo’ =i

z=0

We see that precisely when 6y = 0 or 7/2, the standard magnetic boundary condition, i.e.
p =0 (k = 00), is consistent with higher spin gauge symmetry. For generic 6y, however, there
is no choice of p for the boundary condition to be consistent with the higher spin symmetry
variation on §.B?% and §.B(?. Therefore, we see again that the parity violating phase
breaks all higher spin symmetries. From this one can also derive the double trace term
involving a spin-1 current in the divergence of the spin-s current of the boundary theory,

using the method of the previous subsection.

5.4 Partial breaking of supersymmetry by boundary
conditions

In this very important section we now turn to supersymmetric Vasiliev theory. We
investigate the action of asymptotic supersymmetry transformations on bulk fields of spin
0, 1/2, and 1. As in the case of higher spin symmetries, we find that no supersymmetry
transformation preserves generic boundary conditions. In other words generic boundary

conditions on fields violate all supersymmetries. However we identify special classes of

21Tn order to see this let us, for ivnstance, take the special case ¢ = 1. The relation becomes eiP(le —Fy3) =
e‘ip(le + F23), so that F53 = ezqrpilel.

e2ir -1
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boundary conditions that that preserve N' = 1,2, 3,4 and 6 supersymmetries?? in the next
section. We go on present conjectures for CFT duals for these theories.

We emphasize that the boundary conditions presented in this section preserve super-
symmetry when acting on linearized solutions of Vasiliev’s theory. The study of arbitrary
linearize solutions is insufficient to completely determine the boundary conditions that pre-
serve supersymmetry as we now explain.

Consider a linearized solution of a bulk scalar dual to an operator of dimension unity.
The solution to such a scalar field decays at small z like O(z), and the boundary condition
on this scalar asserts the vanishing of the O(2?) term. However terms quadratic in O(z) are
of O(z?) at leading order, and so could potentially violate the boundary condition. It follows
that the linearized boundary conditions studied presented in this section are not exact, but
will be corrected at nonlinear order. Indeed we know one source of such corrections; the
boundary condition deformations dual to the triple trace deformations of the dual boundary
Chern Simons theory. We ignore all such nonlinear deformations in this section (see the

next section for some remarks).

5.4.1 Structure of Boundary Conditions

Consider the n-extended supersymmetric Vasiliev theory with parity violating phase 6.
We already know that all higher spin symmetries are broken by any choice of boundary
condition on fields of low spins, as expected for any interacting CF'T. We also expect that

any parity non-invariant CFT to have at most N/ = 6 supersymmetry, and the question is

22Theories with N = 5 supersymmetry involve SO and Sp gauge groups on the boundary. Such theories
presumably have bulk duals in terms of the ‘minimal’ Vasiliev theory, which we, however, never study in
this paper. We thank O. Aharony and S. Yokoyama for related discussions.
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whether the breaking of supersymmetries to ' < 6 in the n-extended Vasiliev theory can be
seen from the violating of boundary conditions by supersymmetry variations. The answer
will turn out to be yes. In fact, we will be able to identify boundary conditions that preserve
N =0,1,2,3,4 and 6 supersymmetries, in precise agreement with the various M -extended
supersymmetric Chern-Simons vector models that differ from one another by double and
triple trace deformations.

To begin we shall describe a set of boundary condition assignments on all bulk fields of

1

spin 0, 5, and 1, that will turn out to preserve various number of supersymmetries and global

flavor symmetries. The supersymmetry transformation of the bulk fields of spin 0, %, and 1
are derived explicitly in terms of the master field B(z|Y") in Appendix 5.B. For convenience
we will speak of the n-extended parity violating supersymmetric Vasiliev theory with no
extra Chan-Paton factors, though our discussion can be straightforwardly generalized to
include U(M) Chan-Paton factors. The bulk theory together with the prescribed boundary

conditions are then conjectured to be holographically dual to supersymmetric Chern-Simons

vector models with various number of supersymmetries and superpotentials.

Scalars

Vasiliev’s theory contains 272 parity even scalar fields and an equal number of parity
odd scalar fields. We expect the most general allowed boundary condition for these fields to
take the form (5.121) (with dg. set to zero, as we restrict attention to linear analysis in this
section). If we view the collection of scalar fields as a linear vector space of dimension 2"~
then (5.121) asserts that the z component of scalars lies in a particular half dimensional

subspace of this vector space, while the 22 component of the scalars lies in a complementary
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half dimensional subspace (obtained from the first space by switching the role of parity
even and parity odd scalars). Now the Vasiliev master field B packs all 2"~! scalars into a
single even function of v;. In order to specify the boundary conditions on scalars, we must
specify the 272 dimensional subspace (of the 2"~! dimensional space of even functions of
") that multiply z in the small z expansion of these fields. We must also choose out a half
dimensional subspace of functions that multiply 2? (as motivated above, this subspace will
always turn out to be complementary to the first).

How do we specify the subspaces of interest? The technique we adopt is the following.
We choose any convenient reference subspace S that has the property that S + 'S is the
full space. Let v be an arbitrary hermitian operator (built out of the 1; fields) that acts
on the subspace S - i.e. I' is the exponential of a linear combination of projectors for the
basis states of S. An arbitrary real half dimensional subspace in the space of functions is
given by 7S +Te~"S. The complementary subspace (obtained by flipping parity even and
parity odd functions) is given by ¢S — T'e™S. In other words the most general boundary

conditions for the scalar part of B takes the form

BO(Z, 2) = (e 4+ Te ™) fi(1)z + (e —Te ) fo() 22 + O(z%) (5.91)

where f1(¢)) and f2(1)) represent any function - not necessarily the same - that lie within
the reference real half dimensional subspace on the space of functions of ¢, and ~ is an
operator, to be specified, that acts on this subspace. It is not difficult to verify that (5.91)

is consistent with the reality of B. (5.91) may also be rewritten as

BOz,2) = » ((1 +T)cosy fi + (1 —T)isiny fl)
(5.92)
+ 2 ((1 —T)cosy fo+ (14 D)isiny f2> +O(2%),

a form that makes the connection with (5.121) more explicit.
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In the special case v =0, fl and fg can be arbitrary (i.e. the reference half dimensional
space can be chosen arbitrarily) and (5.91) simply asserts that parity odd scalars have

dimension 1 while parity even scalars have dimension 2.

Spin half fermions

Boundary conditions for spin half fermions are specified more simply than for their scalar
counterparts. The most general boundary condition relates the parity even part of any given
fermion (the ‘source’) to the parity odd piece of all other fermions (‘the vev’). The most

general real boundary condition of this form is that the spin—% part of B take the form

ol

BO(E,2[Y)] o,y = 22 [€°0) —Te ™ (x)] + O(z3),  x =0 (5.93)

where y is an arbitrary spinor and « is an arbitrary hermitian operator (i.e. function of ;).
Reality of B(2) imposes (x®)* = —iYq4.

In the limit a = 0 these boundary conditions simply assert that the 23 fall off of the
fermion is entirely parity odd. Recall that according to the standard AdS/CFT rules, the
parity even component of the fermion field may be identified with the expectation value
of the boundary operator, while the parity odd part is an operator deformation. When «
(which in general is a linear operator that acts on x, ¥, which are functions of 1) is nonzero,
the boundary conditions assert a linear relation between parity even and parity odd pieces,

of the sort dual to a fermion-fermion double trace operator.

Gauge Fields
The electric-magnetic mixed boundary condition on the spin-1 field is

BWY(Z, 2|y =2* [eP(yFy) + Te P (yFy)] + O(z*), F =—0"Fo”. (5.94)

) ‘O(yz,gz)
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Here 3 is equal to 6y for the magnetic boundary condition, corresponding to ungauged
flavor group in the boundary CFT (recall that ¢ F is identified with the bulk Maxwell field
strength; see above). Once again 3 is, in general, an operator that acts on F, F. Reality of
BW gives (Fg) = F’g

We will see that the N = 4 and N/ = 6 boundary conditions requires taking 3 to be a
nontrivial linear operator that acts on F, F, which amounts to gauging a flavor group with
a finite Chern-Simons level.

Now to characterize the boundary condition, we simply need to give the linear operators
«, 7, 3 which act on fm(w), x(¥), F(¢), and a set of linear conditions on flg(qﬁ).

We now proceed to enumerate boundary conditions that preserve different degrees of
supersymmetry. In each case we also conjecture a field theory dual for the resultant Vasiliev
theory. For future use we present the Lagrangians of the corresponding field theories in

Appendix 5.D.

5.4.2 The N =2 theory with two [ chiral multiplets

Let us start with n = 4 extended supersymmetric Vasiliev theory. The master fields
depend on the auxiliary Grassmannian variables 11, ¥, 13, %,. With (X) = 0, o = 0 and
v = 0 in the fermion and scalar boundary conditions, respectively, the dual CFT is the
free theory of 2 chiral multiplets (in A/ = 2 language) in the fundamental representation of
SU(N), with a total number of 16 supersymmetries. Now we will turn on nonzero 6y, and
describe a set of boundary conditions that preserve N' = 2 supersymmetry (4 supercharges)
and SU(2) flavor symmetry. The boundary condition for the spin-1 field is the standard

magnetic one. The boundary condition for spin—% and spin-0 fields are given by (5.235),
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(5.236), (5.243), with

a = = b, [@Dl, fl] = [@Dl, f2] =0 or Pl,w2w37w2w4,w3w4f1,z = fl,z- (5'95)

where Py, ... stands for the projection onto the subspace spanned by the monomials ¥, - - -;
f1,2 are subject to the constraint that they commute with v, or equivalently, f1,2 are spanned
by 1,913, ¥91)4, 13104. The 2 supersymmetry parameters are given by A, = Ay, A_ =0,
with

Ao =mpy and niy T, (5.96)

where I' = ¥11913104. 7 is a constant Grassmannian spinor parameter that anti-commutes
with all ¥;’s.

Clearly, with a = 6y, (5.234) obeys the fermion boundary condition (5.235), (5.236),
and (5.241) obeys the magnetic boundary condition on the spin-1 fields (5.226), (5.227).
(5.242) with a = 7 obeys (5.243) with f, 5 of the form {¢;, A}, or {¥,I', A}, both of which
commute with ¢;. Finally, in the RHS of (5.246), all commutators of f1,2 vanish, leaving
the terms with anti-commutators only, which satisfy (5.267), (5.236) with v = «. Clearly,
an SU(2) ~ SO(3) flavor symmetry rotating v, 13, 14 is preserved by this A/ = 2 boundary
condition.

It is natural to propose that the n = 4 extended parity violating Vasiliev theory with
this boundary condition is dual to N’ = 2 Chern-Simons vector model with 2 fundamental
chiral multiplets. There is no gauge invariant superpotential in this case, while there is

an SU(2) flavor symmetry?® rotating the two chiral multiplets, which is identified with the

ZNote that the field theory is left invariant under a larger set of U(2) transformations, which rotates the
chiral multiplets into each other. However the diagonal U(1) in U(2) acts in the same way on all fundamental
fields, and so is part of the U(IN) gauge symmetry. There is nonetheless a bulk gauge field - with ¢ content
I -formally corresponding to this U(1) factor.
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SO(3) symmetry of rotations in 11, 19 and 3 preserved by the boundary conditions listed
above.

Let us elaborate on, for instance, the scalar boundary conditions. There are a total of
eight scalars in the problem (the number of even functions of ;). A basis for parity even
scalars is given by (1 +I') and (1 4 I')y1%); where i = 1...3. A basis for parity odd scalars
is given by (1 — T') and (1 — I")tp14);. In each case the scalars transform in the 1 + 3 of
SU(2). Recall that the fundamental fields of the field theory (scalars as well as fermions)
transform in the § of the flavour symmetry SU(2); it follows that bilinears in these fields
also transform in the 1 + 3 of SU(2), establishing a natural map between bulk fields and
field theory operators.

The boundary conditions (5.95) assert that the coefficient of the O(z?) term of the parity
even scalars/vectors is equal to tan 6y times the coefficient of the O(2?) of the corresponding
parity odd scalars/vectors. Similarly the coefficient of the O(z) term of the parity odd
scalars/vectors is equal to tanf, times the coefficient of the O(z) of the corresponding
parity even scalars/vectors. This is exactly the kind of boundary condition generated by a
double trace deformation that couples the dual dimension one and dimension two operators,
with equal couplings in the scalar and vector (of SU(2)) channels. We will elaborate on this

in much more detail in the next section.

5.4.3 A family of A/ =1 theories with two [ chiral multiplets

If we keep only the supersymmetry generator given by

Ao = nn, (5.97)
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then a one-parameter family of boundary conditions that preserve N' = 1 supersymmetry is
given by

a=00P5+yP,  B=0y, [, h]=[h,f]=0, (5.98)
where PP and P;! are the projection operators that projects an odd function of ;s onto

the subspaces spanned by

10, 99, 103,14 (all anti — commute with ;) (5.99)

and

Uy, Yol s Py (all commute with ¢y ) (5.100)

respectively. 7y is now an arbitrary phase (independent of ;).

This family of boundary conditions is dual to N/ = 1 deformations of the N’ = 2 theory
with two chiral flavors, by turning on an N' = 1 (non-holomorphic) superpotential that
preserves the SU(2) flavor symmetry (corresponding to the bulk symmetry that rotates
V2,3, 94).

The same theory can also be rewritten as the n = 2 extended supersymmetric Vasiliev
theory with M = 2 matrix extension. The spin-1, fermion, and scalar boundary conditions
are given by

a="00Py, +7vPy, B=0, [, /i] = [t fo] =0. (5.101)

It is natural to wonder about the relationship between the parameter v above and the

field theory parameter w (see (5.300)). General considerations leave this relationship unde-

termined; however we will present a conjecture for this relationship in the next section.
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5.4.4 The N = 2 theory with a O chiral multiplet and a O chiral

multiplet

Now let us describe a boundary condition that preserve the two supersymmetries gener-

ated by
A =0, Ag=mnyYy and nys. (5.102)
It is given by
B=100 o=00(1—Puryr), 7=00P 5y, (5.103)

where Py, ... stands for the projection onto the subspace spanned by the monomials ¥, - - -,
as before; JE1,2 are now subject to the constraint that they commute with either 1, or s, i.e.
JE1,2 are spanned by 1,134, Y113, P10y, Waths, Y91hy. Note that when acting on the latter
four monomials, v vanishes, and f1 and f, may be replaced by % f; and % f>. Therefore,
only half of the components of ng are independent, as required. One can straightforwardly
verified that this set of boundary conditions preserve the two supersymmetries (5.102).
Clearly, the U(1) flavor symmetry that rotates 3,14 is still preserved, but there is no
SU(2) flavor symmetry. We also have the U(1) R symmetry corresponding to rotations of
Y1, Pa.

The n = 4 Vasiliev theory with this boundary is then naturally proposed to be dual
to N’ = 2 Chern-Simons vector model with a fundamental and an anti-fundamental chiral
flavor, with U(1) x U(1) flavor symmetry ?* (corresponding to the components of the bulk
vector gauge field proportional to 1 and w31,) besides the U(1) R-symmetry, which means

that the N/ = 2 superpotential vanishes, since a nonzero superpotential would break the

240ne of these two U(1) factors is actually part of the gauge group and so acts trivially on all gauge
invariant operators.
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U(1) x U(1) flavor symmetry to a single U(1).

5.4.5 A family of /' = 2 theories with a [J chiral multiplet and a
O chiral multiplet

The boundary condition in the above section is a special point inside a one-parameter
family of boundary conditions which preserved the same set of supersymmetries. It is given
by

B =0, a=0(1— Pyryr)+a(Pyr— Pur),

Y = 00P1 gy + Py 1 (5.104)

P17w1w4,w2w47w3w4f1,2 = f172~

This one-parameter family of deformations is naturally identified with the superpotential
deformation of the N/ = 2 Chern-Simons vector model with a fundamental and an anti-
fundamental chiral flavor. This superpotential is marginal at infinite N; at finite N there
are two inequivalent conformally invariant fixed points [72]. The & = 0 point is the boundary
condition on the above section, describing the A/ = 2 theory with no superpotential, whereas

& = 10, give the N’ = 3 point, as will be discussed in the next subsection.

5.4.6 The N = 3 theory

The N = 3 boundary condition that preserve supersymmetry generated by the parame-

ters

A_ =0, Ao=mny1, mba, and nys, (5.105)
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is given by

B=by, a= 90(1 - P¢1¢2¢3) - 90P¢1¢2w37 v = b, P1,¢1w4,¢2¢4,¢3¢4]?172 = _]?1’2. (5-106)

This boundary condition is dual to the N/ = 3 Chern-Simons vector model with a single
fundamental hypermultiplet, which may be obtained from the A/ = 2 theory with a fun-
damental and an anti-fundamental chiral multiplet by a turning on a superpotential. The
SO(3) symmetry of rotations in v, 15 and 13 maps to the SO(3) R-symmetry of the model.
Notice that unlike the case studied in Section 5.4.2, av # ~y reflecting the fact that the SO(3)

R symmetry, unlike a flavor symmetry, acts differently on bosons and fermions.

