Growth of the Ideal Generated by a Quadratic
Boolean Function

Jintai Ding, Timothy J. Hodges, and Victoria Kruglov*

Department of Mathematical Sciences,
University of Cincinnati,
Cincinnati, OH, 45221-0025 USA

jintai.ding@uc.edu, timothy.hodges@uc.edu, kruglov@email.uc.edu

Abstract. We give exact formulas for the growth of the ideal A\ for A
a quadratic element of the algebra of Boolean functions over the Galois
field GF(2). That is, we calculate dim Ay A where Ay, is the subspace of
elements of degree less than or equal to k. These results clarify some of
the assertions made in the article of Yang, Chen and Courtois [22]23]
concerning the efficiency of the XL algorithm.

1 Introduction

The solution of polynomial equations has been a central question in mathematics
since earliest times. Recently this problem has become a central topic in cryp-
tography, in the form of the solution of multivariate polynomial equations over a
finite field. For instance, in multivariate public key cryptography [12], the public
key is given by a set of polynomials

Pz, ..,z,) = (P1(z1, .y Tn), oo, P21, .., Tn))

over a finite field. To encrypt a message (a7, .., z,), one computes the value

Whootfy) = P2}, s @) = (P(2}, s @), o Pra (2}, 7))

In order to attack this cipher directly, one needs to solve the system of equations

W15 ) = P21, .0, ).

Similarly, the algebraic attack [I0/3] on symmetric cryptosystems transforms the
problem of attacking the cryptosystems into one of solving systems of polynomial
equations. For instance in the case of AES, this attack produces a system of
6000 sparse equations in approximately 1600 variables. Though we know that in
general solving a set of random nonlinear equations is a NP-complete problem,
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the understanding of the complexity of solving multivariate equations is still
a critical problem which has not only theoretical significance but also serious
practical implications.

In 2000, Courtois et al. introduced the XL algorithm [§] to solve such systems
of equations. The idea of the XL algorithm, as applied to the solution of a system
of m quadratic equations f;(x) = 0, is to successively eliminate variables by
finding linear or 1-variables polynomials inside the ideal generated by the f;(x).
Specifically, one applies an elimination process to the space of functions spanned
by the xP f;(x) where xP is a monomial of total degree less than or equal to a
fixed number D. The key to understanding the complexity of the algorithm is to
understand the dimension of this subspace. In [8/9], some heuristic complexity
estimates were given for the XL algorithm, but these estimates have been shown
to be incorrect [I§].

The most commonly quoted estimates of the computational complexity of the
XL algorithm use formulas developed in [22], and which were further explored
in [24)23]. Yang and Chen produced estimates of the complexity of the XL algo-
rithm based on formulas for the dimension of the space of functions spanned by
the xP f;(x). Although the complexity formulas were widely used (for instance,
in 2ZIUT6ITI212007]), and were in close agreement with experimental evidence, the
proofs of the dimension theorems are based on unreliable heuristic arguments
and are not correct. Some further exploration of these formulas was also recently
done in [19], but based on some heuristic assumptions.

Another fundamental class of algorithms used to solve such systems of equa-
tions is the family of Grobner basis algorithms including the F4 and F5 variants
[6I31T4]. F4’s implementation in Magma is considered the best in multivariate
polynomial solving among all that are publicly available. We also know from
[4] that F4 is actually a more efficient algorithm than the XL algorithm if we
assume that both of them will solve the polynomials systems using Gaussian
elimination to solve the systems of linear equations that arise. However, because
of the sparse structure of the matrices associated to the XL algorithm, one can
solve the linear systems more efficiently using the Wiedermann solver, which
has advantages in terms of both speed and memory. It was demonstrated in the
attack on the QUAD steam cipher [25] that the Wiedermann XL could indeed
outperform the F4 algorithm. Therefore the complexity of the XL algorithm
remains of great interests.

