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ABSTRACT. We derive generalizations of McShane’s identity for higher ranked
surface group representations by studying a family of mapping class group in-
variant functions introduced by Goncharov and Shen which generalize the no-
tion of horocycle lengths. In particular, we obtain McShane-type identities for
finite-area cusped convex real projective surfaces by generalizing the Birman-
Series geodesic scarcity theorem. More generally, we establish McShane-type
identities for positive surface group representations with loxodromic boundary
monodromy, as well as McShane-type inequalities for general rank positive rep-
resentations with unipotent boundary monodromy. Our identities are system-
atically expressed in terms of projective invariants, and we study these invari-
ants: we establish boundedness and Fuchsian rigidity results for triple and cross
ratios. We apply our identities to derive the simple spectral discreteness of
unipotent-bordered positive representations, collar lemmas, and generalizations
of the Thurston metric.

1. INTRODUCTION

The aim of this paper is to generalize McShane identities for higher Teichmiiller
theory, a goal previously considered by Labourie and McShane in [LM09]. The
McShane identities we obtain are expressed in terms of geometric quantities such
as simple root lengths, triple ratios and edge functions, and naturally gener-
alize those employed by Mirzakhani in her computation of Weil-Petersson vol-
umes of moduli spaces of bordered hyperbolic surfaces of fixed boundary lengths
[Mir07a] and her proof [Mir07b] of the Witten—Kontsevich theorem. We estab-
lish geometric applications for our identities, yielding properties of simple root
lengths and triple ratios along the way.

Let S = Sy,m denote a genus g oriented surface with m > 1 boundary compo-
nents and negative Euler characteristic. In the classical hyperbolic setting, horo-
cycle lengths define regular functions on Penner’s decorated Teichmiiller space
of horocycle-decorated hyperbolic metrics on Sy, [Pen87], and the decomposi-
tion of horocycle lengths leads to the classical McShane identities [McS98]. The
natural analog of this picture in higher Teichmiiller theory is that of Goncharov
and Shen’s family of mapping class group invariant regular functions [GS15] on
the Fock-Goncharov A moduli space Agy,, s [FG06]. The Goncharov—-Shen poten-
tial (Definition 2.26) is the starting point for our family of McShane identities for
positive surface group representations into PGL,, (R).
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1.1. The classical McShane identity. In his doctoral dissertation, McShane [McS91]
established the following stunning result:

Theorem (McShane identity [McS91]). Given an arbitrary 1-cusped hyperbolic torus
211, let €y, denote the collection of unoriented simple closed geodesics y on L1 up to
homotopy and let £(y) denote their respective hyperbolic lengths.
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The above theorem has led to an ever-growing list of identities for rich families
of hyperbolic geometric objects including the following direct generalizations of
McShane’s identity [AMS04, AMS06, Bow97, Bow98, Hual5, Hual8, LS13, McS98,
Mir07a, Nor08, TWZ06, TWZ08], as well as the closely related Basmajian identity
[Bas93], the Bridgeman-Kahn identity [BK10, Brill] and the Luo-Tan dilogarithm
identity [LT11]. There has also been progress in establishing similar identities
for higher Teichmiiller theory [FP16, Hel9, LM09, VY17] and super Teichmiiller
theory [HPZ19].

1.2. McShane identity for bordered hyperbolic surfaces. Let us highlight the
McShane identity for bordered hyperbolic surfaces due independently to Mirza-
khani [Mir(7a] and Tan-Wong—Zhang [TWZ06]. For simplicity, we state this iden-
tity only for genus g hyperbolic surfaces £y, with a single geodesic border &:

Theorem (McShane identity for bordered hyperbolic surfaces [Mir07a], [TWZ06]).
Let P denote the collection of homotopy classes of embedded pairs of pants which contain
& as an unoriented boundary component. Then,
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Equation (2) is the basis for arguably the most celebrated application of McShane
identities: Mirzakhani’s integration scheme and volume recursion formula for the
Weil-Petersson volume of moduli spaces of hyperbolic surfaces of fixed boundary
length [Mir07a].

1.3. Labourie-McShane’s identity for Hitchin representations. The Hitchin com-
ponent Hit,, (S40) [Hit92] is a contractible component of the representation variety

Hom(71(Sg,0), PGLn (R))/PGLn (R),

characterized as the deformation space of the n-Fuchsian representations of 71, (S,0)
— compositions of any Fuchsian representation with an irreducible representa-
tion from PSL,(R) to PGL,(R). Representations in the Hitchin component are
referred to as Hitchin representations and are the central object in higher Teich-
miiller theory'.

In [LMO09], Labourie and McShane generalized the notion of a Hitchin compo-
nent Hit,, (Sg.m) for bordered surfaces, and established a very general family of
McShane-type identities for these Hitchin representations of bordered surfaces

Twe highly recommend Wienhard’s beautiful overview [W18] of higher Teichmdiller theory.
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via ordered cross ratios [Lab07]. In the S setting, their identity takes the follow-
ing form:

Theorem (Labourie-McShane identity [LM09]). Consider a Hitchin representation
p:m(Sg1) — PGL(R) and let o denote the boundary component of Sy 1 oriented so
that Sy, is on the left of «. Given any ordered cross ratio B defined with respect to p,

Z logB® (o, ", v, 7)) =" («), where
(BY)EP o

o Labourie—-McShane define P as the collection of homotopy classes of embed-
dings of a fixed pair of pants into Sy, whose image is marked by simple homo-
topy classes «, B, satisfying ap~1y = 1, for aa homotopy representative of the
oriented boundary. We interpret P as the set of boundary-parallel pairs of pants
on Sy 1 which contain « (Definition 1.5).

o The summands are logarithms of the B® ordered cross ratio of quadruples of ideal
points arising as attracting and/or repelling fixed points of , 3 and y.

o The quantity {®° («) is a length-type quantity defined via cross ratios.

It is perhaps more accurate to view Labourie and McShane’s formula as very
powerful machinery for producing McShane-type identities. The summands
logB?(«—, a™, vy, BT) — often referred to as gap functions — are generally com-
plex expressions of standard moduli of p restricted to the underlying pair of
pants. As an example, some summands for the rank n weak cross ratio [LM09,
Section 10] for n = 3 Hitchin representations require fifteen lines to state [LM09,
Equation (55)], let alone for n > 4 and above.

We offer up identities which structurally resemble Equations (1) and (2).

1.4. Positive representations. Two of the main directions in which Hitchin rep-
resentations have been generalized are positive representations (Definition 2.9) and
Anosov representations. The former, due to Fock and Goncharov [FG06], is based
upon an algebraic property called positivity, whereas the latter hails from Labourie’s
[Lab06] dynamical approach to higher Teichmiiller theory via Anosov flows.

Positive and Anosov representations share key traits which make their theoretical
development interesting and tractable. For example, both approaches yield dis-
crete and faithful representations. As another example, consider the loxodromic

property:
Definition 1.1 (Loxodromic matrices). An element in PGL,(R) is loxodromic if
and only if it has a lift into SL,, (R) such that it is conjugate to a diagonal matrix with
eigenvalues

AL > > A > 0.

Fock and Goncharov show that:

Theorem 1.2 ([FG06, Theorem 9.3]). Given any positive representation p : 711 (Sgm) —
PGL, (R), for any non-trivial y € 11(Sq,m),
o ify is non-peripheral then p(y) is conjugate to a totally positive matrix and thus
loxodromic;
o if v is peripheral then p(y) is conjugate to a totally positive upper triangular
matrix.
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Labourie [Lab06] also shows that non-trivial non-peripheral homotopy classes for
Anosov representations are loxodromic.

One powerful geometric consequence of this loxodromic property is that it en-
ables us to define the notion of i-th lengths for curves on Sy .

Definition 1.3 (i-th length). Given a positive representation p : 1 (Sg,m) — PGLn (R),
for any non-trivial vy € m1(Sgy,m ), we denote the eigenvalues of p(y) by

Mp(y)) = -+ = Anlp(y)) > 0.
Fori=1,...,n—1 we define the i-th length (also called simple root length) of y with

respect to p as
g ()
ti(y) :=log <}\i+1(pﬁ/))> '

Note that whilst loxodromic elements always produce positive i-th lengths, it is
possible for peripheral y to admit i-th length ¢;(y) = 0 (e.g.: when the boundary
is unipotent).

We focus on positive representations, and denote the PGL, (R)-positive represen-
tation variety by Pos,(S) (Definition 2.10). For closed surfaces Sy, the positive
representation variety Posy (S ) is the Hitchin component Hit,, (Sg4,0) [FG06, The-
orem 1.15]. More generally, for bordered surfaces Sq ., it includes Hitchin repre-
sentations (Remark 2.11), and hence the n-Fuchsian representations.

1.5. McShane identities for convex real projective 1-cusped tori. The theory
of strictly convex RP? surfaces, which generalizes the Beltrami-Klein approach
to hyperbolic surfaces, is an important geometric manifestation of non-Fuchsian
higher Teichmdiller theory. To clarify: positive representations p : 7t;(S) — PGL3(R)
of closed surfaces and surfaces with unipotent boundary monodromy are holo-
nomy representations of strictly convex RP? surfaces L. Namely, £ may be ex-
pressed as Q/p(m;(S)) where Q is a strictly convex domain in RP? preserved by
the properly discontinuously action of p(7;(S)) [G90, CG93, Mar10].

Ideal triangles are fundamental building pieces for hyperbolic and convex real
projective surfaces. It is well-known that all hyperbolic ideal triangles are isomet-
ric. In contrast, oriented convex real projective ideal triangles are geometrically
richer and are classified by their triple ratios T € R~ [FG06]. In Figure 1, the

S3

FiGure 1. The triple ratio of A.

triple ratio of the anticlockwise-oriented ideal triangle A inside the convex do-
main Q C RP? is defined as T = %, where the s; and 1 denote Euclidean
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segment lengths which are possible to be infinite. We denote the logarithm of
the triple ratio by T(A) :=log(T(A)) € R, and refer to this quantity as the friangle
invariant [BD14, BD17].

We establish McShane identities for all (finite-type) cusped strictly convex RP?
surfaces (Theorems 5.25, 5.26). For 1-cusped tori, our result takes the form:

Theorem 1.4 (McShane identity for convex real projective 1-cusped tori, Theo-

rem 5.13 and Proposition 5.20). Given a strictly convex RP* 1-cusped torus £, let @1,1
be the set of oriented simple closed geodesics on X up to homotopy. Then

1 1
®) ; 1+ et(V+(v) 2 1+ eltvi—(v) 1
veCin YeCi

where T(7y) is the triangle invariant for either of the two oriented ideal triangles on ¥ with
one side being the unique ideal geodesic disjoint from y and the other two sides spiraling
parallel to vy (see Figure 2).

F1GURrE 2. Cutting the shaded pair of half-pants on the left figure
along the spiraling geodesic depicted produces an ideal triangle
A, and we use it to define t(y) = t(Ay). The right figure de-
picts a single lift (p,y - p,v") of A, to the universal cover of X.

We make two remarks before moving on to more general identities:

e For 3-Fuchsian representations, Equation (3) recovers the classical Mc-
Shane identity (Remark 5.17).

e There are in fact two possible ideal triangles A, and A, with one side be-
ing the unique ideal geodesic disjoint from y and the other two sides spi-
raling parallel to 'y, and provided that one marks them to agree with the
lift (p,v-p,v") (Figure 2), their triple ratios agree and t(v) is well-defined
(Remark 5.28). Moreover, we show in Lemma 5.19 that t(y~') = —1(y)
and & (y~') = & (y), which leads to the “two” McShane identities above
(see Proposition 5.20). We study these a priori unexpected symmetries for
S1,1, 1 = 3 positive representations in §5.4.4.

1.6. McShane identities for general convex real projective surfaces. We begin
by introducing the requisite summation index.
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Definition 1.5 (Boundary-parallel pairs of pants). Assume that Sy ., is endowed with
an auxiliary hyperbolic metric and let p be a distinguished cusp of Sgm. An (embedded)
boundary-parallel pairs of pants containing p is a pair (3,7v) of (disjoint) oriented
closed geodesics so that p, 3,y bound a pair of pants on Sy, and 3,7y are positioned
and oriented as per Figure 3). We denote the collection of all boundary-parallel pairs of
pants on S containing p up to homotopy by iﬁp. We similarly define Po for bordered
hyperbolic surfaces by supplanting the role of the cusp p by a distinguished oriented
boundary geodesic .

P

FiGure 3. Cutting along the spiraling geodesics on the boundary-
parallel pair of pants (f3,v) (left figure) results in an ideal quadri-
lateral whose lift is the marked quadrilateral (p,p*,p -p =

v -9, vh) (right figure).

Fock and Goncharov [FG06, Section 9] parameterize Pos, (Sg,m) by two types of
projective invariants: the triple ratios (Definition 2.13) and edge functions (Defini-
tion 2.17), the latter of which generalize Thurston’s shearing coordinates [Thu98].
We have already seen the importance of the former in defining triangle invariants,
and we now introduce the latter in the guise of edge invariants.

Definition 1.6 (Edge invariants). For any boundary parallel pair of pants (p3,v) € §p,
let v, = By denote the unique boundary-parallel oriented simple bi-infinite geodesic
on (B,7v), with both ends going up p, which separates (3,7v) into two boundary-parallel
pairs of half-pants (3, By ), (v, vp) € J?Cp. On (B, Bp), there is a unique simple bi-infinite
geodesic which emanates from p and spirals towards (3 (in the same direction as (3) and
likewise on (y,vp) there is also such a geodesic spiraling towards y. Cutting (f3,7)
along these two spiral geodesics results in an ideal quadrilateral Og ., (see Figure 3). Let
(v*,vp, B, D) be anticlockwise oriented ideal quadrilateral lift of O .. We define edge
invariants

dl(B/Y) = log (Dl(ﬁIYﬁ/ B+/Y+)) and el(B/Y) = log (D2(ﬁIYﬁ/ B+/y+)) 7

where the Dy are edge functions (Definition 2.17) of (p,vp, B, v™).
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Theorem 1.7 (McShane identity for general cusped convex real projective sur-
faces, Theorem 5.26). Let p : m(Sgm) — PGL3(R) be a positive representation with
unipotent boundary monodromy and let p be a distinguished cusp on Sy . Then,

-1
h c1(BY) 1
€Y > 1+M.ez<zl(m+m,fsp)+z1m+ﬂwpn) _1
(BY)EPy

where di(B,v) := log (D1(x,vx, B",v")) and e1(B,v) := log (Da(x, vx, B*,v*)) are
edge invariants (Definition 1.6), and t(7v,vp) and ©(B, Bp) are triangle invariants (Def-
inition 5.8).

In the (g,m) = (1,1) case, the quantity d;(p,v) = —ei(p,v) and Equation (4)
simplifies to Equation (3). See Remark 5.28 for concrete details.

1.7. McShane identities of loxodromic bordered positive representations. We
again state the McShane identity only in the special case of positive representa-
tions with one (loxodromic) boundary to simplify notation.

Theorem 1.8 (McShane identities for loxodromic bordered positive representa-
tions, Theorem 7.19). Let p : m1(Sg1) — PGLn(R) be a positive representation with
loxodromic boundary monodromy, and let « be a distinguished oriented boundary com-
ponent of Sg 1 such that Sg1 is on the left of . For eachi=1,--- ,n —1, we have:

€ () 26 (By)+xi (BB )+ (B)+xi v,y )+t (v)
5 Y log| ¢ : ¢
©) 8l — o 20, () T (BB I L (B i (v, G | — i(e),
T +e

— 2 «
(By)eP

where
o Kki(5,04), for &= orvy, is the logarithm of a rational function of triple ratios
associated to an ideal triangle embedded in (B,v), and
o &i(B,v) is an analytic function of triple ratios and edge functions associated
with the boundary parallel pair of pants (f3,7v).

Remark 1.9. We highlight the fact that both our summands as well as those from the
McShane identity for bordered hyperbolic surfaces, see Equation (2), take the following
general form

e +e's
(6) D(x,y,z) = 108 <Xw> .
ez +e2

For the bordered hyperbolic surface identity, (x,y,z) equals (£(&),€(B),€(y)), whereas
for our identity, we take

(X,U,Z) = (el(O(), d)l(B/Y) + Ki(B/ [3067) + EI(B)/ ¢1(B/V) + Ki(%Yor) + gl(y))
Moreover, for n-Fuchsian representations,
Ki(f’r ch*) = Ki(’Yr’YLX*) = d)l(ﬁﬂf) =0,
G(B) =4(B) tily) =4(v) forall 1,j =1,--- ,n—1,
and hence each of our family of (n — 1) McShane identities reduces to Equation (2).

Remark 1.10. We direct those curious about the precise relationship between Theorem 1.8
and the Labourie-McShane identity for the rank n weak cross ratio to Corollary 7.15.
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1.8. Birman-Series theorem and McShane-type inequalities for n > 4 unipo-
tent bordered representations. The Birman-Series theorem [BS85] asserts the
sparsity of complete simple geodesics on hyperbolic surfaces, and is a crucial
ingredient (albeit sometimes only implicitly appearing) in almost all proofs of
McShane identities. For example, the classical McShane identity has a probabilis-
tic interpretation: the summand 2(1 + e*(¥))~1 is precisely the probability that a
geodesic uniformly randomly launched from the cusp of a 1-cusped torus self-
intersects before intersecting y. In order for the classical McShane identity to
hold true, it is necessary that the event of a geodesic launched from the cusp
never self-intersecting has probability 0. This is ensured by the Birman-Series
theorem.

Labourie and McShane also depend on the classical Birman-Series theorem in es-
tablishing identities for rank n weak cross ratios associated to Hitchin represen-
tations [LM09, Theorem 4.1.2.1]. For representations with loxodromic boundary
monodromy, they combine the Birman-Series theorem and the Anosov property
(see Remark 7.4) in order to prove the identity is indeed an equality. As Hitchin
representations with loxodromic boundary monodromy deform to positive repre-
sentations with unipotent boundary monodromy, however, the Anosov property
is lost. In this setting, they establish their identity under a regularity hypothe-
sis [LM09, Definition 4.2.1]. Loxodromic bordered positive representations are
Hitchin (Remark 2.11) and we are able to employ the same trick as Labourie
and McShane to establish Theorem 1.8 (or rather, Theorem 7.19). However, it is
generally unknown if unipotent bordered positive representations satisfy their
regularity hypothesis and in order to prove our McShane identities for cusped
convex real projective surfaces, we generalize the Birman-Series theorem:

Theorem 1.11 (Birman-Series theorem for convex real projective surfaces, Theo-
rem 6.10). Given a strictly convex RP? surface L, the Birman-Series set defined as

BS(L) :={x € Z|x lies on a complete simple geodesic on L}
is nowhere dense, closed and has 0 Hilbert area.

Remark 1.12. We owe Benoist an enormous debt of gratitude for helping us to prove the
above result. Particularly in explaining to us the proof for the exponentially shrinking
ball property (Lemma 6.9).

Unfortunately, we are currently unable to formulate (let alone prove) a natural
Birman-Series-type theorem for n > 4 unipotent bordered positive representa-
tions. Thus, instead of a McShane identity, we obtain the following McShane-type
inequality:

Theorem 1.13 (Inequalities for unipotent bordered positive representations, The-
orem 7.29). Given a positive representation p € Posy(Sgm) with unipotent boundary
monodromy, for the cusppandi=1,--- ,n—1, we have

1
> . <1
14 b BTy H (V) K (BB )+ (B)
(BY)ePy
We conjecture that the above (non-strict) inequality should indeed by an equality,
and outline a possible strategy of proof based upon establishing and obtaining
enough control on the polynomial growth rate of i-th lengths, see Theorem 7.41
for details.
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1.9. Triple ratio boundedness and rigidity. Of the three types of invariants we
use to express our identities, i-th lengths directly generalize hyperbolic lengths,
edge invariants generalize Thurston’s shearing coordinates and so in some sense
triangle invariants, or rather, triple ratios are perhaps the most mysterious. We
undertake to dispel a little of this mystery by demonstrating that triple ratios
satisfy a boundness property. Let us begin with an observation in the n = 3
case, where triangle invariants and p-areas on convex real projective surfaces are
related as follows:

Theorem 1.14 ([AC15, Proposition 0.3]). Let m be the Lebesgue measure with respect
to the standard inner product on R?. Set

K'=8up, pepe jjap)ipy<cimip-a+q-b[0<p,g< 1))

The p-area is w).| = K~ 'm.
Given an embedded ideal triangle A\ C X on a finite p-area convex RIP? surface X, the
p-area Parea(/\) of A\ satisfies:

Parea(N) > %(712 +1(A)?).

For any PGL3(R)-positive representation p with unipotent boundary monodromy,
by [Mar10], the strictly convex real projective surface with holonomy representa-
tion p has finite Hilbert area with respect to the Hilbert metric. The p-area and the
Hilbert area are uniformly comparable because of the Benzécri compactness the-
orem [B60], and thus the p-area for p is also finite. An immediate consequence of
this result is that the triangle invariant T(A) = log(T(4A)) of any embedded ideal
triangle on X is necessarily bounded between

+1/8Parea(N) — m2.

Remark 1.15. One immediate corollary of this observation is that the collection of tri-
angle invariants which arise in any given McShane identity, such as {T(Y)}y = in

Equation (3), is bounded and hence the convergence properties of Equation (3) are gov-
erned purely by the growth rates of the i-th lengths. We shall see that this phenomenon
extends to arbitrary n.

Before proceeding, we clarify that, in the context of positive representation theory,
triple ratios are actually functions defined on a finite ramified cover of Pos, (Sg,m)
called the Fock-Goncharov X-moduli space X (Sg,m) (Definition 2.37). The covering
is bijective over unipotent-bordered positive representations, and we implicitly
made use of this when stating our McShane identities in terms of triple ratios.
For loxodromic bordered positive representations, there is a canonical lift (Defini-
tion 2.40) of the positive representation variety to X, (Sg,m), thus also enabling
us to consider triple ratios of loxodromic-bordered positive representations. As a
further clarification: triple ratios Tijx : Xn(Sqm) — R~ are indexed by triples of
positive integers 1,j, k summing to n (Definition 2.13).

Theorem 1.16 (Iriple ratio boundedness, Theorem 3.4). Given any unipotent or
loxodromic-bordered positive representation p : m1(S) — PGLy(R), the set of triple
ratios taken over

o all lifts (p, &) of p in X (Sqm),
o all triple ratio indices 1,j, k summing ton, and
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o all embedded ideal triangles on S

is bounded within a compact interval [T Trigx] C Rao.

min’/

Remark 1.17. The closed surface case for Theorem 1.16 is due independently to Frangois
Labourie and Tengren Zhang via private communication. Our proof for the above result is
essentially topological and holds also for the positive representations with quasihyperbolic
boundary monodromy.

Remark 1.18. The ki(p, B« ) terms in Equation (5) are logarithms of positive rational
functions of triple ratios (Equation (32)). Thus, Theorem 1.16 ensures that the spectrum
{ki(B, Ba—), Ki(%%r)}(ﬁ e of ki-terms is bounded in R. This informs us that the

convergence properties of the McShane identity series are governed by the i-th lengths
and the edge functions.

When a given positive representation p is n-Fuchsian, by Lemma 3.11, there exists
a lift (p, &) € X (Sq,m) such that all of its triple ratios are equal to 1. We show
that this is in fact a characterizing condition for n-Fuchsian representations:

Theorem 1.19 (Fuchsian rigidity, Theorem 3.20). A positive representation p &
Posn (Sg,m) with unipotent boundary monodromy (including S being a closed surface) is
n-Fuchsian if and only if all of its triple ratios are equal to 1.

The following corollary is somewhat unrelated to the theme of our paper. We
state it due to independent interest: ellipsoid characterization is a classical area
of research with over a century’s worth of history (see [Guo13] for a nice survey).
For any k-dimensional strictly convex open domain Q C R* with C! boundary,
one can define an alternative generalization of the notion of triple ratios. Specif-
ically, any oriented ideal triangle A (i.e.: a Euclidean triangle with all vertices on
0Q) lies on the intersection of Q) and a unique 2-dimensional affine plane H C R¥.
One may then define the triple ratio for A as the triple ratio of A in the strictly
convex planar domain QO N H.

Corollary 1.20 (Ellipsoid characterization). A k-dimensional C' open strictly convex
domain in R¥ is a k-dimensional ellipsoid if and only if the triple ratios for all of its ideal
triangles are equal to 1.

1.10. Applications of the McShane identity. We have already alluded to Mirza-
khani [Mir07a]’s spectacular application of McShane identities to derive a recur-
sive algorithm for computing the volumes of moduli spaces of Riemann surfaces.
In [Sun20b], the second author builds upon Mirzakhani’s ideas and employs The-
orem 1.8 and [SZ17, Corollary 8.18] to study the volumes of certain bounded
subspaces of the mapping class group quotient of fixed boundary monodromy
subslices of Pos, (Sg,m).

We are aware of the following applications for the McShane-type identities in the
literature:

e various authors [AMS04, AMS06, Bow98, Bow97, Hual8, LS13] use them
to study the geometry of the convex core or the cuspidal tori for various
hyperbolic 3-manifolds;

e Miyachi uses them to bound the Teichmiiller distance between two marked
surfaces [Miy05].
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We illustrate several novel applications of the McShane identity.

To begin with, a refinement (Theorem 7.29) of Theorem 1.13, combined with The-
orem 1.16 and Lemma 8.2, yields the following:

Theorem 1.21 (Simple {;-spectrum discreteness). For m > 1, let p : m(Sgm) —
PGL+, (R) be a positive representation with unipotent boundary monodromy. For any i =
1,---,n—1, the simple {;-spectrum for p is discrete. As a consequence, let { = Z?;ll 4,
then the simple {-spectrum for p is discrete.

Remark 1.22. For a positive representations with (only) loxodromic boundary mon-
odromy, the above result can be obtained via the Anosov property [Lab06]. However,
positive representations with unipotent boundary monodromy are not Anosov. In partic-
ular, our proof uses positivity in a fundamental way.

When n = 3, we strengthen the above result in two different directions (Appen-
dix B), we show that:

e both the simple i-length and the {-length spectra of every unipotent bor-
dered positive representation p € Pos3 (Sg,m) grow polynomially of order
6g — 6 4+ 2m, and

e both the i-length and the (-length spectra of every p € Pos3(Sqm) is
discrete.

Kim utilizes different techniques in [Kim19] to generalize the above discreteness
of the {-spectrum for all n.

Theorem 1.23 ([LZ17], Collar lemma, Theorem 8.6). Given any positive representa-
tion p € Posz(S), the Hilbert lengths of any two intersecting simple closed curves 3,y
satisfy the following inequality:

(e2!P) —1)(ex*™) —1) > 4,

Remark 1.24. The above collar lemma is due to Lee and Zhang [LZ17, Equation (3-
2)]. Naturally, the above result translates into a collar lemma for convex real projective
surfaces with cusps (unipotent boundary) and/or closed geodesic boundaries (loxodromic
boundary).

1.11. Applications to Thurston-type metrics. The remaining applications are all
related to asymmetric ratio metrics on various character varieties. These results
require the full strength of the McShane-type identity and not just an inequality.
We begin with our results for the Fuchsian representations:

Theorem 1.25 (Fuchsian non-domination). Given two marked hyperbolic surfaces
21,5 € Teichgm(Ly, ..., Lin) with fixed boundary lengths Ly,..., Ly, > 0. Then the
simple closed geodesic spectrum for X1 dominates the simple closed geodesic spectrum X,
ifand only if £, = X;.

Non-domination fails when the boundary length is allowed to vary [PT10], mean-
ing that naive length ratio-based generalizations of Thurston’s length ratio metric
do not satisfy positivity (compare with [Thu98, Theorem 3.1]). Liu-Papadopoulos-
Su-Théret resolve this by introducing the arc metric. We do so by fixing boundary
lengths:
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Corollary 1.26 (Length ratio metric for fixed bordered hyperbolic surfaces). The
non-negative real function dry, : Teichgm(Ly,..., L) x Teichgm(Ly,..., L) = Rxo

defined by

(¥
dm(Z1,Xp) :=1log sup i)

YECm =2 (y)’
is a mapping class group invariant asymmetric metric on the Teichmiiller space Teichg m
(L1, ..., L) of genus g surfaces with m boundaries of fixed lengths Ly, ..., L.

Let Pos3 (Sq,m) be the PGL3(R)-positive representation variety with unipotent
boundary monodromy, which corresponds to the moduli space of strictly convex
cusped RP? structures on Sg . We propose the following candidate for a metric
on the space Pos3 (S11):

log(1 4 et (Y)+7°1(v)
dGﬂp(plr p2) := log sup Bl )

. :
ye@,, log(1 + et Fery)

Theorem 1.27 (Gap metric for Posy'(S1,1)). The non-negative function dgs, defines
a mapping class group invariant asymmetric metric on Posy (S1,1). Moreover, the re-
striction of the metric dg,p to the Fuchsian locus of Pos3 (S1,1) is equal to the Thurston
metric.

We also generalize the notion of a gap metric to include Pos3 (Sq,m) (Defini-
tions 8.15 and 8.16). The resulting asymmetric metric is mapping class group
invariant. When restricted to the Fuchsian locus, the novel metric is at least as
large as the Thurston metric, but it remains to be seen whether these two metrics
are equal.

1.12. Section overview and reading guide. This paper consists of the following:

§2: PrReLiMINARY. We introduce positive representations (Definition 2.9), triple
ratios (Definitions 2.13 and edge functions (Definition 2.17), and Fock and Gon-
charov’s theory of positive higher Teichmdiller spaces (2.37).

§3: PROPERTIES OF PROJECTIVE INVARIANTS. We show that the set of triple ratios
associated to any given positive representation is bounded (Theorem 3.4). We
then show that triple ratios all being equal to 1 or edge functions along the same
edge being all the same are characterizing properties for n-Fuchsian representa-
tions (Proposition 3.14 for n = 3,4, Proposition 3.15 for n = 3 and Theorem 3.20
for general n with unipotent boundary monodromy).

§4: GONCHAROV-SHEN POTENTIALS. We introduce and familiarize ourselves with
Goncharov-Shen potentials.

§5: IDENTITIES FOR PGL3(IR)-REPRESENTATIONS WITH UNIPOTENT BOUNDARY. We
describe the strategy for proving McShane-type identities, before rigorously es-
tablishing the McShane identity for all PGL3(RR)-positive representation with unipo-
tent boundary monodromy (Theorem 5.26). A key ingredient of the proof — the
Birman-Series geodesic sparsity theorem for cusped convex real projective sur-
faces is delayed to §6. We focus on the 1-cusped torus case (5.13), highlighting
certain surprising symmetries (5.4.4). We also introduce a finer McShane-type
identity (Theorem 5.25) summing over half-pants rather than pants.
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§6: GEODESIC SPARSITY FOR CONVEX REAL PROJECTIVE SURFACES. We prove the
Birman-Series geodesic sparsity theorem for convex real projective surfaces (The-
orem 6.10).

§7: MCSHANE IDENTITIES FOR HIGHER TEICHMULLER SPACE. We show that ratios of
Goncharov-Shen potentials are projective invariants (Proposition 7.14). We dub
these objects i-th potential ratios and relate them to rank n weak cross ratios
(Corollary 7.15) and simple root lengths (Corollary 7.17).