5.4.7 The N = 4 theory

The N = 4 boundary condition that preserve supersymmetry generated by the parame-

ters
A=0, Ag=ny;, i=1,234, (5.107)
is given by
B=0,1—-P), a=0P,, ~=~0DP. (5.108)
fl’g are subject to the constraint

Prfra = 0. (5.109)

Note also that the components of fl’g proportional to 1;1; are subject to the projection

2L also, as follows automatically from (5.91), (5.92). The boundary conditions above are
invariant under the SO(4) R symmetry of rotations in 1, 15, 3 and vy.
This boundary condition is dual to the N = 4 Chern-Simons quiver theory with gauge

group U(N)g x U(1)_x and a single bi-fundamental hypermultiplet. The latter can be
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obtained from the N' = 3 U(N); Chern-Simons vector model with one hypermultiplet flavor
by gauging the U(1) flavor current multiplet with another A" = 3 Chern-Simons gauge field

at level —k [73].

5.4.8 An one parameter family of A/ = 3 theories

There is an one parameter family of boundary conditions that preserves the same super-

symmetry as in Section 5.4.6,

B=00(1—Pr)+ BPr, a=0Py, + B(Pyruarusr — Pur),
7= 0o P + BP%M,WWW.%M’ (5'110)
Prniapovnainfrz = fio.

The boundary condition in Section 5.4.6 is at 3 = 6,. At 8 = 0, the (5.110) coincides with

(5.108), and the N' = 3 supersymmetry is enhanced to N' = 4.

5.4.9 The N = 6 theory

To construct the bulk dual of the N'= 6 ABJ vector model [74, 75], we need to double
the number of matter fields in the boundary field theory, and correspondingly quadruple the
number of bulk fields. This is achieved with the n = 6 extended supersymmetric Vasiliev
theory, which in the parity even case (dual to free CFT) can have up to 64 supersymmetries.

We are interested in the parity violating theory, with nonzero interaction phase 6y, with a set
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of boundary conditions that preserve A” = 6 supersymmetries®®, generated by the parameters

No=mby, i=1,2,---,6. (5.111)

Similarly to the AV = 4 theory with one hypermultiplet, here we need to take the boundary

condition on the bulk spin-1 field to be

B =0o(1—Pr)—6Pr. (5.112)

The spin-1 and spin-0 boundary conditions are given by

2
a=0p(1— Pwir) — 0Py, Y= HOPL%%., (5.113)

where Py, r for instance stands for the projection onto the subspace spanned by all ¢;I"s,

1=1,2,--- 6. f1,2 are subject to the constraint

PF,wiijﬁz =0, (5.114)

which projects out half of the components of ng. Note that these boundary conditions
enjoy invariance under the SO(6) R symmetry rotations of the v; coordinates.

By comparing the difference between 3 and 6, with the Chern-Simons level of what would
be the flavor group of the A/ = 3 Chern-Simons vector model with two hypermultiplets, we

will be able to identify 0y in terms of k£ below.

250One can show that there is no boundary condition for the n > 6 extended supersymmetric Vasiliev
theory that preserves N' = n supersymmetries. We expect that there is no A/ > 6 boundary condition for
the parity violating Vasiliev theory, though we have not proven this in general.
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5.4.10 Another one parameter family of N' = 3 theories

There is another one parameter family of boundary conditions that preserves the same

supersymmetry as in Section 5.4.6,
B=0o(1— Pr)+ BPr,

@ = 00(Py, pa + Ppijipaisivatninisvs — Poar) + B(Ppr — Ppryoys),
(5.115)
Y = 001 ypipapaiy, — BPopsu;
Pr oy oitvaatn 12 = fr2,
where i,j = 1,2,3 and a,b = 4,5,6. At § = —0,, the (5.115) coincides with the boundary

condition in 5.4.9, and the N/ = 3 supersymmetry is enhanced to N' = 6.

5.5 Deconstructing the supersymmetric boundary con-
ditions

5.5.1 The goal of this section

As we have explained early in this paper, the Vasiliev dual to free boundary superconfor-
mal Chern Simons theories is well known. In the previous section we have also conjectured
phase and boundary condition deformations of this Vasiliev theory that describe the bulk du-
als of several fixed lines of superconformal Chern Simons theories with known Lagrangians.
These interacting superconformal Chern Simons theories differ from their free counterparts

in three important respects.

e 1. The level k of the U(N) Chern-Simons theory is taken to infinity holding & = X

fixed. The free theory is recovered on taking A — 0.
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e 2. The Lagrangian of the theory includes marginal triple trace interactions of the
schematic form (¢?)? and double trace deformations of the form (¢?)(+?) and (¢1))?

(the brackets indicate the structure of color index contractions).

e 3. In some examples including the N/ = 6 ABJ theory we will also gauge a subgroup
of the global symmetry group of the theory with the aid of a new Chern-Simons gauge

field.

In this section we carefully compare the supersymmetric boundary conditions, deter-
mined in the previous section, with the Lagrangian of the conjectured field theory duals of
these systems. This analysis allows us to understand the separate contributions of each of
the three factors listed above to the boundary conditions of the previous section. It also
yields some information about the relationship between the bulk deformation parameters
and field theoretic quantities.

The analysis presented in this section was partly motivated by the following quantitative
goal. In the previous section we have presented two one parameter sets of N' = 3 Vasiliev
boundary conditions (5.110) and (5.115) at any given fixed value of the Vasiliev phase 6.
The first of these fixed lines interpolates to an A/ = 4 theory while the second which inter-
polates to a N = 6 theory. For each line of boundary conditions we have also conjectured
a one parameter set of dual boundary field theories. In order to complete the statement
of the duality between these systems we need to propose an identification of the parameter
that labels boundary conditions with the parameter that labels the dual field theories. The
analysis of this section was undertaken partly in order to establish this map. We have been
only partly successful in this respect. While we propose a tentative identification of param-

eters below, there is an unresolved puzzle in the analysis that leads to this identification;
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as a consequence we are not confident of this identification. We leave the resolution of this
puzzle to future work.

We begin this lengthy section with a review of well known effects of items (2) and (3)
listed above on the bulk dual systems. With these preliminaries out of the way we then
turn to the main topic of this section, namely the deconstruction of the supersymmetric

boundary conditions determined in the previous subsection.

5.5.2 Marginal multitrace deformations from gravity

As we have reviewed in the previous section, the supersymmetric Vasiliev theory contains
fields of every half integer spin, including scalars with m? = —2, spin half fields with m = 0,
and massless vectors. It is well known that the only consistent boundary conditions for
the fields with spin s > 1 is that they decay near z = 0 like 2°71.26 On the other hand
consistency permits more interesting boundary conditions for fields of spin zero, spin half and
spin one. In this section we will review the subset of these boundary conditions that preserve
conformal invariance, together with their dual boundary interpretations. The discussion in
this subsection is an application of well known material (see for example the references

(64, 76, 77, 78, 79, 65] - we most closely follow the approach of the paper [77]).

scalars

The Vasiliev theories we study contain a set of scalar fields propagating in AdS,, all of
which have have m? = —2 in AdS units. In the free theory the boundary conditions for

some of these scalars, S,, are chosen so that the corresponding operator has dimension 1

26In other words the coefficient of the leading fall off is required to vanish.
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(these are the so called alternate boundary conditions) while the boundary conditions for
the remaining scalars, F,, are chosen so that its dual operator has dimension 2 (these are
the so called regular boundary conditions). See Appendix 5.C.1 for a detailed discussion of
these boundary conditions and their dual bulk interpretation.

Let us suppose that the Lagrangian for these scalars at quadratic order takes the form?”

1 _ _ 1 _ _
2. P / V9 (848:0" S0 — 25454) + ) o / V9 (0,F20" F, — 2F,F,) . (5.116)
The redefinition
Sa = GaSa, Fa = gafa

sets all couplings to unity as in the discussion in Appendix 5.C.1.

As explained in detail in Appendix 5.C.1 the action and boundary conditions of bulk
scalars do not completely characterize the boundary dynamics of the system. For instance
in a theory with a single regular quantized scalar and one alternately quantized scalar
there exist a one parameter set of inequivalent boundary actions, each of which lead to
identical boundary conditions for (appropriately redefined) bulk fields. However there is
a distinguished ‘simplest’ set of boundary counterterms corresponding to any particular
boundary conditon (this is the undeformed or 6, = 0 system described in Appendix 5.C.1).
This simple counterterm has the following distinguishing property; it yields vanishing two
point functions between any operator of dimension one and any other operator of dimension
two. Every other choice of counterterms yields correlators between these operators that

vanish at separated points but are have non-vanishing contact term contributions.

2"Vasiliev’s theory is currently formulated in terms of equations of motion rather than an action. As
a consequence, the values of the coupling constants g, and g, for the scalars that naturally appear in
Vasiliev’s equations, are undetermined by a linear analysis. The study of interactions would permit the
determination of the relative values of coupling constants, but we do not perform such a study in this paper.
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In this section we assume that the counterterm action corresponding to the scalar bound-
ary conditions above takes the simple (fy = 0) form referred to above. We will then deduce
the effect of a double and triple trace deformation on the boundary conditions of bulk fields.

The two point functions of the operators dual to s, and f,* are given by?® [80]*"

1
53 (operators dual to s,),

i (5.117)
S (operators dual to f,).

T2z

Later in this paper we will be interested in determining the Vasiliev dual to large N theories
deformed by double and triple trace scalar operators. The field theory deformations we
study are marginal in the large N limit and take the form
3 m a b, 2T a o
/d x <%cabca o’c¢ + ?dma ) ) (5.118)
where 0% is proportional to the operator dual to s, and ¢“ is proportional to the operator
dual to f, (the factors in (5.118) have been inserted for future convenience). We will assume

that it is known from field theoretic analysis that

2N he
a b __ gab

(0" ()0 (0) = 0" (5
ANh*

(47)2at’

(5.119)
(0%(2)¢”(0)) = 67

28i.e. the two point functions for the operators for which coefficient of the 22 fall off of the field s, is a

source, and the operator for which the coefficient of the z fall off of the field f, is the source

D(A+1)(2A—d)
d

29The general formula for the nontrivial prefactor is .
2 T(A-d/2)A

39The Fourier transforms
G(k) = / dBre™*G(x)
(appropriately regulated) evaluate to ﬁ for the dimension one operator (alternate quantization), and to

—|k| for the dimension two operator (regular quantization). Note that these quantities are the negative
inverses of each other, in agreement with the general analysis of Appendix 5.C.1.
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(the factors on the RHS have been inserted for later convenience; h$ and h® are numbers).

2 a

A /Nh‘jro-

It follows from a comparison of (5.119) and (5.117) that the operator dual to s® is

while the operator dual to f¢ is \/Wd)‘

Let us suppose that at small z,3!
sa=5W2 452224 0(2), fo=fMz+ fO2240(25). (5.120)

It follows from the analysis of 5.C.1 that the marginal deformation (5.118) induces the

boundary conditions

a e 3 a C
(@ WN«/h_JL_d @ +37T2N2 he Y RS

a

0 _ WN\ /ha =y

Cabcsgl)5£1)7

1642 (5.121)

aOéa‘

If we denote the boundary expansion of the original bulk fields by
Se=8Wz+ 8021 0%, F,=FVY2+FEY22 10, (5.122)

then

s WN\/W F{ . 37r2N%\/W S st

abc )

Ga B Ja 16k2 Jdb  Je

5.123
FY WN\/hihC_” L, s (5.123)
Go 2k “ga

In summary the boundary conditions (5.123) are the bulk dual of the field theory defor-
mation (5.118).

In the rest of this subsection we ignore triple trace deformations and focus our attention
entirely on the double trace deformations. As explained in Appendix 5.C.1, in this case the

modified boundary condition in (5.122) can be undone by a rotation in the space of scalar

31This expansion is in conformity with (5.255) because ¢ = 3 for the m? = —2 scalars of Vasiliev theory.
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fields. This is most easily seen in the special case that we have a single S type scalar and
a single F' type scalar so that both the a and « indices run over a single value and can be
ignored. Let us define the rotated fields

! S F ! F S
— =cosf— +sinf—, — =cosf— —sinf— (5.124)
g(], ga ga gOC ga ga

with

N./h%he
fanf = Vg (5.125)
2k
Notice that the field redefinition (5.124) leaves the bulk action invariant. Moreover, it follows
from (5.123) that

(82 = (F)V = 0.

In other words the rotated fields S” and F’ obey the same bulk equations and same boundary
conditions in the presence of the double trace deformation as the unrotated fields S and F
obey in their absence.

At first sight this observation leads to the following paradox. A double trace deformation
by the parameter d may be thought of as the result of compounding two double trace
deformations of magnitude d; and dsy respectively, such that d; + do = d. As the system
after the deformation by d; is apparently self similar to the system in its absence, it would
appear to follow that the rotation that results from the deformation with d; + ds is simply
the sum of the rotations corresponding to d; and ds respectively; in other words that the
rotation angle 6 is linear in d. This conclusion is in manifest contradiction with (5.125).

The resolution of this contradiction lies in the fact that the systems with and without
the double trace deformations are not, infact, isomorphic. The reason for this is that the

boundary counterterm action does not take the simple # = 0 form in terms of rotated fields
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in the system with the double trace deformation (see Appendix 5.C.1). In the theory with
double trace deformations there is, in particular, a nonzero contact term in the two point
functions of the two operators with distinct scaling dimensions; this contact term is absent

in the original system.

Spin half fermions

The Vasiliev theories we study include a collection of real fermions ¢{ and 1§ propagating

in AdS, space. It is sometimes useful to work with the complex fermions ¢* = W;\/%wg and

P = %—_\/;Zg Let us suppose that the bulk action takes the form

Z% / D, THep,. (5.126)

Using the rules described for instance in [70], the two point function for the operator dual

to 1* is easily computed and we find the answer

176
- (5.127)

g2 2t
The same result also applies to the two point functions of the operators dual to ¢{ and 1§
independently.

In analogy with the bosonic case described in the previous subsection, the formula (5.127)
presumably applies only with the simplest choice of boundary counterterms [81, 82, 83, 84] -
the analogue of §; = 0 in Appendix 5.C.1- consistent with the boundary conditions described
in [70]. Though we will not perform the required careful analysis in this paper, it seems
likely that the fermionic analogue of Appendix 5.C.1 would find a one parameter set of
inequivalent boundary actions that lead to the same boundary conditions. From the bulk

viewpoint this ambiguity is likely related to the freedom associated with rotating a bulk
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spinor 9 into I's1), (I's is the bulk chirality matrix). We ignore this potential complication
in the rest of this subsection, and focus on the simple canonical case described in [70].
Let the field theory operator proportional to ¥* be denoted by ¥®. Let us assume that

we know from field theory that

hy2N(Z - &)

(@)1 (0)) = 6

(5.128)

We will now describe the boundary conditions dual to a field theory double trace defor-

mation. Let the fermionic fields have the small z expansion

[S1[s

Y =23 (G + ) + Oz

Y =22 (G5 +G) + Oz

)?
).

Above the subscripts + and — denote the eigenvalue of the corresponding fermions under

(5.129)

ot

parity.
Using the procedure of the previous subsection, the bulk dual of the field theory double

trace deformation

T [ (074 0) (B4 07) =t (80— 02) (B = 0%) g (B + 9°) (" — )]

is given by the modified boundary conditions

apb
co,  Nmy gy (S bg 1 gg_)

= + SUap

a 8k 2

g 9o o (5.130)
a 1,b

PRIV

Ya 8k T 2 g )

5.5.3 Gauging a global symmetry

As originally introduced by Witten [65], gauging a global symmetry with Chern-Simons

term in the boundary CFT is equivalent to changing the boundary condition of the bulk
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gauge field corresponding to the boundary current of the global symmetry. We will review
this relation in this subsection and in Appendix 5.B.

Let us start by considering a boundary CFT with U(1) global symmetry. The current
associated to this global symmetry is dual to a U(1) gauge field A, in the bulk. In the

A, = 0 radial gauge, the action for the gauge field A, is

1 d37dz
4q? z4

1 1
E,, F" = /d?’fdz (ngazAiazAi + 4—92FijFij) ) (5.131)

Onshell the bulk action evaluates to

/ 7 iAiazAi . (5.132)
29>

where the integral is taken over a surface of constant z for small z. The equations of motion

w.r.t. the boundary gauge field impose the electric boundary condition
1 5.133
Near z = 0, the most general solution to the gauge field equations of motion is
A = Al(z) + zA3 (2).

The boundary condition (5.133) forces A? to vanish but allows A; = A}, the value of the
gauge field on the cut off surface, to fluctuate freely at the boundary z = 0. The theory so
obtained is the conceptual equivalent of the ‘alternate’ quantized scalar theory described in
Appendix 5.C.1.
If we add a boundary U(1) Chern-Simons term to the bulk action ** (in Euclidean
signature )
ik

E dgfeijkAinAk, (5134)

32This is the same as adding a term in the bulk action proportional to f F A F as this term is the total
derivative of the Chern Simons term
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and allow arbitrary variation 0 A; at z = 0, the equation of motion of the boundary field A;

generates the modified boundary condition
1 ik
?@A, + ;—WeijkﬁjAk}zzo = O, (5135)

which is the electric-magnetic mixed boundary condition. By the AdS/CFT dictionary, this
is also equivalent to adding the term (5.134) into the boundary theory, where A; is now
interpreted as the three dimensional gauge field coupled to the U(1) current.

