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Abstract

We investigate Lamé systems in periodically perforated domains, and establish quantitative
homogenization results in the setting where the domain is clamped at the boundary of the
holes. Our method is based on layer potentials and it provides a unified proof for various
regimes of hole-cell ratios (the ratio between the size of the holes and the size of the periodic
cells), and, more importantly, it yields natural correctors that facilitate error estimates. A key
ingredient is the asymptotic analysis for the rescaled cell problems, and this is studied by
exploring the convergence of the periodic layer potentials for the Lamé system to those in
the whole space when the period tends to infinity.

Mathematics Subject Classification 35B27 - 35J08

1 Introduction

In this paper we are motivated to establish the quantitative homogenization results for the
elastostatic problem in a periodically perforated domain where the deformation of the material
is prescribed at the boundary of the holes. Let D¢ = D% C RY, d > 2, model the perforated
elastic medium, obtained by removing a periodic array of identical holes. ¢ € (0, 1) is the
typical distance between neighboring holes, ne¢ is the length scale of each hole and € (0, 1)
in general depends on ¢. Mathematically, the homogenization problem corresponds to the
asymptotic analysis of the following Lamé system as ¢ — 0.

{‘Mﬂ[uf](x) =f@), xeD’, (1.1)

uf(x) =0, x € dDE.
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Here, u® : D* — R is a vector field modeling the displacement field of the material reacting
to a forcing field f. The differential operator £** is given by

LRFu) = pAu+ A+ V(Y - u), (1.2)

where A and p are the so-called Lamé parameters. In this paper they are assumed to be
constants and satisfy
w >0, A+ u>0.

The material occupied by D? is hence homogeneous but porous. In view of the boundary
conditions, the porous elastic body D? has prescribed deformations at the boundaries of the
holes. The holes can model, for example, inclusions with deformations controlled by some
other mechanism. As we will see, this Dirichlet type boundary conditions result in various
asymptotic regimes for (1.1) depending on the smallness of 7 relative to ¢; see Remark 2.1
below.

Partial differential equations in porous media, or more generally in domains with het-
erogenous geometric features, find many applications in applied physics and engineering,
e.g. in reservoir engineering, environmental studies, material analysis and design, etc. The
mathematical studies also attracted many attentions and produced fruitful results. The litera-
ture is enormous, and we only mention a few that are closely related to the homogenization of
(1.1). In [8], the scalar conductivity problem in perforated domain with Dirichlet condition
on the holes was considered, and the authors there first identified the critical smallness of
n at which the overall effect of the holes emerges in the homogenization limit. In fact, a
“strange term from nowhere” appears in the effective equation in the critical setting. Error
estimates were also obtained in [19]. In [1,2], Allaire established the corresponding theory for
Navier-Stokes system, and further clarified, in [3], the relation between the “Brinkman term”
(i.e. the strange term) in the critical setting and the conductivity matrix in the Darcy’s law,
the latter being the effective model in the super-critical setting. In [18], the author developed
a new method based on layer potential techniques and established quantitative homogeniza-
tion for the scalar conductivity problem in a unified manner for various asymptotic regimes.
We extend the approach there to Lamé systems in this paper. Some recent related works on
homogenization in perforated domains with Dirichlet conditions on the holes can be found
in [13-16,20]. We remark that when other boundary conditions such as Neumann, Robin or
transmission conditions are imposed at the boundary of the holes or inclusions, the asymptotic
behavior could be very different; see e.g. [4,5,9,15,17].

As in [18], our unified homogenization approach utilizes the standard oscillating test
function method adapted to perforated domains (see e.g.[22]). The building blocks of the
oscillating test functions are related to the rescaled cell problem. In the classical periodic
setting, when 7 is fixed (e.g. n = 1), one derives the cell problem by considering the ansatz

ut () = [uo (e, y) + eur (v, y) + e2ua (e, )+ ] s

and impose that u; is Z¢-periodic in y and vanishes when ¢y is in the holes (of D?). Plugging
this in (1.1), replacing V by éVy + V,, we find, formally and at the leading order approx-
imation, u® /&% ~ Dk Xk(%) f¥(x). Here f* is the kth component of the vector f, and the
vector field yy, foreach k =1, ..., d, is the solution to the cell problem

— LM () = e in T\ 9T,  xx=0 innT. (1.3)
Here and in the sequel, T4 = R4 / 74 is the unit flat torus, and T is the model hole. In view of
the Riemann-Lebesgue lemma, we expect that the sequence Z—z converges weakly to (x) f,
where columns of (x) is the average of xi’s in the torus. In the general setting considered
in (1.1), the holes are of size i, when the periodic cell is rescaled to T9, (1.3) hence still
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depends on ¢ through 1., and we need to address the asymptotic behavior of xx(¢) as ¢ tends
to zero. Equivalently, we can rescale the function and define

_ 1
X ) =" x),  x e ;T".

Then we need to consider the problem
— L) = nler innT'TINT,  x!=0inT, (14)

where the hole is fixed at the unit scale and the cell is of size 1/n. To establish quantitative
homogenization of (1.1), we need to identify the limit of x ,:7 ,as n — 0, and to quantify the
convergence rate of appropriate quantities.

Following the idea of [18], we carry out those asymptotic analysis through an explicit
representation of the solution to (1.4). This is obtained by using a particular double-layer
potential operator which we introduce now. First we recast the Lamé system, —£*#[u] = f,
as a symmetric and strongly elliptic system of the form

—b (A?;ﬂajuﬁ) = f,

where summations over i, j and § are taken. Symmetry means Af‘jﬁ = Afla and “‘strongly
elliptic” means:

A?S%Q“;ﬁ > 0 for all non-zero vectors & = (§') e R?, ¢ = (¢%) e R?.

It turns out that there are in general infinitely many choices for (A?‘;3 ) with the above con-
straints. Each choice of A yields a conormal derivative for u on a surface with normal vector

N, defined by
du \* i pop
_ B
<8VA) =N Ai.i dju”.

Different choices of conormal derivatives induce different definitions of double-layer poten-
tials. The physically most meaningful choice is

(A = 28ia8jp + 11(51j8up + 8ifda),

which satisfies the additional symmetry A?f = A;’i = Af‘é .Itresults the conormal derivative

ou
VTS

1 , .
= A(divu)N + 2ue[ulN, €lu] = E(aju’ + 0;u’).

In elasticity theory, €[u] is called the strain tensor and the conormal derivative above corre-
sponds to the normal stress on the surface. In this paper, however, we use a different choice
and set
AL = L+ W)Biadjp + 1818up.
or equivalently, we define the conormal derivative
ou .
5 = (A + ) (divu) N + u(Vu)N. (1.5)

It turns out that the double-layer potential corresponding to (1.5) (see the definition (2.13)
below) is more convenient to carry out the approach of [18] to Lamé systems, because,
as we will see, the Green’s identity involving this conormal derivative relates to a bilinear
form that controls the full derivative Vu, not just its symmetric part €[u]. The resulted jump
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formulas for the double-layer potential and for the conormal derivative of the single-layer
potential, associated to 97T, involve non-compact operators in L>(dT) even when T has
smooth boundary. We overcome this difficulty following the work of [11,23]. With clear
characterizations of the mapping properties of those operators and of their periodic variants,
we can carry out the quantitative homogenization of (1.1).

The rest of paper is organized as follows. In Sect. 2 we set up the backgrounds for perforated
domains and for elastostatic layer potentials, and state the main results of the paper. In
Sect. 3 we study the proposed layer potential operators carefully, show that the trace formulas
yield Fredholm operators although compactness is not available, and establish important
invertibility results for them and for their periodic variants. We present sufficient details for
all dimensions d > 2. In Sect.4 we solve (1.4) using layer potentials, and, taking advantage
of the explicit representation, find their asymptotic behaviors and quantify the convergence
rates for various quantities involving the rescaled cell problems. Those results are then used
in Sects.5 and in 6, respectively, to establish the qualitative homogenization results and
results on correctors and convergence rates. We emphasize again that, in this paper, the two
dimensional setting is enclosed in the approach, and this is an improvement of [18].
Notations We list some notations and conventions that are used throughout the paper. We
write x = (x!) for a vector in R?, and components are always labeled by i, j, k or £. The
standard inner product on R? is written as x - y or (x, y). For a vector field u = (u?), its
derivative Vu is written as a matrix (0 jui ) with row index i and column index j; hence,
its transpose (Vu)' has elements diul. We always use the summation convention, unless
otherwise stated, so repeated index is summed over its range. Hence, the matrix-vector product
(Vu)N is given by (Njajui). For real matrices A, B of the same dimensions, A : B = a;;b;;
is the Frobenius inner product, and | A| denotes the Frobenius norm of A; the determinant of a
square matrix A is written as det(A). The tensor product of two vectors, a with b, is denoted
by a ® b and has components a’b/. For vector fields u, v both in L>(D) or in L>(3T), we
use (u, v);2 to denote their inner product in those functional spaces. Let E be a set with
finite measure, (1) r and fE u both denote the average of « in E, and the subscript E is often
omitted when the reference is clear from the context. Finally, for » > 0, r E is the rescaled
set{rx : x € E}.