Because of the significance of these complexity formulas and their implications
in cryptography, we believe that it is important to systematically study this
question and to lay a solid mathematical foundation for future developments in
this area.

In this paper, we begin with the simplest case, that of a single quadratic
polynomial over the field GF(2). Of course, over a field of characteristic zero the
answer to the question is easy. The complication when dealing with finite fields
is that we are working not in the polynomial ring itself, but in the ring of the
functions; that is, the polynomial ring reduced by the related field equations,

X7 - X, =0,
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where g is the size of the field. This makes our question a highly non-trivial math-
ematical problem, which turns out to have a surprisingly complex but elegant
solution.

The complexity of the Grobner basis algorithms F4 and F5 was analyzed in [5].
A few words of explanation are in order concerning the difficulty of our results
compared to those in [5]. First, we consider here an arbitrary quadratic function,
while the results in [5] concern the case of semi-regular sequences. Second we
compute the exact dimension at each degree. The arguments in [5] concern the
dimensions of the graded components of the ideal generated by the leading terms
of the f; in the associated graded ring (where X2 = 0). While this enables one
to pull back a certain amount of information to the original algebra of functions,
it does not provide the exact dimensions that we calculate here.

2 The Yang-Chen Dimension Formulas

Let F denote the Galois field GF(2). Let R = F[Xy,...,X,] be the ring of
polynomials over F' and let

A=F[Xy,..., X, )/(X?+X1,..., X2+ X,)

be the ring of Boolean functions.
Let R4y be the space of homogeneous polynomials of degree d, so that R =

©R(g) is the usual grading. Let Rg = Zz o B(:) be the set of polynomials of
degree less than or equal to d, so that

F=RyCcRiC---CR

is the usual filtration by degree. Denote by m : R — A the usual projection
and let A;) = m(R(;)) and let A; = m(R;). Then A = @A( 4y is a vector space
direct sum but not a gradation of rings, but Ag C A; C --- C A, = A is a ring
filtration. One may define a concept of degree for an element \ € A by saying
that degA = min{d | A € Ag}. We say that an element is quadratic if it has
degree two.

In this article we calculate explicitly dim A\ for a quadratic element A € A
and compare this result with that given by Yang and Chen in [22J23]. Let us
briefly review the assertions in [23].

Let A1, ..., A\ € A be a semi-regular [B] set of m quadratic elements. Corollary
4 of |23] asserts that

(1+t)"
(1+2)m(1—1t)
for all D < D,.cq. Here [tP](1 +¢)"(1 + t2) ™ (1 —¢)~! denotes the coefficient of

tP in the powers series expansion of (1 + ¢)™(1 + 2) m(1 —t)"Y T = dim Ap;
I =dim)", Ap_)\;; and D,y = min{D | [tP](1 +t)"(1 +t*)"™(1 —¢)~' <0}

T—1=[t"]
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This formula has the following explicit form when m = 1. Set

ko k2l
U(ﬂ,k)zZ(j) and d(n, k)= Y (~1)'o(n,k — 2i),

§=0 i=0

Then for D < Dy.eg,

[ D} (1 +t)n

r=1= (1+12)(1—1)

Since T' = dim Ap = o(n, D), this yields I = o(n,D) — d(n,D) = §(n,D — 2).
Hence
dimAD,g)\ = (5(77,, D — 2)

for any semi-regular quadratic element A and for any D < D,.,. While this
assertion is suggestive of the actual behavior, the statement of the result is not
adequate to include any useful assertions when m = 1. It is easily verified that
for the definition of D,..4 given above and in [23], Dyey = 00. As can be seen
in Theorems [5.3] and [T}, the assertion that dim Ap_2A = 6(n, D — 2) for all D
cannot hold for any A (except for very small values of n). In fact, no A can be
semi-regular (again except for exceptional cases), so the theorem as stated in
[23] is vacuous rather than false in the case m = 1. The appropriate formulation
of this assertion is that dim Ap_sA = d(n, D — 2) whenever D — 2 < rank \/2,
(Corollary [[2)). In [23], the authors also claim, that in the non-semi-regular case
“the value I can only decrease”. When m = 1, this becomes the assertion that
dim Ap_oA < §(n,i—2) for all D < D,.q4. Theorem 5.3l shows that this claim is
false.

