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Abstract Let G = (V, E) be a connected finite graph and A be the usual graph Laplacian.
Using the calculus of variations and a method of upper and lower solutions, we give various
conditions such that the Kazdan—Warner equation Au = ¢ — he" has a solution on V, where
c is a constant, and & : V — R is a function. We also consider similar equations involving
higher order derivatives on graph. Our results can be compared with the original manifold
case of Kazdan and Warner (Ann. Math. 99(1):14-47, 1974).
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1 Introduction

A basic problem in Riemannian geometry is that of describing curvatures on a given manifold.
Suppose that (X, g) is a 2-dimensional compact Riemannian manifold without boundary,
and K is the Gaussian curvature on it. Let g = ¢**g be a metric conformal to g, where
u € C*°(X). To find a smooth function K as the Gaussian curvature of (2, 2), oneisled to
solving the nonlinear elliptic equation

Agu =K — Ke*, 1)
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where A, denotes the Laplacian operator on (X, g). Let v be a solution to A,v = K — K.
Here and in the sequel, we denote the integral average on X by

I
S B
v Volg(E)/zw Vs

for any function w : V. — R. Set ¢ = 2(u — v). Then  satisfies
Ay =2K — 2Ke*)eV.
If one frees this equation from the geometric situation, then it is a special case of
Agu = ¢ — he", 2)

where c is a constant, and /4 is some prescribed function, with neither ¢ nor 4 depends on
geometry of (X, g). Clearly one can consider (2) in any dimensional manifold. Now let
(X, g) be a compact Riemannian manifold of any dimension. Note that the solvability of
(2) depends on the sign of c. Let us summarize results of Kazdan and Warner [5]. For this
purpose, think of (X, g) and & € C°°(X) as being fixed with dim X > 1.

Case 1 ¢ < 0. A necessary condition for a solution is that h < 0, in which case there is
a critical strictly negative constant c_ () such that (2) is solvable if c_(h) < ¢ < 0, but
not solvable if ¢ < c_(h).

Case 2 ¢ =0. When dim ¥ < 2, the Eq. (2) has a solution if and only if both # < 0 and
h is positive somewhere. When dim ¥ > 3, the necessary condition still holds.

Case 3¢ > 0. Whendim ¥ = 1, so that ¥ = S!, then (2) has a solution if and only if
h is positive somewhere. When dim ¥ = 2, there is a constant 0 < ¢ (h) < 400 such
that (2) has a solution if / is positive somewhere and if 0 < ¢ < ¢4 (h).

There are tremendous work concerning the Kazdan—Warner problem, among those we
refer the reader to Chen and Li [1,2], Ding et al. [3,4], and the references therein.

In this paper, we consider the Kazdan—Warner equation on a finite graph. In our setting,
we shall prove the following: In Case I, we have the same conclusion as the manifold case; In
Case 2, the Eq. (2) has a solution if and only if both # < 0 and / is positive somewhere; While
in Case 3, the Eq. (2) has a solution if and only if  is positive somewhere. Following the lines
of Kazdan and Warner [5], for results of Case 2 and Case 3, we use the variational method;
for results of Case 1, we use the principle of upper-lower solutions. It is remarkable that
Sobolev spaces on a finite graph are all pre-compact. This leads to a very strong conclusion
in Case 3 compared with the manifold case.

We organized this paper as follows: In Sect. 2, we introduce some notations on graphs
and state our main results. In Sect. 3, we give two important lemmas, namely, the Sobolev
embedding and the Trudinger—-Moser embedding. In Sects. 4-6, we prove Theorems 1-4
respectively. In Sect. 7, we discuss related equations involving higher order derivatives.

