UNIVERSAL HIERARCHICAL STRUCTURE OF QUASIPERIODIC
EIGENFUNCTIONS

SVETLANA JITOMIRSKAYA AND WENCAI LIU

ABSTRACT. We determine exact exponential asymptotics of eigenfunctions and of corre-
sponding transfer matrices of the almost Mathieu operators for all frequencies in the lo-
calization regime. This uncovers a universal structure in their behavior, governed by the
continued fraction expansion of the frequency, explaining some predictions in physics liter-
ature. In addition it proves the arithmetic version of the frequency transition conjecture.
Finally, it leads to an explicit description of several non-regularity phenomena in the cor-
responding non-uniformly hyperbolic cocycles, which is also of interest as both the first
natural example of some of those phenomena and, more generally, the first non-artificial
model where non-regularity can be explicitly studied.

1. INTRODUCTION

A very captivating question and a longstanding theoretical challenge in solid state physics
is to determine/understand the hierarchical structure of spectral features of operators describ-
ing 2D Bloch electrons in perpendicular magnetic fields, as related to the continued fraction
expansion of the magnetic flux. Such structure was first predicted in the work of Azbel in 1964
[L1]. Tt was numerically confirmed through the famous butterfly plot and further argued for
by Hofstadter in [29], for the spectrum of the almost Mathieu operator. This was even before
this model was linked to the integer quantum Hall effect [48] and other important phenom-
ena. Mathematically, it is known that the spectrum is a Cantor set for all irrational fluxes
[5], and moreover, even all gaps predicted by the gap labeling are open in the non-critical
case [0, 8]. Both were very important challenges in themselves, even though these results,
while strongly indicate, do not describe or explain the hierarchical structure, and the problem
of its description/explanation remains open, even in physics. As for the understanding the
hierarchical behavior of the eigenfunctions, despite significant numerical studies and even a
discovery of Bethe Ansatz solutions [1, 19] it has also remained an important open challenge
even at the physics level. Certain results indicating the hierarchical structure in the corre-
sponding semi-classical/perturbative regimes were previously obtained in the works of Sinai,
Helffer-Sjostrand, and Buslaev-Fedotov (see [22, 28, 47], and also [52] for a different model ).

In this paper we address the latter problem by describing the universal self-similar expo-
nential structure of eigenfunctions throughout the entire localization regime. We determine
explicit universal functions f(k) and g(k), depending only on the Lyapunov exponent and the
position of k£ in the hierarchy defined by the denominators g, of the continued fraction ap-
proximants of the flux «, that completely define the exponential behavior of, correspondingly,
eigenfunctions and norms of the transfer matrices of the almost Mathieu operators, for all
eigenvalues corresponding to a.e. phase , see Theorem 2.1. ' Our result holds for all frequency
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and coupling pairs in the localization regime. Since the behavior is fully determined by the
frequency and does not depend on the phase, it is the same, eventually, around any starting
point, so is also seen unfolding at different scales when magnified around local eigenfunction
maxima, thus describing the exponential universality in the hierarchical structure, see, for
example, Theorems 2.2,2.4.

While the almost Mathieu family is precisely the one of main interest in physics literature,
it also presents the simplest case of analytic quasiperiodic operator, so a natural question is
which features discovered for the almost Mathieu would hold for this more general class. Not
all do, in particular, the ones that exploit the self-dual nature of the family H , ¢ often cannot
be expected to hold in general. In case of Theorems 2.1 and 2.2, we conjecture that they should
in fact hold for general analytic (or even more general) potentials, for a.e. phase and with
In |A| replaced by the Lyapunov exponent L(E) (see Footnote 4), but with otherwise the same
or very similar statements. The hierarchical structure theorems 2.2 and 2.4 are also expected
to hold universally for most (albeit not all, as in the present paper) appropriate local maxima.
Some of our qualitative corollaries may hold in even higher generality. Establishing this fully
would require certain new ideas since so far even an arithmetic version of localization for the
Diophantine case has not been established for the general analytic family, the current state-of-
the-art result by Bourgain-Goldstein [18] being measure theoretic in a. However, some ideas
of our method can already be transferred to general trigonometric polynomials [35]. Moreover,
our method was used recently in [27] to show that the same f and g govern the asymptotics
of eigenfunctions and universality around the local maxima throughout the a.e. localization
regime in another popular object, the Maryland model.

Since we are interested in exponential growth/decay, the behavior of f and g becomes most
interesting in case of frequencies with exponential rate of approximation by the rationals. In
general, localization for quasiperiodic operators is a classical case of a small denominator prob-
lem, and has been traditionally approached in a perturbative way: through KAM-type schemes
for large couplings [21, 24, 47] (which, being KAM-type schemes, all required Diophantine
conditions on frequencies) or through perturbation of periodic operators (Liouville frequen-
cy). Unlike the random case, where, in dimension one, localization holds for all couplings, a
distinctive feature of quasiperiodic operators is the presence of metal-insulator transitions as
couplings increase. Even when non-perturbative methods, for the almost Mathieu and then
for general analytic potentials, were developed in the 90s [18, 31], allowing to obtain local-
ization for a.e. frequency throughout the regime of positive Lyapunov exponents, they still
required Diophantine conditions, and exponentially approximated frequencies that are neither
far from nor close enough to rationals remained a challenge, as for them there was nothing
left to perturb about or to remove. Moreover, it has become clear that for all frequencies, the
true localization threshold should be arithmetically determined and happen precisely where
the exponential growth provided by the Lyapunov exponent beats the exponential strength of
the small denominators. Thus the most interesting regime - the neighborhood of the transition
- required dealing with the exponential frequencies not amenable to perturbations/parameter
removals, adding a strong number theoretic flavor to the problem. The precise second transi-
tion conjecture was stated for the almost Mathieu operator [30]. Our analysis provides also a
(constructive) solution to the full arithmetic version of the transition in frequency and explains
the role of frequency resonances in the phenomenon of localization, in a sharp way.

The almost Mathieu operator (AMO) is the (discrete) quasiperiodic Schrédinger operator
on (%(Z):

(Hxa0u)(n) =u(n+1) +u(n — 1) + 2X cos 2m(0 + na)u(n),

where A is the coupling, « is the frequency, and 6 is the phase.



It is the central quasiperiodic model due to coming from physics and attracting continued
interest there. First appearing in Peierls [44], it arises as related, in two different ways, to a
two-dimensional electron subject to a perpendicular magnetic field and plays a central role in
the Thouless et al theory of the integer quantum Hall effect. For further background, history,
and surveys of results see [20, 32, 39, 43] and references therein.

Almost Mathieu operator has a transition from zero to positive Lyapunov exponents on the
spectrum at |A\| = 1 (the critical coupling) leading to the conjecture, dating back to [2], that
it induces a transition from absolutely continuous to pure point spectrum. For Diophantine «
this was proved in [31]. The result was extended to all «, 6 for |A| < 1 (the subcritical regime)
in [1], solving one of the Simon’s problems [16]. For the supercritical regime (|[A] > 1) it is
known however that the nature of the spectrum should depend on the arithmetic properties
of « [10, 26].

Set
In
(1) 8 = B(a) = lim sup 2+,
n—oo qn
where 2 are the continued fraction approximants of .

n

For any irrational number «, we say that phase 6 € (0, 1) is Diophantine with respect to «,
if there exist £ > 0 and v > 0 such that
K

) 120 + kol > i

for any k € Z\{0}, where ||z||r/z = dist(z, Z). Clearly, for any irrational number «, the set of
phases which are Diophantine with respect to « is of full Lebesgue measure. The conjecture in
[30] states that for a-Diophantine (thus almost every) 8, Hy o ¢ satisfies Anderson localization
(i.e., has only pure point spectrum with exponentially decaying eigenfunctions) if |\| > e,
and has, for all 6, purely singular continuous spectrum for 1 < [\ < e?.?

For = 0 this follows from [31]. A progress towards the localization side of the above
conjecture was made in [5] (localization for [A| > €97, as a step in solving the Ten Martini
problem) and in [50] (in a limited sense, for |A| > Ce?). The method developed in [5] that
allowed to approach exponentially small denominators on the localization side was brought to
its technical limits in [11], where the result for |A| > 27 was obtained.

Lately, with the development of Avila’s global theory and the proof of the almost reducibility
conjecture [3], it has become possible to obtain non-perturbative reducibility directly, allowing
to potentially argue localization for the dual model by duality, as was first done, in a pertur-

bative regime in [14], avoiding the localization method completely. This was done recently
by Avila-You-Zhou [9] who proved the full singular continuous part of the conjecture and a
measure-theoretic (i.e. almost all #) version of the pure point part (see also [33] where a simple

alternative way to argue completeness in the duality argument was presented). The measure-
theoretic (in phase) nature of the pure point result of [9] is, in fact, inherent in the duality
argument. In contrast, our analysis provides a direct constructive proof for an arithmetically
defined set of a-Diophantine 6, thus proving the full arithmetic version of the conjecture.
Our method can be used to also obtain precise asymptotics of arbitrary solutions of Hy 4,99 =
Ep where E is an eigenvalue. Combined with the arguments of Last-Simon [10], this allows

2 The original conjecture is slightly stronger in that it allows for not just polynomial, but any subexponential
approximation of 20 by ka. The same goes for our proof, with obvious modifications. We choose to present
the result, and thus also present the conjecture, for a slightly stronger Diophantine case in order to slightly
simplify the argument.
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us to find precise asymptotics of the norms of the transfer-matrices, providing the first exam-
ple of this sort for non-uniformly hyperbolic dynamics. Since those norms sometimes differ
significantly from the reciprocals of the eigenfunctions, this leads to further interesting and
unusual consequencies, for example exponential tangencies between contracted and expanded
directions at the resonant sites.

From this point of view, our analysis also provides, as far as we know, the first study
of the dynamics of Lyapunov-Perron non-regular points, in a natural setting. An artificial
example of irregular dynamics can be found in [12], p.23, however it is not even a cocycle
over an ergodic transformation, and we are not aware of other such, even artificial, ergodic
examples where the dynamics has been studied. Loosely, for a cocycle A over a transformation
f acting on a space X (Lyapunov-Perron) non-regular points € X are the ones at which
Oseledets multiplicative ergodic theorem does not hold coherently in both directions. They
therefore form a measure zero set with respect to any invariant measure on X.* Yet, it is
precisely the non-regular points that are of interest in the study of Schrédinger cocycles in the
non-uniformly hyperbolic (positive Lyapunov exponent) regime, since spectral measures, for
every fixed phase, are always supported on energies where there exists a solution polynomially
bounded in both directions, so the (hyperbolic) cocycle defined at such energies is always non-
regular at precisely the relevant phases. Thus the non-regular points capture the entire action
from the point of view of spectral theory, so become the most important ones to study. One can
also discuss stronger non-regularity notions: absence of forward regularity and, even stronger,
non-exactness of the Lyapunov exponent [12]. While it is not difficult to see that energies in
the support of singular continuous spectral measure in the non-uniformly hyperbolic regime
always provide examples of non-exactness, our analysis gives the first non-trivial example of
non-exactness with non-zero upper limit (Corollary 2.13). Finally, as we understand, this
work provides also the first natural example of an even stronger manifestation of the lack
of regularity, the exponential tangencies (Corollary 2.14). Tangencies between contracted and
expanded directions are a characteristic feature of nonuniform hyperbolicity (and, in particular,
always happen at the maxima of the eigenfunctions). They complicate proofs of positivity of
the Lyapunov exponents and are viewed as a difficulty to avoid through e.g. the parameter
exclusion [15, 17, 51]. However, when the tangencies are only subexponentially deep they
do not in themselves lead to non-exactness. Here we observe the first natural example of
exponentially strong tangencies (with the rate determined by the arithmetics of o and the
positions precisely along the sequence of resonances.)

The localization-for-the-exponential-regime method of [5] consists of different arguments
for non-resonant (meaning sufficiently far from jg, on the corresponding scale) sites and for
the resonant ones (the rest). It is the resonant sites that lead to dealing with the smallest
denominators and that necessitate the |A| > s requirement in [5]. Here we start with the
same basic setup, and only technically modify the non-resonant statement of [5]. However
we develop a completely new bootstrap technique to handle the resonant sites, allowing us to
get to the transition and obtain the fine estimates. The estimates from below (that coincide
with our estimates from above) are also new. In general, the statements that are technically
similar to the ones in the existing literature are collected in the Appendices, while all the
results/proofs in the body of the paper are, in their pivotal parts, not like anything that has
appeared before.