This procedure can be straightforwardly generalized to U(M). Adding the U(M) Chern-
Simons action on the boundary

k 2

47
modifies the electric boundary condition to

1 ik
0-A+ ;—em (0;Ak + AjAL) | _ = 0. (5.137)

= 2=0
Note that this mixed boundary condition is still gauge invariant.

Of course 0, A; is determined in terms of A; by the equations of motion. As the equations
of motion are linear, the relation between these quantities is linear - but nonlocal- and takes

the form

0:4i(q) = Gij(0)Aj(q).
The function G;;(¢) has a simple physical interpretation; it is the two point function of the
current operator (with natural normalization) in the theory at k = oo (at this value of k& the
boundary condition (5.137) is simply the standard Dirichlet boundary condition). A simple

computation yields

—Gii(@)0°(p—q) = —2% (cx-j - p;?) (27)28%(p — q). (5.138)
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Note that here we have normalized the current coupled to the Chern-Simons gauge field
according to the convention for nonabelian gauge group generators, Tr(t%t?) = %5‘“’ for
generators ¢, t* in the fundamental representation. This is also the normalization convention
we use to define the Chern-Simons level k (which differs by a factor of 2 from the natural
convention for U(1) gauge group).

Recall that (5.138) yeilds the two point functions of the ‘ungauged’ theory - i.e. the
theory with k& = oco. Our analysis of the dual boundary theory to this ungauged system, we

find it convenient to work with currents normalized so that

(ilp)J5(=0)) = =57 (% - p;f") (27)*5°(p — q). (5.139)

Our convention is such that in the free theory N counts the total number of complex scalars
plus fermions (i.e. the two point function for the charge current for a free complex scalar is
equal to that of the free complex fermion and is given by (5.139) upon setting N = 1, see

Appendix 5.F). In order that (5.138) and (5.139) match we must identify

so that the effective boundary conditions on gauge fields become

TN

, (5.140)
8k 0

azAi + iEijkﬁjAk}

z=0 -

In summary, gauging of the global symmetry is affected by the boundary conditions (5.140).
Note that the boundary conditions (5.140) constrain only the boundary field strength F;.

Holonomies around noncontractable cycles are unconstrained and must be integrated over.
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5.5.4 Deconstruction of boundary conditions: general remarks
The bulk dual of the finite Chern Simons coupling

With essential preliminaries taken care of we now turn to the main topic of this subsec-
tion, namely the deconstruction of the supersymmetric boundary conditions of the previous
section.

The Vasiliev dual of free susy theories was described in Section 5.2.4. What is the
Vasiliev dual to the free field theory deformed only by turning on a finite Chern Simons
t’Hooft coupling \ = %? The deformation we study is unaccompanied by any potential
and Yukawa terms - in particular those needed to preserve supersymmetry - and so is not
supersymmetric. Consequently the comparisons between susy Lagrangians and boundary
conditions, presented later in this section, does not directly address the question raised here.
As we will see, however, the answer to this question is partly constrained by symmetries,
and receives indirect inputs from our analysis of susy theories below.

We first recall that it was conjectured in [21] that the bulk dual to turning on A involves
a modification of the bulk Vasiliev equations by turning on an appropriate parity violating
phase, 6(X), as a function of A\. The results of the previous section clearly substantiate this
conjecture 33. It is possible, however, that in addition to turning on the phase, a nonzero
Chern Simons coupling also results in modified boundary conditions on bulk scalars and
fermions. We now proceed to investigate this possibility.

A consideration of symmetries greatly constrains possible modifications of boundary con-

ditions. Recall that the Vasiliev dual to free susy theories possesses a U(2271) x U(2271)

33 As those results are valid only for the linearized theory, they unfortunately cannot distinguish between
a constant phase and a more complicated phase function; we return to this issue below.
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global symmetry. In the dual boundary theory the U(227!) x U(227!) symmetry rotates
the fundamental bosons and fermions respectively, and is preserved by turning on a nonzero
Chern Simons coupling. A constant phase in Vasiliev’s equations also preserves this symme-
try. It follows that all accompanying boundary condition deformations must also preserve
this symmetry.

Parity even and odd bulk scalars respectively transform in the (adjoint + singlet, singlet)
and (singlet, adjoint+singlet) representations of the U(22 ') x U(22 ') symmetry. The only
conformally invariant modifications of boundary condition that preserve this symmetry are
those dual to the double trace coupling of the parity odd and parity even singlet scalars,
and that dual to the triple trace deformation of three parity even singlet scalars.

The conjectures of the previous section strongly constrain the double trace type de-

formation of boundary conditions induced by the Chern Simons coupling *.

Let us, for
instance, compare Lagrangian and boundary conditions of the fixed line of A" = 1 theories
described in the previous subsection. The double trace scalar potential in these theories is
listed in (5.160) below and vanishes at w = —1. On the other hand the rotation 7 in the
scalar boundary conditions for the dual Vasiliev system is listed in (5.101), and vanishes
for the dual of w = —1. In other words the Vasiliev dual to the Chern-Simons theory with
no scalar potential obeys boundary conditions such that all ‘parity even’ scalars continue
to have A = 1 boundary conditions, while all ‘parity odd’ scalars continue to have A = 2

boundary conditions. While the argument presented above holds only for n = 2, the result

continues to apply at n =4 and n = 6 as well, as we will see in more detail in the detailed

340ur analysis of boundary conditions in the previous section was insensitive to triple trace type boundary
conditions, and so does not constrain the triple trace type modification.

270



Chapter 5: ABJ Triality: from Higher Spin Fields to Strings

comparisons below. 3°

We turn now to the fermions. Bulk fermions transform in the (fundamental, antifun-
damental) and (antifundamental, fundamental) of the free symmetry algebra. There is, of
course, a natural double trace type singlet boundary condition deformation with this field
content (this deformation has the same effect on boundary conditions as a double trace field
theory term (¢,0°)(¢»¢?) where a and b are global symmetry indices and brackets denote the
structure of gauge contractions). Perhaps surprisingly, we will now argue that merely turn-
ing on the Chern Simons term does induce such a boundary condition deformation. More
precisely, it turns out that the bulk theory with trivial boundary conditions on fermions

corresponds to a quantum field theory with fermion double trace potential equal to

—— Vv
k

for every single trace Fermionic operator.

We present a heuristic argument for this conclusion in Appendix 5.E by comparing the
Lagrangian and boundary conditions of the line of A/ = 1 theories with a single chiral
multiplet. However the most convincing argument for this conclusion is that it leads to
consistent results between the Lagrangian and boundary conditions in every case we study

in detail later in this section.

35For the case n = 4 consider, for instance, the A" = 2 theory with two fundamental chiral multiplets. The
free theory has a U(2) x U(2) symmetry. The interacting theory preserves the diagonal SU(2) subgroup of
this symmetry (corresponding to rotations of the two chiral multiplets). The parity odd and even single trace
operators in this theory each transform in the 1 + 3 representations of this symmetry. The allowed double
trace deformations of this interacting theory couple the parity even 3 with the parity odd 3 and the parity
even scalar with the parity odd scalar. It so happens that these two terms appear with the same coefficient
in both the field field theory potential (5.299) and the corresponding Vasiliev boundary conditions (the fact
that these terms appear with the same coefficient in (5.95) is simply the fact that the singlet monomial I,
appears on the same footing as the triplet monomials 1213, 1314, 1412 in the scalar boundary conditions).
These facts together demonstrate that the Chern Simons term (which could have acted only on the singlet
double trace term and so would have ‘split the degeneracy’ between singlets and triplets) has no double
trace type effect on scalar boundary conditions.

271



Chapter 5: ABJ Triality: from Higher Spin Fields to Strings

In order to compensate for the shift described above, will find it useful, in our analysis
below, to compare Fermionic boundary conditions with a shifted field theory Lagrangian:
one in which we add by hand the double trace term %’T\if\lf for every single trace fermionic
field. Bulk fermionic fields have trivial boundary conditions only when the double trace
deformations of the corresponding fermionic operators vanish in the shifted field theory

Lagrangian.

Special Points in moduli space for scalars

If we wish to specify the bulk dual for a 3d conformal field theory, it is insufficient to
specify the bulk action and the boundary conditions for bulk scalars (see Appendix 5.C.1).
In order to specify the correlators of the dual theory we must, in addition, specify the
precise nature of the boundary dynamics that gives rise the resultant boundary conditions.
Inequivalent boundary dynamics that lead to the same boundary conditions result in distinct
correlation functions; in particular to different counterterms in correlators.

Of the set of all boundary actions that lead to a particular boundary condition, one is
particularly simple (y = 0 in Appendix 5.C.1); this choice of boundary counterterms en-
sures that correlators between dimension one and dimension two operators vanish identically
(including contact terms). Let us suppose that the dual of a particular quantum field theory
is governed by this simple boundary dynamics. Then the dual of this theory deformed by
a scalar double trace deformation cannot, in general, also be governed by the same simple
boundary dynamics (see Appendix 5.C.1).

In the moduli space of field theories obtained from one another by double trace deforma-

tions, it follows that there is a special point at which boundary scalar dynamics is governed
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by the simple 6y = 0 rule. It certainly seems natural to conjecture that this special theory
is governed by a Lagrangian with no double trace terms, i.e. the pure Chern Simons theory
described in the previous subsection. As we will explain below, this assumption unfortu-
nately appears to clash with an at least equally natural assumption about the AdS/CFT
implementation of the boundary Chern Simons gauging of a global symmetry, as we review

below.

Identification of bulk and boundary Chern Simons terms

As we have explained in Section 5.5.3, it is very natural to simply identify the boundary
field theoretic Chern Simons term with a Chern Simons term for the boundary value of
bulk gauge fields. If we make this assumption then it follows that the boundary conditions
for bulk vector uniquely specify its boundary dynamics and the comparison of gauge field
structures between the bulk and the boundary establish a map between moduli spaces of
field theories and the Vasiliev dual. As we have mentioned in the previous subsubsection,
however, the results obtained in this manner clash with those obtained from the ‘natural’
identification of the specially simple field theory as far as scalar double trace operators
are concerned. As we explain, one way out of this conundrum is to abandon the ‘natural’
assumption of the previous subsection. However we do not propose a definitive resolution
to this clash in this paper, leaving this for future work.

In the rest of this section we present a detailed comparison between double trace deforma-
tions of the field theory Lagrangian and boundary conditions of the dual Vasiliev theory, for
the various theories we study, starting with those theories that allow a nontrivial matching

of gauge field terms.
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5.5.5 N =3 fixed line with 1 hypermultiplet

In this section we present a detailed comparison of the Lagrangian 5.D.7 of a fixed line
of one hypermultiplet ' = 3 theories with boundary conditions (5.110) of its conjectured

Vasiliev dual.

Boundary conditions for the vector

As described in the Section 5.5.3, the Chern-Simons gauging of the boundary global
current results in modifying the boundary conditions for the dual gauge field in the bulk.

The modified boundary condition are given by (5.140) which can also be written as

itN

The form of boundary conditions for gauge field used in Section 5.4

BW(Z, 2|Y) }O(yQ,gQ) = 2" [ (yFy) + Te " (yFy)] + O(2%) (5.142)
are equivalent to
€y = 20 tan(s — 0y) Fl. (5.143)
Comparing (5.141) and (5.143) we get
tan(s — 0y) = % (5.144)

From (5.110) we have

B =0+ (8 —0)Pr,

where /3 is the free parameter that parameterizes the fixed line of boundary conditions

(5.110). In particular case of vectors proportional to Prf = 3. Comparing (5.141), (5.143)
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and (5.144) it follows that

- k
tan(8 — 60y) = k:_l tan 6y, (5.145)
2
where
TN TNh 4
tan 6 3%, o, (5.146)

Here h, is the ratio of the two point function of current at the ungauged N = 3 point

(ka = o0) to the two point function in the free theory. (5.145) establishes a clear map

k1

between the parameter B that labels boundary conditions in (5.110) and the parameter o

that labels the fixed line of dual field theories.

Scalar double trace deformation

In this subsection we compare the scalar double trace operators in the field theory La-
grangian (5.D.7) with the boundary conditions for scalar fields (5.110) in the Vasiliev dual.
The scalar double trace deformation in the Lagrangian (5.D.7) is given by

_27T
ok
B 2
ok

Vs

2T
(I)[_T_(I)b_nab + — (
2

p 00 + P Dby, ,

o N (5.147)
PIB0 + = (14 L)@ dl
Ky ko

This potential interpolates between that of the N' = 3 ungauged theory (ks = oc) and
N = 4 theory (ks = —k1). The two point function of ®% are twice of those given in (5.346)
and thus matches with (5.119). The boundary conditions for scalar fields are described by

the rotation angle
V= 00P1 A+ BBy gy s s (5.148)

The double trace term 2k—71r(1 + %)@iqy‘_ couples two SO(3) vectors. The rotation angle

that multiples Py, y, pova,wsu, i1 (5.123) is determined by the coefficient of this term. The
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precise relationship between these may be obtained as follows. Let us suppose that the
formula (5.123) applies starting from some as yet unknown point, 5 = o, in the moduli
space of theories. In other words we hypothesize that 8y = 0 (in the language of Appendix
5.C.1) for the point in moduli space with B = f,. Let us also suppose that ko = (k2)o
corresponding field theory. It follows then from (5.123), (5.148) and (5.147) that (see below

for the numerical values of the proportionality constants)

= 1 1

tan(8 — fo) o o e

Case: BO = 0:

Purely from the viewpoint of the scalars it is natural to conjecture that 8, = 0 and
(k2)o = —k1. This conjecture is motivated by the following observations. The contact term in
the two point function between ®% and ®° vanishes in the field theory dual to bulk boundary
conditions governed by the parameter 3. At leading order in boundary perturbation theory
(i.e. at order 1/k) a naive computation yields a contact term proportional to the double
trace coupling of @) and ®°. Thus appears to imply that the special field theory have a
vanishing double trace term; this occurs at the A = 4 point and so 5y = 0. If we make this

assumption it then follows that that

. N
tan 8 = tan 6, (1 + %) ., with tanfy, = %\/Mh_, (5.149)
2 1

where h, and h_ is the ratio of two point function for &, and ®_ respectively in the
interacting (A = 4 point) to free theory. Unfortunately (5.149) conflicts with (5.145), so

both relations cannot be simultaneously correct.

Case: By = by
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The conflict with (5.151) vanishes if we instead assume that
Bo = by. (5.150)

This is dual to the ‘ungauged’ N/ = 3 theory and so it follows that and (k3)y = oco. Under

this assumption it follows that

~ N
tan(5 — 0y) = tan 6, <%) ,  with  tanfy = %\/hﬂz_, (5.151)
1

2
where h, and h_ is the ratio of two point function for ®, and ®_ respectively in the
interacting (‘ungauged’ N' = 3 point) to free theory. Note that (5.151) perfectly matches
(5.146) if hy = \/MT . It is plausible that supersymmetry enforces this relationship on
field theory operators, but we will not attempt to independently verify this relationship in
this paper.

Perhaps the simplest resolution of the clash betwen (5.149) and (5.145) is obtained by
setting By = 6. Before accepting this suggestion we must understand why the contact term
in the scalar- scalar two point function vanishes at the N’ = 3 rather than at the NV = 4
point (where the double trace term in the Lagrangian vanishes). As discussions relating to
contact terms are famously full of pitfalls; we postpone the detailed study of this question

to later work.

Coefficient of the scalar double trace deformation

The double trace term in (5.147) that couples two SO(3) scalars is i—’f@g@g. Note
that the coefficient of this term is independent of ks, which matches with the fact that the
coefficient of P, in (5.148) is independent of J3.

If we assume that 3y = 6, for this term as well we once again find the second of (5.149),

where h, and h_ have the same meaning as in (5.149), except that the two point function in
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question is that of the scalar operator ¢°. We conclude that ¢* and ¢° have equal values of
hoh_. If, instead, 3 = 0 then a very similar equation holds; the only difference is that s h_
would then compute ratios of the interacting and free two point functions at the N = 4

point.

Fermionic double trace deformation

The fermionic double trace deformation for this fixed line is given by

or (1 - - 0= 2m [ - 1-.- 1
VE’, — _7T —\Ifa\I/b(sab o 2\110\110 o \IIO\IIO o \IIO\IIO + _ﬂ- \I/a\I/bT]ab + _\Ila\pbnab + —\Ifa\pb’)]ab )
ky \ 2 ko 2 2
(5.152)
Adding 0Vy = %’Tﬁaw“ in order to account the effect of finite Chern Simons level as described

earlier, we obtain the shifted potential

_ _ k _ _
Vi + 0V = — kil(\pa — U (WP — Pb)§ - kﬂl (1 + k—;) (T 4+ 0%) ey, (° + ¥°) . (5.153)

The two point function of (¥eW) is twice of the that given in (5.346) because W¥° are
constructed out of field doublets and thus matches with (5.128).

The rest of the analysis closely mimics the study of scalar double trace deformations
presented in the previous subsection. We associate(in the boundary conditions) the pro-
jector P4 with the real Lagrangian deformation [i(¢)* — ¢*)]* and Prye with the other real
Lagrangian deformation ()¢ + ¢®)2. As for the scalar double trace deformations, (5.130)
yields results consistent with (5.145) if and only if we assume that (5.130) applies for defor-
mations about the special point 3 = 6. Given this assumption (5.110) and (5.130) matches
with the identification (5.151) with /hyh_ = hy and hy, interpreted as the ratio of (¥2U?)

at N/ = 3 point to the free theory.3¢

36Tf, on the other hand, (5.130) had applied for deformations around B = 0 we would instead have found
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5.5.6 N =3 fixed line with 2 hypermultiplets

In this section we compare the Lagrangian for the fixed line of two hypermultiplet theories
presented in (5.D.9) with the boundary conditions (5.115) of the conjectured Vasiliev duals.
The field theories under study interpolate between the ungauged N' = 3 theory (ks = o0)

and the N' = 6 theory (at ks = —ky).

