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Abstract

We define enlargeable length-structures on closed topological manifolds and then show
that the connected sum of a closed n-manifold with an enlargeable Riemannian length-
structure with an arbitrary closed smooth manifold carries no Riemannian metrics with
positive scalar curvature. We show that closed smooth manifolds with a locally CAT(0)-
metric which is strongly equivalent to a Riemannian metric are examples of closed mani-
folds with an enlargeable Riemannian length-structure. Moreover, the result is correct in
arbitrary dimensions based on the main result of a recent paper by Schoen and Yau. We
define the positive MV-scalar curvature on closed orientable topological manifolds and
show the compactly enlargeable length-structures are the obstructions of its existence.

1 Introduction

The search for obstructions to the existence of a Riemannian metric with positive scalar
curvature (PSC-metric) on a closed non-simply connected smooth manifold is an ongoing
project. Based on index theory methods, Gromov and Lawson introduced enlargeability
as an obstruction based on index theory in [17]. Later, they relaxed the spin assumption in
dimensions less than 8 in [18, section 12]. Recently, Schoen and Yau showed that the man-
ifold N"#T" carries no PSC-metrics by geometric measure theory and minimal surfaces
methods in [28], where N" is any closed oriented smooth n-manifold and 7" is a torus.
Then, Cecchini and Schick used Schoen and Yau’s results to show that a closed enlargeable
manifold cannot carry any PSC-metric in [9].

Both enlargeabilities mentioned above are defined on Riemannian metrics and need
at least C'-smoothness for the maps. Here an enlargeable length-structure will be defined
for length metric spaces and the maps only require to be continuous. Combining enlarge-
able length-structures with Gromov’s Spherical Lipschitz Bound Theorem (SLB Theorem)
[21], a new obstruction to the existence of PSC-metrics and positive MV-scalar curvature
ScMV on a closed manifold is given. Details will be given later.

Theorem A Let X" (2 < n < 8) be a closed orientable smooth manifold, then X" carries no
PSC-metrics in its enlargeable length-structures.
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Theorem B Ler N" (2 < n < 8) be an arbitrary closed oriented smooth n-manifold and M"
be a closed manifold with an enlargeable Riemannian length-structure. Then N"#M" does
not admit a PSC-metric.

Remark 1.1 In fact, N"#M" does not admit a complete uniformly PSC-metric for any ori-
ented manifold N* (2 < n < 8).

Theorem C If (X", d, H}) (n < 8) satisfies ScMV(X™) > k > 0, then d is not in any compactly
enlargeable length-structures on the closed oriented topological manifold X.

Based on Schoen and Yau’s argument [28], Gromov proved the SLB Theorem [21, Sec-
tion 3] for any dimensions. Similarly, another consequence of [28] is that theorems A and
B are also true in higher dimensions.

Theorem B’ If N" is an arbitrary closed oriented smooth n-manifold and X" is a closed
manifold with an enlargeable Riemannian length-structure, then N"#X" carries no
PSC-metrics.

In particular, if M" is a closed manifold with an enlargeable Riemannian length-struc-
ture containing a locally CAT(0)-metric, then N'#M" does not admit a PSC-metric.

Remark 1.2 Gromov also stated the result which said that a closed spin manifold with a
locally CAT(0)-metric carries no PSC-metrics without proof in [20, Section 4.1.2]. Theo-
rem B’ supports Gromov’s assertion.

Remark 1.3 Though Theorem B’ is similar to Cecchini and Schick’s Theorem A [9] and
the starting point of the proofs is Schoen and Yau’s new results [28], the techniques of
the proofs are different. Cecchini and Schick’s proof used the standard constructions from
geometric measure theory, especially, no symmetrization and no manifolds with boundary,
whereas the proof of Theorem B’ is an application of Gromov’s Spherical Lipschitz Bound
Theorem that uses these two ingredients.

Historical remark. Theorem B’ is also inspired by an open conjecture that a closed
aspherical manifold does not admit a PSC-metric. Kasparov and Skandalis [24] used KK-
theory to prove the strong Novikov conjecture for CAT(0)-group, implying that any locally
CAT(0)-manifold carries no PSC-metrics.