The key elements of the technique developed in this paper are robust and have made it
possible to approach other scenarios. As such, in the upcoming work we prove the sharp phase

3 Although in the uniformly hyperbolic situations this set can be of full Hausdorff dimension [13].



transition for Diophantine o and all 8 and establish sharp exponential asymptotics of eigen-
functions and transfer matrices in the corresponding pure point regime [36]. Moreover, our
analysis reveals there a universal reflective-hierarchical structure in the entire regime of phase-
induced resonances, a phenomenon not even previously discovered in physics literature. Thus
while in this paper we develop a complete understanding of frequency induced resonances, in
[36] we develop new methods motivated by the ideas of this manuscript to obtain a complete
understanding of phase induced resonances. In other follow-up works we determine the ex-
act exponent of the exponential decay rate in expectation for the Diophantine case [34] and
study delicate properties of the singular continuous regime, obtaining upper bounds on fractal
dimensions of the spectral measure and quantum dynamics for the almost Mathieu operator
[37], as well as potentials defined by general trigonometric polynomials [35].

Except for a few standard, general (e.g. uniform upper semicontinuity) or very simple to
verify statements, this paper is entirely self contained. The only technically involved fact that
we use without proving it in the paper is Lemma 3.1 [19] but this is not even necessary if we
replace In |\| by the Lyapunov exponent L(E) throughout the manuscript. *

2. MAIN RESULTS

Let
0
(3) Ap(0) = J] A0+ ja) =A@+ (k- 1)) A0 + (k — 2)a) - - A(6)
j=k—1
and
(4) A_4(6) = A7 (6 — ka)
for k > 1, where A(9) = E- 2)\1COS 2m0 _01 > Ay, is called the (k-step) transfer matrix.

As is clear from the definition, it also depends on 6 and E but since those parameters will be
usually fixed, we omit this from the notation.
Given a € R\Q we define functions f,g : ZT — RT in the following way. Let 22 be the

continued fraction approximants to . For any £ <k < 42 define f(k), g(k) as follows:

8
Case 1: ¢, > L or k > q,.
If g, <k < ({+ 1)g, with £ > 1, set

(5) f(k) = 67|k7£inln‘/\|fgf + ef\kf(wl)qnllnlf\\,:?ﬂv
and
(6) g(k) = e~ 1k—tanlIn P\Iq’ii:l 1 e lE=(+D)an|In wc{%l,
) Tot1

where for £ > 1,

=n

ndn41 | In¢
= e~ (I A === 45 b

Set also 7 = 1 for convenience.
If & <k < gy, set

(7) f(k) _ e—kln\M +e_|k_qn“n‘>\|7:?7
and

(8) g(k) = k1A

4 In fact, In|A| is being used in this paper as a shortcut for L(E).
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8
Case 2: ¢, < % and % < k < min{g,, &5 }.

Set ’

(9) F(k) = e "M,
and

(10) g(k) = ek,

Notice that f, g only depend on « and A but not on 6 or E. f(k) decays and g(k) grows
exponentially, globally, at varying rates that depend on the position of k& in the hierarchy
defined by the continued fraction expansion of «, see Fig.1 and Fig.2.

We say that ¢ is a generalized eigenfunction of H with generalized eigenvalue F, if

(11) H¢ = E¢, and |¢(k)| < C(1 + |k|).

Our first main result is that in the entire regime |[A\| > €, the exponential asymptotics of the
generalized eigenfunctions and norms of transfer matrices at the generalized eigenvalues are
completely determined by f(k), g(k).

Theorem 2.1. Let o € R\Q be such that |\| > e?(®). Suppose 0 is Diophantine with respect
to o, E is a generalized eigenvalue of Hy o0 and ¢ is the generalized eigenfunction. Let

Uk) = ( ¢(ﬁ(ﬁ)1) ) Then for any € > 0, there exists K (depending on N\ o, C,e and

Diophantine constants k,v) such that for any |k| > K, U(k) and Ay, satisfy

(12) FUlk)e=H < U (k)| < F(IR)e*,
and
(13) g(lkDe™= " < || Akl < g(lk])este.
i
£ (k)

!
|
|
|
|
| !
| |
| |
1 |

(C+D)an (C+2)qn (E+3)gn (C+D)gn 252k

ol

N
)
3

Fig.1
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Fig.2

Certainly, there is nothing special about & = 0, so the behavior described in Theorem 2.1
happens around arbitrary point k = ky. This implies the self-similar nature of the eigenfunc-
tions): U(k) behave as described at scale ¢,, but when looked at in windows of size g, qx < ¢n—1
will demonstrate the same universal behavior around appropriate local maxima/minima.

To make the above precise, let ¢ be an eigenfunction, and U(k) = ( qb(gli(ﬁ)l) ) Let

IZMQ = [—61¢;,%24;], for some 0 < ¢1,50 < 1. We will say ko is a local j-maximum of ¢
if [[U(ko)|| > ||U(K)|| for k — ko € IZ . Occasionally, we will also use terminology (j,<)-

maximum for a local j-maximum on an interval [. g .
We will say a local j-maximum kg is nonresonant if

)

||29 + (2]{0 + k)aH]R/Z >

-1
for all |k| < 2¢;—; and
K

(14) 1260 + (2ko + k)a|r/z > W

for all 2¢;_1 < |k| < 2g;.
We will say a local j-maximum is strongly nonresonant if
K

(15) 1260 + (2ko + k)a|r/z > W’

for all 0 < |k| < 2¢;.
An immediate corollary of Theorem 2.1 is the universality of behavior at all (strongly)
nonresonant local maxima.

Theorem 2.2. Given € > 0, there exists j(€) < oo such that if ko is a local j-mazimum for
J > j(e), then the following two statements hold:
If ko is nonresonant, then

U (Ko + 5]

s|)es!®!
o =D

(16) F(lshe= <
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j 49—
forall2s € I7, ., |s| > #5+.
If kg is strongly nonresonant, then

U (ko + s)I|

(17) Fllsl)ee! < < f(lshe,
0 (ko)
for all 2s € Ig'l’gz.
Remark 2.3. (1) For the neighborhood of a local j-maximum described in the Theorem

2.2 only the behavior of f(s) for ¢j_1/2 < |s| < ¢;/2 is relevant. Thus f implicitly
depends on j but through the scale-independent mechanism described in (5),(7) and

(2) Actually, a modification in our proof allows to formulate (16) in Theorem 2.2 with
non-resonant condition (14) only required for 2¢;_; < |k| < g; rather than for 2¢;_; <
k| < 2q;.

In case B(a) > 0, Theorem 2.1 also guarantees an abundance (and a hierarchical structure)
of local maxima of each eigenfunction. Let kg be a global maximum® .

Universal hierarchical structure of an eigenfunction

Global maximum

by 1
b1,—1 b1,2
bo1 boo
Windéw I
b_g b_1 ko bl b2
Local maximum of depth 1 Local maximum of depth 1

Fig.3

5If there are several, what follows is true for each.



Window I

Local maximum of depth 1

bi,1,—1 bi1,2

b1,2,1 bi2,2

b1,—2 b1, -1 by b11 b1 2
Local maximum of depth 2 Local maximum of depth 2

Fig.4

We first describe the hierarchical structure of local maxima informally. We will say that a
scale nj, is exponential if In Injo+1 > Clny, - Then there is a constant scale ng thus a constant
C = ¢pny+1, such that for any exponential scale n; and any eigenfunction there are local n;-
maxima within distance C' of ko + sqn,, for each 0 < |s| < e“*"j0. Moreover, these are all the
local nj,-maxima in [ko — e“™io , ko +e“™io]. The exponential behavior of the eigenfunction in
the local neighborhood (of size ~qnj0) of each such local maximum, normalized by the value at
the local maximum is given by f. Note that only exponential behavior at the corresponding
scale is determined by f and fluctuations of much smaller size are invisible. Now, let n;, < n,
be another exponential scale. Denoting “depth 17 local maximum located near ko +an; gn;, by
banj0 we then have a similar picture around banj0 : there are local nj,-maxima in the vicinity
of ba,, + 5qn,, for each 0 < |s| < oClniy
within an exponentially large interval. And again, the exponential (for the nj, scale) behavior
in the local neighborhood (of size ~¢,, ) of each such local maximum, normalized by the value
at the local maximum is given by f. Denoting those “depth 2” local maxima located near
banjo +an;, qn,, > by banjo an, We then get the same picture taking the magnifying glass another

Again, this describes all the local gy -maxima

level deeper and so on. At the end we obtain a complete hierarchical structure of local maxima
that we denote by banj Wy i with each “depth s 4+ 1” local maximum banj
0 1 s

QAn, . ey Q-
0y 9

being in the corresponding vicinity of the “depth s” local maximum ba"j R—— and with
0 1 s—1
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universal behavior at the corresponding scale around each. The quality of the approximation
of the position of the next maximum gets lower with each level of depth, yet the depth of the
hierarchy that can be so achieved is at least j/2 — C, see Corollary 2.7. Fig. 3 schematically
illustrates the structure of local maxima of depth one and two, and Fig. 4 illustrates that
the the neighborhood of a local maximum appropriately magnified looks like a picture of the
global maximum.
We now describe the hierarchical structure precisely. Suppose

(18) ||2(9+k00¢)+/€0¢”R/Z > |/€|V,
for any k € Z\{0}. Fix 0 < g, e with ¢ +2¢ < 1. Let n; — oo be such that Ing,, 11 > (¢ +
2¢) In|A|gy, . Let ¢; = (Ingpn; 1 —Infay,|)/In|A|g,, —e. We have ¢; > € for 0 < a,, < e an;
Then we have
Theorem 2.4. There exists fg(a, A\, k,v,€) < oo such that for any jo > j1 > -+ > Ji,

L, > No+k, and 0 < A, < eglan" ,i=0,1,....k, for all 0 < s < k there exists a local
nj -maximum ban L oan g, + In“ for all 0 < s < k such
that the followmg holds

I: |banj0 - (kO + a"jo ano)| < qro+1;
II: For any 1 <s <k, \ba"m,an van, — (ba, an jean - Ony, In;,)

J1 Js Jo J1
"
II1: if 2(x — D I7% and|x —b
if 2( anjo,anj17~--,anjk) €l | a
s=0,1,..., k,

an;. O the interval ban,jo,anj

yeen PERERZN

< Gagtstl-

| > Qho+k, then for each

"jo g 7an

U )]
[0 Car, s v N~

esng, | is large enough.

(19) flag)eelel < < flag)e*l,

where x5 = |z — bay, an, .

: - In Agn In Agn
Moreover, every local nj_ -mazimum on the interval banj,anh i + [—ef I Any, | fInAdny, )
3%, dar

is of the form b“"jo an an,, for some ay,;_.

J10

Remark 2.5. By I of Theorem 2.4, the local maximum can be determined up to a constant
Koy = gny+1. Actually, if kg is only a local n; + 1-maximum, we can still make sure that I, II
and IIT of Theorem 2.4 hold. This is the local version of Theorem 2.4, see Theorem 7.3.

Remark 2.6. ¢4 is the scale at which phase resonances of 0+ koc still can appear. Notably,
it determines the precision of pinpointing local n;,-maxima in a (exponentially large in qnjo)
neighborhood of kg, for any jo. When we go down the hierarchy, the precision decreases, but
note that except for the very last scale it stays at least iterated logarithmically ® small in the
corresponding scale gy,

Thus for 2 € ba,, sy, ey, T [~ qn,. 5an,. ]|, the behavior of ¢(z) is described by the
same universal f in each qn,;,-window around the corresponding local maximum b,,, R
0,1,....,k. We call such a structure hierarchical, and we will say that a local j- maxunum is k-
hierarchical if the complete hierarchy goes down at least k levels (for a precise definition see
Section 7). We then have an immediate corollary

Corollary 2.7. There exists C = C(a, A, &, v, €) such that every local nj-mazimum in [ky —
e o 4 eI s at least (j/2 — C)-hierarchical.

6for most scales even much less
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Remark 2.8. The estimate on the depth of the hierarchy in the corollary assumes the worst
case scenario when all scales after ng are Liouville. Otherwise the hierarchical structure will
go even much deeper. Note that a local nj;-maximum that is not an n;,-maximum cannot
be k-hierarchical for k > j.

Another interesting corollary of Theorem 2.1 is

Theorem 2.9. Let o € R\Q be such that |\| > ?®) and 0 is Diophantine with respect to .
Then Hy o0 has Anderson localization, with eigenfunctions decaying at the rate In |\ — 5.