2 Preliminaries and main results

2.1 Geometric set-ups and assumptions

We first present some details about the perforated domain D¢ and lay down some main
assumptions of the paper.

Let D € R be an open set. Let Y = Q1 denote the unit cube —%, %)d, and let T be an
open subset of Y. We assume that D and T satisfy the following assumptions.

(A1) The set D is open, bounded and simply connected. T is open and, for simplicity, also
simply connected.

(A2) Thereis an « € (0, 1), so that the boundaries 37 and d D both are of class C1-*.

(A3) For some ry, rp, satisfying 0 < r; < r» < 1/2, the set T satisfies

B,(0)CT. T CBy,0).
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In the rest of the paper, if not further specified, the bounding constant C in all estimates
depends only on d, A, ¢, and on T and D (through o, r{, r» and the C Lo characterizations
of the boundaries). As usual, the same C is used although its value may change all the time.

LetYy = Y\(nT),thenY  denotes the perforated cell at the unit scale and it is connected.
We view Y s as the material part and nT the removed hole. Note that the boundary of the cube
is included in the material. By tessellation, we obtain R‘} = U,ezd(z + Yy), which is R4

with a periodic array of copies of T removed. We think R‘;- as the perforated whole space at
the unit scale. By rescaling, we get 8R?- which is the perforated whole space at the ¢-scale.
Finally, the perforated domain in (1.1) is given by

D = D" = DN (eRY). 2.1

We check that D? is connected, and d D? consists of (9 D) N D’ and 8(8]1%‘}) N D.

Given ¢ and 7, there is a unique weak solution u® € HOl (D?) that solves (1.1), or equiva-
lently, satisfies

/ uVu® : Vw + (A + p)(dive®) (divw) = / f-w, VYwe Hol (D%). (2.2)
& DE

This fact follows from the Lax-Milgram theorem with the help from the usual Poincaré
inequality. For any function w € HOI (D?), we define w be the zero-extension

Ww=w in D°, Ww=0 ine(z+7T), z € Z% (2.3)

We use this notation for extension of functions on other perforated domains as well, e.g. on
Yy, on Lpd \ T etc., and the extension sets zero values to w inside the holes.
Using w = u® in (2.2), one gets

RIVEE N2 ) + O+ IV 172 ) < IF 2 13 2 ) -
By using the usual Poincaré inequality for u® € HOl (D), we can find C > 0 such that
IVl 2py + il 2py < CULF Il 2 (2.4)
On the other hand, by using the Poincaré inequality in Theorem A.1, we also have
IVa©ll2py < Coell fll2 Na®l < Coell £1172- (2.5)

Here o, is defined by
2. —(d-2) d>3
2.0 ca= (2.6)
e“|logn|, d=2.

In fact, o, is precisely the bounding constant in (A.1) when this inequality is applied on each
of the e-cubes contained in D?. The special Poincaré inequality will be used frequently, and
it plays an essential role in homogenization of perforated domains with Dirichlet boundary
at the holes.

Remark 2.1 (Asymptotic regimes). We identify several asymptotic regimes according to the
behavior of the hole-cell ratio n = 7, and the factor o,. If  converges to a positive constant
as ¢ — 0, then we are in the classical homogenization setting and the holes occupy a positive
volume fraction in the limit. On the other hand, if » = n, — 0, we say the holes are dilute
or their volume fraction is vanishing.

In this dilute setting, we further identify three sub-cases. If o, converges to a positive
number og as ¢ — 0, we call it the critical setting (of hole-cell ratios). In this setting, the
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size of the holes is critically small compared to the size of cells, which is also the distance of
neighboring holes. It is at this critical setting that the asymptotic effect of the holes emerges.
If 0. — o0, we call it the sub-critical setting; in this case, the holes are of smaller order and
their effects can be neglected in the limit. If o, — 0, we call it the super-critical setting; the
holes are of larger order and their asymptotic effect is more dramatic.

Clearly, (2.5) is a stronger estimate for the super-critical setting, and (2.4) is the better one
for sub-critical holes.

2.2 Elastostatic layer potentials

A main ingredient of our analysis is the layer potential theory for Lamé systems. It not only
provides representations for the solution of (1.4) but also explains the parameters that enter
the effective models for (1.1), for all dilute regimes and for all d > 2.

Let ey, k = 1,2,...,d, denote the standard orthonormal basis of R4, For each k, the
fundamental solution I'y, = (F,f) j to the problem
LHHTE] = pATR(x) + (A + p)VV - Tr(x) = So(x)ex,  inRY, 2.7

subject to decay condition (d > 3) or logarithmic growth condition (d = 2), at infinity, is
given by the following explicit formula:

FI{(x) _ ) C-dwg |x]92  waq m_dkv d >3, o8
= : ] |
2w (log 1xD3j = 5T d =2,

where ¢ and c¢; are two constants defined by

1 1+ 1 11 1
61_2 W oA+2u)’ 62_2 wooA+2u)’

Note c1, ¢ are positive. The formulas above provide the unique (for d = 2, up to unimportant
additive constants) solution to (2.7) with conditions at infinity.

Let T € R? be an open set satisfying assumptions (A1) and (A2). The standard single-
layer potential for Lamé system, with momentum ¢ € L2?(3T), is defined, through its
components, by

(SrlgD*(x) = /ar Te(x —y) - ¢(dy,  x e RI\aT. 2.9)

We denote the exterior domain R? \ T by T, and, also write 7_ = T sometime to emphasize
the contrast with 77. It can be checked directly that LMH[Sr[¢]] = 0 in Ti. Moreover,
w = St[¢] is smooth in T4 and verifies the decay condition:

lwe)|=0(x|"9?) ford >3, |Vw&)|=0(x|"%") ford>2, asl|x|— oo.
(2.10)

The decay of |w(x)| does not hold for d = 2 in general, but we have |w(x)| = O(jx|~}!) at
infinity if ¢ € L%(a T). Here and in the sequel, L%(a T) denotes the subspace of L2(3T) that
consists of mean-zero functions.

As mentioned in the Introduction, to define double-layer potentials, we need to fix a
conormal derivative. Throughout the paper, we adopt (1.5). Then for vector fields u, v in T
with sufficient regularity, we have the Green’s identity

/ v.a—”=/,,LW:WJF(,\JFM)(V.U)(V.MH/v-ﬁw[u]. (2.11)
ar OV T T
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By switching u and v, we also have

d d
/ v.l_u.l:/U.L’\*“[u]—u-ﬁ’\’“[v]. 2.12)
9T Jv Jv T

Moreover, (2.11) still holds on T, if |u(x)||Vv(x)] is of order o(|x|~4*1).

Those Green’s identities suggest us to define the double-layer potential, with momentum
¢. by -~y )

r(y —x
(DrlyD*(x) = / TR yndy,  xeRI\OT. (2.13)
T al)y

The subscript vy, emphasizes that the derivatives in (1.5) are taken for the y-variable. Direct
computations on (2.8) show that the integral kernel, written as K (x; y) with components
Kik(x; y), is given by

L
Kir(x;y) := (W)
y
_per Ny, x =i dpea (Ny, x = y)(x = ) (x — »k
 wg Jx—ye wq |x — y|d+2
pey (X = Y)INY — (x — y)*Ni
wq lx — y|4

Again, Dr[y] are smooth vector fields and satisfy the homogeneous Lamé systems on 7.
It is also clear that |D7[¢]] = O(Jx|~4t1y at infinity, for all d > 2.
We use K (x; y), x, y € 9T, as the integration kernel and define, fork =1, ...,d,

(KrlyD @) =p.v. /ar KiCss ' (y),  x €dT. (2.14)

We need to take the principal value integral because of the last term in the formula of Kj.
In fact, the the other terms are absolutely integrable in y uniformly in x, because 87 € C1¢
implies

(x =y, Ny) <Clx —y|'"™, [Ny =Ny <Clx—y|*, Vx,yedl. (215

Contributions of those terms form a compact operator on L?(3T). The last term, however,
is not integrable even for smooth 97". As a result, 7 is a genuine singular integral. On the
other hand, invoking classical theory on singular integrals, namely [10], we confirm that ICr
is a bounded linear operator on L2(3T).

Trace formulas. Layer potential operators are useful to solve boundary value problems for
Lamé systems because their traces on 97, or more precisely, their non-tangential limits on
dT from T_ or T, can be computed. In the sequel, for a function F defined on 7_ and T4,
we use the notation
Flie(x) = lim F(x £tNy), xedT,
t—0+

provided that the limit exists. In other words, F|_ is the limit from the inside of 7', and F|

is the limit from the exterior of 7. For the single-layer potential defined in (2.9) and for the
conormal derivative in (1.5), it is known (see [11]) that

|, (x) = £ {ﬁN};w (x) — c2NIN{ Ny -¢<x)} +p.v. / Tk (x — y)o* (y)dy.
T
(2.16)
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Plug this formula in the definition of the conormal derivative, we get

dSr(¢]
av

1 4 . 4
=500+ p. [ (10T = DN+ Gt @G = V) 64 0)

e

1
=+500) + K711(x). 2.17)

For the double-layer potential defined in (2.13), we have

1
Drigllex) = F5 1 + Kn)lglx), indT. (2.18)

In the second line of (2.17), we recognized the integral operator as the adjoint of K7 defined
in (2.14). Indeed, the singular integral operator in the first line of (2.17) can be written as

Tle1(0) = p.v. / Kt (e )9 (),
aT
and explicit computation shows
K (x;y) = Kii (v: x).