3 Some Combinatorial Lemmas

Before getting into the details of the man results we present some elementary
identities concerning o(n, k) and d(n, k) that we will need later.

Lemma 3.1. The following analogs of the Vandermonde identity hold for o(n, k)
and d(n, k):

k k
n—r n—r
DED k—i) d(n, k)= S(r ke —i
o(n, k) 2 ( ; )0’(7‘, 1) o(n,k) 2 ( ; ) (r, 1)
Proof. The Vandermonde identity for binomial coefficients states that

(-2 ()5

(3
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Hence
k n—r Eon =\ =y
£ - 5070
i—O( ! ) i=0 t j=0 J
k k—i
23 ("))
== ) k—i—7j
k k—j
25 ("))
§=0 i=0 ! k—j—i
b n K in
= k—J) j_0<j)
=o(n, k)
Similarly,
LA LI L(k—2)/2] A
. o(r,k —1) = . -1 o(r,k—i—2j
Z()( >;(Z);<>< )

7=0 =0
Lk/2]

= ) (=D o(nk—2j)
j=0

=d(n, k)

Lemma 3.2. For any 0 < k < n,

Lk/4] n [(k—1)/4] n
LSS (k—4i)+ > (k—1—4i)'

=0

In particular,

/4] n L(n—1)/4] n
o(nm) = Z <n—4i> * Z (n—1—4i>

i=0 i=0

and

L(n=1)/4] . L(n=2)/4] .
1) =
dn—1)= 3 (n—1—4i>+ 2 (n—2—4i>

i=0 i=0
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Proof.
Lk/2]

5(n, k) = Z(— Yio(n, k — 2i)
—U(nk) o(nk —2) +o(nk —4) — -+ o(n, k — 2|k/2])
:<Z>+<kn>+<k 4) < )*(k%)*(k%)*
- Z)*(kn4>+<kn8> (kﬁl>+<kﬁ5>+'“
/4] L(k—1)/4]
T~ (kf4i)+ (k—?—m)

Lemma 3.3.

(Z) 2" Ly 9m/2 cog )
(n— )/4J n -
Z < >: on—1 4 on/2gin )
4941
=0
(n—2)/4] n o
_ gn—1 _ gn/2 )
= 2
; <4z—|—2> 8y
(n—3)/4] n .
— n—1 n/2 )
(4@ + 3) 2 — 2" sin
=0
Proof. See [15] 0.153].

Define

(k) = cos (k;) +sin (’””2”)

Lemma 3.4. For any positive integer n,

1. 6(n,n) = 2" 4 ¢(n/2)22 71
2. 6(n,n—1)=2""1+en/2-1)2271

Proof. For part (1) observe that

[n/4] n L(n—1)/4] n
o(nm) = Z <n—4i> * Z (n—1—4i>

=0 =0
/4l o\ L=zl

= 2 <4i) 2 (4¢+1>
i=0 =0

=9on 1 4 [cos n47r + sin TZT} on/2
= 2" 4 e(n/2)2"/?
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Similarly for part (2),

[(n=1)/4] . (n-2)/4] .
S(nym—1) = Z (n—1—4i> + > (n_2_42.>

=0

(n=n/al =2/l ,
T« (4i+1)+ g (4¢+2)

0
nm nm
2%—1 |: : _ :| 2%/2
= + [sin 4 COs 4

-2 -2
:2n71+ |:COS (TL A ),/T_’_Sin (n A )ﬂ—:| 2’ﬂ/2

=21 4 ¢(n/2—1)2/2

4 Equivalence, Rank and Type

The dimension of A\ is not the same for all quadratic elements A\. However
it is obviously invariant under any automorphism that preserves degree. Inside
the group of all automorphisms of A we have the subgroup of automorphisms
that preserve degree; that is, the subgroup of all automorphisms ¢ such that
¢(A1) = Aj. These are the affine automorphisms. We say that two elements
of \, X € A are equivalent if there exist an affine automorphism ¢ such that

d(\) = N.