This solves the arithmetic version of the second transition conjecture in that it establishes
localization throughout the entire regime of («, A) where localization may hold for any 0 (see
the discussion in the introduction), for an arithmetically defined full measure set of 6.

We note that Theorem 2.9 cannot be upgraded to all § in the regime |\| > e [38] so exclusion
of a certain arithmetically defined set where the spectrum must be singular continuous is
necessary. There is a conjecture of where in this regime the transition in 6 happens [30]
but we do not explore it in this work. The sharp transition in 6 for Diophantine o will be
established in the follow-up work [36]. Also, it could be added that, for all 8, Hj , ¢ has no
localization (i.e., no exponentially decaying eigenfunctions) if |A\| = ¢ (see Appendix A.1).

Remark 2.10. Theorems 2.1, 2.9 cover the optimal range of («, \) for a.e. 6. For Theorem
2.9, even though some 6 have to be excluded [38], we do not claim the Diophantine condition
on 6 is optimal. At the same time, exponentially strong f-resonances (exponentially small
lower bound in (2) instead of a polynomial) will make Theorem 2.1 false as stated, no matter
how small the exponent, and would require differently defined f and g. In [36] we obtain f’
and ¢’ that govern the exponential behavior of eigenfunctions and transfermatrices for all 6
throughout the entire pure point regime corresponding to Diophantine «.

Let ¢ (k) denote any solution to H) 4,09 = Ev that is linearly independent with respect to

o(k). Let U(k) = < z/;(qfc(ﬁ)l) ) An immediate counterpart of (13) is the following

Corollary 2.11. Under the conditions of Theorem 2.1 for large k vectors 0(1@) satisfy
(20) (ke M < U k)] < g(|k[)e!".

Thus every solution is expanding at the rate g(k) except for one that is exponentially
decaying at the rate f(k).

It is well known that for F in the spectrum the dynamics of the transfer-matrix cocycle
Ay, is nonuniformly hyperbolic. Moreover, E being a generalized eigenvalue of H) 4 ¢ already
implies that the behavior of Ay is non-regular. Theorem 2.1 provides precise information on
how the non-regular behavior unfolds in this case. Previously, a study of some features of the
non-regular behavior for the almost Mathieu operator was made in [23]. We are not aware
though of other non-artificially constructed examples of non-uniformly hyperbolic systems
where non-regular behavior can be described with such precision as in the present work.

The information provided by Theorem 2.1 leads to many interesting corollaries which will
be explored elsewhere. Here we only want to list a few immediate sharp consequences.

Corollary 2.12. Under the condition of Theorem 2.1, we have
i)
In||A In||U(k
lim sup 0l Akl = limsupw =In|Al,

k—o0 k—o0
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ii)

In||A In ||U(k
tim ing AR g g IOy g
k—o0 k—o0 k
iii) Outside an explicit sequence of lower density zero, ©
In ||A In ||U(k
fim Al g IOy
k—o00 k—oco k

Therefore the Lyapunov behavior for the norm fails to hold only along a sequence of density
zero. It is interesting that the situation is different for the eigenfunctions. While, just like
the overall growth of | Ak is In |\| — B, the overall rate of decay of the eigenfunctions is also
In |A| — 3, they however decay at the Lyapunov rate only outside a sequence of positive upper
density. That is

Corollary 2.13. Under the condition of Theorem 2.1, we have

i)

-1 k
hrnsupM =1In|\|
k—o0 k
ii)
-1
timint —2IUEI 5 s
k—o0
iii) There is an explicit sequence of upper density 1 — %lnl\gkl , 8, along which
-1 k
lim —W[|UREI _ In|A.
k—o0 k
iv) There is an explicit sequence of upper density %hflﬂ)\‘ Jalong which
—In||U(k
tim sup BNy,
k—o0 k

The fact that g is not always the reciprocal of f leads also to another interesting phenom-
enon. )
Let 0 < 0, < 7 be the angle between vectors U(k) and U (k).

Corollary 2.14. We have

(21) lim sup Ind =0,
k—o0 k
and
.. . Indg
22) e T

"It will be clear from the proof that the sequence with convergence to the Lyapunov exponent contains
qn? n= 17 ttt .
8Tt will be clear from the proof that the sequence contains L%J,n =1,---.

1_8

9As will be clear from the proof, this sequence can have lower density ranging from 0 to 5 W

depending

on finer continued fraction properties of a.
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As becomes clear from the proof, neighborhoods of resonances ¢, are the places of expo-
nential tangencies between contracted and expanded directions, with the rate approaching —f
along a subsequence.'? Exponential tangencies also happen around points of the form jg, but
at lower strength. This means, in particular, that A with k ~ ¢, is exponentially close to a
matrix with the trace e [M=F)k,

The rest of this paper is organized in the following way. We list the definitions and standard
preliminaries in Section 3. We also include there the non-resonant regularity statement. While
similar to the corresponding statements in [5, 41, 42], it differs in enough technical details that
a proof is needed for completeness. We present this proof in Appendix B. Section 4 is devoted
to the bootstrap localization argument, establishing sharp upper bounds for the resonant
case. Section 5 is devoted to the lower bounds. In Section 6 we prove the statements about
eigenfunctions: (12) of Theorem 2.1, Theorems 2.2 and 2.9. In Section 7, we will prove the
hierarchical structure Theorem 2.4 and Corollary 2.7. In Section 8, we study the growth of
transfer matrices and prove (13) of Theorem 2.1. The remaining Corollaries are proved in
Section 9.

3. PRELIMINARIES

Fix a € R\Q such that $(a) < oo. Unless stated otherwise, we always assume \ > e
(for A < —€P, notice that Hy 49 = H_A7a79+%), 0 is Diophantine with respect to « and FE is
a generalized eigenvalue. We also assume ¢ is the corresponding generalized eigenfunction of
H) . Without loss of generality assume |¢(0)[? + |¢(—1)|*> = 1. Let ¢ be any solution to
H) o 0% = E1 linear independent with respect to ¢, i.e., |(0)]? + [¢»(—1)]* = 1 and

(23) P(=1)¥(0) — ¢(0)1p(=1) = c,
where ¢ # 0.
Then by the constancy of the Wronskian, one has
(24) Pk +1)p(k) — o(k)p(k + 1) = c.
We also will denote by ¢ an arbitrary solution, so either ¥ or ¢. Thus for any k, m, one has
e(k+m) ) _ p(m)
(25) ( ok +m—1) >_Ak(0+ma)<<p(m—1) .
The Lyapunov exponent is given by
(26) L(E) = lim 1/ In ||Ax(6)]|d6.
k—o00 If R/Z

The Lyapunov exponent can be computed precisely for E in the spectrum of H) 49. We
denote the spectrum by Xy o (it does not depend on 6).

Lemma 3.1. [19] For E € ¥y 4 and X\ > 1, we have L(E) =In \.

Recall that we always assume E € X , so by upper semicontinuity and unique ergodicity
(e.g. [25]) one has

1
(27) InA= lim sup —Inl[|Ax(8)],
k—o00 6ER/Z k
that is, the convergence in (27) is uniform with respect to 6 € R. Precisely, Ve > 0,

(28) | Ak (0)] < eIk for k large enough.

. 1
101y fact the rate is close to —% for any large n.
n
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We start with the basic setup going back to [31]. Let us denote
Py (0) = det(Rjo,x—1)(Hx 0,0 — E)Rjo x—1))-
It is easy to check that

Pu(6) —Pe1(0+4 @)
(29) Ax(0) = < p,:l(e) —P:_l(0+a> )

By Cramer’s rule for given 27 and x5 = 1 + k — 1, with y € T = [21, 2] C Z, one has

(30) |Gr(z1,y)l Pmpyk(f?aﬁ; (512)1)0[) |
(31) Gi(y, z2)| = W

By (28) and (29), the numerators in (30) and (31) can be bounded uniformly with respect to
0. Namely, for any ¢ > 0,

(32) |Pr(8)] < ettt
for k large enough.

Definition 3.2. Fix 7 > 0,0 < d < 1/2. A point y € Z will be called (7, k) regular with ¢ if
there exists an interval [x7,z2] containing y, where zo = x1 + k — 1, such that

|Gy 0] (¥, T0)] < eIl and ly — ;] > 6k for i =1,2.
It is easy to check that
(33) (@) = =Glgy a0 (@1, 2)p(21 = 1) = Gay 5] (@, 22) (22 + 1),
where x € I = [x1,22] C Z.
Definition 3.3. We say that the set {61, -, 01} is e-uniform if

pas |z — cos 27| ke
(34) max  max H — :
ze[-1,1]i=1, k+1  +L |cos2mb; — cos2mb,|
J=1,j#i

Let Ay, = {0 € R | Py(cos2m( — 3(k — 1)a))| < e**V7} with k € N and 7 > 0. We have
the following Lemma.

Lemma 3.4. (Lemma 9.3 ,[5]) Suppose {01, -+ ,0k41} is er-uniform. Then there exists some

0; in set {01, ,0k+1} such that 0; ¢ Aginr—c if € > €1 and k is sufficiently large.

Proof. Straightforward calculation. O
We say 6 is n-Diophantine with respect to «, if for some x > 0,v > 1 the following hold

(35) 126 + kalliyz > .

for all |k| < 2¢,, and

(36) 120+ kallwyz > 7o

for all 2¢, < |k| < 2¢pn41.

Define b,, = ¢!, with % <t <1 (¢t will be defined later). For any k > 0, we will distinguish
two cases with respect to n:

(i) |k — Lgn| < by, for some ¢ > 1, called n—resonance.

(ii) |k — £qn| > by, for all £ > 0, called n—nonresonance.
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For the n—nonresonant y, let ng be the least positive integer such that 4¢,—n, < dist(y, ¢,Z).
Let s be the largest positive integer such that 4sq,_n, < dist(y, g,Z). Notice that ng < C(a).
The following theorem is similar to a statement appearing in[5] with modifications in [41, 42].

We present a proof in Appendix B.

Theorem 3.5. Assume A > e, Suppose either

i) by < |y| < Cbyi1, where C > 1 is a fixed constant, and 0 is n-Diophantine with respect
to o

or

it) 0 < |y| < qn, and 0 satisfies (35)

Then for any € > 0 and n large enough, if y is n—nonresonant, we have y is (In A +
8In(8¢n—no/Gn—no+1)/An—no — €:45Gn—n, — 1) regqular with § = 1.

Remark 3.6. If 6 is n — 1-Diophantine with respect to «, then (35) holds.

Remark 3.7. In the nonresonant case, for any € > 0, % <t < 1, one has In A+81n(Sqn—ny/n—no+1)/dn—no >
InA—8(1 —¢t)8 —e > 0. In addition, we have In A + 81n(5¢n—ny/Gn-no+1)/n—ne >IN A — 2¢
if t is close to 1.

Remark 3.8. In the present paper, we only use Theorem 3.5 with C' = 50C, where C is
given by (37) (see the next section).

4. BOOTSTRAP RESONANT LOCALIZATION

In this section we assume 6 is n—Diophantine with respect to a. Clearly, it is enough
to consider k > 0. In this section we study the resonant case. Suppose there exists some
k € [bn,bny1] such that k is n—resonant. Then we have b,y1 > %. For any € > 0, choose
n = &, where C' is a large constant (depending on A, ).

Let

In A

g

where |m| denotes the smallest integer not exceeding m.
For an arbitrary solution ¢ satisfying Hy = Ey, let

(37) Co=2(1+|

ri¥ = sup [(jgn +7n)l,
|r|<10n
where |j] < SOC*%—“.
Fix 1 satisfying (23) and denote by
_
R} =r>",
and
n _ ,n,¢
ri=r;"

Since we keep n fixed in this section we omit the dependence on n from the notation and write
e, Ry, and ;.

Note that below we always assume n is large enough.''In the next Lemma and its variant,
Lemma 4.2, we establish exponential decay of the eigenfunctions at non-resonant points, at
the nearly Lyapunov rate, with respect to the distance to the resonances.

11 The required largeness of n will depend on «, 6, C in (11) and € whenever ¢ is (implicitly) present in the
statement.
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Lemma 4.1. Let k € [jqn, (j + 1)qn] with dist(k, ¢, Z) > 10nq,. Suppose either
i) 5] < 48C. 22 and by yy > %,
or
i) j =0,
then for sufficiently large n,

(38) [p(k)| < max{ry exp{—(In A — 2n)(d; — 3ngn)}, 7,1 exp{—(In X — 2n)(d;j+1 — 31gs)}},

where d; = |k — jgn| and djy1 = |k — jgn — qnl.