Both K7 and K} are bounded linear transformations on L%(3T), but they are not compact.
Nevertheless, we can compute and check that

K (x:y) — Kik(x: y)
_ per 8=y Ned Nyldi deap (x = 3)' (6 = ) =y Ne + )

wq lx — y|d w4 |x — y|d+2
L Her (= ) (Ve = Nyt = (a; — Ny =N 2.19)
[OF] [x — ¥l

Thanks to (2.15), the function above is integrable in y over 7, uniformly for x € 7. As a
result, IC"} — Kr is a compact operator on L%(d T). Finally, we also know that S7[¢]|+ and
Stl¢]|- agree on T, and agree with (2.9) with x € 9T . Moreover, the tangential derivative
of St on a7, i.e. the traces of t, - VSr[¢] from T and 7, where 7, belongs to the tangent
space X, (0T) of T at x € 0T . This can checked directly from the trace formula (2.16).

In Sect. 3, we will introduce the periodic variants of the above layer potentials, and use
them to solve and analyze (1.4).

2.3 Main results

The first main result of the paper concerns some mapping properties of the operators — % I+
Kr and —%I + Kk, which appear in the trace formula (2.18).

Lemma 2.2 Supposed > 2, T C R? is an open bounded set satisfying (Al) and (A2). Then
the operators —%1 + Kr and —%I + K., as bounded linear transformations on L%3T),
satisfy the following properties.

(1) The ranges of the operators are closed, and both of their kernels have dimension d.
Moreover, ker(—%] + ICr) is the subspace of constant vector fields over 0T .

(2) The direct sum decomposition L2(dT) = ran(—%l + K1) D ker(—%l + K1) holds.
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Those results are proved in Sect.3.2. It will be shown that we can find vector fields
¢f,.... ¢ in L2(8T), and vectors aj, ..., a} in R4, so that {¢;};’:’:1 form a basis for the

kernel of —%I + Kk, and they satisfy
97 =ej, =Srl¢fl=aj onT, j=1,....d.
aT

Let A7 be the matrix defined by
Ap = ((aj)f) =[a} a} -+ a}]. (2.20)

We will show that A7 is symmetric, and A7 is positive definite for d > 3. For d = 2, due to
the abnormal rescaling property of 'y in (2.8), the matrix A7 could be degenerate; however,
when the homogenization of (1.1) is concerned, we can always assume (see Remark 3.8) that
det A7 # 0. The decomposition in item (2) of Lemma 2.2 is easily done using ¢>’;’s above;
see Lemma 3.9.

Now we state our main results concerning the homogenization of (1.1). We define the
matrix

A7l ifd >3
zﬂT 1 - in the dilute setting,
(fy Xj) in the classical setting.

In the classical setting, n is essentially a fixed parameter, and the problem is in the super-
critical setting. The cell problem (1.3) does not depend on &, and no further asymptotic
analysis is needed. Note that M defined above is positive definite (see Proposition 3.7).

Theorem 2.3 Assume d > 2, assume (Al)(A2) and (A3) holds. For each e € (0, 1), let u® be
the unique solution of (1.1) and u® be the zero extension, and assume f € L3(D). Let o, be
defined by (2.6). Then the following holds as ¢ — 0.

(1) Inthe super-critical setting, i.e. when o, — 0, the zero extension function g—; converges
&
weakly to u in L*(D), withu = M~ f.
(2) In the critical setting, i.e. o — oy for some positive real number oy, the sequence u®
converges weakly in HO1 (D) to u, which is given by the unique solution to the problem

Py M . .
— LM [u] + —u=/f inD, u=0 indD. (2.22)
o
0
(3) In the sub-critical setting, i.e. o, — 00, the sequence u® converges weakly in HO1 (D) to
u, which is given by the unique solution to the unperturbed problem

— LM ul=f inD, u=0 indD. (2.23)

The classical setting (say n = 1) is included in item (1). It can be proved following the
standard arguments in [7]. In fact, we show that results in the other settings can be proved
following the same arguments, except an additional asymptotic analysis for (1.4) is needed.
Those proofs are presented in Sect.5 below. An advantage of our method is that, it can be
quantified relatively easily. This is addressed by the next main theorem.

Theorem 2.4 Suppose that the assumptions of Theorem 2.3 hold, and n — 0 as ¢ — 0. Let
v(’s be defined by (4.2). Assume further that the limiting function u of Theorem 2.3, in each
regimes, satisfies: u € Woz’d(D)ford >3andu € Wg’OO(D)ford = 2. Then the following,
stated first for d > 3, holds:
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(1) In the dilute super-critical setting, there exists C > 0 so that for all ¢ sufficiently small,
u’ k & 1ouf k & €
|— =@ g py+— == vl 2py < Clos+—) I fllwaa (2.24)
Iof: 0p O O¢
(2) In the critical setting, and suppose o, — oq for some oy € (0, 00), then there exists
C > 0 so that for all € sufficiently small,
~¢ o7 ke 2 2
lu® — U—Oz(Mu) Vellgipy < Cle+ oy —ogDllullwaa. (2.25)

(3) In the sub-critical setting, there exists C > 0 so that for all € sufficiently small,

~ _ d-2
@€ — (M vl g1 py < Co72+n"2)lullyaa. (2.26)

d—2

For d = 2, the above results hold with W>? replaced by W>*°, and n° = replaced by
1
[logn|~2.

The quantitative results above contain corrector informations. Take d > 3 and the sub-
critical setting for example, we may write

ﬁs—(Mu)kv,f =i —u—rt, = Muk [v,ﬁ—M‘lek].

We can think r¢ as the leading order corrector. Indeed, adding it to «, we not only improve the
weak convergence of item (3) in Theorem 2.3 to a strong convergence, but can also control
the approximation error in H'. Of course, using (4.8) below which yields estimates for the
corrector, we also have the quantitative estimate

e d=2
u —u <Cn7|u
I IILa,zg2 <Cn 7 |lully2a

We leave such discussions for the other settings to the reader.

Finally, we remark that the cle assumption on 97, in (A2), can be relaxed to 97 being
Lipschitz. We only need to borrow some further techniques of [11,23] to deal with layer
potentials on Lipschitz boundaries. Then results in Sect.3 and, hence, the main results of
the paper still hold. To simplify the presentations, however, we use the stronger assumption
(A2).

3 Mapping properties for layer-potentials and their periodic variants

In this section, we study the properties of the layer potentials and prove Lemma 2.2. We also
introduce and study their periodic variants, which will be used to analyze (1.4).

3.1 ARellich’s formula

The scalar version of Lemma 2.2, as in [ 18], is relatively easy because the Neumann-Poincaré
operator K7 associated to the Laplace operator is compact, for 87 € C'¢, and Fredholm
theory can be invoked. This is not the case for /Cr in the elastostatic setting, even for smooth
aT.

To overcome this difficulty, we follow the line of reasoning in [11,23]. An important step
is to establish the closedness of the ranges of —%I + K. The key is to show the conormal
derivatives of S7[¢], taken from the two sides of 7', can bound each other in L?. To this
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purpose, we need the following elastostatic version of Rellich formula. Note that 8T € C1®
implies, we can find a C1% vector field y over R? with compact support, and for some
constant C > 0, y satisfies

(y,N)>=C >0, ondT. 3.1

Proposition 3.1 Letd > 2, and let T C R? be an open bounded set satisfying (Al) and (A2).
Then for any u that verifies £L2*[u] = 0 in T and that Vu has trace on 3T, we have

2 2 du
/ (y. N (O + ) (dive? + I Vul) | =2/ -V 2] )
aT aT Vi=
+/(V~y)[(A+/L)(divu)2+,LL|Vu|2] —2/(ww) [ 4 ) (diva) I 4+ uVul.
T T
(3.2)

Similarly, if £L2*[u] = 0 on Ty. and Vu has trace on 3T, then we have
. ou
/ (v, N) (O + wy(diva)® + p|Vul?) |, = 2/ (- Vou, | )
oT oT vi+

— [ (V- [+ ) (divi)? + ulVul?] + 2/ (VuVy) : [(x + p)(divu) ] + uVu].
T, T,

3.3)
Proof From direct computations, we check that, either in 7' or in R4 \ T,
V- (yIVul?) = (divy)|Vul* + 2[(y - V)Vu] : Vu.

where the last term is 2(d juk Yyi9;(d juk) and the summation convention is envoked. On the
other hand, using the fact that u satisfies the Lamé system, we also have

O+ W3 [(y7 8ju’ ) (diva) ] + wde[ (7 8;u’) (deu')]
= [ @) 0" By + (v 0500 Do) |

+(A+w) [(divu)(aiyj)(ajui) + %aj()/j(divu)z) — %(divy)(divu)Q] .