2 Settings and main results

Let G = (V, E) be a finite graph, where V denotes the vertex set and E denotes the edge
set. Throughout this paper, all graphs are assumed to be connected. For any edge xy € E, we
assume that its weight w,, > 0 and that wy, = wy,. Letu : V — R be a finite measure.
For any function # : V — R, the u-Laplacian (or Laplacian for short) of u is defined by

1
Au) = D wey (y) — u(x)), ©)

y~x
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where y ~ x means xy € E. The associated gradient form reads

CRIOES ()Zwm(u@)—u(x))(v(y)—v(x)) “

Write I'(u) = I'(u, u). We denote the length of its gradient by

1/2
1
|Vul(x) = /T (u)(x) = (w D weyw(y) — u(x))Z) . ®)
y~x
For any function g : V — R, an integral of g over V is defined by

/V gdi =3 p(0g(), ©)

xeV

and an integral average of g is denoted by

_ 1
¢ = Yoiv) /V gdu vO1<V) ZM(X)g(X)

where Vol(V) = erv e (x) stands for the volume of V.
The Kazdan—Warner equation on graph reads

Au=c—he" in V, @

where A is defined as in (3), c € R,and & : V — R is a function. If ¢ = 0, then (7) is
reduced to
Au = —he" in V. ®)

Our first result can be stated as following:

Theorem 1 Let G = (V, E) be a finite graph, and h( 0) be a function on V. Then the Eq.
(8) has a solution if and only if h changes sign and fV hdp < 0.

In cases ¢ > 0 and ¢ < 0, we have the following:

Theorem 2 Let G = (V, E) be a finite graph, c be a positive constant, and h : V. — R be
a function. Then the Eq. (7) has a solution if and only if h is positive somewhere.

Theorem 3 Let G = (V, E) be a finite graph, ¢ be a negative constant, and h : V. — R be
a function.

(i) If (7) has a solution, then h<0.
(ii) If h < O, then there exists a constant —oo < c_(h) < 0 depending on h such that (7)
has a solution for any c_(h) < ¢ < 0, but has no solution for any ¢ < c_(h).

Concerning the constant c_ (k) in Theorem 3, we have the following:
Theorem 4 Let G = (V, E) be a finite graph, ¢ be a negative constant, and h : V. — R

be a function. Suppose that c_(h) is given as in Theorem 3. If h(x) < 0 for all x € V, but
h #£0, thenc_(h) = —
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3 Preliminaries

Define a Sobolev space and a norm on it by
wh2(v) = ‘u (V> R: / (Vul* + udp < +oo] :
1%

and

12
lullwizy = ( / (IVul* + uz)du)
\%4

respectively. If V is a finite graph, then W!-2(V) is exactly the set of all functions on V, a
finite dimensional linear space. This implies the following Sobolev embedding:

Lemma 5 Let G = (V, E) be a finite graph. The Sobolev space W'2(V) is pre-compact.
Namely, if {u ;} is bounded in WL2(V), then there exists some u € W“2(V) such that up to
a subsequence, uj — u in whZv).

As a consequence of Lemma 5, we have the following Poincaré inequality:

Lemma 6 Let G = (V, E) be afinite graph. For all functionsu : V. — Rwith [, udp =0,
there exists some constant C depending only on G such that

/ uldp < c/ IVul’dp.
\%4 \%

Proof Suppose not. There would exist a sequence of functions {u ;} satisfying [}, u jdpu =0,
Iy u?du = 1,but [, |Vu;]’dn — 0as j — oo. Clearly u; is bounded in W!2(V). It
follows from Lemma 5 that there exists some function u¢ such that up to a subsequence,
uj — ugin Wh(V) as j — oo. Hence [, [Vuo|?’dpu = lim;_o [}, |Vu;*dp = 0.

