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Abstract

Let (X, g) be a compact Riemannian manifold with quasi-positive Riemannian scalar cur-
vature. If there exists a complex structure J compatible with g, then the Kodaira dimension
of (X, J) is equal to —oo and the canonical bundle Ky is not pseudo-effective. We also
introduce the complex Yamabe number 1. (X) for compact complex manifold X, and show
that if 1. (X) is greater than O, then « (X) is equal to —oo; moreover, if X is also spin, then
the Hirzebruch A-hat genus A (X) is zero.
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1 Introduction

This is a continuation of our previous paper [38], and we investigate the geometry of Rie-
mannian scalar curvature on compact complex manifolds.

The existences of various positive scalar curvatures are obstructed. For instance, it is well-
known that, if a compact Hermitian manifold has positive Chern scalar curvature, then the
Kodaira dimension is —oo. On the other hand, a classical result of Lichnerowicz (e.g. [17,
Theorem 8.12]) says that if a compact Riemannian spin manifold has positive Riemannian
scalar curvature, then the A\—genus is zero. We state the first main result of this paper.
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Theorem 1.1 Let (X, g) be a compact Riemannian manifold with quasi-positive Riemannian
scalar curvature. If there exists a complex structure J compatible with g, then the canonical
bundle K x is not pseudo-effective and the Kodaira dimension k (X, J) is —oo.

Here quasi-positive means non-negative everywhere and strictly positive at some point. As
it is well-known, in general the positivity of the Riemannian scalar curvature of (X, J, g)
can not imply that of the Chern scalar curvature. As a borderline case, we obtain the second
main result of this paper.

Theorem 1.2 Let (X, g) be a compact Riemannian manifold with zero Riemannian scalar
curvature. Suppose there exists a complex structure J compatible with g. Then the Kodaira
dimension k (X, J) is either —oo or 0. Moreover, k (X, J) equals 0 if and only if (X, J, wg)
is a Kdhler Calabi—Yau manifold with Ric(w,) = 0.

The proofs of Theorems 1.1 and 1.2 rely on several observations in our previous paper [38]
and a new scalar curvature relation in Theorem 3.8.

Note that, on Kihler Calabi—Yau surfaces (e.g. K3 surfaces, bi-elliptic surfaces), there is
no Riemannian metrics with quasi-positive scalar curvature (e.g. [18, Theorem A]). How-
ever, by Stolz’s solution to the Gromov-Lawson conjecture ([27, Theorem A]), on a simply
connected Kihler Calabi—Yau manifold with holonomy group SU (2m + 1), there do exist
Riemannian metrics with quasi-positive scalar curvature. On the contrary, as an application
of Theorems 1.1 and 1.2, we show that those Riemannian metrics with quasi-positive scalar
curvature are not compatible with the Calabi—Yau complex structures, and more generally
we obtain the following result.

Corollary 1.3 On a compact complex Calabi—Yau manifold X with torsion canonical bundle
K, there is no Hermitian metric with quasi-positive Riemannian scalar curvature. Moreover,
if X is also non-Kdhler, then there is no Hermitian metric with non-negative Riemannian
scalar curvature.

Itis well-known that all compact Kéhler Calabi—Yau manifolds have torsion canonical bundle.
On the other hand, many non-Kéhler Calabi—Yau manifolds also have torsion canonical
bundle. For instance, the connected sum #;(S® x S3) with k& > 2 ([22]).

On a compact complex manifold X of complex dimension n > 2, we introduce the
complex Yamabe number 1. (X):

) szdVz
WX = sup ot Mf{l
v is H it g 1s conformal to g ' n
£ 1s Hermitian (/deg) "

; (1.1)

where sz is the Riemannian scalar curvature of g. Note that in (1.1), if the supremum is
taken over all Riemannian metrics, then it is the classical Yamabe number A(X) in conformal
geometry. Hence A(X) > A.(X).

Theorem 1.4 Let X be a compact complex manifold. If ,.(X) > 0, then k(X) = —oc.
Moreover, if X is also spin, then A(X) = 0.

