Anticanonical volumes of Fano 4-folds

Caucher Birkar

ABSTRACT. We find an explicit upper bound for the anticanonical vol-
umes of Fano 4-folds with canonical singularities.

1. INTRODUCTION

We work over an algebraically closed field of characteristic zero.

Fano varieties constitute a fundamental class of algebraic varieties in al-
gebraic geometry and many other fields. Due to their special features, it is
more likely to have a detailed classification of Fano varieties compared to
other classes such as Calabi-Yau varieties or varieties of general type.

An important step in classifying Fano varieties is to obtain an explicit
upper bound for their anticanonical volume under mild conditions on the
singularities. Bounding the anticanonical volume of smooth Fano 3-folds
goes back to Fano himself and it is a crucial step in showing that smooth
Fano 3-folds form a bounded family. Similarly boundedness of anticanonical
volume of smooth Fano varieties of fixed dimension is used to show that
such Fano varieties are bounded: see Nadel [13] for the Picard number one
case and Kolldr-Miyaoka-Mori [9] for the general case which also uses Mori’s
bend and break technique.

Not surprisingly everything gets more complicated when we allow singu-
larities. The surface case is well-understood. An explicit upper bound for
anticanonical volume of Fano 3-folds with canonical singularities is a quite
recent result of Jiang-Zou [5]: the upper bound is 324. In the Q-factorial
Picard number one case, an explicit upper bound was earlier found by Lai
[11] for e-log canonical (e-lc for short) Fano 3-folds. For more partial results
in dimension 3, see [7], [10], and the references in [5].

In this note we find an explicit upper bound for Fano 4-folds with canon-
ical singularities.

Theorem 1.1. Any Fano variety X of dimension 4 with canonical singu-
larities has

vol(—Kx) = (—Kx)* < (1044(3,1) + 8)*
where
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is given by 2.3 below and in turn p(2, %) s given by the formula

p(2,6) = 2()

appearing in 2.2 below.
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To the best of our knowledge this is the first result of its kind in dimension
4 for singular Fano varieties. The proof closely follows the proof of [3,
Theorem 1.6]. We did not aim to find an optimal bound but rather just an
explicit bound. The upper bound in the theorem is unlikely to be anywhere
close to the optimal bound. The number (3, 1) is an explicit (not necessarily
optimal) upper bound on cofficients of divisors 0 < By ~gr —Ky for Fano
3-folds V' with canonical singularities. Here 3 stands for dimension and 1
stands for 1-log canonical which is the same as canonical. A similar notation
is used below in dimension 2.

In dimension 3 we prove a more general result.

Theorem 1.2. Let € be a positive real number. Let X be a Fano variety of
dimension 8 with e-lc singularities. Then for any 0 < § < € we have
6(:“’(27 5) te— 6)

vol(—Kx) < ( - )3.

In particular, taking 6 = 5, we have
vol(—Kx) <wv(3,€) := (——=—==

Here the choice § = § is arbitrary. When ¢ tends to ¢, the right hand
side of the first inequality tends to +oo. Similarly when § tends to 0 again
the right hand side tends to +oc0. So the right hand side takes minimum for
some value ¢ € (0,¢).

Jiang informed us that he also has a proof of this theorem using different

arguments.

2. PROOF OF RESULTS

We will use standard terminology in birational geometry regarding pairs,
singularities, etc. Recall that a pair (X, B) has e-log canonical (e-lc) singu-
larities if its log discrepancies are at least e. When B = 0 we just say that
X has e-lc singularities.

Proposition 2.1. Let d > 2 be a natural number and § < € be positive
real numbers. Assume that X is a Fano variety of dimension d with e-
lc singularities and with vol(—Kx) > (2d)%. Then for any real number

d . .
a> —— — there is a pair (V,Qy ) where

e 0 <dimV < d,
e V is a §-lc Fano variety,
o Ky + Qy ~Q 0, and
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e there is a component of Qv with coefficient more than
(1 —2a)(e—19)
2a ’
d

¢/vol(-Kx) '

Proof. Step 1. In this step we introduce some notation. Let o =

Then
vol(—aKy) = avol(—Kx) = d*.

It is enough to prove the proposition for a rational number a > « sufficiently
close to a. Then vol(—aKx) > d?. Since vol(—Kx) > (2d)? but

vol(—2aKx) = 2% vol(—aKx) = (2d)%,

we have 2a < 1, so we can assume that 2a < 1.

Step 2. In this step we create a family of divisors and a covering family
of subvarieties on X. Since vol(—aKx) > d¢, there exists 0 < B ~g —aKx
such that (X, B) is not klt (cf. [6, Lemma 3.2.2]). Pick a closed point x € X
outside the non-klt locus of (X, B). Then again since vol(—aKx) > d?,
there exists 0 < C' ~g —aKx such that (X, C) is not kit at z. Changing C
up to Q-linear equivalence we can assume that (X, C) is not klt but lc at
x. Perhaps increasing a slightly and changing C again we can assume that
(X, B + C) has a unique non-klt place whose centre, say G, contains z [2,
Lemma 2.16] (also see [6, Lemma 3.2.3] and its proof). Now put A = B+C.