This leads to [Vug| = 0 and thus ug = const on V since G is connected. Noting that
Jyuodp = limj o [, ujdu = 0, we conclude that ug = 0 on V, which contradicts
Jyuddp =1im; o [ u?dp,: 1. |

Also we have the following Trudinger—-Moser embedding:

Lemma7 Let G = (V, E) be a finite graph. For any € R, there exists a constant C
depending only on 8 and G such that for all functions v with fV IVu|?dp < 1and fV vdu =

0, there holds
/ P ”zdu <C.
v

Proof Since the case B < 0 is trivial, we assume 8 > 0. For any function v satisfying
Iy |Vv|2dp < 1 and Jy vdp = 0, we have by Lemma 6 that

/ Ry < Co/ VolPdp < Co,
1% Vv

for some constant Cp depending only on G. Denote pimin = mingey n(x). In view of (6),
the above inequality leads to ||v| Lo vy < Co/tmin. Hence

/ eﬁvzdu < eﬂcg/“mi“Vol(V).
%

This gives the desired result. O
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4 The casec =0

In the case ¢ = 0, our approach comes out from that of Kazdan and Warner [5].

Proof of Theorem 1 Necessary condition If (8) has a solution u, then e ™ Au = —h. Inte-
gration by parts gives

—/hdu:/ e “Audp
v 14

—/ Ce™, u)du
14

1
=3 D D € = ) () — u(x)

xeV y~x

> 0,

since (e 40 — =4 (y (y) —u(x)) <Oforall x, y € V and u is not a constant. Integrating

the Eq. (8), we have
/ he'du = —/ Audp = 0.
1% 1%

This together with & = 0 implies that 2 must change sign.
Sufficient condition We use the calculus of variations. Suppose that # changes sign and

/ hdp < 0. )
\4
Define a set
By = [u e Wh(v) :/ he¥dp =0, / vdp = 0] ) (10)
\% v
We claim that
Bi # @. (11)

To see this, since & changes sign and (9), we can assume /2 (x) > 0 for some x| € V. Take
a function v satisfying vy (x;) = € and vy (x) = O for all x # x;. Hence

/ he''dp = > p(x)h(x)e"™
\%4

xeV
= nGDhGDE + D n)h(x)
XF#X]
= (& = DuGshe) + | b
>0

for sufficiently large €. Writing ¢ (¢) = f v he'’'du, we have by the above inequality that
¢ (1) > 0. Obviously ¢ (0) = fV hdu < 0. Thus there exists a constant 0 < 7y < 1 such that
¢(tp) = 0. Let v* = v — W fv fovidp, where Vol(V) = >\, n(x) stands for the
volume of V. Then v* € Bj. This concludes our claim (11).

We shall minimize the functional J (v) = f v |Vu|2du. Let

= inf J(v).
o=l

@ Springer



92 Page6of 13 A. Grigor’yan et al.

Take a sequence of functions {v,} C B; such that J(v,) — a. Clearly fV [V, |2dp is
bounded and fv v,du = 0. Hence v,, is bounded in WL2(V). Since V is a finite graph, the
Sobolev embedding (Lemma 5) implies that up to a subsequence, v, — Voo in W2(V).
Hence [\, voodpn = 0, [, he*>dp =1lim, . [, he"dp = 0,and thus vy, € Bi. Moreover

/leoo|2du: lim / |V |2dp = a.
74 n—o0 74

One can calculate the Euler—Lagrange equation of v, as follows:

A
Avse = =S he™ — % (12)
where A and y are two constants. This is based on the method of Lagrange multipliers. Indeed,
for any ¢ € W12(V), there holds

0= 2 [ / IV (veo + 16)2dpt — / he= 0 dy — y / (vo0 + t¢)dM]
dt |,y lJv v v
= 2/ F(voo,¢)du—)\/ he”“d)du—y/ ddu
\%4 \%4 1%
_ / (Avse)pdps — 2 / he' pdu — y / ddu. (13)
\%4 1% 1%

which gives (12) immediately. Integrating the Eq. (12), we have y = 0. We claim that A # 0.
For otherwise, we conclude from Avs, = 0 and fv Voodpt = 0 that v =0 ¢ By. Thisis a
contradiction. We further claim that A > 0. This is true because [, hdu < 0 and