Vector field boundary conditions

The comparison here is very similar to that performed in the previous subsection, and
our presentation will be brief. Making the natural assumptions spelt out in the previous

section, the gauge field boundary conditions listed in (5.115) assert that
B =0y + (B — 6y)Pr.

Using (5.144) we find

~ k
tan(p —b6y) = l{;_l tan 26,. (5.154)
2
with the identification
7TN WNhA
tan(26p) = — =
an(26) = 51— =

where h4 is interpreted as the ratio of the two point function of the flavor current in the

ungauged A = 3 theory to the free theory.

agreement with (5.149) with \/hyh_ = hy, where hy, would have been interpreted as the ratio of (¥ W?)
at N/ = 4. Of course these results contradict (5.145).
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Scalar double trace deformation

The scalar double trace deformation for this case, in the notation defined in Appendix

5.D.9, is given by

T olig i 27
V= Lttty gy .
5.155
_ T (q)liq)JjnIJn” i Q(PIOq)JOnIJ) _ 2_7T 14 ﬁ (I)IO(I)JonIJ
AT Zj T k1 Ko oo '

Due the fact that <I>ff and ®’* are made of two field doublets, there free two point function are
four times of those given in (5.346) and thus twice of those given in (5.119). The boundary

conditions of the dual scalars listed in (5.D.9) is governed by

Y = 00Pr i — BPosss  Prassswussann iz = frz. (5.156)

As in the previous section the coefficient of the double trace deformations (5.155) and the
boundary conditions of scalars in (5.156) are both respectively independent of ky and B in
every symmetry channel but one (i.e. (vector, scalar) under SU(2) x SU(2)). Comparing
coefficients in this special channel we find that (5.156) and (5.D.9) agree with (5.144)if and
only if we assume that (5.123) applies for deformations of B away from the special point

By = 0 at which point ks = co.

tan(f — 0y) = tan 26, (%) with  tan 260y = Z—N\/thh_, (5.157)
2 1

with A4 interpreted as the ratio of two point function in NV = 3 ungauged point to free
theory.

On the other hand upon assuming (3, = 0 we find

~ k N
tan(s + 0y) = tan 26, (1 + k—l) with  tan 260, = Wk—\/thh_, (5.158)
1

2

280



Chapter 5: ABJ Triality: from Higher Spin Fields to Strings

with h. interpreted as the ratio of two point function in N’ = 6 point to free theory. This
is in contradiction with (5.154).

We now turn to the comparison of the double trace terms and boundary conditions in
all other channels (i.e. (scalar, scalar), (vector, vector) and (scalar, vector) under SO(3) x
SO(3). In each case if we assume that (5.123) applies starting from the special point 3, = 6y,
we find the second of (5.157) with with hy interpreted as the ratio of two point function
in A/ = 3 ungauged point to free theory for the appropriate scalar. This suggests that the
product h h_ is the same for scalars in all four symmetry channels; this product is also
equal to h%. Tt is possible that this equality is consequence of A" = 3 supersymmetry of the

field theory; we leave the verification of this suggestion to future work.

Fermionic double trace deformation

The fermionic double trace deformation for this case, in the notation defined in Appendix

5.D.9, after compensating by a for the chern simons shift 37, is given by

V46V = ]{;1 (@u\I,JjéIJ(;ij + \I,Ii\I]Jjnljéij + (@Oiq]ijj + ‘;[IOi‘;[IOj'r]ij))
1
+ 1(@10 + \DIO)(\I]JO i \I,Jo)n”.
2
_ T
=7

— (\I]IO + \DIO)(\IIJO + \I]JO)HIJ) + ki <1 + %) (\IIIO + \DIO)(\IIJO + \I]JO)HII
1 2

<\if”w5”5ij + G 4 (DO + W)

(5.159)

The two point function (U/*W/7) is twice of that given by (5.128).

37The compensating factor in this case is §V; = QBT’TI\I/“\I/“
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The bulk boundary conditions are generated by

@ = 00( Py, pu + Py itatoipavsvs — Pal) + B(Ppr — Pyyyoys)-

Consistency requires us to assume that (5.130) applies for deviations away from B =0
(i.e. from the ungauged N = 3 theory). Applying (5.130) we recover (5.157) provided
hy, = \/hyh_ where hy is the ratio the two point function (U1*W77) at the ungauged N' = 3

point to free theory.®®

5.5.7 Fixed Line of N =1 theories

We now turn to the comparison of the Lagrangian (5.300) of the large N fixed line of
N =1 field theories with the boundary conditions (5.98) (a beta function is generated at
finite N, the zeros of this beta function are the two ends of the line we study below). We
restrict attention to the case M = 1. The field content of the theory is a single complex

scalar ¢ together with a single complex fermion ).

Scalar Double trace terms

The (scalar)(scalar) double trace potential in (5.300) is given by

2r(l4+w) -, -
2L oy, (5.160)
w = —1is the N/ = 1 theory with no superpotential while w = 1 is the N' = 2 theory. The

two point functions of the constituent single trace operators, ¢¢ and 11, are given, in the

free theory, by (5.346) (note that this corresponds to hy = h_ = 5 in (5.119)).

38If, instead, (5.130) had applied starting from 5 = 0 we would have found consistency with (5.158)
provided hy, = /h4h_ where hy interpreted as the ratio the two point function (UIw7iy at N = 6 point
to free theory. This result contradicts the gauge field matching and so cannot apparently cannot be correct.
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The n = 2 Vasiliev dual to this system is conjectured to have boundary conditions listed

in (5.101). Specifically the boundary conditions require B to take the form

B(z,2) = zfi(z) (1 + T) cosy +i(1 —T)sinvy) +ifa(r)2* (1 — ) cosy +i(1+T)sin~y)
(5.161)
where fi and f, are real constants and ~ ranges from zero (for the N’ = 1 theory with no
superpotential) to v = 6y (for the N’ = 2 theory). Notice that the shift change in phase
between these two points is 6y, while the change in the coefficient of the corresponding
double trace term in the Lagrangian (5.160) is 4.

In order to establish a map between the Lagrangian parameter w and the boundary
condition parameter v we need to know the location of the special point, g, in 7 parameter
space from which (5.123) applies (this is the point with fy = 0 in the language of Appendix
5.C.1). Unlike the previous subsections, in this case we have no information from the gauge

field boundary conditions, so the best we can do is to make a guess. We consider two cases.

Case vg = 0y:
The results of the previous subsection suggest that vy = 6y so that the special point in
the moduli space of Vasiliev theories is the A" = 2 theory. If this is the case then

1—w

tan(fy — ) = tan 6y

where

AT
AV A= (5.162)

tan 6y = 5

and h, gives the ratio of the interacting and free two point functions of ¢¢ for the N' = 2
theory.
Case 9 = 0:
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Purely from the point of view of the scalar part of the Lagrangian, the most natural
assumption is 79 = 0 in which case

1+w

tan~y = tan 6,

where

ATl
TAV A= (5.163)

tan 6y = 5

and h, gives the ratio of the interacting and free two point functions of ¢¢ for the N' =1

theory with no superpotential.

Fermion double trace terms

The (fermion)(fermion) double trace potential term after accounting for the shift de-

scribed in
(7
Vi+0Vy = Vi + ooy
(1) 5 (5.164)
T W - — m - _
= T2 (06 + 00) — (o — G
Here w = —1 corresponds to the undeformed N = 1 theory and w = 1 corresponds to the

N = 2 theory. The two point function of the operator )¢ and ¢ are given in (5.346). Note
that this corresponds to hy, = % in (5.119). The boundary condition for fermions are given
by (5.235) with
a = 0gPy, + 7Py, .

As explained in the previous section, the coefficient of the P, in the boundary conditions is
associated with the coefficient of double trace deformation (i()¢—¢1)))? while the coefficient
of P, is associated with the double trace deformation (¢ + ¢10)?. Note that this matches
with the fact that coefficient of the former are constant along the line while those of the

later change along the fixed line.
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Using the analysis of Section 5.5.2 we can get a more quantitative match. As in the
previous subsubsection it is natural to assume - and we conjecture - that If (5.130) applies
starting from the A" = 2 point, at which the first term in (5.164) has coefficient 2*. With

this assumption

1 - A
tan(fy —y) = tan by 2w7 with tanGO:WQw’

(5.165)

where hy is the ratio of interacting to free two point function (¢ ¢¢b) in N = 2 theory.
If, on the other hand (5.130) were to apply starting from the pure N' = 1 point we would

find

1
tan~y = tan ;w, with  tanfy, = 7?)\2}%. (5.166)

where hy, is the ratio of interacting and free two point function (¢ ¢¢)) in N = 1 theory
with no superpotential. The results of the previous two subsections appear to disfavor this

possibility over the one presented in the previous paragraph.

5.5.8 N =2 theory with 2 chiral multiplets

In the final subsection of this section we turn to the comparison of the Lagrangian (5.D.1)
(with M = 2) of the N’ = 2 theory with 2 fundamental chiral multiplets with the boundary
conditions (5.95). The theory we study admits no marginal superpotential deformations,

and so appears as a fixed point rather than a fixed line at any given value of k.

Scalar double trace deformation

The scalar double trace deformation in (5.D.1) is given by

2
V.= e, (5.167)

285



Chapter 5: ABJ Triality: from Higher Spin Fields to Strings

where &% = gz_ﬁigbj(aa)ji, oo = W%—(U“)ji and a runs over 0,1,2,3. In Appendix 5.F we have
computed the two point functions of the operators ®¢ and ®2 in free field theory; the result
is given by (5.346) with an extra factor of two to account for the fact that the operators

¢ are constructed out of field doublets. In other words the two point functions of ®¢
exactly agree with those presented in (5.119) with h, and h_ interpreted as the ratio of
the two point functions of ® in the interacting theory and the free theory 3°. With this
interpretation (5.123) predicts the boundary conditions of the bulk scalars with d,, = 1
(both for the singlet of SU(2) as well as the triplet). Comparing these equations with the

actual boundary conditions

Y =00,  Plysysapstaisvafiz = f12,

we conclude that g, = g, both for singlet scalars as well as for SU(2) triplet scalars.

In order to make a quantitative comparison between the Lagrangian and boundary con-
ditions we need to make an assumption about which point in the moduli space of double
trace deformations (5.123) applies from. Given the results of the previous subsections it is
natural to guess that (5.123) applies for double trace deformations away from the N' = 2 the-
ory. Assuming that the theory with no double trace deformation has trivial scalar boundary

conditions, we conclude that

Ak
TAV - (5.168)

tan 6y = 5

where h. are the ratios of two point functions of the scalar operators in the N’ = 2 and free

theories. This equation must hold separately for singlet as well as SU(2) vector sector. It

39Here it is ambiguous what is the interacting theory i.e. what is the value of k in theory without the
double trace deformations, from where (5.123) applies
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seems very likely that hy = h_ = h, for all scalars in which case
Ahg
tan By = WQ . (5.169)
fermion double trace deformation
The fermion double trace deformation in this case is given by
m =
Vi = %\D“\If“, (5.170)

where 0% = ¢iah; (o), U = ig;(0®); and a runs over 0,1,2,3. In order to compare this
double trace potential with boundary conditions, however, we must remove the effect of the
Chern Simons term. In other words we should expect the fermion boundary conditions to

match with an effective fermion double trace potential given by

47 -
0S = — e,
k

(it is easily verified that a shift by —3% in the coefficient of WU is equivalent to a shift of

—%’r in the coefficient of each fermion). The two point functions of these fields is given by

(see Appendix 5.F)

- N&®h, - &
(U (@)T(0)) = — 5,

where h,, is the ratio of the two point function in the interacting and free theories.

This matches onto the analysis leading up to (5.130) if we set s = ¢ = 4 and u = 0. Here
we assume that (5.130) applies for deformations about the N' = 2 point. In this application
of (5.130) all factors of g, relate to fields that are related by SO(4) invariance, and so must
be equal. Consequently factors of g, cancel from that equation. Comparing (5.130) with

s =t =4 and u = 0 with the actual fermion boundary conditions, in this case

Oézeo,
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we recover the equation

AR
tanfy = - P (5.171)

We see that (5.171) is consistent with (5.168) provided hy, = \/hyh_, with hy interpreted
as the ratio of the two point function in the N/ = 2 and free theories. It seems very likely

to us that in fact hy, = hy = h_ = hs.

5.6 The ABJ triality

Having established the supersymmetric Vasiliev theories with various boundary condi-
tions dual to Chern-Simons vector models, we will now use the relation between deformations
of the boundary conditions and double trace deformations in the boundary conformal field
theory to extract some nontrivial mapping of parameters. In the case of N' = 6 theory,
the triality between ABJ vector model, Vasiliev theory, and type IIA string theory suggests
a bulk-bulk duality between Vasiliev theory and type ITA string field theory. We will see
that the parity breaking phase 6, of Vasiliev theory can be identified with the flux of flat

Kalb-Ramond B-field in the string theory.

5.6.1 From N =3 to N =4 Chern-Simons vector models

Let us consider the N' = 3 U(N);, Chern-Simons vector model with one hypermultiplets.
Upon gauging the diagonal U(1) flavor symmetry with another Chern-Simons gauge field at

level —k, one obtains the N' =4 U(N); x U(1)_ theory. In Section 5.5.5, by comparing
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the boundary conditions, we have found the relation

TN 74

tan90:§— 5

(5.172)

By comparing the structure of three-point functions with the general results of [51], we
see that tanfy is identified with X of [51]. Therefore, by consideration of supersymmetry
breaking by AdS boundary conditions, we determine the relation between the parity breaking
phase 6y of Vasiliev theory and the Chern-Simons level of the dual N’ = 3 or N' = 4 vector

model to be

~ 7N

A= —.
8k

Recall that N is defined as the coefficient of the two-point function of the U(1) flavor

(5.173)

current J; in the N' = 3 Chern-Simons vector model, normalized so that N is 4 for each free
hypermultiplet. In notation similar to that of the previous section N = 4Nh, where hy is
the ratio of the two point function of the flavour currents in the interacting and free theory.

Consequently (5.173) may be rewritten as

3 T (5.174)

2

After gauging this current with U(1) Chern-Simons gauge field /L at level —k, passing
to the AN/ = 4 theory, the new U(1) current which may be written as Jy., = —k * dA has
a different two-point function than .J;, as can be seen from Section 5.3.1. The two-point
function of J,., also contains a parity odd contact term, as was pointed out in [65].

We would also like to determine the relation between 6y and A = N/k, which cannot
be fixed directly by the consideration of supersymmetry breaking by boundary conditions.
The two-loop result of [21] on the parity odd contribution to the three-point functions also

applies to correlators of singlet currents made out of fermion bilinears in supersymmetric
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Chern-Simons vector models, since the double trace and triple terms do not contribute to
the parity odd terms in the three-point function at this order. From this we learn that
0o = SA+ O(N?). Parity symmetry would be restored if we also send 6(X) — —6(X) under
parity, and in particular 8y — —6,. Further, in the supersymmetric Vasiliev theory, 6, should
be regarded as a periodically valued parameter, with periodicity w/2. This is because the
shift 6y — 0y + 5 can be removed by the field redefinition A — 91 AYy, B — —iy1 By,
where 1; is any one of the Grassmannian auxiliary variables. Note that the factor of ¢ in the
transformation of the master field B is required to preserve the reality condition. Essentially,
0o — 0y + 5 amounts to exchanging bosonic and fermionic fields in the bulk.
Giveon-Kutasov duality [85] states that the N' = 2 U(N); Chern-Simons theory with
Ny fundamental and N; anti-fundamental chiral multiplets is equivalent to the IR fixed
point of the N' = 2 U(Ny + k — N);, theory with the same number of fundamental and
anti-fundamental chiral multiplets, together with N7 mesons in the adjoint of the U(Ny)
flavor group, and a cubic superpotential coupling the mesons to the fundamental and anti-
fundamental superfields. Specializing to the case Ny =1 (or small compared to NN, k), this
duality relates the “electric” theory: N = 2 U(N); Chern-Simons vector model with Ny
pairs of [J, 0 chiral multiplets at large N, to the “magnetic” theory obtained by replacing
A — 1 — X and rescaling the value of N, together with turning on a set of double trace
deformations and flowing to the critical point. In the holographic dual of this vector model,
the double trace deformation in the definition of the magnetic theory simply amounts to
changing the boundary condition on a set of bulk scalars and fermions. This indicates that

the bulk theory with parity breaking phase 6y(\) should be equivalent to the theory with
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phase 6y(1 — \), suggesting that the identification

0y = gA (5.175)

is in fact exact in the duality between Vasiliev theory and ANV = 2 Chern-Simons vector
models of the Giveon-Kutasov type. By turning on a further superpotential deformation,
this identification can be extended to the N = 3 theory as well. Together with (5.174),
(5.175) then implies that relation tan(3\) = g = T4 in the N = 3 Chern-Simons vector
model in the planar limit. Note that in the k& — oo limit where the theory becomes free,
this relation becomes the simply N =4N , which follows from our normalization convention
of the spin-1 flavor current.