The fact that a closed Riemannian manifold with non-positive sectional curvature
is enlargeable is well-known since Gromov and Lawson first proposed the definition of
enlargeable manifolds [17]. Riemannian metrics with non-positive sectional curvature
(non-positive curvature metric) are locally CAT(0)-metrics. If a manifold of dimension 2
or 3 admits a locally CAT(0)-metric, then it also admits non-positive curvature metrics,
according to the classic surface theory and the Thurston-Perelmann Geometrization Theo-
rem [13, Proposition 1].

But there is a difference between locally CAT(0)-metrics and non-positive curvature
metrics in dimensions> 4. Aravinda and Farrell [4] showed that the existence of non-
positive curvature metric is not a homeomorphism invariant in general, but the existence
of a locally CAT(0)-metric is homeomorphism invariant. The existence of a non-positive
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curvature metric depends on that of the smooth structure. Furthermore, locally CAT(0)-
manifolds which do not support a smooth structure in dimensions> 5 were constructed by
Davis and Hausmann [10].

Aspherical n-manifolds (n > 4) that are not covered by Euclidean space were first con-
structed by Davis [11]. Davis, Januszkiewicz and Lafont [13] constructed a closed smooth
four-dimensional manifold M?*, which supports locally CAT(0)-metrics and whose univer-
sal cover M# is diffeomorphic to R4, but 7, is not isomorphic to the fundamental group of
any compact Riemannian manifold with non-positive curvature. In dimensions> 5, Davis
and Januszkiewicz [12, (5b.1) Theorem] constructed a topological locally CAT(0)-man-
ifold, whose universal cover is not homeomorphic to R". They also constructed a smooth
locally CAT(0)-manifold whose universal cover is homeomorphic to R", but the boundary
at infinity is distinct from $"~!in (5c.1) Theorem. Furthermore, those locally CAT(0)-met-
rics in (5c.1) Theorem are strongly equivalent to the length metrics induced by Riemann-
ian metrics since they come from simplicial metrics for the smooth triangulations of the
smooth manifold and the hyperbolization of polyhedra.

More examples of exotic aspherical manifolds can be found in [3] and [13, Section 3].

Therefore, the connect sum of a closed manifold and Davis’s exotic aspherical manifold,
as new examples be detected by our methods, carries no PSC-metrics.

Remark 1.4 Let M" (n > 5) be the locally CAT(0)-manifold, whose universal cover is dis-
tinct from R", as above-mentioned, and N be an arbitrary closed locally CAT(0)-manifold,
then the product M" X N is a locally CAT(0)-manifold, which does not support any non-
positive curvature metrics. Otherwise, if M" X N carries a non-positive curvature metric,
then, by Lawson-Yau’s splitting theorem [7], M" X N is homeomorphic to M, X N, such
that M, and N, are endowed with non-positive curvature metrics and z;(M,) = z;(M") and
7w (N,) = #;(N). And then we use the proof of Borel conjecture for Riemannian manifold
with non-positive sectional curvature by Farrell and Jones [15] [29] to show that M, is
homeomorphic to M". Thus, M, also admits the locally CAT(0)-metric such that the uni-
versal cover is distinct from R". That is a contradiction. More details of the proof can be
found in [13, Proposition 2].

Furthermore, using Davis’s construction, Sapir [3, Corollary 1.2] firstly created closed
aspherical topological n-manifolds (n > 4) whose fundamental groups coarsely contain
expanders. Thus, Sapir’s aspherical manifolds have infinite asymptotic dimension, are not
coarsely embeddable into a Hilbert space, do not satisfy G. Yu’s property A, do not sat-
isfy the Baum-Connes conjecture with coefficients. Combining Davis’s construction and
Sapir’s techniques, Osajda constructed closed aspherical topological n-manifolds (n > 4)
whose fundamental groups contain coarsely embedded expanders. Therefore, Sapir’s and
Osajda’s aspherical n-manifolds (n > 8) do not admit PSC-metrics by our results.

The paper is organized as follows: In Sect. 2, we define enlargeable length-structures
and prove Theorems A and B'. In Sect. 3, we define the positive MV-scalar curvature on
closed orientable topological manifolds and show the compactly enlargeable length-struc-
tures are the obstructions of its existence.
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2 Enlargeable length-structures, PSC-metrics and locally
CAT(0)-metrics

A metric space (X, d) is a length metric space if the distance between each pair of points
equals the infimum of the lengths of curves joining the points. A closed topological mani-
fold admits length metrics [6]. Metrics induced by Riemannian metrics on a closed smooth
manifold are length metrics and any two such length metrics are strongly equivalent, i.e.,
for any length metrics d and d’, there exists a ¢, C > 0 such that ¢cd < d’ < Cd. However,
unlike Riemannian metrics on compact smooth manifolds, different length metrics may not
be strongly equivalent to each other. For instance, two length metrics, among which one
is induced by a Riemannian metric and the other by a Finsler metric, are topologically
equivalent, i.e., they induce the same topology, but there may not be strongly equivalent in
general.