Definition 4.1. Let A € A. We define the rank of A to be the smallest positive
integer v such that X lies in a subalgebra generated by r linear elements. That is
the smallest r such that there exists 1,...,0, € Ay with X € F[ly,...,¢.].

It is clear that the rank of an element is invariant under an affine automorphism.
In general the set of elements of a given rank and degree is a union of a number
of different equivalence classes. For quadratic elements there are two equivalence
classes for even rank and one for odd rank.

Theorem 4.2. Let A € A be a quadratic element of rank r.

1. Ifr is even, then X is either equivalent to x1xo++ -+ Tp_12, Or 1o+ -+
T._1x, + 1. Moreover these two elements are not equivalent.
2. If r is odd, then X is equivalent to x1xo + -+ + Tp_oTpr_1 + Xy

Proof. This follows from the classification of quadratic elements in the polyno-
mial ring given in [I7].

Thus it suffices to calculate dim A\ for the elements listed in the theorem. We
begin with the maximal rank case which is the simplest.
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5 Even Maximal Rank

The calculation of dim A\ in [22] uses the exact sequence:
00— A NAN+1) — A — ApA — 0

where the map from Ajg to AgA is just multiplication by A. The kernel of this
map is the intersection of Ann A = {b € A | bA = 0} (the annihilator of \) with
Ap. Tt is well-known and easily verified that Ann A = A(\ + 1), so the kernel is
ApNA(A+1), yielding the exact sequence above. The kernel AyNA(A+1) clearly
contains Ax_2(A+1). In order to apply induction we would like Ay NA(A+1) =
Ag—2(A + 1). While this often holds, it is not always true. For instance, note
that, for r even,

(x1+D(zs+1) ... (vpo1 + V(122 + - + p120) =0

so that (z1 + 1)(x3 +1)... (-1 +1) € Ao N Ann(z122 + - + 2p12,) =
Ar/gﬂA($1.T2+' . '+.Z‘r_1$r—|—1) but (.Z‘1+1)(.Z‘3—|-1) R ($r—1+1) ¢ AT/2,2($1$2+
-+ xp_12, + 1). It turns out that these elements are the principal obstructions
to the above equality when r = n.

Theorem 5.1. Suppose that n is an even positive integer and suppose that A =
T1To +  + Tp_1Zn. Then

1. AkNAA+ 1) =Ap_o(A+1) for al0<k<n/2 andn/2+2<k<n+2
2. Ak NAN= A o) for all0 <k <n-+2.

Proof. (1) It is clear that Ax_2(A+1) C Ay NA(A+1). Thus it suffices to prove
that AxNAA+1) C Ap_o(A+1) for 0 < k <n/2and n/2+2 <k <n+2. Note
that the two extreme cases are easily seen to be true. Since A = A,, = A, 49,
Apso NAAN+1) = AnAAN+1) = AN+ 1) = Ay(A + 1). On the other
hand, A_s = 0 and Ag = F. Since A + 1 is not a unit (because A(A + 1) = 0),
AgNAN+1)=FNAA+1)=0=A_2(A+1).

We proceed by induction on n. Consider the case when n = 2 and A = x1x5. It
remains to show that AsNA(A+1) = A;(A+1); that is, that A(A+1) = A (A+1).
It is easy to verify directly that {x122 + 1, 2122 + @1, 2122 + 22} forms a basis
for A(A+ 1) and that this basis is contained in A; (A + 1).