A similar comparison between double trace deformations of scalar operators and the
change of scalar boundary condition in the bulk Vasiliev theory lead to the same identifi-
cation between 6, and N , k. Note that in the supersymmetric Chern-Simons vector model,
N by our definition is the two-point function coefficient of a flavor current, which is related
to the two-point function coefficient of gauge invariant scalar operators by supersymmetry.
However, our N is a priori normalized differently from that of Maldacena and Zhiboedov
[51], where N was defined as the coefficient of two-point function of higher spin currents,
normalized by the corresponding higher spin charges.*’

A high nontrivial check would be to prove the relations (5.174) and (5.175) directly in the
field theory using the Schwinger-Dyson equations considered in [21]. In the case of Chern-

Simons-scalar vector model, this computation is performed in [66]. It is found in [66] that the

relation 6y = wA/2 holds, whereas the scalar two-point function is precisely proportional to

40We thank Ofer Aharony for discussions on this point.
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ktan 6, up to a numerical factor that depends on the number of matter fields,** remarkably
coinciding with our finding in the supersymmetric theory by consideration of boundary
conditions and holography. We leave it to future work to establish these relations in the

supersymmetric theory using purely large N field theoretic technique.

5.6.2 ABJ theory and a triality

Now let us consider the N' = 3 U(N); Chern-Simons vector model with two hypermulti-
plets. Upon gauging the diagonal U(1) flavor symmetry with another Chern-Simons gauge
field at level —k, one obtains the N'= 6 U(N); x U(1)_;, ABJ theory. By comparing the

boundary conditions, in Section 5.5.6, we have found the formula

N
tan(260y) = 7;—15 = 7wy, (5.176)

where N is the coefficient of the two-point function of the U (1) flavor current in the NV =6
theory, and hy4, as usual, is the ratio of the flavor current two point function in the interacting
and free theory. Note that the factor of 2 in the argument of tan(26,) is precisely consistent
with the fact that in the & — oo limit, the U(1) flavor current which is made out of twice
as the A = 2 theory of one hypermultiplet considered in the previous subsection, so that N
is enhanced by a factor of 2 (namely, N = 8N in the free limit).

Now we can complete our dictionary of “ABJ triality”. We propose that the U(NV); x
U(M)_j; ABJ theory, in the limit of large N,k and fixed M, is dual to the n = 6 extended

supersymmetric Vasiliev theory with U(M) Chan-Paton factors, parity breaking phase 6y

that is identified with A, and the N' = 6 boundary condition described in Section 5.4.9.

41[66] adopted the natural field theory normalization for the scalar operator, which would agree with our
normalization for the flavor current, and differ from the normalization of [51] by a factor cos? .
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The bulk 't Hooft coupling can be identified as A\px ~ M/N. In the strong coupling regime
where \pur ~ O(1), we expect a set of bound states of higher spin particles to turn into
single closed string states in type IIA string theory in AdS, x CP? with flat Kalb-Ramond

Byg-field flux

1 N-M 1
— Byg = —. 5.177
277-05/ (Cpl NS ]f + 2 ( )
In the limit N > M, we have the identification
fo=Ta= L Bys — = (5.178)

Note that this is consistent with Byg — —Byg under parity transformation. This suggests
that the RHS of Vasiliev’s equation of motion involving the B-master field should be related
to worldsheet instanton corrections in string theory (in the suitable small radius/tensionless

limit).

5.6.3 Vasiliev theory and open-closed string field theory

A direct way to engineer N’ = 3 Chern-Simons vector model in string theory was proposed
in [67]. Starting with the U(N)g x U(M)_x ABJ theory, one adds Ny fundamental N' = 3
hypermultiplets of the U(N). In the bulk type ITA string theory dual, this amounts to adding
Ny D6-branes wrapping AdS, x RP?, which preserve A/ = 3 supersymmetry. The vector
model is then obtained by taking M = 0. The string theory dual would be the “minimal

radius” AdS, x CP?, supported by the N ¢ D6-branes and flat Kalb-Ramond B-field with

1 N 1
Byg = — + =. 5.179
2rad /mﬂ NS g * 2 ( )

In this case, our proposed dual n = 4 Vasiliev theory in AdS, with N' = 3 boundary

condition carries U(Ny) Chan-Paton factors, as does the open string field theory on the D6-
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branes. This lead to the natural conjecture that the open-closed string field theory of the
D6-branes in the “minimal” AdS, x CP? with flat B-field is the same as the n = 4 Vasiliev
theory, at the level of classical equations of motion. It would be fascinating to demonstrate
this directly from type ITA string field theory in AdSs x CP?, say using the pure spinor

formalism [86, 87, 88|.

5.7 Conclusion

In this paper, we proposed the higher spin gauge theories in AdS, described by supersym-
metric extensions of Vasiliev’s system and appropriate boundary conditions that are dual to
a large class of supersymmetric Chern-Simons vector models. The parity violating phase 6,
in Vasiliev theory plays the key role in identifying the boundary conditions that preserve or
break certain supersymmetries. In particular, our findings are consistent with the following
conjecture: starting with the duality between parity invariant Vasiliev theory and the dual
free supersymmetric U(N) vector model at large N, turning on Chern-Simons coupling for
the U(N) corresponds to turning on the parity violating phase 6y in the bulk, and at the
same time induces a change of fermion boundary condition as described in Section 5.5.4.
We conjectured that the relation 6y = §\, where A = N/k is the 't Hooft coupling of the
boundary Chern-Simons theory, suggested by two-loop perturbative calculation in the field
theory and Giveon-Kutasov duality and ABJ self duality, is exact.

Turning on various scalar potential and scalar-fermion coupling in the Chern-Simons
vector model amounts to double trace and triple trace deformations, which are dual to
deformation of boundary conditions on spin 0 and spin 1/2 fields in the bulk theory. Gauging

a flavor symmetry of the boundary theory with Chern-Simons amounts to changing the
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boundary condition on the bulk spin-1 gauge field from the magnetic boundary condition to
a electric-magnetic mixed boundary condition. Consideration of supersymmetry breaking by
boundary conditions allowed us to identify precise relations between 6y, the Chern-Simons
level k, and two-point function coefficient N in N = 3 Chern-Simons vector models.

While substantial evidence for the dualities proposed in this paper is provided by the
analysis of linear boundary conditions, we have not analyzed in detail the non-linear correc-
tions to the boundary conditions, which are responsible for the triple trace terms needed to
preserve supersymmetry. Furthermore, we have not nailed down the bulk theory completely,
due to the possible non-constant terms in the function (X) = 0y + 0, X2 4+ 0, X% + - - - that
controls bulk interactions and breaks parity. It seems that 6,,60, etc. cannot be removed
merely by field redefinition, and presumably contribute to five and higher point functions at
bulk tree level, and yet their presence would not affect the preservation of supersymmetry.
This non-uniqueness at higher order in the bulk equation of motion is puzzling, as we know
of no counterpart of it in the dual boundary CF'T. Perhaps clues to resolving this puzzle can
be found by explicit computation of say the contribution of #5 to the five-point function. It
is possible that a thorough analysis of the near boundary behavior of solutions to Vasiliev’s
equations (via a Graham Fefferman type analysis) could be useful in this regard.

We have also encountered another puzzle that applies to Vasiliev duals of all Chern
Simons field theories, not necessarily supersymmetric. Our analysis of the bulk Vasiliev
description of the breaking of higher spin symmetry correctly reproduced those double trace
terms in the divergence of higher spin currents that involve a scalar field on the RHS.
However we were unable to reproduce the terms bilinear in two higher spin currents. The

reason for this failure was very general; when acting on a state the higher spin symmetry
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generators never appear to violate the boundary conditions for any field except the scalar.
It would be reassuring to resolve this discrepancy.

The triality between ABJ theory, n = 6 Vasiliev theory with U(M) Chan-Paton factors,
and type ITA string theory on AdS, x CP?® suggests a concrete way of embedding Vasiliev
theory into string theory. In particular, the U(M) Vasiliev theory is controlled by its bulk
't Hooft coupling Ay = g°M ~ M/N. We see clear indication from the dual field theory
that at strong Ayux, the nonabelian higher spin particles form color neutral bound states,
that are single closed string excitations. Vice versa, in the small radius limit and with
near critical amount of flat Kalb-Ramond B-field on CP?, the type IIA strings should break
into multi-particle states of higher spin fields. The dual field theory mechanism for the
disintegration of the string is very general, and so should apply more generally to the dual
string theory description of any field theory with bifundamental matter, when the rank of
one of the gauge groups is taken to be much smaller than the other 2.

It has been argued that the vacuum of the ABJ model spontaneously breaks super-
symmetry for k& < N — M [75]. Requiring the existence of a supersymmetric vacuum, the

N 1

maximum value of t’"Hooft coupling in a theory with M # N is = —5r. As the radius
N

kmin 1—

of the dual AdS space in string units is proportional to a positive power of the t’Hooft
coupling, it follows that ABJ theories have a weakly curved string description only in the
limit % — 1. The recasting of ABJ theory as a Vasiliev theory suggests that it would be
interesting, purely within field theory, to study ABJ theory in a power expansion in % but
nonperturbatively in A. At & = 0 this would require a generalization of the results of [37]

and [51] to the supersymmetric theory. It may then be possible to systematically correct

42We thank K. Narayan for discussions on this point.
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this solution in a power series in % This would be fascinating to explore.

Perhaps the most surprising recipe in this web of dualities is that the full classical
equation of motion of the bulk higher spin gauge theory can be written down explicitly and
exactly, thanks to Vasiliev’s construction. One of the outstanding questions is how to derive
Vasiliev’s system directly from type IIA string field theory in AdS, x CP?, or to learn about
the structure of the string field equations (in AdS) from Vasiliev’s equations. As already
mentioned, a promising approach is to consider the open-closed string field theory on D6-
branes wrapped on AdS, x RP?, which should directly reduce to n = 4 Vasiliev theory in the
minimal radius limit. It would also be interesting to investigate whether - and in what guise
- the huge bulk gauge symmetry of Vasiliev’s description survives in the bulk string sigma

model description of the same system. We leave these questions to future investigation.

297



Chapter 5: ABJ Triality: from Higher Spin Fields to Strings

5.A Details and explanations related to Section 5.2

5.A.1 Star product conventions and identities

It follows from the definition of the star product that
v xy” =y + e [y, Y0 = 2¢

P =0 — B [0 2P, = —2¢P (5.180)
Yy * P = yo‘zﬁ — 60‘5; 2% % yﬁ = 2% + 60‘5; [y®, zﬁ]* =0
Identical equations (with obvious modifications) apply to the bar variables. Spinor indices

are lowered using the € tensor as follows

Zo = 2Pesa, €0=—€n=€?= =1, ea,ye”ﬁ = 6" (5.181)

Note that for an arbitrary function f we have

2 x f=2f + (0 f — 0.0 f)

(5.182)
fra®=2f + (0 f + 0. f)
Using (5.182) we the following (anti)commutator
(2%, fle = —2€4p0.5 f
(5.183)
{Zaa f}* =22°f + 26&68y5f
It follows from (5.180) that
of s Of af
_ 99 e n _gas 9] _ 09 5.184
[Zayf]* Qazau [y 7f]* 26 ayﬁ’ [yauf]* 2aya ( )

Similar expression(with obvious modifications) are true for (anti)commutators with g and

Z. Substituting f = K into (5.182) and using dy« K = —2, K, one obtains

{z*, K}, =0, ie Kxz"xK=-2" (5.185)
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In a similar manner we find
{ya, K}* == 0, le K X ya * K = —ya

On the other hand K clearly commutes with g4 and z;. The second line of (5.3) follows
immediately from these observations.

The first line of (5.3) is also easily verified.

5.A.2 Formulas relating to . operation

We present a proof of (5.16)

= u(g) * ¢(f)

(5.186)

where (Y, Z) = (y,7, 2, 2) and (Y, Z) = (iy, 7, —iz, —iZ, —idz, —idZ).

We now demonstrate that
L(Cx D) =—u(D)*(C)
if C' and D are each one-forms.
((C* D) =1 (Cy x DydXMdX™N)) = o(Dy) % o(Car)e(dXM)e(dX ™)

(5.187)

= —1(Dy) % o(Co)e(dX M) (dXM) = —1(D) % 1(C)
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5.A.3 Different Projections on Vasiliev’s Master Field

One natural projection one might impose on the Vasiliev master field is to restrict to
real fields where reality is defined by
A=A" (5.188)

This projection preserves the reality of the field strength (i.e. F is real if A is). As we
will see below, however, the projection (5.188) does not have a natural extension to the
supersymmetric Vasiliev theory, and is not the one we will adopt in this paper.

The second ‘natural’ projection on Vasiliev’s master fields is given by

(W) =-W, «S)=-S, uB)=Kx*BxK. (5.189)
Note that the various components of F transform homogeneously under this projection

L(d W+ W s W) =—(d,WV+WxW),
L (de’ +{W, S}*) = — (de* +{W, S}*> , (5.190)
L(ﬁ*ﬁ) :—<§*§>,

(the signs in (5.189) were chosen to ensure that all the quantities in (5.190) transform

homogeneously). Note also that

(B¥xK)=Bx*K, 1(B+xK)=Bx*K. (5.191)

(we have used K x K = 1).
As we have explained in the main text, in this paper we impose the projection (5.17) on
all fields. (5.17) may be thought of as the product of the projections (5.188) and (5.189).

As we have mentioned in the main text F transforms homogeneously under this truncation
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(see (5.18)); in components

LW+ W s W) = — (dW + W « W),

L (dxg +{W, S}*>
(548) == (8+85).
5.A.4 DMore about Vasiliev’s equations
Expanded in components the first equation in (5.20) reads
d,W+Ws«W =0,
duS +{W, 5}, =0,
SxS = f(BxK)dz*+ f.(Bx K)dz*.
The second equation reads
d;B+WxB—Bxn(W)=0,

S+« B—Bxn(S)=0.

— (48 + (W, 51,

(5.192)

(5.193)

(5.194)

We will now demonstrate that the second equation in (5.20) follows from the first (i.e.

that (5.194) follows from (5.193)). Using (5.21) and the first of (5.20) we conclude that

d, (f.(B* K)dz* + f.(B * K)dz*) + A x (f.(B * K)dz* + f.(B * K)dz*) = 0.

The components of (5.195) proportional to dzdz? yield,

d,B * K + [W, B+ K], =0

(5.195)

(5.196)

Multiplying this equation by K from the right and using K « W « K = 7(W) we find the

first of (5.194).
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The components of (5.195) proportional to dzdz? yield
d,B* K +[W,B%K]. =0 (5.197)

Multiplying this equation by K from the right and using K* W+ K = K« W x K = 7(W) =
(the second step uses the truncation condition (5.11) on W) we once again find the first of
(5.194).

The term in (5.195) proportional to dz?dz and dzdz* may be processed as follows. Let
S=5.485; (5.198)

where S, is proportional to dz and S, is proportional to dz. The part of (5.195) proportional
to dz2dz yields

S., B+ K], =0 (5.199)
Multiplying this equation with K from the right and using K * S; * K = 7(S:) we find
S;«B—Bxm(S:)=0 (5.200)
Finally, the part of (5.195) proportional to dzdz? yields
[S.,B* K], =0 (5.201)
Multiplying this equation with K from the right and using
K8, x K =n(S.)=n(S.)
(where we have used (5.12)) we find
S.«B—Bx7(5,)=0 (5.202)

Adding together (5.200) and (5.202) we find the second of (5.194)
The fact that z and z each have only two components, mean that there are no terms in

(5.195) proportional to dz® or dz®, so we have fully analyzed the content of (5.195).

302



Chapter 5: ABJ Triality: from Higher Spin Fields to Strings

5.A.5 Onshell (Anti) Commutation of components of Vasiliev’s

Master Field

In this subsection we list some useful commutation and anticommutation relations be-
tween the adjoint fields S,, Sz, Bx K and B K. The relations we list can be derived almost

immediately from Vasiliev’s equations; we list them for ready reference

[BxK,B* K|, =0

{SZ,SE}* — O
[Sg, B * K]* =0

(5.203)
[S.,Bx K], =0

{S:,Bx K}, =0

{S.,BxK}, =0
The derivation of these equations is straightforward. The first equation follows upon ex-
panding the commutator and noting that K * B* K = K * B * K (this follows from (5.11)
together with the obvious fact that K and K commute). The second equation in (5.203)
follows upon inserting the decomposition (5.198) into the third equation in (5.193). The
third and fourth equations in (5.203)are simply (5.199) and (5.201) rewritten.

The fifth equation in (5.203) may be derived from the third equation as follows
S;xBx K =Bx*xK=x*xS;
= S:;xB=BxKx*xS;xK
(5.204)
= S:;*B=—-B*xKxS;xK
= S.«BxK =—-BxKxS:

In the third line of (5.204) we have used the truncation condition (5.11)
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The sixth equation in (5.203) is derived in a manner very similar to the fifth equation.

5.A.6 Canonical form of f(X) in Vasiliev’s equations

In this subsection we demonstrate that we can use the change of variables X — ¢(X) for
some odd real function g(X) together with multiplication by an invertible holomorphic even
function to put any function f(X) in the form (5.30), at least provided that the function
f(X) admits a power series expansion about X = 0 and that f(0) # 0.