A
O</67"°°Avoodp,:—f/hdu.
v 2 )y

Thus we can write % = ¢~ 7 for some constant . Then u = vs + ¥ is a desired solution of
(8). O

5 The casec > 0

Proof of Theorem 2 Necessary condition Suppose ¢ > 0 and u is a solution to (7). Since
Jy Audp = 0, we have

/ he'du = cVol(V) > 0.
v

Hence /& must be positive somewhere on V.
Sufficient condition Suppose h(xp) > 0 for some xg € V. Define a set

By = [v e wh2(wv)y: / he'dp = cVol(V)] )
\4

We claim that By # @. To see this, we set

£, x=Xxq

ue(x) = {O X # Xp.

It follows that

/ he"tdu — +oo as £ — +oo.
14
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We also set iy = —£, which leads to
/ heﬁ‘du = e_z/ hdpy — 0 as £ — +oo.
14 1%

Hence there exists a sufficiently large ¢ such that fv he*tdu > ¢Vol(V) and fv hettd "<
cVol(V). We define a function ¢ : R — R by

¢(t) :/ hemﬁ_(l_tﬂedu.
|4

Then ¢ (0) < ¢Vol(V) < ¢ (1), and thus there exists a o € (0, 1) such that ¢ (f9) = cVol(V).
Hence B, # @ and our claim follows. We shall solve (7) by minimizing the functional

1
J(u) = 7/ |Vu|2du+c/ udu

2 )y v

on 3;. For this purpose, we write u = v + u, so v = 0. Then for any u € B,, we have
/ he’dp = cVol(V)e™ > 0,
1%
and thus
1
J(u) = 5/ |Vu|2d/L — cVol(V) log/ he®du + cVol(V) log(cVol(V)). (14)
v v

Let U = v/|Vu|l2. Then [, ¥du = 0 and || V7|2 = 1. By Lemma 6, [|]l2 < Co for some

constant Co depending only on G. By Lemma 7, for any g € R, one can find a constant C
depending only on 8 and V such that

/ PP du < (B, V). (15)
|4

This together with an elementary inequality ab < ea® + g implies that for any € > 0,

R N —
/evduf/e 4‘”V”"2du
1% \%4

2
2 i
_ eeHVsz/ S g,
Vv

2
< CeGI\VUHZ,

where C is a positive constant depending only on € and G. Hence
/ heldu < C(maxh(x))eE”v””%.
\% xeV
In view of (14), the above inequality leads to

1
J) > 5/ \Vul2du — cVol(V)e| V2 — C,
|4

where C is some constant depending only on € and G. Choosing € = ﬁl(v), and noting
that ||Vvl|, = ||Vul|,, we obtain for all u € B,,

1
J(u) > 7/ [Vul?dp — C. (16)
4 Jy
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Therefore J has a lower bound on the set 5. This permits us to consider

b= inf J(u).
ulenBz (M)

Take a sequence of functions {ux} C By such that J(uz) — b. Let ux = vk + ux. Then
% = 0, and it follows from (16) that v is bounded in W'2(V). This together with the
equality

1 1
/ wdi = STy — / VoePdp
Vv c 2c %4

implies that {u;} is a bounded sequence. Hence {uy} is also bounded in wh2y). By the
Sobolev embedding (Lemma 5), up to a subsequence, u; — u in WLZ(v). Itis easy to see
that u € B> and J(u#) = b. Using the same method of (13), we derive the Euler-Lagrange
equation of the minimizer u, namely, Au = ¢ — Ahe" for some constant A. Noting that
fv Audp = 0, we have A = 1. Hence u is a solution of the Eq. (7). m]

6 The casec < 0

In this section, we prove Theorem 3 by using a method of upper and lower solutions. In

particular, we show that it suffices to construct an upper solution of the Eq. (7). This is

exactly the graph version of the argument of Kazdan and Warner ([5], Sections 9 and 10).
We call a function u_ a lower solution of (7) if for all x € V, there holds

Au_(x) — ¢ + he=® > 0.