We now assume the result is true for n — 2 variables and deduce that it is true
for n variables. Now let A’ = Flzg,z4,...,2y) and N = 2324 + -+ + Tp_12p
and assume that the assertion is true for A’ and A’. Note that A is a free A’-
module with basis {1,x1,z2,z122}. Thus an arbitrary element of A is of the
form a = a( + ajz1 + abxe + ahx1xe, where a) € A'. Since z122 = A + A and
AN+ 1) = 0 we see that zyz2(A+ 1) = N(A+1) and so a(A+1) = a(A+ 1)
where a = (af, + a5\') + ajx1 + abzs. Hence an arbitrary element of A(A+1) is
of the form a(\ + 1) where a = aj + ajz1 + abxo for some a; € A’. Suppose that
a(A+1) € A,. Now

a(A+1) = (aj + az1 + ayze) (122 + N + 1)
=as(N + 1) +af (N + Doy + ah(N + 1))z2 + (af + @) + ah)x12.
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Because of the linear independence of the elements {1, z1, x2, z122} over A’ each
of the summands must also lie in Ag. Hence ay (N +1) € Ag; a)(N+1),a5(N+1) €
Aip—1 and ag +a) +ah € Aj_,.

Suppose that 1 <k <n/2. Then 0 < k—1<n/2—-1=(n—2)/2. Hence by
induction, Aj,_; NA'(N +1)) = Aj_5(N +1). So there exist b}, b, € Aj,_5, such
that aj (N +1) = o) (N 41) and ah (X' +1) = b5(N +1). Let by = af+a)+ab—+b)+b5.
Then by € Aj_, since ay + ay + a5 € Aj_, and b} + b, € Aj,_;. Moreover
by(N 4+ 1) = af(N +1). Now define b = bjj + bjz1 + byzs. Then, b € Ap_o and

bA+1) =by(N + 1) + 01 (N + D)oy + by (N + 1))x + (by + 0] + by)z120
=ay,(N + 1)+ af (N + Doy + ab(N + 1))z2 + (af + @ + ab)x1 2.
=a(A+1)

Hence a(A+1) € Ay—2(A+1). Thus A4y NA(A+1) C Ap_2(A+ 1), as required.

If on the other hand n/2 +2 < k < n+ 1, then (n —2)/2 = n/2 -1 <
kE—1<n=(n-—2)/2+2. Again we may apply the induction hypothesis to
deduce that A} _, N A’"(N +1)) = A} _5(N + 1). The argument of the previous
paragraph can be repeated verbatim to deduce that there exists a b € Ag_o such
that b(A+1) = a(A+1). Thus AzNAA+1) C Ap_o(A+1)ifn/242 < k <n+2.

(2) A similar argument proves the second part of the theorem. We need to
show that Ay NA(A) C Ap_2(A) for 0 < k <n+2. the cases k =0 and k = n+2
are easy to see directly just as in part (1).

The key difference lies in the base case n = 2. Here A = x1x2, so x1A = A and
.Tz/\ = X.So A\ = Ao/\ Thus AoﬂA/\ =0= A_Q)\ = O, AlﬂA/\ =0= A_l)\ = O,
Ao N AN = Ag\, A3 N AN = Ag) = A1\, Thus the result is true when n = 2.

We now assume the result is true for n — 2 variables and deduce that it is true
for n variables. Suppose that aA € Ay. Then a = aj+a)z1+abze+akxixe, where
a; € A’. Since z122 + N = A, and A(A+1) = 0, we have that z1xeA = (N + 1)\
hence aX = [a), + az(N + 1)] + afz1 + abxe. hence we may assume that a is of
the form a = aj + ajz1 + abza. Thus

a\ = (afy + ajz1 + ayzs)(v122 + N)

=ap\ + a\ N1 + ah\)za + (ay + a} + ab)z1zs.