Proof. The proof builds on the ideas used in the proof of Lemma 9.11 in [5] and Lemma 3.2
in [41]. However it requires a more careful approach.

We first prove the case i).

For any y € [jgn + 1qn, (J + 1)gn — 1¢n], apply i) of Theorem 3.5 with C' = 50C,. Notice
that in this case, we have

In A+ 8In(s¢n—no/@m-no+1)/Gn-ne — 1 > In A — 2n.

Thus y is regular with 7 = In\ — 27. Therefore there exists an interval I(y) = [z1,x2] C
[ign (7 + 1)gn] such that y € I(y) and
. 1
(39) dist(y, 01(y)) = 7H(Y)| = dn—no
and
(40) |Gy (y, 20)| < e” A2l =1, 2,

where 0I(y) is the boundary of the interval I(y), i.e.,{z1,22}, and |I(y)| is the size of I(y)NZ,
e., [I(y)] = z2 —x1 + 1. For z € 0I(y), let 2’ be the neighbor of z, (i.e., |z — 2’| = 1) not
belonging to I(y).
Ifay+1<(j4+1)gn —ngn or 1 — 1 > jq + NGn, we can expand (2o + 1) or p(z; — 1)
using (33). We can continue this process until we arrive to z such that z+1 > (54 1)¢, — ngn
or z — 1 < jq, + ngy, or the iterating number reaches Lq?%noj Thus, by (33)

(41) o(k) = Z Gy (b, 21)Gray (215 22) - Grearn) (25, 2s11)9(2641),

s;2i41€01(2])

where in each term of the summation one has jg, + ng, +1 < z; < (j + 1)gn — ngn — 1,
1= ]-a )y Sy and either Zs4+1 ¢ [an + Nqn + 17(j + 1)‘]11 — N4n — 1]7 s+1< L 2 Jﬂ or

qn—no
s+1= LLZOJ. We should mention that 2,41 € [jgn, (j + 1)qn].

qn—
If zo11 € [Jqn, jqn +10an], s +1 < qufio

|, this implies

lp(ze)l < 7
By (40), we have
|Gy (ks 21)Greary (215 22) - Grearn) (25, Zs11) (2641

e~ (Inx=2n)(|k—z1[+327_, |2{—2it1])

< ‘P
- ]
< P —(InA=2n)(lk—zs41]—(s+1))
— J
L A4 _2adn
) < ppe TG
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If 201 €[+ Dan — 10, G+ D], s +1 < [ 72— 2‘1" J by the same arguments, we have

(43)
—(In A=2n)(d; 41 —2ngn —4—;242—)

|Grey (R, 21) Gy (21, 22) -+ Greany (26, 2s11) (2640 <754 € nmmo .
If s +1 = | 22—, using (39) and (40), we obtain
n—ng
(44)

—(InA=27)gn—ng | 7242~

|Gy (R, 21) Gy (21, 22) - - Greany (25, 2s101)9(2541)| < e =T |80( Zor1)]-

2qn
Notice that the total number of terms in (41) is at most olm=nod and dj,dji1 > 10nq,. By
(42), (43) and (44), we have
(45)
lo(k)| < max{r}f’e_(lnA_Q")(dj_%q"),r;f’ﬂe_(ln’\_2’7)(61”1_3’7‘1"), max {6_(1n)‘_2n)q"’|90(p)|}}-

PE[jgn,(i+1)qn]

Now we will show that for any p € [jgn, ( + 1)gn], one has |p(p )| < max{rf,r7,,}. Then (45)
implies case i) of Lemma 4.1. Otherwise, by the definition of r¥, if [p(p')| is the largest one
of [p(2)], 2 € [ign + 100y + 1, (j + 1)gn — 100g, — 1], then [p(p")| > max{ry,r7 ,}. Applying
(45) to p(p’) and noticing that dist(p’, ¢,Z) > 10ng,, we get

()] < e TATEIM maxc{r? 12 lo(0)]}-
This is impossible because [p(p')| > max{ry,r? ,}.
Now we turn to the proof of case ii). Notice that in proving case i) of Lemma 4.1, we only

used case i) of Theorem 3.5. Using case ii) of Theorem 3.5 instead we can prove case ii) of
Lemma 4.1 by the same reasoning. In order to avoid repetition, we omit the details. ]

Lemma 4.1 is sufficient for our current purposes, but for the purposes of Section 7 we will
need a similar statement that allows for shifts and reflections. For B € Z, let r}'f(B) =
SUp|, <10y [P(B £ (jan + 7qn))|- For y € [B *£ jgn £ ngn, B £ (j + 1)¢n F 14s], let ng be the
least positive integer such that 4¢,,_n, < dist(y — B, ¢,Z) and s be the largest positive integer
such that 4sq,_n, < dist(y — B,q,Z). Since we only used the appropriate regularity of the

non-resonant y, the proof of Lemma 4.1 also establishes the following Lemma

Lemma 4.2. Suppose for any y € [B % jg, £ 1¢n, B £ (j + 1)gn F n¢n], y is (InX +
8In(8¢n—ng/G—no+1)/Gn—ng — €, 48Gn—ny — 1) regular with 6 = i. Let k— B € £[jqn, (5 +1)qn]
with dist(k — B, qnZ) > 10nq,,. Suppose either

i) 5] < 48C. 22 and by yy > %,

or

i) j =0,

then for sufficiently large n,

Then we have
(46)
(k)] < max{r?, (B) exp{— (0 A—20)(d; —31g.)}. 7%, o (B) expl— (I A—20)(d 41 —3ng.)}).

where d; = |k — BF jqn| and djx1 = |k — B F (j + 1)¢nl.

By Theorem 3.5 , Lemma 4.1 is a particular case of Lemma 4.2, when B = 0 and the sign
is a +. Going back to this case, we will prove

Lemma 4.3. For1<j < 460*% with by > %, the following holds

+l exp{—(In A — Cn)gn}}.

dn
(47) ’I“;-D < max{rfil
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Proof. Fix j with 1 < j < 460*% and |r| < 10ng,. Set I, Iy C Z as follows

1 1
I = —L39n]s4n — L54n] — ]-a
1 [=1549n) 4n = 540 = 1]
. 1 . 1

12 = [JQn - |_§QnJ7 (.7 + 1)qn - Lian - 1]
Let 0,, = 0 + ma for m € I U Iy. The set {0, }mer,ur, consists of 2¢,, elements.
By arguments similar to those in Lemma 9.13 in [5] or Theorem 3.1 in [11], one has {6,,} is

Ingnt1—Inj

a0, + € uniform for any € > 0. Since our case is slightly different we prove it as Theorem
B.5 in Appendix B. Combining with Lemma 3.4, there exists some jo with jo € I; U I3 such
that 0]'0 ¢ A2qn—1,1n o q”;;l—lnj .
First, we assume jo € I "
Set I = [jo—qn + 1,J0 + gn — 1] = [x1,22]. In (32), let ¢ = 1. Combining with (30) and
(31), it is easy to verify

Gr(jgn + 7 2:)| < e M) (240 —1—|jqn+r—2i) = (20 —1)(In A= I LT )

Using (33), we obtain

(48) lo(Ggn +1)| < Z q”iflefmqn‘w($;)|e—qun+r—zi\1nA7
: J
i=1,2

where 2} =21 — 1 and 24 = x5 + 1.
Let dj = |z; — jgn|, i = 1,2. It is easy to check that

(49) |an+7’*xi|+d§‘a|an+7‘7xi|+d;‘j:1 > qn — |7l
and
(50) lign + 1 — x| + d;:l:z > 2q, — ||

If dist(zi, qnZ) > 10mqy, then we bound ¢(x;) in (48) using (38). If dist(x;, gnZ) < 10nqy,
then we bound ¢(x;) in (48) by some proper r;. Combining with (49), (50), we have

ry < 1rnax{7";f’i1qn;rl exp{—(In A=Cn)qn}, 77 anl exp{—(In A=Cn)qn}, 77 1o q"j“ exp{—2(In \—Cn)qn }}.

However
re < peintl exp{—(In X\ — Cn)q,}
j = I n
< riexp{—(InA— 3 —Cn)gn}

cannot happen, so we must have

(51) r < max{ry,, Qn]+1 exp{—(In A = Cn)qn}, 771y an+1 exp{—2(In X — Cn)g,}}.

In particular,
(52) ¥ <exp{—(In\ — B — Cn)gy } max{rf, 7.}
If jo € Iy, then (52) holds for j = 0. Let ¢ = ¢ in (52). We get

[9(0)], [¢(—1)] < exp{—(In A = 5 — Cn)gn},

this is in contradiction with |$(0)|? +|¢(—1)|?> = 1. Therefore jy € I3, so (51) holds for any ¢.
By (25) and (28), we have

(53) [ < Sp(gzgki)l) ) | > Oe*(ln)drs)\klszl” ( (p(ﬁiki)l) > I



This implies
rfes S i exp{(In X+ Cn)gn},
thus (51) becomes

(54) ry < max{rf,, anl exp{—(In X — Cn)qn}},

for any 1 < j < 460*%.

For solution ¢ and ¥ we can also get a more subtle estimate.

Theorem 4.4. For1 < j < 10% with byy1 > %", the following holds

(55) r; <rj_iexp{—(In\ — Cn)qn}qnjl .

Proof. Let ¢ = ¢ in Lemma 4.3. We must have

(56) r; < max{r;+1 anl exp{—(In XA — Cn)gn}},

forany 1 <j < 460*%.

Suppose for some 1 < j < 10%, the following holds,

6T S ma T ep{=(0A = Colant < rjrexp{=(n A~ § = Ca)an}.
Applying (56) to j + 1, we obtain

(58) i S max{ry, 1y} ep{=(nA = g,
Combining with (57), we must have

(59) riv1 S ripzexpi{—(InA — 5 — Cn)gn}.

Generally, for any 0 < p < (Ci +1)j — 1, we obtain

(60) Tjtp < Tj4ptr1exp{—(In A — 8 — Cn)gn}.

Thus

(61) rc.+1)j = rjiexp{(InA — 8 — Cn)Cijgn}

Clearly, by (53), one has
rj = exp{=(In A+ Cn)jgn}.
Then
(62) rc.+1; = exp{((Ci —1)In A — C.8 — Cn)jgn}.
By the definition of C,, one has
(Ci —1)InA—C.6>0.

Thus (62) is in contradiction with the fact that |¢(k)| < 1+ |k|.
Now that (57) can not happen, from (56), we must have

(63) ri <rj q"]“ exp{—(In X\ — C)gn}-

19
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Theorem 4.5. For (0 < j < 8% with by,y1 > L+, the following holds

(64) R; < Rjprexp{—(In X — Cn)gn}

j+1
Proof. If j = 0, (64) holds directly by (55) (applying it with j = 1) and (24). Now we consider
j > 1. Let ¢ = in Lemma 4.3. Then (54) also holds for R; with j > 1, that is

(65) R, < max{Rjﬂj"T*; exp{—(In X — C7)gn}}.

Suppose for some j > 1

(66) R; < Rj ;.11“1 exp{—(In A — C1)ga}.

Applying (65) to 7 — 1 and taking into account (66), one has

(67) Ri_1 <Rj_ %}-1 exp{—(In XA — Cn)q,}.

Iterating j times, we must have

(68) Rj < Ro (ﬁ‘:i)! exp{—(In A — Cn)jgn} < Roexp{—(In A — B — Cn)jgn}.
Similarly, iterating (55) j times, we have

(69) rj < roexp{—(InA — 5 —Cn)jqn}.

(68) and (69) contradict (24). This implies (66) can not happen, thus we must have (64). O

5. LOWER BOUNDS ON DECAYING SOLUTION IN THE RESONANT CASE

In this section we assume 6 is n—Diophantine with respect to a. We will study the lower
bound on ¢ for the resonant sites. Recall that b,41 > %‘ in this case.

Theorem 5.1. Let 7; = q?(jq”) . Suppose 1 < j < 8221 with b,y > 92, then
’ $(jgn — 1) a e
we must have

(70) 7 > —q"j“ e~ te)ans |

We first list two standard facts.

