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Abstract. We give exact formulas for the growth of the ideal Aλ for λ
a quadratic element of the algebra of Boolean functions over the Galois
field GF (2). That is, we calculate dim Akλ where Ak is the subspace of
elements of degree less than or equal to k. These results clarify some of
the assertions made in the article of Yang, Chen and Courtois [22,23]
concerning the efficiency of the XL algorithm.

1 Introduction

The solution of polynomial equations has been a central question in mathematics
since earliest times. Recently this problem has become a central topic in cryp-
tography, in the form of the solution of multivariate polynomial equations over a
finite field. For instance, in multivariate public key cryptography [12], the public
key is given by a set of polynomials

P (x1, .., xn) = (P1(x1, .., xn), ..., Pm(x1, .., xn))

over a finite field. To encrypt a message (x′
1, .., x

′
n), one computes the value

(y′
1, ...y

′
m) = P (x′

1, .., x
′
n) = (P1(x′

1, .., x
′
n), ..., Pm(x′

1, .., x
′
n)).

In order to attack this cipher directly, one needs to solve the system of equations

(y′
1, ...y

′
m) = P (x1, .., xn).

Similarly, the algebraic attack [10,3] on symmetric cryptosystems transforms the
problem of attacking the cryptosystems into one of solving systems of polynomial
equations. For instance in the case of AES, this attack produces a system of
6000 sparse equations in approximately 1600 variables. Though we know that in
general solving a set of random nonlinear equations is a NP-complete problem,
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the understanding of the complexity of solving multivariate equations is still
a critical problem which has not only theoretical significance but also serious
practical implications.

In 2000, Courtois et al. introduced the XL algorithm [8] to solve such systems
of equations. The idea of the XL algorithm, as applied to the solution of a system
of m quadratic equations fi(x) = 0, is to successively eliminate variables by
finding linear or 1-variables polynomials inside the ideal generated by the fi(x).
Specifically, one applies an elimination process to the space of functions spanned
by the xbfi(x) where xb is a monomial of total degree less than or equal to a
fixed number D. The key to understanding the complexity of the algorithm is to
understand the dimension of this subspace. In [8,9], some heuristic complexity
estimates were given for the XL algorithm, but these estimates have been shown
to be incorrect [18].

The most commonly quoted estimates of the computational complexity of the
XL algorithm use formulas developed in [22], and which were further explored
in [24,23]. Yang and Chen produced estimates of the complexity of the XL algo-
rithm based on formulas for the dimension of the space of functions spanned by
the xbfi(x). Although the complexity formulas were widely used (for instance,
in [21,16,1,2,20,7]), and were in close agreement with experimental evidence, the
proofs of the dimension theorems are based on unreliable heuristic arguments
and are not correct. Some further exploration of these formulas was also recently
done in [19], but based on some heuristic assumptions.

Another fundamental class of algorithms used to solve such systems of equa-
tions is the family of Gröbner basis algorithms including the F4 and F5 variants
[6,13,14]. F4’s implementation in Magma is considered the best in multivariate
polynomial solving among all that are publicly available. We also know from
[4] that F4 is actually a more efficient algorithm than the XL algorithm if we
assume that both of them will solve the polynomials systems using Gaussian
elimination to solve the systems of linear equations that arise. However, because
of the sparse structure of the matrices associated to the XL algorithm, one can
solve the linear systems more efficiently using the Wiedermann solver, which
has advantages in terms of both speed and memory. It was demonstrated in the
attack on the QUAD steam cipher [25] that the Wiedermann XL could indeed
outperform the F4 algorithm. Therefore the complexity of the XL algorithm
remains of great interests.

Because of the significance of these complexity formulas and their implications
in cryptography, we believe that it is important to systematically study this
question and to lay a solid mathematical foundation for future developments in
this area.

In this paper, we begin with the simplest case, that of a single quadratic
polynomial over the field GF (2). Of course, over a field of characteristic zero the
answer to the question is easy. The complication when dealing with finite fields
is that we are working not in the polynomial ring itself, but in the ring of the
functions; that is, the polynomial ring reduced by the related field equations,

Xq
i − Xi = 0,
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where q is the size of the field. This makes our question a highly non-trivial math-
ematical problem, which turns out to have a surprisingly complex but elegant
solution.

The complexity of the Gröbner basis algorithms F4 and F5 was analyzed in [5].
A few words of explanation are in order concerning the difficulty of our results
compared to those in [5]. First, we consider here an arbitrary quadratic function,
while the results in [5] concern the case of semi-regular sequences. Second we
compute the exact dimension at each degree. The arguments in [5] concern the
dimensions of the graded components of the ideal generated by the leading terms
of the fi in the associated graded ring (where X2

i = 0). While this enables one
to pull back a certain amount of information to the original algebra of functions,
it does not provide the exact dimensions that we calculate here.