Similarly, u is called an upper solution of (7) if for all x € V/, it satisfies
Auy(x) —c+ he'+™) < 0.

We begin with the following:

Lemma 8 Letc < 0. If there exist lower and upper solutions, u_ and u, of the Eq. (7) with
U_ < uy, then there exists a solution u of (7) satisfying u_ < u < uy.

Proof We follow the lines of Kazdan and Warner ([5], Lemma 9.3). Set kj(x) =
max{l, —h(x)}, so that k; > 1 and k; > —h. Let k(x) = kj(x)e*+™). We define

Ly = Ap — kg and f(x, u; =c— h(x)_e“. Since G = (V, E) is a finite graph and
infycy k(x) > 0, we have that L is a compact operator and Ker(L) = {0}. Hence we can
define inductively u ;| as the unique solution to

Lujyy = f(x,uj)—kuj, (17)
where ug = u. We claim that
U_ <ujy1 <uj<---=<ug. (18)
To see this, we estimate
L(uy —up) = f(x,up) —kug — Aug + kug > 0.
Suppose u1(xg) — up(xo) = maxyey (u1(x) — uo(x)) > 0. Then A(u; — up)(xp) < 0, and

thus L(uy —ug)(xp) < 0. This is a contradiction. Hence u1 < upon V. Suppose u; < u;_1,
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we calculate by using the mean value theorem
Lujpr —uj) = k(uj1 —uj) +h(e"=" — ")
> k(e — )1 —u))
>0,

where u; < & < uj;_. Similarly as above, we have u;; < u; on V, and by induction,
ujy) <uj <---<uy forany j. Noting that

L(u- = ujen) = kuj —u_) + h(e" — "),

we also have by inductionu_ < u; on V forall j. Therefore (18) holds. Since V is finite, it is
easy to see that up to a subsequence, u; — u uniformly on V. Passing to the limit j — +o00
in the Eq. (17), one concludes that u is a solution of (7) withu_ <u < u.. O

Next we show that the Eq. (7) has infinitely many lower solutions. This reduces the proof
of Theorem 3 to finding its upper solution.

Lemma 9 There exists a lower solution u_ of (7) with ¢ < 0. Thus (7) has a solution if and
only if there exists an upper solution.

Proof Letu_ = —A for some constant A > 0. Since V is finite, we have
Au_(x) —c+h(x)e""® = —c+h(x)e ™ > —c as A > +oo,

uniformly with respect to x € V. Noting that ¢ < 0, we can find sufficiently large A such
that u_ is a lower solution of (7). ]

Proof of Theorem 3 (i) Necessary condition If u is a solution of (7), then

—/hd,u,:/e_”Aud/L—c/ e “du
\%4 v 1%
= —/ l"(e_”,u)d,u—c/ e "du
\4 \%

> 0.

(ii) Sufficient condition It follows from Lemmas 8 and 9 that (7) has a solution if and only
if (7) has an upper solution u; satisfying

Auy < c— he'.

Clearly, if u is an upper solution for a given ¢ < 0, then u is also an upper solution for all
¢ < 0 with ¢ < €. Therefore, there exists a constant ¢_ (h) with —oo < ¢_(h) < 0 such that
(7) has a solution for any ¢ > c_(h) but has no solution for any ¢ < c_(h).

We claim that c_(h) < 0 under the assumption fv hdu < 0. To see this, we let v be a
solution of Av = & — h. The existence of v can be seen in the following way. If we consider
orthogonality with respect to the standard scalar product, namely (¢, ¥) = f v ovdu, we
have

ran A = (ker A)J‘ = {const}J‘.