If 7 : X — X is a covering map, then length metrics, being local, lift from X to X.
Furthermore, every length metric d on X lifts to a unique length metric d for which the
covering map is a local isometry.

A topological manifold X endowed with a complete length metric is called e-hyper-
spherical if it admits a continuous map fto §” (n = dim(X)) which is constant at infinity,
of nonzero degree and such that

dg(f(a).f (b))
Lip(f) :=sup ———
atb  dy(a,b)
a.bex
Here constant at infinity means that there is a compact subset such that f maps the comple-
ment of the compact subset to a point in §” and S” is endowed with standard round metric.
From now on, S" is also a length metric space induced by the standard round metric dg,.

Definition 2.1 (Enlargeable length-structures) A length metric d on a closed orientable
n-dimensional topological manifold X" is said to be enlargeable if for each € > 0 there is an
oriented covering manifold X" endowed with the induced metric d that is e-hyperspherical.

An enlargeable length-structure on X" is a strongly equivalent class of an enlargeable
metric.

An enlargeable Riemannian length-structure on a closed orientable smooth manifold is
an enlargeable length-structure that contains a length metric induced by a Riemannian met-
ric on the manifold.

The length metric induced by a Riemannian flat metric on 7" is an enlargeable metric
and 7" endowed with this enlargeable length-structure is an important example of the
manifolds with an enlargeable length-structure. Enlargeable length-structures can also
be defined on a closed non-orientable manifold by lifting the metric onto the orientation
cover.

Remark 2.2 The enlargeable length-structure may be used to deal with positive scalar cur-
vature in the metric geometry setting. For instance, the definition of scalar curvature for
length metrics was given in [30].

Besides, the existence of a PSC-metric depends on the smooth structure. Trying to use
length structure to study the PSC-metrics in Riemannian geometry, we define the enlarge-
able Riemannian length-structure.
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Question 2.3 Is there a closed topological manifold with two different enlargeable length-
structures? In particular, is there an enlargeable length-structure on closed smooth mani-
fold such that the manifold does not carry an enlargeable Riemannian length-structure?

Remark 2.4 Following Lemma 2.11 shows that a locally CAT(0)-metric is enlargeable only
on the assumption that it is strongly equivalent to a Riemannian metric. Especially, the
example from the introduction of a non-smoothable manifold with a locally CAT(0)-metric
is not known to be enlargeable.

Property 2.5 (Properties of the enlargeable metric)

(1) Let(X,dy)and(Y,dy) be closed orientable manifolds with length metrics and suppose
there exists a Lipschitz continuous map F : (X, dy) — (Y,dy) of nonzero degree. If dy
is an enlargeable metric on Y, then so is dy.

(2) The product of two enlargeable metrics is an enlargeable metric.

Proof Suppose that Y — Y is a covering space and Y is e-hyperspherical, i.e., it admits
a continuous map f : Y — §" (n= dim(Y)) that is constant at infinity, of nonzero degree
and such that Lip(f) < e. Let X — X be the covering corresponding to the subgroup

I(Q(Y)) and X be endowed with the induced metric dy, then F' can be lifted to a proper
map F : X — Y, which is still a continuous map with Lipschitz constant Lip(F). It implies
the map foF is constant at infinity, Lip(foF) < Lip(F)e and of nonzero degree. Thus dy is
an enlargeable metric on X.

The fact that the composed map

Sn XSm N Sn /\Sm N Sn+m

is Lipschitz continuity and nonzero degree implies (2). O
The following two corollaries are immediate consequences of Property 2.5.

Corollary 2.6 If a closed manifold X carries an enlargeable length-structure, then X x S'
still carries an enlargeable length-structure.

Corollary 2.7 Let (X, dy) be a closed smooth manifold, where dy is induced by a Riemann-
ian metric, and (Y, dy) be another manifold, where dy is in the enlargeable length-struc-
ture. Suppose there exists a Lipschitz continuous map F . (X,dy) — (Y,dy) of nonzero
degree, then X carries an enlargeable Riemannian length-structure.