2 The Yang-Chen Dimension Formulas

Let F denote the Galois field GF (2). Let R = F [X1, . . . , Xn] be the ring of
polynomials over F and let

A = F [X1, . . . , Xn]/(X2
1 + X1, . . . , X

2
n + Xn)

be the ring of Boolean functions.
Let R(d) be the space of homogeneous polynomials of degree d, so that R =

⊕R(d) is the usual grading. Let Rd =
∑d

i=0 R(i) be the set of polynomials of
degree less than or equal to d, so that

F = R0 ⊂ R1 ⊂ · · · ⊂ R

is the usual filtration by degree. Denote by π : R → A the usual projection
and let A(i) = π(R(i)) and let Ai = π(Ri). Then A = ⊕A(d) is a vector space
direct sum but not a gradation of rings, but A0 ⊂ A1 ⊂ · · · ⊂ An = A is a ring
filtration. One may define a concept of degree for an element λ ∈ A by saying
that deg λ = min{d | λ ∈ Ad}. We say that an element is quadratic if it has
degree two.

In this article we calculate explicitly dim Akλ for a quadratic element λ ∈ A
and compare this result with that given by Yang and Chen in [22,23]. Let us
briefly review the assertions in [23].

Let λ1, . . . , λm ∈ A be a semi-regular [5] set of m quadratic elements. Corollary
4 of [23] asserts that

T − I = [tD]
(1 + t)n

(1 + t2)m(1 − t)

for all D < Dreg. Here [tD](1 + t)n(1 + t2)−m(1 − t)−1 denotes the coefficient of
tD in the powers series expansion of (1 + t)n(1 + t2)−m(1 − t)−1; T = dimAD;
I = dim

∑
i AD−2λi; and Dreg = min{D | [tD](1 + t)n(1 + t2)−m(1 − t)−1 ≤ 0}.
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This formula has the following explicit form when m = 1. Set

σ(n, k) =
k∑

j=0

(
n

j

)

and δ(n, k) =
�k/2�∑

i=0

(−1)iσ(n, k − 2i),

Then for D < Dreg,

T − I = [tD]
(1 + t)n

(1 + t2)(1 − t)
= δ(n, D)

Since T = dimAD = σ(n, D), this yields I = σ(n, D) − δ(n, D) = δ(n, D − 2).
Hence

dimAD−2λ = δ(n, D − 2)

for any semi-regular quadratic element λ and for any D < Dreg. While this
assertion is suggestive of the actual behavior, the statement of the result is not
adequate to include any useful assertions when m = 1. It is easily verified that
for the definition of Dreg given above and in [23], Dreg = ∞. As can be seen
in Theorems 5.3 and 7.1, the assertion that dim AD−2λ = δ(n, D − 2) for all D
cannot hold for any λ (except for very small values of n). In fact, no λ can be
semi-regular (again except for exceptional cases), so the theorem as stated in
[23] is vacuous rather than false in the case m = 1. The appropriate formulation
of this assertion is that dim AD−2λ = δ(n, D − 2) whenever D − 2 < rankλ/2,
(Corollary 7.2). In [23], the authors also claim, that in the non-semi-regular case
“the value I can only decrease”. When m = 1, this becomes the assertion that
dimAD−2λ ≤ δ(n, i− 2) for all D ≤ Dreg. Theorem 5.3 shows that this claim is
false.

3 Some Combinatorial Lemmas

Before getting into the details of the man results we present some elementary
identities concerning σ(n, k) and δ(n, k) that we will need later.

Lemma 3.1. The following analogs of the Vandermonde identity hold for σ(n, k)
and δ(n, k):

σ(n, k) =
k∑

i=0

(
n − r

i

)

σ(r, k − i) δ(n, k) =
k∑

i=0

(
n − r

i

)

δ(r, k − i)

Proof. The Vandermonde identity for binomial coefficients states that

(
n

k

)

=
k∑

i=0

(
n − r

i

)(
r

k − i

)

.
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Hence

k∑

i=0

(
n − r

i

)

σ(r, k − i) =
k∑

i=0

(
n − r

i

) k−i∑

j=0

(
r

j

)

=
k∑

i=0

k−i∑

j=0

(
n − r

i

)(
r

k − i − j

)

=
k∑

j=0

k−j∑

i=0

(
n − r

i

)(
r

k − j − i

)

=
k∑

j=0

(
n

k − j

)

=
k∑

j=0

(
n

j

)

= σ(n, k)

Similarly,

k∑

i=0

(
n − r

i

)

δ(r, k − i) =
k∑

i=0

(
n − r

i

) �(k−i)/2�∑

j=0

(−1)jσ(r, k − i − 2j)

=
k∑

i=0

�(k−i)/2�∑

j=0

(−1)j

(
n − r

i

)

σ(r, k − 2j − i)

=
�k/2�∑

j=0

(−1)j

k−2j∑

i=0

(
n − r

i

)

σ(r, k − 2j − i)

=
�k/2�∑

j=0

(−1)jσ(n, k − 2j)

= δ(n, k)

Lemma 3.2. For any 0 ≤ k ≤ n,

δ(n, k) =
�k/4�∑

i=0

(
n

k − 4i

)

+
�(k−1)/4�∑

i=0

(
n

k − 1 − 4i

)

.