We adapt (Theorem 7.10) Labourie and McShane’s ideas from [LM09] to estab-
lish a family of McShane identities for loxodromic-bordered positive represen-
tations of arbitrary rank (Theorem 7.19), deriving regular expressions for their
summands in terms of i-th lengths, triple ratios and edge functions using i-th
potential ratios. We then obtain McShane-type inequality for unipotent-bordered
positive representations of arbitrary rank (Theorem 7.29) by deforming the lox-
odromic bordered identities. We pose a conjectural condition which would pro-
mote these inequalities to identities (Theorem 7.41).

§8: ArrricaTioNs. We employ our McShane identities to show the discreteness of
simple i-th length spectrum (Theorem 8.3), to demonstrate the collar lemma (The-
orem 8.6) for PGL3(R)-positive representations and to generalize the Thurston
metric (Theorem 8.13 and Definition 8.15) for cusped strictly convex real projec-
tive surfaces.

Remark 1.28. Readers mainly interested in convex real projective surfaces (Poss(S))
may wish to focus on §5, §6 and the McShane identity applications in §8. On the other
hand, those with background in and predominantly interested in (arbitrary rank) Fock—
Goncharov higher Teichmiiller theory may be primarily interested in §3, §4, §5 and §7,
with secondary interests in our McShane identity applications in §8.
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2. PRELIMINARY

The results we derive in this article center on positive representations — focal objects
in Fock and Goncharov’s approach to the higher Teichmiiller theory [FG06]. We
review the definition of positive representations, projective invariants associated
to them, as well as their relationship to Fock and Goncharov’s X and A moduli
spaces.

2.1. Positive representations. The notion of positive surface group representa-
tions are motivated by totally positive matrices and positive configurations of
flags. We first present these concepts.

Let S = Sym be a topological surface of genus g with m holes, with negative
Euler characteristic x(Sg;m) = 2 —2g — m < 0. Moreover, consider the vector
space R™ endowed with the standard Euclidean volume form A.

Definition 2.1 (Flags and decorated flags). A flag F in R™ is a maximal filtration of
vector subspaces of R™:

0} =FO cFVc...cF™" D cFW=R", dimF" =1

A basis for a flag F is a basis (f1,...,fn) for R™ such that, foranyi=1,...,n, the first
1 basis vectors form a basis for F;.

A decorated flag (F, @) is a pair consisting of a flag F and a collection ¢ of (n — 1)
non-zero vectors

o = {fie FO/F1}
A basis for a decorated flag (F, @) is a basis (f1, ..., fn) for the vector space R™ such that
fi + FOU = e FU/FED for =1, n—1
We refer to the set B of flags in R™ as the flag variety and the set A of decorated flags in
R™ as the principal affine space. We note the obvious “forgetful” projection map
7) n:A— B, (Fe)—F

Notation 2.2. Given a basis (f1,...,fn) for a flag or a decorated flag F, fori=1,--- ,n,
we use ' to denote:

i=l.,n—1

o=y Afa A Afiog Afy.
We set f9 = 1 by convention. Moreover, without loss of generality, we only consider bases
such that fy, satisfies A(f™) = 1.

Definition 2.3 (Generic position). For an integer d > 2, We say that a d-tuple of
flags (F1,--- ,Fq) is in generic position if, for any collection of non-negative integers
Ny, ,Ma € Lo satisfying ny +---+ng <, thesum Yy & | F§n") of vector spaces is
a direct sum. Likewise, a d-tuple of decorated flags is in generic position if the underlying
d-tuple of flags is in generic position.

In [Lu94], Luztig expanded upon the theory of totally positive matrices originally
developed by Gantmacher-Krein [GK41] and Schoenberg [Sch33] to include arbi-
trary semi-simple real Lie groups. For our purposes, it means the following:

Definition 2.4 (Totally positive matrices (see, e.g., [FG06, §1.5])). A real matrix
is totally positive if and only if all of its matrix minors are positive. A real upper
triangular matrix is totally positive if and only if all of its minors, apart from those which
are necessarily 0 are positive.
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Positive d-tuples of flags are defined in [FG06, Definition 1.4] for a very general
context. Again, we restrict to the PGLy, (R) case (e.g.: [SWZ20, Definition 2.14]).

Definition 2.5. For d > 3, a generic d-tuple of flags (F1,-- -, Fq) is positive if for some
fixed basis B = {fi}* | of R™ such that f; € FY) N Fé“_lﬂ) fori=1,---,m,

(1) there are projective transformations wy, - -- ,ugq—> in PGLn (R) that are totally
positive upper triangular unipotent matrices with respect to the basis B, and
(2) there exists a g € PGLy (R) which fixes F1 and F,

such that
g(Fi,Fo,F3,--- ,Fa) = (Fi,Fo,us - Fp, oo ,u1 - - ug o - Fo).

Note that if (F1,---,Fq) is positive, then for any collection of indices 1 < i; <
.-+ <1y < d, the l-tuple of flags (Fi,,---,Fi,) is positive.

Definition 2.6 (Auxiliary metric). Let S = Sy 1 be a surface of genus g with m holes
with negative Euler characteristic. For any discrete faithful representation p : m;(S) —
PGLy (R), we say that a complete hyperbolic metric h, on S is an auxiliary metric for
p if it satisfies the following conditions:
(1) if the monodromy p(«) of a boundary component « of S is unipotent, then choose
h, such that the boundary o is a cusp;
(2) if the monodromy p(«) of a boundary component o of S is non-unipotent, then
choose h, such that the boundary « is a closed geodesic (of strictly positive
length).

Definition 2.7 (Boundary at infinity). Comnsider a surface S with negative Euler char-
acteristic and let h, denote an auxiliary metric for a discrete faithful representation
p : T (S) — PGL.(R). Further let (S,h,) denote the universal cover of (S,h,). We
define the boundary at infinity 0.,71(S, hp) = 9mi(S) for p as the intersection of
RP! = OH? with the set of metric completion points of (S, hy).

To clarify: when every boundary component of (S, h,) is cuspidal (including the
scenario when S is closed), then the boundary at infinity 9,71 (S) is homeomor-
phic to a circle. Conversely, when (S, h,) has non-cuspidal boundary compo-
nents, the boundary at infinity 9.7 (S) is homeomorphic to a Cantor set (re-
garded as a subset of a circle).

Definition 2.8 (Positive maps). Consider a subset X C RP', we say that a map & :
X — B from X to the flag variety B is a positive map if and only if: for any collection of
distinct points x,...,xa € X cyclically anti-clockwise ordered around RP*, the d-tuple
of flags (&(x1),- -, &(xa)) is a positive d-tuple of flags.

Definition 2.9 (Positive representations). We say that a representation p : 7 (Sgm) —
PGL, (R) is a positive representation if and only if there exists a p-equivariant positive
map

E,p : aooﬂl(sg,m) — B.

In situations where we wish to emphasize that a positive representation p maps into
PGLy, (R), we refer to p as a PGL,, (R)-positive representation.

By [FG06, Theorem 1.14], the above p-equivariant positive map &, is continuous.
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2.2. Representation varieties. We create specialized notation for three types of
positive representation varieties. Strictly speaking, the elements constituting
these representation varieties are PGL, (R)-conjugacy classes of PGL, (R)-positive
representations. However, it is standard nomenclature to simply refer to these
spaces as representation varieties.

Definition 2.10 (Positive representation varieties). We adopt the following notation:

e PGL, (R)-positive representation variety: Posy, (Sq m) denotes the space of
PGLy, (R)-conjugacy classes of PGLy (R)-positive representations p : 1 (Sgm) —
PGL, (R).

e loxodromic-bordered PGL,, (R)-positive representation variety: Posﬁ (Sg,m)
denotes the subspace of Posn (Sg,m ) consisting of (conjugacy classes of) PGLy (R)-
positive representations with loxodromic boundary monodromy for all m bound-
ary components.

e unipotent-bordered PGL,, (R)-positive representation variety: Pos;;(Sgm)
denotes the subspace of Posy (Sgm) consisting of PGL,, (R)-positive representa-
tions with unipotent boundary monodromy for all m boundary components.

Before venturing further, we first elucidate the relationship between positive rep-
resentations and Hitchin representations [Hit92]. To begin with, for the closed
surface Sg, Fock and Goncharov [FG06, Theorem 1.15] show that the Hitchin
representation variety Hit,,(Sg0) is equal to the positive representation variety
Posn(Sg,0). When the underlying surface has boundaries, however, the situation
is as follows:

Remark 2.11 (Hitchin versus positive for Sgm>1). In [LM09, §9], Labourie and
McShane generalize the notion of Hitchin representations to the negative Euler char-
acteristic bordered surface Sy context by defining them as representations which have
loxodromic boundary and are deformed along a path of loxodromic-bordered representa-
tions from a n-Fuchsian representation. Thanks to [LM09, Theorem 9.1], we know
that

Hitn (Sg,m) :=={p | p: m(Sqm) — PGL is a Hitchin representation } / PGL,, (R)
C Pos];(Sg,m).

Conversely, any positive representation p € Pos!*(Sgm) may be extended to a positive
representation dp for the doubled surface Syg_11m via a canonical doubling construc-
tion described in [LMO09, Definition 9.2.2.3] (or more generally, via constructions de-
scribed in [FG06, §7] based on gluing conditions defined in [FG06, Definition 7.2]).
Since positive representations for closed surfaces are Hitchin [FG06, Theorem 1.15], the
representation dp definitionally deforms to a n-Fuchsian representation via a path {dp+}.
The restriction of dp¢ to 71(Sgm) < 71(S2g—14m,0) all have loxodromic boundary and
deform from p to a n-Fuchsian representation of 71(Sq,m) along a path of loxodromic-
bordered representations. Therefore,

Hitn (Sg,m) = Posl(Sgm), for m > 1.
2.3. Configuration space and projective invariants.

Definition 2.12 (Configuration space). We denote the space of generic d-tuple of flags
up to diagonal projective transformations by Confq, and refer to elements of Confq as
configurations. We further denote the subspace of Confq consisting of positive d-tuple
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of flags up to diagonal projective transformations by Conf{. The elements of Confy are
positive configurations.

In the classical (i.e.: n = 2) setting, the (pure) mapping class group is trivial and
the positive configuration space is equal to both the moduli space and the Teich-
miiller space of hyperbolic ideal d-gons. The positive configuration space serves
as a building block for Teichmiiller spaces of surfaces of greater topological com-
plexity, a similar picture persists for general n. This in turn means that projective
invariants of d-tuples of flags, which define functions on Confy, are candidates
for local and/or global coordinates for higher Teichmiiller spaces. We focus on
two types of projective invariants: triple ratios and edge functions.

Definition 2.13 (Triple ratio). Consider a triple of flags (F, G, H) in generic position,
with bases

(fl/ e /fn)r (91/ Tty gn)r (hlr e /hn)'
Then for any triple of positive integers (i,j,k) with 1 +j + k = n, the triple ratio
Tijx(F, G, H) is defined as:
A(fEAG AR A (FPEAGTEARR) A (FEA g7 AR
A(fHIANGTAR)A(FEA G AR A (i1 A gl ARk

Tijx(F, G H) =

Properties of determinants ensure the following cyclic symmetry:
Tijx(F, G H) =Txi(G H,F) =Tci;(HFG).

Remark 2.14. For n = 3, the triple (i,j, k) is necessarily equal to (1,1,1). We will often
omit the indices (1,1, 1) and simply write T(F, G, H).

We give an interpretation for the triple ratio, noting that it serves also as a geo-
metrically flavored definition:

Remark 2.15 ([FG07], Geometric definition for the triple ratio). Consider three flags
A= ((1, Ll)r B = (b/ LZ)/ C= (C/ L3)

in RP? in generic position. Let uw = L, NLs, v =L NLs, w=L; NL; (see Figure 4), and
let | - | denote the Euclidean distance. We stated in the introduction that the triple ratio of
(A, B, C) is given by

~ fwbl - fucl - lval

T(A,B,C) = o,
® (B, C) [bul - [ev] - [aw|

where the Euclidean distance of the segments may be infinite.
To interpret triple ratios for flags A, B, C € B in higher rank contexts, we project R™
down to the following 3-dimensional vector space

R/ (AD @BUID @ CkD),

and note that A, B, C project to flags in the quotient vector space. The triple ratio
Tijx(A, B, C) is then equal to the triple ratio of the respective projected flags for A, B, C.

Remark 2.16. For n = 3, Ceva’s theorem asserts that T(A, B, C) = 1 if and only if the
lines au, bv, cw intersect at one point.
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v

w b u

F1GUure 4. Triple ratio.

Definition 2.17 (Edge function). Let (X,Y,Z, W) be quadruple of flags in generic
position, and choose bases

(X1, %), (Yo, Yn), (210,20, (Wi, W),
Fori=1,--- ,n—1, the edge function is defined as
A (x”*i Ayt /\zl) A (x“fifl Ayt /\wl)
AT AYytAZL) AT AYT AW
Properties of determinants ensure the following symmetry:

Di(X,Y,Z, W) =Dn_i(Y, X, W, Z).

Di(X,Y,Z,W) = —

We once again emphasize that both triple ratios and edge functions are projective
invariants. Moreover, we emphasize that they are well-defined, which is to say
that their values do not depend on the chosen bases for the input flags.

Definition 2.18 (Marked ideal triangle). A marked ideal triangle on a hyperbolic
surface S is a pair (A, imm), where A is an oriented ideal triangle with vertices labeled
anticlockwise by 1,2,3 and imm : A — S is an isometric immersion of A into S. When
S is a subset of the hyperbolic plane H? (e.g.: a hyperbolic ideal d-gon, or perhaps the
entire hyperbolic plane), the data of the immersion imm is equivalent to giving an ordered
3-tuple (v1,v2,v3) of ideal points vi € dH2. We say that a marked ideal triangle is a
marked oriented ideal triangle if imm is orientation-preserving.

Notation 2.19. We henceforth adopt the following notation conventions:

Xy denotes the unoriented edge between x and y;

XYz denotes an unoriented triangle;

xyz denotes an oriented triangle;

(x,y) denotes the oriented edge from x to y;

(x,Y,z) denotes a marked triangle;

o X denotes the union of all lifts of an object X in S to the universal cover S of S.

We continue to use this notation throughout the paper except when explicitly stated oth-
erwise, especially when carrying out computations.

Consider a hyperbolic ideal d-gon and label its d cusps, which may be regarded as
vertices, by {v1,-- - ,va}. To each such vertex v, we assign a flag F(v) € B. Let T be
an ideal triangulation of the d-gon, and arbitrarily fix one marked (anticlockwise)
oriented ideal triangle A representative for each (unmarked) ideal triangle in
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the triangulation 7 and denote this collection of marked oriented ideal triangle
representatives by ©. We represent each marked oriented ideal triangle A € © by
its ideal vertices (x,y, z) so that x,y,z € {v1,--- ,vq} arise anticlockwise along the
boundaries of the d-gon. We associate to each triangle A € O the 3-tuple F(A) of
flags associated to its vertices:

F(A) :==F(x,y,z) = (F(x), F(y), F(2)).

Similarly, fix one oriented edge € representative for each (unoriented) interior
edge in T and denote the collection of oriented interior edges by =. We represent
each oriented edge € € = by its ideal vertices (x,z) for x,z € {vy,---,vq}. The
edge e € E underlying € is shared by two triangles in T and hence arises as the
diagonal of an anticlockwise oriented ideal quadrilateral (x,t,z,y) with x, t,z,y €
{vi,...,va}. We assign the following 4-tuple F(€) of flags:

F(é) := (F(x), F(y), F(z), F(t)).
Theorem 2.20 ([FG06, Theorem 9.1]). For the integers d > 3 and n > 2, the map

Conf:{ N R(;Bfl)(nfz)(de)/Z % R(;Bfl)(d%)

(FO), -+ Fwa)) = (T (BAD) 45 e aco s (PUEED) =)

is a real analytic diffeomorphism.

The above proposition gives an algebraic characterization of Conf}: a d-tuple of
flags is positive if and only if there exists an ideal triangulation T of a d-gon such
that:

o for every marked ideal triangle A € © and every triple of positive integers
(1,j, k) summing to n, the quantity Ty (F(A)) is (strictly) positive and

e for every oriented interior edge € € = and every integer L =1,--- ,n—1,
the quantity Dy (F(€)) is positive.

24. Fock-Goncharov moduli spaces XpGL,, s, ., and AsL, s, ... We have already
mentioned that Fock and Goncharov’s version of higher Teichmidiller theory [FG06]
is deep and applies to a very broad context. We do not utilize the full force of
their machinery, and concern ourselves with higher Teichmiiller spaces of the
form XpcL,,s,,, and AsL, s, .., where m > 1. The latter space AgL, s, ,, is con-
cerned only with the representations with unipotent boundary monodromy, and
it will be convenient to regard the boundaries of Sy, as either punctures or
cusps. The former space XpcL,, s, ,, iS generically concerned with positive rep-
resentations with loxodromic boundary monodromy (although uipotent is also
permitted), and we generally regard the boundaries of Sy, as holes. We shall
regard the boundaries of Sg ., flexibly throughout this paper.

gm

A reductionist approach: flags and decorated flags

The flags and decorated flags are keys to Thurston’s enhanced Teichmiiller theory
and Penner’s decorated Teichmiiller theory [Pen87] respectively — the respective
classical archetypes for Fock-Goncharov’s XpgL,, s, ,, and AgL, s, . moduli space
theory. Let m, denote the set of punctures of the topological surface Sy . The
central idea is that each element in XpgL, s, OF AsL, s, ., moduli space may be
described in terms of:

gm
gm

(1) surface group representation p;
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(2) the flags (or decorated flags) invariant with respect to the holonomy of p
at each puncture in m,.

Crucially, Fock and Goncharov realized that all of these necessary data may be
stored in terms of p invariant flags (or decorated flags) assigned to all the lifts 1,
in the universal cover by deck transformations.

Fix a collection of m based homotopy classes oy, ..., xm € 71(Sgm,*), respec-
tively winding the punctures py,...,pm € mp, oriented so that when Sy ., is
endowed with a geodesic-bordered hyperbolic metric, the surface lies on the left
of the respective geodesic representatives of ;.

Notation 2.21. In latter sections of this paper, we perform computations involving ob-
jects determined by ideal points (e.g.: ideal triangles), and we shall find it convenient to
canonically identify p1, ..., pm with the subset in 05,71 (Sym) (Definition 2.7) consist-
ing of the respective fixed points of &1, ..., &m. If the monodromy matrix p(o) is

o unipotent, then oy has precisely one fixed point on 9,11 (Sgm);
e loxodromic, then it has precisely one attracting fixed point o and precisely one
repelling fixed point « .
We choose o between the two different fixed points to relate to p;i. Such a choice corre-
sponds to a choice of the spiraling direction of the ideal edge of T going into «; when the
puncture py deforms into the hole o;.

Definition 2.22 ([FG06, Definition 2.1], X-moduli space XpqL, s, .,)- A framed
PGLy-local system on Sg,m is a pair (p, &) consisting of

o a (surface group) representation p € Hom(m(Sg,m), PGLy), and
e amap & : my, — B, such that p(x;) fixes the flag &(pi) € B for each i =
1,...,m

Two framed PGLy,-local systems (p1,&1), (p2, &2) are equivalent if and only if there exists
some g € PGL,, such that p, = gp1g~" and & = g&;. We denote the moduli space
(that is the space of equivalence classes) of all framed PGLy-local systems on Sgm by
XPGLy,S g m -

Remark 2.23. Although the elements of the X-moduli space XpcL,, s, ,, are equivalence
classes, we choose to conflate notation and denote them by (p,&). We also adopt this
convention later for elements of the A-moduli space.

Definition 2.24 (Farey set). Endow Sg . with an auxiliary complete hyperbolic metric
as in Definition 2.7. Let us assume for the moment that the surface S = Sy is cusped,
and let ™y, denote the set consisting of all the lifts T, of my, in the boundary at infinity
for the universal cover S. We refer to th, as the Farey set.

Definition 2.25 (Equivariant map for framed local systems). The data contained in
(p, &) € XpGL,,,S,. is equivalent to that contained in the p-equivariant map &, : m;, —
B induced by deck transformations (p-action) applied to &, When p € Posn(Sgm), we
identify m,, with a finite subset of 0,71 (S) by Notation 2.21, then by [FG06, Theorem
1.14], the map &, extends uniquely to a p-equivariant map, still denoted by &, from
00o1(S) to B.

The analogous definition for the Asy, s, . moduli space is slightly more involved
(only) when n is even. Let T!S denote the unit tangent bundle over S = Sy, and
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fix an arbitrary point & € TS C TS over x € S. Consider the short exact sequence
for the unit tangent bundle fibration:

1 — m(TIS) =Z = (os) — m(T'S, %) — m(S,x),

where o5 is either of the two generators for 71(T.S), and define the quotient
group 7 (S) = (S, x) := m(T'S,%)/(0%), and observe that 7;(S) is the central
extension of 71 (S,x) by Z/2Z. We fix the lifts &;,..., &m € 71(S,x) respectively

covering 1, ..., m.

Definition 2.26 ([FG06, Definition 2.4, page 38], A-moduli space Agr, s

decorated twisted SL;,-local system on S = Sy, is a pair (p, &) consisting of

). A

gm

o a (twisted surface group) representation p € Hom(7t1(Sg,m ), SLn) with unipo-
tent boundary monodromy, such that p(Ss) = (—1)™ Udnxn, and
o amap &:m, — A, such that each p(&) fixes the decorated flag &(pi) € A.

Two decorated twisted SLy-local systems (p1,&1), (P2, &2) are equivalent if and only if
there exists some g € SLy, such that p, = gp1g~ " and &, = g&;. We denote the moduli
space of all decorated twisted SLy-local systems on Sgm by AsL, s, .-

Remark 2.27 (From Asy, s, .. to XpcL, s, ). Consider the following natural projec-
tion maps:

o pr:SL,, — PGL,, killing the center, and
o 71t: A — B which forgets flag decorations.

Given a twisted surface group representation p : 7 (Sqm) — SLn, the representation pro
p necessarily kills off p(Gs) as it’s in the center. Therefore, pr o p induces a representation
p : 71 (Sq,m) = PGLy. We intentionally conflate notation, and denote pr o p simply as

p, and refer to it as the underlying representation for p or (p,&). This in turn induces
a projection map from As, s, .. to XpGL, s, .. given by

(p, &) = (pr(p), m(&)) = (p, &),
whose image consists of all framed PGLy,-local systems with (only) unipotent boundary
monodromy.

Definition 2.28 (Equivariant map for decorated twisted local systems). Let S! be
the double cover of OH? = RP'. The data contained in a pair (p,&) € AsL, S gm 18
equivalent to that contained in the p-equivariant map &g from the double cover ﬁzlp of
the Farey set in S* to the principle affine space A induced by the p action applied to &.

Definition 2.29 (Positivity for p-equivariant maps). Let s be the antipodal involution
on S, then &5(sx) = p(6s)&p(x) for any x. By [FGO06, Definition 8.5, page 121-122],
the notion of positivity can also be defined for maps from s-invariant subsets X of St
to A, where the role of cyclically anticlockwise ordered d-tuples of points x1,...,xq €
X = X/s C RP' (Definition 2.8) is replaced by coherent lifts of such d-tuples. To clarify:
we reinterpret any such cyclically anticlockwise ordered d-tuple x1,...,xq of points as
an embedded path in RP' traversing from x; to xq, a coherent lift of such a d-tuple
is a cyclically anticlockwise ordered d-tuple of points in X corresponding to a lift of the
path for x1,...,xq. Crucially, any p-equivariant map &g is positive if and only if the
corresponding p-equivariant map &, is positive.
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2.5. Fock-Goncharov A-coordinates. We now introduce coordinates for XpgL,, s, ,.
and Agp, s, moduli spaces. Going forward, we only consider &, (&, resp.)
which satisfy the following generic position condition: any pairwise distinct triple
(x,y,z) is mapped to a triple (&,(x), &0 (y), &p(2)) of flags ((E5(%), E5(y), E5(2)) of
decorated flags resp.) in generic position (Definition 2.3).

Definition 2.30 (Ideal triangulation). Let m,, denote the set of punctures of Sgm. An
ideal triangulation T of Sy 1 is a maximal collection of (unoriented) essential arcs which
join the elements of my,, such that these arcs are:

e pairwise disjoint on the interior of Sgm and
e non-homotopic with respect to homotopies of S g m.

We regard ideal triangulations up to homotopy. Moreover, we identify an ideal triangu-
lation T with the graph (Vy, Eg), where Vo = my, is the set of vertices of T and E is the
set of (unoriented) edges of TJ.

Definition 2.31 (n-Triangulation). Given an ideal triangulation T = (V7, E3) of Sg m,
we define the n-triangulation Ty, of T to be the triangulation of Sy m obtained by subdi-
viding each triangle of T into n? triangles (as per Figure 5). We also identify Ty, with the
graph (Vg , Bg. ), just as we did for ideal triangulations.

Notation 2.32 (Vertex notation). We define the following vertex sets.
Jn:={ Ve Vg \ Vg | Vliiesonanedgee € Ex } and Jp := Vo, \ (Vo UTy).

We also adopt the following vertex labeling conventions:

e we denote a vertex V € J,, on an oriented ideal edge (x,y) by vi\)_; = v, .,
where i > 1 is the least number of E edges from V to y (see Figure 5).

e we denote a vertex V € I, U Jyn on a triangle (x,y,z) by vixf’j‘f']f, where 1 > 0,
j = 0and k =n —1i—j > 0 respectively denote: the least number of Es, edges

from V to Yz, from V to Xz and from V to Xy (see Figure 5).

Definition 2.33 (Quiver). Consider the largest subgraph of Ty, with vertex set Jn U Jn.
By placing orientations on this graph as per Figure 5, we obtain a quiver Iy, .

Quivers are combinatorially useful both in defining Fock-Goncharov coordinates,
as well as in describing their coordinate transformations. We now describe Fock—
Goncharov A-coordinates.

Definition 2.34 ([FG06, §9] A-coordinates). Fix an ideal triangulation T of Sy m and
its n-triangulation Ty. Let T be all the lifts of T in the universal cover Sg . Given a
vertex V.=V € Jn Udn, let (f, g, h) be a marked ideal triangle in T containing a lift

of V. For (p, &) € AsL,. s choose bases

gm/

(flr eeey fn)r (91/ weey gTL)/ (hlr ceey hn)

for the respective decorated flags &5(f), £5(g), &5 (h), where (f, g, h) is a coherent lift
of the marked ideal triangle (f,g,h) in the double cover doom1(S) C S of doomi(S)
(Definitions 2.28 and 2.29). The vertex function for V is defined by

Av(p, &) :=Ayv:=A(f' Ag Ah¥).

The (Fock—Goncharov) A-coordinate Ay (p, &) := Av is equal to Ay up to sign.
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NN
SRR

FIGURE 5. Left: an ideal triangulation for S;;. Right: a (lift of a)
3-triangulation T3 for S;1, with opposite edges identified. Edges
endowed with arrows constitute edges of the quiver I'y,. For ex-

ample: the edge vertices v}’ and v37 identify to the same vertex

: it t
¢ when projected to S11. The 1nter10r vertices vy'" and v{17" re-

spectively correspond to the vertices d and e.

Remark 2.35. The choice of sign for Ay is technical and dependent upon a choice of
spin structure on Sy [FGO6]. In this paper, we focus on the part of As, s, ., where
all the A-coordinate are positive. In these cases, we have Ay = |Av|. Hence the complete
definition of Ay is not necessary for the content of the paper.

2.6. Fock-Goncharov X-coordinates. There are two types of Fock—-Goncharov X-
coordinates respectively corresponding to edge functions and triple ratios. The
former are labeled by vertices in J,,, correspond to degree four vertices in the
quiver I'y, , and generalize Thurston’s shear coordinate [Bon96, Thu98]. The latter
are labeled by vertices in J,, and are degree 6 vertices in I'y .

Definition 2.36 ([FG06, §9] X-coordinates). We define one X-coordinate for each ver-
tex in Jn U dn. For a vertex V € Iy, let (x,y) denote an oriented edge in E5 containing
alift V= v;‘,g“ of V. Further let xyz and xty denote the two (anticlockwise) oriented

ideal triangles in T which contain the edge Xy. The (Fock-Goncharov) X-coordinate
for V, evaluated at (p, &) € XpGL,,s, ., is defined as the edge function in Definition 2.17:

Xv(p, &) ==Xy :=Di(xy,z 1) := Di(&(x), &p(y), Ep(2), £o (1)),

For a vertex V € Jy, let (f, g, h) be a marked (anticlockwise) oriented ideal triangle in T
containing a lift V.= v! )gkh of V. The (Fock—Goncharov) X-coordinate Xv, evaluated
at (p, &) € XpgL,,s, ., I8 defined as the triple ratio in Definition 2.13:

Xv(p, &) = Xv :=Tyjx(f, g h) =T k(& (F), Ep(g), Ep(M)).

As with configuration spaces, the X-coordinates are crucial examples of projective
invariants as rational functions of A-coordinates and define rational functions on
the X-moduli space.

2.7. Positivity for X and A-moduli spaces.
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Definition 2.37 ([FG06] Positive higher Teichmiiller spaces). The positive Fock—
Goncharov higher Techmiiller space An (Sq,m) and Xn(Sgm) are the respective subsets
of AsL,.,Sgm and XpGL,,s,,, COnsisting of points which are positive in every coordinate
with respect to some A or X-coordinate chart.

One key advantage of the Fock-Goncharov approach to higher Teichmiiller the-
ory is that we can explicitly write down rational functions specifying the tran-
sition maps between coordinate patches. This aspect of the story is an example
of the powerful theory of cluster ensembles [FG06, §10]. We do explicitly utilize
these coordinate transformations in our derivation of McShane identities — espe-
cially the A-coordinate transformations. It is worth noting that these coordinate
changes are always positive rational maps in the sense that they are fractions of two
polynomials (of A-coordinates) with positive coefficients, and hence send positive
coordinates to positive coordinates.

Definition 2.38 (Flips for n = 3). Consider two adjacent ideal triangles xyt and yzt
sharing a common edge yt. A flip along yt produces a new ideal triangulation by re-
placing yt with Xz. For n = 3, we now explicitly write down the corresponding co-
ordinate change for such a flip (See Figure 6): denote the A-coordinates for Asy,s,, by
{a,b,c,d,7,s, q,w}. After successive mutations at the vertices corresponding tor,s,p, q,
we obtain new coordinates {a,b,c,d,v’,s’,q’, w'} given by:

/ _ bq+cw / _ aw+dq /! __ as’+cr’ /! __ br’+ds’
(9) T = s 5= s 7 W= w o 4= q :

FIGURE 6. For Agy, s, ,, given an ideal triangulation T with Vo =
{x,y,z,t} and E5 = {Xy, yt, tx, Yz, zt}, we have its n-triangulation
Th.