According to the results of Gromov—Lawson [13] and Stolz [27], on a simply connected
Kéhler Calabi—Yau manifold X with dim¢c X > 3, one has A(X) > 0 and Z(X) = 0.
However, we have A.(X) < 0 by Theorem 1.4.

As motivated by Theorems 1.1, 1.2, 1.4, various conjectures described in [38, Section 4]
and classical works by Schoen—Yau [30-32], Gromov—Lawson [13], Stolz [27] and LeBrun
[18] (see also Zhang [41]), we propose the following conjecture.
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Conjecture 1.5 Let X be a compact Kdhler manifold with k(X) = —oo. If X has a spin
structure, then A(X) = 0.

Note that Conjecture 1.5 holds when dim¢ X = 2 ([18,39]) or 2m + 1.
Finally, let’s describe some straightforward applications of Theorem 1.1.

Proposition 1.6 Let X be a compact Kdhler threefold. If there exists a Hermitian metric with
quasi-positive Riemannian scalar curvature, then X is uniruled, i.e. X is covered by rational
curves.

According to the uniruledness conjecture (e.g. [4, Conjecture]), Proposition 1.6 should be
true on higher dimensional compact Kéhler manifolds.

Itis along-standing open problem to determine whether the six-sphere S® admits acomplex
structure or not. Now assuming X := S° has a complex structure J. As pointed out in [16,
p. 122], it is not at all clear whether « (X, J) = —o0, and proving this would seem to be
as complicated as to show that there are no divisors on X at all. It is obvious that c;(X) =
0 € H%(X,Z) and it is also proved in [35] that c]13C(X, J) # 0. In particular, Kx is not
holomorphically torsion. For more related discussions, we refer to [1]. Let . be the space
of Riemannian metrics with non-negative scalar curvature.

Theorem 1.7 Ifthere exists a complex structure J which is compatible with some Riemannian
metric g € ., then Ky is not pseudo-effective and

k(X,J)= —o0.
Itis known that there is no complex structure compatible with metrics in a small neighborhood
of the round metric on S° (e.g. [6,20,24,33]).
2 Preliminaries
2.1 Ricci curvature on complex manifolds

Let (X, wg) be a compact Hermitian manifold. Locally, we write wg = +/—1 gijdzi AdZ.
The (first Chern-)Ricci form Ric(wy) of (X, wg) has components

97 logdet(g;p)
T
which also represents the first Chern class ¢ (X) of the complex manifold X (up to a constant).
The Chern scalar curvature sc of (X, w,) is given by

sc = try,Ric(wg) = g R7. 2.1)
The total Chern scalar curvature of wy is
/ scaf =n / Ric(wg) A ), (2.2)
X
where n is the complex dimension of X.
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2.2 The Bott-Chern classes

The Bott—Chern cohomology on a compact complex manifold X is given by

H;f’cq (X) = Kerciﬂ QP4(X) .
Imad N QP-4(X)

Let Pic(X) be the set of holomorphic line bundles over X. As similar as the first Chern class
map ¢ : Pic(X) — Hal’l(X), there is a first Bott—Chern class map

BC: Pic(X) — Hpd (X). (2.3)

Given any holomorphic line bundle L — X and any Hermitian metric 2 on L, its curvature
form ®y, is locally given by —+/—109 logh. We define c]fC(L) to be the class of ® in

Hé’cl (X). For a complex manifold X, C?C(X) is defined to be C?C(K;I) where K;l is the
anti-canonical line bundle.

2.3 Special manifolds

Let X be a compact complex manifold.

(1) A Hermitian metric w, is called a Gauduchon metric if 39w~ = 0. It is proved by
Gauduchon ([12]) that, in the conformal class of each Hermitian metric, there exists a
unique Gauduchon metric (up to scaling).

(2) A Hermitian metric wy is called a Kihler metric if dw, = 0.

(3) X is called a Calabi—Yau manifold if ¢;(X) =0 € H? (X, 7).