In particular,

δ(n, n) =
�n/4�∑

i=0

(
n

n − 4i

)

+
�(n−1)/4�∑

i=0

(
n

n − 1 − 4i

)

and

δ(n, n − 1) =
�(n−1)/4�∑

i=0

(
n

n − 1 − 4i

)

+
�(n−2)/4�∑

i=0

(
n

n − 2 − 4i

)
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Proof.

δ(n, k) =
�k/2�∑

i=0

(−1)iσ(n, k − 2i)

= σ(n, k) − σ(n, k − 2) + σ(n, k − 4) − · · · ± σ(n, k − 2�k/2	)

=
(

n

k

)

+
(

n

k − 1

)

+
(

n

k − 4

)

+
(

n

k − 5

)

+
(

n

k − 8

)

+
(

n

k − 9

)

+ . . .

=
(

n

k

)

+
(

n

k − 4

)

+
(

n

k − 8

)

+ · · · +
(

n

k − 1

)

+
(

n

k − 5

)

+ . . .

=
�k/4�∑

i=0

(
n

k − 4i

)

+
�(k−1)/4�∑

i=0

(
n

k − 1 − 4i

)

Lemma 3.3.
�n/4�∑

i=0

(
n

4i

)

=
1
2

(
2n−1 + 2n/2 cos

nπ

4

)

�(n−1)/4�∑

i=0

(
n

4i + 1

)

=
1
2

(
2n−1 + 2n/2 sin

nπ

4

)

�(n−2)/4�∑

i=0

(
n

4i + 2

)

=
1
2

(
2n−1 − 2n/2 cos

nπ

4

)

�(n−3)/4�∑

i=0

(
n

4i + 3

)

=
1
2

(
2n−1 − 2n/2 sin

nπ

4

)

Proof. See [15, 0.153].

Define

ε(k) = cos
(

kπ

2

)

+ sin
(

kπ

2

)

Lemma 3.4. For any positive integer n,

1. δ(n, n) = 2n−1 + ε(n/2) 2
n
2 −1

2. δ(n, n − 1) = 2n−1 + ε(n/2 − 1) 2
n
2 −1

Proof. For part (1) observe that

δ(n, n) =
�n/4�∑

i=0

(
n

n − 4i

)

+
�(n−1)/4�∑

i=0

(
n

n − 1 − 4i

)

=
�n/4�∑

i=0

(
n

4i

)

+
�(n−1)/4�∑

i=0

(
n

4i + 1

)

= 2n−1 +
[
cos

nπ

4
+ sin

nπ

4

]
2n/2

= 2n−1 + ε(n/2) 2n/2
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Similarly for part (2),

δ(n, n − 1) =
�(n−1)/4�∑

i=0

(
n

n − 1 − 4i

)

+
�(n−2)/4�∑

i=0

(
n

n − 2 − 4i

)

=
�(n−1)/4�∑

i=0

(
n

4i + 1

)

+
�(n−2)/4�∑

i=0

(
n

4i + 2

)

= 2n−1 +
[
sin

nπ

4
− cos

nπ

4

]
2n/2

= 2n−1 +
[

cos
(n − 2)π

4
+ sin

(n − 2)π
4

]

2n/2

= 2n−1 + ε(n/2 − 1) 2n/2

4 Equivalence, Rank and Type

The dimension of Akλ is not the same for all quadratic elements λ. However
it is obviously invariant under any automorphism that preserves degree. Inside
the group of all automorphisms of A we have the subgroup of automorphisms
that preserve degree; that is, the subgroup of all automorphisms φ such that
φ(A1) = A1. These are the affine automorphisms. We say that two elements
of λ, λ′ ∈ A are equivalent if there exist an affine automorphism φ such that
φ(λ) = λ′.

Definition 4.1. Let λ ∈ A. We define the rank of λ to be the smallest positive
integer r such that λ lies in a subalgebra generated by r linear elements. That is
the smallest r such that there exists �1, . . . , �r ∈ A1 with λ ∈ F [�1, . . . , �r].

It is clear that the rank of an element is invariant under an affine automorphism.
In general the set of elements of a given rank and degree is a union of a number
of different equivalence classes. For quadratic elements there are two equivalence
classes for even rank and one for odd rank.

Theorem 4.2. Let λ ∈ A be a quadratic element of rank r.