For general n as well as for the X-moduli space, the coordinate changes for a flip
are described in [FGO06, §10.3, pg. 147].
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2.7.1. Relation to positive representation varieties. The set consisting of the underly-
ing PGL,, (R)-representations (see Definitions 2.28 and 2.29) of decorated twisted
SLn-local systems in A, (Sqm) is precisely the unipotent-bordered PGL,(R)-
positive representation variety Posy;(Sgm). Moreover, the set consisting of the
underlying PGL,, (R)-representations of positive PGL,-local systems in X (Sg,m)
is precisely the PGL,, (R)-positive representation variety Pos,(Sgm). The map
from Xy (Sgm) to Posn(Sq,m) which takes (p,&) to p is a finite to one map. In
fact, it is generically a finite covering map in the following sense:

Proposition 2.39 ([FG06, Proposition 7.1] and [LM09, Proposition 10.2.1.1]). Let
W be the Weyl group of PGLy (R). Forany p € Posﬁ(Sg,m), there exists |[W|™ = (nI)™
many lifts of p in X (Sg,m), where the lifts are parameterized by W™.

Definition 2.40 (Canonical lift). For any p € Posf{(Sg,m) with loxodromic boundary
monodromy, there is a canonical lift (p, &) € X (Sg,m) with the following property:
for any peripheral & € 7(Sg,m) around a boundary component p € my, of Sy m oriented
such that Sy is on the left of 5,
o by Theorem 1.2 there exists a lift of p(8) into SL,, (R) with eigenvectors 81, - - -, dn
and corresponding eigenvalues Ay, - - - , Ay, labeled in decreasing magnitude

AM>...>A >0
® (0, - ,01) is a basis for the flag &(p) = &, (57 ) (Notation 2.21).
Note that (81, -+ ,8y) is also a basis for &,(5"). Further note that every other lift

of p can be obtained by the group action of W™ given by permuting the basis
(0n,- -+, 81) for the flag &(p) for each of the m boundaries.
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3. PROPERTIES OF PROJECTIVE INVARIANTS

3.1. Uniform boundedness of the triple ratio. Let S = Sy, be a topological sur-
face of genus g with m holes with negative Euler characteristic. Given a positive
representation p € Posy (S), recall that we define 0., (S) (Definition 2.7) for p
by taking the boundary at infinity for an auxiliary complete hyperbolic metric h,
(Definition 2.6) chosen so as to satisfy the following:

e when p admits at least one boundary with non-unipotent monodromy, the
auxiliary hyperbolic metric (S, h,) has geodesic boundary components (as
well as possibly cusps), and the boundary at infinity for p is homeomor-
phic to the Cantor set;

o for all other positive p, the auxiliary hyperbolic metric (S, h,) is cusped
(or closed) surface, and the boundary at infinity 9,711 (S) for p is homeo-
morphic to RP'.

In either case, the inclusion of 94,71 (S) as a subset of dH? imposes an anticlock-
wise cyclic ordering on 0,711 (S).

Definition 3.1 (Set of marked ideal triangles). We define the set of marked (oriented)
ideal triangles on the universal cover S of S by:

THi(S) = THi(S, Ry = {(a b,¢) € (0 (S))? a, b, c are distinct elements arranged }

in anticlockwise order along 9o, (S)
We define the set of ideal triangles on S as
Tri(S) := Tri(S, h,) == Tri(S) /m(S),

where 11 (S) acts diagonally on Tri(S). Moreover, we denote the m(S) orbit of (a,b,c)
representing an element in Tri(S,h,) by [a,b,cl,. We regard each [a,b,cl, as an im-
mersed marked ideal triangle on S and denote its anticlockwise-oriented sides by [a, bl,,
[b,cl, and [c, al,.

Fact 3.2 (e.g.: [BCS18, Section 4.1, pg. 7]). When S is closed, the set Tri(S) of marked
(oriented) ideal triangles on S is homeomorphic to the unit tangent bundle T'S on S.

Definition 3.3 (k-intersecting ideal triangle). Given an auxiliary complete hyperbolic
metric hy, on S for a positive representation p € Posn (S), we say that an ideal triangle
la, b, c], on S is k-intersecting if the unique geodesic representatives of each of the three
sides [a, bl,, [b,clp, [c, al, of [a, b, cl, on (S, hy) have:

o at most k self-intersections, and

o at most k pairwise intersections.

We denote the set of k-intersecting ideal triangle on S by Triy (S) := Trix (S, hp).
The goal of this subsection is to prove the following:

Theorem 3.4 (Triple-ratio boundedness). Let S = Sgm be a surface with negative
Euler characteristic. For a positive framed PGLy-local system (p, &) € Xn(S) where
p € Posn (S), let us consider the unique p-equivariant map &, : 905,11 (S) — B associated
to (p,&) by Definition 2.25. For any triple of positive integers (io,jo, ko) satisfying
i+ jo + ko =, by Definition 2.13, the triple ratio function T¢¢ : Tri(S) — R~ of the
form:

(10) TEP (X/y/ Z) = Tio,jo,ko (Evp (X)/ Evp (y)/ Evp (Z’))/
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restricted to the set Triy.(S) of k-intersecting ideal triangles on S, is bounded within some
(), Tandx ()} € Roo.

Remark 3.5. We need not only p but also & to induce &, : 00, (S) — B which
provides enough data to define T¢». The above theorem can be also stated for any p €
PosE(S) U Posy (S), since for p € Pos‘ﬁ(S) we choose a canonical lift (p,&) € Xn(S)
(Definition 2.40), and for p € Posy(S) (including S being a closed surface) we have a
unique lift (p, &) € Xn(S).

It is clear that T%¢ defines a strictly positive function on Tri(S). However, triple ratios
are projective invariants and hence invariant with respect to the diagonal action of the
fundamental group 7,(S) on Tri(S) and hence T¢¢ descends to a well-defined continuous
function on Tri(S).

closed interval [Tap

min

Remark 3.6 (Boundedness under flips). Consider the mapping class group orbit* of
an arbitrary point in the X-moduli space XpGL,, s, ., Theorem 3.4 then asserts that the
triple ratio coordinates of this orbit of points are all bounded away from 0 and co. In other
words, from the cluster dynamic point of view, triple ratios are bounded under the flips.
We believe this to be a novel observation.

Let us first consider the special case when S is closed. The following argument
comes from Francois Labourie and also independently from Tengren Zhang;:

Proposition 3.7 (Labourie, Zhang). When S = Sy is a closed surface, the triple ratio
function T& is bounded within some closed interval [TE" Triﬁx} C R-p.

min’
Proof. The proposition follows from the simple fact that the domain Tri(S) = T'S
is compact when S is compact. O

We now proceed onto the general case where (S, h,,) has geodesic boundary holes
and punctures. Our proof in this case is also based on compactness, with the
adjustment that the role of Tri(Sg) is supplanted by Triy (Sg,m)-

Proposition 3.8. For S = Sy . with negative Euler characteristic, let p : m(S) —
PGL. (R) be a positive representation and let h, denote an auxiliary hyperbolic metric
for p (see Definition 2.6). The set Trix(S) of k-intersecting ideal triangles on S is a
compact subset of Tri(S).

Proof. Let us first consider the case when none of the boundary monodromies
of p are unipotent. In this case, (S,h,) is a hyperbolic surface with m closed
geodesic boundary components and no cusps. Let (dS, dh,) denote the closed
orientable double of (S, h,), then the inclusion isometric embedding

L2 (S, h,) < (dS, dh,)

induces an embedding of ideal triangles v, : Tri(S) — Tri(dS). In particular,
observe that 1, (Tri(S)) is precisely the set of ideal triangles on dS which lie com-
pletely on 1(S). The intersection of the closed condition of being contained on ((S)
and the closed condition of being a k-intersecting ideal triangle is a closed con-
dition. To see that being a k-intersecting ideal triangle is a closed condition, we
show that the complement is an open condition. Consider the lifts of the relevant
geodesics to the universal cover which has at least (k + 1) self-intersections or

20r more generally, any group/groupoid of which the mapping class group is a finite-index sub-
group, e.g.: the Ptolemy groupoid.
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at least (k + 1) pairwise intersections. Each intersection depends purely on how
their end points are configured. Hence small perturbations in the vertices of an
ideal triangle can only increase the number of intersection points and therefore
describes an open condition. Thus, Trix(S) is a closed subset of Tri(dS). Since
Tri(dS) is compact, the set Triy (S) must be compact.

We now consider the case when one or more of the boundary monodromies of
p are unipotent, which is to say that the auxiliary metric h, is cuspidal at those
corresponding boundary components. The boundary at infinity 0.,71(S, h,) for
the universal cover (S, f,) of (S, h,) is equal to the set of limit points with respect
to the holonomy representation action of 7; (S, h,) on HZ2. The second main the-
orem of [Flo80, pg. 207] tells us that there is a 71;(S)-equivariant map from the
Floyd boundary of m; (S) to the boundary at infinity 0,711 (S, h,,) which is injective
everywhere except over parabolic fixed points, where the map is 2 : 1. Moreover,
the Floyd boundary of 71;(S) is homeomorphic to the Gromov boundary of the
hyperbolic group m;(S) [BKO09, see, e.g., Corollary 2.3]. The Gromov boundary
of m;(S) naturally identifies with 0.7 (S, hg) where hy is a geodesic bordered
hyperbolic metric on S, and we therefore obtain a continuous 7 (S)-equivariant
map

U057 (S, hy) = 0o (S, hp).
The image of u is:

e closed, since 9,71 (S, hy) is compact, and
e dense in 9,71 (S, hy), since parabolic fixed points are dense.

Therefore, u is surjective and defines a quotient map from 04,711 (S, ho) to 0o (S, hyp)
which identifies the 2 lifts of each parabolic fixed point in 0.7 (S, hy). In fact,

u in turn induces a continuous map u, : Trix (S, hg) — Trix (S, hy). It is crucial to
note that u, is well-defined on Triy (S, hy), for any k, but does not extend to a map
Tri(S, hg) — Tri(S, hy) because

ux(la, b, clo) = [u(a),u(b), uc),

does not produce a triangle if u(a), u(b) and u(c) are not pairwise distinct. This
cannot happen to a triangle [a, b, cly € Trix (S, hy): if (without loss of generality)
a and b are the two endpoints of a lift of a boundary geodesic of (S, hy), then the
geodesics [b, clp and [c, alp spiral toward the same boundary in opposite direc-
tions and hence intersect infinitely often. Finally, since Trix (S, h,) is the image of
a compact set, it is compact. 0

Proof of Theorem 3.4 for Sgm, m > 1 case. The triple ratio function T : Tri(S) —
R~ restricts to a positive continous function Tée i, (s) defined over the compact

set Triy (S). We then take Tri{’n(k) and Trig’x(k) to be the respective minimum and

the maximum for the restricted function T¢°|;, (s)- (]

Remark 3.9. Our proof is essentially topological, and so Theorem 3.4 holds true even for
(p, &) € X3(S) where p is the holonomy representation of a convex real projective surface
with quasihyperbolic boundary monodromy (see, e.g., [Mar12]).

3.2. n-Fuchsian rigidity conditions. We now shift from the study of triple ratio
boundedness to that of Fuchsian rigidity.
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Remark 3.10. A n-Fuchsian representation p is a composition of the discrete faithful
homomorphism pg from m1(S) to PSLy(R) with the unique irreducible representation .
from PSLy(R) to PGLy (R). There exists a po-equivariant map &y from 0.,m1(S) to RP.
The Veronese curve is v : RP! — RP™

byl XMLy, yt L

The unique irreducible representation  is defined by
v(M - [x,y]T) =((M) - [Xn*l,xnfzy,- B ,ynq]T.

Thus the p-equivariant map v o &y for p = o pg is a reparameterization of the Veronese
curve.

The following lemma is probably well-known to the experts, but we do not find
a proper reference.

Lemma 3.11. For a n-Fuchsian representation p = 1o py, there exists a lift (p,&) €
Xn(Sg,m) such that all the triple ratios of (p, &) are equal to 1, and for any quadrilateral
with a diagonal edge, the (n — 1) edge functions along the diagonal edge are equal.

Proof. Take (p, &) € Xn(Sg,m) such that the p-equivariant map &, : 0o,m(S) = B
is the osculating curve of the p-equivariant map v o & : 35, (S) — RP™ ! in
Remark 3.10. For any triple ratio Tijx(A,B,C) where A,B,C are in the im-
age of &, let us use the notations in Remark 2.15 and consider the space Q =
P (R"/ (A= @ BU-D @ B(x=1)). The projection of the Veronese curve in Q is
a conic, thus a circle up to projective transformations. Thus

wb| = lawl|, Juc|=[bul, |val=]cVl|.

Hence
(Wb - [uc| - [val
Tijk(ABC)=——F—— =
bu - fev] - law]
The proof for the edge functions is similar. O

We propose the following candidate conditions for characterizing when a positive
representation (or a positive framed local system) is a n-Fuchsian one:

Definition 3.12 (Candidate n-Fuchsian characterizing conditions). We define the
following conditions for positive framed PGLy-local system (p, &) € Xn(Sqgm):

Triple ratio rigidity: for every ideal triangle in every ideal triangulation, the triple
ratios (Definition 2.36) are all equal to 1.

Strong triple ratio rigidity: the (n — 1)(n — 2)/2 triple ratio functions Tf,‘].",k :
Tri(S) — Rx are identically equal to 1.

Edge function rigidity: for every (interior) ideal edge on every ideal triangula-
tion, the (n — 1) edge functions (Definition 2.36) along said edge are equal.

Strong edge function rigidity: for each diagonal of every ideal quadrilateral (i.e.:
quadrilateral with cyclically ordered vertices in 0,,71(S)), the (n—1) edge func-
tions along the diagonal are all equal.

Furthermore, whenever there exists a map & such that (p,&) € Xn(S) satisfies one of
the above stated conditions, we say that the underlying positive representation p (also)
satisfies the corresponding condition.
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Remark 3.13. By Lemma 3.11, all four of the above rigidity conditions are necessary
conditions for n-Fuchsian representations. Conversely, the triple ratio rigidity and edge
function rigidity combine to give defining equations for a n-Fuchsian slice of X (Sgm ).
Therefore, to show that the triple ratio rigidity condition characterizes n-Fuchsian repre-
sentations, we need only to show that triple ratio rigidity implies edge function rigidity,
or vice versa. Using these observations, we show:

Proposition 3.14 (Triple ratio rigidity for n = 3,4). For n = 3,4, a positive repre-
sentation p € Posy(Sg,m) is n-Fuchsian if and only if p satisfies the triple ratio rigidity
condition.

Proposition 3.15 (Edge function rigidity for n = 3). For n = 3, a positive represen-
tation p € Posn(Sg,m) is n-Fuchsian if and only if p satisfies the edge function rigidity
condition.

We establish Propsitions 3.14 and 3.15 via explicit algebraic computation (see
Appendix A). The advantage of such a proof is not merely in its simplicity, but
also in its extensibility:

o itappliesto Xy (S) [FGO07, Definition 1.2], where S is a surface with marked
points on the boundary;

e it applies to the universal higher Teichmiiller space context [FG07, Defini-
tion 1.9];

¢ and it also applies to general coefficient fields.

This method of proof does, however, quickly become difficult upon increasing n.

3.2.1. Strong triple ratio rigidity. We will show that the strong triple ratio rigidity
condition characterizes n-Fuchsian representations for positive representations
with unipotent boundary monodromy. We turn to the geometry of Frenet curves
to help establish these rigidity conditions.

Definition 3.16 ([Lab06] Frenet curve and osculating curve). A continuous curve
£ RP' — RP™ ! is called a Frenet curve if there exists a curve

E=(&,..., ") :RP! » B
such that for every k-tuple of positive integers (j1,...,jx) such that j1+...+jx =j < n,
the curve & satisfies the following properties

e hyperconvexity: for every k-tuple of distinct points x4, ..., xi € RP!, the follow-
ing sum is direct
k
@ij‘(xi) CR™
i=1

e for every x € RP', the following limit exists and satisfies
k
li Ji(y.) — &) ,
<x515xi@ £ (x) = & (x)

where the limit is taken over k-tuples (x4, ..., xy) of pairwise distinct points.
We refer to & = (E,..., &™) as the osculating curve of the Frenet curve &'

Frenet curves are central to the study of positive representations.
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Remark 3.17 (Positive representations that have Frenet curves). One important
geometric property of positive representations p is that for any positive framed PGLy, (R)-
local system (p, &), by Definition 2.25, its respective associated map &, : m, — B
extends uniquely to the positive p-equivariant map &, : 00om1(S) — B. When p only
admits unipotent boundary monodromy, s, (S) = RP', then &, is the osculating
curve of a Frenet curve where hyperconvexity follows [FG06, Proposition 9.4] and sec-
ond Frenet property follows [Lab06, Lemma 5.1]. For positive representations with
only (at least one) loxodromic boundary monodromy, let dS denote the closed surface
obtained by taking S = Sgm and an orientation-reversed copy of Sqm and identifying
all corresponding boundary components. In this setting, there exists an osculating curve
d& : d,,m (dS) = RP! — B which restricts to Ep 0 Mp C 001 (S) C Ooom (dS).
This extension is far from being unique, but the osculating curve d& for Hitchin double
representation dp [LMO09, Definition 9.2.2.3] gives a canonical construction for such an
extended Frenet curve. The “extensions” we describe in this remark are all p-equivariant.

Remark 3.18. Frenet curves have low regularity. They are C', and usually they are not
C®. By [PS17, Theorem D] (or [Ben01, Proposition 6.1] for the n = 3 case), for a
positive (Hitchin) representation of a closed surface S g with g > 2, the Frenet curve &,
is C* if and only if p is a n-Fuchsian representation.

We now prove a “local” version of the claim that strong triple ratio rigidity con-
dition characterizes 3-Fuchsian representations.

Lemma 3.19 (Elliptical subarc). For n = 3, consider the restricted osculating curve
£=(,8):001— 3

for a subarc of a Frenet curve. If the triple ratio T(&(0), £(1), &(s)) is equal to 1 for every
s € (0,1), then the image of &' in RIP? is the subarc of an ellipse.

Proof. We first observe that we may freely apply PGL3(R) to & without affecting
the smoothness of & or its triples ratios. In particular, our degree of freedom is
high enough so that we may assume without loss of generality that

(1) the subarc maps to R? = {(x,y)} ={lx,y: 1]t € RP?} C RP?%;

(2) £1(0) and &'(1) are respectively positioned at (0,0) and (1,0);

(3) £2(0) and &2(1) are vertical lines x = 0 and x = 1 respectively;

(4) and &! is parameterized so that £!(s) = (s, f(s)) for some C! function f(s)

such that f(s) > 0 for s € (0,1).
Note that conditions (2) and (3) mean that the lines &2(0),&%(1) intersect at
[0,1,01*. Further note that condition (4) is possible because Frenet curves are
necessarily hyperconvex and the subarc &' is forced to be entirely on the upper
half plane or lower half plane of R?, then choosing one of the two possible cases
is equivalent up to a projective transformation. Consider the triple ratio rigidity
condition
T(&(0),&(1),&(s)) = 1.

Explicitly writing out this condition for a C! curve (s, f(s)) yields the following:

(1—s)(f(s) —sf'(s))
s(f(s) + (1 —s)f'(s))

:1,

which leads to:

d(log f(s)) = ’;((:’)) - 231(1_—255) — Ld(log(s) + log(1 — 5)).
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We conclude that the family of half-ellipses of the form f(s) = Co+/s(1 —s) for a
positive constant Cy constitute the full set of possible solutions for this ODE. [J

We use Lemma 3.19 to show the main result of this subsection:

Theorem 3.20 (Strong triple ratio rigidity characterizes n-Fuchsian). Given S =
Sg,m a surface with negative Euler characteristic and n > 2, a positive representation
p : 1 (S) = PGLy (R) with unipotent boundary monodromy (including S being a closed
surface) is n-Fuchsian if and only if p satisfies the strong triple ratio condition.

Proposition 3.21. Let & = (&',---, &™) : RP' — B be an osculating curve of a
Frenet curve &' If for every triple of distinct points in RP' and any positive integers
i,j,k sum to m the triple ratio equals to 1, the Frenet curve &' is the Veronese curve up
to projective equivalence.

Proof. Let X : [0,1] — RP™ ! be a subarc of £!. By applying the action of PGL,, (R),
we assume without loss of generality that:

o the standard basis (ej, e, ..., en) is a basis for the flag £(0);
o the reversed standard basis (en, en—1,...,€1) is a basis for the flag £(1).

We identify X(t) with the following lift to R™:
X(t)=xi1(t)er1 +... + xn_1(t)en—1 + xn(t)en.
The hyperconvexity of & (Definition 3.16) ensures that, fori=1,---,n,
o)+ ) + Y1) =R

Thus
xi(t)#0 for t#0,1 and i=1,---,n.

Xn-—k—1(t) Xn—x(t)
xn(t) 7 xn(t)

We now show that there exists an algebraic relation among and

Xn— (t) _
%ﬁ) fork=1,...,n—2.

Step k: We know from the given assumption that the triple ratios
Tn,kfl,k,l(X(O),X(l),X(t)) =1forallt 75 0, 1.

Remark 2.15 tells us that these triple ratios are still equal to 1 after projecting X(t)
into the orthogonal complement Vi- of

Vi :=Span{ey, ez, ...,€n k-2,€n ki2,---,€n}
By Lemma 3.19, the projected image
P”ij (X(t)) =xn—x-1(t)en—x—1 +xn-—x(t)en—k +Xn_ks1(t)en—ks1

defines a subsegment of an ellipse when further projected into RP?. Thus there

Xn—k—1(t)
oo and

Xnok(t) <Xn—k(t)> / (Xn—k+1(t))
Xn—k+1(t) Xn(t) xn(t) ’

Hence there exists an algebraic relation among

exists an algebraic relation between

Xn—k—1(t) _ Xnk—1(t) Xn_x+1(t)
xn(t) Xn-kt1(t)  xn(t)

X;:kt()t) and X“;fal)(t) fork=1,--- ,n—2.

7
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Thus any subarc X of ! is an algebraic arc. Hence the Frenet curve &' from RP!
to RP™! is a reparameterization of an algebraic curve c. By hyperconvexity of
&1 in Definition 3.16:
(1) the algebraic curve c is nondegenerate since it does not lie in any hyper-
plane;
(2) for any mutually distinct points x4, - - - ,xn—1 on the curve c, there exists a
unique hyperplane passing through these n—1 points, thus deg(c) > n—1;
(3) a generic hyperplane intersects c transversely and contains at most n — 1
points of ¢, thus deg(c) <n—1.
Hence deg(c) = n — 1. If there is a singular point q in ¢, then a hyperplane
passing through g and any other n — 2 points will imply that deg(c) > n, which
is impossible. Thus the curve c is non-singular. Since &' is continuous and RP!
is connected, the curve c is connected. Thus the non-singular algebraic curve c
is irreducible. By [GH78, Proposition in Chapter 1, Section 4, Line Bundles and
Maps to Projective Spaces, pg. 179], every irreducible nondegenerate algebraic
curve of degree n — 1 in RP™! is projectively isomorphic to the Veronese curve.
Thus the Frenet curve &! is the Veronese curve up to projective equivalence. [0

Proof of Theorem 3.20. For such positive representation p, the boundary at infinity
05071 (S) is a circle RP'. By Proposition 3.21, the Frenet curve E}) 1 0o (S) —
RP™! is projectively equivalent to the Veronese curve after reparameterizing
00071 (S). Hence p is a n-Fuchsian representation. O
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4. GONCHAROV—SHEN POTENTIALS

The positive A-moduli space A;(S11) is better known as Penner’s decorated Te-
ichmiiller space [Pen87]. The elements of this space correspond to marked hyper-
bolic surfaces decorated with a horocycle around its solitary cusp. Let (x,y, z) be
the A-coordinates (i.e.: A-length coordinates) for A>(S11) = {(x,y,z) € R% ;} with
respect to an ideal triangulation T of Sq;. Penner showed that the length P of the
decorating horocycle is a rational function of these coordinates:

(11) Pzz(x+y+z).

yz xz Xy
Any ideal triangulation T of S;; decomposes S;; into two ideal triangles, each
of which may be expressed as three different marked (oriented) ideal triangles.
The first coordinate of a marked ideal triangle distinguishes one of its vertices,
and (11) is obtained from summing the horocyclic segments at the distinguished
vertices of these 6 marked ideal triangles.

4.1. Goncharov-Shen potentials. Goncharov and Shen [GS15] generalize P for
Fock-Goncharov A-moduli spaces As, s, ,, of surfaces S = S, with negative
Euler characteristic and at least one boundary component (i.e.: m > 1) and re-
late to Knuston-Tao’s hives [KT98]. They associate n — 1 types of expressions
(Definition 4.2) to each marked ideal triangle and sum each type of expression
over the marked oriented ideal triangles to obtain n — 1 functions. The algebraic
assignment of these n — 1 expressions derives from the following fact:

Fact 4.1. For any triple of decorated flags (F,G,H) € A%, if (F,G,H) are in generic
position, there is a unique linear transformation g, which can be expressed by an upper
triangular unipotent matrix with respect to any basis for F, such that

g- (F,(G)) = (F,n(H)),
where 7 is the decoration-forgetting projection map from A to B (see Equation (7)).

Definition 4.2 (i-th character). For any generic triple (F,G,H) € A3, let (gij) be the
upper triangular unipotent matrix for g in Fact 4.1 with respect to some basis for the
decorated flag F. For i = 1,---,mn — 1, we define the i-th character P;(F; G, H) of
(F,G,H) to be
Pi(F; G, H) == gn—im—i+1,

which does not depend on the basis that we choose. The i-th character P; satisfies the
following additive properties:

Pi(F; G, H) = Pi(F, G, W) + Pi(F;W, H);

Pi(F; G, H) = —Pi(F; H, G).

Remark 4.3 (i-th character for triangles). For a decorated twisted SLn-local system
(p, &) € As,, s, recall the p-equivariant map from the double cover Wy, C dso71(S) C St
of Mp C 0cm(S) C RP! to A in Definition 2.28. Recall w = p(&s) := (—1)™ dnxn
in Definition 2.26. Since

wgw - (WF,wr(G)) = (WF, wr(H))
and wgw ™! = g, we obtain
(12) Pi(F; G, H) = P;(wF, wG,wH).
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Given a marked ideal triangle (f, g, h) in T (in the universal cover), we define

Pi(f; g, h) := Pi(&5(F); €5(9), Ep (M),
to see that this is well-defined, we note that every marked ideal triangle (f,g,h) has
two coherent lifts (f, g, ) and (sf,sg,sh) to the double cover of RP' = S (see Defini-
tion 2.29), related by the antipodal involution s : S' — S'. Equation (12) then ensures
that
Pi(Ep(F); E5(9), €5 (M) = Pi(p(T5)E5(F); p(05)E5(), p(T5)Ep(R))
= Pi(&5(sF); E5(s5), E5(sh)),

which is to say that Pi(f; g, h) is independent of the choice of coherent lift for (f, g, h).
Remark 4.4. Given a positive decorated twisted local system (p,&) € An(S), for any
cyclically ordered (e, f, g, h) € 0™ (S), the i-th characters satisfy the following positiv-

ity property:

Pi(e;f,h)

Pile;f, g)
Definition 4.5 ([GS15] Goncharov-Shen potential). Given (p, &) € AsL, s om s We fix
an ideal triangulation T of Sqm. Fix a puncture p € m;, of S and let ©,, denote the set
of marked antzclockwlse oriented ideal triangles with the first vertex bezng p. For each

i=1,- — 1, the i-th Goncharov—-Shen potential PY at p is a regular function
ASL,,,S g m gwen by
(13) PP:= ) Pi(A)

A€®,

Goncharov and Shen show that P! is well-defined, independent of the chosen
ideal triangulation 7 and hence mapping class group invariant. They further
demonstrate the following beautiful fact:

Theorem 4.6 ([GS15, Theorem 10.7]). The m(n — 1) Goncharov—Shen potentials
{P? }p . generate the algebra of mapping class group invariant regular functions on the
moduli space AgL, s, .-

Remark 4.7. Goncharov and Shen refer to these potentials as Landau—Ginzberg par-
tial potentials because an important aspect of their hitherto unproven homological mirror
symmetry conjecture asserts that these potentials should correspond to Landau—Ginzburg
partial potentials from Landau-Ginzburg theory. We opt to refer to these potentials as
Goncharov-Shen potentials to acknowledge their contribution in discovering this geo-
metrically fascinating object.

4.2. Constructing Goncharov—Shen potentials. We now demonstrate how one
might motivate and construct the aforementioned P;(F; G, H) expressions. This
is essentially taken from [GS15, Section 3] which can be understood as the A-
coordinate version of Fock—-Goncharov’s snakes [FG06, Section 9]. We include
this section both for expositional completeness and because many of our later
derivations depend upon these foundational computations.

Consider a triple of decorated flags (F,G,H) € A® is in generic position with
respective bases (f1,--- ,fn), (g1,- -+, gn), and (hy,--- , hy). For any non-negative
integers a,b,c with a + b 4 ¢ =n, define a 1-dimensional vector space

Ly :=F*" N (G" @ H),
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and choose e to be the unique vector in L3 such that eq® — fqi1 € F* (to
in—i

clarify: e, = f; forevery i =0,---,n). Then
e‘gfl,chl . el;,c €GP @ HeH

elcalfl,chl o ez,c _ (ezfl,chl - fa+1) - (eg,c - fa+1) c Fe.

Thus there exist al/$' € R such that
b—1,c+1 b, _ ,FEGH b+l b,c+1
(14) €a —€d = Xipe "€a1 € Lafl :

Lemma 4.8 ([GS15, Lemma 3.1]).
(XF;G,H _ A (fa—l Ahetl A gb) A (fa+1 A RS A gb—l)
a.be A(fe Ahe AgPb)-A(fe Ahetl Agb-1) -

Remark 4.9. The above formula differs from Goncharov-Shen’s in that we construct g
satisfying g - (F,(G)) = (F,n(H)), instead of g’ such that g’ - (F,t(H)) = (F, n(G)).

The following relationship between ‘XES,'E and Ty« (F, G, H) is an immediate con-
sequence of Lemma 4.8:

Lemma 4.10. For positive integers a, b, c with a +b + ¢ =n, we have
«FGH
,b+1lec—1
i = Tape(F, G H).
aa,b,c

Equation (14) tells us that there is a change of bases

FGH a+b—1,c+1 be+l _be b—lc  _lc oc . 01
Nalotg e )'(eo 7 s€a1 1€ €av1 s €ai b1 Cats fen—l)
_ at+b—Lle+l b+l b—lc+1 ,b—lc 1,c 0,c 0,1
—(eo 7 r€q 1 s€a r€at1 7 1€atb-17Catbr ’en71>

encoded by unipotent matrices of the form

Ide—1 0 O 0
0 1 x 0
0 01 0
0 0 0 Idpic1

For ¢ =0, applying a n — 1 chain of such transformations, we obtain:

F,G,H F,G,H n—1,0 1,0 _ n—2,1 0,1
anl(o‘nfl/l,()) "'Nl(oﬁ,n,l,o) : (f1,€1 ;. € ) - (f1,€1 ;€ ) .