2.4 Kodaira dimension of compact complex manifolds

The Kodaira dimension « (L) of a line bundle L over a compact complex manifold X is
defined to be

, logdimc HO(X, L®™)
k(L) := lim sup
m—>—+00 logm

and the Kodaira dimension k (X) of X is defined as x (X) := x (K x) where the logarithm of
zero is defined to be —oo. In particular, if

dime HO(X, K$™) =0

for every m > 1, then «(X) = —o0.

2.5 Spin manifold and ﬁ-genus

Let X be a compact oriented Riemannian manifold. It is called a spin manifold, if it admits
a spin structure, i.e. its second Stiefel-Whitney class w,(X) = 0. It is well-known that all
compact Calabi—Yau manifolds are spin.

In the following, we shall briefly describe the definition of the X—genus of a compact
oriented Riemannian manifold for readers’ convenience, and for more necessary background
materials, we refer to [17,23-25,37,38] and the references therein. Let A\i (p1, ..., pi) bethe

@ Springer



Scalar curvature, Kodaira dimension and ﬁ—genus 369

multiplicative sequence of polynomials in the Pontryagin classes p; of X belonging to the
power series

3Vz ! 7,
sinh (3/2) 247 27.32.5

The first few terms are

Ay = —p1 Aa(pr, ) = o (=4p2 +77) -

The A\—genus, X(X) is by definition the real number (}_; X,-(pl, ..., pi)[X], where [X]
means evaluation of the cohomology class on the fundamental cycle of X. Since p; €
HY(X,7), X(X) is zero unless dimg X = O(mod 4). Moreover, if X is a spin manifold,
A(X)isan integer. The following result is well-known (for more historical explanations, we
refer to [36, p. 420] and [17, Theorem 8.12] and the reference therein) and we shall use it
frequently in the sequel:

Lemma 2.1 On a compact spin manifold X, if it admits a Riemannian metric with quasi-
positive scalar curvature, then A(X) = 0.

3 The Riemannian scalar curvature and Kodaira dimension

Let (X, w) be a compact Hermitian manifold. We first give several computational results.
Lemma 3.1 For any smooth real valued function f € C*°(X, R), we have
(fw) = fo w4+ V—10f. 3.1)
Proof For any smooth (1, 0)-form n € I'(X, T7*1-:9X), we have the global inner product
(3" (). n) = (fo.n) = (@. f3n)
= (0, 3(fm) — (w.0f An)
= (fg*a), 77) — (w,gf A n)
= (fTw.n) +vV=T@f 0
where the last identity follows from the fact that f is real valued. O
Lemma 3.2 Forany (1, 0) form n and real valued function f € C*®°(X, R), we have
F*(fn) = f9*n— (., df). (3.2)
Proof For any smooth function ¢ € C*°(X), we have

(0" (fm. @) = (fn.09) = (n, f@) = (n, 0(fe) —f - @)
= (f3*n.9) = (1,31, 9)
and we obtain (3.2). ]
Let w; = e/ w for some f € C*®(X,R). We denote by 5;, 5;- and 9*,9 " the adjoint

operators taking with respect to @y and w respectively. The local and global inner products
with respect to w and w are indicated by (e, o), (e, ®) and (e, ®) 1, (e, )  respectively.
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Lemma 3.3 For any (1, 0) form n and real valued function f € C*°(X, R), we have
opn =" [0 n— (1) (n.9/)]. (3.3)
Proof For any ¢ € C*°(X), we have
(#5n.0) , = tr.99); = .0y = (o7 (V1) o)
where the second identity holds since 7 is a (1, 0)-form. By (3.2), we obtain

(ajin, w)f = (e("_”fﬁ*n, fp) - ((n, 9e" D7), w)-

Hence,

(95.0) = (0nv) = (=D~ .0p)0) .
which verifies (3.3). O
Lemma 3.4 We have
y0p =3 0+ (n—DV/-1df. (3.4)
Proof For any n € I'(X, T*1.0X) we have

(37er. n)f = (0. 9n); = ("7 0, 9)