Theorem 2.8 (SLB Theorem [21]) If the scalar curvature of a (possibly incomplete) Rie-
mannian n-manifold X" (2 < n < 8) is bounded from below by n(n — 1), then for all contin-
uous maps f from X" to the sphere S" that are constant at infinity and of nonzero degree,
they hold that Lip(f) > ﬁ Here §" is endowed with the standard round metric and C > %
Question 2.9 Let (N", g) be a complete Riemannian n-manifold (compact or non-compact)
with scalar curvature bounded below by n(n — 1). Let f be a continuous map from N” to the
sphere S” with standard round metric of nonzero degree that is constant at infinity. Is Lip(f)
bounded from blow by one?
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Remark 2.10 A positive answer to Question 2.9 would allow us to also cover Llarull’s
rigidity theorems [26, Theorem A and B], Lohkamp’s results [27], and their remarkable
corollaries.

Gromov aimed to improve the lower bound of the Lipschitz constant in [21, Section 3]
and discussed that the Lipschitz bound would be 1. Here, the existence of a uniformly posi-
tive lower bound of the Lipschitz constant is used as the main tool to detect the obstruction
to the existence of PSC-metrics.

Proof of Theorem A Assume X" carries an enlargeable length-structure, there exists a length
metric d such that one orientable covering (X", d) is e-hyperspherical (¢ small enough). If
X" admits a PSC-metric g in the enlargeable length-structure, then the Lipschitz constant
of all maps (maps are constant at infinity and nonzero degree) from (X", g) to $” has a uni-
formly positive lower bound C by the SLB Theorem. Besides, there are positive constants
a; and a, such that @y d < d, < a,d by the definition of enlargeable length-structure, wllere
d, is the induced metric by g on X". Then, the Lipschitz constant of the map from (X", d) to
S" has the uniformly lower bound «; C, which contradicts the e-hypersphericity. a

Let (X,dy) be a length space. A geodesic triangle /\ in X with geodesic segments
as its sides is said to satisfy the CAT(0)-inequality if it is slimmer than the compari-
son triangle in the Euclidean plane, i.e., if there is a comparison triangle /\’ in the
Euclidean plane with sides of the same length as the sides of /\ such that the distance
between points on /\ is less than or equal to the distance between corresponding points
on /\’. A length metric d on X is said to be a locally CAT(0)-metric if every point in X
has a geodesically convex neighborhood, in which every geodesic triangle satisfies the
CAT(0)-inequality.

A locally CAT(0)-manifold is a topological manifold endowed with a locally CAT(0)-
metric. Gromov generalized the classic Hadamard—Cartan theorem to locally CAT(0)-
manifolds [5]: the universal cover of a locally CAT(0)-manifold endowed with the
induced metric is a globally CAT(0)-manifold, i.e., every two points can be connected
by a unique geodesic line and every geodesic triangle on it satisfies the CAT(0)-inequal-
ity. Thus a locally CAT(0)-manifold is aspherical, i.e., its universal cover is contractible.

Lemma 2.11 A locally CAT(0)-metric which is strongly equivalent to a Riemannian metric
on a closed smooth manifold is an enlargeable metric.

Proof Let (M”,d)\pe}he closed n-dimensional smooth locally CAT(0)-manifold, then its
universal cover (M", d) is a globally CAT(0)-manifold by Gromov’s Theorem. Consider the
map

i Mt — M" x — yx(tgi(x,xo)),

where x,, is a fixed point in M te (0, 1] and y, is the unique geodesic segment from x to
Xo. It is well defined by the property of globally CAT(0)-manifolds and is a proper map
such that the degree of f, is nonzero. By the CAT(0)-inequality applied to the geodesic tri-
angle with endpoints x, y and x,,, one gets

d(f,(x),£,()) < tdga(x,y) = td(x,y)
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forx,y € M;'Jherefore, Lip(f,) <t.

Let = : (M*,d) — S" be a collapse map around Xo. Then the degree of = is 1 and
Lip(z) < C by the smoothness of z, the fact that d is strongly equivalent to a Riemann-
ian metric and the compactness of M". Thus, zof, : M" — §" has nonzero degree and
Lip(zof;) < tC. For any small € > 0, we can choose ¢ such that (M", d) is e-hyperspherical.
That means that a manifold endowed with a locally CAT(0)-metric is enlargeable. a

Remark 2.12 The assumption that the locally CAT(0)-metric is strongly equivalent to a
Riemannian metric is used in the argument of Lip(z) < C. It is not clear if the condition
can be dropped for Lemma 2.11.