1. If r is even, then λ is either equivalent to x1x2 + · · ·+xr−1xr or x1x2 + · · ·+
xr−1xr + 1. Moreover these two elements are not equivalent.

2. If r is odd, then λ is equivalent to x1x2 + · · · + xr−2xr−1 + xr.

Proof. This follows from the classification of quadratic elements in the polyno-
mial ring given in [17].

Thus it suffices to calculate dim Akλ for the elements listed in the theorem. We
begin with the maximal rank case which is the simplest.
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5 Even Maximal Rank

The calculation of dimAkλ in [22] uses the exact sequence:

0 −→ Ak ∩ A(λ + 1) −→ Ak −→ Akλ −→ 0

where the map from Ak to Akλ is just multiplication by λ. The kernel of this
map is the intersection of Ann λ = {b ∈ A | bλ = 0} (the annihilator of λ) with
Ak. It is well-known and easily verified that Ann λ = A(λ + 1), so the kernel is
Ak∩A(λ+1), yielding the exact sequence above. The kernel Ak∩A(λ+1) clearly
contains Ak−2(λ+1). In order to apply induction we would like Ak ∩A(λ+1) =
Ak−2(λ + 1). While this often holds, it is not always true. For instance, note
that, for r even,

(x1 + 1)(x3 + 1) . . . (xr−1 + 1)(x1x2 + · · · + xr−1xr) = 0

so that (x1 + 1)(x3 + 1) . . . (xr−1 + 1) ∈ Ar/2 ∩ Ann(x1x2 + · · · + xr−1xr) =
Ar/2∩A(x1x2+· · ·+xr−1xr+1) but (x1+1)(x3+1) . . . (xr−1+1) �∈ Ar/2−2(x1x2+
· · ·+xr−1xr +1). It turns out that these elements are the principal obstructions
to the above equality when r = n.

Theorem 5.1. Suppose that n is an even positive integer and suppose that λ =
x1x2 + · · · + xn−1xn. Then

1. Ak ∩ A(λ + 1) = Ak−2(λ + 1) for all 0 ≤ k < n/2 and n/2 + 2 ≤ k ≤ n + 2
2. Ak ∩ Aλ = Ak−2λ for all 0 ≤ k ≤ n + 2.

Proof. (1) It is clear that Ak−2(λ+1) ⊆ Ak ∩A(λ+1). Thus it suffices to prove
that Ak ∩A(λ+1) ⊆ Ak−2(λ+1) for 0 ≤ k < n/2 and n/2+2 ≤ k ≤ n+2. Note
that the two extreme cases are easily seen to be true. Since A = An = An+2,
An+2 ∩ A(λ + 1) = A ∩ A(λ + 1) = A(λ + 1) = An(λ + 1). On the other
hand, A−2 = 0 and A0 = F . Since λ + 1 is not a unit (because λ(λ + 1) = 0),
A0 ∩ A(λ + 1) = F ∩ A(λ + 1) = 0 = A−2(λ + 1).

We proceed by induction on n. Consider the case when n = 2 and λ = x1x2. It
remains to show that A3∩A(λ+1) = A1(λ+1); that is, that A(λ+1) = A1(λ+1).
It is easy to verify directly that {x1x2 + 1, x1x2 + x1, x1x2 + x2} forms a basis
for A(λ + 1) and that this basis is contained in A1(λ + 1).

We now assume the result is true for n−2 variables and deduce that it is true
for n variables. Now let A′ = F [x3, x4, . . . , xn] and λ′ = x3x4 + · · · + xn−1xn

and assume that the assertion is true for λ′ and A′. Note that A is a free A′-
module with basis {1, x1, x2, x1x2}. Thus an arbitrary element of A is of the
form a = a′

0 + a′
1x1 + a′

2x2 + a′
3x1x2, where a′

i ∈ A′. Since x1x2 = λ + λ′ and
λ(λ + 1) = 0 we see that x1x2(λ + 1) = λ′(λ + 1) and so a(λ + 1) = ã(λ + 1)
where ã = (a′

0 + a′
3λ

′) + a′
1x1 + a′

2x2. Hence an arbitrary element of A(λ + 1) is
of the form a(λ + 1) where a = a′

0 + a′
1x1 + a′

2x2 for some a′
i ∈ A′. Suppose that

a(λ + 1) ∈ Ak. Now

a(λ + 1) = (a′
0 + a′

1x1 + a′
2x2)(x1x2 + λ′ + 1)

= a′
0(λ

′ + 1) + a′
1(λ

′ + 1)x1 + a′
2(λ

′ + 1))x2 + (a′
0 + a′

1 + a′
2)x1x2.
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Because of the linear independence of the elements {1, x1, x2, x1x2} over A′ each
of the summands must also lie in Ak. Hence a′