— (5* (e(n—l)f .w) 7 ,7) ,

Now by (3.1), we have
(5j~wf, r])f = (e("fl)f [5*60 +(n— I)leaf] , n)
- (5*w F(—1)V=Taf, ’7>f
since 7 is a (1, 0) form. Therefore, we obtain (3.4). O
Lemma 3.5 We have
V1T wr = ¢/ (ﬁa*ﬁ*w —m-1 (Adf + trwﬁaﬁf)
+n— D9 f%). (3.5)

Proof By formulas (3.2) and (3.4), we have
V103 pwy = V=103 (5*w +n— 1)ﬁaf)

=/ (ﬁa*ﬁ*w VI =@ 0, df) — (=D If + (n — 1)2|8f|2) )
We also observe that

V1@ 0, 0f) =3 0f + tru/—103 f. (3.6)
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Indeed, for any text function ¢ € C*°(X), we have
(V=@ 0. 01),0) = V=1 (8w, g0 f)
=v=1 (0,09 AIf +¢0d f)

=@f,99) + (0,9 - /=133 )
= (@0f, 9) + (try/—130 f, 9)

which gives (3.6). Since Ay f = d*df =9 9 f + 0*d f, we obtain (3.5). O
The following observation is one of the key ingredients in the curvature computations.
Lemma 3.6 Let (X, w) be a compact Hermitian manifold. Then
(09" w, ) = |0 0> — V—=10*3" o. (3.7)

In particular, if w is a Gauduchon metric, we have

(39" w, w) = [0 | (3.8)
Proof For any smooth real valued function ¢ € C*°(X, R), we have

((ﬁ*w,w), <p> = (ﬁ*w, (pw) = <§*w,5*(<pw))
= (5*60, (pg*a) + leaw)
= (|5*w|2, go) + (—ﬁa*ﬁ*w, (p)

where we use formula (3.1) in the second identity. Since ¢ is an arbitrary smooth real function,
we obtain (3.7). If w is Gauduchon, i.e. 39w" ! = 0, we have 3* 3 w= 0, and so (3.8) follows
from (3.7). m]

Corollary 3.7 On a compact Hermitian manifold (X, w), the Riemannian scalar curvature s
and the Chern scalar curvature sc are related by

s =2sc —2v—10"3 w — %|T|2. (3.9)
where T is the torsion tensor of the Hermitian metric w.
Proof By Lemma 6.2 in the Appendix, we have
5 =250+ ((ﬁ*w +09*w, 0) — 2|5*w|2) - %|T|2.
Hence, by formula (3.7) we obtain (3.9). m]

Letwy = e @ be a smooth Gauduchon metric (i.e. 85(1}'}71 = 0) in the conformal class
of w for some smooth function f € C*°(X, R).

Theorem 3.8 The total Chern scalar curvature of the Gauduchon metric wy is

T2
n [ Ricp nof = [ o (S4B or - 12s12,. Ga0)
X : X 24 4
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Proof Indeed, since w s satisfies E)gw”f_] = 0, we have
n/ Ric(wy) /\w']'fl = n/ Ric(w) /\w;f1
X X
= n/ en=Df -Ric(w) A" ! = / A
X X

2
_ / S f (i n ﬂ) o +/ DS T8 - o
X 24 X

where we use the scalar curvature relation (3.9) in the third identity. Since w s is Gauduchon,
we have 0%9 ywf = 0. By formula (3.5), we have

V1o =m -1 (Adf + trw\/—lagf) — =D s 3.11)
It is easy to show that
/ eV /=100 f - " = n/ V=193 f A w';:‘ =0
X X
and
[ e vrasier = 11z,
X

Moreover,

/ VA fot = (d*df, e<"—1>f)

X

= (= 1) (af, e "7ay)

=m—-Df.df)y
since df is a 1-form. Finally, we obtain
/Xe<"‘“f V1T 0" = (= DAL, = (0= DS, = (0= DPIIFI, -
Putting all together, we get (3.10). O

The proof of Theorem 1.1 Let w be the Hermitian metric of (g, J). Letwy = e/ wbe asmooth
Gauduchon metric in the conformal class of w. If the Riemannian scalar curvature s of w
is quasi-positive, then by formula (3.10), the total Chern scalar curvature of the Gauduchon
metric w  is strictly positive, i.e.