An arbitrary function f(X) may be decomposed into its even and odd parts

J(X) = fe(X) + fo(X)

If f.(X) in invertible then the freedom of multiplication with an even complex function may

be used to put f(X) in the form

F(X) =1+ fo(X)

where f,(X) = ;:gg . Clearly f,(X) is an odd function that admits a power series expansion.
At least in the sense of a formal power series expansion of all functions, it is easy to convince
oneself that any such function may be written in the form g(X)e®™X) where g(X) is an a
real odd function and 6(X) is a real even function. We may now use the freedom of variable

redefinitions to work with the variable g(X) instead of X. This redefinition preserves the

even nature of §(X) and casts f(X) in the form (5.30).
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5.A.7 Conventions for SO(4) spinors

Euclidean SO(4) I" matrices may be chosen as

0 o,
r,= (5.205)
g, O
where a =1...4 and
0o = (04,i]), Go = —020 0y = (0, —il) (5.206)

(where i = 1...3 and ¢' are the usual Pauli matrices). In the text below we will often refer

to the fourth component of o* as ¢*; in other words
o =1l

(we adopt this cumbersome notation to provide easy passage to different conventions). The

chirality matrix I's = I'1['sI'31'y is given by

I 0
I's = (5.207)
0 -1
I' matrices act on the spinors
X
56'

whereas the row spinors that multiply I' from the left have the index structure
( X G )
As a consequence we assign the index structure (0,),; and 5% Tt is easy to check that

Oab 0

[, Ty =2 (5.208)

0 ow
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where

1, N _ 1 _ _
Oab = 5(%01; - UbUa)> Oap = 5(%01) - Ubga)

(5.209)
s k _ . _k . _
= 045 = 1€,k0, Ojj = €50, Oy = —104, Oy = 10;

Clearly the index structure above is (04), and (6,11,)‘5‘5-. Spinor indices are raised and lowered

according to the conventions

¢a = €a5¢67 wa = w566a7 612 = €12 = 1

The product of a chiral spinor y* and an antichiral spinor gjﬁ is a vector. By convention we
define the associated vector as

Vi = y*(0,) gl (5.210)

The product of a chiral spinor y with itself is a self dual antisymmetric 2 tensor which we

take to be

Vi = v*(0w) Sys (5.211)

Similarly the product of an antichiral spinor with itself is an antiselfdual 2 tensor which we

take to be

&

Var = Ja(@ar) 7 (5.212)

5.A.8 AdS, solution
In this appendix we will show that
Wo = (€0)as¥®7" + (Wo)asy®y’ + (wo)asd°T’ (5.213)
with the AdS, values for the vielbein and spin connection, satisfies the Vasiliev equation
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Substituting (5.213) in (5.214) and collecting terms quadratic in y and § we get

yo‘gj‘j‘ : dxeaﬁ- + 4waﬁ Negg — deqy N “ﬂg =0
vyt dw — 4w A wﬁ{ﬁ — €ag N eBBedB =0 (5.215)
ydyﬁ : dmw‘j‘ﬁ- + 4w‘j‘# A w’yﬁ- — €aa N 65560‘5 =0

Let us consider the Vasiliev gauge transformations generated by

E(‘IIS'D/) = Clab (ygaby) + C2ab (?j(fabﬂ)
Under these the vielbein and spin connection changes by

660{0’4 = _4CIab(0ab)aﬁeﬁd - 4C2ab eaﬁ'(a-ab)ﬁ.d
5(&)&5 = dxclab(a'ab)aﬁ — 8Clab way(aab)f (5'216)

5006‘3 = dxC2ab(5ab)dB + 8C9p wdﬁ(ﬁab)&ﬁ-
Notice that these are just the rotation of the vielbeins in the tangent space. The two
homogeneous terms in de are just the rotation by under SU(2), and SU(2)g of SO(4) that
acts on the tangent space. As expected under such rotation the spin connection transforms
inhomogeneously. Substituting (5.216) in (5.215) it is easily verified that (5.215) transforms
homogeneously.

In fact the first equation in (5.215) is just the torsion free condition while the second and
third equation expresses the selfdual and anti-selfdual part of curvature two form in term
of vielbeins. Substituting the AdS, values of vielbeins and spin connection (5.36) one can
easily check that (5.215) are satisfied.

Converting (5.215) from bispinor notation to SO(4) vector notation using the following

conversion

1 . 1 .
. — . B_ B @ o, 21
Cag = 2€a(0a)ap s o = TpWan(0w)ds W = —Tpwan(0w) (5.217)
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we get
T, =dyeq +wep Ney =0

(5.218)
Rab = dmwab + Wae A Wep + 646[1 A €y = 0.

5.A.9 Exploration of various boundary conditions for scalars in
the non abelian theory

The same theory in AdS,; with A = 2 boundary condition on the U(M)-singlet bulk scalar
is dual to the critical point of the SU(N) vector model with M flavors and the double trace
deformation by (¢™¢;,)?. Alternatively, this critical point may be defined by introducing a

Lagrangian multiplier o and adding the term

ad“Piq (5.219)

to the Lagrangian of the vector model.** As in the case of the M = 1 critical vector model,
higher spin symmetry is broken by 1/N effects. Note that the SU(M) part of the spin-2
current is also broken by 1/N effects, i.e. there are no interacting colored massless gravitons,

as expected. To see this explicitly from the boundary CFT, let us consider the spin-2 current
1 < _ _
() = 56" 0w 0 vbip = 20,0 Dy biv + 60, 0" Oy (5.220)
Using the classical equation of motion
O¢; = ag;, (5.221)
we have

0"(J D) = (0,0)¢" b, — D, (6 D). (5.222)

1%

43The critical point can be conveniently defined using dimensional regularization.
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While the SU(M )-singlet part of J,

L, being the stress-energy tensor, is conserved (¢"¢q, is

set to zero by a-equation of motion), the SU(M) non-singlet part of .J,, is not conserved,
and acquires an anomalous dimension of order 1/N at the leading nontrivial order in the
1/N expansion. In the bulk, the colored gravitons become massive, and their longitudinal
components are supplied by the bound state of the singlet scalar and a colored spin-1 field.

One could also consider the theory in AdS; with A = 2 boundary condition on all bulk
scalars, that is, on both the singlet and adjoint of the SU(M) bulk gauge group. The dual
CFT is the critical point defined by turning on the double trace deformation ¢*¢;¢'%¢;,

and flow to the IR, or by introducing the Lagrangian multiplier A,?, and the term
Ao 6 by (5.223)
in the CFT Lagrangian. Now the classical equations of motion
O¢ia = Ad’din, 6 =0, (5.224)

imply the divergence of the colored spin-2 currents

_ _L
(JD) = M D Ldic — NG D o = Mo,

v

Dye, — A (TDe,. (5.225)

Once again, the SU(M) non-singlet spin-2 current is no longer conserved. In this case, the
colored gravitons in the bulk are massive because their longitudinal component are supplied

by the two-particle state of colored scalar and spin-1 fields.
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5.B Supersymmetry transformations on bulk fields of

spin 0, %, and 1

We begin by rewriting the magnetic boundary condition on the spin-1 bulk fields in the
supersymmetric Vasiliev theory. With the magnetic boundary condition, the 2"~! vector
gauge fields are dual to ungauged U(27 1) x U(227!) “R-symmetry” currents of boundary
CFT that rotate the bosonic and fermionic flavors separately. Supersymmetrizing Chern-
Simons coupling will generally break this flavor symmetry to a subgroup. We will see this
as the violation of magnetic boundary condition by the supersymmetry variation of the bulk
spin-1 fields. If we do not gauge the flavor symmetries of the Chern-Simons vector model,
then all bulk vector fields should be assigned the magnetic boundary condition. We will
see later that in this case only up to N' = 3 supersymmetry can be preserved, whereas
by relaxing the magnetic boundary condition on some of the bulk vector fields, it will be
possible to preserve N’ = 4 or 6 supersymmetry.

In terms of Vasiliev’s master field B which contains the field strength, the general electric-

magnetic boundary condition may be expressed as

Bl = 22 1€ (WFy) + e P(GFR], 2 =0, (5.226)

where F' = F,,,0" and its complex conjugate F' are functions of 1);, and are constrained by

the linear relation
F = —0°Fo>. (5.227)

With this choice of boundary condition, the boundary to bulk propagator for the spin-1
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components of the B master field is given by the standard one,

BM — — i ; 3€_yzg [ew()\xazy)2 + e_w()\azxazg)%}
(22 +2%) (5.228)
= BW (e (Axc*y)® + e (Ao*x0°§)°T] .
It indeed obeys (5.227), with ' and F given by
F,} = —(\Z-30%),(\T - 707)°,
(5.229)

and
(07F07)" = —(\T - &) a(\T - 5)B(az)ad(az)65 = (AT - G0°) (A - Go*)P = —F,°. (5.230)

In the next four subsections, we give the explicit formulae for the supersymmetry variation
de (i-e. spin 3/2 gauge transformation of Vasiliev’s system) of bulk fields of spin 0,1/2,1,

sourced by boundary currents of spin 0,1/2, 1.

5.B.1 4. spin 1 — spin %

Let us start with the B master field sourced by a spin-1 boundary current at © = 0,
i.e. the spin-1 boundary to bulk propagator B (z|Y), and consider its variation under

supersymmetry, which is generated by e(z]Y) of degree one in Y = (y, 9):
5. BV (z]Y) = — e % ¢? (Axo?y)2BY + ¢ (Axo*y)2BY) « 7 (e)

(5.231)
—exe P (No*xo*§) TBY + e P (\o*x077)’TBY % 7 (e).
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Carrying out the x products explicitly, we find

— e x (Axo*y)?’BY 4+ (Axo*y)?BWY % 7(e)
= —(Ay + A7) * (xo*y)?BY + (Axo*y)*BY x (~Ay + Ap)
= ~{Ya, (x07Y)5(x0°y), BUVLAAY NN} = [ya, (x07y) s(x07y), BUL[A, MN]
— [ (x0*y)p(x07y), BOTAR, NN} — {5, (x07y) s(x0°y), BV LAY, AN
= —2{Ay, NN} (x0%y) s (x07y), BY — 2[Ad,, N X7](x07y) s(x0*y), B
— 2{A0y, N X'} (xo%y) s(x07y), B — 2[Ag, NN (x07y) s(x07y), B

= 2{Ay — Ay, (\xo"y)*} BY + 2[ASy — Ay, (Axoy)?|BY — 4[(x0°A) g, A (Axo™y)| BY,
(5.232)

and

— e % (A\o*x0”])’ T BY + (A\o*x0%5)* T BY « (e)
= —2{Ay, )\BAVF}(O'ZXO'Zﬂ)B(O'ZXO'Z:IJ)»YE(l) — 2[A0,, )\B)\VF](szazyj)g(azxazgj)vé(l)
— 2{AJy, )\ﬁX’F}(azxazgj)g(azxazyj)yg(l) — 2[Ay, )\BXYF](azxazgj)g(azxazyj)yg(l)

= 2{A%y — Ay, (A\o*x0”5)?TYBY 4 2[A%5 — Ay, (Ao*x075)?T]BY — 4{(0"x0° ) 5, \? (Ao*x0* )T} BY,
(5.233)

Note that the commutators and anti-commutators in above formula are due to the ;-
dependence only, and do not involve % product. 6.8 contains supersymmetry variation of
fields of spin 1/2 and 3/2. We will focus on the variation spin 1/2 fields, since they can be
subject to a family of different boundary conditions, corresponding to turning on fermionic

double trace deformations (i.e. (fermion singlet)?) in the boundary CFT. So we restrict to
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terms linear in (y, %),

5BY| = —Al(x0"A)a, X (Axoy)| BY — 4{(0°x0"K)s, X (Ao*x07g)T'} B
3

3
Z2

@+2)

z

oy 2pl@ 00 M) MO - G

(5.234)

— —4e' S(Z- G0 AL g, (AT - Goty)] + 4e™

where in the second line we kept the leading terms, of order z%, in the z — 0 limit.

5.B.2 §.: spin % — spin 1

The general conformally invariant boundary condition on spin 1/2 fermions, in terms of

Vasiliev’'s B master field, takes the form

Blogys 22 [e(xy) — Te ™™ (x7)] . (5.235)

7)

Here x and its complex conjugate Y are chiral and anti-chiral spinors that are odd functions

of the Grassmannian variables 1);. They are further constrained by the linear relation

X = 0% (5.236)

« is generally a linear operator that acts on the vector space spanned by odd monomials in
the 1;’s, i.e. it assigns phase angles to fermions in the bulk R-symmetry multiplet. A choice
of the spin-1/2 fermion boundary condition is equivalent to a choice of the “phase angle”
operator «.

The fermion boundary to bulk propagator that satisfies the above boundary condition

is:

Njw

z

B = e P [ (Axo"y) — Te "*(A\o*x0°y)]

(7 + 22)% (5.237)
= [e"*(Axo’y) — Te " (Ao"x07y)] BG).
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Here the linear operator « is understood to act on A only, the latter being an odd function
of 'QDZ"S.
Next, we make super transformation on the fermion boundary to bulk propagator. The

supersymmetry transformation reads

§B2) = — ¢l x (Axazy)é(%) + em(Axazy)E(%) * 7 (€)
(5.238)
— e " x (A\o*x0*§)T B2 + e 7(\o*x0°§)T B2) % 7(e),
where € = Ay + A7, A is an odd supersymmetry parameter 7 multiplied by an odd function
of the v;’s. n in particular anti-commutes with all 1;’s, and therefore anti-commutes with

A which involves an odd number of v;’s.

Carrying out the % algebra, we have

— e x (\xo*y)B (3) 4 + (Axo” y)B( ) s 7 (e)
(5.239)

= 2{ASy — Ay, (Axo*y)} BE) + 2[ASy — Ay, (Axo?y)| B2 — 2[(x0° M), A°| B2,
and

1

— ex (\o*x0°])I'B (z) 4 + (Ao*x0*§)T B % (e)

N

) — 2{(6"x0"N)5, N'T} B,
(5.240)

= 2{A%y — Ay, (\o*xa*g) T} B () 4 2[ALy — A7, (Ao*xo* )T B¢

The supersymmetry variation of the spin-1 field strengths are extracted from O(y?, )

terms in §B(2) , namely

5 LL"Y ‘(9( 2 72) Q{KEy — ij eia()\ngy>}§(%) — 2[/\2@ _ K?; Fe—ia()\o_zxo_zgﬂé(%)

22 - 22
— —d———={ Ao - G07y, e (N7 T - Oy)} — 4

T (Ao - 5, Te ™ (AZ - 77)].

(22 + 22)
(5.241)

In the second line, we have taken the small z limit and kept the leading terms, of order z2.
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5.B.3 4. spin % — spin 0

The supersymmetry variation of the scalar field due to a spin—% fermionic boundary

source is extracted from §.B(2) of the previous subsection, restricted to y =y = O:

5.BD)|  (T,z) = —2[(x0°A)g, € N]B) — 2 [(0"x0"R) g, e “N| BD)

vy=

+ 22720 (0"%xA ) g, NP B) — 227 T[(0"%xA_ )5, e “NP| B(2)
2

= 2(e" + Te ™) @2_7_722)2[(

07T - FA4) 5, AP] — 2( — Te™™) Ay)p M

@+l

—2(e" — Te™™®) 7-G0°N_ )5 N + O(%).

@+

(5.242)
In the last two lines, « as a linear operator is understood to act on A only (and not on A.).

5.B.4 4. spin 0 — spin %

The general conformally invariant linear boundary condition on the bulk scalars B (Z, z) =

B(Z, z|ly = y = 0) may be expressed as

BO(Z, 2) = (6" 4+ Te ™) fiz 4 (7 —Te™) fr22 + O(2°) (5.243)

in the limit z — 0. Here fi, f» are real and even function in t;, and are subject to a set
of linear relations that eliminate half of their degrees of freedom. The phase 7y is generally
a linear operator acting on the space spanned by even monomials in the v;’s (analogously
to « in the fermion boundary condition). We will determine our choice of v and the linear
constraints on f1,2 later.

The boundary-to-bulk propagator for the scalar components of the B master field, sub-

ject to the above boundary condition, is now written as
BO = fi()BYL, + f2(t) BRL, (5.244)
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where
A@) = (€T +Te ™ A@),  fo(¥) = (€7 =Te ™)) fo(). (5.245)
A straightforward calculation gives the supersymmetry variation of the spin—% fermion due

to a scalar boundary source at ¥ = 0,

3 3
Z2 Z2

§.BO (7 4 NoFT Gy, i} — A (AT - 5
([L’,Z)}O(%y) - (f2—|—22>2{ 00T Uyafl} (f2—|—22)2[ 0L Uyafl]
Z% ” z%
+2mm+0 v, fo] +2m{1\+y7f2}
3
z2 ' 2 o 7 — iz = F A 7 = F — 4 2 7
:—4m <€W{A00Z!L"'Uy,f1}—r€ "[Ago”T - Gy, f1] + €7 [AoT - 7Y, f1] — Te V{AOZE'U?/,LZCl})
3
z2 ‘ ) —i 2= i 7 —i i
+2m (ew[AJrUZ% fo] + Te ™ {Ayo%y, fo} + e {Ayy, fo} + Te 7[/\er,fz]>-

(5.246)

3
2

We have taken the small z limit, and kept terms of order z2. Again, in the last two lines ~

as a linear operator should be understood as acting on fm(@b) only and not on A.