0(λ
′+1) ∈ Ak; a′

1(λ
′+1), a′

2(λ
′+1) ∈

Ak−1 and a′
0 + a′

1 + a′
2 ∈ A′

k−2.
Suppose that 1 ≤ k < n/2. Then 0 ≤ k − 1 < n/2 − 1 = (n − 2)/2. Hence by

induction, A′
k−1 ∩A′(λ′ +1)) = A′

k−3(λ
′ +1). So there exist b′1, b′2 ∈ A′

k−3, such
that a′

1(λ
′+1) = b′1(λ

′+1) and a′
2(λ

′+1) = b′2(λ
′+1). Let b′0 = a′

0+a′
1+a′

2+b′1+b′2.
Then b′0 ∈ A′

k−2 since a′
0 + a′

1 + a′
2 ∈ A′

k−2 and b′1 + b′2 ∈ A′
k−3. Moreover

b′0(λ′ + 1) = a′
0(λ′ + 1). Now define b = b′0 + b′1x1 + b′2x2. Then, b ∈ Ak−2 and

b(λ + 1) = b′0(λ
′ + 1) + b′1(λ

′ + 1)x1 + b′2(λ
′ + 1))x2 + (b′0 + b′1 + b′2)x1x2

= a′
0(λ

′ + 1) + a′
1(λ

′ + 1)x1 + a′
2(λ

′ + 1))x2 + (a′
0 + a′

1 + a′
2)x1x2.

= a(λ + 1)

Hence a(λ + 1) ∈ Ak−2(λ + 1). Thus Ak ∩A(λ + 1) ⊆ Ak−2(λ + 1), as required.
If on the other hand n/2 + 2 ≤ k ≤ n + 1, then (n − 2)/2 = n/2 − 1 ≤

k − 1 ≤ n = (n − 2)/2 + 2. Again we may apply the induction hypothesis to
deduce that A′

k−1 ∩ A′(λ′ + 1)) = A′
k−3(λ

′ + 1). The argument of the previous
paragraph can be repeated verbatim to deduce that there exists a b ∈ Ak−2 such
that b(λ+1) = a(λ+1). Thus Ak∩A(λ+1) ⊆ Ak−2(λ+1) if n/2+2 ≤ k ≤ n+2.

(2) A similar argument proves the second part of the theorem. We need to
show that Ak ∩A(λ) ⊆ Ak−2(λ) for 0 ≤ k ≤ n+2. the cases k = 0 and k = n+2
are easy to see directly just as in part (1).

The key difference lies in the base case n = 2. Here λ = x1x2, so x1λ = λ and
x2λ = λ. So Aλ = A0λ. Thus A0∩Aλ = 0 = A−2λ = 0, A1∩Aλ = 0 = A−1λ = 0,
A2 ∩ Aλ = A0λ, A3 ∩ Aλ = A0λ = A1λ. Thus the result is true when n = 2.

We now assume the result is true for n−2 variables and deduce that it is true
for n variables. Suppose that aλ ∈ Ak. Then a = a′

0+a′
1x1+a′

2x2+a′
3x1x2, where

a′
i ∈ A′. Since x1x2 + λ′ = λ, and λ(λ + 1) = 0, we have that x1x2λ = (λ′ + 1)λ.

hence aλ = [a′
0 + a3(λ′ + 1)] + a′

1x1 + a′
2x2. hence we may assume that a is of

the form a = a′
0 + a′

1x1 + a′
2x2. Thus

aλ = (a′
0 + a′

1x1 + a′
2x2)(x1x2 + λ′)

= a′
0λ

′ + a′
1λ

′x1 + a′
2λ

′)x2 + (a′
0 + a′

1 + a′
2)x1x2.

We deduce that a′
0(λ

′ +1) ∈ Ak; a′
1(λ

′ +1), a′
2(λ

′ +1) ∈ Ak−1 and a′
0 +a′

1 +a′
2 ∈

A′
k−2. We can then use the induction hypothesis and the argument above to

deduce that there exists a b ∈ Ak−2 such that aλ = bλ. Hence Ak∩Aλ = Ak−2λ,
as required.

Lemma 5.2. Let n be even and let λ = x1x2 + x3x4 + · · · + xn−1xn. Then,

dimAλ = 2n−1 − 2
n
2 −1 and dimA(λ + 1) = 2n−1 + 2

n
2 −1.