The desired equality is then obtained by integrating those identities in 7" or in R? \ T, using
the divergence theorem, and combining the resulted integral identities. O

We can apply the above identities to u = St [¢] for a vector field ¢ € L2(3T). For such
u, using integration by parts and by the jump formula (2.17), we have

d d
/ M —0, and / e :/ o (3.4)
ar OV - a1 OV I+ aT

For d > 3, in view of the decay condition (2.10), we can apply the Green’s identity and show

du
/ u-— :/(A—I—/L)(divu)z—i-,ulvmz, (3.5)
ar  Ovi- T
and
u~—' =— [ G+ wivi)* + p|Vul?, (3.6)
oT av I+ RIT
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For d = 2, the identities above still hold provided that ¢ € L? 5(dT).In (3.2) and (3.3), if we
subtract on both sides the twice of the left hand side, and then take negative signs, we obtain:

[ (G v+ piVal) [ =2 [ ) [Gt o @ive 0 + iV
du au
—2/8 RO Vi) | O O V-

(V) [0+ w(divi)® + plVul*] F 2/ (VuVy) : [(A+ w)(divu)l + uVu].

3.7

T+

Here, we used the identity:
Viu=Vu(l —NQ®N), diviu = tr(Viu).

They are, respectively, the tangential gradient of u and the tangential divergence of u. From
the trace formula (2.16), we verify that those terms together with y - Vu are continuous
across T, for u = St[¢]. The main step to derive the formula above is to compute

ou )
(- Vou, =) =y, N) [+ ) (div)® + p|Vul?]. (3.8)
We use the pointwise decomposition
Y=, N)N+vy, vy €X@T).

Here X (97) is the tangent space of a7 . Then the term in (3.8) is hence computed as
M [—( N) IVl + (v - V) - ] + (A + w)(divue) [(y) - Vi) - N — (v, N)(div, u)]
2 2 du
= —(y. N) [uIVeul” + ( + w)(div, w)”] + pn(yy - Vu) - N

ou

A N - Vu)N -
++ N - (y) - Vu) IN
The Rellich’s identities (3.7) allow us to prove the following key results.

Lemma3.2 Lerd > 3, let T € RY be an open bounded set satisfying (Al) and (A2). Then
there exists C > 0, and for all ¢ € L2(8 T), we have

1
I (—*I +K )[¢>]|IL2(37) =C {II (51 +’C*> [l 207) + Var ST[¢]H, (3.9

and

||( 1+/c>[¢]||Lz<aT) {n(—1+/c)[¢]||L2(3T>+’/BTST[¢]H. (3.10)

Moreover, for d = 2, the above inequalities remain valid if ¢ € L? 0(dT) in addition.

Proof We only establish (3.9); the other one can be proved similarly. Let u = Sr[¢] in T
and in T . By the trace formula and the definition in (1.5), we have

d
I <_,1 +K )[¢]||i2(3T) - ”a\bj‘—

2
- c/ (. MO+ ) (divin® +  Vul]| .
L2(dT) T

(3.11)
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Step 1: Using the Rellich’s identity (3.7), we can deduce

Let us explain how this is done by considering a couple of typical terms on the right hand
side of (3.7). Take the second integral there for example; we can choose ¢ > 0 sufficiently
small so that

/ (- Vay - 1 / (- Vo - 2| < / u
. u) —| = . u)  — I _
it IN e 1 S Py

The goes to (3.12) after the integral term for g—l’(, is swallowed. Let us also consider the last
integral on the right hand side of (3.7). By Holder inequality and Young’s inequality, we can
choose ¢ > 0 sufficiently small so that

ou 2

I

< c{/ |V,u|2+/(A+u)(divu)2+u|Vu|2}. (3.12)
L2(T) oT T

2
1

+— oo || Viu 2 .
4CMII)/HL IViullzr

/(VuVy) [+ ) (divi) I + uVu]
T

1

2
= ClIVylleelVullz2 (/ O+ ) (div)* + MIVMIZ>
T

< C|Vylir~ (/ (r + ) (divu)? + u|W|2) :
T

This is then controlled by (3.12).
Next, to control (3.12), we observe that

. 2 du du
/(k + w)(divu)* + p|Vul® = / u-— 2/ (w—(u)or) - —| -
T or Ovl- Jyr dvl-

Apply Holder inequality, Poincaré inequality on a7, and Young’s inequality, we deduce that

2

0
[ o @i+ uivap < | 31
T av

+ ClIVeulga g7
L2(3T)

Using this estimate in (3.12), we get
ou
av -

Step 2: We control [|V;u| 1257 by |34
S,

< ClIViu—ll27)-
L2(3T)

| . |l;2. By continuity of tangential derivative of

IOVl 57 = IV 17 257y < 1OV 17257
Using the Rellich formula (3.3) and the same type of arguments in the previous step, we have

ou 2

IOVl 7 = € H

+ (A+M)(divu)2+;L|Vu|2]. (3.13)

v + LZ(BT) Ty

In view of (3.4), we have the following identity

/(A-I—M)(divu)z—i-,uIVuIz:—/ ug—”’ =—/ (u—(u))~a—”’ —<u>/ du
Ty aT v+ aT v+ ar OV I+
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Note also, for d = 2 we need ¢ € L(% to apply the Green’s identity. We now apply the
Poincaré inequality on 97 to get

/ w0 | < el g, + o P4 ‘ it 2
o v+ L2(T) c |ovl+
Using this in (3.13) yields
IVoull 2ar) < C { 1+ / ' } .
dv oT
Combine this with the conclusion of Step 1; we complete the proof of (3.9). O

3.2 Proof of Lemma 2.2

In this section, without further specifications, the operators ﬂ:%l + Kr and j:%l + K3 are
viewed as bounded linear transformations on L2(d7). In addition, assumptions in (A1) and
(A2) about T are always invoked. We also denoted by V the space of constant fields in 97,
and view ej, j =1, ..., d, as a basis for V.

Lemma 3.3 The inclusion Vo C ker(—%l + Kr) holds.

Proof We need to check Kr[e;](x) = %ej forall x € 3T and foreach j =1, ..., d. Thisis
done by using the Green’s identity (2.11) withu = I'y and v = e in T\ Bs(x), compute the
resulted boundary integral on 7 N d Bs(x), and compute the limit of this integral as § — 0.
This is standard and the details are hence omitted. O

Lemma 3.4 The range of—%l + K. is contained in L%(a T) and is closed. Moreover, this
operator restricted to L% is injective.

Proof Step 1: We check that ran(—%] +K7) < L%. This is true because, for each £ =
1,...,d, and for any ¢ € L2(3T) and in view of the previous lemma, we have

1 1
/ eg-(—*l-i-/C;) [¢>]=/ (—71+KT) [ee]- ¢ = 0.
aT 2 aT \ 2

Step 2: We show ker(—%l + KN L2 = {0}; in other words, —%I + I} is injective
from L% to L(z). Suppose ¢ is an element in this intersection. Let u = St[¢]. Then we have

1 . du ou
LY [u] =0in Ty, —| =0, —| =¢, ¢ =0.
av - ov I+ aT

By the Green’s identity and by the continuity of u across 7', we first get u is a constant in
T. Since ¢ € L%, the Green’s identity (3.6) holds for all 4 > 2. The left hand side of (3.6)
vanishes because of the observations above. Hence, u is a constant over R?. The conormal
of u computed from 77 is then zero, i.e. ¢ = 0.

Step 3: Since L% has finite codimension d, we confirm ran(—%l + K73) is closed by
showing that the restricted operator —%I + K5 L(Z) — L(z) has closed range.

Now suppose {g;} € L%(&T) that satisfies g; € ran(—%l + %) and g; — g strongly in
L%. We need to check that g € ran(—%l + C}). By assumption, we can find {h;} C L%(a T)
such that

1
(—51 +1c>;) [h]=g;, indT.
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If the set {h;} is bounded, then there exists a subsequence still denoted by {i;},and z; — h
weakly in L%(a T).For any ¢ € L2(dT), we have

1
(8 D)2 = jlij;o@j’ P)r2or) = jlij;o(hja (—51 + Kn)éD 207
1 1

Since ¢ is arbitrary, we must have g = (—%I + K3)[h]. The claim of this step follows in
this case.
If {h;} is unbounded, we may assume (by extracting a subsequence if necessary) that
|7l — oo. Then define flj =h;/llhjl € L2; they satisfy
8j

- 1 -
Iijll 2y =1, and (—51+/c’;> [h]= T 0as j — oo. (3.15)
J

We may assume that h j converges weakly to some he L(2)(8 T). Very similar to (3.14), we
can conclude that (—%I + IC’;)[E] = 0. By the injectivity established in Step 2, we confirm
that i = 0, and h j converges weakly in L(z) to 0. Moreover, we abuse notations and denote
the trace of St[¢] on 9T still by St[¢]. It is clear that, from the properties of (2.8), St is a
compact linear transform on L2(37T), and St is self-adjoint. In particular, we have

/ Srlhj)-ex = (hj. Srlexl) 297y — 0. as j — oo.
aT

Now we use Lemma 3.2 (this can be done for d > 2, as i j € L(2)), by the above convergence
and by the strong convergence in (3.15), we deduce that

1 -
(51 +IC§> [7;]1— 0 strongly in L? as j — oo.
Combine this with (3.15) again, we have shown that h j converges strongly to 0 in L2 1t
should follow that ||ﬁ jll = 0, but this is a contradiction with (3.15). Hence, {/;} cannot be
unbounded, and the conclusion of this step holds. O

Proof of Lemma 2.2 The closedness of ran(—%] + IC*}) is established in Lemma 3.4, and by
duality, ran(—%l + Kr) is also closed. We prove rest of the conclusions in Lemma 2.2 in
several steps.