Na(x) =

r7Cn—1 /7 n—1
Similarly, for c = k,1 < k <n—2, applying a n — 1 — k chain of such transforma-
tions, we obtain:

FGH FGH . n—l-kk 1k ok . 01
N (o 2 i) - Nalog gy ) (flfe1 7 8 k17 Sk ’en—l)

_ n—2—kk+1 0k+1 0k 01
= (fl'el A R R 'enfl) .

Precomposing the above n —1 (chains of) transformations, starting from ¢ = 0 all
the way until c =n — 1, we get:

n0 n—1,0 1,0 _ on 0On—1 0,1
g- (eo se ,enfl) = (eo sy, ,enfl) ,where
0 1
(15) g:= | I | | Na(agt'), forb=n—a—c.
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The above process explicitly constructs g so that g - (F, (G)) = (F, 7t(H)), thereby
verifying Fact 4.1. In particular, the i-th character:

n—ii—c,c*

i—1
(16) Pi(F;GH) =) o/SH
c=0

As a consequence of Lemma 4.8

Corollary 4.11. Let (p,&) € An(S) and v € mi(S). Then for any ideal triangle (f, g, h)
of T in the universal cover,

Pi(yf;vg,Yh). = Pi(f; g, h).

Example 4.12. Let us consider the simple example of the n = 3 case. We denote

f . FEGH f . JEGH f ._ _FEGH
Rgn =715 Sg,h = &Xo0 s Tg,h =00

Figure 7 encodes a schematic for the construction procedure for g we describe above. Each
“lozenge” (or diamond) here is labeled by one of the ociij];H, which specifies the linear
transformation to pass from the basis (encoded by a colored path) on the left of the lozenge
to the right of the lozenge. In this particular case, Equation (15) yields:
T Sgn+Tin TonRin
g =N1(T 1) - Na(RL 1) - Na(S{ ) =1 0 1 RE ,
0 0 1

and the i-th characters are
P1(F;G,H) =Ry, and Po(F;G,H) = S{  +T¢ 1.

FiGure 7. The above figures encodes how to construct the unipo-
tent matrix taking (F,7t(G)) to (F,7t(H)). Each colored path cor-
responds to a basis; basis 1 is blue, basis 2 is magenta, basis 3 is
red, and basis 4 is green.
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4.3. Goncharov-Shen potential and A-coordinates. One beautiful achievement
of Goncharov and Shen’s work we reviewed above is that (16) combined with
Lemma 4.8 (as well as and Notation 2.2) tells us how to express Goncharov-
Shen potentials in terms of rational functions of A-coordinates. Let us see this
explicated with an important example: the A3(S1,1) case.

Given (p, &) € A3(S1,1) and an ideal triangulation T of S11, we lift T into the uni-
versal cover J. Choosing one fundamental domain, we denote the A-coordinates
as in Figure 8. In this case, we have P1(y;z,t) = ¢=. Then by Equation (13), we
have:

PP=p+ i+ o+l +2+ 0, and

p_be , rd y bs , ad 4 ar , ¢s  ar 4, ¢cb 4 dr 4 bs ; ad | cs
P2_aw+ws+wr+wc+bw+dw+sq+dq+cq+aq+bq+rq'

FiGure 8. The colored lozenges each correspond to the 1-
character P;(A) of a marked ideal triangle A.

Goncharov-Shen potentials are invariant under flips, and so let us now observe
what happens to the above expressions of P} and P} under the change of A-
coordinates corresponding to a flip along the edge yt as depicted in Figure 8. We
saw previously (description adjacent to Figure 6) that such a flip is composed of
four successive cluster mutations. In fact, the algebraic relations for these four
mutation may be expressed in the following manner:

Lemma 4.13. Given A-coordinates for A3(S1,) as depicted in Figure 8, we have

P1(y;z,t) + P1(y; t,x)
Pl(t;xry) + Pl(t/yzl)
Pl(Z;try) v — s +T7/ :Pl(Z;t/X)+P1(Z;X/y)/

ac cw’ aw’

w q _ ' _ .
o+ o= =Pi(y;z,x),
w o _ s’ _ .
siaﬂ—afafdfpl(tlxlz)/

There are analogous formulae for Py-related terms.

Lemma 4.13 tells us that, with respect to the A-coordinates after flipping in the
ideal edge corresponding to yt, the Goncharov-Shen potential P} is equal to:

/ ’ ’ ’
Pl= et datdo b

cw aw’
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We need not restrict ourselves to using just a single set of A-coordinates. For
instance, by utilizing both sets of coordinates, we obtain the following compact
expressions for P}:

PP=D +5 424
This an important idea that we make use of in the proofs of Theorem 5.13, (im-
plicitly in) Theorem 5.25 and Theorem 5.26.

Conversely, we may split the terms up as much as possible to obtain:

p _ A A./ ’
PP=m+ i+ I+ 2+ 2+ +

cw/’ aw’

We can then go further: flipping T in the edge covered by yz (or equivalently,
xt) produces yet another ideal triangulation and splits - and 3% into two new
summands each. Similar, flipping T in the edge covered by Xy (or equivalently,
zt) splits % and L into two new summands each. Of course, we need not stop
here, we can keep flipping to new ideal triangulations and deriving finer and

finer expressions of P} as a (finite) series. It is natural, and tempting, to pose:

What happens if we flip to all possible ideal triangulations of S11 whilst always splitting
P as finely as possible?

In the Fuchsian (and indeed, quasi-Fuchsian [Bow98]) setting, Bowditch [Bow96]
shows that there is a precise sense in which this procedure limits to the McShane
identity for 1-cusped hyperbolic tori. This idea has been exploited in several
papers [Nor08, HN17, HSY18, HPZ19] to obtain McShane identities for various
types of geometric objects. We adopt this idea as a starting point, and show that
one does indeed obtain McShane identities for positive representations of surface
groups with unipotent boundary as a consequence (Theorems 5.13, 5.25 and 5.26).
However, the type of analysis conducted in [Bow96] is difficult to completely
replicate in our setting and we draw upon McShane’s classical strategy of proof.
We explain this in §5.1.
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5. IDENTITIES FOR PGLj3(R)-REPRESENTATIONS WITH UNIPOTENT BOUNDARY

The goal of this section is to establish McShane identities for positive PGL3(R)-
representations of hyperbolic surface groups 711 (S 4,m ) with (only) unipotent bound-
ary monodromy. These representations are not Anosov and so many “standard”
higher Teichmiiller theoretic techniques do not apply. Our proof takes advan-
tage of the fact that, for n = 3, positive representations with unipotent boundary
monodromy arise as the holonomy representations of finite-area cusped convex
real projective surfaces (see §6). The picture is then sufficiently geometric that
we may adapt the ideas of the classical proof of McShane’s identity with compu-
tational techniques availed by the cluster algebraic structure of Fock—-Goncharov
coordinates.

5.1. Structure of proof in the classical case. We begin with an overview of the
general strategy for proving McShane identities in the hyperbolic case due to
McShane [McS91, McS98]. Let Sy, denote a cusped hyperbolic surface with m >
1 cusps, and distinguish one of these cusps by labeling it as p. McShane’s identity
for Sgm (and hence its Fuchsian holonomy representation) may be obtained via
the following steps:

Step 1: a probabilistic partition of geodesics.

The set of geodesics on Sy, emanating from cusp p naturally identifies with the
length 1 horocycle 1 based at cusp p, and hence inherits a natural probability
measure via the horocyclic length measure on 1. The points on 1 partition into:

¢ a Cantor set € corresponding to simple geodesics which emanate from p
and spiral towards a geodesic lamination;
e a countable set 2 corresponding to simple ideal geodesic arcs emanating
from p and ending also at a cusp;
¢ and a countable collection of open horocylic intervals, hitherto referred to
as gap intervals, corresponding to geodesics which self-intersect (generic)
as well as simple geodesics with both ends at p (non-generic, only count-
ably many such points).
The Birman-Series geodesic sparsity theorem ensures that ¢ U 2 has horocyclic
length measure 0 because its thickening to an e-neighborhood of 1 has hyperbolic
area 0. The McShane identity then comes from expressing the total measure (i.e.:
1) of 1 as the sum of the horocyclic lengths of the gap intervals which make up
n—(Cul).

Step 2: indexing the gap intervals

The aforementioned horocyclic gap intervals are in 4 : 1 correspondence with
embedded pairs of pants containing cusp p (as Ij, I, I3, I in Figure 9). In fact,
the subsegment of any geodesic launched from p within a given gap interval, up
to the first point of self-intersection, lies completely on the pair of pants corre-
sponding to the given gap interval. This can be shown, for example, via local
Gauss-Bonnet based arguments [Hual4, Lemma 4.6]. In any case, the classical
McShane identity is a series taken over the set of embedded pairs of pants on
Sg,m containing cusp p, with the summands given by the sum of the four inter-
vals referred to above.

Step 3: computing the lengths of the gaps.
The gaps Ii, 15,13, 14 are purely dependent upon the geometry of the pair of
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FIGURE 9. The red and yellow simple curves spiral around the
left side hole to the infinity in two different directions, while the
blue and the green simple curves spiral around the right side
hole to the infinity.

pants they lie on, and hence may be expressed purely in terms of the bound-
ary lengths of the relevant pair of pants. McShane computes this directly in
the Poincaré upper half plane model [McS98, page 619], whereas Mirzakhani
[Mir07a, Lemma 3.1] and Tan-Wong-Zhang [TWZ06, §7] do so by invoking hy-
perbolic trigonometric identities.

5.1.1. Adapting the proof for finite-area cusped convex real projective surfaces. The strat-
egy of proof of the McShane identity for a cusped convex real projective surface
Zgm with m > 1 cusps, negative Euler characteristic and a distinguished cusp
p is fundamentally the same as for hyperbolic surfaces, but with the following
adjustments for each of the three steps:

Step 1: We again identify the set of geodesics emanating from cusp p with
a horocycle n (with respect to the Hilbert metric on Sy .,). We further
identify n with a Z quotient of 0Q — {p}, where

e O C RP? is the convex domain universal cover of Lgms

e P € 0Q) is a lift of the cusp p;

o the Z quotient is taken with respect to the stabilizer subgroup of p in
the group of deck transformations 7 (Zg4 ) acting on Q. This group
consists of unipotent linear transformations which preserve p and Q.

One inherits from this identification a partition of 1) into ¢, 2l and count-
ably gap intervals. We then normalize and reinterpret each of the i = 1,2
Goncharov—Shen potentials as a probability measure on 1 — we refer to
these probability measures as Goncharov—Shen potential measures. We in-
voke our generalization of the Birman-Series theorem (Theorem 6.10) to
ensure that € U2 has measure 0 with respect to the Goncharov-Shen po-
tential measure. This is the basis for the McShane identity for cusped
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convex real projective surfaces: the total sum of the Goncharov-Shen po-
tential measures of the gap intervals is equal to 1.

Step 2: Although the gap intervals on n satisfy the same 4 : 1 correspon-
dence with the set of embedded pairs of pants on Zg,, (and hence may
again be used to index the McShane identity), we choose to adopt finer
summation indices. In the classical setting, the lengths of I; and I4 are
the same (and the lengths of I, and I3 are the same) due to all hyperbolic
pairs of pants admitting a boundary-component-fixing “reflection” isom-
etry. The richness of convex real projective structures generically breaks
this symmetry, and this is one reason why we instead sum over the set

i, of boundary-parallel pairs of pants (Definition 1.5) containing cusp p,
which is a 2 : 1 covering set of the set P, of pairs of pants on L, ... We
consider also a even finer summation index (Theorem 5.25), consisting of
boundary-parallel pairs of half-pants (Definition 5.6), which are in natural
bijection with the gap intervals.

Step 3: We use the cluster algebraic structure of Fock and Goncharov’s A-
coordinates to compute the Goncharov-Shen potential measure of gap in-
tervals (and pairs of gap intervals). This strategy is implicit in Bowditch’s
[Bow96], which essentially uses Penner’s A-length to perform the requi-
site horocyclic length computations, albeit expressed in terms of traces of
Fuchsian holonomy representations for hyperbolic surfaces.

Remark 5.1. One key idea that we utilize in Step 3 is the derivation of gap terms for a
given positive representation p € Posyy (S m) via decorated twisted local systems (p, &) €
An(Sg,m). To be precise, given such a positive representation p, we know by [FGO6,
Theorems 1.12, 1.14] that there exists a positive decorated twisted SLy-local system
(p, &) € An(Sg,m) such that the underlying framed PGLy-local system for (p, &) takes
the form (p, &) (see Remark 2.27). Generally speaking, the decorated twisted local system
(p, &) is not unique, however, by imbuing p with extra data, we enable computations
regarding the properties of p via the cluster algebraic language of Fock and Goncharov’s A-
coordinates. The resulting gap terms are purely expressed in terms of projective invariants

associated to p and hence depend only on p and not on any of the decorating data in (p, &).

We now go through each of these three steps in detail, starting with Step 1
(85.2). Step 2 has already been covered after Definition 1.5 for McShane iden-
tities summed over boundary-parallel pairs of pants. We describe the boundary-
parallel half-pants case in §5.3. The majority of the remainder is focused on
steps 3 — the computation of the actual summands, which we shall handle on
a case-by-case basis depending on the type of summation index used (§5.4, §5.5,
§5.6).

5.2. Generalizing step 1: a probabilistic partition of geodesics. Let Sy ., denote
a genus g oriented surface with m > 1 boundary components, negative Euler
characteristic and a distinguished cusp p. For any PGL3(R) positive represen-
tation p : 7(Sg,m) — PGL3(R) with unipotent boundary monodromy, there is
a unique framed PGL3(R) local system (p, &) € X3(Sq,m) with underlying holo-
nomy representation p. By Remark 3.17, the p-equivariant map &, : m, — B
extends uniquely to a positive map

E.p - (Ev})/ E.%)) : aooﬂl(sg,m) — B.
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In particular, the image £}(m(Sgm)) is a C! smooth curve in RP* and bounds
a simply connected region Q). The quotient of Q by p(m(Sg,m)) is a finite-area
cusped convex real projective surface gy, homeomorphic to Sy by [Marl0Q].
More accurately speaking, Q) defines a convex real projective structure on Sy
with p as the holonomy representation.

We henceforth identify 0,,711(Sg,m) with 9Q via the following result:
Theorem 5.2. The map E}) 0001 (Sg,m) — 0Q) is a homeomorphism.

Proof. By [FG06, Theorem 1.14], the p-equivariant map &, : 0 (Sgm) — B is
a continuous positive map. Thus &} : 9,71 (Sgm) — 0Q is continuous order-
preserving injective map. By [Mar12, Theorem 6.14], E,}) is surjective. Hence &} is
a homeomorphism. O

Letp € 00 = E,})(aoom(sg,m)) denote a lift of the cusp p, and let oy € 71(Sg,m) be
the unique primitive peripheral homotopy class which fixes p oriented such that
Sg,m is on the left side op. In addition, let n denote a cusp p horocycle on Zg 1,
small enough so as to be embedded, and let fj C Q) denote the unique lift of 1
which limits to P in both directions (see Figure 10). The “fan” of complete Hilbert
metric geodesics (i.e.: Euclidean straight lines) on Q) emanating from p gives a
natural identification between: the horocycle i and 0Q — {p}. This identifcation
is preserved under quotienting by «p and hence descends to an identification
between:

o the set of (Hilbert metric) geodesics on £, emanating from cusp p
o the (Hilbert metric) horocycle 11, and
e the quotient curve (0Q —{p})/(p(xp)).

We intentionally conflate these sets and refer to them all as 1.

Definition 5.3 (Goncharov-Shen potential measure). Consider the collection of closed
intervals on n with measure defined as follows: for i =1 or 2, given an arbitrary closed
interval [qo, q1] C m, choose a lift [§o, 1] C 9Q (see Figure 10) and assign the outer
measure of [qo, q1] to be
Pi(P, Go, d1)/PY.

The value so assigned is independent of the choice of the lift P of p and the lift [§o.G1]
of [qo, qi1] thanks to Corollary 4.11 and hence suffices to generate a well-defined Borel
measure on M by the Caratheodory procedure. We refer to this measure as the i-th
Goncharov-Shen potential measure.

Lemma 5.4. The Goncharov-Shen potential measure on the horocycle 1 is a probability
measure and is in the same measure class as the Hilbert length measure on 1.

Proof. We know from Fact 4.1 that there is a unique unipotent matrix M that
takes (£,(P), &0(Go)) to (&o(P), &0 (d1)). Fix a basis for p(p) and let M(t) denote
the path of unipotent matrices, expressed with respect to said basis,

1 mpp(t) mys(t)
M@it):=| 0O 1 tPP , such that:
0 0 1

o the parametrized path M(t) - o traces out the interval [, §1] on 0Q and
e M(t) takes the tangent space Tg,0Q to Ty (¢).4,0Q.
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The entries mq»(t) and tP}j are unaffected by the choice of basis for Ep(f)). This
allows us pullback the M(t) - qo parametrization of 9Q — {p} onto 7. Note that
this is a parametrization of fj which is C! compatible to the Hilbert length param-
eterization of 7| because 9Q) is C!-smooth. Moreover, the t € [0,1] parameter, by
construction, precisely parametrizes the Z-invariant lift of the Goncharov—Shen
measure on 1 to fj, thereby telling us that the Goncharov—Shen potential mea-
sure on 1 is the Hilbert length measure on 1 weighted by an almost everywhere
positive C! function. Thus, the two measures are in the same measure class.
Finally, the Goncharov-Shen potential measure of 1 is 1 by construction (see Ex-
ample 4.12). O

Ficure 10. The lighter grey lines specify a C! identification be-
tween 7} and 0Q — {p}.

Lemma 5.5. The Goncharov—Shen potential measure of € U2 C n is 0.

Proof. In Theorem 6.10 (we postpone the proof until the next Section), we show
that the set of simple geodesics with respect to the Hilbert metric of O occu-
pies zero Busemann area on Sg.,. This implies that the set of points on an e-
neighborhood of 1} which lie on simple geodesics occupies zero Busemann area.
For sufficiently small € > 0, the neighborhood of 1 is annular and identifies with
1 X (—¢, €). The restriction of the Busemann area on 1 x (—¢, €) is in the same
measure class as the product measure of the geodesic Hilbert length measure on
n multiplied by the Hilbert length measure on (—¢, €) because they differ by a
strictly positive density function bounded away from 0 and co. This in turn tells
us that ¢ U 2 occupies 0 horocyclic Hilbert length measure on 1. By Lemma 5.4,
the Goncharov-Shen potential measure of € U % is 0. O

5.3. Generalizing step 2: indexing the gap intervals. We first emphasize that
€ U, when regarded as a subset of the ideal boundary 0,,71(Sgm), is a purely
topological condition (see [LM09, pg. 290 and 291]) and is independent of the
choice of auxiliary metric for Sy . Indeed, Labourie and McShane take advan-
tage of this fact to express their identities in [LM09] as series over homotopy
classes of embeddings of a given pair of pants into Sy . It is clear that Labourie
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and McShane’s summation index are in natural bijection with our boundary-
parallel pairs of pants simply by choosing, once-and-for-all, boundary orienta-
tions on the domain pair of pants in the Labourie-McShane summation scheme
so as to cause the domain to be a boundary-parallel pair of pants.

5.3.1. Summation indices. Our first summation scheme comes from a 2 : 1 corre-
spondence between the countable collection of open intervals in 0,711 (Sg,m)—(CU
2() and the set of boundary-parallel pairs of pants on S, in Definition 1.5. We
consider refined summation scheme over boundary-parallel pairs of half-pants in
Theorem 5.25. The idea of refining the summation scheme in this manner makes
an appearance in both [Hual5] and [Hual4, Theorem 4.5].

Definition 5.6 (Boundary-parallel pairs of half-pants). Given a surface Sgm with
negative Euler characteristic, an (embedded) boundary-parallel pair of half-pants u
containing p is one of the two pieces obtained by cutting along the unique simple bi-
infinite geodesic of an embedded pair of pants on Sy containing p, equipped with paral-
lel orientations on the simple bi-infinite geodesic and the boundary component. We denote
the collection of all boundary-parallel pairs of half-pants containing p up to homotopy by
ﬁp. When Sy, m is not a 1-cusped torus, knowing the oriented boundaries y and 'y, of a
boundary-parallel pair of half-pants w, where vy is closed and v, is bi-infinite, suffices to
uniquely specify w and we adopt the notation u = (v, vyp).

Ficure 11. Cutting a boundary-parallel pair of pants into two
boundary-parallel pairs of half-pants = (v,v,) and (B, Bp)-

Remark 5.7 (Notation for half-pants without boundary orientation). We write fi
to refer to the underlying pair of half-pants for a boundary-parallel pair of half-pants .
Similarly, we use (y,¥p) (when Sg m is not a 1-cusped torus) to refer to the underlying
pair of half-pants without boundary orientation for w = (v,vy). Finally, we denote the
collection of all pairs of half-pants containing p, up to homotopy, by H,.

5.3.2. Geometric invariants. We now introduce two types of geometric invariants
of boundary-parallel pairs of half-pants used to express our McShane identity
summands. The first (triangle invariants) is based on triple ratios and the second
(half-pants ratios) is based on Goncharov-Shen potentials.
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Definition 5.8 (Triangle invariant for f?{p). For each boundary-parallel pair of half-
pants w = (v,Yp), the unique simple bi-infinite geodesic which shoots out from p and
spirals towards -y parallel to its orientation cuts the underlying pair of half-pants fi into
a marked ideal triangle A, as in Figure 12. We adopt the notation

TV, vp) =TM, v D, v") and t(v,vp) :=1og T(y,vp).

Ficure 12. Cutting along the spiraling geodesic on the
boundary-parallel pair of half-pants (y,v,) (left figure) results
in a marked ideal triangle A, and the marked triangle A =
(P, v -P,Y") (right figure) is a lift of A, .

The next geometric invariant we consider is naturally phrased in terms of the
Goncharov-Shen potential measure.

Definition 5.9 (Half-pants ratio). Consider a surface Sq,m with negative Euler char-
acteristic endowed with a cusped strictly convex real projective surface structure g m
(given via a holonomy representation which is positive and has unipotent boundary mon-
odromy). Given any embedded pair of half-pants L € J, on Sgm. We define the i-th
half-pants ratio as the i-th Goncharov-Shen potential measure of the subinterval of any
embedded horocycle n around cusp p lying on (the unique geodesic bordered homotopy
representative of) fi, and denote it by Bi(ft). For any boundary-parallel pair of half-pants
w with underlying pair of half-pants fi, we also define Bi(n) := Bi(f1).

Remark 5.10. When S ., is not the once-punctured torus, pairs of half-pants i are
uniquely specified by its (unoriented) cuff y and its (unoriented) seam vy, (see Figure 11).
In these cases, we may write Bi(f1) as Bi(y,Vp) and Bi(n) as Bi(y,vp)-

Practically speaking, it is convenient to also be able to express half-pants ratios in
terms of A-coordinates.

Definition 5.11 ((u, 1)-Goncharov-Shen potential). For (p,&) € Asr, s, .., and a
pair of half-pants [ with bi-infinite boundary v, let T be an ideal triangulation of
Sg,m which contains v, as one of its ideal edges. Choose a collection ©, of marked
anticlockwise-oriented ideal triangles with the first vertex being p as per Definition 4.5.
Then, for L € H,, let Oy denote set of marked ideal triangles A € Oy, such that a small
neighborhood of the first cusp of A is contained in . We define (y,1)-Goncharov-Shen
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potential to be

P =Pl = Z Pi(f; g, h).

(f;g,h)eO,

Remark 5.12. The following relationship between the half-pants ratio and the (u,1i)-
Goncharov—Shen potential follows by definition:
PL
PP’
where P" is the (,1)-th Goncharov-Shen potential. Moreover, suppose that fi, i’ € 3,

have the same bi-infinite geodesic boundary and (hence) glue to an embedded pair of pants
containing p. Then we know from Lemma 5.4 that Bi(f) + Bi(ft') = 1, or equivalently:

PP =PI+ P

Bi(w) :==Bi(R) =

5.4. Generalizing step 3: McShane identity for the S; ; case. We begin by spelling
out the S1; case in detail. This is to motivate and familiarize readers to what
needs to occur in general. We show the following:

Theorem 5.13 (McShane identity for S11, n = 3). Let p : m(S11) — PGL3(R)

be a positive representation with unipotent boundary monodromy. Let 61,1 denote the
collection of oriented simple closed curves up to homotopy on Sy 1. Then

1
17 2 Tt = b
Y€E€C11

where T(y) = log T(P,yp,y™) is defined as per Figure 2.

Remark 5.14. There are unexpected (not just topological) “coincidences” (see Equa-
tions (23) and (29), and Remark 5.18) in the specialized A3(S1.1) setting which lead to
the above elegant expression over the (relatively simpler) summation index. Furthermore,
the identities obtained via the 1 = 1,2 Goncharov-Shen potentials are equal (§5.4.4), this
is specialized to the S1, setting.

5.4.1. A sequence of ideal triangulations. Our strategy for obtaining the gap term
(i.e.: summands) of (17) indexed by vy € él,l is to compute the Goncharov-
Shen potential measures of the intervals Iy, I, I3, I4 in Figure 9 by approxima-
tion. Namely, consider the following bi-infinite sequence of ideal triangulations
{Tk}kez Of Sl,l- Let
e v, denote the unique oriented simple bi-infinite geodesic vy, with both
ends going up cusp p such that y and vy, are the boundary components
of some boundary parallel pair of half-pants on S 1;
e 7% be any ideal triangulation of Sy that contains y,, as an ideal edge.
e T* be the ideal triangulation of S; ; obtained by applying the k-fold Dehn
twist tw’ along y to T°.

We construct a bi-infinite sequence of marked ideal triangles {A*}.cz, where A
lies in T%, such that A* converges to A as k tends to co and to A, -1 as k tends
to —oo. We then express, using A-coordinates with respect to 7%, the Goncharov—
Shen potential measure of the horocyclic segment based at the first ideal vertex
of A¥ and take the limit as k — +o0o. In order to obtain a sensible limit, we then
need to have an understanding of the behavior of A-coordinates with respect to
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T% as k — +oo. This strategy was previously applied in [Hual4, Chapter 4.4.1]
to compute McShane identity summands for hyperbolic surface via the n = 2
Goncharov-Shen potential (i.e.: horocycle length).

5.4.2. Asymptotic behavior of A-coordinates under Dehn twists. In order to facilitate
our discussions regarding the behavior of A-coordinates with respect to 7%, we
first develop some notation.

To begin with, given a positive decorated twisted local system (p, &) € A3(S11),
the underlying surface group representation p = pr o p (Remarks 2.27 and 4.3)
provides the p-equivariant map &, : 9,7 (S) — A by deck transformations. We
abuse notation slightly and let vy € 711(S1,1) denote an arbitrary homotopy class
representative of the oriented simple closed geodesic y. Further let

e x = P be a lift of p such that there exists a path from x to the axes of y
which projects to a simple path on Sy;

e t:=1 - x be another lift of p;

e Y be yet another lift of p such that the oriented ideal triangle (x,yo, t) is
(the marked representative of) a lift of an ideal triangle in 7°;

o {zi == yxi1 = Y*"! - yo} be the orbit of yo with respect to the subgroup
(v) < m(S1,1) generated by .

X T
b aq b ay
Ck 1 Ck
a9 a
2
Yk fk’ Yk
Ck 1 t —_— t
a
ar
-1 bk bk
az
Ck a2 Ck
2k 2k

FIGURE 13. A flip fy along the edge yt.

It is straight-forward to verify the following topological consequences:
o the oriented geodesic from x to t and the oriented geodesics from yy to
zyc are all lifts of the oriented bi-infinite geodesic y;;
® X, Yk, zk,t constitute the ideal vertices of an ideal quadrilateral xyxzxt,
which is a fundamental domain for S;;
e the ideal triangulation gk consisting of the two ideal triangles xyxt, yx tzy
is a lift of T* (see Figure 13) and an ideal triangulation of xyizyt.

Let us coordinatize A3(Sy1) with respect to 7% (or 7%) as per Figure 13. Then the
action of the Dehn twist tw,, on A-coordinates with respect to T* is:

(a1, az, b1, ck—1, Ck, by, dx—1, ex—1) — (a1, az, by, ck, Crt1, brt1, di, ex).
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Before continuing, we would like to thank Binbin Xu for clarifying our thinking
regarding the following lemma:

Lemma 5.15. Consider (p, &) € A3(S11) and let v be a non-peripheral oriented simple
closed curve on S11. By Theorem 1.2 we know that the eigenvalues of p(y) satisfy

M(p(¥)) > A2(p(v)) > As(p(y)) > 0.

Let {tw¥}y ez denote the bi-infinite sequence of Dehn-twists along 'y, then the A-coordinates
(as per Figure 13) for A3(S1,1) under the action of {twk) satisfy the following:

. b . d . c . R
18 Iim 2 = lim =% = [lim k. — [lim ko — )\
( ) k—+o00 by k—+00 k k——oco Ck-+1 K — oo €K+l (p(Y))/

and conversely,

19 lim € = lim & — lim -2~ = lim -9 =X\ (p(y"})
( ) k—+o00 K k—+o0o K k——co Pkt koo dk+1 ’

noting that M (p(y~1)) = M(p(v))Aa(p(y)). Moreover, the following limits exist and
yield strictly positive real numbers

(20) lim 25, lim 2&, lim £, lim < € R.,.
k=400 4k ks—00 4k k400 €% k——00 €k

Proof. Recall thatt =7 -x, yx =v*-yo and z = y**! . yo. Let

(x1,%2,%3), (Y1, Y2, Yk3), (zi1,2k2,2k3), (1,12, 13)

denote respective bases for the flags &,(x), & (yx), Ep(zx), Ep(t) and let vi,vo,v3
denote the respective eigenvectors for the eigenvalues A1 (p(v)), A2(p(v)), A3 £ p(v))

of p(y). The A-coordinates (ai, az, bx_1,cx_1,Ck, bk, dx_1,ex_1) for (p,&) are
functions of these bases (Definition 2.34), and in particular, we have:

depn |8 (x1 A p(¥*™)yo1 A p(y)x1)
di A(x1 Ap(Y* )y Aply)xi) |

Since y # v, the sequence of ideal points {y* - y} necessarily converges to the
attracting fix point y* as k approaches +oo, and hence the vector p(y*)yg: con-
verges to the eigenvector v;. Thus the ratio dc‘l‘—k“ converges to A1(p(y)) as k goes
to +oo. All other cases in Equations (18), (19) follow by essentially the same

argument.

Furthermore, we have

. by . A (x1 Ax2 A p(Y¥)yoa)
Iim — = lim o)
k—+oo di  k—+oo | A (X1 A p(Y* ) yo1 A p(v)x1)

’ A(X1/\X2 /\V1)
Axa AN p(yvi Ap(y)xi) |’

which is well-defined and strictly positive because &, is hyperconvex. All other
cases in Equation (20) follow by the same argument. O

Remark 5.16. Although Lemma 5.15 is stated for A-coordinates with respect to a trian-
gulation on S 1, the proof itself does not use the full topology of S1,1 and merely requires
that we have an annulus around some 'y with one puncture on each of the boundaries of
the annulus. The resulting A-coordinates for an ideal triangulation of such an annulus
is depicted in Figure 14.
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5.4.3. Limiting summand for S11, n =3 case.