Proof. Let Z(λ) be the set of zeros of λ. Then |Z(λ)| = dimA/Aλ. it is well-
known that |Z(λ)| = 2n−1 +2

n
2 −1, [17, Theorem 6.32]. Hence dim Aλ = dimA−

|Z(λ)| = 2n − (2n−1 + 2
n
2 −1) = 2n−1 − 2

n
2 −1. The second assertion follows from

the fact that |Z(λ)| = 2n−1 − 2
n
2 −1.
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Theorem 5.3. Suppose that n is even and let λ = x1x2 + · · · + xn−1xn. Then

dimAkλ =

{
δ(n, k), if k < n/2
δ(n, k) − (ε(k − n/2) + 1)2

n
2 −1, if n/2 ≤ k ≤ n

dim Ak(λ + 1) =

{
δ(n, k), if k < n/2 + 2
δ(n, k) − (ε(k − n/2)− 1)2

n
2 −1, if n/2 ≤ k ≤ n

Proof. We first prove the assertion that dim Akλ = δ(n, k) = dim Ak(λ + 1) for
0 ≤ k < n/2 by induction on k. We need two base cases, k = 0 and k = 1. When
k = 0, Ak = F , and so it is clear that dimA0λ = dim A0(λ + 1) = 1 = δ(n, 1).
When k = 1 and n > 2, the maps from A1 to A1λ and A1(λ+1) are both bijective
by Theorem 5.1. So dimA1λ = dimA1(λ + 1) = dim A1 = σ(n, 1) = δ(n, 1).

Now suppose 1 < k < n/2. Since Ann λ = A(λ + 1) and Ak ∩ (λ + 1) =
Ak−2(λ + 1) we have the exact sequence

0 −→ Ak−2(λ + 1) −→ Ak −→ Akλ −→ 0

Applying the inductive hypothesis yields dimAkλ = dimAk−dimAk−2(λ+1) =
σ(n, k)−δ(n, k−2) = δ(n, k), as desired. A similar argument works for Ak(λ+1).

We now prove that for n/2 ≤ k ≤ n, dimAkλ = δ(n, k)−(ε(k−n/2)+1)2
n
2 −1

and dim Ak(λ+1) = δ(n, k)−(ε(k−n/2)−1)2
n
2 −1 by reverse induction using k =

n and k = n−1 as base cases. Consider the case k = n. Since An = A, dimAnλ =
2n−1 − 2

n
2 −1 = δ(n, n) − ε(n/2) 2n/2 − 2

n
2 −1 = δ(n, n) − (ε(n/2) + 1)2

n
2 −1, as

required. Similarly, dimAn(λ+1) = 2n−1+2
n
2 −1 = δ(n, n)−ε(n/2) 2n/2+2

n
2 −1 =

δ(n, n) − (ε(n/2)− 1)2
n
2 −1.

Now consider the case k = n− 1. Observe that An−1λ ⊃ An−2λ = An ∩Aλ =
Aλ. So dimAn−1λ = dim Anλ. However, using Lemma 3.4 we have that

δ(n, n − 1)−(ε(n − 1 − n/2) + 1)2
n
2 −1

= (2n−1 + ε(n/2 − 1)2
n
2 −1) − (ε(n/2 − 1) + 1)2

n
2 −1

= 2n−1 − 2
n
2 −1 = dimAλ

A similar argument proves that An−1(λ + 1) = A(λ + 1) and that the formula
holds in this case also.

We now assume the formula holds for k + 2 and prove that it holds for k,
provided that k ≥ n/2 + 2. Again we have the short exact sequence

0 −→ Akλ −→ Ak+2 −→ Ak+2(λ + 1) −→ 0

So that

dim Akλ = dimAk+2 − dimAk+2(λ + 1)

= σ(n, k + 2) − (δ(n, k + 2) − (ε(k + 2 − n/2) − 1)2
n
2 −1)

= δ(n, k) − (ε(k − n/2) + 1)2
n
2 −1
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since ε(k + 2) = −ε(k). Similarly the exact sequence

0 −→ Ak(λ + 1) −→ Ak+2 −→ Ak+2λ −→ 0

yields

dimAk(λ + 1) = dimAk+2 − dimAk+2λ

= σ(n, k + 2) − (δ(n, k + 2) − (ε(k + 2 − n/2) + 1)2
n
2 −1)

= δ(n, k) − ε(k − n/2)− 1)2
n
2 −1

as required.
It remains to deal with the cases when k = n/2 and k = n/2 + 1. Using the

argument from the upward induction we get in these cases that

dimAk(λ + 1) = dimAk − dim Ak(λ) = δ(n, k) = δ(n, k) − ε(k − n/2)− 1)2
n
2 −1

since ε(0) = ε(1) = 1. The downward induction argument above extends to show
that dimAk(λ) = dimAk+2 − dimAk+2(λ + 1) = δ(n, k)− (ε(k − n/2)+ 1)2

n
2 −1

in these cases.

Note that the values of ε(k − n/2) + 1 form a sequence of the form 0, 0, 2, 2,
0, 0, 2, . . . and those of ε(k−n/2)−1 form the sequence 0, 0,−2,−2, 0, 0,−2, . . . .
Thus in the first case, when k > rankλ/2, the dimension of Akλ varies at or
below δ(n, k), whereas in the second case it varies at or above δ(n, k). It is
asserted in [22,23] that dim Akλ ≤ δ(n, k) whenever k− 2 is less than the degree
of regularity. This theorem shows that this assertion is false. In fact it is clear
from this result that no such universal inequality is likely to hold in general.