: n—1
n/;(Rlc(a)f)/\wf > 0.

By [38, Theorem 1.1] and [38, Corollary 3.3], Kx is not pseudo-effective and x (X, J) =
—00. O

The following result follows from the proofs of Theorem 1.1 and [38, Lemma 3.2].

Corollary 3.9 Let (X, ) be a compact Hermitian manifold such that the background Rie-
mannian metric has quasi-positive Riemannian scalar curvature, then there exists a (possible
different) Hermitian metric @ with positive Chern scalar curvature.
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The proof of Theorem 1.2 Suppose (X, J) > 0. If w, is not a Kéhler metric, i.e. the torsion
|T|? is not identically zero, then by formula (3.10), there exists a Gauduchon metric with
positive total Chern scalar curvature. Hence, by [38, Corollary 3.3] we have « (X, J) = —o0
which is a contradiction. Therefore, w, is a Kihler metric and so in formula (3.10), f is a
constant and 7" = 0. That means, w, is a Kahler metric with zero scalar curvature. Since
k(X,J) > 0, by [38, Corollary 1.6], X is a Calabi—Yau manifold and « (X, J) = 0. By the
Calabi—Yau theorem ([40]), there exists a Kéhler Ricci-flat metric wcy, i.e. Ric(wcy) = 0.
Hence,

Ric(wg) = Ric(wg) — Ric(wey) = v—139F

ok .
where F = log ( o ) Since w, has zero scalar curvature, we have
8

Ay, F =try,~/—109F =0,

which implies F* = const and Ric(wg) = 0.
If (X, J, wg) is a Kéhler Calabi—Yau manifold with Ric(wg) = 0, itis well-known that K x
is a holomorphic torsion, i.e. Kf?e = Oy for some positive integer £. Hence, x (X, J) = 0.0

As an application of Theorems 1.1 and 1.2, we have the following result.

Corollary 3.10 Let (X, g) be a compact Riemannian manifold with nonnegative Riemannian
scalar curvature. If there exists a complex structure J which is compatible with g, then either

(1) k(X,J)=—00, or
(2) k(X,J)=0and (X, J, g) is a Kihler Calabi-Yau.
Proposition 3.11 Suppose X is a compact complex manifold with c]13C (X) <0. Then

(1) there exists a Hermitian metric with non-positive Riemannian scalar curvature;
(2) there is no Hermitian metric with quasi-positive Riemannian scalar curvature.

Moreover, X admits a Hermitian metric g with zero Riemannian scalar curvature if and only
if (X, g) is a Kahler Calabi-Yau.

Proof Note that by definition there exists a d-closed non-positive (1, 1) form » which repre-
sents C]]SC (X). By [28, Theorem 1.3], there exists a non-Kéhler Gauduchon metric wg such
that

Ric(wg) =n < 0.

Hence, for any Gauduchon metric o,
/ Ric(w) A "' = / Ric(wg) A "' <0. (3.12)
X X
(1). Since wg is Gauduchon, by formula (3.9), we have
1 _, . 1
s = 2sc — §|T| = 2try; Ric(wg) — §|T| <0.

(2). If there exists a Hermitian metric with quasi-positive Riemannian scalar curvature, then
it induces a Gauduchon metric with positive total Chern scalar curvature which is a contra-
diction.

Suppose X admits a Hermitian metric g with zero Riemannian scalar curvature, then by
formulas (3.10) and (3.12), we have T = 0 and f = 0, i.e. (X, wg) is a Kihler manifold
with zero scalar curvature. Since cllgc (X) = c1(X) <0, we have Ric(wg) = 0. ]
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The proof of Corollary 1.3 If K x is a torsion, i.e. Kf?'" = Oyx forsomem > 1,thenx(X) = 0.
The first part of Corollary 1.3 follows from Theorem 1.1, and the second part follows from

Theorem 1.2. ]
The proof of Proposition 1.6 By Theorem 1.1, Kx is not pseudo-effective and x (X) = —oo0.
Hence by [7, Corollary 1.2] or [15, Corollary 1.4], we conclude X is uniruled. m]