5.C The bulk dual of double trace deformations and

Chern Simons Gauging

5.C.1 Alternate and Regular boundary conditions for scalars in

AdSg

In this section we review the AdS/CFT implementation alternate and regular boundary
conditions for scalars, in the presence of multitrace deformations. The material reviewed
here is well known (see e.g. [64, 76, 77, 78, 79, 65] - we most closely follow the approach of

the paper [77]); our brief review focuses on aspects we will have occasion to use in the main
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text of our paper.

Multi-trace deformations in large N field theories

In this brief subsection we will address the following question: how is the generating
function of correlators of a large NN field theory modified by the addition of a multi-trace
deformation to the action of the theory?

Consider any large N field theory whose single trace operators are denoted by O;. Let

W(J) denote the generating function of correlators
(e7i0) = =W, (5.248)

Note that W[J;] is of order N? in a matrix type large N theory, while it is of order N in a
vector type large N theory. For formal purposed below we will find it useful to Legendre

transform W to define an effective action for the operators O;
10" = W[J;] + O"J;. (5.249)

I[07] is a function only of O (and not of J;) in the following sense. The RHS of (5.249)
is viewed as an action for the dynamical variable J;. The equation of motion for J; follows

from varying this action and is

ow

5~ O (5.250)

The RHS of (5.249) is evaluated with the onshell value of J;.

44More precisely this equation should have read
<ef ddzJi(ac)Oi(x)> — e~ Wli(@)] (5.247)

However for ease of readability, in all the formal discussions of this section we will use compact notation in
which we suppress the position dependence of operators and fields, and do not explicitly indicate integration.
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I[O"] plays the role of the effective action for the trace operators O°. In the large N limit
the dynamics of the operators O is generated by the classical dynamics of the action I(O?).

Of course W[J'] may equally be thought of as the Legendre transform of I[O’]
W[J;] = I[0"] — O'J;, (5.251)
where O? is the function of J¢ obtained by solving the equation of motion

oI
20 = (5.252)

Now let us suppose that the action S of the original large N field theory is deformed by
the addition of a multitrace term S — S + P(O") where P(O") is an arbitrary function of

O'. The effective action for this deformed theory is simply given by I (0"
1(0Y) = I(OY) + P(OY). (5.253)

The generating function of correlators of the deformed theory is once again given by the

Legendre transform (5.251) with I[0] replaced by I[07].

Bulk dual to multi trace deformations in regular and alternate quantization

Consider a real scalar field propagating in AdS,.; according to the action

1

5=3

/ A 2\/g (0,00" ¢ + m*¢?) . (5.254)

It is well known that these scalars admit two distinct conformally invariant boundary con-
ditions - sometimes referred to as alternate and standard quantization - in the mass range
— (% — ) > m? > —%. In this subsection we will review the very well known rules for

the computation of correlation functions for scalars with alternate and standard boundary

conditions.
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The action (5.254) is ambiguous as it generically receives divergent contributions from
the boundary, as we now explain. We use coordinates so that the metric of AdS space is
given by (5.33). Near z = 0 the general solution to the equation motion from (5.254) takes

the form
¢12%_C
— %

where ( is the positive root of the equation (? = m? + %. Let us cut of the action (5.254)

¢ + gzt (5.255)

at a small value, z. of the coordinate z. Onshell (5.254) evaluates to

1 1
5= / s 000, (5.256)

where the integral is evaluated over the boundary surface z = z¢. It is easily verified that
the action S has a divergence proportional to 22¢ when evaluated on the generic solution
(5.255). To cure this divergence we supplement (5.254) with a diffeomorphically invariant

boundary action for the d dimensional boundary field ¢(z., )
1 d d 2

where, once again, the integral is taken over the boundary surface z = z. and g is the

induced metric on this boundary. It is easily verified that

S+65 = —% / 4261 () (). (5.258)

Regularity in the interior of AdS relates ¢o to ¢1. The relationship is clearly linear and so

takes the form
Po(x) = / d'zG(x — y)d1(y). (5.259)
In the rest of this subsection we use abbreviated notation so that (5.258) is written as

S = —%¢1¢2 and (5.259) is written as ¢y = G¢;. It follows that the onshell action is given
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by

5= —%gbngbl. (5.260)

In the case of alternate quantization the boundary action (5.260), thought of as a func-
tional of the dynamical field ¢y = lim,, %, is identified with the single trace effective

action I[0] defined in (5.249). The generator of correlators of this theory is obtained by

¢

d_
227¢

coupling ¢; = to a source J:

S = —%gbngbl — Jo. (5.261)
The resulting equation of motion for ¢, yields
Gpy =—J. (5.262)
Integrating out ¢; we find the action
S=JG .

It follows that the two point function of the dual operator is —G~!. It also follows from

(5.262) that

$o = —J.

in particular ¢, vanishes wherever .J vanishes. Consequently, alternate quantization is asso-
ciated with the boundary condition ¢, = 0.

The multi trace deformation P(O) of the dual theory is implemented, in alternate quan-
tization, by adding the term P(¢;)to the boundary effective action (5.260), in perfect im-
itation of (5.253). Correlation functions of the deformed theory are obtained by the Leg-

endre transform of this augmented boundary action. The resultant equation of motion is
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Go1+ J — P'(¢1) = 0 yields the bulk boundary conditions
¢a+J — P'(¢r) = 0.

In the case of regular quantization we supplement the action (5.260) with an additional

degree of freedom ¢, so that the full boundary action takes the form
1 -
S = —§¢1G¢1 + P21 (5.263)
The dynamical field ¢, is then integrated out using its equation of motion
Go1 = do. (5.264)
On shell, therefore ¢s = ¢. The resultant action
1~ 1~
S = §¢2G 02 (5.265)

as a function of ¢ is identified with I(O) in (5.249). The generator of correlators of the

theory is obtained by coupling (52 to a source J
1- 4~ ~
§=50G "2~ Jn,
and then integrating this field out according to its equations of motion. This allows us, in

particular, to identify the two point function of the dual theory with GG. Note also that the

resultant equation of motion, G~'¢, = J implies

so that ¢, vanishes wherever J vanishes. In other words standard quantization is associated
with the boundary condition ¢; = 0. The multitrace deformation P(O) of the dual theory is
implemented, in standard quantization, by adding P((Z;g) to the action (5.265). The resultant
boundary condition is

¢1 — J + P'(¢2) = 0.
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Marginal multitrace deformation with two scalar field in opposite quantization

Consider two scalar fields in AdSy, ¢ and y, with ¢ quantized with alternate quantization
and x with regular quantization. In the compact notation defined in earlier subsection, the
generating function of correlation function of the dual field theory deformed by double trace

operator tan 0,010, is
1,5, 1., . - ~
S = —§G¢1 — iGXI + X1X2 — J1¢1 — JQXQ + tan 90X2¢1. (5266)

The action is linear in ys; the equation of motion for this field immediately yields

Jy = (sin @ypy + cosBpx1)- (5.267)

cos b
Using (5.267) to eliminate ¢ in favor of y;, S simplifies to a function of ¢;. The resultant

equation of motion yields

1 .
Jy = . 90G<COS Oop1 — sin by x1). (5.268)

Using Go1 = ¢9 and Gx1 = X2, (5.268) may be rewritten as

J = — (cosbppa — sinbyx2). (5.269)

cos b
Upon setting J; = Jo = 0, (5.267) and (5.269) express the boundary conditions of the
trace deformed model. These boundary conditions may, most succinctly be expressed as

follows. Let us define new ’rotated’ bulk fields
¢ = cosbpp —sinbyy, X = sinbyo + cosbyy.

Note that the rotated fields have same bulk action as the original fields. The boundary

conditions (5.267) and (5.269) reduce to
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In summary dual to the double trace deformed field theory has the same action as well
as boundary conditions for ¢’ and ' as the dual to the undeformed theory had for ¢ and Y.
Despite this fact, the double trace deformed theory is not field redefinition equivalent to the
original theory. This can be seen in many ways. Most simply, the full action (5.266) does
not have a simple rotational invariance, and does not take a simple form when re-expressed
in terms of ¢’ and y/. This lack of equivalence also shows itself up in the generator of two
point functions of the operators dual to ¢’ and x’. This generating function is obtained by

plugging (5.267) and (5.268) into (5.266); we find

—S——cos29‘]—12+ 29‘]22—G in 6y cos 0y.J; J. 5.270
= 055G cos” ty 5 + SIn g Cos U J1J3. (5.270)

The fact that 6y does not disappear from (5.270) demonstrates the lack of equivalence of the
trace deformed model from the trace undeformed model (6y = 0). Note in particular that

the double trace deformed theory has a contact cross two point function
(Op(2)Oy(y)) = sin by cos Oy (z — y),

which is absent in the trace undeformed theory. On the other hand the direct correlators
(Op(2)O04(y)) and (O, (z)O,(y)) have the same spacetime structure in the deformed and

undeformed theories, but have different normalizations.

5.C.2 Gauging a U(1) symmetry

Let us begin with a three dimensional CFT with a U(1) global symmetry, generated by
the current J;, where ¢ is the three-dimensional vector index. This theory will be referred to
as CFT, as opposed to the theory obtained by gauging the U(1) with Chern-Simons gauge

field at level k, which we refer to as CFT,. Suppose CFT. is dual to a weakly coupled
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gravity theory in AdS,. The global U(1) current J; of the boundary CFT is dual to a gauge

field A, in the bulk. The two-derivative part of the bulk action for the gauge field is

1 [ d3%dz 5 . 1 1
Working in the radial gauge A, = 0, we have
in == azAiu Ej == &AJ - 8]142 (5272)
Consider the linearized, i.e. free, equation of motion
together with the constraint
0,0,4; = 0. (5.274)

Near the boundary, a solution to the equation of motion has two possible asymptotic be-
haviors, A; ~ z + O(z?), or A; ~ 1+ O(2?). Equivalently, they can be expressed in gauge

invariant form as the magnetic boundary condition

Fyl._, =0, (5.275)

and the electric boundary condition

Fll._, =0, (5.276)

respectively. With the magnetic boundary condition, A, is dual to a U(1) global current
in the boundary CFT, i.e. CFT,. The family of CFT}, on the other hand, is dual to the

same bulk theory with the mixed boundary condition (still conformally invariant)

1 e
<§€iijjk + ?Fzz>

324

= 0. (5.277)

z=0




Chapter 5: ABJ Triality: from Higher Spin Fields to Strings

Here « is a constant. It will be determined in terms of the two-point function of the current
J;.

Let us now solve the bulk Green’s function with the mixed boundary condition. The bulk
linearized equation of motion with a point source at z = zq, after a Fourier transformation

in the boundary coordinates 7, is

(0% — PP Ai + pipjAj = (2 — 20 (5.278)

Due to the constraint (5.274), the source &; is restricted by p;§; = 0. The boundary condition
is

— 0. (5.279)

z=0

<€ijkijk + %&ZAZ-)

Without loss of generality, let us consider the case p' = (0,0, p), and assume p = p3 > 0.

The Green equation is now written as

9243 =0,
(5.280)
(02 =p")Ai = 8(z — 2)&, i=1.2,
and the boundary condition as
9:As|.=0 =0 (pe-A-—ga A-) =0, i=1,2. (5.281)
z z= ) ij<41j k‘ z414 0 ) 9

The z-independent part of A3 can be gauged away. We may then take the solution

A3 = 07
(5.282)
A =0(z — z0) [gi(p) + ha(p)] e P72 + 0(29 — 2) [gi(p)e P70 + hy(p)er—=)] |
where g;(p) and h;(p) obey
= p(gi + hi) = (—=pgi + phi) = &.
(5.283)

€ig(967 4 hye ") 4 (g™ — hie ) = 0.
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The solutions are

6—2;020

2(1+ g—;)p

2 .
[(1 - %)fz’ + 2%62']'5]} NS —é- (5.284)

g; = 2%

The nontrivial components of Green’s function are thus given by

G33 = Oa

Gij — i e—P(Z-i-Zo)(

L—%5)d, + 286, | 0y
2p 1+9

_ % |}9(Z _ Zo)e—P(z—zo) + H(Zo _ Z>€P(Z—Zo) '

(5.285)
In particular, we find the change of the bulk Green’s function due to the changing of the

boundary condition,

[0 Eij—%5

GZ(.]?) — Gz(f?o) = Nii(p, 2,20) = — 1 g=p(z+20) (5.286)
g ’ ! kp 1+ %

The boundary to bulk propagator for £ = oo can be obtained by taking zy — 0 limit on

25 1G> giving

K33 = 07
(5.287)

Ki' = —6_p25ij.
We observe that A;; factorizes into the product of two boundary to bulk propagators, K (p, 2)
and K (p, zp), multiplied by
a €ij — 304

M;; (p) =

_ 5.288
kp 1+ 9% ( )

This is reminiscent of the change of scalar propagator due to boundary conditions [32, 23].
So far we worked in the special case p = p3. Restoring rotational invariance, (5.288) is

replaced by

T (5.289)
p

pib;
k Oé2/k‘2 5@ _ ;29

a/k
= ———————€iik——= —
1+ a?/k? ]kp2 1+ a2/k? p|
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In the boundary CFT, the change of boundary condition amounts to coupling the U(1)
current J* to a boundary gauge field A; at Chern-Simons level k. M;;(p) is proportional to

the two-point function of A; in the Lorentz gauge 9;A7 = 0. Namely,

(A(p) Aj(—q)) = %Mixp)(zw)%?’(p —a), (5.200)

where N is the overall normalization factor in the two-point function of the current J;,

(Ji(p)Jj(—q)) = —% <5z~j — p;];") (27)26%(p — q). (5.291)

Our convention is such that in the free theory N counts the total number of complex scalars
and fermions. Note that here we are normalizing the current coupled to the Chern-Simons
gauge field according to the convention for nonabelian gauge group generators, Tr(t%t?) =
%5“6 for generators t?, t* in the fundamental representation. This is also the normalization
convention we use to define the Chern-Simons level k& (which differs by a factor of 2 from
the natural convention for U(1) gauge group).

To see this, note that the inverse of the matrix M;; in (5.288), restricted to directions

transverse to p = psés, is
k
(Mll)z’j = Epﬂj + 0;;D. (5.292)

After restoring rotational invariance, this is

- k Pip;
(MJ_l)ij = EEijkpk + ((5@']’ — pzj) p| (5.293)

which for a = gﬁ precisely matches 32N~! times the kinetic term of the Chern-Simons

gauge field plus the contribution to the self energy of A; from (J;(p)J;(—p))crr.. -
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5.D Supersymmetric Chern-Simons vector models at

large N

In this appendix, we review the Lagrangian of Chern-Simons vector models with vari-
ous numbers of supersymmetries and/or superpotentials. The scalar potentials and scalar-
fermion coupling resulting from the coupling to auxiliary fields in the Chern-Simons gauge
multiplet and superpotentials can be expressed in terms of bosonic or fermionic singlets
under the U(N) Chern-Simons gauge group as double trace or triple trace terms. These
can be matched with the change of boundary conditions in the holographically dual Vasiliev

theories in AdSy, described in Section 5.4.

5.D.1 N =2 theory with M [ chiral multiplets
The action of the N' = 2 pure Chern-Simons theory in Lorentzian signature is
nN=2 _ K 23

where Y, Y and D, o are fermionic and bosonic auxiliary fields. The M chiral multiplets in

the fundamental representation couple to the gauge multiplet through the action

M
Sm = / > " [Dud' DF ey + $' D + o)bi + ¢ (0% — D)oy + V'xes + ' xtb — FF] .
- (5.295)

We will focus on the matter coupling

k Moo _ _ _ _
T+ 200) + [ > [Fovi+ F10" = D)o+ Fon G = PF). (5290
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Integrating out the auxiliary fields, we obtain the scalar potential and scalar-fermion cou-

pling,

472
V="

. 4T -,  _. oQm —. .
007 6" 0i + B0 + 06,8 i (5.297)
For the purpose of comparing with vector models of other numbers of supersymmetries, it

is useful to consider the M = 2 case. Let us define bosonic and fermionic gauge invariant

bilinears in the matter fields,

Y = ¢lpi(0"), BT =), W = Py, (5.298)

where ¢ = (1,0',0%, 0%). The non-supersymmetric theory with two flavors and without
matter self-interaction V' would have had SU(2), x SU(2); flavor symmetry acting on the
bosons and fermions separately. With respect to this symmetry, ®¢, ®¢ and W', are in
the representation (1 @ 3,1), (1,1 @ 3) and (2, 2) respectively. Expressed in terms of the

bosonic and fermionic singlets, V' can be written as

2

2
e
V=g k

=0 @i@i@i'ﬁ (a“abac) +

oQm - . .
PO+ W, (5.299)

Note that the (fermion singlet)? terms is invariant under SU(2), x SU(2);, whereas the
(bosonic singlet)? term and the scalar potential explicitly break SU(2), x SU(2); to the
diagonal flavor SU(2).