Proof of Theorem 5.13. We continue to use the notation developed in the previous
two subsubsections. Given an oriented simple closed geodesic v, the goal of this
subsection is compute the McShane identity summand indexed by y. Recall that
the relevant term is the sum of the i = 1 Goncharov-Shen potential measures of
the horocyclic segments I; and I, as depicted in Figure 9 (albeit with 3 identified
with y), and hence takes the form:

: P1(xyk,t . P 2k,
lim 1(ngk ) + lim 1(13)};ka x) ]
k—+o00 1 k——o0 1

Expressed in terms of A-coordinates as per Figure 13, this is equal to

: dy : e
lim — lim k
k——+oo 1DKPT * k= —00 @16k Pl

The closed oriented geodesic y and the bi-infinite ideal v, constitute the oriented

boundaries of two distinct pairs of boundary-parallel half pants p, u' € ﬁp. Let
u denote the pair of half-pants with (p, 1)-Goncharov-Shen potential

P} = Pi(xyi, t) + Pt x, zi),
and let 1’ denote the pair of half-pants with (p’, 1)-Goncharov-Shen potential
Plul = P1(yi; t, x) + Pi(zi; t, yi).

Then, expressed in terms of A-coordinates, we have:

o de dy
Pl - U»lbk + azbk’

where the red term is expressed in terms of the A-coordinates for T* and the blue
term is expressed with respect to T%*1. Invoking Lemma 5.15 to take limits, we
obtain the following:

dx 1

T I Y TR L lim Bl
1) k—+oo braiPY  k—oo % af{;k P} kot 14 (1;1217‘::
_ B1 ()
1+ ¢talp(v)
We similarly obtain:
. ex Bi(p')
s ckaP? 1+ aMle(v)
Since By (p) + By (1) =1, the two summands add to
1
T+ Sh (o))
Moreover, by Lemma 5.15, observe that
T(p,vp,y") = lim @bt a1 lim Dt lim %

22) k—+o0 A2Ck—1bx A2 k=40 b koo Crq
=G Ao haloly)) = 2P
a Mip(y)) ar
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Thus the McShane identity summand for y € ém is

—1 _
(1 TP Y m) = (14 euten)

1 .
and hence Z T3 by =1 as desired.

YEC11
U

Remark 5.17. In the 3-Fuchsian locus, we know that t(y) = 0 and ¢(y) = G (y™),
the gap term | =1y forany y € Cy,1. After catering

1 .
Treti+=(y) 18 SAME AS == 2o

1+e
for the canonical 2 : 1 orientation-forgetting map between @1,1 and Cy 1, one immediately
obtains the classical McShane identity.

Remark 5.18. Recall from the statement of Theorem 1.4, that there are two possible
candidate ideal triangles spiraling to 'y which may be used to define t(y). Equation 22
ensures that their triangle invariants are equal, and hence that () is well-defined.

5.4.4. Extra symmetries in the S11, n = 3 case.

Lemma 5.19. Let p : 71(S1,1) — PGL3(R) be a positive representation with unipotent
boundary, then the McShane identity summand indexed by every y € Cq satisfies

1 1
1+etly Nty ) — 14 eb(y)—t(y)”

Proof. First observe that
—1yy—1
bly) = log (56 ) =log (Rig3==) =ty ).

Then, utilizing properties of triple ratios and Lemma 5.15, we obtain that
1

X 1a e f . bk )
TEY By ) =TOR ey ) =THEvpy ) = lim 1%
k——o0 azck,lbk

_ (m. lim 2. fim Ck)l @
ay k——oo br k——ooCk 1 a1z (p(y))
Combined with Equation (22), we obtain
23)  THvpy") -TH, v ',y )=1 andhence t(y!)=—1(y).
(I

As an immediate corollary to Lemma 5.19, we obtain the following (alternative
form of the) S;; McShane identity:

Proposition 5.20. Let p : 711(S1,1) — PGL3(RR) be a positive representation with unipo-

tent boundary monodromy. Let ém denote the collection of oriented simple closed curves
up to homotopy on S1,. Then

1
) Tyemm = b
Y€ECi1

where T(y) = log T(P,vp,y") is defined as per Figure 2.
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In fact, Proposition 5.20 is precisely the identity that one obtains if one uses
the 1 = 2 Goncharov-Shen potential measure instead of the the i = 1 measure.

The following lemma, specific to (p, &) € A3z(S1,1), is the root cause of this extra
symmetry.

Lemma 5.21. Adopting notation as per Figure 13, then we have:

Pi(zistyr) _ Paxyit) Palzistysx) _ Pilxy,t)
(24) 123 - Py Py - pr
Pi(yk,zi,x) _ Pa(txzik) Pilywzix) _ Pa(tx,zy)

PP = PP s PP — PP

Remark 5.22. The equations in (24) all take the following form:
By (1) = Ba(1'),

where 1 and 1’ are horocyclic segments topologically related by the (topological) hyperel-
liptic involution of S11. This is highly suggestive that this fact could be true for any two
horocyclic segment 1,1" related by hyperelliptic involution. In any case, this symmetry is
specific to S1,1, and one can easily construct counter-examples for general surfaces.

Proof of Lemma 5.21. We first prove that

Pa(ziityx) _ Patix,zi)
P1(xyx,t) P1(yx;zi,x)’

noting that this is tantamount to showing;:

(25) azerCi—1 exbir1 _ apdrabiy | dkiCkp
alcrer 1 arbrex alby dx aickdi °
Using mutation formulae, we make the following substitutions

excx+diar
€k—1

; Ck41 = , €xCk—1 = Ckex—1 + ardy_1

_ byxdr+ae
by = e

k—1

to reduce Equation (25) to the mutation formula at dy:
by_1dkx = azex—1 + bxdk-1,

which we know to be true. Then, by symmetry, we have:

P2 (%Y. t) — P2 (yw;zk,x)
P1(zk;tyx) Pi(tx,zi) *
By computing directly
Pr(zisty) - Pa(xyi,t)
P1(x%yx.t) Pi(zi;tyk)®
Thus we obtain:
Palziityr) . Paltixzi) . Palxywt) _ Pa(yrizi,x)
P1(x;yx,t) P1(yk;zk,x) Pi(zk;tyx) Pi(tix,zx) *
We now use the fact that: for a,b,c,d € R., if § = 5, then § = § = gig, to
conclude that
Pr(xiyi,t) P2 (zi;tyi) _ Paltxz) P2 (yw;zk,x) _ 124
Pi(zxt,yx) P1(x;yx.t) P1(yx;zk,x) P1(tx,zx) PP/
rearranging yields the desired result. O

Remark 5.23. We previously asserted that Proposition 5.20 follows from Lemma 5.21.
To see this, recall Remark 5.22 and observe that:

o the horocyclic intervals 1y and 1, (in Figure 9, with {3 identified with y) are
respectively related to the intervals 13 and 14 via hyperelliptic involution;

e cach of these intervals arises as a limit of the intervals (implicitly) described in
Equation (24).
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We also make mention of the following simple corollary of Lemma 5.21:

Lemma 5.24. Consider an oriented simple closed geodesic y € 61,1 on a finite-area 1-
cusped convex real projective torus L1, and let 'y, be the unique oriented simple ideal
geodesic which is boundary-parallel to -y. The oriented geodesics 'y and v, constitute the
boundaries of two boundary-parallel pair of half-pants wand w'. Then,

Bi(u) =Ba(u') and By(u') = Ba(uw).
5.5. Generalizing step 3: McShane identity for series over pairs of half-pants.

Theorem 5.25. Let p : 1(Sg,m) — PGL3(R) be a positive representation with unipotent

boundary monodromy and let p be a distinguished cusp on Sq . Let f?fp be the set of the
homotopy classes of boundary-parallel pairs of half-pants containing p (Definition 5.6).
Then,

Z BI(Y/YP) _ Z BZ(VIYP)
14 eu+tlyye) 14 eb()—tlvry)
(YrYp)eg{p (’Y/’Yp)eg—fp

7

where Bi(y,vp) is the i-th half-pants ratio (Definition 5.9) and t(v,vy) :=log T(p, -
P,Y") as per Figure 12.

Proof. We need to compute the McShane identity summand indexed by an arbi-
trary boundary-parallel pair of half-pants u = (v,vp) € fT-Cp. The relevant sum-
mand is the Goncharov-Shen potential measure of I;, as depicted in Figure 9,
and we use essentially the same derivation as for the S;; case.

First observe that the summand is only dependant upon the geometry of (y,vy)
and we may therefore assume without loss of generality that there exists another
embedded pair of half-pants {1 on the given surface which glues with p along vy
to yield an “annulus” as per the right hand side of Figure 14. We designate a
k € Z family of A-coordinates (left hand side of Figure 14) related by k-th Dehn
twist along v in analogy to the coordinates described in Figure 13.

x
b
k ay
Cl 1
D)
Y —1 W01
t
i <1
br
R
2k

FiGure 14. The embedded boundary-parallel pair of half-pants
u is glued to another embedded boundary-parallel pair of half-
pants [1.
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We again have t = v - x, and zx = Y41 = v*+1 .y, and the summand that we
require is once again

dv_ dy 1 PH
26) lim ——0 = lm oL = lim Sl - Bl

1
k—too baiPY koo il sis PP kot Lighly  Mghile(v))’

by ap
where Lemma 5.15 and Remark 5.16 allow us to take the limit. Again invoking
Equation (22), we obtain the desired summand of

B1(v,vp)
1+ ett(M+tlvvp)”

The analogous computed i = 2 Goncharov-Shen potential measure for I is

Ba(v,vp)
1+ ee(¥)—tlvive)”

O

5.6. Generalizing step 3: McShane identity for series over pairs of pants. Fi-
nally, we prove the pairs of pants summation form of the McShane identity. Recall
that the present series is indexed by i, — the set of boundary-parallel pairs of
pants (Definition 1.5).

Theorem 5.26. Let p : 1(Sy,m) — PGL3(R) be a positive representation with unipotent
boundary monodromy and let p be a distinguished cusp on Sy . Then

e —1
Y (1+ cosh £L3) ,e;(mmﬂus,rsp)mmmwpn) 1

cosh di (B.v)
- 2
(BY)EP,

where di(B,v) and ei(B,y) are edge invariants (Definition 1.6), and <(y,vp) and
(B, Bp) triangle invariants (Definition 5.8).

Proof. The McShane identity summand indexed by the boundary-parallel pairs of

pants (B,v) € ﬁp is the Goncharov—Shen potential measure of I; U, as illustrated
in Figure 9. We adapt our previous strategy for computing half-pants gap terms
(i.e.: the half-pants McShane identity summands) by describing a k € Z family
of ideal triangulations of the surface depicted in the right hand side of Figure 15,
such that this family of ideal triangulations are related by simultaneous Dehn-
twists in 1 and .

The intervals I; and I, respectively lie on the boundary-parallel pairs of half-
pants p = (v,vp) and p' = (B, Bp). As in the proof of Theorem 5.25, we may
respectively attach boundary-parallel pairs of half-pants {i and (i’ to p and p’
along v and 3. Having done so,
e fix any ideal triangulation 7° of LU n U p’ U i/ which contains the unori-
ented ideal geodesic underlying 3, = vp;
e let 7% denote the ideal triangulation T of LU pU n' U {1’ obtained from
Dehn twisting 70 by (twg" - tw)*.
With a slight abuse of notation, we now regard the oriented simple geodesics
3,y as homotopy representatives 3,y € m(Sq,m) such that vB~! corresponds to
a simple loop going around cusp p once. Then we construct a sequence of lifts of
{T*}ez (see the left hand side of Figure 15) as follows: let

e x = p denote the unique lift of p which is fixed by y !, theny - x = - x;
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e Yo and vy be lifts of p such that the ideal triangles (x, yo, vx) and (x,yx, vo)
are lifts anti-clockwise oriented ideal triangles in 70,

o {zi == Y1 := Y - yo) be the orbit of yo with respect to the subgroup
(v) < m1(S1,1) generated by v;

o {Wy = vii1 = B¥F - 1) be the orbit of vy with respect to the subgroup
(B) < mi(S1,1) generated by f3.

F1Gure 15. The embedded boundary-parallel pair of half-pants p
is glued to ft and p’ is glued to fi'.

Going forwards, we label A-coordinates with respect to {T*}xcz as per Figure 15.
We first express P} in terms of A-coordinates:

PP = P1(x;yx, vx) + P1(yx; %, zic) + P1(x; vx, Vi) + P1(yx, wy, x)

hk71+ hy qr—1 Jr :bqu71+dkhk71 br gk + dihk
arby  abx  ardy  axdy arbydy abedr

Note that the red terms above are obtained from A-coordinates with respect to
T%, whereas the blue terms are obtained with respect to 71, The gap term for
(B,v) is the Goncharov—Shen potential measure of I; U I, and is given by the
following limit:

h brgr 1+drkhi
. k—1 qx—1 . a;bydy
kgrfm byaiPY * dyaiPP ) kgToo brqeatdihi s | brgetdihy
1 1 a;byxdy arbydi
brgqr1tdihx
. bxd
= lim sl
k> +oo Prdr—a1t+dihik g + bro1gqr1+dikhik
arbrdy by _1dx_
h d —1
14 i
= lim (1+ ad | k—19k—1
apd dxhy—1 .
k—+00 2di1 1y ok

We invoke Lemma 5.15 and Remark 5.16 assert that the following limits exist, and
may be (essentially definitionally) expressed as edge functions

: hieade1 _ + 4,1 : dihx _ + o+
k1~1>l:rkloo br 19k _1 —DZ(X,‘YX,B /Y ) s kgrfoo brqr 1 _Dl(X/YXIB /Y )/
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thereby obtaining:

—1
<1 + aiA (p(B)) 1+Dz(x/vxl,(5+,v+) )

a; " THDI (v BT
aidi(p(B)) 4(BY)_ e1(By)  cosh S1BY) -
_ aM(p(B)) | — - ,cosh =/
(27) =1+ o e 2 2 o dl(ffy)

Using Equation (22) and

Dl(X/’YX/ B+/V+) . DZ(XIYX/ [3+/Y+) = ;1EZE5§§/
we see that (27) equals to

—1
1+\/al7\1(p(f5))\/u17\1(p(v)) _ cosh “LLBY)
az az coshw

e : —1
_ (1 osh I 0 (B) (BB )+l (V) T (v )
cosh dl(f'y) :

O

Remark 5.27 (Recovering the fuchsian identity). In the 3-Fuchsian locus, we can
show that ©(B, Bp) = T(v,vp) =0and di(B,v) = e1(B,v), and thus the above identity
recovers the classical McShane identity for cusped hyperbolic surfaces [McS98].

Remark 5.28 (Recovering the S;;, n = 3 identity). When (g, m) = (1,1), the ho-
motopy classes (5 and vy are different representatives of the same m(S1,1) conjugacy class,
ie: B = 6 yd for some & € m(S1,1). In this setting, the ideal vertices (x,[x =
YX, Uk, Zk, Vk, Wk ) may be chosen to be

(x, Bx =7vx, Yk = ¥Y*0x, zi =y " 1ox, vic = B¥8 7 Ix, wie = BT x).

In any case, by Lemma 5.15, we have

(28) T(x, B, p*) = lim dicier _ ahale(B)) _ ahalel)) _ g o)
k—+o00 azdkek,1 an az

Moreover, we see that

by
(29) Dl (X’YX’ B+’y+) ’ DQ(X,'YX, B+/y+) = lim L 1dk =

Therefore, t(v,vp) = T(B,Bp) and coshw = cosh W, thereby recovering
Theorem 5.13 from Theorem 5.26.
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6. SIMPLE GEODESIC SPARSITY FOR CONVEX REAL PROJECTIVE SURFACES

The theory of convex real projective surfaces is a natural geometric avatar of pos-
itive PGL3(R) representation theory: Goldman and Choi [G90, CG93] established
that for holonomy representations for closed convex real projective surfaces Sq
correspond to (conjugacy classes of) n = 3 positive representations of 7;(Sq);
Marquis [Mar10, Mar12] generalized this picture for surfaces Sy, with cusps
(i.e.. m > 0), showing that holonomy representations of cusped convex real pro-
jective surfaces correspond to n = 3 positive representations of 711(Sgym) with
unipotent boundary monodromy. We make use of this dictionary to bring convex
real projective geometric techniques to the study of n = 3 higher Teichmiiller
theory, and vice versa.

We first give some background for convex real projective surfaces, before mov-
ing onto our main goal of this chapter: to generalize the Birman-Series geodesic
sparsity theorem to the context of finite-area convex real projective surface con-
text. Our proof is fundamentally geometric topological in nature, and we adjust
our language accordingly. This complements the primarily algebraic treatment
we give in the previous chapters.

6.1. Convex real projective surfaces.

Definition 6.1 (Convex sets). A domain Q C RP? contained in an affine patch is called
convex if the intersection of Q with every line in R is connected. Furthermore, a convex
domain Q is called
e properly convex, if the closure Q) is convex and contained within the comple-
ment R? = RP* — RP' of some RP! linearly embedded in RIP?;
o strictly convex, if the boundary 0Q of the properly convex domain Q contains
no line segments.

Definition 6.2 (Convex real projective surface). A real projective surface Z is a
topological surface S equipped with an atlas {(U, @ : U — RP?)}, with

e coordinate patches U embedded as open sets in RP* and

o transition maps that are (restrictions of) projective linear transformations PGL3(R)

acting on RP.

Equivalently, convex real projective surface & = (S,{(U, ¢)}) is the quotient of a
properly convex open domain Q by a discrete subgroup of PGL3(R) which is isomorphic
to 1 (S).

Since convex domains are contractible, every convex real projective surface X
inherits a universal cover Q C RP? from its developing map. Every such Q lies
within some copy of R? linearly embedded in RP?.

The fact that X is equal to the quotient of Q by a discrete subgroup I' of PGL3(R)
means that there is a discrete faithful representation

P: 7'(1(5) — PGLg(R)
We refer to p as the holonomy representation for X.

Definition 6.3 (Projective equivalence). We say that two convex real projective sur-
faces X1 and ¥, are projectively equivalent if, given their respective associated uni-
versal covers Q1,Q, C RP?, let Ty, T, be the images of the corresponding holonomy
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representations, there is a projective linear transformation g € PGL3(R) such that
(Q2, 1) = (gQ1,glg™"). The map g sending ¥y to L, is called a projective equiva-
lence between L1 and L,.

Goldman [G90] studied the space of marked convex real projective structures on
a smooth surface S

Conv(S) ={(L,f) | f: S — L is a diffeomorphism} / ~conv,

where (Z1,f1) ~conv (Z2,f2) if and only if fp o f] 1 s homotopy equivalent to a
projective equivalence between Z; and %,.

Theorem 6.4. We have the following correspondences between spaces of marked con-
vex real projective structures on smooth surfaces S and positive/Hitchin representation
varieties:

o For closed surfaces S = S, Choi and Goldman [CG93, G90] showed that the
space Conv(S) of marked convex real projective structures is homeomorphic to
the PGL3(R)-positive/Hitchin representation variety Poss(S).

o For the cusped surfaces S = Sgm, Marquis [Marl0] showed that the space
Conv"(S) of marked cusped convex real projective structures is homeomorphic
to the unipotent bordered PGL3(R)-positive representation variety Posz (S).

6.2. The geometry of convex real projective surfaces.

Definition 6.5 (Hilbert distance). Given any two distinct points x,y in a convex do-
main Q C R?, extend the straight line segment running between x and y to a segment
running between boundary points py,py € 0Q), where py is closer to x and p. is closer
toy. We define the Hilbert distance to be

1 |X—P "|y_px|
30 d(x,y):==1o Y ,
(30) (xy) 2 glyfpyl-lepxl

where \w — v| denotes the Euclidean length of the distance between u,v € Q C R?. The
Hilbert distance is invariant under projective linear transformations and hence descends
to a distance metric on L = Q/T. We refer to both the metric d on Q and the metric ds
on X as the Hilbert metric.

In the special case when X is a hyperbolic surface, its universal cover Q is an
ellipse, and the Hilbert metric on Q is the usual hyperbolic metric on Q with
respect to the Klein model.

Definition 6.6 (Area). The area (also known as the area for Busemann measure) on
(Q, do) is defined as the the measure obtained by weighting the Lebesgue measure on Q
with density

Leb(Bl)

—Leb(Bdﬂ 1)) where:

e B; is the Euclidean unit ball in R?;

e By, (x,1) denotes the Hilbert distance unit ball in the tangent space T, Q) = R?,

e Leb(-) denotes the canonical Lebesgue measure of R* which equals to 1 on the
unit square.
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The measure thus produced is invariant with respect to the action of the fundamental
group because Hilbert distance dq is invariant under projective transformations. It there-
fore descends to an area measure on the quotient surface ¥ = Q/T". A finite area convex
real surface is a convex real projective surface with finite area.

By [Mar12], the two cases in Theorem 6.4 are finite area convex real projective
surfaces.

6.3. Holder regularity and convexity of 00Q). We primarily deal with convex real
projective surfaces ~ with the two cases in Theorem 6.4, where the universal cover
Q for such a surface I is necessarily strictly convex with C! boundary regularity.

Definition 6.7. [Ben01, Definitions 4.1 and 4.3] Let Q C R? be a convex open domain
of R2 C RP? and fix an arbitrary Euclidean metric dg on R?. We say that 9Q is o
Holder, for o« € (1,2], if for every compact subset K C 0Q), there exists a constant
Cx > 0 such that, for all p, q € K, we have:

de(q,T,0Q) < Ck - de(q,p)™;

and we say that 9Q) is B-conveX, for B € [2,00), if there exists a constant C > 0 such
that for all p, q € 0Q), we have:

de(q,T,0Q) > C ' - de(q,p)P.

When Q covers a closed convex real projective surface X, the boundary regularity
of 9Q) may be extended to xy-Holder, for some «y € (1,2] [Ben0l, Proposi-
tion 4.6]. Using an argument taught to us by Benoist, we show that this is also
true when X is a finite area cusped convex real projective surface:

Proposition 6.8 (Benoist-Hulin). The boundary 0Q) for Q universally covering a finite
area cusped convex real projective surface X satisfies:

o «y-Holder for ax € (1,2],

o and Bz-convex for fx € [2,00).

Proof. The proof of this fact relies on another famous metric for convex real pro-
jective sets in R?: Yau-Cheng’s [CY77] Blaschke metric (also known as the affine
metric) for strictly convex domains. This is a negatively curved Riemannian met-
ric on Q. Proposition 3.1 of [BH13] tells us that the curvature on X approaches a
negative constant as one heads deeper into a cusp, and hence is bounded away
from 0 on the entire surface. Combining this with [BH14, Corollary 4.7] then
shows that X (and hence Q) is Gromov-hyperbolic with respect to the Hilbert
metric. Hence, by [Ben03, Corollary 1.5], the ideal boundary 9Q) satisfies the
desired ay-Holder and fs-convex. O

Benoist communicated to us the proof for Lemma 6.9 below, and it is a key esti-
mate in our proof of the Birman-Series geodesic sparsity theorem for finite area
convex real projective surfaces.

Lemma 6.9 (Exponentially shrinking balls, courtesy of Benoist). Fix a point O €
Q = £ and a number R € R-g. For any u € Q, let B(u,R) C Q denote the ball of
(Hilbert) radius R about w, and for any bounded set U C R? let diamg (U) denote the
Euclidean diameter of U. Then there exists a positive constant ¢ = cq,o,r such that

—d(u,0)

diameg (B(uw,R)) <ce™ «
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Proof. We show that for the geodesic ray {tO + (1 —t)p | 0 < t < 1} shooting out
from O to an arbitrary boundary point p € 9Q), there exists a constant c(p) > 0
such that for any point u along the ray,

_d(w0)

diamg (B(w, R)) < c(p)e” <071 .

In particular, we shall construct c(p) in such a way that c(-) is a function that
continuously varies with respect to p € 0Q. Then, we may use the compactness
of 9Q to take

c := max c(p).
0,08 = Max (p)

Let us consider the radius R ball B(u, R) based at u, where u is a point along
the geodesic ray from O to p € 9Q. By applying an affine (Euclidean) isometry
on R?, we assume without loss of generality that p is placed at the origin in R?
and that the tangent line T,0Q is the x-axis in R2. Let u = (xg,yo) with respect
to this parametrization, and let p; and p, respectively denote the left and right
intersection points of the line y = yo with 0Q. Further let D denote the (closed)
sector of Q) below y = yg. (see Figure 16). For u taken sufficiently close to p,
the region D is contained in the rectangle fenced by the horizontal lines y = 0,
Yy = Yo, and the two vertical lines passing through p; and p,. Let u(p) denote
the u closest to O such that its induced D satisfies the above rectangle-fencing
property. Thanks to the C! smoothness of dQ, u(p) varies continuously with
respect to p. This partitions () into the union of a compact set

0Oy :={u e Q | ulies on the line segment between u(p) and O}

and its open complement ), := QO — Q.

AN

F1GURE 16. D is the shaded region below the y = yo horizontal line.
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For any u € Q;, the compactness of )1 ensures that there is a constant C such
that diame (B(u, R)) < ce —#2 Let us consider the remaining case of u € Q.

Any complete geodesic going through u consists of two geodesic rays, at least
one of which lies in D. The Euclidean length of any such geodesic ray must then
be less than diamg (D), which is in turn less than:

diamg (D N {x < 0}) + diame (D N{x > 0}) = de(p, p1) + de(p, p2).

Now invoking the 3-convexity of 0Q), we see that:

de(p, 1) + de (p, p2) < 2(Cyo)¥ < 2(C- de(u,p)) ¥,

We are now equipped to estimate the Euclidean diameter of B(u, R). The triangle
inequality tells us that diame (B(u, R)) is at most 2 times the Euclidean length r
of the longest geodesic segment o joining u and the boundary of B(u, R). Such a
geodesic segment lies on the unique complete geodesic in Q) joining u and some
boundary point g € D N 0Q. If o lies on the geodesic ray tuq, then Equation (30)
tells us that

1 de (v, q) _ 2R
R>210g<dg(u,q)—r ,and hence r < (1 — e “")de(u, q).

Similarly, if o lies on the geodesic ray complementary to iq, then

dE (u/ q)
Therefore, the diameter of B(u, R) is bounded above by
2r < 2(e® — 1)de (1, q) < 26™(de (p, p1) + de (p,2)) < 4€?(C - de (1, p)) .
We substitute in the Hilbert length

R > élog (dE(u,q)—H> , and hence 1 < (e?® —1)dg (u, q).

013,0) — 1og (0P dslup) ),

de(u, p) - de(O,p))
where P is the “antipodal” ideal point to p on the opposite side of O (i.e.: p,p and
O are collinear). This then gives us diame (B(u, R)) < c(p)e™ Sy , with

c(p) == max {B 4R <C -de(O,p) - dE(u,f)))r]s} '

de(O,p))

Since P varies continuously with respect to p, we conclude that c(-) is a continu-
ous function, as required. O

6.4. Geodesic Sparsity for finite-area convex real projective surfaces. Let X be
a finite-area convex real projective surface, and let:

o [ denote the collection of complete geodesics on X with at most k (geo-
metric) self-intersections (counted with multiplicity);

o |Ii| denote the subset of £ consisting of every single point which lies on
(at least one) complete geodesic in the collection Iy of geodesics with at
most k self-intersections.

The goal of this subsection is to prove the following claim:

Theorem 6.10 (Geodesic sparsity). The area of |Ii| is O and the Hausdorff dimension
of Ikl is 1.
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When the surface X is hyperbolic, the above result is referred to as the Birman-
Series theorem [BS85]. They construct a descending filtration of subsets of X such
that:

e each subset covers |Ii|,

e each subset is a union of finitely many convex geodesic quadrilaterals,

e the number of convex quadrilaterals at the k-th level of the filtration
asymptotically grows as a polynomial in k,

o the Euclidean area of the quadrilaterals shrinks exponentially in k.

The polynomial growth in the number of quadrilaterals versus the exponential
shrinkage their area gives us the requisite (Busemann) area 0 conclusion. The
fact that these quadrilaterals become exponentially thin then gives the desired
Hausdorff dimension 1 conclusion.

Much of the proof is topological, and we use Birman-Series’ original arguments.
However, we introduce the following tweaks:

¢ insteading of encoding geodesics as segments on a single geodesically
bordered fundamental domain (such as a Ford domain), we use geodesic
triangulations (Lemma 6.11). This is to avoid justifying why finitely sided
geodesic fundamental domains exist, to highlight the flexibility of the
Birman-Series construction and partially to use convexity to replace tra-
ditional hyperbolic geometric arguments (such as in Lemma 6.14).

e we require Lemma 6.9 to show that Hilbert radius R balls shrink uni-
formly exponentially as one approaches the boundary.

Lemma 6.11. Any finite-area strictly convex real projective surface X decomposes into a
finite collection of (convex) geodesic triangles {1, ..., A} glued along a finite collection
of geodesic edges T

Proof. For cusped convex real projective surfaces, we may take an ideal triangu-
lation. For compact X, [G90, Theorem 3.2] tells us that every essential simple
curve is uniquely realizable as a simple geodesic, we may therefore employ stan-
dard hyperbolic-surface-case arguments for finding a filling set of simple closed
geodesics on . Namely, if one of the complementary regions of a given collec-
tion of geodesics isn’t contractible, then it must contain an essential simple closed
curve, and one then adds this to the collection of geodesics. In any case, since
simple geodesics lift to straight lines in the universal cover Q, the complemen-
tary regions of a filling collection of geodesics is made up of polytopes. These
polytopes must be convex because the region is expressible as the intersection of
convex regions in R?. Each polytope then cuts into finitely many triangles, as
desired. O

For the remainder of this subsection, we fix one such collection {A4,...,/\{} of
geodesic triangles for I glued along I'" as described by Lemma 6.11.

6.5. Polynomial growth of the number of k-diagrams.

Definition 6.12 (k-diagrams). Let Ji denote the set of geodesic arcs on & which:

o start and end on T and/or cusps,
e have at most k self-intersections.
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Further let ]\ (N) denote the subset of geodesic arcs in [y that are cut up into N geodesic
segments by T. Also let []i] denote the equivalence classes of geodesic arcs in Ji with
respect to isotopies of £ which preserve T as a set. Similarly define [Ji (N)]. We refer to
the elements of [Jx] as k-diagrams and the elements of [Jo] as simple diagrams.

Lemma 6.13. The cardinality of [Jx (N)] is bounded above by a polynomial Py.(N) in N.

Proof. Every k-diagram [y] € [Ji(N)] may be encoded as the ordered sequence
01,...,0Nn of elements of [Jo(1)] obtained from cutting [y] along I'. The key ob-
servation is that we do not need to retain the entire ordering of the sequence
to recover a k-diagram: any simple diagram [y] € [Jo(N)] may be completely
recovered from the following data:

o the (unordered) multiset of N segments in [Jo(1)] constitute [y];

o the starting and ending segments for [y] (including the direction of the

starting and ending segment).

This efficient encoding is used in the original proof of the Birman—Series theorem
([BS85, Lemma 2.1]).