Step 1: We show that ker(—%l + Kr) and ker(—%l + K}) both have dimension d, and
characterize the first space.

Since —%I + IC’; : L(z) — L(Z), and since L%(aT) has codimension d, we deduce that
dimker(—37 + K3%) < d. On the other hand, Lemma 3.3 shows dimker(— 3/ + K7) > d.

Now that both —%1 + IC; and —%I + K7 have closed ranges, and their difference forms
a compact operator (see the discussions below formula (2.19)), we conclude, using Lemma
A.2, that

1 1
dim ker (—51 + ICT> = dim ker (—51 + IC“}) .
Those dimensions then must equal to d. In particular, we have ker(—%] + Kr) =Vy. Asa
byproduct, we also have ran(—%] +K5) = Vé‘ = L%(a T), and —%I + K., when restricted

to L(Q)(B T), is a bijection.
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Step 3: We establish the direct-sum decomposition (not orthogonal in general)
2 1 * 1 *
L“(0T) = ran _§I+’CT @ ker _§I+KT . (3.16)

Since the codimension of the first space matches the dimension of the second space, it remains
to show their intersection contains only {0}. This is essentially proved by Step 2 in the proof
of Lemma 3.4.

Step 4: We establish the direct-sum decomposition in item (2) of Lemma 2.2, which, again,
is not orthogonal in general. This follows directly from the decomposition in the previous
step, and from the orthogonal decomposition

1 1
L*(3T) = ran (—51 + ICT> @ ker (—51 + IC?)

=ran (—%I + IC?) & ker <—%I + ICT> .
This completes the proof. O
The following fact is a direct consequence of the proofs above.
Corollary 3.5 The operator —%I + Kr: L(z) — ran(—%] + K1) is invertible.

Our next goal is to derive a formula for the decomposition of L?(dT) stated in Lemma
2.2.

‘We have seen ker(— % 1+ K7) and ker(— % I 4 K7%) both have dimension d. Following an
argument in [6, Theorem 2.26] which treated layer potentials for the Laplace equation, we
consider a mapping between ker(—%l +K3) x R and ker(—%[ + K1) x R, Both of them
are product Hilbert space of dimension 2d, and both are equipped with the standard inner
product. The mapping is:

1 " d 1 d
Ar : ker —EI—FICT x R —  ker —§I+ICT x R?,

@.a) (ST[¢]+a,/ 0.

aT

Here, the notation St is abused to denote the trace on 7T of the single-layer potential. The
mapping is well defined because, if ¢ € ker(— % I + %), then by the Green’s identity (3.5),
Sr[¢] must be a constant in 7.

We claim that A7 is a bijection. It suffices to check the injectivity. Suppose (¢, a) is such
that ¢ € ker(—%[ +K})anda e R4, and

/ =0, Srlpl+a=0.
aT
By the decomposition (3.16), we conclude that ¢ = 0, and then a = 0. This proves the claim.

Remark 3.6 A very similar argument actually shows that, for d > 3, the mapping

1 1
Sr ker(—fl—i-lC“}) — V():ker(—il—i-lCT)

2
¢ = Srldllsr.

is also a bijection. This is not true, in general, for d = 2. We will come back to this point.
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Now, for each j =1, ..., d, consider the vector (0, ¢;) which is in the range of A7, we
can find a unique pair (¢>7, a;f), with ¢>;f € ker(—%l +K7%) and a;? € R?, as the preimage of
0, ¢j),ie.

Srl¢jl=—aj on T, and i ¢ =ej. (3.17)
T

Clearly, {d)}’f} form a basis for ker(—%[ + K3). Let A7 be the matrix with a;"s as columns,
i.e. Ar is defined by (2.20). It has the following nice properties.

Proposition 3.7 For d > 2, the matrix At is symmetric. For d > 3, At is positive definite.

Proof We can write the component of A7 as
@)’ = —e; - Srl¢f] = — (/dT ¢,*> St} = — (¢, St 1291y

Using the fact that St is self-adjoint, we can rewrite the right hand side as — (St [¢] ], ¢)’,'f )L2(0T)>

which is, according to the formula above, (a;k)j . Hence, Ar is symmetric.
Now we impose the condition d > 3. To check that A7 is positive definite, consider any
vector ¢ = (¢') € R? and we compute that

(ATc>~c=—/ ¢ Srlol,
oT

where ¢ = ci(]b;‘ which belongs to ker(—%l + IC;). Letu = Sr[¢] in R4, we can recast the
above identity as
ou
(Arc)-c=— —| -u.
aT ov I+
Ind > 3, we can apply the Green’s identity (3.6) and conclude that

(Arc)-c =/ _ulVul? 4 (4 ) (diva)®.
RI\T

The right hand side is non-nega‘[ive, and it vanishes if and only if u = Sr[¢] is a constant on
Ty, which would imply ¢ = ¢'¢} = 0, and finally ¢ = 0. This shows Ar is positive definite
ford > 3. O

Remark 3.8 For d = 2, the matrix A7 can be degenerate. In fact, there is an abnormal
rescaling for St, which is due to the logarithmic term in I'x. Indeed, for d = 2, we note from
(2.8) that, for any r > 0,

ri(%) =14 (@) — <L (ogr)s;
Ky k 2 BTk

We then have

X —

srigne = [ T{ el oy + St doen [ o
aT r 2z aT
= r/ M (E = ¢/ (r2)dz + C—l(logr)/ ¢
adkry T 27 T
=rslr[¢(r~)](f>+c—l(logr>/ $.
r r 2 9T
Consider the qb;?’s in (3.17), and let ¢;ﬂ, € Lz(a(%T)) be the rescaled function
1
¢;, () =r¢;(rza), ze-T.
p
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Then we can check that

[ @a= [ gy =e;.
akT) oT

and meanwhile, due to the homogeneity (of degree —1) of the integral kernel K7}, we also
have

1 1 1
<_§I +K:>£T> [¢j,r](1) =r (—51 +K:>7k~) [¢1(rz), 7€ ;T.

In particular, qﬁ;.‘. ,’s belong to ker(—%l + IC’ET). Finally, from the rescaling formula of S,

we found that c
Arr =AT + 2—1(10gr)1, r> 0.
T

From this relation, we can see that, given a shape T, there always exist one or two r > 0
such that A,r can be degenerate, and there are at most two such r.

As a consequence, for d = 2 and when the homogenization of (1.1) is considered for the
dilute case, we can always assume det A7 # 0. Indeed, if this fails, we can replace it by roT
for ry slightly less than one so that det A7 # 0. Because we are interested in ¢ — 0 only,
the geometric set-up of the homogenization problem does not change once we replace 1 by
n/ro. [}

Finally, the proof above provides a formula for the decomposition.

Lemma3.9 Suppose d > 2, T < R? is an open bounded set satisfying (Al) and (A2).
Let Ty : L2(3T) — ker(—%l + Kr) and Ty := I — Tlg be the projection operators to
ker(—%] + K1) and to ran(—%[ + K7). That is, for ¢ € L2@T), (Tlp[@), T11[¢]) be the
unique pair such that

1 1
¢ = Tolo] + [i[¢p], with Tp[¢] € ker(—il + K7), Ii[¢] € ran(—El + Kr).

Then we have

(MoleD* = (8} D) 12007)-

3.3 Periodic layer potentials

To solve the cell problem, we use periodic layer potentials. They are variants of the afore-
mentioned layer potentials adapted for Lamé systems in the torus T¢, or in the rescaled torus
77_1 T9. In this subsection, assumptions (A1), (A2) and (A3) are all invoked.

We start with the unit torus, and consider the fundamental solution G (x) that solves

LYMGr)(x) = (Bo(x) — Dex,  inTY, (3.18)
with the normalization condition
/ Gr(x)=0.
']Td
It is straightforward to check that, for each k = 1, ..., d, there is a unique solution, G is

smooth in T%\ {0}. Moreover, G can be viewed as a “perturbation” of the free-space solution
'k, in the sense that there exists a unique Ry (x) € Cm([—%, %]d) N C(T?), such that

Gr(x) = Th(x) + Re(x),  Vx € T9\ {0}.
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In fact, derivatives of Ry do not satisfy periodicity, so Ry is not an element of cL(T9). For
rather explicit Fourier representations for Ry, we refer to [6].
On the rescaled torus n_l’JI‘d, we define the rescaled function

Gl(x) = n"2Gr(nx) = Ti(x) + 2 Re (). (3.19)

Note that for d = 2, we abuse notations and have subtracted a constant term of the form
7= (log n)ey in the second equality. In view of the scaling property of the Dirac distribution,
we check that G} solves the problem

LRGN = Bo(x) — nhyex,  inn T, (3.20)

Using those fundamental solutions, we define the periodic single-layer potential associated
to T, for ¢ € L>(3T), by

<s;[¢])’<(x>=/ Glr —y)- ¢y, x en T4\ aT,

aT

and define the periodic double-layer potential by

G (n(x — y))

o, ¢ (y)dy.