Lemma 5.2. ([/5] ) Let A*, A%, ... A" and B', B2,--- , B" be 2x2 matrices with || an;lo Aitm|| <
Ce for some constant C' and d. Then

(A" +B™) - (A' + B — A™... Al < Ced"(H(l + Ce 4|B7|]) - 1).
j=1

Lemma 5.3. For any € > 0 and large n the following hold,

1
(71) 1 4g, (0 + gna) — Ag, (8)]] < —— e A+)an
Qn-i-l
and
1
—1 -1 In A4€)an

T Qn+1
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Proof. We only prove (71) for simplicity. By the DC approximation(or see (150) in Appendix),

we have

1
q R/Z <7

n+1

This implies

C
A6 + gnar) — A(O)[] < :
dn+1
Applying Lemma 5.2 and (28), one has
(73) 14g, (0 + gna) — Ag, (0)] < A0 ((1 + i)q" - 1.

n+1
Using the fact |e¥ — 1| < ye¥ for y > 0, we obtain

C C
(1+ ——)@ =1 < gu(1+——)% In(1+
dn+1 dn+1 dn+1
< C dn )
qn+1

Combining this with (73) completes the proof.

Lemma 5.4. For any 0 <5 < 817;’—“ — 1, one of the following two estimates must hold,

(74) f]-‘rl Z %67(1HA+E)anj7
or
1 1

75 Fip1fj—1 > (1 — 2(1 - 2.
( ) Tj+1Tj-1 2 ( 10(] + 1)) ( 10(3 + 1)2)T]
Proof. Suppose

~ n+1 _(InA "
(76) P S e (InAte)ang,

_( 9Uam)
Let U; = ( S(ign —1) ) then for n > 0, one has

Uj = Aqn (9 + (] - 1)anZ)Uj,1.
Denote B = A,, (0 + jgno). Notice that det B = 1. We have

(77) B*+ (TrB)B+1=0.
Case 1: TrB < ff , where
YTj4+1
1 1
l——=—.
v 10(j+1)

Applying (77) to Uj;, one has
(78) B?U; + (TrB)BU; + U; = 0.
Notice that U;11 = BUj, thus

1.
|(TrB)BU;|| < ST
Thus we have
1

1
20701 > (1 — 2\ = e
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This is impossible. Indeed, from the following estimate
Ujre = B2U;|I < [|Ag, (0 + (5 + 1)gn@) — Ag, (0 + jgn@)|] ||Uj1]

1
< e(InA+36)qn i1
gn+1
< ! r
R
- 1000 +1) 7

where the second inequality holds by (71) and the third inequality holds by assumption (76),
combining with (79), one has

9
80 U; =T > ————T5.
(80) Ujtll = T2 = 100(j+1)7"]
However, by (55) and (53),
Fiye < i1 o2 A=Cn)gn
TGN+ ’
This is in contradiction with (80).
Case 2: It remains to consider
(81) B>
YTj+1
From (77),
(82) BU; + (TrB)U; + B~'U; = 0.
First by assumption (76), one has
1
D G -
TR TG+
then
BUj|| =Fj;n < —2——+~1—
|| JH j+1 = Vi1 10(] 4 1)2
1
< TrB)Uj|| ——-
Thus by (82), we have
1
B7'Uj|| > (1-——)||(TrB)U;
1B = (0 B
1 7
83 > (1- —— —
(83) = O G,
1 Lj+1 gnate)g, -
(84) > (1- - elnAte)ang,

100 + 1277 gnta
where the second inequality holds by (81) and the third inequality hold by (76).
By (72), the following holds

NUj-r =BTl < [[AHO0 4 (G — Dana) — AL N0 + jana)|| (U]
S e(ln)\Jr%E)qn 1 fj
dn+1
1 _
(85) 1Bl

10(j + 1)
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where the third inequality holds by (84).
Putting (83) and (85) together, we have

1

re_1 = ||U;_ > 1—- —
B =lUall = 0= ey

)IIB~US|

> (1-

This implies (75). O
Proof of Theorem 5.1.

Proof. We can proceed by induction.

Set 7 = 0 in Lemma 5.4. By (55), the second case (75) can not happen, thus Theorem 5.1
holds for j = 1.

Suppose (70) holds for p = j — 1, that is

(86) Ti_1 2> Ln—‘_l e~ (n A+e)an~j_2'

We will show (70) holds for p = j. Let us apply Lemma 5.4 to p = j — 1. If (74) holds for
p=j — 1, the result follows. Otherwise by (75), we have

i 1 1 i
> 1— —/)2(1 — — 5, -2
e T2 S T2
1 1 .
> (1= o) (1= )iy e tnreen
107 107 j—1
> 7:]._1q”il‘ifle*(lnﬂrs)qn7

where the second inequality holds by (86).

6. DECAYING SOLUTIONS. PROOF OF (12), THEOREMS 2.2, 2.4 AND 2.9

In this section the dependence on n will play a role, so we go back to the i, 7} notation.
We first give a series of auxiliary facts. Recall footnote 11.

Theorem 6.1. Assume 0 is n— Diophantine with respect to a. For any 1 < j < 10% with
bny1 > %, we have

riem I <l <ipletn
and

F;»‘e_sjq” <7} < f?esjq".

Proof. For any e > 0, we choose 7 small enough.Using (55) j times, we have

J
i < q’;Tl exp{—(In X —€)jq,}

Similarly, using (70) j times, we have

J
7> qT;—Tl exp{—(In A+ ¢)jgn}-

By Stirling formula and (53), we obtain the theorem. O
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Theorem 6.2. Assume 6 is n—Diophantine with respect to a. Assume jq, < k < (j + 1)qy

with 0 < j < SbZII, bny1 > % and k> L. We have

(87) 1U(K)|| < max{eFimlm Az, o= k=banlin Az, | jecin,
(88) [|U(K)|| > max{e—lk—jqnl ln/\fjr_L7 e~ 1k=(i+1)an] ln)‘/ﬁjﬂ+1}e—5¢Zn'
In particular, we have

(89) U] < maxferlksm A, o=lk=Gthanl Az, ekl
(90) IUR)]| = max{e™Fm Az, o=k (HDanlinAz,  Je=elk,

Proof. (89) and (90) just follows from (87), (88) and Theorem 6.1. Thus it suffices to prove
(87), (88). Clearly, by (53), one has

[U(R)]| = masc{e k=il X omk=GDalnxgn )y o=ean,

This implies (90) by Theorem 6.1.

We now turn to (89). If |k — jgn| < 10ng, or |k — (5 + 1)gn| < 10n¢y,, the result follows
from Theorem 6.1 and (53). If |k — jg,| > 10nq, and |k — (j + 1)gn| > 10ng,, it follows from
Lemma 4.1, Theorem 6.1 and (53). O

8

Theorem 6.3. Forq; <k < % let ng be the smallest positive integer such that ¢n—n, <k <
Qn—ng+1- Suppose jan—no < k < (§j + 1)qn_n, with j > 1. If 0 is k— Diophantine with respect
to a fork=n—ng and k =n — 1,then

(91) U (k)| < max{eflkqunfnolln/\,:?—no,e*\kf(jJrl)qnfnolln/\f;:lno}eek’
and
(92) ||U (k)| > maX{e—lk—jqnfnollnA,:;Lfno,e—\k—(j+1)qnfn0|ln/\f;?ﬂmo}e—ek.

Proof. Set to =1 — %. Let t = t in the definition of resonance, i.e. b, = g'°.
Case 1: k£ < q;‘LnOH. In this case, one has
Inno <k <@ 11
The result holds by Theorem 6.2.
Case 2: k> qf{’fnoﬂ. Then

Ingn—n In :LO—’IL
exp{—(In X — Bn-not1 , Bn-not1

PR < —€)JGn—n
J Qn—no Qn—no ) O}
< exp{—(InA— (1 —10)B —€)jgn—no}
< eXp{—(lIl)\ - 25).7-%17710}’

where the third inequality holds by the definition of ¢y. Noting that & < g,,—p,+1, one has
7" > exp{—Jgn—n,(In A +€)}.
Similarly,
exp{—(j + 1)gn—no(InA+ )} <777 < exp{=(j + 1)gn-n,(In A =€)}
Thus in order to prove case 2, it suffices to show
(93) e~ (n+e)k < U k)| < e—(InA—e)k
The left inequality holds by (53).
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We start to prove the right inequality. For any y € [k, k] or y € [qn — k, g — €K], let n{, be
the least positive integer such that 4q,, ., < dist(y, g.Z), thus ny > ng. Let s be the largest
positive integer such that 4sq, ,; < dist(y,gnZ).

Set Iy, 1> C 7Z as follows

Il - [_SQ7L—7L67 SQn—n{] - 1]7

L = [y—8Gu—nyy+8Gn—n; —1],
and let 0; = 0 + ja for j € Iy U Iy. The set {6;},cr,u1, consists of 4sq,, ,; elements. By
case ii) of Theorem 3.5, y is (In A+ 81n(5¢,—n/ /Gn—n}+1)/Gn—n), — €,45Gn—n; — 1) regular with
0= %. Notice that

(5 + 1)Qn—n6 > qu;]—ng-&-l 2 ngo—n6+l’
thus we have

A +8In(sqn—n; /Gn—ny+1)/Gn-—n;, > MmA—=8(1—t)8 —¢
> In)\—2e.

This implies for any y € [ek, k] or y € [q, — k, ¢, — k], there exists an interval I(y) = [x1,22] C
[0, ¢,,] with y € I(y) such that

) 1
and
(95) Gy (g, )| < em A=yl 1y — 1 9,

For any y € (k,q, — k), let s be the largest positive integer such that $q,—n, < dist(y, g.Z)
and set Iy, Is C 7Z as follows:

Sqn—n Sqn—n,
L= L s, - (22 )
SQn—n SQn—n,
o= g 2y s, — |25 1),

By the same reason, (94) and (95) also hold for nj, = ng.
Arguing exactly as in the proof of Lemma 4.1, with (39) replaced with (94) and (40) with
(95), we obtain
(96) |U(k)|| < max{rpexp{—(In X — 2¢)(k — 3¢k)}, 7T exp{—(In X — 2¢)(qn, — k& — 3k)}},
where 7; = max|, <10 [|[U(jgn + rk)|| with j = 0,1. Using that k < £ one has
1UK)|| < em A=,

this implies (93) and thus the theorem.
O

Remark 6.4. The assumption that 6 is n — ng Diophantine with respect to « is sufficient for
the proof of case 1. The assumption that @ satisfies (35) is sufficient for the proof of case ii)
of Theorem 3.5, and therefore for the proof of case 2. Then by Remark 3.6, the assumption
that 6 is n — 1 Diophantine with respect to « is sufficient for the proof of case 2.

Remark 6.5. Suppose we only consider q,% < k < cg, with ¢ < % in Theorem 6.3. Theorem
6.3 still holds if we only have (11) for function ¢(k) on [—cgy, 2¢qy,] for some ¢ > 0.

In order to prove (12), it suffices to prove the following Theorem, which is a stronger local
version of (12).
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Theorem 6.6. Let o € R\Q be such that |\ > e2(®). Suppose E is a generalized eigenvalue

¢((Z(E)1) > Then for any

e >0,k >0,v> 1, there exists gy (depending on o, B, k,v,&'? )such that, if 0 is n-Diophantine
with respect to o with Diophantine constants k,v for some n > iy, we have U(k) satisfy

97) F(lkhe=™ < U] < F(kDe™,
for B < |k| < Tt

of Hxa,0 and ¢ is the generalized eigenfunction. Let U(k) = <

Proof. It remains to collect several already proved statements that cover different scenarios.
8
Case i % < g1
8
For % <k <4gq,;,, the result follows from Theorem 6.2.
8
For 4¢2, | < k < 4% (97) follows from Theorem 6.3 (notice that now k > 2¢,, so ng = 1).
8

Case ii: ¢, | < L.

Case ii.1: 4 < k < min{qg,, 24 }.

If ¢n = gn—1+qn—2, then ¢,_1 > %-. By the proof of case 2 in Theorem 6.3 (by Remark 6.4,
the assumption that 6 is n-Diophantine is enough), one has for any ¢,—1 < k < min{qg,, q”%}

|¢(l€)| < e—(ln )\—s)k.

This leads to
|p(k)| < em(ImA=e)k,

If gn = jGn—1+ Gn—2 with j > 2, we have &+ > ¢,,_;. By case 2 in Theorem 6.3 (by Remark
6.4, the assumption that 6 is n-Diophantine is enough) again (with n+1—ng =n — 1), we
obtain (97).