We deduce that a{(N +1) € Ag; af (N +1),a5(N +1) € Ag—1 and aj +a} +a) €
Aj._,. We can then use the induction hypothesis and the argument above to
deduce that there exists a b € Ap_o such that al = bA. Hence A NAXN = Ax_s A,
as required.

Lemma 5.2. Let n be even and let A = x12x2 + x3x4 + -+ - + Tpu_1Tyn. Then,
dimAX =2""1—227!' gnd dimAAN41)=2""1 42371

Proof. Let Z()\) be the set of zeros of A. Then |Z(\)| = dim A/A\. it is well-
known that |Z(\)| = 2"~ 422~ [I7, Theorem 6.32]. Hence dim A\ = dim A —
|Z(\)] =27 — (2771 42271) = 2771 —22~1 The second assertion follows from
the fact that |Z(\)] =271 — 2371,
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Theorem 5.3. Suppose that n is even and let A = x1x9 + -+ - + Tp_12,. Then

dim A — {é(n,k;), o k<
5(n,k) — (e(k —n/2) +1)2271  ifn/2<k<n
dimAk(Hl):{a(n,k), o fk<n/242
S(n,k) — (e(k —n/2) — 12271, ifn/2<k<n
Proof. We first prove the assertion that dim AxA = §(n, k) = dim Ax(A + 1) for
0 < k < n/2 by induction on k. We need two base cases, k = 0 and k = 1. When
k=0, Ay = F, and so it is clear that dim Ag\ = dim Ag(A +1) =1 = é(n, 1).
When k = 1 and n > 2, the maps from A; to A1 A and A;(A+1) are both bijective
by Theorem Bl So dim A;A = dim A; (A + 1) =dim 4; = o(n,1) = d(n,1).
Now suppose 1 < k < n/2. Since AnnA = A(A+1) and Ay, N (A+1) =
Ak—2(A + 1) we have the exact sequence

0— Ap_2(A+1) — Ay — AA — 0

Applying the inductive hypothesis yields dim Ax\ = dim A —dim Ax_2(A+1) =
o(n,k)—d(n,k—2) = 6(n, k), as desired. A similar argument works for Ap(A+1).

We now prove that for n/2 < k < n, dim A\ = 6(n, k) — (e(k—n/2) +1)22 1
and dim Ay (A+1) = §(n, k) —(e(k—n/2)—1)22~! by reverse induction using k =
n and kK = n—1 as base cases. Consider the case k = n. Since A,, = A, dim A, \ =
2n=l —2:2-1 = §(n,n) — €(n/2) 22 — 2271 = §(n,n) — (e(n/2) + 1)22 71, as
required. Similarly, dim A,,(A+1) = 2" 14221 = §(n,n)—e(n/2) 2"/24+25 ~1 =
5(n,n) — (e(n/2) —1)2271.

Now consider the case kK = n — 1. Observe that A,,_ 1\ D A, oA = A, NA)N =
AX. So dim A,,_1 A = dim A, \. However, using Lemma [3.4] we have that

d(n,n—1)—(e(n — 1 —n/2) 4+ 1)22 !
= (2" pe(n/2-1)2271) — (e(n/2 —1) +1)22 71
=2"""— 2571 = dim A\
A similar argument proves that A,_1(A + 1) = A(A+ 1) and that the formula
holds in this case also.

We now assume the formula holds for k£ + 2 and prove that it holds for k,
provided that k > n/2 + 2. Again we have the short exact sequence

0 — A — Ajya — Apr2(A+1) — 0
So that

dim Ax\ = dim Ak+2 — dim Ak+2(/\ + 1)
=o(n,k+2) = (6(n,k+2) — (e(k+2—n/2) - 1)2:71)
=0(n, k) — (e(k —n/2) +1)22 71
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since e(k + 2) = —e(k). Similarly the exact sequence
0— Ax(A+1) — Agro — Api2d — 0
yields

dim Ak()\ + 1) = dim A2 — dim Ag 2
=o(n,k+2)— (6(n,k+2) — (e(k+2—n/2) +1)22 1)
=0(n, k) —e(k —n/2) —1)22 !