The consequence of this encoding is that

Card[Jo(1)] + N —1 )
N —1 ) =: Po(N).
For general k-diagrams [y], we need to introduce additional data to specify the
intersection loci. Since two segments may intersect at most once, the degree of
freedom introduced by this intersection data is bounded above by the number
of ways of designating at most k unordered pairs of segments to denote the
intersections out of all possible unordered pairs of segments. Therefore:

<(g)> - (@ﬂ . PL(N).

6.6. Topological versus geometric length. We have so far introduced k-diagrams,
which afford us topological control over geodesics with k self-intersections. We
now show that the number of segments constituting a k-diagram is proportional
to the Hilbert length of the segment it encodes. This promotes our topological
control to geometric control.

Card[Jo(N)] < N?- (

Card[Jx(N)] < Po(N) -

O

Lemma 6.14. For any finite-area convex real projective surface L, there exists a positive
constant «s r > 0 so that for any complete geodesic ¥ with at most k self-intersections,
the length of any geodesic subarc vy C ¥, such that vy is an element of Ji(N), grows at
least linearly in N for N large enough. That is: there exists an integer Ny r > 0 such
that the Hilbert length

€, > asr-Nforally € Ji(N), where N > Nxr.

Proof of Lemma 6.14 for closed ~. We first prove this for closed Z. Fix a disjoint
collection of embedded open balls B, (xi) around every vertex x; of I'. Let Nz r
be 31+1 (recall here that 1 is the number of geodesic triangles constituting X) and
let s r > 0 be Z]Qm;“r , where (i, is the length of the shortest geodesic arc in Jo(1)
with end points on "\ U By, (xi). The fact that ¢y, is well-defined is because the
subset of Jo(1) with end points on '\ U By, (x;) is a compact set. To be precise:
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this subset of Jo(1) is the disjoint union of 31 closed (solid) rectangles formed by
taking products of distinct pairs of segments in '\ UB., (x;) which lie on the same
triangle. Moreover, we know that £, > 0 because segments have starting and
ending points on distinct edges and hence cannot be of length 0.

Next observe that I' cuts each B, (x{) into at most 31 convex sectors. Since the
intersection of convex sets is convex and hence contractible, the intersection of
any contiguous subarc of y with B, (xi) may meet each sector at most once.
This means that we may have at most 31 consecutive segments of y lying within
B, (xi) and hence any 31 + 1 consecutive segments on y must have length strictly
greater than {min. This in turn gives us our choice of Ny r and o5 r when X is
compact. g

We now look to the situation when X is a (finite-area) cusped strictly convex
real projective surface. We show that geodesics with k self-intersections cannot
penetrate arbitrarily far into a cusp (unless it goes straight into the cusp), thus
effectively reducing the analysis to being on a compact subset of the surface:

Proposition 6.15 (Cuspidal collar neighborhood). Fix a finite-area (cusped) convex
real projective surface & and some integer k > 0. There is a compact subset K C X which
contains all (complete) compactly-supported geodesics on L which self-intersect at most k
times when counted with multiplicity.

Remark 6.16. The complement of this compact subset K in L consists of annular neigh-
borhoods around cusps and we refer to them as cuspidal collar neighborhoods — our
nomenclature alludes to collar neighborhoods.

Proof. Consider a length R embedded horocycle ng bounding an annular neigh-
borhood Cr of a given cusp. Now choose an even shorter horocycle n; bounding
a smaller cuspidal annular neighborhood C, C Cg, so that the minimal distance
between 1, and 1y is at least M (this is always possible since Cyg is infinitely
long). We claim that no geodesic arc v € Jx enters and then exits C,, that is: C,

is a cuspidal collar neighborhood.

Assume otherwise that y enters and exits C,. The complete geodesic extension
¥ is the union of two overlapping geodesic rays 9+ and ¥~ with overlap given
by a subarc of y lying within C, and with end points on 1. In order for the ray
9% to lie completely within Cg, the ideal end point of any lift of 9% would need
to be the unique ideal boundary point of the horodisk in the universal cover of
¥ covering C,. This in turn characterizes ¥* as a geodesic going straight up the
cusp, and therefore hitting every horocycle at most once. This is a contradiction
as 9+ meets C, in two places. Therefore, both 9+ and 9~ leave C, at some point
and hence there is a geodesic subarc y of ¥ which:

e lies completely within Cg;
¢ has both its endpoints on 1g;
e enters and exits C,.

Since ¥ joins 1, and nr along two subarcs, it has length at least R(k + 1). On the
other hand, the geodesic arc ¥ is (endpoint-fixing) homotopy equivalent to a horo-
cyclic path along nr which wraps around nr at most k times (this can be shown
by unwrapping Cr to a k-fold cover of Cr that undoes the self-intersections of ¥).
This in turn means that the length of ¥ must be strictly less than R(k +1), leading
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to a contradiction. Therefore, no geodesic arc vy € Jx which extends to a complete
geodesic ¥ with at most k self-intersections may enter C.. O

We now return to the proof of Lemma 6.14, but addressing the cusped case.

Proof of Lemma 6.14 for cusped Z. Finally, we complete our proof for the cusped
case as follows: fix a horocyclic neighborhood C. for each cusp on X and take
Nsr =1and asr > 0 to be the length (in the closed interval [0, co] rather than
R~) of the shortest geodesic arc in Jo(1) with endpoints outside of the horocyclic
regions. Again, such a length exists due to compactness and is finite. These
choices for constants clearly work because every segment on vy lies outside of C.
and hence must be at least of length o5 r. O

6.7. Geodesic sparsity: area 0. We are now prepared to prove the geodesic spar-
sity theorem for finite-area convex real projective surfaces. Fix a fundamental
domain F ¢ £ = Q made up of lifts of the triangles Ay,..., A1 decomposing X.
Represent Q as a subset of R> C RP?, and let F denote the closure of F in R2.
Define the following collection of geodesic arcs

Ik :={c=9NA;|forsomei=1,...,1 and where ¥ is a lift of y € T},

and further define || C T to be the collection of points lying on geodesic arcs o
in I.. Our goal is to show that 1| NF has zero area. However, since the area on Q
is definitionally in the same measure class as the Lebesgue measure, we see that
we just need to show that Til occupies zero Euclidean area.

Proof of Theorem 6.10 for compact £ — area 0. We first consider the case when X is
compact. For each N > Ny r, we partition T using the fact that any geodesic arc’
o is uniquely expressible as the middle (i.e.: (N + 1)%) segment of a lift of some
representative of [y] € Jx(2N + 1). This gives us a partition of x into at most
Py (2N + 1) sets.

We next show that the Euclidean area occupied by all the lifts of representatives
of [y] € Jx(2N + 1)] with the middle segment in Fis exponentially decreasing
in N. Consider an arbitrary lift y of a representative of [y] positioned so that its
middle segment is in F and let the endspoints of v lie on F/ and F/ — two deck
transformation translates of the fundamental domain F. By the unique path lifting
property, every such y necessarily ends on the same F/ and F” pair. In particular,
this means that the union of every such representative of [y] is contained within
the convex hull of F/ U F”. We know from Lemma 6.14 that both F and F” are at
least distance «y rN away from F. We now use this fact to control the Euclidean
area for the convex hull of F* UF”.

Let O be an arbitrary point on the interior of F. Since F is compact, for some R > 0
the domain F € B(0, R). The domains F/ and F” are deck transform translates of F
and the corresponding translated points x’ € F/ and x” € F” of O € F satisfy that
d(x’,0),d(x”,0) > as rN. Therefore, the Euclidean diameters of F’ and F”” must

o N
both be less than ce < . This in turn means that the convex hull of F'UF” may

Swe may ignore the case when o is a vertex of F as it does not affect the measure or the Hausdorff
dimension of |I/.
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be covered by an Euclidean rectangle of width cew and length diame (Q).
We absorb diamg (Q) into ¢ and ignore it henceforth.

We next note that the convex hull of F'UF” necessarily covers every representative
geodesic segment in [y] € [Jx(2N + 1)]. Since there are fewer than Py (2N + 1)
homotopy classes [y] constituting [Jx (2N + 1)] and each class is covered by a

—x N N
rectangle of area ce ra , this means that the set |Ix| has Euclidean area less

than Py (2N +1) - ce— = Since N may be set to be arbitrarily large, this means
that |Ix| has zero Euclidean area and hence zero area. Finally observe that Til
is the lift of |Ix| to F (except for perhaps finitely many closed geodesics lying
completely on I') and hence |Ix| N F has zero area. O

Proof of Theorem 6.10 for cusped ~ — area 0. We now turn to the case when I is non-
compact, that is: we are dealing with a cusped convex real projective surface.
Given a geodesic segment ¢ € Iy, when we try to geodesically extend o using
deck transform translates of segments in Iy, one of the following three things
occurs:

(1) o can be extended by N segments in both directions, this produces a
geodesic arc in Ji (2N + 1);

(2) o can be extended by N segments in one direction and hits a cusp in the
other direction, this produces an arc in Jx (M), for M < 2N;

(3) o cannot be extended by N segments in either direction and hits a cusp in
the both directions, this produces an arc in Jx (M), for M < 2N —1;

This behavioral classification allows us to partition Ix into the following three
classes of objects:

(1) o is the middle (i.e.: (N + 1)) segment of a lift of some representative of
] € Jk(2N +1);

(2) o is a segment of a lift of some representative y of [y] € Jx(M), for M <
2N, where vy is a geodesic ray (i.e.: one of the ends of 'y is a cuspidal ideal
point) and o is the ith segment, for 1 <i < M —(N+1), indexed from the
cuspidal end;

(3) o is a segment of a lift of the unique representative y of [y] € Jx(M), for
M < 2N —1, where v is a bi-infinite geodesic (i.e.: both end points of y are
cuspidal ideal points) and o has index (strictly) less than N + 1 indexed
from both ends of y.

Case 1 is identical to the previous compact closed X analysis, and each homotopy
—o N
class [y] may be covered by a Euclidean rectangle of Euclidean area ce o

For Case 2, note that one end of v is a single cuspidal ideal point on 9Q), and
therefore [y] may be covered by a Euclidean trapezium with Euclidean area less

— N
than ce— < . Case 3 concerns bi-infinite geodesics joining two cuspidal ideal

points and may be covered by a single line. This means that |Iy| may be covered
by a finite collection of quadrilaterals (and lines) of total Euclidean area less than

—xy,rN =,rN
(

ce = (PL2N +1) + PL(2N) +...+ P (1)) <ce = - (2N +1) - P (2N +1).

Once again, by taking N to be arbitrarily large, we see that the Euclidean area of
| is zero and hence area of |Iy] is zero. O
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6.8. Geodesic sparsity: Hausdorff dimension 1. Finally, we show that |Ix|, or
equivalently T, has Hausdorff dimension 1.

Proof of Theorem 6.10 — Hausdorff dimension 1. Consider Q equipped with the Hilbert
metric d (which is Finsler) in comparison with QO endowed with the Euclidean
metric de (but regarded as a Finsler manifold). The Finsler metric for (Q, d) is
a C! rescaling of (Q,dg) due to the dependence on the boundary smoothness
(which is at least C!). This means that, for any (possibly non-compact) subset K
of a compact subset of (), the identity map between (Q, d) and (€, d¢) restricts to
a bi-Lipschitz map between (K, d) and (K, dg). Combined with the fact that Haus-
dorff dimension is preserved under bi-Lipschitz maps, this means that when X
(and hence F) is compact the Hausdorff dimension of (|Ix/, d) and (ITxl, dg) are the
same. Combined with the further fact that the Hausdorff dimension is preserved
with respect to taking countable unions of sets with the same Hausdorff dimen-
sion, the equivalence in Hausdorff dimension between (|Ix|, d) and (1T, dg) is
true when X is cusped.

We have reduced our Hausdorff dimension derivation problem to that of (|I], dg).

We first show that the (1 + €)-dimensional Hausdorff content of (|Ix|,dg) is O

for every € > 0. Recall from earlier in this proof that for every N > Ny,

there we may cover |I| with fewer than N - Py (2N + 1) Euclidean rectangles

of length diamg (Q) and width ce%rN. Each such rectangle may be covered
diamg (Q) —xs,r N

by W—‘ Euclidean balls of radius %cef. The (1 + €)-dimensional

Hausdorff content of (|Ix|, dg) is 0, because:

i —xsr Lre
lim N-P.(2N+1) - [dlamE(Qw : <SCeaN) _o.

7szer
N—o0 ce < 2

This means that the Hausdorff dimension of (|Ix|,d) is at most 1. On the other
hand, since |Ix| contains geodesic arcs, it necessarily has Hausdorff dimension at
least 1. O
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7. MCSHANE IDENTITIES FOR HIGHER TEICHMULLER SPACE

In this section, we derive McShane identities (Theorem 7.19) for PGL,, (R)-positive
representations with loxodromic boundary monodromy from i-th (Goncharov—
Shen) potential ratio (Definition 7.11). Such ratio is a symmetry breaking ana-
logue of the general cross ratio [Lab07], which is called the ratio (Definition 7.5).

7.1. Labourie-McShane identities. Let us firstly recall the general cross ratio
introduced by Labourie.

Definition 7.1 ([Lab07] Cross ratio). Let
aoo'r[l(sg,myl* = {(X/y/ z, t) S aoo'r[l(sg,m)4 | X 7é t,U 7& Z}-

A cross ratio on Sg m is a 71 (Sg,m )-invariant Holder function B from 9.,m (Sg,m)4* to
R which satisfies the following rules:

(1) (Normalization): B(x,y,z,t) =0 ifand only if x =zory =t,

(2) (Normalization): B(x,y,z,t) =1 ifand only ifx =yorz=t,

(3) (cocycle): B(x,y,z,t) = B(x,y,z,w) - B(x,y,w,t),

(4) (cocycle): B(x,y,z,t) =B(x,w,z1t) - B(w,y,z1).
An ordered cross ratio is a cross ratio B on Sy v, which satisfies, for four different points
XY,z t € 05 (Sg,m):

(1) B(x,y,z,t) > 0if z, t are on the same side of (x,y),

(2) B(x,y,z,t) > 1ifx,y,zt are cyclically ordered.

Definition 7.2. For any non-trivial & € m1(Sgm), let y # ot, a~, the period of «
with respect to the ordered cross ratio B, which does not depend on vy, is

*(a) := log (Bt o, y, x(y))) -

By Definition 7.1, we have €%(a) = €& (ac1).

Given p € Posn(Sgm) (Definition 2.9) with loxodromic boundary mondromy
which is also a Hitchin representation [LM09, Section 9] by Remark 2.11, let &, :
0711 (Sg,m) — B be the p-equivariant positive map with respect to the canonical
lift (Definition 2.40). Then we define the associated ordered cross ratio B° using
&o. For example, we define Bf fori=1,--- ,n —1 using &, as follows. Let £} be
the lift of E,;; with values in A}(R™) fori =1,---,n — 1. Recall A is the volume
form of R™. For any four different points x,y,z,t € 05 (71 (Sg,m)):

AEFIONER) AET ) AEW)
AETOALE) AETWALR)

which does not depend the lift of &,. The cross ratio IB%? is indeed the ordered

cross ratio by positivity [FG06]. For i =1 or n —1, it is called rank n weak cross
A(p(a))-Ai(p(e))

(31) BY(x,y,zt) =

ratio. The period of o with respect to B is log -

it (p(x))-An(p(a))”
By splitting the ordered cross ratio the same way as the classical McShane identity

for the horocycle, Labourie and McShane [LM09] obtained the following identity.
Recall the loxodromic-bordered PGL, (R)-representation variety Posl‘l(sg,m) in
Definition 2.9.

Theorem 7.3. [LM09, Theorem 4.1.2.1] Given p € POSE(Sg,m) with loxodromic
boundary monodromy, let « be an oriented boundary component of Sg m such that Sg
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is on the left side of o and B® is an ordered cross ratio for p. Then

> logB(a,af v BT+ Y logBPla, oty yT) = 7 (a),
(BY)EP (BY)EP?,

where P is the set of the homotopy classes of boundary-parallel pairs of pants in Defini-
tion 1.5, and ﬁg is a subset of P with o and another boundary component of the pair of
pants as the boundary components of Sy . For each boundary-parallel pair of pants, we
fix a marking on the boundary components «, 3,y such that o~y = 1 as in Figure 18.

Remark 7.4. The proof of [LMO09, Theorem 4.1.2.1] is different from the step 2 in
the proof of Theorem 5.25 where we compare the horocyclic Hilbert length measure and
the Goncharov—-Shen potential measure through 0.7 (Sg,m)\P. Labourie and McShane
compare directly the horocyclic measure with respect to the auxiliary hyperbolic metric for
001 (Sg,m) and the ordered cross ratio measure induced from the p-equivariant positive
Holder map &, : 05om1(Sg,m) — B. The Anosov property of the representation p induces
the Holder property of &, which ensures that these two measures are comparable. But the
Anosov property fails for the positive representation with unipotent boundary monodromy

(cusps).

7.2. Ordered ratios and identities. We introduce a generalization of ordered
cross ratios, which called ordered ratios.

Definition 7.5 (Ratio). Consider the following collection of 4-tuples
3ot (Sgm )™ = {(x,Y,2,t) € 0o (Sgm)* | X #Y,x £z, x £ty #z}.

A ratio B : 600711(Sg,m)4** — Ris a m(Sgy,m)-invariant continuous function which
satisfies the following three ratio conditions:

(1) (normalization): B(x,y,z,t) =0 ifand only if y = t,

(2) (normalization): B(x,y,z,t) =1ifand only if z = t,

(3) (cocycle): B(x,y,z,t) = B(x,y,z,w) - B(x,y,w, t),
An ordered ratio is a ratio B which satisfies two order conditions: for four different
points x,Y,z,t € 01 (Sg,m):

(1) B(x,y,z,t) > 0if z, t are on the same side of (x,y),

(2) B(x,y,z,t) > 1ifx,y,z,t are cyclically ordered.
Remark 7.6. Let us start with a few examples for examining the conditions to be a ratio.

(1) For (p,&) € AsL,,,s, .., we define

Pi(x;y,t)

Pi (X;y/ Z) '

It is a ratio but not an ordered ratio in general. It is an ordered ratio when
(p, &) € An(Sg,m). This is the main ordered ratio that we study in this section.

(2) For p € Xn(Sg,m), we define the ordered ratio B(x,y, z, t) to be the edge function
—Di(x,y,z,t) in Definition 2.17.

B(x,y,z1t) =

Definition 7.7 (Periods for ratios). For non-trivial « € m(Sgm) and y # «—, oct,
the period of « for the ordered ratio B is

% () :=1log B (o, ", x(y),y),

As with periods for cross ratios, periods for ratios are also independent of the
choice of y. For any z € 05,71 (Sg,m)\{& ™, «™}, by
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e 7 (Sg,m)-invariance: B (™, «™, x(y), x(z)) =B (™, ™, y,2),
e and the cocycle identity for the ordered ratios,

we obtain that:

B (a7, o, x(y),y)
=B («, ", a(y), «(z)) - B («, ", x(z),2) - B (™, ", 2,y)
=B («,a",y,2) B (a«, ", x(z),2) - B (™, ", 2,y)

z),

:B(oc Lot w(z2),z

Ordered ratios satisfy one fewer cocycle axiom than ordered cross ratios. As a
consequence periods (P of an ordered ratio B do not necessarily satisfy €° () =
€8 (o™ !). One immediate advantage of ordered ratios is that i-th lengths (Defini-
tion 1.3) can now be periods.

Before we state the generalized McShane identity for ordered ratios, we define
the boundary-parallel pairs of half-pants when an oriented boundary component
a of Sy m is playing the role of the cusp p in Definition 5.6.

Definition 7.8. Let « be an oriented boundary component of Sg . such that Sg . is on
the left side of « as in Figure 17. An (embedded) boundary-parallel pairs of half-pants
on Sy m is one of the two pieces obtained by cutting along the unique simple bi-infinite
geodesic of an embedded pair of pants with both ends emanating from o~. Usually,
denoted by (v, y«—) oF 1.

Let H o denotes the collection of (embedded) boundary- pamllel pairs of half-pants on S m
with both ends of its seam emanating from o~ . Moreover, let fHa C Ho denote the subset
of half-pants with a peripheral cuff.

\ Ya—
Y

FiGure 17. An example of a boundary-parallel pair of pants
(v, Yo—) with both ends of the seam ¥~ emanating from ™.

Remark 7.9. Given a boundary-parallel pair of half-pants (v, v«_) € 573, there is a
unique boundary-parallel pair of pants in P that contains (y,vs ) and agrees with its

boundary orientations. We thereby identify 32 with the subset P, C Py, of boundary-
parallel pairs of pants with a peripheral cuff.

Theorem 7.10 (McShane identity for loxodromic-bordered positive representa-
tions). For a PGL,, (R)-positive representation p € Posﬁ(Sg,m) with loxodromic bound-
ary monodromy, let « be a distinguished oriented boundary component Sy such that
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Sg,m is on the left side of & and B® is an ordered ratio for p, we have the equality:

()= ) logBP(a,at,y",BT)+ ) logBP(a oty ,v")

(BY)€Px (BY)EP?,
= > |logB? (a7t 8(a7),87) [+ D) logBP (a;at, v, v").
(8,6, )€Tq (VYo )EFS

where P, is the set of the homotopy classes of boundary-parallel pairs of pants, and ﬁg
is a subset of Po containing another boundary component of Sy as in Definition 1.5.
And K, and f?{g are the sets of boundary-parallel pairs of half-pants in Definition 7.8.
For each boundary-parallel pair of pants or pair of half-pants, we fix a marking on the
boundary components «, 3,y such that «p~'y =1 as in Figure 18.

Ficure 18. The boundary-parallel pair of pants (f3,y) has the
boundary components «, B, v with af~'y = 1 and (B,v) is
cut into (3, B« ), (v, Y«—) along the simple bi-infinite geodesic
Yoa— = Boc*-

Proof. Notice that only one cocycle property is used in the proof of [LM09, The-
orem 4.1.2.1]. Using the cocycle property, positivity and Holder property of B
(due to Holder property of &), we follow the proof presented in [LM09, Theorem
4.1.2.1] almost line by line and replace the ordered cross ratio B° by the ordered
ratio BP. We obtain

(o) = Z logB? (o ;0" v*, BY) + Z logB? (o 0", v, v").

(BY)EPA (BY)EPL
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(1 i 2) i
C/KZO )/b d/(ZI X 7 f
d c Y

FiGure 19. The A coordinates labelled on the vertices corre-

spondingly, Zo = 2 is some «, Z1/Z, = ¢l is the triple ratio.

Recall the refinement in the proof of Theorem 5.25 step (4). The right hand side
of the above equation equals

= Z (logB? (o ;0" v*, (o)) +1logB® (¢ ™, B(ax™), BT))

(BY)EPS

+ Z logB? (o ;" v, v")
(BY)EPY

= Z llog B® (o ; o™, 8(ac),87)| + Z log B (o, v, v").
(8,64~ )€Ha (V¥ o )EFR

O

As is, the identity is not expressed in terms of explicit geometric/projective in-
variants attached to the representation p. We do this crucial step later in this
section.

7.3. i-th potential ratio. The i-th character P;(f; g, h) (Definition 4.2) depends on
the choice of a lift of the flag &,(f) in A. For elements of A, (Sg,m), this is canon-
ically assigned, but not so for X;,(Sg,m ). To resolve this issue, we consider taking
ratios of two i-th characters, thereby providing a well-defined regular function on

Xn(Sgm).

Definition 7.11 (i-th potential ratio). For a PGL,(R)-positive representation p €
Posﬁ(Sg,m) with loxodromic boundary monodromy, let (p, &) € Xy(Sq,m) be the canon-
ical lift (Definition 2.40) of p (or p € Pos,(Sgm) with unipotent boundary mon-
odromy with a unique lift (p,&) € Xn(Sqm)). Recall the unique p-equivariant map
&p : 0001 (S) — B for (p, &) in Definition 2.25. For any (x,y,z,t) € aoom(sg,m)‘***
(Definition 7.5), choose a lift X of £,(x) in A. We define the i-th potential ratio for p
as:

Pi(x;y,t) L Pi(X; &p (y), &o (1))

Pi(X;yrZ) . Pi(X; 59@)/ E'O(Z'))

Remark 7.12. The i-th potential ratio can be defined directly for (p,&) € Xn(Sgm)
using &,. Thus a different choice of the lift for any p € Pos (Sq m) induces a different
gap function expression similar as in [LM09, Appendix A].

Bi(x;y,z,t) :=

We “visualize” our computations in the following way. Given a n-triangulation
(Definition 2.31), the oriented edge ratio ([Sun20a, Definition 5.9]) for an oriented
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Ficure 20. Figure for Bi(x;y, z, t).

edge of the n-triangulation is the A coordinate (Definition 2.34) at the head di-
vided by the A coordinate at the tail of the oriented edge. By Lemma 4.8, as
shown in Figure 19 (1), each «, represented by a lozenge, is the ratio of two ori-
ented edge ratio. By Lemma 4.10, as shown in Figure 19 (2), each triple ratio is the
ratio of two lozenges. The i-th level of x ([Sun20a, Definition 5.11]) is union of the
edges of the n-triangulation where for any vertex of any edge, the least number
of edges towards x is i. Equation (16) shows us that Pi(x;y, z) is the summation
of lozenges crossed by the i-th level of x in the triangle (x,y, z) (Figure 20).

Proposition 7.13. For any positive triple (F, G, H) € A3, we have

i-1 ¢

P (F: H) = F;Gf]_.{ 1
1( /G/ ) (xnfl,l,o +;:]l_‘! Tn ii— JJ F G'H)

Proof. Iteratively applying Lemma 4.10 ¢ times, we obtain

O(F;G'H FGH I I
7'/'7 - O .
n—ii—c,c Xy i,i Tn Iy FG,H)

Re-expressing Equation (16), we get:

i—-1 ¢

F,G,H _ FEGH
F G H Z (Xn i{i—c,c o(nfi,i,O 1+ Z H Tn i )J F G H)
c=1j=1 !

Proposition 7.14. The i-th potential ratio Bi(x;y, z, 1) is expressed as follows:
1

1+ Y Il s
1

1+Z ) 1T, 11]](XUZ)

Thus the i-th potential ratio does not depend on the lift X of &,(x) and is an ordered ratio.

Bi (x;y,2,1) = - (=Dilx,y,z1)).
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Proof. By Proposition 7.13, we have

Pixy,t) =¥ o [ 1+ Z H —(
c—1j-1 nu)]Xy,)

7

and

Pilxy,z) = oV [ 1+ Z H T

o T x,y,Z)

Moreover, by Lemma 4.8 (or by observing the red arrows in Figure 20), we get

A(anifl/\tlAyi).A(aniJrl/\yifl)

xy,t - - - -
an_i/i/o _ A(anl/\yl),A(xnfl/\ti/\ylfl)
Oéx;E"Z~ 0 - A(Xn—i—-lAzl-Ayi)~A(,-(n—i+1A'yi—1)

n—i, A[Xn—lAyt),A(Xn71AzlAy171)

A (Xn—i—l A tl /\yi) A (Xn—i/\zl /\yi—l)

AxEAE Ay ’ A(xTAZL Ayl

= _Di(X/U/ Z‘/t)‘
Thus we obtain
1 oyt
) ~ Pilxy,t) 1+Z ] =1 T 1,15, 0y, t) o‘?mgi,i,o
Bi (x;y,z,t) = P (x; Z) 1 Lo SYE
ilxy, 1+ Z ] 1T, ogz) o0
1+ Z _ 1 %
L BT, (2,1
1+Z ] 1T, 11])(’(91)
Thus i-th potential ratio does not depend on the lift X of £,(x). And it is an
ordered ratio. O

Thus we have the well-definedness of the i-th potential ratio.
Recall Equation (31), we have

TEAGTIAY AYY) A (EAZ Ay

Bf(x,y,l,t) = H AT IAE Ay ’ A (T AZL Ay
i=1

3
L

(*Di(xr y,z, t))

Il
o

3
AN

1
1+Z ] 1T 11])(X\JZ)>

Bi(x,y,z,t) -
1
( 1+Z ] 171, 111](X9t)

i=1

We therefore obtain:

Corollary 7.15. The rank n weak cross ratio and the i-th potential ratio is related by:

n—1 n—1 1+Z 1 1
Tl’l 11 (XUZ)
By (x,y,z,t | |B XY, zt) | | i- L ,
i=1 ' <1+Z .

i=1 ] =1T,_ ii— J](th)

which relate Labourie—-McShane’s rank n weak cross ratio used in their explicit identities
[LMO09, Section 10] to the i-th potential ratio.
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Proposition 7.16. Given p € PosE(Sg,m) and its canonical lift (p, &) € Xn(Sqgm),
we define Py as in Definition 7.11. Let « be an oriented boundary component of Sy m.
For any distinct x,y,z € 0571 (Sg,m) where x = «~, for any integers a,b, ¢ such that
a,b>landc=n—a—b >0, we have

xXY,Z

Xabe oty ale)

X0y, 0z
(xa,b,c

Thus, fori=1,--- ,n — 1, the following i-th potential ratio
Pi((Xf?U/Z) _ eh(cx)
Pi(a~; oy, «z) '
Proof. Recall the notation 2.2. By Definition 2.40, p(«) has a lift into SL,(R)
where its eigenvalues are A; > --- > A, > 0. For any non-negative integer u,v
with a + u+v = n, we obtain
Ax* A z" AyY) = Alp(a)x® A p(a)z™ A pla)y”)
1
=——— AN (az)" A (ay)Y).
}\n e }\n—a+1
Thus
e _ A (xafl /\Zc+1 /\Ub) A (Xa+1 A z€ /\yb71>
ab,c A(Xa A z€ /\yb) .A(Xa A\ ze+1 /\ybfl)
A A(XTEA (@) TEA (ay)®) - A (xTEA (az)€ A (o) P H)
An—at1 - AXEA (az)¢ A (ay)®) - A (x0 N (oz) A (oy)P— 1)
An—a

)\nf a+1

(o4

X, XY,z
a,b,c

X0y,0z oy —a(x)
a,b,c -

e
Then by Equation (16), fori=1,--- ,n—1, we get

Pilviy,z) A TS
Pilx; oy, az) Ay ’

As a consequence of Proposition 7.16, we obtain

Corollary 7.17. For p € Posr{(Sg,m) and its canonical lift (p, &) € Xn(Sg,m), we define
the i-th potential ratio By for p. Let o be an oriented boundary component of Sq m. The
i-th period of « for By:

logBi (o ;0 x(y),y) = i), wherey # o*.

The following lemma is crucial to obtain a closed-form formula for the gap func-
tions with respect to i-th potential ratios in Theorem 7.19.