6 Odd Maximal Rank

If n is odd and λ is quadratic of rank n, then as observed above, λ ∼ x1x2 +
· · · + xn−2xn−1 + xn.

Theorem 6.1. Suppose that n is odd let λ = x1x2 + · · ·+xn−2xn−1 +xn. Then

Ak ∩ Aλ = Ak−2λ

for k �= (n + 1)/2.

Proof. The proof is very similar to the proof of Theorem 5.1. Again, it is clear
that Ak−2λ ⊆ Ak ∩ Aλ. Using induction on n, we prove that Ak ∩ Aλ ⊆ Ak−2λ
for k �= (n + 1)/2

Consider the case when n = 3 and λ = x1x2 + x3. It is easily verified by hand
that A1 ∩ Aλ = {0} and that Aλ = A1λ so that A3 ∩ Aλ = A1λ.

Now suppose that n ≥ 5. Let A′ = F [x3, x4, . . . , xn] and λ′ = x3x4 + · · · +
xn−2xn−1 +xn and assume the assertion true for λ′ and A′. As above, note that
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A is a free A′-module with basis {1, x1, x2, x1x2}. Again an arbitrary element of
Aλ is of the form aλ where a = a′

0 + a′
1x1 + a′

2x2 for some a′
i ∈ A′.

Let aλ ∈ Ak where a is as above. Now

aλ = (a′
0 + a′

1x1 + a′
2x2)(x1x2 + λ′)

= a′
0λ

′ + a′
1λ

′x1 + a′
2λ

′x2 + (a′
0 + a′

1 + a′
2)x1x2.

Because of the linear independence of the elements {1, x1, x2, x1x2} over A′ each
of the summands must also lie in Ak. Hence a′

0λ
′ ∈ Ak; a′

1λ
′, a′

2λ
′ ∈ Ak−1 and

a′
0 + a′

1 + a′
2 ∈ A′

k−2.
Suppose that k �= (n+1)/2. Then k−1 �= ((n−2)+1)/2. Hence by induction,

A′
k−1 ∩ A′λ′ = A′

k−3λ
′. So there exist b′1, b′2 ∈ A′

k−3, such that a′
1λ

′ = b′1λ
′ and

a′
2λ

′ = b′2λ′. Let b′0 = a′
0 +a′

1 +a′
2 + b′1 + b′2. Then b′0 ∈ A′

k−2 since a′
0 +a′

1 +a′
2 ∈

A′
k−2 and b′1+b′2 ∈ A′

k−3. Moreover b′0λ
′ = a′

0λ
′. Now define b = b′0+b′1x1 +b′2x2.

Then, b ∈ Ak−2 and

bλ = b′0λ
′ + b′1λ

′x1 + b′2λ
′x2 + (b′0 + b′1 + b′2)x1x2

= a′
0λ

′ + a′
1λ

′x1 + a′
2λ

′x2 + (a′
0 + a′

1 + a′
2)x1x2.

= aλ

Thus Ak ∩ Aλ ⊆ Ak−2λ as required.

Theorem 6.2. Suppose that n is odd and let λ = x1x2 + · · · + xn−2xn−1 + xn.
Then

dim Akλ =

{
δ(n, k), if k < (n + 1)/2
δ(n, k) − ε(k − n/2)2

n
2 −1, if k ≥ (n + 1)2

Proof. Since all quadratic elements of A of maximal rank are affine equivalent,
the assertion of the theorem is equivalent to the assertion that the result holds
for all such elements. In order for the induction to work correctly (that is, to
include both the cases of dimAkλ and dim Ak(λ + 1)), we need to work in the
framework of this more general assertion. The proof that dim Akλ = δ(n, k) if
k < (n + 1)/2 proceeds exactly as for Theorem 5.3 using Theorem 6.1 in place
of Theorem 5.1.

It remains to prove that for (n + 1)/2 ≤ k ≤ n, dimAkλ = δ(n, k) − ε(k −
n/2)2

n
2 −1. We again prove the result by reverse induction using k = n and

k = n − 1 as base cases. For the case k = n, note first that by the symmetry of
λ and λ + 1, dimAnλ = 2n/2. Moreover,

δ(n, k) − ε(k − n/2)2
n
2 −1 = δ(n, n) − ε(n/2)2

n
2 −1 = 2n/2

by Lemma 3.4. Now consider the case k = n−1 and assume that n > 3. Observe
that An−1λ = An+1 ∩ Aλ = Aλ. So dimAn−1λ = dimAnλ. On the other hand,
using Lemma 3.4 we have that