Proof of Theorem B’ Combining Lemma 2.11, Corollary 2.7, and the fact of the strong
equivalence of all Riemannian metrics on a closed smooth manifold, we conclude Theo-
rem B'. O

3 SM >k

To generalize the notion of PSC-metrics to non-Riemannian metric space, for example to
piecewise smooth polyhedral spaces, Gromov [20, Section 5.3.1] defined the max-scalar
curvature Sc* as follows:

Definition 3.1 (Gromov) Given a metric space P which is locally compact and locally con-
tractible, and a homology class & € H,(P) defines Sc¢"*(h) as the supremum of the numbers
o > 0, such that there exists a closed orientable Riemannian n-manifold X with Sc(X) > o
and a 1-Lipschitz map f : X — P, such that the fundamental homology class [X] goes to A,
f.[X] = h. Here Sc(X) is the scalar curvature of X and 1-Lipschitz map f means Lip(f) < 1.

Remark 3.2 The definition makes sense without assuming ¢ > 0. But if an h € H,(P)
(n > 3) can be represented by the fundamental homology class [X], then we always have
Sc™*(h) > 0. Since a closed orientable smooth n-manifold (n > 3) admits Riemannian
metrics with constant negative scalar curvature by Kazdan—Warner theorem [25], then one
can scale the metric such that the Lipschitz constant is small and the scalar curvature is
closed to 0.

Though Sc™*([X]) > inf Sc(X, x) for all closed Riemannian manifold X as observed by

Gromov, the positivity of )t(he max-scalar curvature cannot imply that it carries a PSC-met-
ric in general. For instance, let X be the exotic sphere which does not admit PSC-metrics,
whose existence was showed by Hitchin in [23], and gy be a Riemannian metric on it. Then
one can scale the round metric on the standard sphere such that the Lipschitz constant of
the identity map is smaller than 1. Thus one has Sc”™*([Z]) > 0, but £ does not admit
PSC-metrics.

Furthermore, let (V, gy) be a closed oriented Riemannian manifold with a PSC-metric
gy and M be a closed oriented smooth manifold. Assume that there exists a degree one
smooth map f : N — M, then one gets Sc™**([M]) > 0 with an arbitrary smooth Riemann-
ian metric g on M. That means Sc”"*([M]) > 0, even when the scalar curvature of (M, g) is
-1
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Therefore, the definition of the max-scalar curvature on a metric space needs to be
improved. Gromov also proposed the n-volumic scalar curvature on metric measure spaces
in [19, Section 26]. The n-volumic scalar curvature may be too general to be useful, for
more discussion see [14]. The following definition is trying to mix the max-scalar curva-
ture and n-volumic scalar curvature on metric measure spaces.

Let (S2(R), ds, vol,) be a Riemannian 2-sphere endowed with the round metric such that
the scalar curvature equals to 2R~2 and that (R""2,dj, vol;) is endowed with Euclidean
metric, then the product manifold S>(R) x R"™2 can be endowed with the Pythagorean

product metrics dg, ; := 4/d; + dy. and the volume vols,; := vols ® voly.

From now on, let X" be a closed topological n-manifold and d be the length metric
such that the Hausdorff dimension of (X",d) is n, i.e., dimy(X") = n. Therefore, there
exists the n-dimension Hausdorff measure u, on it and then we normalize it by
M =W,u,, where W, is the n-dimensional volume (the Lebesgue measure) of a
Euclidean ball of radius 1 in the n-dimensional Euclidean space, so that HZE = vol, for
R” with the Euclidean metric dz. Therefore, we have the metric measure space
X", d, H’;) and will focus on this kind of metric measure space (X", d, H;) in this paper.

Example 3.3 (Examples of metric measure spaces (X", d, HZ))

1. Smooth oriented Riemannian manifolds (M", g) with the induced volume forms
", dg, volg) are the fundamental examples.

2. Alength metric that is strongly equivalent to a Riemannian metric satisfies the require-
ment, since the Hausdorff dimension is bi-Lipschitz invariant.