Proposition 7.18. For p € PosE(Sg,m) U Posyy(Sq,m) and its canonical lift (p,&) €
Xn(Sgm), we define Py as in Definition 7.11. Let x # &6~,5% (Usually x = «~,p and
5 €{B, B, v,y '} for an embedded pair of pants containing « or p). We have
Pi(x;8%,6 'x) Ai(p(9))
1(

Pl s o) S
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F1Gure 21. Lozenges for Proposition 7.18.

where

(32)

L+ 3 T T (%85 %) TS Tasicyalx 8%,81)
T4 Y i T Taigisi (6 8%,80) T2 Tineiiog (%, 8%,8%)

Ki(él SX) =

Let us define
Ki (0, 0x) :==1og Ky (9, 8x).
Proof. Firstly, we have
Pi(x; 87,67 (x))  Pi(8x;8T,x)

Pulx;x,87) Pilgdx,87)
We compute the right hand side of the above equation. By Proposition 7.13, we
have

i—1 ¢
Pi(x; 67, 86%) = o (1 + ) [ Tntiimi(x 0%, 6*)) ,

c=1j=1
i—1 ¢
&+
Pi(8%;x,87) = a%o) [ 1+ Z H Tn—ii—j(8%,87,%)
c=1j=1
Then
Pi(6%;87,x)  Pi(dx;x,87) 1+ Zlc_:ll =1 Tn—i,i-5(8%, 8%, %) oci’i’i;fﬁ
Pl ox, %) Pil; 8%, 8x%) 14 3 T[T Tooigiog (6, 0%,8%) o 00

. . 5%;x,07 x;07F,0x% P
Observing Figure 21, to compute o 77 /" 7y, we need to divide the the red

lozenge with one edge on (x, 5x) by the green lozenge with one edge on (x,5").
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a b

c d e
FiGURE 22. A coordinates are labelled on the vertices.

Then we decompose this red/green as:

5x;x,0 Sx;x,0F 57;8%,x 5x;x,8 5;:0%,x
(33) n—1i,1,0 _ n—1i,1,0 . i,1n—1—1 . n—1i,1,i—1""1,n—1,0

x;071,0x Ox;x,6F d+;0%x,x d+;0%x,x x;0+,0x7

n—1i,1,0 n—i,1,i—1 in—i,0 1,In—1—-1"n—1,i,0

where the first (second resp.) term of the product on the right hand side corre-
sponds to the two corner red (blue resp.) lozenges crossed by the i-th level of 6x
((n —1)-th level of 6" resp.). Using all the intermediate lozenges crossed by the
i-th level of &x ((n — i)-th level of 5 resp.), the right hand side of Equation (33)
equals

i—1 5x;%x,6F 5;8%,x
1 % i1, 1%in 10

IIT—"'—' 5XX5+ . i i S % imn—i,
n—ij1 J( hdd ) 1—[1.17171 T . L (5+ 5x X) o(§+;8x,?c (XX;ZSTL,‘ZSX

j=1 j=1 1y)yn—1—) ’ ’ 1,1n—1—1"n—1,i,0

n—i-1 4 5x;x,6+ 57;8%,x
_Hj:l Ty 0%,87) o 3710 10

i—1 TS oxx x;0+,0x "
. L. + ;0X, ;07
Hj:l Tin—iioj(,0%,87) o 5 140

Since the product of the two lozenges Z3 = 25 and Z, = £5 in Figure 22 is
5x;x, 8 57F;0%,x 57;8%,x x;07,6x

ce e
2, two similar products T 1% 10 and O i 1% i k0 along the edge

(0x,0%) and (x,8") respectively can be explicitly expressed. We obtain

5%;%x,871 5+;8%x,x
n—1i,1,i—1""1,n—1,0
5+;6%,x x;6+,0x

1,In—1—-1"n—-1,1,0
B A ((5X)n—i+l A 61—1) A ((6X)n—i—l A 61’.—0—1) A ((éx)n—i A 61) -2
TOAGHIAST) T A TASH) L A((xEASY

U Ne)
T M Ma(e) M AlpE) M MPRI)T =)
We conclude that
P8, 5710x)) A (o(5))
Piaonsr) ) T

7.4. McShane identities for i-th potential ratio.

Theorem 7.19 (McShane identity for i-th potential ratio). For a PGL, (R)-positive
representation p € Posh(Sgm) with loxodromic boundary monodromy, let (p,&) €
Xn(Sg,m) be the canonical lift (Definition 2.40) of p which induces the i-th potential
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ratio By. Let o be a distinguished oriented boundary component of Sg m such that Sy,
is on the left side of «. Recall Equation (6)

D(x,y,z) = log (%) .
ez +e 2
Fori=1,--- ,n—1, we have the equality:
(34)
D D), dilB,y) + KilB,Ba )+ 4ilB), bilB, V) + kily, Yo ) + 4i(¥))

(Bv)EPS

+ Y OLBY) + Ki(B, Ba )+ L(B), LB Y) — ily vl ) — Ly )
(BY)EP?,
D(ti(e), di(B,v) +kilB, Ba—) + (B), dilB,Y) + kily, Vo) +Ei(¥))) = Ci(a),

where Py is the set of the homotopy classes of boundary-parallel pairs of pants, and (ﬁg

is a subset of Po containing another boundary component of Sgm as in Definition 1.5.
For each boundary-parallel pair of pants, we fix a marking on the boundary components
o, B,y such that ap~ 'y =1 as in Figure 18. Recall Proposition 7.18 for the definition
of ki(8,0x). Here

di(B,v) :=log(—Bi(a;v(e), BT, v")),
ei(B,v) == log(—Bi(a ;v (), v", v ' (BH)),
di(B,v) :=log(—Bi(e ;v(a ), B*,v7)),
e{(B,v) = log(—Bila ;v (a ),y v ' (BH)),

cosh &) E’Y) cosh &i(BY)
di(B,v) -Zlogw (B, ) Zlogm

Let us start with the following lemma before we prove the above theorem.

Lemma 7.20. Set up the notations as in Theorem 7.19 where By is defined with respect
top e Posk(Sg,m) and (p, &) € Xn(Sq,m), we have

ed)i(ﬁﬂ’) . e%(Ki(Y/Y“7)+21(Y)+Ki(ﬁ/ﬁoﬁ)+ei(ﬁ)+ei(0€))

=—e"( D By(avt, BT, YR
Proof. Since y(«~) = (a™ ), by Proposition 7.18 we have
edi(B:Y]+€i(5:Y)+Ki(%1/fx7)+lt(1/)
_Pilay T y(e)) Pula sy HBT), v (e) Pulaiy T,y (a)

(35) Pila; Bla), ) Piloc;y o), vH) Pi(a;y(em), v")
Pila vy H(BH), vy M)

Pila; Blam), BF) -
By o y~! = B! and Proposition 7.16, we get
(36) Pilo sy HBY),y M) = e “l L Pya; B, BT ().




MCSHANE IDENTITIES FOR HIGHER TEICHMULLER THEORY AND THE GS POTENTIAL 79

Thus the right hand side of Equation (35) is equal to

et Py(a; B, B () ki (BB )+ (B)—Li ()
Pi((xi; B((Xi)/ B+)

Thus
@37)
—ec(By)
e (BY) | o (Vv )L (V)i (BB o)+ (B4t ()) _ LHETTPY e e (p)
1+ edi(BA) :

By Equation (36) and additivity of i-th characters, the right hand side of Equation
(37) is equal to

e Pula BB () et Pifay (B, v )
Pilamiytpr) Pi(a;B(a™),BT) Pi(a;v*, BT)

Proof of Theorem 7.19. Firstly, let us show that
log By (o ", v",B")

(38) . (ema) + edi(BY) .e;(m(wa>+ei(v]+mﬁ,f5a)+ei(f5)+ei(an>
= Og

14 edi(BY) . ez(Ki(¥,Ya )+l (V) +Ki (BB o)+ (B)+Li ()

We show two sides of the above equation are equal by evaluating two sides at the

strictly increasing function f(A) = % Then the left hand side of Equation

(38) becomes - (“j;x(j;f)f{f}iﬁ“_l), and by Lemma 7.20 the right hand side of
. 1 . . .

Equation (38) becomes GNP EITEREaY Equation (38) is equivalent to

RICERANED
(39)
Pilo o, y") - (519 —1) = &S0 Py ;v (BY), v ) + Pila v, B7).
By Proposition 7.16, we have
Pilo ot yh) - (e —1)

=Pi(a o, o (v") = Pila o, v )

=Pi(a; ", 0 ().
Thus Equation (39) is equivalent to

Pilo s Bt oty ")) = €S0 Pifa;y (BT,

which is a consequence of Proposition 7.16. Hence we obtain Equation (38).
For each gap function for P, similarly, we have

logBi (a5 0", v, BT)
| <e€i(oc) 4+ ebi(BY). e;(Ki(v%v;)hwwﬂi(ﬁ,m)Hi(rsmi(oc)))
= log .

14 e®lBY) . er(—xily Ty )=ty )4k (BB o~ )+ (B)+Li ()
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Then, we use
log By (o s, vy, v") =logBi (¢ s, vy, B") —logBi (", v", B").
Finally, we conclude the theorem by Theorem 7.10 with B? = B;. O

The similar formulas as Equations (28)(29) hold after replacing x by o™ for p €
Pos!'(S11), thus we can simplify Equation (34) as follows.

Corollary 7.21. For a PGL3(R)-positive representation p € Pos} (S 1) with loxodromic
boundary monodromy, let (p,&) € X3(S1,1) be the canonical lift (Definition 2.40) of p
which induces the 1st potential ratio By. Let « be the oriented boundary component of

S11 such that Sy, is on the left side of x. Let @1,1 be the collection of oriented simple
closed curves up to homotopy on S11. We have

e 5 4 etV (y)
> log | — =0 (a),
ez +

- et(v)+t(v)
Y€€

where T(y) :=log T(ax™,y(x™),y").

Forp € POST}t(SLl) with n > 4, we do not have similar formula as that in Corollary
7.21, since we do not have similar formulas as Equations (28)(29).

7.4.1. Newly inserted parameters. we briefly study the parameters arising in Theo-
rem 7.19. Since ki (3, p«—) is the log of a positive rational function of triple ratios
(Equation (32)), by Theorem 3.4 we have

Corollary 7.22. For p € Pos,(Sg,m), the collection {xi(B, B ), |<i(y,yc¢)}([5 )T
is bounded within some compact interval.
cosh £L°2Y) (f’y]

The function ¢{(f,v) is similar to ¢i(f,v). Let us consider ¢i(p,v) = log

cosh 761‘(26/” ’

By Proposition 7.14, we have

i—1 yc 1
1+ o e 5o
1
(

i—1 c
1 ZC=1 =1 T iy, (v(ae ),y T)

a ) ,B)

ei(B,y) =log ( ‘Dnila;y(a), 6*#*)) ,

and

1+Zl;11 'C:1T L. . 1— — +
c ) nfmfm(txl Y(™),yT) 'Di(OCi,"Y((Xi), B+/Y+) )

i—1 c
1 Zczl j=1 Ta—iij, (v (oc),BF)

dl(BrY) = log (

By Theorem 3.4, the collection

i—1 c 1 i—1 c 1
{1 tlallarseneTeasn tialla s maem }
; - :
( (By)EPx

i1 c 4 i-1 c 1
1+ ZC:l =1 Th i, (vl )y ) 1+ ZC:l =1 Ty i, (e v (), B )

is bounded.

Conjecture 7.23. For any PGLy, (R)-positive representation p, the collection {$i(p,v)} (By) €T

is bounded within some compact interval.
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Remark 7.24. For each boundary-parallel pair of pants (B,v) € P, comparing the
corresponding gap function

Di(a), di(B,v) + xilB, Ba) +Li(B), PilB,¥) + kily, Yo ) + &(V))
in Theorem 7.19 with the gap function D(€(x), €(B), L(y)) in hyperbolic case,

KilB, Ba), kilv, o), ®ilB,V)
are the newly inserted parameters. In n-Fuchsian case,

(1) all the triple ratios are 1, by Equation (32), fori=1,--- ,n—1,

Ki(B, Ba—) =ki(V, Ya—) =0;
(2) and foranyi,j=1,--- ,n—1,

Di(av(e), BF,v") =Djla vl ), BT, vT),
thus
$i(B,y) = bi(B,v) =0;
(8) and for any & € m(S) and any i,j=1,--- ,n—1,
6 (0) = 4(5).

Hence the (n — 1) McShane identities in that case are all the same as the Mizakhani’s
generalized McShane identity [Mir07a, Theorem 4.2] after rearrangement as remarks in
[LMO09, Theorem 4.1.2.1].

Using Corollary 7.15 and Theorem 7.19, we have the following corollary.

Corollary 7.25. The Labourie-McShane’s identities in [LMO09, Section 10] can be writ-
ten as summation of regular expressions of the Fock-Goncharov coordinates, where the
regular expressions are the gap functions in Theorem 7.19 and the logs of certain rational
functions of triple ratios.

Boundary-parallel pairs of half-pants summation
Definition 7.26. Set up as in Theorem 7.19. For & € {B, B, v,y '}, we define

(5,8 )= OBBUOTI L))

Then for & € {B, v}, we have
(8,80 ) = —1(874,8,1) >0,
and
(B, B ) +Tily Ly l) =1
In the case Sq.m = S11, for p € }7“, we denote ri () instead.
Later, we will relate 1;(3, 5, ) to the i-th half-pants ratio in Definition 5.9.

Lemma 7.27. Let B be the i-th potential ratio for p € PosE(Sg,m), Let a,b,c,d, e be
five distinct points in 0,71 (Sg,m). Then
Bi(a;b,c,e) —Bi(a;d,c e)

Bilwb e d == g wdce
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Proof. Using additivity of the i-th character, we have

Pi(a;b,e)  Pi(a;d,e)
Pi(a;b,c)  Pi(a;d,c)
_ P(a;b,e)-P(a;d,c) —P(a;d,e) - P(a; b, c)
N P(a;b,c) - P(a;d,c)
_ (P(a;b,c) +P(a;c,e)) - (P(a;d,e) +P(a;e,c)) —P(a;d,e) - P(a; b, c)
N P(a;b,c) - P(a;d,c)
a;e,c)+ P(a;c,e)-P(a;d,e)
a;b,¢)-Pla;d,c)

Bi(a;b,c,e) —Bi(a;d,c,e) =

P(a;b,e) - P(
P(a; b,
_ Pla;b,d) -P(a;e,c)
" P(a;b,c) - P(a; d c)’

Thus
Bi(a;b,c,e) —Bi(a;d,c,e) P(a;b,d)'P(a;e,C)/P(a;e,C) _ P(a;b,d)
1—Bi(a;d,c,e) ~ P(a;b,¢)-Pla;d,c)’ P(a;d,c)  Pla;b,c)
= Bi(a;,b,c,d).
0

Theorem 7.28 (Boundary-parallel pairs of Half-pants summation). For a PGL,, (R)-
positive representation p € Pos]Tt(Sg,m) with loxodromic boundary monodromy, let (p, &) €
Xn(Sg,m) be the canonical lift (Definition 2.40) of p which induces the i-th potential ratio
Bi. Let « be a distinguished oriented boundary component of Sy m such that Sg  is on
the left side of «. Fori=1,--- ,n — 1, we have the equality:

T1(8,0,— )i () Ki(8,8,—)+Li(d)
Li(o) = Z B log ° 1+ eK.‘[;:sfini[zg]
(40) (8,8 —)€H«
+ > log(Bila;at, v, vT)),
(BY)EF?

where H is the set of the homotopy classes of boundary-parallel pairs of half-pants, and

ﬁg is a subset of He containing another boundary component of Sy as in Definition
7.8. Recall (8,8« ) in Definition 7.26. For each pair of half-pants, we fix a marking as
in Figure 18.

Proof. For any (5,04 ) € T—C(x, by Lemma 7.27, we have

_ ~ Bi(o o, 8(a), 8 (7)) =By (587, 8(ac ), 8 ()
Bi (o, 8(a7),8") = 1Bi(oc;6+,5(oc(),51(0€)) )

Then by definition of 1;(8, 5« ) and Proposition 7.18, we obtain

eri(8,8,—)-ti(ex) +eKi(6/5[x )+€:(3)
[log Bi (o ;0™,8(c),8%)| = |log

1+ exi(8,8,—)+L:(8)

We conclude our theorem after Theorem 7.10. O
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7.5. McShane-type inequalities for unipotent-bordered positive representations.
We in fact have two strategies for deriving McShane-type inequalities for unipotent-
bordered positive representations. The first is to follow the Goncharov-Shen
potential splitting idea we employed in Section 5. The second is to take the
loxodromic-bordered identities we just obtained and to consider them under
deformation to the unipotent-bordered locus in the representation variety. We
choose to illustrate the second strategy which may work for a general positive
representation with certain boundary simple root length zero; the necessary in-
gredients for computing via the first strategy is nevertheless contained in what
follows.

Theorem 7.29 (McShane-type inequality for unipotent-bordered positive repre-
sentations). Consider a PGLy, (R)-positive representation p with unipotent boundary
monodromy and let p € my, be a distinguished puncture/cusp on Sgr. Then, for
i=1,---,n—1, we have

1
<1,
(41) ZH 14 edi(BY) . b (ki(vvp) e (Y)+xi (B,Bp )+ (B)
(BY)eP,
Bi(él 6]3)
(42) ZH 1 + exi(88,)+E: () <1
(8,8,)€F,

where ﬁp is the set of boundary-parallel pairs of pants containing p in Definition 1.5 and

T{v is the set of the homotopy classes of boundary-parallel pairs of half-pants containing p
in Definition 5.6. For any pair of pants or pair of half-pants, we fix a marking as in Figure
18 taking o« as a lift of the cusp p. Recall $i(B,v) defined in Theorem 7.19, ki(5,dp)
defined in Proposition 7.18 and Bi(9, dy) is the i-th half-pants ratio in Definition 5.9.

Remark 7.30. As in the proof of Theorem 7.10, the reason that we can establish inequality
is that we can split using positivity, but this does not ensure the Cantor set introduced in
Section 5.1 with respect to the (i-th) Goncharov—Shen measure has measure zero.

Definition 7.31 (Path 1). For (p,&) € Xn(Sg,m) with (purely) loxodromic-bordered
monodromy representation p, we choose an analytic path 1 in X, (Sqm) satisfying the
following conditions:
(1) H0) = (po, &o);
(2) every element of 1([0,1)) C X (Sq,m) has loxodromic monodromy around all of
its boundary components;
(3) U1) = (p, &) € Xn(Sg,m) where p € Pos, (Sq,m) is the positive representation
with unipotent boundary monodromy as in Theorem 7.29.
We denote the limit of a function f on Xy (Sg,m) under a sequence of elements in 1([0,1))
that converges to (1) by limpyp para . Under the sequence, the i-th length €; of each
oriented boundary component converges to 0 fori =1, - - - ,n—1. Geometrically speaking,
this is tantamount to the boundary o of Sy deforms to a cusp p.

Lemma 7.32. Consider a path 1 as in Definition 7.31 and the second summation in

Theorem 7.10 (or Theorem 7.19). For any pair of half-pants p € fT-Cg with its cuff a
boundary component vy, as 'y deforms to a unipotent boundary, we have:

. logBi (o ;oct,y™,v")
lim

hyp—para Ei ( (X) =0
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Proof. We have

_ _ Pi(a ety ")
lim log Bi (0( }0€+/Y /Y+) _ lim Pi(ax—at,y™) 1
hyp—para € (o) hyp—para Pi(of??“frafl(Yf)) 1

Pi(a—; vy, v"
— m i E j J )7 ‘
hyp—para Pi (o™ v~ o1 (y7))
Since vy is another boundary component which converges to a cusp under limpyp, s para,
v* converges to y~. Hence we obtain

Pila vy, v")
im —
hyp—para Pi(oc=;y~, =1 (y™))

=0.

O

Remark 7.33. The previous result explains why there are no 53 = 973 summands in
the unipotent-bordered McShane identity.

Lemma 7.34. Consider a path 1 as in Definition 7.31 and the first summation in Theorem

7.19. For any pair of pants (B,v) € P o, we have
lim  l08Bilaat, vy BT 1
hyp—spara () T 14 ebi(BY) . e (ki (v yp)HL (V)R (B B+ (B))

Proof. Take the formula in Theorem 7.19, let
Z(x) = e®t(BY) L H KUY+l (Y (BB )+ (B)+ ().

Then
G a)+Z (™)
log Bi (o« ™, y",BT) ~ im log “~75
hyp—»para € (o) hyp—»para ti(o)
() +Z (™)
hyp—para fi(oc) 1+ Z(p)

O

By a choice of fundamental domain, we define the normalized (p, i)-Goncharov—
Shen potential for the boundary case.

Definition 7.35. For a PGL,, (R)-positive representation p & PosR(Sg,m) with loxo-
dromic boundary monodromy, let (p,&) € Xn(Sgm) be the canonical lift (Definition
2.40) of p which induces the i-th potential ratio B;. For any (B,v) € P and a choice of
its fundamental domain as in Figure 18. Then we define

_ Pulacy ) vlo)
B Ye = B oy o), B ()

P Bl ), Bl o)
BB Bo) = b oy (), B i )

Thus we have
Bi(’Y/’YOL*) + Bi(ﬁ/ [‘)’067) =1

When we take the limit limpyp para along the path 1 in Definition 7.31, «™ con-
verges to p, the ratio B;(5, 5« ) converges to the i-th half-pants ratio B; (9, d,) for
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€ (B,v). Actually B;(5,6,) does not depend on the fundamental domain that
we choose.
The following lemma provides the relation between (8,5« ) and B; (8,8« ).

Lemma 7.36. Set up as in Theorem 7.28. We have

e Tilvve—)tile) _q

ST 1 =Bi(v, Yo )
et (BBa—)tile) 1 Bi(B,Bus)
etile) =1 Bi(B, Ba) + Bily, va) - efl™)
Proof. By direct computation
_ —y p—lfo— Pi(a ot Bt () —Pi (o, B(ax))
Bi (oot Blo ), B () —1 Pl o' ,Blo )
ol 1 = eli(e) — 1

_ PilaBlar), B ()
(et —1) . Pyl at, Bax™))
P Bla), Bt o)
Pi(a; o, o 1B (™)) — Py at, Box))
B Pi(o ;o) B (a))
Pi(o™; B(a), B~ (o)) + Pilo; B~ o), 1B (™))
1

_ Pilo; Blo), B (x7))
Pia; Blo), (o)) + el Py vy~ a), y(a7))
o Bi(BrBoc*)
Bi(B, Ba—) +Bily, o) -elil®)
Similarly for the other formula. O

Then Lemma 7.27 and Lemma 7.36 allow us to compute the following.

Lemma 7.37. Set up as in Theorem 7.28. Evaluating the function f(A) = =1 _ gt

elile) 1

the four gap functions for He in Figure 18, we get:

1
Bi (o, y Ha), vy ) —1 1
( eli(a) — 1 ) :Bi(y'y“f)'1+ (v ()’
(o= y o) y™)
2)
Bi (OC_}OC+rV+/V(fX_))—1 1
=Bilv,va)- —;
Gi(o) 1 t & i (Ve )i () . PileTyty T ()
¢ T e brye M) S S T
3)
Bi (o ;™ (5( o« ),pF) -1
elilad — 1
i(f’rﬁa*) 1

Bi(B, Ba )+ Bily, va ) ei(®) 1 P
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4)
Bi (a7, B‘ Bl (x7)) -1
elile) — 1
i(ﬁrf’tx ) i 1
. _ . ). eli(a) . £ Pi(x—B—,B(x))
BI(BIBLX )+B1(’Y/’YCX ) e & 1-}-61«‘([5'60c )@l(cx], Pi(oc* [3—1(“—0;[3—)
Proof. By direct compuation, we have
(43)
Bi (a; oﬁ,v’l(oc’),v’) -1
etila) — 1
Bi (o o,y o)yl ))—Bi(a sy v o ) v(a)) 1
= IBelaiy Z Ty (7)) by Lemma 7.27
elile) — 1
_ B; (oc*;oﬁ,y’l( o) y(e)) -1 1
elile) —1 1—Bi(ay—, vy o), v(x))
B Y o
= (Y Vo) by Lemma 7.36 .
Ty Py viaD
(o= y—Hee™),v™)
Similarly for the other cases. O

A direct consequence of Lemma 7.37 is the following.

Corollary 7.38. Consider a path 1 as in Definition 7.31. Suppose & € {B,B 1, v, v '}
Let x be a lift of the cusp p such that (x, 5x,d1) is a lift of the ideal triangle. For the four
cases in Lemma 7.37, we have

. NlogBi (7", 8(a),87) B (5 Sp)
lim . x5+5 —1x)*
hyp—para El(oc) 1 _|_ T

Proof of Theorem 7.29. Let us study the formulas in Theorem 7.19 and Theorem
7.28 under the sequence of elements in 1([0, 1)) that converges to (1) as in Defini-

tion 7.31. Lemma 7.32 shows us that there are no ?2‘ = T—fg summands. Formula
(41) is a consequence of Lemma 7.34 and Formula (42) is deduced by Corollary
7.38. O

Remark 7.39. Theorem 7.29 can be extended to the general (p, &) € Xy (Sq,m) where the
distinguished oriented boundary component o« has i-th length zero. Following the above

proof, the only thing that we need to modify is Lemma 7.32. For any (y,Yp) € T—Cg = 553,
using

Bi (OC_, ‘X+/”Y_/Y+) = Bi (0(_/ 0(+,'Y_,’Y(OC_)) - Bi (a_l OC+I’Y+/’Y(0(_)) ’
we have the corresponding gap function:

logBi («—; o, vy, vH) e<ivyp)+tily) 1

lim =B (Y/Yp) Ki (V,vp )+ ( +1

hyp—para ﬂi ( OC)

Similarly, Theorems 7.19 and 7.28 can be extended to the geneml (p, &) € Xr(Sgm), but
the equalities will be changed into inequalities.
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7.6. A strategy for establishing the unipotent-bordered McShane identity.

Lemma 7.40. Let p be a PGL,, (R)-positive representation with only unipotent boundary
monodromy (only loxodromic boundary monodromy resp.). Let x be a cusp p (a boundary

component « resp.). Let H(y) be the subset of Hy containing vy as the cuff. Then
(44) > B <1

neHx (v)

Proof. Let us prove for the case p € Pos;;(Sgm) and x is a cusp p. The argument
for p € Pos}t(Sy,m) is the same since the following is a topological argument. For

each u € T—(p (v), Bi(p) is the probability (with respect to the Goncharov—Shen
potential measure) that the portion of a geodesic launched from cusp p up to its
first point of self-intersection will either:

e intersect y, or
e be completely contained on a pair of half-pants with vy as its cuff.

Suppose two p, p’ € T—Cp (v) has non-empty interior intersection. We argue the
same way as [McS98, Proposition 1]. If p and p’ contain a common geodesic
launched from cusp p up to vy, there is a unique pair of half-pants in f?CP (v)
containing y and that geodesic. If u and p’ contain a common geodesic launched
from cusp p up to its first point of self-intersection completely contained on a
pair of half-pants with vy as its cuff, there is a unique pair of half-pants in CT-CP (v)
containing y and that geodesic. We have p = ' for both of the above two cases.
We conclude Formula (44).

O

Theorem 7.41 (Equality under assumption). Let @g,m is the set of free homotopy
classes of oriented simple closed curves on Sgm. For any PGL,, (R)-positive representa-
tion p, let

Di(N, p) 1:#{[6]€ég,m‘ log)f"‘(pi(é%)))gN }

ir1(p(
Assume that we have the following property:
Consider a path 1 in Definition 7.31 where 1(1) = p € Pos;(Sgm) has only
unipotent boundary monodromy, there exists a positive continuous function for
s € [0,1] such that

(45) Di(N,1(s)) < c(l(s)) - N69—6+2m

Then the inequalities in theorem 7.29 are equalities.

Proof. It is enough to prove only Formula (42) is an equality.
Take a path 1 in Definition 7.31. For s € [0, 1], let

F(s)i= ) >

‘log BE(S) (o ;00t,8(ax™),8T)

+

1(s)
(46) 5€C g m (8,8,—)EFq(5) 6 (o)
Z Z log Bi(S) (“7’ OCJr/‘yi/‘YjL)
'I_ 7
> - 0% ()
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where in the first summation 6§ is enumerated with respect to {;(5), and in the
second summation y goes over the finitely many boundary components of Sy 1
(oriented such that Sy ., is on the left side of y) except o.

By Corollary 7.38 and Lemma 7.32, each summand of F(s) is a continuous func-
tion on s € [0,1]. By Theorem 7.10, F(s) = 1 for s € [0,1) and F(1) < 1 by
Theorem 7.29. To prove F(1) = 1, we will show that F(s) is uniformly convergent
ons € [0,1].

Since the path 1 is compact, we have the following bounds in the path 1:

(1) the limit of ezgi((":;l under liMpyp_para 1S 1, 50 eegi((“;)’l is bounded above
by a constant Cy > 0;

(2) following the compactness argument in Theorem 3.4, the collection of all
the triple ratios for all the ideal triangles is uniformly bounded within a

compact positive interval, thus the collection {K (5, 54— )} Equa-
tion (32)) is bounded below by a constant K > 0.

(8,8 —)EH (

For the first summation of Equation (46):

10g B{'*) (o ex*, 8(cc),8")|

1(s)
(8,5, )T 6 (o)
et -1 B(5, 8 )
S e : L 7.37
£ () Z . <1 +Ki(8,84-) eei(5)> emma
(8,0, )eHa

Bi(érétx*)
G- )2 ) (1+Ki(6,6a)-e““’>)>
9 (8)
Bi(éréoc*)
G- 2 ) (1+K.ewJ>
(8)

5€Cgm

*Z°° Di(t, 1(s))
K.et
t=1
)) . t6976+2m for

By our assumption Equation (45), we have D;(t,1(s)) < c(l(s
s)) < Q. Thus the

€ [0,1]. Since [0,1] is compact, there is Q > 0 such that c(1(
rest sum of the above summation is bounded above by

which converges to zero when r goes to infinity.
The second summation of Equation (46) is finite over y and

Y log B (a—; ot v, v")

' M)
(VYo )EH (V) t (o)

<L

Hence we have F(s) uniformly convergent on s € [0,1]. Thus F(1) = 1.
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8. APPLICATIONS
8.1. Simple spectral discreteness.

Definition 8.1 (Simple spectra). Recall S = Sy, where 2g —2+m > 0. Let p €
Pos;; (S) be a PGLy (R)-positive representation with unipotent boundary monodromy,
and let @g,m denote the collection of oriented simple closed geodesics on S up to homotopy.
We define the following spectra:

(1) the simple {;-spectrum:

{em 1vetom},

(2) the simple largest-eigenvalue spectrum:
(M) 17 €Com},
(3) and the simple { := Y {;-spectrum:
{0 1y eCom}.

Our goal in this subsection is to prove that the above simple spectra are discrete
for any positive representation p € Pos;;(Sgm). Our proof relies on the Theo-
rem 7.29. Let iT-fP (v) denote the subset of ﬁp consisting of all boundary-parallel
half-pants with vy as its oriented cuff.

Lemma 8.2. Given a PGL,, (R)-positive representation p € Posy (S) with unipotent
boundary monodromy equipped with an auxiliary cusped complete hyperbolic surface
L = (S,hy) as in Definition 2.7, let p be a distinguished puncture of S. There is a
universal constant b° > 0 such that for every oriented simple closed curve vy € @g,m,
there exists an embedded pair of half-pants (y,v,) € ﬁa(y) such that:

Bi(y/Yp) > bP.