Case ii.2: ¢, < k < 152

In this case (97) follows directly from Theorem 6.3 (with n + 1 — ng = n), because ng = 1
so that the fact 6 is n Diophantine can guarantee both cases 1 and 2 of Theorem 6.3.

O

Proof of Theorem 2.2
Proof. The proof follows that of (97) by shifting by k¢ units, and Remark 6.5. O
Proof of Theorem 2.9.

Proof. Assume 6 is Diophantine with respect to . First by the definition of 5(«a/), one has for

any large n and any /
P < e (nA=A—<)lan,

Combining with the definition of f(k) and (12), we have
(98) [6(k)| < em Aok,

We therefore established that every generalized eigenfunction decays exponentially, which by
Schnol’s Theorem [16] implies the localization statement.
By the definition of () again, there exists a subsequence gy, of ¢, such that

(99) an-‘rl Z e(ﬁis)an .

12The dependence on E is through the constant ¢ in (11).
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By Theorem 2.1 (or 6.1) and the definition of 77 we have for any &k > 0
(100) 1U (g )| = e~ (AP,
Thus (98) and (100) imply that the decay rate is just In A — 3. O

7. HIERARCHICAL STRUCTURE

As we have already established Theorem 2.9 we know that each generalized eigenfunction
decays exponentially so has a global maximum. Assume its global maximum (see Footnote
2) is at 0 and ¢ is normalized by ||¢|lsc = 1. Note that then C' in (11) is equal to 1 so all
dependence of the largeness of n on E (see Footnote 12) disappears. Theorem 2.1 provides,
for sufficiently large n plenty of local n-maxima in the vicinity of agq,, but determined only
with eq,, precision. In the next theorem we show that this precision can be improved all the
way to an n-independent constant. We have

Theorem 7.1. Fiz k,v,e. Then for sufficiently small € there exists nio(k, v, \, a, €,€) such that
if 0 is k-Diophantine for all ng < k < n with Diophantine constants k,v and lnq"flﬂ >eln
with € > 0, then

(101) sup WUEI = sup UK,
k€[jqn—€qn+eqn,jqn] k€ljgn—Ko,jqn]

and

(102) sup WWEIl=  suwp UK,
k€[jan,jqn+€qn—cqn] k€ljqn,jgn+Ko)

where Ko = Gig+1-

Proof. We first give the proof of (101).
Let ko € [jgn — €qn, jqn] be such that
U (ko)|| = sup  [[U(K)]].

k€[jgn—€qn,iqn]

By (55), (70),(87) and (88), one has

U (ko)|| = sup U
k€[jan—€qn+€qn,igqn]

Suppose (101) does not hold, i.e., kg € [jgn — €qn, jgn — Ko)-

Now we will reflect the elements in [jg, — €¢n, jgn] at %qn. That is for any element k €
[J@n — €qn, jqn], let k' = jg, — k. Then k' € [0,eq,].

Choose n’ such that b,, < k) < b,/41 (where k{, = jq, — ko). Then n’ > ny.

Case 1. k{, is n/-nonresonant, i.e., dist(k(, ¢n'Z) > by.

Let ng be the least positive integer such that 4¢, ., < dist(kj, ¢.vZ). Let s be the largest
positive integer such that 4sq, n; < dist(kg, gn/Z). Set I1, Iz, I5 C Z as follows

Il = [_SQn’fn()a Sqn’fn() - 1]7
—[2 = [kO - Sqn/fn(’j + 17 kO + S(Inungh
I, = [ky— sqn/,né,ké + 8Gn/—py — 1],

Notice that I, and I are reflections of each other about %qn.
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By the Diophantine condition on 6 with respect to «, for any ko € I2(k € IL) and k; € I4,
we have

1120 + (k1 + k2)a|r/z 1120 — ko + jgna + k1ol

> 120 + (k1 — k3)allryz — |lignellryz
> (1260 + (k1 — kb)allpjz — —
dn+1
> 120+ (k1 — ky)allgz — e A
1 C
(103) > §||29 + (k1 — ky)allrjz > et

n/
where the last inequality holds by the fact |k1],|k5| < Cibnr41 so that we can apply Lemma
B.2.
For any ks € I and ky € I (k1 + k5 # 0 by the construction of I3, I5), we also have

(k2 = k1)allr/z

|| — ks + jana — k1llryz

> (=ki = ky)allryz — |ljgnallr/z
> ||(/€1 + ké)aHR/Z _ e—elnz\qn
1 , c
(104) > 5”(7@‘1 + kS)allr/z > preg

where the last inequality holds by the fact |k1|, |k5| < Cibnr41 and ky — kb # g,/ Z so that we
can apply Lemma B.3.

By Theorem B.4, (103) and (104), we have ko is (ko,In\ — 8 — ¢) regular, where ko =
48Gn —ny — 1. Let Iy = [x1,22] C [jqn — 28Gn, jqn]-

By (33), we have

(6(ko)| < =M A=P= (|6(w1)| + |@(zo)]) < e~ M N=F= || (ko)) .
Similarly,
|6(ko — 1)] < e~ A=B=2)58 |17 (k) .
The last two inequalities imply that

k
1U (k)| < e~ A=P=58|U (ko).

This is impossible.
Case 2. k{ is n-resonant, i.e., |k} — €qy’| < by for some 2.
From (103) and (104), we know that the small divisor condition does not change under

reflection at %g,. Following the proof of (54) and replacing Lemma 4.1 with a combination of
Lemma 4.2 and Theorem B.4, we have

)% < exp{—(In A — B — £)gn } max{zy 7},

where )
rp = sup [6(jgn — (lgw +rqu))l.
|r|<10e

This is contradicted to the fact that kg is the maximal point because |k — £g,/| < by.

This completes the proof of (101).

Now we turn to the proof of (102). Let ki € [jgn, jgn + €qn] be such that

WUkl = sup (UK.
k€[jqn,jqn+eqn]
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Suppose the Theorem does not hold, i.e., kf} € [jgn + Ko, jqn + €¢n).
In this case we shift the elements in [jqn,jgn + €gn] by —jg,. That is for any element
k € [jan,jan + €qn], let k™' = k — jq,. Then k™' € [0,eq,]. Then (102) holds by the same
proof, only replacing all ¥’ with k™.
([l

We restate the result of Theorem 7.1 as a more convenient

Theorem 7.2. Fiz k,v,e. Then for sufficiently small ¢ there exists ng(k,v, A\, a, €,€) such
that if ko is a local (n+ 1)-mazimum, 0 is k-Diophantine for all iy < k <n with Diophantine
constants k,v, and
| —Injy
DIl 7R s el

Then

(105) sup WU (K)|| = sup I|U(K)I],
k€lko+7qn —eqn+eqn,ko+(i+1)qn] kelko+jign—Ko,ko+jqn+Ko)

where Ko = gag+1-

Proof. By shifting the operator by kg units, we can assume ky = 0. Theorem 7.1 still holds if
0 is a local (n + 1)-maximum by Remark 6.5.
O

We will now formulate a local version of the hierarchical structure Theorem 2.4.

Fix 0 < ¢,e with ¢ +2¢ < 1. Let n; — oo be such that Ing,, 11 > (¢ + 2¢)In|X|gy,. Let
¢; = (Ingn,;41 —In|ay,|)/In|A|g,, —€ ¢; > efor 0 <ap; < s A
Theorem 7.3. Suppose kg is a local (nj, +1)-mazimum. Suppose 0+ koo is Diophantine with
respect to a (with Diophantine constants k,v). Then there exists fig(a, A, k, v, €) < 00 such that

for any jo > ju > > jiy ng, =g+ k, and 0 < ay,;, < et "ML= 0,1,k for all 0 <

s < k there exists a local n;_-mazimum by o ... ontheintervalby o . a0 A1
Js ) LT 71,]17 Omgg n_107 n]lv Wngg C,s,l
for all 0 < s < k such that the following holds:
I: |banj0 — (ko + an;, Gn,, )| < Gag+1,
II: For any 1 <s <k, ‘banjo,anh selng (banjo mj eenlny + an,, qnjs)‘ < Gigts+1-

IIT: if 2(z — banjoyanh 7.__,%]%) c IZikwl’ then for each s = 0,1, ..., k,

- U(2)||
106 flzs)e=lwsl < I <
1o ) [C{C—1

Jo

f(xs)ef:‘\ws\7

where x5 = |z —b a, | s large enough.
Js

anjo ,ann 30y

Moreover, every local nj -mazimum on the interval

b

Ap . Qn veeyQpy -
njo 24y o9

+ [_ee In )‘q"js , 66 In )‘q"js ]
J1 Js—1

is of the form ban], Jan.
0

Jj1”

sl Jor some ay,;_.

Proof. Let fg = ng(k, 3V, \, a, €, ¢/10) be given by Theorem 7.2 .'3
As long as

(107) (Ingny1 — Inlan|)/qn > 2eln|A|

1331 here can be easily relaxed to (1 + €)v.



30 SVETLANA JITOMIRSKAYA AND WENCAI LIU

with 0 < ¢,e < 1, where 0 < |a,| < %, Theorem 7.2 (upon shifting by ko units) implies that
there exists a local n-maximum b, on interval b,, + Iy such that

(108) ba, = (anGn + ko)| < Ko = Gag+1-

Now let n; be such that Ing,, 11 > (¢ + 2€) In|A|gn,, i = to,to + 1,- -+, j for some 0 < ¢, e < 1.
By (108), one has that there exists a local n;, maximum ba,,, = Gn;on;, + ko 4 Kn; with
0
|Knj0| S KO-
Now we will prove that for 0 < s < k, there exists

_ _ < — -
|ba"jo $@n e Om anjs ans ba”jo L I T | = Ks Gro+s+1-

Notice that Ef:o K; < 4K}). We will now prove Theorem 2.4 by induction on s.
By the assumption, one has
K
for any k € Z\{0}.
First we prove the case s = 1. By the Diophantine condition on 6 (109), we have for
|| < gn;, +1, the following holds

126 + (bu,,, +Ollezz > 1126+ (2o + £+ 2K, Jaillryz — [120n,, gy ol /2

> K - 2anj0
T @Ko+ )" dng
K _ e Agn;
| max{ Ky, £}|?¥
K

11 _
(110) [ max{ Ko, (} P

Therefore 6 4 ban]_ « is Ng + 1-Diophantine with respect to a with parameters 3v, k, and by
0
Theorem 7.2 again, there exists a local n;, -maximum such that banj an, = Ony Gng, + banj +
J0 J1 h 0
Knj1 with |Knj1 | < K1 = ¢ag+2- This completes the first step.
Assume Theorem holds for s = k — 1. It suffices to show it holds for s = k. By the
Diophantine condition on ¢ (109) again, we have for [¢| < g,,; 11, the following holds,

k—1 k—1
120 + (2ban, an, oan,  HORsz = (1204 (2K + 042 Z; Ks)allr/z — Z;) 12an;, dn;, llryz
k—1

K
= (8Kp_1 + |))» Z |12an,, qn;, @l|r/z
s=0

K k—1
| max{Kj_1, €}2V =
K

| max{K_1, (}*

a is ng + k-Diophantine with respect to o with parameters 3v, k,
1

g1 ,dnjk

Thus 0+b,, a,
Jo

and by Theorem 7.2 again, there exists a local n;_;-maximum such that banj an
0

e 7o
g1 Ay,

ny, Any, + ban_]_(),anj1 S + f("m with |Knjk| < Kk = @pg+k+1- This implies IT holds for
s = k. Thus we complete the proof of I and II.
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II1, as well as the moreover part, follow from Theorem 2.2 directly. O
Proof of Theorem 2.4

Proof. Since ky is a local nj, + 1-maximum for every j, Theorem 2.4 follows from Theorem 7.3
directly. O

Theorem 7.3 describes a hierarchical structure around every local (n;, + 1)-maximum.
We will say that a local nj-maximum is k-hierarchical if there exists € > 0, jo > j1 >
- > jp with nj 11 > e and, for each s = 0,1,...,k, a collection of local n; -maxima,

{o Uy e .,anjs} such that
I: Alllocal (n;,, €)-maxima in [b,, L S 4ecans, | are given
0 J1 Js "io " Js—1
by {banj0 Ay, a } with all possible choices of a,;_

IL: if 2(z — ba,, an. oan. ) € Ie,é", then for each s = 0,1, ..., k,
i1 ik

"jo

—elzs] ||U( )|| elzs|
(111) f(xs)e < HU(ba,L P )H f(xs)e ’

Jo

where x5 = |v — by, a4,

is large enough.
Jjo’ i1 Onjg | g &

Proof of Corollary 2.7. Clearly, b, .....a,, of Theorem 7.3 form the collection required
for the definition of k-hierarchy, so it remains to estimate the number of levels of the hierarchy,
that is find k such that nj, > g + k. Clearly, k = j/2 — |fo/2] works. O

8. GROWTH OF TRANSFER MATRICES. PROOF OF (13)

Assume 6 is Diophantine with respect to « in this and the following section.