The proof of Theorem 1.7 Since H*(X,R) = 0, the Hermitian metric (g, J) is not Kihler.
Then Theorem 1.7 follows from Theorem 1.1 and Theorem 1.2. O

4 The Yamabe number, ﬁ-genus and Kodaira dimension

Let (X, go) be acompact Riemannian manifold with real dimension 2n. The Yamabe invariant
A(X, go) of the conformal class [go] is defined as

sqdV,
MX, g0) = inf xsadly

1 5 (4.1)
g=¢/ 0. JECPXR) ([ gy,)'7n

where s, is the Riemannian scalar curvature of g. Moreover, one can define the Yamabe
number

AX) = sup AMX, g). 4.2)

all Riemannian metric g

As analogous to (4.2), on a compact complex manifold X, one can define the complex version

Ae(X) = sup AMX, g). 4.3)

all Hermitian metric g

Theorem 4.1 Let X be a compact complex manifold. If L.(X) > 0, then k(X)) = —o0.
Moreover, if X is also spin, then A(X) = 0.

Proof Suppose A.(X) > 0, then there exists a Hermitian metric g¢ such that

s.dV,
A(X,go) = inf Jxs5dVe

711 > 0.
g€lgol (fXdVg) T

Let w; = e/ wy, be a Gauduchon metric in the conformal class of wg,. Hence, wy has
positive total Riemannian scalar curvature

sr-wh > 0.
[ s
Moreover, by formula (3.9), the total Chern scalar curvature of w  is
Sf 1 2 n
(sc) -a)”-:/—-a)”-+f/|T| ~o'h >0, (4.4)
/X Io@f ¥ 2 Ity ¥ [y @y
where we use the fact that w s is Gauduchon, i.e. 8}‘-59}@]« = 0. Therefore, the Gauduchon
metric w ¢ has positive total Chern scalar curvature, and by [38, Corollary 3.2], k (X) = —oo.

We also have L(X) > A.(X) > 0. On the other hand, by a straightforward calculation ([29,
Lemma 1.2]), one can show that A(X) > 0if and only if there exists a Riemannian metric with
positive Riemannian scalar curvature. Hence, by Lichnerowicz’s result (e.g. Lemma 2.1), if
X is spin and A.(X) > 0, then A\(X) =0. ]
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Note that on a simply connected Kihler Calabi—Yau manifold X with dim¢ X = 2m + 1,
one has A(X) > 0 and A(X) = 0. However, A.(X) < 0.

Question 4.2 On a compact Kihler (or complex) manifold X, find sufficient and necessary
conditions such that A(X) and A.(X) have the same sign, or A(X) = L.(X).

A result along this line is

Corollary 4.3 Let X be a simply connected compact complex manifold with dimc X > 3. If
Ae(X) has the same sign as M(X), then k(X) = —oo.

Proof By Gromov-Lawson [13] and Stolz [27], if X is a simply connected complex manifold
with dim¢ X > 3, then X has a Riemannian metric with positive scalar curvature, hence
A(X) > 0 and so A.(X) > 0. By Theorem 4.1, we obtain «(X) = —o0. m]

Finally, we want to present a nice result of LeBrun, which answers Conjecture 1.5 affir-
matively when X is a compact spin Kihler surface (for related works, see also [14] and
[20]):

Theorem 4.4 [18, Theorem A] Let X be a compact Kiihler surface, then

A(X) > 0 ifand only if k(X) = —o0;
AMX) =0 ifandonly if k(X)=0 or 1, 4.5)
AMX) <0 ifand only if k(X) =2.

According to Theorems 1.1, 1.2, 1.4 and [38, Theorem 1.1], there should be some analogous
results for A.(X) on compact Kihler manifolds, which will be addressed in future studies.
For some related settings, we refer to [2,3,8,21] and the references therein.