(DI (x) = p.v. /
oT

It is important to point out that £**[S}.[¢]] = 0in T and in %’H‘d \ T only for ¢ € L3(3T);
on the other hand, £**[S][¢]] = 0 away from 3T for all ¢ € L.
In view of the decomposition of G, we can write

Sp=sr+u2sh, Spl= [ R — )00y,

Because Ri(n(x — y)) is uniformly bounded with respect to 1, x and y, the operator S?,l

is uniformly bounded (in ) and compact on L?(3T'). Moreover, because V Ry, is uniformly
bounded, S; | can be differentiated. We then have the following trace formulas

S o] 1
%’i(x) = (:I:EI +/c?*> (¢, xedT,
where K7 = KF + 'K} and

K7¢] = /ar(A + (V- Ri)((x = ) (N, ¢(y)) + (Nx - VR (n(x — ¥))) - ¢ (y) dy.

In particular, IC';*I is a compact operator on L2(3T') that is uniformly bounded in 7.
Similarly, for the double-layer potential, we also have

D} =Dr +4'7'D} |,
where the perturbation operator D%l is defined by
D} [¢1(x) = —/ [A+m) (V- R)M(x — y)INy + (uNy - VR (n(x — y)] - p(»)dy.
aT
The trace formulas are

1
D;[qs]‘i(x) - (iil +1c;> (6], xeodT,
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where K7 = Kr 4+ 77!} | and K7 | is simply the restriction of Dy | on 7. Again,

because V Ry is uniformly bounded in [—3, 117,

the resulted operator is compact in L2(d7') and its operator norm is uniformly bounded.
The trace formulas for D? can be used to solve the Dirichlet boundary value problems,

namely (1.4). The following facts will be useful.

the integral kernel above is bounded and

Theorem 3.10 For the operators —%I + IC; and —%I + KC%, the following holds.

(1) Foreacht =1, ...,d, (—%I + K;)[eg] = —nd|T|eg.
(2) The operators —31 + K" and — 31 + K. are bijections in L*(3T).
Proof Ttem (1) is a direct computation and follows from the Green’s identity in the domain

n~'T¢ \ T. To be more precise, note that e, as a function solves the homogeneous Lamé
system in n’le ; it follows that, forx € T,

G}
/8 —k(xyy) e = /Tez'CA’”[GZ(X—')]Z/T(5x(y)—nd)€k'652(1—'7d)|T|5j€-

T 8Uy
By the trace formula, we get

Lk ) e = - YT ik e = it
2 7 ) leedd = n e, ST+ Ky el = —n"|Tleg.

In particular, for any n > 0, non-zero elements in ker(— % I+ Kr) is no longer in ker(— % 1+
K1).

Suppose ¢ € ker(—%l + IC *), then from item (1) it follows that ¢ € L2 5(dT), and hence
S; [¢] solves the homogeneous Lamé system in ~ ! T?\ 7. Green’s identity then shows that
SHe¢l = 0inn~'T9, and it follows that ker(— 37 + KJ™) = {0}. On the other hand, in view
of the perturbative relations and the compactness of IC 7.1 and ICT |» the ranges of — lI + IC;

and —%1 + IC * are still closed. Then Lemma A.2 shows that ker(—ll + ICT) = {0}, and
that those operators are bijections on 97 . O

4 Asymptotic analysis for the rescaled cell problem

As discussed in the Introduction, to prove homogenization results using the standard oscillat-
ing test function arguments, we need solve the rescaled cell-problem (1.4), which is imposed
on %Td . The existence and uniqueness of its solution X,:’ can be obtained from the standard

elliptic theory. Take the inner product with X;? on both sides of (1.4) and integrate by parts,
we get

/ IV 1 + o+ wdivgH? =1 / ek xp-
v Td\T
Using the Poincaré inequality (A.1), we get

C, d >3,

ot = 4.1
” Xk ”LZ(77 Id\T) = {C“Og’]'év d =2. ( )

To make the oscillation structure of the domain coincide with that of D¢, we define the further

rescaled function
. "( ), =3
vp(x) = 4.2)

Togm Xk (i) 4 =2.
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By the definition v{ vanishes in the holes of stf, and a direct computation shows that

1
— LEM ] (x) = e in eRY. (4.3)

&

We have the following result concerning the asymptotic behavior of vy.

Lemma 4.1 Letd > 2. Suppose that the assumptions (Al),(A2) and (A3) in Sect.2 hold. Let
v, k = 1,...,d, be defined by (4.2), and let M be defined by (2.21). Then the following
holds.

(1) For all dilute regimes of hole-cell ratios, there exists C > 0 depending only on d and T
such that
IVl 2py < Co, ' (4.4)

(2) In the critical setting, i.e. when o converges to some positive constant oy as € — 0,
Vi = (8;(v5)7)—0 weakly in L*(D). (4.5)

(3) For all dilute settings, i.e. when n, — 0as e — 0, let M be defined by (2.21). Then, for
d >3 withp ell, %], one has

v — M~ 'er in sz)c(Rd). (4.6)

For d =2, the above holds for p € [1,2].

Proof The gradient bound in (4.4) is essentially a rescaling of (4.1) and the proof is omitted.
The proof of (4.6) is postponed to the next lemma where the results are stronger. We only
establish the weak convergence (4.5) here.

We first note that in this critical hole-cell ratio setting, ||V} |2 is uniformly bounded
and, hence, it suffices to check that for all ¢ € C°(D, R), forall j, £ =1,...,d,

/ (0v)p —> 0, ase — 0. 4.7)
D

Here and in the rest of the proof, we write (v{ )/ simply as v/.
Consider the e-cubes in the definition of ER‘]{, i.e. cubes of the form &(z + (—l, %)d),

z € Z¢, and label those that have non-empty intersection with D by i € N. Among those
cubes, let Z, denote those contained in D, and let 7, denote those that intersect with 0 D.

For a typical interior cube denoted by Q. ; = z¢; + 8(—%, %)d, where z.; € 74, we
compute

/Q (Bev)p = /Q D) (zei + y)dy = (e)?™! /Q @ex! (ze,i + eny)dy.
£, & 1

We use Taylor expansion for ¢, and check that
|0(@e.i +eny) = 9(ze)| < [ VolLe.

Since replacing ¢ by ¢(z..;) makes the integral vanish because d,v/ is periodic, we deduceb

/ (dev))g
Qe,i

d, d—1 1 d, 42
< [IVoliLeen ”VX]?”L2|Q%|2 <C&¢nz.
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The above holds for d > 3. If d = 2, there is a further multiplicative factor |log n|_% on
the right hand side, in view of the definition (4.2) and the bound (4.1). The above estimate
is uniform for i € Z,. Since the number of interior cubes is of order O(¢~4), the overall
contribution to the left hand side of (4.7) from interior cubes vanishes in the limit.

For a typical boundary cube denoted by Q¢ ;, i € J., we use Holder inequality to get, for
d >3,

CIAY

: d
< llgliz<lloev” 22(g, €2
Qs,i

d-2

nyj 4 42 d—1
= ll@llzelldeGy ) 12, )e2 (em) 7 = Ce™ i 2
n

Again, for d = 2, the right hand side is multiplied by | log nl_%. Because 7, has a cardinality
of order e~*!, the above estimate shows that the contribution of boundary cubes to the
integral in (4.5) also vanishes in the limit. This proves (4.5). ]

Lemma 4.2 Under the same conditions of the previous lemma, there exists C > 0 depending
onlyon T, d and D, such that, for € sufficiently small,

d—2
_ Cn'7, d>3and p =32,
e =M ellrpy <1 P=a= (4.8)
Cllogn|~2, d=2and p =2.

Proof Our proof is based on an explicit representation of X: , which is made possible by the
layer potentials developed earlier. Compare the equations (1.4) and (3.20), in the domain
n~ T\ T, we must have

X @) =Gl + P} (x), xen 'TI\T,
where GDZ is the unique solution to
LYMO]1=0 inp'TY\T, @] =-G] on aT. (4.9)

This is a Dirichlet boundary problem for the Lamé system on the torus = !'T¢ and exterior
to 7. We can solve it using the double-layer potential D;. However, to obtain necessary
estimates, we first perform a decomposition of the boundary data according to Lemma 3.9.
We have

— G =c] +h], (4.10)

with hz € ran(—%l + Kr) and cZ € R?. In view of the decomposition formula and the
perturbation relation (3.19), we have

() =~ /a . GLY) - 95y = =(Sr[¢5D*(0) — 17287 | [¢71(0)

= —(@a}) —n"7*S] | [$71(0).

In particular, the last term is a constant of order O (nd_z). On the other hand, since — % 1+ IC;
is invertible on L2(3T), we can find a unique g € L2(3T) such that

1 1
hl = (_51 + zc;) [e] =—n"ITI(g) + (—51 + m) [¢'1+n!"'K7 [¢"], (@4.11)

where (g) := faT g is the mean-value of g on 9T, and g’ € L(z)(a T) is the fluctuation, and
g=g+(g).
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Let IT; in Lemma 3.9 operate on both sides of (4.11), we get
1 _
<—§1 +Kr +n? 1n1n3’1> [g'] = hj.