3. Locally CAT(0)-manifolds with induced Hausdorff measure are examples, as the Haus-
dorff dimension of a closed topological n-manifold with a locally CAT(0)-metric is 7.

4. If X" admits an length metric d’ such that (X", d") is a Alexandrov space with curvature
bounded from below, then dim,(X") = n. Then the Alexandrov space is also an example.

Note that there is only one reasonable notion of volume for Riemannian manifolds.
But one can define Finslerian volumes for Finsler metrics in different ways and obtain
essentially different results [8, Proposition 5.5.12].

We will define the positive of MV-scalar curvature Sc™¥ on the metric measure space
X", d, H).

Definition 3.4 (Sc™¥ > k) The MV-scalar curvature of X" is bounded from below by ¥ > 0
for X" = (X",d, H}}), i.e., Sc"V(X") > k > 0, if the closed oriented topological n-dimen-
sional X" satisfies the following two conditions:

(1). The metric space (X",d) satisfies Sc”"*([X"]) > « for the fundamental class
[X"] € H, (X" Z).

(2). The metric measure space X" is locally volume-wise smaller than
S2(R) x R"% = (S*(R) X R"2, dg, f, volg, ) for all R > ii, ie., for R > Li, there is

v v

an e, > 0, which depends on R, such that all e,-balls in X are smaller than the e-balls
in S2(R) x R"2, H (B, (eg)) < volg, (B, (€g)), for all x € X and x € S3(R) x R2.
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Since Sc™™([X"]) = Sc™*(—[X"]), the definition is independent from the chosen of
the orientation. And ScMV(X") > k is invariant under the isomorphic transformation.
Here an isomorphic transformation means there is f : (X,d, u) = (X', d’, u’) such that
f.#' = pand fis isometric between d and d’. Thus, the definition is well-defined.

Proposition 3.5 Let g be a C*-smooth Riemannian metric on a closed oriented n-manifold
M" with induced metric measure space (M",d ,volg), then the scalar curvature of g is
bounded from below by k > 0 if and only if ScMV(M") > «.

Proof Assume the scalar curvature of g is bounded from below by x > 0, then the volume
formula of a small ball,

ch(x)

2 4
6(n+2)r + O(r")

volg(Bx(r)) =voly(B,)|1 -

asr — 0, where B,(r) is an r-ball in M" and B, is an r-ball in R", implying condition (2) in
the definition of ScMV(M™) > k. And Sc™™([M"]) > i&lfSc(M”,x) > k implies condition
(D).

On the other hand, if Sc™V(M™") > k, then Sc, > k > 0. Otherwise, assume there exist
small € > 0 such that Sc, > & — ¢ > 0. That means there exists a point x, in M" such that
Scy(xg) =k —€,as M" is compact and the scalar curvature is a continuous function on M".
Thus, we can find a small r-ball B,(x,) such that the volume of B,(x,) is greater than the

volume of the r-ball in the $*(y) x R"*fory = , K% which is a contradiction. O
2

Remark 3.6 The existence of length metrics on X" with ScMV(X") > « is the invariant under
bi-Lipshchitz mapping. However, the positivity of the Sc¥" cannot imply that it carries a
PSC-metric in general.

For instance, one can use the identity map between the exotic sphere X" above and the
standard sphere to pull back the length metric which is induced by the standard round met-
ric to X", i.e., giving id : " — (8", dg.) gets (£, id*d.). Then one has ScMV(E") > n(n — 1)
for the metric measure space (Z”,id*dsn,Hfd* ds,,)' But id*dg. is not induced by any C?
-smooth Riemannian metric on X".

Remark 3.7 The example of the exotic sphere above shows that the condition (1) cannot
imply the condition (2) in the definition of Sc™V > « in general. The condition (2) also can-
not imply the condition (1) in general. Since one can choose the length metric induced by a
Finsler metric such that the induced Hausdorff measure is locally volume-wise smaller

than S2(R) X R"2 = (S2(R) x R"2, dg, ., volg, ) for all R > ﬁ, and the Finsler metric is

\[

not bi-Lipshchitz equivalent to a Riemannian metric in general.

Question 3.8 Let N" be a closed orientable aspherical n-manifold. Does there exist an ori-
entable closed Riemannian n-manifold M" positive scalar curvature such that there exists
a nonzero degree map f from M" to N"?