as required.
It remains to deal with the cases when k = n/2 and k = n/2 + 1. Using the
argument from the upward induction we get in these cases that

dim Ap(A + 1) = dim Ay, — dim Ax(\) = 6(n, k) = 6(n, k) — e(k —n/2) — 1)22 71

since €(0) = €(1) = 1. The downward induction argument above extends to show
that dim Agx(A\) = dim Agio — dim Agy2(A+1) = §(n, k) — (e(k —n/2) +1)22 71
in these cases.

Note that the values of e(k — n/2) + 1 form a sequence of the form 0,0,2, 2,
0,0,2,... and those of e(k —n/2) — 1 form the sequence 0,0, —2,—2,0,0,—2,....
Thus in the first case, when k > rank A/2, the dimension of AxA varies at or
below d(n, k), whereas in the second case it varies at or above d(n,k). It is
asserted in [2223] that dim A\ < §(n, k) whenever k — 2 is less than the degree
of regularity. This theorem shows that this assertion is false. In fact it is clear
from this result that no such universal inequality is likely to hold in general.

6 0Odd Maximal Rank

If n is odd and A is quadratic of rank n, then as observed above, A ~ z1xs +
o+ Tp—9%p—1 + Tp.

Theorem 6.1. Suppose that n is odd let A\ = 129+ -+ Xp_o2Tn_1 +xn. Then
A NAXN = Ap_o)

for k # (n+1)/2.

Proof. The proof is very similar to the proof of Theorem .1l Again, it is clear
that Ax_o\ C A N AN, Using induction on n, we prove that Ax N AX C Ax_o)\
for k # (n+1)/2

Consider the case when n = 3 and A = x5 + x3. It is easily verified by hand
that A; N A\ = {0} and that A\ = A;\ so that A3 N AN = A1\

Now suppose that n > 5. Let A" = Flxg,z4,...,2,) and N = 2324 + -+ +
Tp—oTn_1 +xn and assume the assertion true for M and A’. As above, note that
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A is a free A’-module with basis {1, 21, 2, z122}. Again an arbitrary element of
AN is of the form aX where a = af, + ajz1 + abxs for some a) € A'.
Let aX € Ay, where a is as above. Now
a\ = (af + ajz1 + ahrs) (122 + N)
=ap\ + a )Nz + ahNxs + (af + a) + ah)zy22.

Because of the linear independence of the elements {1, z1, x2, z122} over A’ each
of the summands must also lie in Ay. Hence ag\ € Ag; ajN,abN € Ax_1 and
ag+a) +ay € Aj_,.

Suppose that k # (n+1)/2. Then k—1 # ((n—2)+1)/2. Hence by induction,
Al NAN = Aj_;N. So there exist b}, by € A} _,, such that aj\ = bj\ and
aytN =o)X, Let by = a + a) +ah + by +b5. Then b € Aj,_, since ay+a} +ah €
Al and by +b5 € A)_ 5. Moreover by\' = ag\'. Now define b = b+ b} x1 + byas.
Then, b € Ap_o and

bA = b\ + by N @1 + by N 29 + (b)) + b + by)z129
= ap\ + a)N w1 + ahN xe + (af + a) + ah)x122.
=a\
Thus A N AN C Ag_o)\ as required.