Theorem 8.1. Let A(j) = ||Ajq,. || Assume jg, < k < (j + 1)g, with 0 < j < 48C, "“
bny1 > % and k> L. We have

(112) 1 4k]| < max{eEdantmAA (), e k=UFDan A A 4 1)} ek
(113) | Ag|| > max{e~/F=danlnA g (5) e=k=UHDanlnA g5 4 7))ok,

Proof. Let U(k) = < w(dé(ﬁ)l) ) By Last-Simon’s arguments ((8.6) in [10]), one has

(114) 1Akl > [[ AT (0)]] > cl| Akl

Then (112) holds by (114),(53) and (38).
(113) holds directly by (28)

Theorem 8.2. Assume 1 < j < SbZ“ and bpy1 > L. Then

(115) Dt e < A(f) < Tt eedan,
" "

Proof. We first show the left inequality. Clearly

(116) 1Akl > [JU (K],

thus by (89) and (112), we must have for any jg, <k < (j + 1)g, with j > 0 and k > 24
(117)

ma,X{ei‘kijq"lln/\A(j%67|k7(j+1)q"|ln)‘A(j+]_)}e€k > (max{e*m*jlh“n)\f;@’e*|k*(j+1)q7z|ln)\f;z+1})f

lefek.
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Let
~ Ingnyr —In(j+1)
2ln A

One has ko > %4+, thus

max{e~Rodanl AFR o —lko=(i+Dan Ay < f?ﬂ(j + 1)%651%.

An+1

Combining with (117), we have
1

(118)  max{e odaninA () emMho=GrDalmAA(G 1)} > (jqff); () temeko.

This implies that either

(119) A(G) > M (7, ) e,

or

(120) A +1) > ;1":11 (7 1) ek,

Notice that by (64) and (114), we have

(121) AGG+1) > A(j)e(lm_e)q"%.

By (119),(120) and (121), we obtain the left inequality of (115).
Now we turn to the proof of the right inequality of (115). By (8.5) and (8.7) in [10] we have

(122) ARU0)” < [|AklPm(k)? + [| Akl |72,
where

=1
(123) m(k) <C Y .

o |[Apl|

If £ > Cijgn with j > 1, by (98) we have

1Akl = lTE)I
> e(ln A—B—e)k
and by (28) we have

A(j) < e(ln Ae)jgn )

This implies

. Inx-p
(124) | Akl] > AG)e = *

If jgn <k < Cyjgn with j > 1, let jogn <k < (jo + 1)gn with j < jo < Cyj. By (113) and
(121), we have

Akl > AQjo) max{eflkfjoqnl ln/\7 e~ [k=(Uo+1)gn|In A jqn maJo+1 }eferQn
o dn+1

Jo+1

( Gn+1

(j +1

qn+1

% A(jo)e~Iodn

Y

~—

(125) )2 A(j)e =T,
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Thus by (124) and (125), we have

(126) m(ign) < L e

Let k = jg, in (122). One has

7T RAG)?
Thus by (6.1), we obtain
(127) AG) < Tt e
Jr;
This implies the right inequality of (115). |

Theorems 8.1 and 8.2 imply the following theorem directly.

bn

Theorem 8.3. Assume jqn < k < (j +1)¢n with 0 < j < 625, bpyy = 4. We have, for
k> qn,
(128) [|[Ag]| < maX{e*kajq"“n’\q%l’ o~ lk=(+1)an] 1nA‘{Zi+1}ee|k\7
J Tt

and
129 Al > max e*\kqunnnanil’ef\kf(jﬂ)qnunaniﬂ "
- e iy (j+1)f?+1}
and fOT % S k < Q'I’U
(130) |[Ag|| < max{e*\kllnA7eflqun|1n,\qﬁizl}ee‘k"

T
and
(131) | Ag]| > max{e k1A o=lk=gn/lnATntly —elk]

T

8
Theorem 8.4. For any q; < k < L+, let ng be the smallest positive integer such that qn_n, <
k< @nong+1- Suppose jqn—n, <k < (§ + 1)@n-no+1 with j > 1, then the following holds,

(132) | Agl] < max{e—lk—jqnfno |1n X q?:fg;rl ’ e~ 1F=(+1Dgn—no|In X qﬁ;jgltl }e€|k|7
Tj Tj+1
and
(133)  [|Au]] > mas{e Wi AR e (1) 10 A Do Ly

g T
Proof. As in the proof of Theorem 6.3, we split into the same two cases: 1 and 2. Case 1

can be done directly by Theorem 8.3. For case 2, as in the proof of case 2 of Theorem 6.3, it
suffices to show

(134) e(ln)\—s)k < ||Alc|| < e(1n>\+e)k7
which follows directly from (93),(116) and (28). O

Proof of (13)
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Proof. The arguments are similar to the proof of (12) and consist of collecting the already
proved facts, with the same cases.
8
Case i: L < ¢, ;.
8
For & < k < 4q,,, the result follows from Theorem 8.3.

For 4q§_‘_1 < k < 4 (13) follows from Theorem 8.4 (notice that now k > 2¢y, thus
nog = 1) .

Case ii: q2+1 < L

Case ii.1: 4 < k < min{qg,, &5 }.

If gn = gn—1 + @n—2, then g,_1 > %, This is the case 2 of Theorem 8.4. By (134), one has
for any ¢,—1 < k < min{g,, q”%}

HAk|| > e(ln/\—a)k.

This leads to
HAICH > e(ln/\—s)k.

for & < k < min{g,, % }. This also implies (13).

If o = jgn-1+ gn—2 with j > 2, then £ > ¢,,_;. (13) follows directly from Theorem 8.4
(notice that now n+1—ng =n —1).

Case il.2 ¢, < k < I

In this case (13) follows directly from Theorem 8.4 (notice that now n+ 1 —ng = n).

O

9. PROOF OF THE COROLLARIES

Proof of Corollary 2.12

Proof. Due to (28), i) follows from iii). By Theorem 2.1 to prove iii), it is enough to show that
for any € > 0, sufficiently large n and eq, < k < ¢, we have

(135) e(ln/\—Ca)k < g(k) < e(ln)\—&-Ca)k'

Let m < n+ 1 be such that ¢,,/2 < k < gm+1/2. If g, < k, we are in Case 1 of the definition
9m+1
of g with m < n — 1. Notice that £q,, > €q, > €qm+1, which leads to mqfe being small.

Then (135) follows from (6). If ¢, /2 < k < g (135) is automatic by the definition of g.
It remains to establish ii).
First by (98), we must have

In|lA
(136) tim it AR S oy
k—o0 k
Let jx = |q;,, +1]), where sequence gy, is given by (99). Then
. dnp+1
9(Jxn,.) e
r.
Jk

Ingn, 41 Ingy .
e(lnA_ any, + any, )]kan

an-‘rl
< e(InA=B+Ce)iran,,

Combining with Theorem 2.1, we must have

In||A
(137) nmmﬂﬂ%ﬂigmA—@

k—o0

ii) holds by (136) and (137). O
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Proof of Corollary 2.13

Proof. 1) follows from iii) and ii) follows from (98) and (100). To establish iii), we only need
to show that for any eq, < k < g, — %Qn — &qn,

ef(ln)\JrCe)k < HU(k)H < ef(ln)\fCe)k'

Let m < mn + 1 be such that ¢, /2 <k < gmy1/2.

Case I: m<n-—1.

Then by Theorem 2.1, the statement is not immediate only in case 1, but then it follows
from (5) and (7) since in that case 7" < e~(InA=e)¢am,

Case2: m=norm=n+1.

In this case we have &= < k < gy, — %qm —€EGm and & <k < q% Then the statement
holds by Theorem 2.1 and, in case 1, (7).

To prove iv) it suffices to show that for any ¢, — %qn ;T eqn; <k < qn; — €qn;,we have

||U(l€)|| > ef(ln)\fce)k
where ¢, is a subsequence satisfying (99).Indeed, under this assumption we are in Case 1 of
the definition of f and the second addend dominates in (7) leading to the statement. O
Remarks

o If we take for ¢,, asubsequence with any bounded away from zero exponential growth,
we still get non-Lyapunov behavior on intervals of the form [g,,, —¢gn, +€qn,. » Gn;. —€Gn,.]

B
for some ¢ < 5.

e In fact, in all the arguments 5 can be replaced with Ing,y1/¢y.
Proof of Corollary 2.14

Proof. First by (24), one has
- ) 1
(138) ITEIU )l sinde = 5

Combining with (114), we have

- < sindg < ;
20U A&~ ~ U AR
We first prove (21). Clearly, it suffices to show

(139)

Ing
(140) lim sup ——% > 0.
k—o00 k

Let kj = | 1gn,41] where sequence gy, is given by (99). By Theorem 2.1, we must have
1U (k)| < emUmA=hs,

and
H 4,{)” < e(lnA+s)kj.
3 =

Combining with (139), we must have
(141) O, > e hn,

This implies (140) and also implies (21).
Now we verify (22). By the definition of f(k), g(k), for any large k, we have

(142) F(k)g(k) < ePFek,
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Then by (139) and Theorem 2.1 again, one has

Iné
(143) liminf — 2% > 3.
k—o0 k
Let k;j = qn;. One has
(144) f(k/’j)g(k'j) =dqn;+1-
Combining with (139) and Theorem 2.1 again, we get
In by,
(145) lim —* — g,
J—0o0 j
(22) follows directly from (143) and (145). O
Proof of Corollary 2.11
Proof. This Corollary follows directly from (13) and (114). O

APPENDIX A. GORDON ARGUMENTS FOR A < ¢
Proposition A.1. The almost Mathieu operator
(Hx,a0u)(n) =u(n+1) +u(n —1) + 2 cos 2w (0 + na)u(n),
has no localized eigenfunctions if |\ < .1
Proof. Otherwise, there exists a solution {u(n)}nez of Hy o pu = Eu such that
(146) lu(n)| < Ce=5eInl,
u(0)

where ¢ > 0. Without loss of generality, assume the vector ( s > is unit.

Let o(n) = ( u(n) ) For simplicity, denote ¢ = (0). By the definition of 3(«), there

u(n — 1)
exists a subsequence i of ¢, such that
(147) |Gpe|[rz < e” P~ 8)ax,
Denote B = Aj, (6). Then we have
(148) B% 4+ (TtB)B +1 = 0.

Case 1: if TrB < €% one has either ||[B2¢|| > 3 or ||By|| > ;e 2°%. By (146), we must
have ||B%p|| > 3. This is impossible. Indeed, from the following estimate

le(2a) — B2l = ||45.(0+ drer) — Az (0] [l0(qw)]]

C’e%ch e ocdr

IN A

6*30%’
where the first inequality holds by (71). Then

|l (2Gx)1 =

NG

contradicting ||p(2qx)|| < Ce~10¢dx,

141 ocalized here means exponentially decaying. One can exclude any decaying solutions for Al < €?[9] but
not for |\ = e?[7].
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Case 2: if TrB > €**%, from (148), it is easy to see that either ||By|| > 3e2°% or
|[B~1o|| > 1€ holds. By (146) again, we must have [|[B~'¢|| > 1e2°t. By (72), the
following holds

147 (0 = qva) = AZNO)]] ]l

< E%qu )

lo(=ar) — B~

Thus
N
lp(=ai)ll = Je*™.

This is also impossible.

APPENDIX B. UNIFORMITY

We start with some basic facts.
Let % be the continued fraction approximants to a. Then

(149) V1 <k < gnt1,dist(ka, Z) > |gno — prl,
and

1 1
(150) <A, = |gna — ppl < )

2Gn+1 gn+1
Lemma B.1. (Lemma 9.7, [5]) Let &« € R\Q, z € R and 0 < ¢y < ¢, — 1 be such that
[sinm(z + )| = info<p<q,—1 | sinm(x + £a)|, then for some absolute constant C > 0,
qn—1
(151) —Clng, < Z In|sin7(z 4+ fa)| + (g — 1) In2 < C'lng,.
£=0,04£¢,

We now prove

Lemma B.2. For any |i|,|j| < 50Cybnt1, if 0 is n-Diophantine with respect to «, then the
following estimate holds,

(152) In|sin7(20 4 (j +i)a)| > —C'Ingp,.