So, since & — h is orthogonal to the constant functions such a solution exists by invertibility
of A on {const}" and in the case of constant / a solution can be chosen to be an arbitrary
constant since the right hand side satisfies 47 — & = 0 in this case.
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There exists some constant ¢ > 0 such that
—h
eV -1l — .
2maxyey |h(x)]

Letebza.lfc=%andu+=av+b,wehave

h
Auy —c + he't = ah(e®™ — 1) + %
ah
< h av_l -
_a(glea‘)ﬂ (xX)Dle |+ )
ah  ah
<
2 2
=0.

Thus if ¢ = aﬁl 2 < 0, then the Eq. (7) has an upper solution u .. Therefore, i < 0 implies
that c_(h) < ah/2 <O. O

Proof of Theorem 4 We shall show that if A(x) < 0 for all x € V, but h # 0, then (7) is
solvable for all ¢ < 0. For this purpose, as in the proof of Theorem 3, we let v be a solution
of Av = h —h. Note that i < 0. Pick constants a and b such that ah < ¢ and ¢*'*? —a > 0.
Letuy =av+b.Sinceh <0,
Ay — ¢+ he"+ = aAv — ¢ + he®™t?
= ah —ah — ¢ + he™*?
< h(eav+b _ Cl)

<0.

Hence u is an upper solution. Consequently, c_(h) = —oo if h < Obuth #£ 0. O

7 Some extensions

The Eq. (2) involving higher order differential operators was also extensively studied on
manifolds, see for examples [6,7] and the references therein. In this section, we shall extend
Theorems 1-4 to nonlinear elliptic equations involving higher order derivatives. For this
purpose, we define the length of m-order gradient of u by

19)

—1 .
V| = |VAmTu|, when m is odd
= o )
|A17u|, when m is even,

where |VAm2;lu| is defined as in (5) for the function AmT_lu, and |A 7 u| denotes the usual
absolute of the function A2 u. Define a Sobolev space by

W2(V) = [v (V> R: / (vl + V"0 P)dp < +oo]
\%4

and a norm on it by
1/2
vl gy = (/ (|v|2+IV’"v|2)du) :
1%
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Clearly W™2(V) is the set of all functions on V since V is finite. Moreover, we have the
following Sobolev embedding, the Poincaré inequality and the Trudinger—-Moser embedding:

Lemma 10 Let G = (V, E) be a finite graph. Then for any integer m > 0, W™2(V) is
pre-compact.

Lemma 11 Let G = (V, E) be afinite graph. For all functionsu : V. — Rwith fV udp =0,
there exists some constant C depending only on m and G such that

/uzduf c/ V" ul?d .
\4 \%4

Proof Similar to the proof of Lemma 6, we suppose the contrary. There exists a sequence of

functions {u ;} such that [, u;du =0, [, u?du =land [}, [V"u;]’dp — Oas j — oco.
Noting that G is a finite graph, there would exist a function ™ such that up to a subsequence,

/u*zdu= lim / widp =1, (20)
\%4 J=7xJy

/u*du: ‘lim/ujduzo, [©2))
\4 J—=ooJy

/|v’"u*|2du: lim / |V™u;|?du = 0. (22)
\%4 J—7®Jy

If m is odd and m > 3, using the same argument in the proof of Lemma 6, we conclude
from (22) that AmTflu* = 0 on V since fv A%u*d,u = 0. While if m is even and m > 4,
(22) leads to A7 y* = 0 since fV A%_lu*du = 0. In view of (21) and the fact that
f v A¥u*dp = 0 for any k > 1, after repeating the above procedure finitely many times, we
conclude that #* = 0 on V. This contradicts (20). O

Lemma 12 Let G = (V, E) be a finite graph. Let m be a positive integer. Then for any
B € R, there exists a constant C depending only on m, B and G such that for all functions v
with [, IV"u2dp < 1 and Jy vdu = 0, there holds

/ eﬂ'ﬂd,u <C.
v

Proof The same argument in the proof of Lemma 7. O
We consider an analog of (7), namely
A"u=c—he" in V, (23)

where m is a positive integer, ¢ is a constant, and 4 : V — R is a function. Obviously (23)
is reduced to (7) when m = 1. Firstly we have the following:

Theorem 13 Let G = (V, E) be a finite graph, h(£ 0) be a function on V, and m be a
positive integer. If c = 0, h changes sign, and fv hdp < 0, then the Eq. (23) has a solution.