The operator l'[]IC'}’1 is compact on L2(3T) and the left hand side is hence a perturbation

to — % I + K, which is invertible from L(Z)(B T) to ran(—%] + KCr). We conclude that, for n
sufficiently small, the perturbed operator remains invertible and

1 -1
¢ = (_51 +Kr + nd*‘nlic%) [h]].

Both the inversion operator and hZ can be uniformly bounded in n; we conclude that || g'|| ;2 <
C. Finally, let the projection ITg operate on both sides of (4.11), we get

—n?|T1(g) +n?~'ToK] | [g'1 = 0.

From this we deduce that (g) = 0(17_1).
The the solution to the rescaled cell problem (1.4) is hence represented by

X! =Tk + Arer + DHg'1+ 0(?™2). (4.12)
The error term has an L* norm of order 72, and it includes the constant error in (4.10),
the perturbation in (3.19) and the constant term in (4.11).

Back to the proof of (4.8). We decompose the integral over D into integrations over

e-cubes as before, and consider first the case of d > 3. Let p = %. We compute

llog = M~ el ) < Z/ vf(2) — M~ ey dz.
ieZ, Qci

Here, Z is the index set for e-cubes that has non-empty intersection with D. In each e-cube,
we estimate the integral by

/Q | vf(2) = M~ ex|Pdz < C [, 1vF = (v%) g, 1P + 1(v)) 0., — M~ ex|”

IA

enp
c (VeI
We used the Sobolev embedding LY (rT? < H'('TY), for any r > 0, where rT9 is
the rescaled torus; moreover, the bounding constant in the embedding inequality is scaling
invariant and hence independent of ». The constant C above hence depends only on p and d.
We have

+ e (vE) g, , — M_]ek|1’) . (4.13)

IVl T2 0, ) = EM 2NV 1720y 100y < Clem? 2. (4.14)
To control the contribution of (v{)o,, — M ~lex, we compute and find that
(VR 0o = M~ ek = (X")ymima = M ek = () 1qav7 — M~ ex + O(n)
From (4.12), we have
(X 1panT = M e = () 1rany + (PIE D 1many + 0.

We need to estimate the first two terms on the right hand side. For the average of I'x, we note
that

C
Tk (x)| < W
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As a result,
C
/ Tp(x)dx| < / — <Cn%, and \<Fk>1w\7\ <cn'?
Lra\T Lpa |x|97 "
For the second term, we compute
n /
ﬁw _Drlglx)dx
g TAT

=/ ,/ [0+ W) (divy G} (x; YNy + uNy - Vy Gl (x5 »)] - &/ (v)dydx
Lpd\T Jor

- /Td\? /M [(A + W (dive Gl (x; Y))Ny + uNy - VGl (x; )] - &' (v)dydx

/BT AT [()L + 1) (Ny - GZ(x; YI)Ny + N,y - NxGZ(X; y)] 'g/(y)dxdy.

Using the fact

sup/ |G](x; y)ldx < C,
yedT JaT

we deduce that
(D?[g’])%w\f <cpl.
It follows that
[(v) 0., — M~ 'er| < Cn? 2. (4.15)

Use all the estimates above in (4.13), we conclude that
—1, P d_d
”vli -M ek”LP(Qm‘) =< Ce n.

This estimate is uniform for all the cubes O ;’s, and there are 0(8"1 ) many of them. We
hence conclude that

& —1 4 -2
lvg = M~ ekllLr(g. ;) <Cnr =Cn 2.
This completes the proof for d > 3.

In the two dimensional case, we repeat the argument above but for p = 2. In this case,
we have

n X
xN(—) =
[logn|™ “en [log n]

! |:Cl < g’7’>ek+—log —ex +Dllg /]+0(1)]~

~ Tlog 7l 2
: D”[/]<x>+0< : )
g —_— .
llogn| 77 “en |log |

In particular, we note that
271 ex ||L2(D), we break the integrals into those on the cubes Q; ;’s. Using
the Poincaré inequality on Q; ;, we get the following analog of (4.13)

vp(x) = [rk(i)‘f‘ATek‘i'D?[g,]‘f‘ 0(1)}

C1
—e
2w k= | log n| 271

v o log | pe + -

To compute ||v; —
1 ‘2

e 4] 2 29 — 2‘ .
v — 5kl = Cllo 7V +e2 |(vf) — —e
/N_I kT o k17 < Cllogn| IV X IILZ(%W) (vf) e
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The last term satisfies

(W) = s-ex| < ognl ™" (|0g 121 g, |+ 1D}8 ) 177l ) + Cllogn] !
k . k| = 11logn g e Qe Tl8 %’Jl‘d\T gl -

The term involving D; [¢] is controlled exactly as before and its average is of order one. We
compute

X
|01 =g, | = [(log lxhg,| < €.
‘We hence conclude that ol

|(wf) = 3-e| = Cllogl ™.

Using those estimates together with (4.1) in (4.15), we conclude that
€l 2 2 -1
||U;é - Eek“Lz(Qs,i) = Ce |10g77| .

Again, this estimate is uniform for all cubes Q, ;’s, and there are O (e72) many of them, and
we hence conclude that ol .
llvg — geklle(Q“.) =< Cllogn|™2.

This completes the proof. O

5 A unified proof for qualitative homogenization

In this section, we prove Theorem 2.3 with a unified method. In view of the estimates (2.4)
and (2.5), the sequence {i° /(1 A ‘752)} and {Vu? /(1 A o)} are uniformly bounded in L?; here
a A b means min{a, b}.
Hence, in the super-critical setting, we can extract a subsequence that is still denoted by
& — 0, along which
~E
r u weakly in L2(D).

2
O¢

In the critical and sub-critical settings, we can extract a subsequence along which
ut —u weakly in HO1 (D).

The qualitative homogenization results amount to determining the limit # and showing that
the whole sequence converges.

In this section, we establish those results using the standard method of oscillating test
functions. To start, let ¢ € C°(D; R) be a real valued test function with compact support
in D. Along an aforementioned converging subsequence of u®, test v}, which belongs to
Hé (D?), against the equation (1.1), we get

/ ueVi® : Vop + (A + w)ediva®) (divey)
D
+ / VI (Vo ® 1) + (. + 0)(divi) (Ve - vf)
D

=/<p(f-v,§)-
D
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On the other hand, since gu® belongs to H 1 (eRdf), we can test it against equation (4.3), and
obtain !

/ neVug : Vi + (A + we(divog) (divi®)
D

+/ w(Ve @ i) : Vup + (A + ) (Ve - i®)(divoy)
D

L”t'é‘
:/ plex - —).
D O¢

Take the difference between those equations, we get the key identity
/ uvi® s (Vo @ vp) + / (A 4+ w)(diva®) (Ve - vy) —/ w(Ve @ i°) : Vuy
D D D

—/(xw)(w-af)(divv,f):/ o(f vf —er ) (5.
D D Og¢

Let us name the five integrals in the identity above by I, I», ..., I5 in order of their appear-
ance. We need to find their limits in each asymptotic regimes for o, . The trick of the procedure
above is, the integral terms that involve products of a pair of weakly converging quantities,
namely the integral of Vi : Vv?®, are all eliminated, and integrals that survived in (5.1) only
involve products of a weakly converging function with strongly converging ones.

5.1 The super-critical setting

We only address the dilute case. In this setting, o, converges to zero, and along the converging
subsequence, u°®/ 052 — u weakly in L2, and Vi is of order O (o). Inspecting the integrals
in (5.1), we find, using (2.5), (4.4) and (4.6), as ¢ — O,
Il < ClIVell< Vil 2 llvgllz2 < Coe — 0,
|L| < CIVi® |2 IVelliLellvgll: < Coe — 0,
131+ 4] < Clla®ll2 el Vogll2 < Cog,

lsa/q)(M*lf—u)-ek.
D

A

In the limit of /5, we also used the fact that M ~! is symmetric. As a result, passing ¢ — 0
in (5.1), we get

[ o7~ e =o,

D

which holds for all test function ¢ and forallk =1, ..., d. It follows that
u=M7"f.

The above formula dictates the possible limit of it /o2. Hence, the whole sequence converges
to this u. This completes the proof in the super-critical setting.

5.2 The critical setting
In this setting, o, — op for some oy € (0, 0c0), and along a converging subsequence,

it — u weakly in Hj (D). By the Rellich’s lemma, we also have & — u strongly in L?,
and Vii® — Vu weakly in L2,
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We examine the integrals in (5.1), and by using the weak convergence of Vii® and Vuy,
together with the strong convergence of #° and v}, we deduce that, by sending ¢ — 0,

/,uVu : (V¢®M‘1ek)+/(x+u)(divu) (M_1V<p-ek):/ go(M—lf—iz)-ek.
D D D o

We emphasize that the limit of /3 and /4 vanishes because Vv; weakly converges to zero.
Using integration by parts, we can recast the above as

—/ ga(uAu—l—()»—i—,u)Vdivu)-M_]ek:/ go(M_]f—%)-ek.
D D <))

Since M~! is symmetric, we can move M~ on the left hand side to the front of £**[u].
Then we multiply M on both sides to get

. Mu
—/ @ (uWAu + (A + p)Vdivu) - e :/ 7 (f— 2) - ek.
D D 00
This holds for all test functions ¢ and for all k € {1, ..., d}. We conclude that
Py M e
—L"Mu+ —u=f  indistribution in D.
o
0

Since we already have u € HOl (D), u is the unique weak solution to (2.22). This determines
the possible limit of #° uniquely and, hence, the whole sequence converges.