In the above construction B is fixed but A depends on x. We have thus
created a family of divisors A and a covering family of non-klt centres G on
X.

By construction,

—(Kx+A)=—(Kx+B+C) ~Q —(Kx —aKx —aKx)=—(1—-2a)Kx

is ample as 2a < 1. Therefore, the non-klt locus of (X,A) is connected,
by the connectedness principle [8, Theorem 17.4]. This locus contains G
together with the non-klt locus of (X, B). Since x was chosen outside the
non-klt locus of (X, B) and since G contains x, G is not contained in the
non-klt locus of (X, B). Then G intersects another non-klt centre of (X, A).
This in particular means dim G > 0 because no other non-klt centre contains
x.

Step 3. In this step we apply adjunction. From now on we assume that G
is a general member of the above covering family. Let F' be the normalisation
of G. By [6, Theorem 4.2] (also see [3, Construction 3.9 and Theorem 3.10]),
we can write an adjunction formula

(KX+A)’F NQKF+AF =Kp+0©Or+ Prp

where O > 0 and Pr is pseudo-effective. Increasing a slightly and adding
to A we can assume P is big and effective.
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By assumption ¢ € (0,€). Recall that G intersects another non-klt centre
of (X, A). Then we can choose Pg such that we can assume (F, Ap) is not
d-lc by [3, Lemma 3.14(2)].

Step 4. In this step we define a boundary Ilz and a divisor Ngs. Let
F’ — F be a log resolution of (F,Ap). Let K + Aps be the pullback of
Kpr + Ap. Define Iz on F’ as follows. For each prime divisor D on F’
define the coefficient

0 if MDAF’ < 0,
pupllp = UpAp if 0 < upAp <1-149,
1-9 ifMDAF’>1_5
Clearly (F',I1g) is a klt pair, in fact, it is d-lc.

Put
NF/ = AF/ — HF/.
Note that any component D of Ngs with negative coefficient is also a com-
ponent of Aps with negative coefficient. Since the components of Aps with
negative coefficient are exceptional over F', we deduce that the pushdown of
Npr to F is effective.

Step 5. In this step we consider a birational model F” from which we
obtain a Mori fibre space F"" — T. Let (F”,IIp») be a log minimal model
of (F/',lg/) over F. We use Ng», Apn to denote the pushdowns of Ng/, Ap.
We will use similar notation for other divisors and for pushdown to F"’
defined below. By construction,

KF” —|—HF// +NF” = KF// —|—AF// ~Q O/F,

so Npr is anti-nef over F'. On the other hand, the pushdown of Ng» to F
is effective. So by the negativity lemma, Ng» > 0. In particular, Ap» > 0.
Moreover, since (F, Ap) is not é-le, (F”, Apr) is not é-lc while (F”, I1px) is
0-lc. Therefore, Np» # 0.
Since —(Kx + A) is ample, —(Kp + Ap) is ample, hence —(Kpr + Apn)
is semi-ample and big. Pick a general
0 < Lpn ~g —(Kpr + Apn)

so that (F", Mg + Lpr) is §-lc. Now running an MMP on K pr + I pr + Lpn
ends with a Mori fibre space " — T because

KF// +HF// —|— LFH —|— NF// = KF” —|— AF” —|—LF// NQ 0
and NF// 7&0.

Step 6. In this step we finish the proof. By [6, Theorem 4.2][3, Theorem
3.12], we can write Kx|p = Kp+Ap where (F, Ap) is sub-e-lc and Ap < Ap
(Ap may have negative coefficients). Let Kp» + Apr be the pullback of
Kp + Ap. Then (F”,Apv) is also sub-e-le, so the coefficients of Apr are
< 1—e Moreover, AF// < AF//.
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By construction Ng« is ample over T. Let D” be a component of Ngn
so that D" is ample over T'. By the definition of II and the fact Ap» > 0,
the components of Ng» are exactly the components of Ap» with coefficient
> 1—4. So we have

,[LD//(AF// — AFN) >1— o — (1 — 6) =€— 0.