5 Examples on compact non-Kahler Calabi-Yau surfaces

In this section, we discuss two special Calabi—Yau surfaces of class VII. One is the diagonal
Hopf surface S! x S* and the other one is the Inoue surface. It is well-known, they are non-
Kihler Calabi—Yau surfaces with Kodaira dimension —oo, b1(X) = 1 and b>(X) = 0. We
show by the following example that the converses of Theorems 1.1 and 1.4 are not valid in
general:

Proposition 5.1 For every Inoue surface X, it has k(X)) = —oo and A\(X) = 0. However,
it can not support a Hermitian metric with non-negative Riemannian scalar curvature. In
particular, A.(X) < 0.

Proof Since X is a non-Kihler Calabi—Yau manifold with b>(X) = 0, one can see c% =0
and ¢; = 0 (e.g. [5, Proposition 19.2 in Chapter V]). Hence, by the index theorem, we have

vy Loy L2
AX) = =570 = = (=) = 0.

On the other hand, on each Inoue surface, there exists a smooth Gauduchon metric with non-
positive Ricci curvature. Indeed, let (w, z) € H x C be the holomorphic coordinates, then
by the precise definition of each Inoue surface ([9,10,25,34]), it is easy to see that the metric
A= = [Im(w)]™ ' (dw A dz) @ (dW A dZ) (resp. k' = [Im(w)]~2(dw A dz) ® (dW A d7))
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N )

is a globally defined Hermitian metric on the anti-canonical bundle of Sy (resp. S N.pgorit

(e.g. [9, Section 6]). Hence, the Chern Ricci curvature of Sy is
_ _ v=ldw A dw
—J/199logh~! = V=199 log[Im(w)] = — Y- S0 240
4 [Im(w)]?
which also represents clfC(X ). By Theorem [28, Theorem 1.3], there exists a Gauduchon
metric wg with
V=ldw A dw
Ric(wg) = - S0 <
4 [Im(w)]?
(Note also that the Riemannian scalar curvature of wg is strictly negative according to (3.9).)
Hence, for any Gauduchon metric w, the total Chern scalar curvature

2/ Ric(a))/\a)=2/ Ric(wg) A w < 0.
X X

If X admits a Hermitian metric @ with non-negative Riemannian scalar curvature, then by
formula (3.10), there exists a Gauduchon metric with positive total Chern scalar curvature.
This is a contradiction. We can deduce similar contradictions for S,j\;’ pagrit m]
A straightforward computation shows that on diagonal Hopf surfaces S! x S3, there exist
Hermitian metrics w4, w—, wo with positive, negative and zero Riemannian scalar curvature
respectively ([24, Section 6]). However, their Chern scalar curvatures are all positive.
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Jian-Qing Yu, Bai-Lin Song, Song Sun, Valentino Tosatti, Shing-Tung Yau and Fang-Yang Zheng for valuable
comments and discussions.

6 Appendix: The scalar curvature relation on compact complex
manifolds

Let’s recall some elementary settings (e.g. [24, Section 2]). Let (M, g, V) be a2n-dimensional
Riemannian manifold with the Levi—Civita connection V. The tangent bundle of M is also
denoted by Tr M. The Riemannian curvature tensor of (M, g, V) is

R(X,Y,Z, W) =g (VxVyZ —VyVxZ = Vix y1Z, W)

for tangent vectors X,Y,Z, W € TrM. Let TcM = TrM ® C be the complexification.
We can extend the metric g and the Levi—Civita connection V to Tc M in the C-linear way.
Hence for any a, b,c,d € Cand X, Y, Z, W € Tc M, we have

R@aX,bY,cZ,dW) =abcd - R(X,Y,Z,W).

Let (M, g, J) be an almost Hermitian manifold, i.e., J : TRM — TrM with J?2=—1,and
forany X,Y € TrM, g(JX,JY) = g(X,Y). The Nijenhuis tensor N; : ['(M, TR M) X
I'M, TgM) - I'(M, Tg M) is defined as

N;( X, V) =[X,Y]+JIJX, Y]+ J[X,JY]-[JX,JY].