5.3 The sub-critical setting

In this setting, 0, — 00, and along a converging subsequence, ##°* — u weakly in HO1 (D).
We can argue almost exactly as in the previous setting. We point out two differences. Firstly,
the term in /5 involving o, vanishes in the limit. Secondly, /3 and /4 vanish in the limit for a
reason different from the previous settings, namely due to (4.4). It follows that the only limit
u for u? is given by the solution to

—LMMu)=f, inD

withu € Hol. As aresult, the whole sequence converges to this limit.

We also emphasize that our approach is uniform with respect to all the asymptotic regimes
of o, and for all d > 2. The necessary modifications for d = 2 is encoded in the asymptotic
analysis of v;’s, and the matrix M is defined accordingly.

6 Correctors and error estimates
Another feature of our approach is that the method yields natural correctors and error esti-

mates, with inspirations from the informal two-scale expansion method. We prove Theorem
2.4 in this section.

6.1 Super-critical setting

We only consider the dilute case. For the super-critical setting, o, is a small number. By
rescaling the corrector suggested by the formal two-scale expansion, we should consider the
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discrepancy function

s = % — f*uE @), x e D~

Note that because u = M~ f vanishes on 3 D, we have £¢ € H(} (D?). We set the value of
¢ as zero inside the holes. Direct computation shows that

—LReT) = g [0 A FE 4200 00 |+ Gt ) [ D 0 £+ 07 £
+ (A4 wdive) VK in DE.

Here 92 f* denotes the second order derivative matrix of f*. By assumption, f € w24(D)
and, hence, the right hand side is an L? function and the equation is satisfied in the weak
sense. Test ¢¢ against this equation, we obtain

Ve, + 0o+ wldive |7, = / 1 vEAFE 4+ et - 107 Ol
D
+( A+ 1) [ / div(vg — M~ler)s® - V5 + / (c) 0 (vf = M*'ek%aefk]
D D
+2u / ¢° - 3 f* @e(vf = M~ e)]. ©6.1)
D

Let us label the four integrals on the right hand side as I, ..., I4. Note that in I, I3 and
I4 we inserted the constant M ~!e; inside some derivatives without violating the equation.
Assume d > 3 for the moment and set p = 2d/(d — 2). The first integral is then controlled

by
111 < ClI fllallvE e lIEE N2 < Coelld? fllpallvE e IVEE 2. (6.2)

For the rest of the integrals, we need to perform an integration by parts (in D?, and, note that
tt e HO1 (D?)) first to shift the derivatives off v® terms. For I, the following holds.

h=— / (v — M e (B ai £+ @) o s )
D

- / (wf — M7 e - (VEOTV H 4 (vf — M e) - (0% F9)¢5.
D
We deduce that

1Ll <> lvf = M exllee (1Y £l IV N2 + 107 £llLallg €Il 2)
k

d-2
<Cn 2 (L4l fllw2aVEE 2. (6.3)

The integrals /3 and I4 can be treated in the same manner and they satisfy the same bound
above. Using (6.2) and (6.3) in (6.1), we finally get

d—2
2

1902 = € (00 +0°% ) 1 £ llwea.

By the Poincaré inequality, we also have

g€l 2 < € (a2 + &) 1 fllyoa.

This is the desired estimate for d > 3.
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In the case of d = 2, we only need to replace p by 2 and use W>> control on f. The
arguments above then follow and we get

1
1V¢°l2 = € (0 + ognl ™) I fllyaa,

and
¢80 2 < C (02 + &) Il fll 2.

This proves Theorem 2.4 in the super-critical setting.

6.2 The critical setting

In this setting, o, is of order one, and o, — o as ¢ — 0. We consider the discrepancy
function

We emphasize that {° € Hol (D?). This can be seen as an analog of the discrepency used in
the previous setting, except that we replace f by g’l—ou Direct computation then shows

M 2
L) = f — St 2 [U;A(Mu)" + 235(Mu)k3gv,§]
90 90
2
o2
O+ )2 [a,»(v,f)‘ag(zvm)’c + (az(Mu)k)v,i]
)
2

+0+ 0 ZE (divof) V(M in DF.
99

Using (2.22) and by some algebraic manipulations, we can rewrite the above as
% % k 1
=L = (5 = 1) £+ p(AMw) ) (] — M e)
OS 0-8

+O A W)@ (Mu)) (v — M- ex) + 2000 (Mu)* dpvf
YO+ w [a,-(v,i)fag (Mu)* + (divv,i)V(Mu)k] in D°.

After replacing Vv by V(vj — M ~ler), we test £¢ against the equation and obtain
1
E||V;8||2Lz < / 1gt - (uf — M~ e) Ak + (L + )¢t - [0 (M) (vf — M~ ep)]
D
+(h+ 1) [ / div(f — M~ ep)s® - VM)t + / (€5 3 (vf — M*‘ek)faAMu)k]
D D

/ {e .[’A,;Lu
D¢

The first four integrals on the right hand side of the inequality above can be controlled as
before, and, for d > 3, they are bounded by

. (6.4)

+2u / & - [ (Mu)* (3 (vf — M~ e)] + o2 — oilo,
D

—2

- =2
CE log = M~ ekl IMully2aIVE°ll 2 < Cn 2 V8 2
k
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The last integral can be recognized as the bilinear form associated to the Lamé system
evaluated at the pair (¢, u), and hence the last term in (6.4) is bounded by

2 2
Clo; —oglIVull 2V 2.
Combine the above estimates, we obtain
2 2
IVEIz2 + ISl 2 < C (e + log — ogl) llully.a.

For d = 2, the above estimate still holds if we use W2 estimate for u instead.

6.3 The sub-critical setting

In this setting, 0, — oo and hence o, !

function

is a small number. We consider the discrepancy
k
¢F =u" — (Mu) v,
which belongs to HOl (D?), and we set its value as zero in the holes. Computation shows

M
—CHE] = f = —5 o A + 20, (Mu) v | + 1+ o)

&€

x [0, 0 (M + @ (Mw)f | + 6.+ 0 (@ive) VM in D*.
Using the equation satisfied by u, we rewrite the above as

L) = =T AN~ M) + 0 @ M0 - M e

&
2000 (Mu) 0y (vf — M~ ex) + (1 + 109 (vf — M~ ex) dp(Mu)*
+( 4 wdiv(vf — M~ lep)V(Mu)* in DE.

Test ¢¢ against this equation, we obtain
wlvVetlz, < / 1t - (v — M~ e) AMu)* + O+ )¢t - [ Mu)*) (vf — M~ ep)]
D
+ / O+ ) [divee = MTe)s - VMW + € 0, 0f = M~ e o (Mu)* |
D

1
w2 [ et oot @t - Mo - 5 [ ¢ 65)
D Og JD

The first three integrals on the right hand side can be analyzed as before and, for d > 3, they
are bounded by

-2

_ d=2
C Y Ivf — M7 el IMully2a Vel 2 < Cn'T | Mully2a | VS22
k

Note that we also use the usual Poincaré inequality on D as ¢¢ € HOl (D). Using Holder
inequality and the usual Poincaé inequality, we can bound the last integral from above by

Co 2 |Mull 2 IVEE .

Combine those results, we deduce that, for d > 3,

d—2

IVE 2+ 1802 = (02 +072) lull
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1

For d = 2, this estimate holds with nd2;2 replaced by |log |2 and with W2 replaced by
W?2°°_ This completes the proof of Theorem 2.4.
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Appendix A: Some useful lemmas

The following results are very helpful and have been used in the main parts of the paper.

Theorem A.1 (A Poincaré inequality). Let d > 2. Let r, R be two positive real numbers and
r < R. Then there exists a constant C > 0 that depends only on the dimension d, such that
for any u € H'(Bg(0)) satisfying u = 0 in B,(0), we have

_d=2
CR(%)™ 2 IIVull 28, d >3, A

= 1
CR|log() 2 IVull L2, d=2

||M||L2(BR) =

We refer to [2, Lemma 3.4.1] or [18, Theorem A.1] for the proof. This inequality accounts
for the various asymptotic regimes for (1.1) depending on the relative smallness of n with
respect to €. Clearly, if we change one or both of the balls to cubes, the above inequality still
holds. In particular, it can be applied on the ¢-cubes, £(z + ?f), z € 74, which form SR?
and D°.

LemmaA.2 Suppose H is a Hilbert space and T : H — H is a bounded linear operator on
H and T* is the adjoint operator. Suppose T has closed range, ker(T) has finite dimension
k, and, moreover, T — T* is compact. Then dimker(7*) = k as well.

This is rephrased from Lemma 2.3 of [12]. It can be proved directly, or, by using the fact
that 7 is semi-Fredholm and that semi-Fredholmness and the index of such an operator are
preserved by compact perturbations.
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