Proof. By the Diophatine condition on 6, (2), one has that there exist £ > 0 and v > 0 such
that
(153) min  [sinm(20+ (j +i)a)| > —.

€[~ n,an] an
Let ¢;,¢; € Z be such that dist(i,q,Z) = |i — 4;iq,| and dist(j,qnZ) = |j — ¢;qn|. Then
141, 1¢;] < 500*% + 1. Let ¢/ =i —{;q, and j' = j — {jqy,, then ', j' € [—qn, qn].

1—t 100C, v+2
If g% > —=>=q,

have for any [i[, |j] < 50Cbp11

, it is easy to verify that |[(xA,| < q% Combining with (153), we

|sinm(260 + (j +i)a)|

= Isinm(20 + (j' + ")) cosmw(l; + £;) Ay, £ cos (20 + (5" +i')a) sinw(€; + £;) A, |
K
>
~ 100q¥
(the choice of + depends on the sign of ¢, — p,).
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If ¢, 7} < 109€ 42 we also have for any |il, |j| < 50C.bp41

K
[sinm(20 + (j +i)a)| >

vt(v+2) *

(100C,) T q, "

Thus in both cases, we have

o i In[sinm(20 + (j + i)or)| = —C'Ingp.
. [4],15]<50C by 41 | ( (J +i)a)| q

Lemma B.3. Assume [il,|j| < 50Cybp11, and i — j # qnZ. Then
(155) In|sin7m(j — i)a| > —C'lng,.

Proof. By assumption, |j —i| = £g, +r with 0 < ¢ < 1000*% and 0 < r < ¢p. Then by
(149) and (150) again, we also have

|G —dallrz = lrallryz — [llgnellr/z
1 ||
Z -
2¢y, dn+1
1 100C, 1
Z 5T AT g
1
> .
4qn
This implies (155). O

We are now ready to study the behavior at non-resonant points. For an n-nonresonant y, let,
as before, ng be the least positive integer such that 4q,_,, < dist(y,¢,Z). Let s be the largest
positive integer such that 4sq,—n, < dist(y,¢,Z). Recall that, automatically, ng < C(a). Set
I, 15 C Z as follows

I = [=5¢n—ng>5Gn—no — 1],

I = Y= SGn-ne Y+ Stn—ne — 1],
We have
Theorem B.4. For an n—nonresonant y, assume that
(156) j7irer}ilrb12 In|sinm(20 + (j +i)a)| > —C'lngs,.
and
(157) min  In|sinw(j —i)a)] > —Clng,.

i#j5i,j€11UI2
Then for any € > 0 and n large enough, we have y is (In XA + 81n(5¢n—ny/Gn—no+1)/Gn—no —
€,45qn—n, — 1) reqular with § = %.

Proof. Without loss of generality assume y > 0. By the definition of s and ny, we have
4sqn—n, < dist(y,qnZ) and 4qn_ny+1 > dist(y,qnZ). This leads to s¢n—n, < @n-ng+1. Let
0; =0+ jafor j € I Ul The set {6;};cr,ur, consists of 45g,_p, elements.

In (34), let & = cos2ma, k = 4s¢p—pn, — 1 and take the logarithm, then

| cos 2mra — cos 270, |
w1 )
T | cos 2m6; — cos 2m0;|
JeliYia, g7t
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= Z In|cos2ma — cos 2ml;| — Z In | cos 27, — cos2m;|.

JENLUIa,j#i jelUly,j#i

First, we estimate . ; 7, j»; In|cos2ma — cos2mf;|. Obviously,

Z In | cos 2ma — cos 2m0;|
JEL U2, 5#1
= Z In|sinm(a+60;)| + Z In|sinm(a —6;)] + (45¢n—n, — 1) In2
JEL Ul j#i JEIL UL, j#1
=Y, +X_ 4+ (48¢n—n, — 1) In2.
Both ¥, and X_ consist of 4s terms of the form of (151), plus 4s terms of the form

In min |sinw(x + ja)l,
=01, gn—ng

minus In|sin7(a & 6;)|. Thus, using (151) 4s times for ¥} and ¥_ respectively, one has

(158) Z In|cos2ma — cos 2m0;| < —45Gn—pn, In2 4+ CsIng,_p,.
JELUI,j#i
If a = 0;, we obtain

Z In | cos 2m8; — cos 270;|

JENUI2,j#i

= > Ilsinw(@+0)[+ Y In[sinm(0; —0;)| + (45¢n_n, — 1) In2

JEILUIa,j#i JeELUI2,j#i
(159) =3, +3_+ (4sqn_n, —1)In2,
where
Sy= > In|sinm(20 4 (i + j)a)],
JjehUlz,j#i
and
Y= Z In|sinmw(i — 7).

JENUI2,j#£i

We will estimate 3. Set J; = [—s,s — 1] and Jo = [s,3s — 1], which are two adjacent

disjoint intervals of length 2s. Then I; U I3 can be represented as a disjoint union of segments
Bj, j € J1 U Ja, each of length ¢,,_,,. Applying (151) to each B;, we obtain

(160) Y4 > —48Gn—n, In2 + Z In |sin ;| — CsIn gy _pn, — In|sin 27(6 + ic)],
jeJ1UJ2
where
(161) |sin7f;| = min |sin (20 + (£ +i)a)].
€b;

Next we estimate > ; In|sin ﬂéj|. Assume that éj+1 = éj +qn_noc for every j,j+1 € Ji.
In this case, for any 4,7 € J; and i # j, we have

(162) 10; — 0;llr/z > ||gn—noctllr/z-
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Applying the Stirling formula, (156) and (162), one has

Zln\sm27r9| > QZlnjAn no) — Clngy

JEJL

(163) > 2sln——— — Clng, — Cs.
qn— no+1

In the other cases, decompose J; in maximal intervals T, such that for j,j +1 € T
we have (9]+1 = 9 + @n—nyc. Notice that the boundary points of an interval 7}, are either

boundary points of J; or satisfy ||, Ir/z + Bnng > % This follows from the fact that
if 0 < |2 < gnno» then [16; + gn—noellzyz < 10;]lr/z + An-nys and [0 + (2 + gn—no)etllz/z >
|zallr/z — 16; + n-nollr/z > Dp—ng—1 — ||9}HR/Z — Ap—p,- Assuming T, # Jp, then there
exists j € T, such that ||é lr/z > A"_Q"U_l — Ap_ny-

If T}, contains some j with ||6; Ir/z < B 5, then

An_ng— DNy
T > 2 B — TR
S Ap_ny
1 Anfn —1 S
164 > TS 1> 1
(164) T4 Ap_p, -8 ’

since $qn—ny < @n-no+1, where |T;| =b—a+ 1 if T, = [a,b]. For such T}, a similar estimate
o (163) gives

. T,
Zln|sin779j| > |Tx|ln T Cs—Clngy
JET, qn— no+1
(165) > |T,€|1n; —Cs—Clngy,.
qnfnngl

If T}, does not contain any j with |6, Ir/z < L‘)l , then by (150)
> Infsinab;| > —|T|lngn_n, — C|Tx|

JjeTx

(166) > |Ti|ln—>— — O[T,

Qn—ng—i-l
By (165) and (166), one has

(167) Zln|sm7r9 |>251n7—CS—Clnqn.
jen qn— no+1

Similarly,

(168) Zln|sin7réj| ZQSInL—Cs—Clnqn.
jeds dn—no+1

Putting (160), (167) and (168) together, we have
(169) Y+ > —48Gn—n,In2 +4sln LA Cslngp—pn, — Clng,.
dn—ngo+1
Now we start to estimate ¥_. Replacing (156) with (157), and following the proof of (169),
we obtain,

(170) Y¥_ > —4sq¢u_n,In2 +4sln — _(COsh Qn-ny — C'lngp.
Qn—no-i-l
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From (159), (169) and (170), one has

E In|cos27m; — cos 2md;]|
JEN UL, j#i

(171) > —48qn—ny, In2 + 8sln % _(Osh Gn-no — Clngy,.
qn—no+1
By (158) and (171), we have
max |z — cos 270 < e48an—no(=210(8/qn—ng+1)/qn-no+e)

i€1,UI5 cos 2m8; — cos 27l ;
JELUI2,j#i | ‘ j|

Combining with Lemma 3.4, there exists some jo with jo € I; U I3 such that

ajo §é A4sqn7n0—171n)\+2ln(s/qn,noJrl)/qn,nU—s-
First, we assume jy € Is.
Set I = [jo — 28Gn—ny + 1, jo + 28qn—n, — 1] = [z1,22]. By (30), (31) and (32), it is easy to
verify
|G1(y, 2i)| < exp{(In A\+€)(48Gn—no — 1= [y — @) = 45Gn—no (N A+210(S/Gn—no+1)/Gn—no, —€)}-
Notice that |y — x;| > $qn—_n,, SO we obtain

(172) Gr(y, z:)| < exp{—(In A+ 8In(s/qn—no+1)/tn—no — 26)|y — x3[}-
If jo € I, we may let y =0 or y = 1 in (172). Combining with (33), we get

|¢(0)|7 |¢(71)| < 65(]n—n0 exp{f(ln A+38 1n(£/‘]n—no+1)/Qn—no - 25)5(]n—n0}-
This is in contradiction with |¢(0)|? + |¢(—1)|?> = 1. Thus jo € I3, and the theorem follows
from (172). O

Proof of Theorem 3.5.
In case i), (156) and (157) are obtained correspondingly from Lemmas B.2 and B.3, thus
Theorem 3.5 follows from Theorem B.4. In case ii) it is easy to see that (156) and (157) also

hold, so Theorem B.4 applies as well. O
Assume b, 1 > %. Forany 1 < j < 480*%, we construct I, I, C Z as follows
1 1
I = —L39nls4n — L54n] — 1 )
1 [FLgan)s 0 = 154n) = 1]
. 1 . 1
IQ = []qn - |_§an7 (J + 1)Qn - LiQnJ - 1]7

Let 6,, = 0 + ma for m € I; U I>. Then
Theorem B.5. Suppose 6 is n-Diophantine with respect to a. Then for any € > 0, the set

.o Ingny1—Ing : .
{0m }menur, s e T e-uniform for sufficiently large n.

Proof. In (34), let © = cos2ma, k = 2¢q,, — 1 and take the logarithm. Thus in order to prove
the theorem, it suffices to show that
| cos 2ma — cos 270, |

e
| cos 2m8; — cos 27l |
meIlUly,m#i

= Z In | cos 2ma — cos 270, | — Z In | cos 2m6; — cos 270, |

melUla,m#i mel1Uly,m#i

Ing,41 —Inj
2q, — 1) (—=
(20 - (2L

IN

+e).
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First, we estimate > 1, mi 1| cos2ma — cos 216, |. Obviously,

Z In| cos2ma — cos 270, |

mGIlLJIQ,m;éi
= Z In|sinw(a+ 60,,)] + Z In|sinm(a —0,,) + (2¢, — 1) In2
melUlx,m#1i meIl1Uls,m#i
=Y, +3_+ (29, — 1)In2.
Both ¥4 and ¥ _ consist of 2 terms of the form of (151), plus two terms of the form

min In|sin7(z + ka)|,

k=1, qn

minus In |sin7(a £ 6;). Thus one has

Z In | cos2wa — cos 270, | < —2¢, In2+ Clng,.
mel1Uls,m#i

Setting a = 6; and using the first inequality of (151) two times, we obtain

Z In|cos2nd; — cos2nb,,| > —2¢,In2—-Clng,+2 min In|sin7(20+ (m+i)a)

. m,i€l1Uly
mel Uly,m#i
(173) + min  In|sinw(m —i)al.
meIlUls,m#i
By Lemma B.2, we also have
(174) min _ In|sin7(20 + (m +1i)a)| > —Clng,.

m,i€l; Ul

By (149) and (150), the corresponding minimum term of min,, ez, uz,,m=i In | sinw((m—14)a)|
is achieved at jg,. It is easy to check that

175 min{ln |sin 7jq,a|} > —lnqn—_Jrl - C,
149

i > 1
since A,, > Gr—

Putting (173), (174) and (175) together, we obtain

k41 | — cos 270, | (2qn—1)(Png1=1n7 |

max max H < e\ 24n .

2€[—1,1] =1, k+1 | cos 2w8; — cos 270, |
m=1,m%#1
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