Proof We give the outline of the proof. Denote

B3 = [veW’”*z(V): /he”du:O,/vd,u:O].
\%4 1%

In view of (10), we have that B3 = 31, since V is finite. Hence B3 # @. Now we minimize
the functional J (v) = [, |V u|>du on Bs. The remaining part is completely analogous to
that of the proof of Theorem 1, except for replacing Lemma 5 by Lemma 10. We omit the
details but leave it to interested readers. O
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Secondly, in the case ¢ > 0, the same conclusion as Theorem 2 still holds for the Eq. (23)
with m > 1. Precisely we have the following:

Theorem 14 Let G = (V, E) be a finite graph, c be a positive constant, h : V. — R be
a function, and m be a positive integer. Then the Eq. (23) has a solution if and only if h is
positive somewhere.

Proof Repeating the arguments of the proof of Theorem 2 except for replacing Lemmas 5
and 7 by Lemmas 10 and 12 respectively, we get the desired result. m}

Finally, concerning the case ¢ < 0, we obtain a result weaker than Theorem 3.

Theorem 15 Let G = (V, E) be a finite graph, ¢ be a negative constant, m is a positive
integer, and h : V. — R be a function such that h(x) < O for all x € V. Then the Eq. (23)
has a solution.

Proof Since the maximum principle is not available for equations involving poly-harmonic

operators, we use the calculus of variations instead of the method of upper and lower solutions.
Let ¢ < 0 be fixed. Consider the functional

1
J(u) = 7/ IV™"ul*dp + c/ udp. (24)
2 )v v
Set
By = [u e Wn(V): / he'du = cVol(V)] )
14
Using the same method of proving (11) in the proof of Theorem 2, we have B4 # @.

We now prove that J has a lower bound on B4. Let u € B4. Write u = v+u. Thenv =0
and

/ he®du = e “cVol(V),
1%

1
u=—1I held .
! Og(chlw)/v ¢ "“)

— 1 m, 2 _ # v
J(u) = E/V|V ul“du cVol(V)log(Cvol(V)/vhe dﬂ). (25)

Since ¢ < 0 and A(x) < O for all x € V, we have max,cy h(x) < 0, and thus

which leads to

Hence

h S 5= max,cy h(x) 26)
cVol(V) cVol(V)
Inserting (26) into (25), we have
1
J(wu) > 5/ IV™ul>dp — ¢Vol(V) log § — cVol(V)log/ e'du. (27)
\% 1%
By the Jensen inequality,
1 v =
du>e” =1. 28
Vol(V)/ve p=c 28
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Inserting (28) into (27), we obtain

1
J(u) > 5/ |Vmu|2du —cVol(V)log§ — cVol(V) log Vol(V). (29)
1%
Therefore J has a lower bound on By4. Set
= inf J(v).
T o

Take a sequence of functions {ux} C Ba such that J(u;) — 7. We have by (29) that

[ 19 < c (30)
v
for some constant C depending only on ¢, 7, G and h. By (24), we estimate
1 1 m 2
updp| < —|Ju)l+ -— [ IV url"dun. 3D
% el 2lel Jv

Lemma 11 implies that there exists some constant C depending only on m and G such that

/ lug — ux?dp < C / V™ ug|*dp (32)
1% 1%

Combining (30), (31), and (32), one can see that {u;} is bounded in W™2(V). Then it follows
from Lemma 10 that there exists some function u such that up to a subsequence, uy — u in
wWm2(y). Clearly u € B4 and J (1) = limg_, o J (1) = 7. In other words, u is a minimizer
of J on the set 4. It is not difficult to check that (23) is the Euler—Lagrange equation of u.
This completes the proof of the theorem. O
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