Theorem 6.2. Suppose that n is odd and let A\ = x1x9 + -+ + Tp_0Tn_1 + Tn.
Then

o(n, k), ifk<(n+1)/2

(k) —e(k—n/2)2:71  ifk>(n+1)2

Proof. Since all quadratic elements of A of maximal rank are affine equivalent,
the assertion of the theorem is equivalent to the assertion that the result holds
for all such elements. In order for the induction to work correctly (that is, to
include both the cases of dim Ax\ and dim A (A + 1)), we need to work in the
framework of this more general assertion. The proof that dim AxA = 0(n, k) if
k < (n+1)/2 proceeds exactly as for Theorem [53] using Theorem [61] in place
of Theorem B.11

It remains to prove that for (n +1)/2 < k < n, dim AxA = 6(n, k) — e(k —
n/2)22 1. We again prove the result by reverse induction using ¥ = n and
k =n — 1 as base cases. For the case k = n, note first that by the symmetry of
Xand A + 1, dim A, A = 2*/2. Moreover,

S(n, k) —e(k —n/2)2: 71 = §(n,n) — e(n/2)2: 1 = 27/2

by Lemma [3.4] Now consider the case k = n— 1 and assume that n > 3. Observe
that Ap,—1A = Apqy1 N AN = AN So dim A,,_1 A = dim A, \. On the other hand,
using Lemma [3.4] we have that

d(n,n—1)—e(n —1—n/2)2271
= (2" 4 e(n/2-1)22 1) —¢(n/2—1)22 71
=271 = dim A\

dim Ak>\ = {

So the result holds in this case also.
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We now assume the formula holds for k£ + 2 and prove that it holds for k,
provided that (n 4+ 1)/2 < k < n — 2. The short exact sequence

0— AgA — Aggo — Apo(A+1) — 0
implies that
dim A\ = dim Ao — dim Ag2(A + 1)
=o(n,k+2)— (0(n,k+2) —e(k+2—n/2)2: 71
=0(n, k) —e(k —n/2)22 1

since e(k + 2) = —e(k).

7 General Case

Now consider a quadratic element A € A of arbitrary rank r < n. Without loss
of generality we assume that A € A’ = F[z1,...,x,] and that A has one of the
three canonical forms with respect to the variables x4, ..., x,. The dimension of
A can be computed from the dimensions of the A, . Recall that we make the
convention that A; =0 for j <0,

Theorem 7.1

k
dim Apr =" (” . T) dim A}, )
=0

Proof Let S = {y41,...,2n}, let P be the power set of S. For T' € P set xp =
[L;cr #i- Then the monomials z7 form a basis for A as a free A’-module. Let V;
be the span of the monomials zp of degree j. Then Ay = @A), _,V; and A =
®F_A)_,\V; and hence dim A\ = Zf:o dim A}, \V; = Zf:o (”f’“) dim A}, .

7

Corollary 7.2. If k < rank A/2, then dim Ax\ = 6(n, k).

Proof. From Theorem [Tl we have that dim Ap\ = Zf:o ("fr) dim Aj ;. Since

?

k—1i < k < rank A by hypothesis, we can conclude using Theorem [5.3]or Theorem
that dim A} A = §(r, k — i). Hence

k k
dim Ax =" (" ; ’") dim A} A=Y (” f T) 8(r,k — i) = 8(n, k)
1=0 =0

by Lemma 311
Corollary 7.3. Let A be a quadratic element of rank r, then

| dim A\ — 6(n, k)| <272
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Proof. From Theorem [Z1] and Theorems 5.3 and we have that

k
| dim AR\ — 6(n, k)| = | > (" ; ’") dim A} _ A — 6(n, k)
1=0
k n—r
< Z( . )(5(r,k—z‘)+25)—5(n,k)
1=0
k n—r
— 6(n,k)+§( . )(22)—5(71,/4;)
<722 = Q"7

8 Conclusion

Our results give insight on the validity of |23 Corollary 4]. In particular we
show that the formula dim Ax\ = §(n, k) is true for any A provided that k is less
than (rank \)/2. Furthermore, we see that the key conditions for the formula
to hold involve both the rank and the equivalence class of the element A. We
proved that for large values of k, the value of dim Ay will oscillate above or below
d(n, k), depending on the equivalence type of A. Thus no inequality of the form
dim Ag X > §(n, k) or dim AxgA < §(n, k) can hold universally.
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