Remark 3.9 Question 3.8 is inspired by the conjecture that a closed aspherical manifold

does not carry PSC-metrics. It is natural to ask that whether a closed aspherical manifold
admits a length metric with positive max-scalar curvature or positive of ScMV.
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Proposition 3.10 (Quadratic Scaling) Assume that (X", d, H)) satisfies Sc™V(X") > k > 0,
then ScMV(AX™) > A~%k for all A > 0, where AX" 1= (X", A-d, A" - HY).

Proof 1f we scale d by A # 0, then H’, = /"H/,. Combining it with the fact that the
Sc(A%g) = A72Sc(g) for a smooth Rlemanman metrlc will complete the proof. O

Let 7 : X" — X" be a covering map, then the length metric d on X" is lifted to a
unique length metric d such that the covering map is a local isometry. Hence
dimy(X,d) = dimH(f(, d) for a finite connected cover of X. Then we endow the lifting
length metric on a finite cover of (X", d, H;’) such that (X", d, Hg) is a metric measure
space.

Proposition 3.11 Assume (X",d, H};) satisfies ScMV(X”) >k >0 and X" is a finite con-
nected cover of X", then ScMV(X™) > « for (X", d, H")

Proof As (X",d, H") is locally isometric to (X", d, H’}) and Sc"V(X") > k > 0, X", d, H")
is also locally Volume wise smaller than S%(R) X R"~2.

Let (M",g) be the closed orientable Riemannian manifold with Sc(g) > k such that
f : M" — X"is 1-Lipschitz map and f,([M"]) = [X"]. Then f*f(” is a finite cover of M" and
we denote it by M ie., Mm :=f*)A(”. Then the Lipschitz constant off‘ s (M, 8 — X", d)
is 1, where g is the lifting metric of g. Then we have the following two commutative
diagrams.

Using the wrong-way map, we can map [X"] to H,,(X";Z), denoting it by [X"] and then
we choose [X"] as the fundamental class of X". Again, we map [X"] to Hn(AA/I";Z), denoting
it by [¥"] and choose [#1"] as the fundamental class of M", i.e., f*([M"]) = [X"].

Thus, SMY(X") > «. O

Remark 3.12 One can also define Sc¥V > x > 0 for closed non-orientable topological man-
ifolds by requiring that the double cover with the induced metric satisfies SV > x > 0,
since the Hausdorff dimensions are equal to each other in this case.

Proposition 3.13 (Weak SLB Theorem) Assume (X".d,H)) (n<8) satisfies
ScMV(X™) > k > 0, then for all continuous nonzero degree maps h from X" to the sphere S",

it holds that Lip(h) > CT‘"_I Here S" is endowed with the standard round metric dg. and
C> %

Proof Given a small € > 0, there exists a closed orientable Riemannian n-manifold (M", g)
with Sc(g) >k —e >0 and a 1-Lipschitz and degree one map f : (M",d,) — (X",d)
by the definition of max-scalar curvature. Let 4 be a continuous nonzero degree map
h: (X", d) — (5", dg), then

Lip(hof) < Lip(h) X Lip(f)

induces Lip(h) > Lip(hof).

If one scalars the metrics d, and d by a constant A#0, then one has
Sc(/lzg) = A" 2Sc(g) djp, = Ad,. The new maps are denoted by £ : (X” Ad) = (8", dg)
and f (M", Ad,) > (X” a), then one has Lip(f) = Lip(f), Lip(hof) = A~'Lip(hof) and
Lip(h) = A~ 1L1p(h).

@ Springer



Annals of Global Analysis and Geometry (2021) 60:217-230 227

Choose A = \/"(:—__;) such that Sc(4%g) > n(n— 1), then SLB Theorem implies that

.7z c
Lip(hof) > T That means

A~'Lip(h) = Lip(h) > Lip(hof) > —S—.
nw

: Cyn—1 . Cvn-1
Thus, we have Lip(h) > i Let € goes to 0, then one has Lip(h) > Ve
O

Gromov and Lawson define the enlargeability by allowing only finite coverings in [17]
and Hanke and Schick [22] showed that the Rosenberg index of this kind of enlargeable
spin manifold does not vanish, which also implies that the manifold carries no PSC-metrics.

Definition 3.14 (Compactly enlargeable length-structures) A length metric d on a closed
orientable n-dimensional topological manifold X" is said to be compactly enlargeable if
for each € > 0 there is a finite connected covering manifold X" endowed with the induced
metric d which is e-hyperspherical. (This notion is defined at the beginning of Section 2.)