δ(n, n − 1)−ε(n − 1 − n/2)2
n
2 −1

= (2n−1 + ε(n/2 − 1)2
n
2 −1) − ε(n/2 − 1)2

n
2 −1

= 2n−1 = dimAλ

So the result holds in this case also.
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We now assume the formula holds for k + 2 and prove that it holds for k,
provided that (n + 1)/2 < k < n − 2. The short exact sequence

0 −→ Akλ −→ Ak+2 −→ Ak+2(λ + 1) −→ 0

implies that

dimAkλ = dimAk+2 − dimAk+2(λ + 1)

= σ(n, k + 2) − (δ(n, k + 2) − ε(k + 2 − n/2)2
n
2 −1)

= δ(n, k) − ε(k − n/2)2
n
2 −1

since ε(k + 2) = −ε(k).

7 General Case

Now consider a quadratic element λ ∈ A of arbitrary rank r ≤ n. Without loss
of generality we assume that λ ∈ A′ = F [x1, . . . , xr] and that λ has one of the
three canonical forms with respect to the variables x1, . . . , xr . The dimension of
Akλ can be computed from the dimensions of the A′

k′λ. Recall that we make the
convention that Aj = 0 for j < 0,

Theorem 7.1

dimAkλ =
k∑

i=0

(
n − r

i

)

dimA′
k−iλ

Proof Let S = {xr+1, . . . , xn}, let P be the power set of S. For T ∈ P set xT =∏
i∈T xi. Then the monomials xT form a basis for A as a free A′-module. Let Vj

be the span of the monomials xT of degree j. Then Ak = ⊕n−r
i=0 A′

k−iVi and Ak =
⊕k

i=0A
′
k−iλVi and hence dim Akλ =

∑k
i=0 dimA′

k−iλVi =
∑k

i=0

(
n−r

i

)
dimA′

k−iλ.

Corollary 7.2. If k < rankλ/2, then dim Akλ = δ(n, k).

Proof. From Theorem 7.1 we have that dimAkλ =
∑k

i=0

(
n−r

i

)
dimA′

k−iλ. Since
k−i ≤ k < rankλ by hypothesis, we can conclude using Theorem 5.3 or Theorem
6.2 that dimA′

k−iλ = δ(r, k − i). Hence

dim Akλ =
k∑

i=0

(
n − r

i

)

dimA′
k−iλ =

k∑

i=0

(
n − r

i

)

δ(r, k − i) = δ(n, k)

by Lemma 3.1.

Corollary 7.3. Let λ be a quadratic element of rank r, then

| dimAkλ − δ(n, k)| ≤ 2n− r
2
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Proof. From Theorem 7.1 and Theorems 5.3 and 6.2 we have that

| dimAkλ − δ(n, k)| =

∣
∣
∣
∣
∣

k∑

i=0

(
n − r

i

)

dimA′
k−iλ − δ(n, k)

∣
∣
∣
∣
∣

≤
∣
∣
∣
∣
∣

k∑

i=0

(
n − r

i

)
(
δ(r, k − i) + 2

r
2
) − δ(n, k)

∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
δ(n, k) +

k∑

i=0

(
n − r

i

)
(
2

r
2
) − δ(n, k)

∣
∣
∣
∣
∣

≤ 2n−r2
r
2 = 2n− r

2

8 Conclusion

Our results give insight on the validity of [23, Corollary 4]. In particular we
show that the formula dimAkλ = δ(n, k) is true for any λ provided that k is less
than (rankλ)/2. Furthermore, we see that the key conditions for the formula
to hold involve both the rank and the equivalence class of the element λ. We
proved that for large values of k, the value of dimAk will oscillate above or below
δ(n, k), depending on the equivalence type of λ. Thus no inequality of the form
dimAkλ ≥ δ(n, k) or dimAkλ ≤ δ(n, k) can hold universally.
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S., Okamoto, E. (eds.) ICICS 2004. LNCS, vol. 3269, pp. 401–413. Springer,
Heidelberg (2004)

24. Yang, B.-Y., Chen, J.-M.: All in the XL Family: Theory and Practice. In: Park,
C.-s., Chee, S. (eds.) ICISC 2004. LNCS, vol. 3506, pp. 67–86. Springer, Heidelberg
(2005)

25. Yang, B.-Y., Chen, C.-H., Bernstein, D.J., Chen, J.-M.: Analysis of QUAD. In:
Biryukov, A. (ed.) FSE 2007. LNCS, vol. 4593, pp. 290–308. Springer, Heidelberg
(2007)

http://eprint.iacr.org/2001/047

	Growth of the Ideal Generated by a Quadratic Boolean Function
	Introduction
	The Yang-Chen Dimension Formulas
	Some Combinatorial Lemmas
	Equivalence, Rank and Type
	Even Maximal Rank
	Odd Maximal Rank
	General Case
	Conclusion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