The almost complex structure J is called integrable if Ny = 0 and then we call (M, g, J)
a Hermitian manifold. We can also extend J to TcM in the C-linear way. Hence for any
X,Y € TcM, we still have g(JX, JY) = g(X,Y). By Newlander—Nirenberg’s theorem,
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there exists a real coordinate system {xf, x! } such that z/ = x! + /=1x! are local holomor-
phic coordinates on M. Let’s define a Hermitian form /& : TcM x TcM — C by

h(X,Y)=g(X,Y), X,YeTcM. 6.1)
By J-invariant property of g,
hij :h<ii> =0, and h- :h(%i) =0 (6.2)
az' 0z/ J a7l a7/
and
hi = h (% aa]) (g,, +v/=Tgis). 63)

It is obvious that (hij) is a positive Hermitian matrix. Let w be the fundamental two-form
associated to the J-invariant metric g:

oX,Y)=g(JX,Y). 6.4)

In local complex coordinates,
o =~/=Th;dz' AdZ. (6.5)
In the local holomorphic coordinates {z1 , ..., 7"} on M, the complexified Christoffel symbols

are given by

e, = Z lgCE(agAE 4 0gBE agAB)

2 az8 9z azE
1 HCE( ahAE dhpge  Ohap
- 6.6
Z + azA BZE) ©6)
E
where A, B,C,E € {1,...,n,1,....,n}and z4 =/ if A =i,z =7 if A = i. For
example
rk = 1y Ohjz y Ohig\ pw _ Ly Pz Oy 6.7)
IT2 dz 9z i 2 a7 ozt

We also have Fl% = F?/. = 0 by the Hermitian property /4 = h;; = 0. The complexified
curvature components are

078 9z

REBC = Z Rapcph®P =

D D
- <8FAC arBC
E

+rk.rk, rgcr,?F>. (6.8)
By the Hermitian property again, we have

I ar’
/ 81—‘ik 1 s 1! 5 1l
. ﬁ az’ -|— r} F - I“/kl“lY - I‘/k[‘lA . (6.9)

It is computed in [24, Lemma 7.1] that

Lemma 6.1 On the Hermitian manifold (M, h), the Riemannian Ricci curvature of the Rie-
mannian manifold (M, g) satisfies

= 9 9 9 9
Ric(X,Y)=h'"|R|—=,X,7, R VY X, — 6.10
et 1 [ <8z' azt >+ (81 az‘)} 10
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forany X,Y € TpM. The Riemannian scalar curvature is
ij 1.kl
s =200 (2R 55— Rijg) - 6.11)

The following result is established in [24, Corollary 4.2] (see also some different versions in
[11]). For readers’ convenience we include a straightforward proof without using “normal
coordinates”.

Lemma 6.2 On a compact Hermitian manifold (M, w), the Riemannian scalar curvature s
and the Chern scalar curvature sc are related by

__ 1
5 =25+ ((aa*w+aa*w,w> —2|8*w|2> - 5ITP. (6.12)
where T is the torsion tensor with

Tk — pkt (ahﬂ _ 3hi2>
1y - - .

Proof For simplicity, we denote by

sr =h' W Ry and sy =hR" R,

Then, by formula (6.11), we have s = 4sr — 2sy. In the following, we shall show

| E— 1.,
SH = SC — 5(38 o+ 00 w,w) — Z|T| (6.13)
and
sR=sc—3|a”‘w|2—1|T|2 (6.14)
2 4 ’ ’

It is easy to show that

o= 2«/—11"7‘]ch" (6.15)
and so
. k T~k
30w + 99 ors  ors : .
_ % = V-1 82{." + afj" dz' A d7. (6.16)
Z

On the other hand, by formula (6.9), we have

k
8Fk orc _
k7 ik 71/( 'S {g
ik = " oz + Py +ijrw' 6.17)
A straightforward calculation shows
R 1
ijps tk _ 2
h ijrﬁ_ 4|T| .
Moreover, we have
k k k T~k
o T (T O orh T #lesdeite
0z’ az' az! 9z’ 9z’ 9z’ 97107/
(6.18)
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where the last identity follows from (6.7). Indeed, we have
ohg 9 log det(g)
9zt azl '

k k _ pkt
L+ Flfk =h
Hence, we obtain

3*w + 90 @ 1
SH + fvw =SC—Z|T|2

which proves (6.13). Similarly, one can show (6.14). O
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