Indeed, the boundary conditions of the conjectured holographic dual described in Section
5.4.2 are such that the fermionic boundary condition (characterized by <) is invariant under
the SO(4) ~ SU(2), x SU(2)s that rotates the four Grassmannian variables of supersym-
metric Vasiliev theory, while the scalar boundary condition only preserve an SU(2) ~ SO(3)

subgroup.
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5.D.2 N =1 theory with M [ chiral multiplets

The N = 2 theory in the previous section admits a one-parameter family of exactly
marginal deformations that preserves N = 1 supersymmetry. The matter coupling of this

N =1 theory is given by

_4 ( w) 5

2
WWW@wmw@

+ﬁ7;l@%wm+&%@mx

where w is a real deformation parameter. The N = 2 theory is given by w = 1.

D) S + T,
(5.300)

5.D.3 The N = 2 theory with M [ chiral multiplets and M O
chiral multiplets

Now we turn to the N/ = 2 Chern-Simons vector model with an equal number M of
fundamental and anti-fundamental chiral multiplets. This model differs from the N = 2
theory with 2M fundamental chiral multiplets through the scalar-fermion coupling and scalar
potential only. The part of the Lagrangian that couples matter fields to the auxiliary fields

in the gauge multiplet is given by

k Moo _ _ _ _
(XX +2D0) + ) [U'0v + ¢'(0° — D)o + X0 + &'xvhi — FF
i=1
(5.301)
M

+ Z [—@ZiU@Zi + in(Uz + D)sz - @EZXCZZ - QEZX?ZZ — ]513] )

i=1
Integrating out the auxiliary fields, we obtain

+¢ﬂ&wﬁw—&%&w—¢WM% + ) (5.302)

4 20,0 — 0y — B0, + I,
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5.D.4 The N = 3 theory with M hypermultiplets

The N = 3 Chern-Simons vector model with M hypermultiplets can be obtained from

the N' = 2 theory described in the previous subsection by adding the superpotential [89, 72]

k ~ .
m

where ¢ is an auxiliary A/ = 2 chiral superfield. Integrating out (o, we obtain a quartic

superpotential

_27T

VV-_-i;(éhbﬂ(éj¢i) (5.304)

After integrating over the superspace, we obtain

/d29 W +cc. = 2% [2¢~5i¢j(¢~5jFi + B9 + ) + (D' + ¢y (Wi + ) + c.c.] .

(5.305)
Integrating out the auxiliary fields F, ', the W-term potential is
27 o (i (i 7 7i 7 7
V= [206°0:)(00) + (010, + 6465) (i + ) + e
5.306
167T2 7ji i kT ].67?2 7j: i Tk ( )
t 02 (7 9i) (¢ on) (9" d5) + 7(@5 0:) (9" D1 ) (" d;).
The total potential is given by the D-term plus W-term potentials:
V=Vi+ Ve (5.307)

To make the SO(3) R-symmetry manifest, we rewrite the potential in terms of the SO(3)

doublets:

oF (0
@ =1_1 @a=1|_1" (5.308)
oF (07
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The D-term and W-term potentials are

Vi = [ $10")(010")(010") — (6107)(920%) (920") — (010%) (020" ) (D10") + ($20°)($26°) (9207) ]
% (G161 4n) = (B192) (Gavn) — (201 (0'6%) + (2462) ($26")]
+ 219N G10n) — (B67) (o) — (520" (Gtn) + (F267) (Gn)]
(5.309)
and
Vi IQ—W [2(020") (V?9h1) + (V2" + dathr) (V2 + Pothr) + c.c]
(5.310)

167T

6m2 - -
—(010°)(920")(920%) + 2 (01907)(610")(d20").
We have also suppressed the flavor indices. The total potential can be written in a SO(3)
R-symmetry manifest way:

V=Vi+Vo+ Vi, (5.311)

where V; contains the double trace operator of the form (bosonic singlet)?,

4 - -
=~ (020") (0" vp), (5.312)
V5 is the scalar potential in the form of a triple trace term,

136; (546" (356%)(Ge6™) — 2 (6569)(6.46") (G0 ), (5.313)

V2= 3%2

V3 is the double trace term of the form (fermionic singlet)?,

Vs =— %W%B)(aﬁ%) + 4%@%@(&%) + %W‘m)(w%g) + %www%»
(5.314)

where ¢ 4,1 are defined as
da = ¢Pepa, Yt = eByp, (5.315)
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and €P e, p are antisymmetric tensors with e = €2 = 1.

For reference in main text we will record the double trace part of the potential in SO(3)

vector notation. Let us define
— QgAgbB(O_a)BA = ¢A¢B — _(I)a (7a)AB

=pMp(0") & Mg = 5(19'1(5“)3‘4
(5.316)

V= G0 & Gadn = 00" ap

—’QEA¢B(O'G€)AB = 'IEAgbB — %\Tja(eaa)AB

where
(0 = (0" iD) 0, (3L = (ele)Te) ) = (0% —il) 5, €?=en=1

Here 0! are Pauli sigma matrices. The a,b indices runs over 1,2,3,0. A,B runs over 1,2.
W and ¥ transform under the as vectors of SO(4) which under SO(3) transform as sin-

glet(a=0) and a vector(a=1,2,3) while ¢*, 14 transform as doublets of SU(2).

2
Vi :%cpa B 1y

2
&

(5.317)

Vs = < 2\1/“\1165@ 200 — POl — @0\110) .

5.D.5 A family of N = 2 theories with a [J chiral multiplet and a

O chiral multiplet

If we deformed the superpotential in the above subsection as

W= 22”(@ 0;)(1D,), (5.318)

the N' = 3 supersymmetry is broken to A/ = 2. In this case, the potential is

V=Vi+Vo+ Vs, (5.319)
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where V; contains the double trace operator of the form (bosonic singlet)?,

Vi= 4% (610" (') + (6207) (VP1h2) + w (o) (7¢1) + w(1®) (V' 4h)] ,  (5:320)

V5 is the scalar potential in the form of a triple trace term,

Vo I% [(010")(010")(019") — (920")(910%) (920%) — (010°) (920" ) (918") + ($20°) ($207) (926%)]
4 2T 5160) 3201520 + 05 3167)(3161) (as).

(5.321)

V3 is the double trace term of the form (fermionic singlet)?,

Vo =2 [(0'6)(Ga) — (9'62)(Ba) — (F61)(Brth) + (567Gt
4 2mw

+ T [-(&1%)(@2%) - (@E%l)(@;lﬁbz)} + e
+(<51¢2)(<51¢2) + 2@1(252)((51%) + (@1052)(1;1(?2)} .

(20" (070" ) + 2(gath1) (W 0") + (d2t01) (Patn)

(5.322)

5.D.6 The N =4 theory with one hypermultiplet

As shown by [73], N' = 3 U(N);. Chern-Simons vector model with M hypermultiplets
can be deformed to an N = 4 quiver type Chern-Simons matter theory by gauging (a
subgroup of) the flavor group with another A/ = 3 Chern-Simons gauge multiplet, at the
opposite level —k. Here we will focus on the case where the entire U(M) is gauged, so
that the resulting N = 4 theory has U(N); x U(M)_;, Chern-Simons gauge group and a
single bifundamental hypermultiplet. This /' = 4 theory will still be referred to as a vector
model, as we will be thinking of the 't Hooft limit of taking NN, k large and M kept finite. As
we have seen, turning on the finite Chern-Simons level for the flavor group U(M) amounts
to simply changing the boundary condition on the U(M) vector gauge fields in the bulk

Vasiliev theory.
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The part of the Lagrangian that couples matter fields to the auxiliary fields in the gauge

multiplet is given by

k 2 B}
S Tr(—yy + 2Do) — —Tr(—%% 5
1 L(=Xx + 2Do) — = Ti(=xx +2D5)

+ [0 + Glo® = D)o+ ¥x6 + dxv) — 600 + (62 + D) 69 — héx — X6v — 26606 — FF |
+ [~d0d + 6(0* + D)o — dx6 — bt + 600 + (6% = D) 66 + XG0 + Uox — 26606 — FF|,
(5.323)
where we suppressed the both SU(N) and SU(M) indices. Integrating out the auxiliary

fields, we obtain the potential:

——¢A¢A¢B¢B + 572 (¢A¢B¢B¢C¢C¢A + 040" ppd" dcd” — 2050 pad" Pcd?)

+ ? (_QZA¢BQ§B¢A + ¢ PPavp + v 0 Yagn) .
(5.324)

The complex scalar ¢ and the fermion ¢4 transform as (2,1) and (1,2) under the SO(4) =
SU(2) x SU(2) R-symmetry. The potential (5.324) is manifestly invariant under the R-
symmetry.

For reference to main text we now record the double trace part of this potential in SO(4)
vector notation. Using the definitions (5.316), the (scalar singlet)? part(V;) and (fermion
singlet)? part(V3) are given by

2
‘/'1:__71-(1)0@0

k (5.325)
Vo= — 2 (07 + U0 4 )

5.D.7 N =3 U(Ng,) x U(M);, theories with one hypermultiplet

The N = 4 theory in the previous section sits in a discrete one parameter family of

N =3 U(N)g, x U(M)y, theories with one hypermultiplet. The potential can be written in
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an SO(3) R-symmetry manifest way:

V=Vi+Va+ Vi, (5.326)

where V; contains the double trace operator of the form (bosonic singlet)?,
_4_71-* B, A 2_7T 7 1A B 7 4B 7A (5327)
Vi T Pap Y Y + i (040" " + 2040 5] :

V4 is the scalar potential in the form of triple trace term. V3 is the double trace term of the
form (fermionic singlet)?,
2w - - - - - - - -
Vs =1~ [—02¢p0" " Pa + 202040 Vs + VAP o5 + ¢ 4 Y5
! ) (5.328)
e _ _ _ _ _ _
+ T 20205 app + P o P oa + davPopy?] .
In the notation defined in (5.316) V; and V3 becomes

2 2
Vi =20 &by + ]:

i = (250" + 2 d° 1,,) ,

o (1~ _ . o [ - - 1
Vs :k_T (ixpa\yb(sab — 2000 — Ol \Ifoxpo) + k—: (\Ifaprn“b + ixpwbnab + ixyaxybnab) .

(5.329)

5.D.8 The N = 6 theory

The above N = 4 theory can be generalized to a quiver N’ = 3 theory with 7 hy-
permultiplets by starting with the N' = 3 U(N); Chern-Simons vector model with 70/
hypermultiplets and only gauging the U (M) subgroup, of the U(nM) flavor group, at level
—k with another N/ = 3 Chern-Simons gauge multiplet. The resulting theory has SU(n)
flavor symmetry. For generic value of 7, the theory has N' = 3 sypersymmetry, but for

n = 1,2, the theory exhibits N' = 4,6 sypersymmetry, respectively. Let us focus on the
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n = 2 case. The part of the Lagrangian that couples matter fields to the auxiliary fields in

the gauge multiplet is given by

%Tr(—)_(x +2D0) — %Tr(—fo% +2D6)
+ [Va0¥ + 6u(0” = D)o + PaXd” + Guxt” — 60"

+ (62 4+ D) 4u6” = Yad"X = X6u¥" — 266,06" — FuF"| (5.330)
[0+ Galo® + D)OF — dixd® - dax ) + ot

+ (82 D) ¢id" + R9al® + ad™ — 266,00° — FuF*|,

where a,a = 1,2 are the SU(2) x SU(2) indices. There is also an superpotential
W= —%Tr (DLDPD,D,,). (5.331)
After integrating over the superspace, we obtain
/d29 WHce =— 2% 20°6 (GaFy + Fucy + thaths) + (00" + *9°) (Vady + Pathy) + C~C-] :
(5.332)

After integrating out all the auxiliary fields, the resulting potential can be written in a

SO(6) R-symmetry manifest way:

V=V + Vi + Vi, (5.333)

where V) contains the double trace operator of the form (bosonic singlet)?,

2r -

- ?(¢1a¢1a1§2%25 + 120" 1 + 52@@52&1;2%21; + 2> P 1)
- %wzm%%m + G170 g + Grad U 1y + Goa P ;) (5.334)

Vi =

= TG P + 46"
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where we have rewrite the potential in terms of the SO(3) doublets (5.308), and A, B =
(11,12,21,22) are the SO(6) spinor indices. V5 is the scalar potential in the form of triple

trace term. V3 is the double trace term of the form (fermionic singlet)?,

Vs 22% (V0P dpva — 20" 0P Parvp) + %(GABCD@DACbB@DCCbD + e*PP G s hpdetp)
(5.335)

where €11,12,21,22 = 611’12’21’22 =1.

5D.9 N =3U(N)i, X U(M);, theories with two hypermultiplets

1

The N = 6 theory in the previous section sits in a discrete one parameter family of
N =3 U(N), x U(M)y, theories with two hypermultiplets. The superpotential of these

theories are

o o
W= k—”Tr ($9D, v D,) + k—”Tr (59D, B0, (5.336)
1 2

where a,b = 1,2 are the SU(2) flavor indices. The potential can be written in an SO(3)

R-symmetry and SU(2) flavor symmetry manifest way:
V=V, + Vy+ Vi, (5.337)
where V; contains the double trace operator of the form (bosonic singlet)?,
AT o pyrAa 2T T AaT By 7 Ba, A b
Vi Ik—1¢Aa¢ Uy ¥ + k—2(¢Aa¢ V™" + 204007 "y ) (5.338)

where we have rewrite the potential in terms of the SO(3) doublets (5.308), and A, B = 1,2

are the SO(3)g spinor indices. V5 is the scalar potential in the form of triple trace term. V3
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is the double trace term of the form (fermionic singlet)?,

:%(@A%B%Bb%m - 2@5Aa¢3b¢3Ab¢Ba) %6A360D¢A¢Bb¢b PP + i B b bbbt
?/)A¢Ba¢Ab¢B i EADECB?/) ApPoapd pP + i:EADECB¢ZwaB¢%wDb-

(5.339)
Now we record the double trace parts of the potential in vector notation of SO(3)g X
SU(2) fiavor symmetry. Let us define

PY = 9aad™ (") p(0") & Paud™ = <I>“( @)’
1

A G LA L LA S LU SN CO )
4 : (5.340)
\If” — gEAabi(016)14B(Uz')¢1b Py &Aabi — _Z\I,Ii(EUI)AB(a_i)ba
= Mo an(0), & 6P = 1 s,

Here both set of indices I,J as well 1,j run over 1,2,3,0. I.J are the vector indices of SO(3)g
while i,j are vector indices of SU(2) figvor- The 0 component corresponds to the singlet while
1,2,3 represents the vector part. In this notation the double trace potential part of the

becomes

- 2
Vi :lq)ffq)ijﬁumj _ _W(I)qu)JonlJ

ky ke T 07
2m 1*11’ Jjs1J 5ij 1*12‘ Jj, IJ sij 1 T,04\7,05 0i 1,07
vg,:k—1 — PR 4 S WIS +§(xp U5 + W Un,,) (5.341)

2 - 1-,0= 1
+ k_: (mIO\DJOnIJ + §\PIO\I,J077]J + §\DIO\I]JO77]J) .

The double potentials for N' = 6 theory is obtained from (5.341) on setting ks = —k; = —k.

5.E Argument for a Fermionic double trace shift

In this Appendix compare the boundary conditions and Lagrangian for the fixed line of

N =1 theories to argue for the effective shift of fermionic boundary conditions induced by
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the Chern Simons term.

Let us use the notation ¢ = ¥ and ¢ = VU for field theory single trace operators. We
know that a double trace deformation proportional to (¥ + ¥)? is dual to fermion boundary
condition (5.98) with o o< P;,. On the other hand the double trace deformation (iW — iW)?
is dual to the fermion boundary condition with o oc Py,. Now in the zero potential theory

(w = —1) the relevant terms in (5.300) are
2 - = =
- (P0 +TU + 00,
while a = 0y Py,. At the N/ = 2 point, on the other hand, the fermion double trace term is
2w
—yv
i
while a = 6y(Py, + Py,). Subtracting these two data points we conclude that the double

trace deformation by
2 —\ 2
- (v +0)

is dual to a boundary condition deformation with a = 6yPy,. By symmetry it must also be

that the double trace deformation by

is dual to a boundary condition deformation with a@ = 6yP,,. Adding these together, it

follows that a double trace deformation by

is dual to the boundary condition deformation with a = 6y(Py, + Py,). But the N' = 2

theory with this boundary condition has a double trace potential equal only to
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For consistency, it must be that the Chern Simons interaction itself induces a change in
fermion boundary conditions equal to that one would have obtained from a double trace

deformation

— U, (5.342)

5.F Two-point functions in free field theory

Consider the action for free SU(N) theory of a boson and a fermion in the fundamental

representation, in flat 3 dimensional euclidean space
S = / &’z (0,00,0 + Yot 0,0) (5.343)

where the SU(N) in indices are suppressed and will continue to be in what follows. The

Green’s functions for the scalar and fermions are given by

G.(z) = ()00 = 7
(5.344)
Gy(w) = () = g0

Let us define the 'Single Trace” operators

q)-i- = <E¢7 q)— = @qba \II = <B¢7 \il = 1;¢7 Jg = Z(B&“Qﬁ - 8H$¢’ ']F‘ = “ZU“W
(5.345)
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In the free theory

@1@)940) =
@-(@)9-(0) = oy
(U (2)F(0)) = &Z 7(;;‘21 (5.346)
Ty ptoy - LS
BT R GEE—
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