A compactly enlargeable length-structure on X" is the strongly equivalent class of an
compactly enlargeable metric.

A compactly enlargeable Riemannian length-structure on a closed orientable smooth
manifold is an enlargeable length-structure, which contains a length metric induced by a
Riemannian metric on the manifold.

Let us recall Theorem C and give a proof of it.

Theorem C If (X", d, H})) (n < 8) satisfies ScMY(X") > k > 0, then d is not in any compactly
enlargeable length-structures on the closed oriented topological manifold X.

Proof The argument is the same in the proof of Theorem A . Assume d is in a compactly
enlargeable length-structure, then there exists a compactly enlargeable metric ¢’ on X" such

that @;d < d’ < a,d for some 0 < a; < a,. There exists a finite connected covering mani-

fold X" such that the induced metric d’) is e-hyperspherical for & < ff—g_l by the definition

of compactly enlargeable metric. That means it exists the nonzero degree map

h: X,d) — S such that Lip(h); < f[:( Z_l, where Lip(h); is the Lipschitz constant with
277:

respect to the metric da.
On the other hand, we have

o, 'Lip(h); < Lip(h); < a;'Lip(h);.

But Proposition 3.11 shows that ScM V(f(”, Zi) > k and then Weak SLB Theorem 3.13 shows

. Cy/n—1
that Lip(h); > \g

One can also prove the proposition by Corollary 2.7 and the definition of max-scalar
curvature. If d is in a compactly enlargeable length-structure and f : (M",g) = (X", d)
is a degree 1 map and Lip(f) < 1, then g is in an enlargeable Riemannian length-metric
structure by Corollary 2.7. That means M" carries no PSC-metrics. Thus, Sc™*([X"]) = 0,
which is a contradiction. O

, which is a contradiction.
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The scalar curvature of Riemannian metrics is additivity under Pythagorean-Riemannian
products; however, Sc™¥ may not be additivity under Pythagorean products in general. Note
that for the Pythagorean product of two metric spaces (X,d) and (Y,d,), (X X Y,d,) with

d, 1= y/d*> +d* , we have
dimy, (X) + dimy,(Y) < dimy, (X x ¥) < dimy,(X) + dimg(Y),

where dimg(Y) is the upper box counting dimension of Y, and the inequality may be strict.
If Y is a smooth Riemannian manifold, then dimy(Y) = dimgz(Y). Furthermore, we have

H;:m > C(n, myH); X H:Z

where C(n, m) is a constant dependent only on n and m and C(n,m) > 1. C(n, m) may
be greater than 1, but if X and Y are rectifiable Borel subsets of Euclidean space, then
C(n,m) = 1 was showed by Federer in [16, 3.2.23 Theorem].

Proposition 3.15 Assume (X" X Y™, d,) is the Pythagorean product of (X",d,’H})) and
(Y’”,dl,'HZl), where d := \/d? + d3, satisfies that dim (X" X Y™) = n + m and the meas-
ure HZ:"’ =H® H:l"l. Then if SMV(X™) > Kk, >0 and SMY(Y™) >k, >0, then
SMV (X" X Y™) > K| + Ky

Proof Since X"xY", dy) is loc\}lly volun\/lg-wise smaller than
2 -2 2 -2 2 2 n+m . _ an
(S2(R)) x R"2) x (S*(R,) x R™ )forR1>\/—F]andR2>ﬁ, smceHd:rm.—Hd®HZ.

And  (S’(R)) X R™2) x (S?(R,) x R"2) is locally volume-wise smaller than

S* (R, + Ry)) X R"™™2for R, + R, > \/% Thus, we have (X" X Y™, d,) is locally volume-
KTk
wise smaller than S2(R, + R,) X R™"2for R, + R, > V2_ And one has

S (IX"] @ [¥Y™]) = S (X" ]) + S ([¥™])

Hence, Sc™™([X"] ® [M™]) > Kk, + K. O

Question 3.16 Assume that d is a length metric on the closed topological n-mani-
fold X" such that (X",d) is an Alexandrov space with curvature> x > 0. Do we have
SMV([X™]) = n(n — 1)x?

Note that an Alexandrov space with curvature> x > 0 satisfies the Bishop-inequality
[8, Theorem 10.6.8] and then it implies the condition (2) of the definition of ScMV > k.
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