Note that

AF” — AF// = (KF// —+ AF//) — (KF// —|—AF//)

~q (Kx + A)|pr — (Kx|pr) = Alpr ~g —2aKx|po.
On the other hand,
Lpn ~g —(Kx + A)|pr ~q —(1 — 2a)Kx|pr
1—2a 1—2a
(_2QKX|F”) NQ 2a (AFU —_— AF//),
Now let V' be a general fibre of F”” — T'. Then from
1—2a
2a
~Q KF/// —+ HF/// =+ LF/// -+ NF/// = KF/// —+ AF/// =+ LF/// ~Q 0
and its restriction to V' we get (V,Qy) such that Ky + Qy ~g 0. On the
other hand, since (F” M pn + Lpn) is 6-lc, (F"'  Ilpm + Lpm) is 6-lc, hence
we see that F" is d-1c, so V' is a d-lc Fano variety with 0 < dim V' < d.
Since D" is a. component of A g — A g with coefficient > € —§ and since

D" intersects V, we deduce that Qy has a component with coefficient more
than

KF/// —+ QF/// = KF/// —+ HF/// —+

(AF/// — AF///) —+ NF///

(1 —2a)(e— (5).
2a
O

Lemma 2.2. Let € be a positive real number. Let X be an e-lc Fano surface
and let B > 0 be an R-divisor with Kx + B ~r 0. Then the coefficient of
each component of B is < (2, €) where

2, 128 8
p(2.€) = 2(2) F (max{64, 7).
Proof. The Cartier index I of Kx is bounded in terms of € [11, after Theorem

A], more precisely,
2 128

IgZ(;) 5 .

This is a consequence of the boundedness of the Picard number of the mini-
mal resolution of X and boundedness of self-intersections of the exceptional
curves on the minimal resolution [1]. On the other hand, the volume

vol(—Kx) < max{64, §}
€
by [11, Theorem A].



6 Caucher Birkar

Now let D be a component of B. Then

128

upB < B (=IKx) = [(=Kx)> < u(2, ) i= 2(2) "% (max{64, g}).

AN

0

Proof. (of Theorem 1.2) Let X be a Fano 3-fold with e-lc singularities. The
right hand side of the both inequalities in 1.2 are more than 63, so it is
enough to treat the case when vol(—Kx) > 62. Pick a positive real number

§ < € and pick a real number a > ——>——. Applying Proposition 2.1
3/vol(—K x) ’

there is a pair (V,Qy) where
0<dimV < 3,
V is a §-lc Fano variety,
Ky + Qv ~q 0, and
there is a component of 2y, with coefficient more than
(1 —2a)(e—19)
2a ’
SodimV =1or 2. IfdimV =1, then V ~ P!, so
(1 —2a)(e—19)
2a
On the other hand, if dim V' = 2, then by Lemma 2.2, we have
(1 —2a)(e —9) 2 128 8
UYL u(2,6) = 2(5 4,-}).
V=) < 2.6 =20 (max{o, 3 1)
Note that p(1,9) < p(2,9). Thus we can calculate that

1 - 2(/1,(2,5)4-6—(5).

< u(l,6) = 2.

-

28

a €—90
Fixing 6 and taking the limit when a approaches a := m, we see
that

1 < 2(/1,(2,5)4-6—5)'

a ~ €—90

This in turn gives

O

The next lemma is preparation for the proof of boundedness of volume in
dimension 4.
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Lemma 2.3. Let X be a Fano 3-fold with canonical singularities and let
B > 0 be an R-divisor with Kx + B ~r 0. Then the coefficient of each
component of B is < u(3,1) where

n(3,1) = (241)%0(3,1) = (24!)2(6(“(2’

NI po|—

Proof. By applying [10, Theorem 1.2] to a terminal crepant model of X, we
deduce that 24!Kx is Cartier. On the other hand, we need an upper bound
for the vol(—Kx). Such a bound is given by Theorem 1.2 which is
6(u(2,3) + 3)
v(3,1) = (#)3

2

One could also use the upper bound vol(—Kx) < 324 by [5] but to make
the theorem logically independent of [5] we will use v(3,1).
Let D be a component B. Then

upB < (upB)D - (=24!Kx)? < B - (—24!K x)?

= (241)* (=K x)? < (241)%0(3,1).
O

Proof. (of Theorem 1.1) Let X be a Fano 4-fold with canonical singularities.
We can assume that vol(— K x) > 8%. Pick a positive real number § € (%, 1)

4 Applying Proposition 2.1,

and pick a real number a > « := EYoaresk
vol(— K x

there is a pair (V,Qy) where

e 0 <dimV <4,
e 1V is a d-lc Fano variety,
o Ky +Qy ~qg0, and
e there is a component of €y with coeflicient more than
(1 —2a)(1-9)
2a '

Since § € (%, 1) and since V' is d-lc of dimension at most 3, V' actually has

canonical singularities, by [12][4]. Therefore, considering the cases dimV =

1,2, 3 separately, we have
1—-2a)(1-6
(z)a() < max{pu(1,1), p(2,1), u(3, 1)} = p(3,1).

So we get

a 1-6
Taking limit as a approaches o we then have
1 y/vol(—Kx) < 2(p(3,1) +1-9)

o 4 - 1-96

L _2uB1)+1-0)
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In turn taking limit when 0 approaches % we see that

vol(—Ky) < (wf = (1044(3,1) + 8)*.

13

We can now apply Lemma 2.3 to get an explicit bound.
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