Proof. Much like the proof of the boundedness of triple ratios (Theorem 1.16), we
rely on a compactness argument. With respect to the hyperbolic metric Z, the
length 1 horocycle 1, around cusp p separates X into two connected components:
an (open) annular cuspidal neighborhood C,, C X as well as a (closed) homotopy
retract Z(P) := £ — C,,. Also let £2! C £(P) C £ denote the compact subsurface of
I obtained from truncating every cusp of I at its length 1 horocycle.

Consider the following subset of the unit tangent bundle T'£:

x is a point lying in £2! and the geodesic ray oy,
shooting out from x with initial vector v is simple,
approaches the cusp p, and the arc o, ,) N £=!
realizes the distance between x and 1,

Let d£>! be the closed surface obtained by doubling £>!. Then T'£! is a closed
subset of the compact space T'dZ>!. We now show that = is a closed subset of
the restricted unit tangent bundle T'Z>! of T'L to £2!, and is hence compact.
Consider a sequence {(xn,vn) € =} which converges to a point (Xe, Vo). Since
21 is a closed subset of £, the limiting base point xo, must lie on £=!. Next, to
show that the geodesic ray o(,_ . ) approaches the cusp p, choose a fundamental
domain F for  containing a lift X, of X, in the interior. The lifts to F of the

—-
—

=< (x,v) e TIZ
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sequence {(xx,vk)} for k large enough necessarily all induce rays which shoot
into the same lift p of the cusp p, and hence o(,_,_) also shoots into p. Hence =
is a compact set.

Since 0(x,) shoots into cusp p, the corresponding subset to = in Tri(Z) is a com-
pact subset with every point of the form [p, b, c],, where p is a lift of p. In particu-
lar, this means that the (strictly) positive function P;(§; b, ¢)/P! in Definition 7.11
is well-defined and continuous on a compact set and achieves its minimum. We
denote this minimum by b > 0.

Given an arbitrary oriented (essential) simple closed curve y € @g,m, let v denote
its geodesic realization on X. Further let xy € y be the point on y closest to the
horocycle 1, let o be one of the geodesic arcs realizing the distance between xg
and 1p, and let vy denote the initial vector of 0. By construction, the geodesic
ray O(x,v,) contains o. Since ¢ is a distance minimizing arc, it must meet 1,
perpendicularly and hence o, .,) shoot up straight into cusp p after passing
Np. Moreover, the arc o must also be simple (so as to be distance minimizing),
and hence oy, ,,) is the concatenation of o and a simple geodesic ray which
lies in C;, (and hence cannot intersect 0) and is thus simple. Therefore, we see
that (xp,vo) € =. We denote its corresponding point in Tri(X) by [P, bo, col,. Let
(v,¥p) € H, denote the unique embedded pair of half-pants on S containing
Y U O(xv) (Figure 23).

F1cure 23. The pair of half-pants (v, ¥, ) is the unique embedded
pair of half-pants that contains ¥ and o(xg,vy) D ©.

We also know that o is perpendicular to y, and by possibly replacing p with a
different lift of p, the point by must be of one of the two fixed points of p(y). This
in turn means that Bi(y,vp) > Pi(p;b,c)/PP > bP > 0, thereby demonstrating
the desired lower bound. O

Theorem 8.3. Let p € Posy (S) be a PGLy, (R)-positive representation with unipotent
boundary monodromy. Then the simple {;-spectrum for 1 < i< n—1, the simple largest
eigenvalue spectrum and the simple {-spectrum for p are all discrete.
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Proof. We begin by rearranging the inequality Theorem 7.29 to obtain the follow-
ing expression fori=1,--- ,n—1:

Z Z Bi(%Yp) <1
— - 1+ ebi¥)+t(vivp)
YECGm (v, vp)E€I, (V)

Invoking Theorem 3.4 to assert that there exists some T, such that t(y,v,) <
Tmax, We obtain:

1
2 1+ et () +Tman > Bilvvp) | <1
Y€€ m (v vp)EH, (v)

Further invoking Lemma 8.2 to uniformly bound
> Bilviyp)>  sup  Bily,yp) >b°.
(v vp )eﬁp (v) (v, vp)eH, (v)

Hence:

bp
> Tt <b

-

YECHm

This suffices to ensure the discreteness of the simple {;-spectrum.

Then
n—1
(=) &
i=1
ensures that the {-spectrum is also discrete. Furthermore, the fact that

e!™ > A\ (p(y))

then ensures that the simple largest-eigenvalue spectrum is also discrete. O

8.2. The collar lemma. As a second application of our McShane identity, we
establish the collar lemma for p € Pos3(Sg,m) which corresponds to a certain
convex RP? structure. We require our McShane identities for Pos;(S;1,1). Note
also that we do not need the full force of the McShane identity, and only require
the inequality.

Lemma 8.4. Let p € Posy (S11) be a PGL3(R)-positive representation with unipotent
boundary monodromy (or equivalently cusped strictly convex RIP? structure on S11). We
define

T(ﬁ) = T(f)/ Bﬁ/ B+)

For distinct (oriented) simple closed geodesics 3,y € él,l, let

_ M(p(B)) _Tra— M)
w = TB) X oren, w2 =TB )X pE)
_ Ale(v)) _ —\Mle(y )
us =TV 5 0en W =T0 )=

Then, for any configuration of {1,j, k, 1} ={1, 2, 3,4}, we have:
((uiuj)% — 1) . ((ukul)% — 1) > 4,
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Proof. By Theorem 5.13, we have:
4

1 1
Z1+u5 <) S T(5) el sk

s=1 5G4 A2(p(0))

Multiplying both sides by ]_[i _1(14 us) and rearranging the resulting terms, we
obtain:

4 4
3+ZZuS+Zu5ut < Hus.
i=s 1

s<t s=

Further adding (1 — uju; — uxuw,) to both sides, we get:
C+ui+u)2+ur+w) < (1—uiyy) (1 —waw).
By the algebraic mean-geometric mean inequality, we obtain:
(24 2(wiy) ) (2 + 2(wew) ) < (1 - wiwy) (1 - wew),

and hence:

Nl—
ST

((uiu]—) —1) . ((ukul) — 1) >4,

O

Proposition 8.5. Let p € Pos3(S1,1) be a PGL3(R)-positive representation. The twice of
Hilbert lengths £ of any two distinct simple closed geodesics 3 and y satisfy the following
inequality:

(47) (e2(P) —1)(e2t™ —1) > 4,
Proof. We first consider the unipotent case. Recall from Equation (23) that
T(p,5p,67) - T(p, 5 'p,87) =1,

where P is a lift of the puncture p such that (p,5p, 67) is a lift of an ideal triangle.
This means that the product terms uju, and usuy satisfy

_ M(e(B)) _ e(B)
Wit = Xy — €

A
and  uzuy = A;ESE;Y/% =

and hence we obtain Equation (47) as desired.

Similarly for the distinguished oriented boundary component « (such that S;1 is
on the left) has 1st length zero.

We now turn to the case where the distinguished oriented boundary component
o has 1st length non-zero. For any simple closed geodesic 5 on Z, let u, 13 € H
denote two boundary-parallel pairs of half-pants which have ¢ as its oriented cuff
such that their underlying half-pants are distinct. Recall Definition 7.26, we have
(48) )+ ) =1 milud) = - ).

We consider two gap functions in Theorem 7.28 associated to one pair of half-

T (e ()| Lt (8)+T(8) (s H+r(s™h
pants: log (e : —_— ) for 11 (1?) and log( lrel

1+el1(8)+7(38) e*ﬁ“‘?)51(“)+efl(571)+‘f(571)

for T1(]J.§71).
We require the following fact:

XY>1=1+X) ' +1+Y) 1t >2014+XY)"L
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—r (080 ()8 (8)+T(8) () () +e (s Harrsh
2 2

By taking X =e andY =e , We obtain:
) 27 (ud) rl(u{’)eﬁ(“?)el(“) Tl(ug)e—rl(uf)h(oc)
14 e3t(d) = enud)bl(e) 4 oti(8)+7(8)  e—mi(ud)l(e) 4 ela(8 1) +r(s 1)

The above inequality in turn leads to the following comparison: for {;(x) > 0,
(50)

2711 (1) (o erl(uf)ll(“) el1(8)+7(d) 1 651(571)+T(571)

M g log 7 + + log 5 + — — .
14 ett® 1+ et(®)+1(8) e (D) 1 eli(d )tT(s )

To see this, note that Equation (50) is an obvious equality when {;(«) = 0 and its

derivative with respect to ¢ (o) satisfies Equation (49) for £ () > 0. We see that:

2y (1) _ 1 log(en(usmm+ems)+ﬂ5)>

T+ elt® “hlw T+ et =®

1 14 et (8)+T(67h)
4w 98 | srme@ et e T )
There is one inequality of the same form as Equation (51) for each choice of
6 =f,vyand i =1 or 2. This makes a total of four such inequalities, and hence
eight right-hand side terms. Crucially, these eight terms are distinct summands

of the McShane identity for p € Pos3(S1,1) by Theorem 7.28, and hence by Remark
7.39:

(1)

2r(l)  am()  2m(W) 2m(W))

1+ert®B) 1 pertB)  14erty)  14ert <1
By Equation (48), we then obtain
2 2
14 ezt(B) + 1+ ezt <1
which rearranges to give Equation (47) as desired. O

Theorem 8.6 (Collar lemma). Let p € Pos3(Sg,m) be a PGL3(R)-positive representa-
tion. Any two intersecting simple closed geodesics 3,y satisfy the following inequality:

(52) (2P —1)(e2*™) —1) > 4.

Proof. We first note that Proposition 8.5, coupled with the fact that the twice of
Hilbert length £(5) (which we call length for short in this proof) of a curve ¢ is
equal to

£(8) = 4 (8) + £2(23),
tells us that Equation (52) is true if the convex hull of 3 Uy is a 1-holed torus.
Furthermore, whenever the convex hull of 3 Uy is a 4-holed sphere 24, then X4
is the quotient of a 4-holed torus ;4 with respect to the action of an isometric
involution (see Figure 24):
The curve {3 lifts to two simple connected geodesics (31, 32 in X; 4, each of length
equal to length of (3. Likewise, the curve vy also lifts to y; and v,. The convex hull
of $1 U1 is a 1-holed torus, and hence we once again obtain Equation (52).

The above cases cover all possibilities where there are two or fewer (geometric)
intersection points between 3 and y. We now turn to the case when there are at
least three intersections. Let us assume without loss of generality that {3 is shorter
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F1GURE 24. The left 4-holed torus double covers the right 4-holed
sphere, with identification given by m-rotation about the central
vertical axis. The curves [31,v1 respectively cover 3,y precisely
once and the convex hull of 1 Uy is a 1-holed torus.

than or equal to y. We also assume that the intersection points 3 Ny are generic,
our arguments still apply when there are non-generic intersection points with the
small caveat that some of the geodesic segments we concatenate may be of length
zero.

Consider the geodesic subarcs {o} on y with ends in 3 Ny, but not interior points.
Note that this collection of subarcs may be bipartitioned into those whose end-
point tangent directions point to the same side of 3 (left hand side of Figure 25)
and those whose endpoint directions point to opposite sides (right hand side of
Figure 25). We refer to the former as a fype-A arc and the latter as a fype-B arc.

FIGURE 25. A type-A arc (left) versus a type-B arc (right).

Case 1: 3 type-A arc o on vy of length {(o) < %E(y). Join the two ends of o
with the shorter of the two subarcs of 3 traversing between the endpoints of o.
The resulting concatenated broken geodesic shortens to a unique simple closed
geodesic v’ which intersects  precisely once. The length of v’ satisfies:

0y") < 308B) +L(v)) < L(y),
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and the convex hull of f U+’ is a 1-holed torus. Therefore:
(53) (e2'F) —1)(e2™) —1) > (e (P —1)(e2'Y) —1) > 4,
as desired.

Case 2: no type-A arcs on y. Let N denote the number of intersection points
in B Ny (non-generic intersection points are counted with multiplicity). The no
type-A arcs condition forces N to be even. Hence, there are N > 4 type-B arcs
01,...,0N Which concatenate to form y. Consider the N geodesic arcs of the form
0; * 0341 (and on * 01) obtained from concatenating consecutive type-B arcs. The

total sum of the lengths of these concatenated arcs is 2{(y), and the pigeonhole

principle tells us that at least one has length shorter than 260 < £0r),

Let o denote one such l(zv ) _short concatenated arc and consider the closed broken

geodesic formed by joining the endpoints of o with the shorter of the two arcs on
(3 adjoining the endpoints of o, and denote its geodesic representative by y’. The
curve vy’ is either simple or may have one self-intersection. In the former case, we
have two simple closed geodesics f and vy’ with geometric intersection number
equal to 2 but algebraic intersection number equal to 0. Hence 3 Uy’ lies on a
4-holed sphere, and we once again obtain Equation (53). In the latter case, the
convex hull of v’ is a pair of pants. and precisely one of the two ways of resolving
the intersection point on vy’ produces an essential simple closed geodesic v (see
Figure 26). In particular, since Hilbert metric is a distance metric, the triangle
inequality ensures that resolving crossings results in shorter rectifiable curves
with even shorter geodesic representatives. Thus, we replace v’ with y”, and
wind up with the former case.

In either of the two cases as in Figure 26,

FIGURE 26. An example of the how the arc o (left) is used to
produce curves vy’ (center) and y” (right).

Case 3: J type-A arc b on v of length £(b) > %E(y). Our argument here is similar
to Case 2. Let N again denote the number of intersection points 3 Ny. By assum-
ing disjointness from Case 1, we may assume without loss of generality that there
are N — 1 consecutive type-B arcs oy, ...,on—1 which, along with b, concatenate
to form y. The sum of the length of the following list of N concatenated arcs

01%02,...,0{ % 0i41,...,0N_2* ON_1,0N_1 % b, b x 07
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is equal to 2£(y). By the pigeonhole principle, there must be at least one concate-
nated arc of the form o = oy * 011 of length shorter than
20(y) — tlon1xb) —L(b) x o) _ 20(y) —2¢(b) _ (v)
N-—-2 N-—-2 N—2"
If N > 3, the above inequality ensures that {(o) < lf(Tv) If N = 3, then 0 must
be o1 * (72, and is the complementary arc to b. Hence o is again of length less

than 2 . We may now run the latter half of the argument for Case 3 to obtain
equation (52) O

(v)

Remark 8.7. Multiply both sides of Equation (52) by (4e%e + )~ and we obtain

sinh (3¢(B)) - sinh ((y)) > e

Our inequality is weaker than the “sharp” inequality described in [LZ17, Conjecture
3.8].

8.3. Thurston-type ratio metrics. Thurston showed in [Thu98, Theorem 3.1] that
it is impossible for the simple marked length spectrum of one hyperbolic struc-
ture on a closed surface S to dominate that of another. This non-domination
ensures that Thurston’s simple length ratio metric on Teich(S) is positive.

Non-domination breaks down for bordered hyperbolic surfaces, and it is possible
to map from a bordered surface to one where every geodesic is shorter [PT10].
The way that Papadopoulous and Théret resolve this issue is to introduce ortho-
geodesic arcs into the collection of objects that one takes length ratios over. We
show using McShane identities that the naive length ratio metric suffices provided
that one fixes all boundary lengths.

Theorem 8.8. Given marked hyperbolic surfaces L1,y € Teichgm(Ly,..., L) with
fixed boundary lengths Ly, ..., Ly > 0 for oy, -+, &m. Then the marked simple geodesic
spectrum for L1 dominates the marked simple geodesic spectrum X, if and only if £; = 2.

Proof. Assume without loss of generality that the simple length spectrum of Z,
dominates that of X,. We first consider the case where at least one of the bound-
aries o« = « is strictly greater than 0. Let P, be the set of the homotopy classes
of pairs of pants and P9 is a subset of P, which have two borders, say « and v,
as boundary components of Sy . The summands in the McShane identities for
bordered surface [Mir07a, TWZ06]:

(54)
((fx) HB)+NY)

_|_
Li = Z 2log 4(a>+eum+«m+ Z

(BY)eEPx (By)ePy

have summands which are strictly decreasing with respect to increasing the lengths
of (interior) simple closed geodesics. Since the simple length spectrum of X;
dominates that of X,, this forces each pair of corresponding summands in the
McShane identities for X1 and X, to be equal. This forces the length of multi-
curves (*1(B) + €*1(y) to be equal to €*2(B) + ¢*2(y) for each (B,v) € Py, and
=1 (B) = *2(B) for each (B,y) € P2. For each (B,y) € P, domination then tells
us that

cosh —B) + cosh(iem)
cosh(g) + cosh(fu”)

(1(B) = €(B) and (%1 (y) = (2(y).
Therefore, the marked simple length spectra for Z; and X, are equal and X; = L,.
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The remaining case is where every boundary is length 0 is classically due to
Thurston [Thu98], but can also be demonstrated by applying the same arguments
to McShane’s identities for cusped surfaces [McS98]. O

The above non-domination result immediately implies the following:

Definition 8.9 (Thurston metric for bordered surfaces). Let Cg . be the set of
simple closed curves up to homotopy on Sgm. The non-negative real function dry :
Teichgm (L1, ..., Lin) x Teichg m(Ly, ..., Lin) = Ryq defined by

*2(y)
dm (X1, L) :=1log su —,
(L1, L2) gveeljm 51(9)

is a mapping class group invariant asymmetric Thurston-type length ratio metric on the
Teichmiiller space Teichg m (L1, ..., L) of surfaces with fixed boundary lengths Ly, ..., Ly,.

We are now interested in the spaces of geometric structures underlying the PGL3(R)-
positive representations. By [Mar10], the space Conv"(Sgm) of cusped strictly
convex RP? structures on Sy m>1 is homeomorphic to Pos} (S g m)-

Tholozan [Tho17] showed that, for any strictly convex RP? structure p on a closed
surface, it is always possible to find a hyperbolic structure j such that the length
spectrum of j is uniformly smaller than that of p (which should also works for
the cusped strictly convex RP? structure on Sg ). Thus, the naive length ratio
expression for the Thurston metric, when extended to the space Conv}'(Sgm),
results in a function which may be negative. To deal with this, we reverse en-
gineer our McShane identities-based proof for the non-negativity of the length
ratio metric (Theorem 8.8) and propose the following candidate for a metric on
Convy (S11):

log(1 + el 2(Y)+r=2(y)
(55) deap(X1, X2) == log sup ( 8l 51 5 )
YE@M log(l t+en e (Y))

To show that this is a well-defined function, we use the following comparison:

Theorem 8.10 ([Ben01, Corollary 5.3], { vs. {;-length comparison). For any cusped
strictly convex RP? structure p, there exists K, > 1 such that for every non-trivial
non-peripheral closed curve y on S, we have:

G(y) <Uy) < Kp - 4i(y).

Remark 8.11. Although [Ben01, Corollary 5.3] is stated for closed surfaces, Proposi-
tion 6.8 allows us to extend this result to the cusped strictly convex RIP? surfaces.

Proposition 8.12. The function dggy is well-defined.

Proof. We need to show that the supremum in (55) is bounded. If the supremum
is realized by some simple geodesic vy, then obviously the gap metric is well-
defined. If not, then there is a sequence of distinct geodesics {yx} for which the
expression in (55) tends to the supremum. Then, by the discreteness of the sim-
ple length spectrum (Theorem 8.3) and the uniform boundedness of triple ratios
(Theorem 3.4), showing that the supremum exists is equivalent the existence of
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the following supremum:

e _ e (y)

< Kg, - sup ,
6121 (v) ved, (=1 (y)

(56) sup
YE 61/1

where the Ky, in the right hand side is the coefficient in Theorem 8.10. How-
ever, we know from [Thul6, Theorem 2] that the twice of Hilbert lengths ¢>!(-)
and (*2(-) extend continuously to the space of (compactly supported) measured
laminations on S;;. In particular, the homogeneity of these length functions on
multicurves means that they must be homogeneous over all of measured lamina-
tion space, and hence £*2/0*! defines a continuous function on the space of (com-
pactly supported) projective measured laminations. This is a compact codomain,
and hence must be bounded above. Therefore, the left-hand side supremum in
(56) exists and dg,p is well-defined. |

Theorem 8.13 (Gap metric for Conv*™(Sy1)). The non-negative function dg,, defines
a mapping class group invariant aymmetric metric on Conv*(Sy1).

Proof. It is clear that dg, is mapping class group invariant and satisfies the tri-
angle inequality. The McShane-type identity (Theorem 5.13) tells us that the gap
summands of for £; cannot dominate those for ¥, and this gives us the requisite
non-negativity.

All that remains is to show that dgs,(Z1,Z2) = 0 if and only if £; = Z;. One
way is obvious. For the converse, assume that dg,,(Z1, Z2) = 0, then the McShane
identity tells us that the corresponding gap summands must each be equal, and
hence

Wy e Gy, )+ = 20 + 1),

Consider the sequence of curves {By*}cez obtained from applying Dehn-twists
along vy to a B which once-intersects y. The eigenvalues for the monodromy for
two matrices are minimal/maximal when they are simultaneously diagonaliz-
able, and hence we obtain the bounds:

kb1 (v) +1logAs(B) —logA1(B) = kb (y) — ¢
kl1(y) +logA1(B) —logAs(B) = ki1 (y) + ¢
Hence we see that

(57) bly) = Jim Lt (By),

(B) < ta(py*) and
(B) > G (BY").

which in turn implies that:

G0 o 1B L (67 (BYR) + T (BYY))
1

GHy) koo LET(BYR) koo L(UTH(BYR) + T (BYK))
Therefore, the marked simple ¢; (and {;) spectra for Z; € Conv*(S;1) must be

congruent. Which means that the simple marked A; spectra for ¥; and Z, must
be equal. By [BCL20], this means that Z; = X,. O

Proposition 8.14. The restriction of the metric dg,p to the Fuchsian locus of Conv'(Sy 1)
is precisely the Thurston metric dry,.
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Proof. We first note that on the Fuchsian locus, triple ratios are all equal to 1,
and the simple root length ¢ (y) of every geodesic v is equal to 3¢(y). Since
f(x) = log(1 + x)/log(x) is a monotonically decreasing for x > 0, whenever
ffz (v) > €fl (v), we have

log(1-+¢'" 1Y) _logle'”¥) _ *(y) _ =(y).

log(1+et' ™M) loglet' ™) {'(y)  7'(Y)
Therefore dggy < dr;,. On the other hand, by equation (57), we have

log(laeh YY) HR(BYY) ()

lim = lim = ==

k—+00 log(1 + e11 1( Byk)) k—+00 %gl L(Byk) 1 (y)

gives us the converse comparison dg; > dr;, hence allowing us to conclude that
the two metrics are equal on the Fuchsian locus. O

8.3.1. Two generalizations to Syrm. We now turn to the space Conv*(Sy ). We
consider two possible generalizations. The first is equal to the Thurston metric
on the Fuchsian slice and is conjecturally generalizable for Pos,; (Sgy,m) withn > 4.

Definition 8.15 (Pants-gap metric for Conv'(Sg,m)). For a cusped convex real projec-
tive surface L € Conv" (Sq,m ) with cusps p1, ..., pm, we define the pants gap function
PGap™(B,Y) for a boundary-parallel pair of pants (B,y) as the McShane identity sum-
mand corresponding to (B,v):

PGaPZ(B;Y) — (1 4 eP1(BY) e%(’f(%vp)+€1(v]+T((?>,f5p]+€1(ﬁ)))_1

We define the pants gap metric as:

1 7—1 ,
dpcap(Z1,L2) :=1log sup log( Zz(B V))’
(B,y) EJ’ Og( (B/Y))

—

where (B,y) varies over the set P = P UL U iPpm of all boundary-parallel pairs of
pants on Sg m.

Definition 8.16 (Total gap metric for Conv*(Sg m)). Fora cusped convex RP? surface
X € Conv"(Sym) with cusps p1, ..., pm, we define the total gap function as:

TCaE(v) — - i y Bi1(v,vp)
Pl m = - 1+ ett(M+tlvrp)

=L\ (vivp €7 (v)
We define the total gap metric as:

log( TGapZZ (v))
drea(Z1,%2) = log sup —or- 2P V)
TGap A1 =2 gyegm log(TGap™ (v))

Remark 8.17. When (g, m) = (1, 1), both of these two metrics agree with the gap metric
we defined for 1-cusped convex real projective tori.

Remark 8.18. The proof that the total gap metric is a mapping class group invariant
asymmetric metrics on Conv' (S ) is essentially the same as for the Conv*"(S1,1) case
with the help of Lemma 7.40 and Lemma 8.2. The well-definedness of Definition 8.15
requires Conjecture 7.23.
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Proposition 8.19. The restriction of the pants gap metric dpg,p to the Fuchsian locus is
equal to the classical Thurston metric.

Proof. The proof is essentially identical to the proof of Proposition 8.14, provided
that one uses the following fact:

(B, v)
dmp(Zq, L) =log sup ——=—,
(BY)EP, (B, y)

where €*1(3,¥) := (¥1(B) + ¢*'(y), which comes from the fact that the projection
of P, regarded as a set of multicurves, in projective measured lamination space
is dense. O

Remark 8.20. It is unclear whether the restriction of the total gap metric drgsy to the
Fuchsian locus is the Thurston metric, although it is fairly straight-forward to show that
dTGap = dm.

It is also possible to extend the pants gap metric over Pos} (Sq m).

Definition 8.21 (Pants gap metric for Posg(Sg,m)). Let &, ..., oum be the boundary
components of Sqm. Let Posy (Sqm)(L) be the space of PGL3(R)-positive representa-
tions with fixed loxodromic boundary monodromy L. Recall the notations: P denotes
the set of the homotopy classes of boundary-parallel pairs of pants containing x, and @g

denotes the set of the homotopy classes of boundary-parallel pairs of pants in P which
have two borders being boundary components of Sy m.

o For any (B,v) € ﬁ‘x \ 332( we set PGapZ(B,y) to be ﬁ times the i = 1
McShane identity summand in Theorem 7.19;
e forany (B,y) € P2, we set PGapZ(B,y) to be ﬁ times the i = 1 summand
in Theorem 7.19.
The pants gap metric dpgay(Z1, L2) on Posg‘(Sg,m)(L) is defined as:

) log(PGap™ (B,)) log(PGap™ (B, )
0og max sup 5 , su 5
=l | o 6B P log(PGap=*(B,7v)) (By)€PY, log(PGap=*(B,7v))

The proof that this is a well-defined metric is essentially the same as for the
cusped case and we again require Conjecture 7.23.

Remark 8.22. We expect Conjecture 7.23 to be true. Provided that this can be demon-
strated, it is possible to generalize the pants gap metric to define asymmetric metrics on
the loxodromic-bordered positive representation variety of arbitrary rank. Moreover, the
(n — 1) different McShane identities we obtain induce a (n — 1)-dimensional positive
“quadrant” of such metrics.
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APPENDIX A. FUCHSIAN RIGIDITY

Proposition A.1 (Triple ratio rigidity for n = 3,4). For n = 3,4, a positive repre-
sentation p € Posn(Sg,m) is n-Fuchsian if and only if p satisfies the triple ratio rigidity
condition.

Proof. We invoke Remark 3.13, and also lift our discussion to the universal cover
to avoid dealing with different cases involving topologically distinct triangula-
tions of the surface. Given any ideal triangulation 7, consider an ideal edge xz

common to two ideal triangles (x,y,z) and (x,z,t) in T as depicted in Figure 27.

X

A\
On, AR
B

Ficure 27. flip at Xz
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We compute X', after flipping at edge Xz via the cluster transformation:
ty,z

5 Von—2

vafﬁiz 1+ Xv]x',: : + vai\i{zizxvif . + Xv;‘,'rfi X, xuz X xz

2" Viin—2" Vin-—1

X/
ty,z
Viin

_ ]. + szf—z + Xvi(,ﬁiZ,l Xv;/r:72 + Xv§571 Xv;fizjx X,z

By assumption, triple ratios are all equal to 1, and the equation above tells us that

Xxyz :X x,z

Von—2 Vin—1°

By symmetry, we also have

Xoizae = Xvizy,

11

For n = 3,4 there are at most 3 coordinates along Xz, and hence must all be equal.
Since this applies to any arbitrary edge, we see that p is n-Fuchsian. O

Proposition A.2 (Edge function rigidity for n = 3). For n = 3, a positive represen-
tation p € Posn(Sg,m) is n-Fuchsian if and only if p satisfies the edge function rigidity
condition.

Proof. We again invoke Remark 3.13, and we again work in the universal cover
(see Figure 27). By assumption, we have X,~: = X,x:. After flipping the edge Xz,
we obtain

X\,;céy X x,y,zXVflzz (1+ vafzz) Xv;,zy X\,;ﬁ,zxleéz

V111

— _ 7
T Xope 4+ Xopp Xopye + XoppXopueXoge - T4 Xy Xopz

1,11

/
Xy
V12

and
XV;,y szsz B X, xu Xyxz

1 Via Vi

T+ Xy 14 Xyrz

’
x,
Va1

y =

which satisfies XC = X;ziy by assumption. Solving for XVfﬁ’z yields XVfﬁ’z =1
as desired. O

APPENDIX B. MORE ON THE LENGTH SPECTRUM OF CUSPED STRICTLY CONVEX REAL
PROJECTIVE SURFACES

The proof of the Birman-Series theorem implies that the simple length spectrum
of a cusped (or a closed) convex real projective surface necessarily has at least
polynomial asymptotic growth rate. We now show something stronger, that it is
asymptotically of order N69—6+2m,

Proposition B.1. Given a cusped strictly convex real projective surface L € Convy (Sgm),
let D(N, X) denote the number of (non-peripheral) simple closed geodesics on L of length
less than N. Then there exist constants ks, Ks > 0 such that

ke NO9—6F2m < D(N, £) < KeNO9I=6+2™ o all sufficiently large N.

Proof. We first endow Sy ;,, with an auxiliary cusped hyperbolic metric hy which
is smoothly compatible with X, and note that by McShane-Rivin [MR95] and
Rivin [Riv01], there exist constants kg, Ky > 0 such that

koNO9—6+2M < D(N, (Sgm, ho)) < KoNO9—6+2m,
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Now, consider the Birman—Series set BS(X) of £ and note that its closure BS(LX) is
compact thanks to Proposition 6.15. * The restriction of the unit tangent bundle
of X over the BS(ZX) is therefore compact, and since this restricted unit tangent
bundle is also a subset of the (whole) tangent bundle of (Sgm, ho), there is a
uniform constant ¢ > 0 such that the Riemannian norm of every tangent vector
in this restricted bundle is at least c.

Consider an arbitrary simple closed geodesicy on . Note that y defines a smooth
curve on (Sgm, ho), which then shortens to a unique simple closed geodesic vy
on (Sg,m, ho). We have the following inequality:

0=(y) = ct™(y) = ct™(vo),

where (" denotes the hyperbolic length of a curve on (Sgm, hg). Switching the
roles of Z and (Sg,m, ho) and using the Finsler norm instead of the Riemannian,
we see that there exists a positive constant C~! > 0 such that

" (yp) = C > (vo) = CH>(y).

Therefore, we see that for every simple closed geodesicy on Z and yg on (Sg,m, ho)
which are homotopic as topological curves on Sy, their lengths satisfy the fol-
lowing comparison:

Cl™(yo) = £(y) = ct™(vo).

This suffices to give the desired asymptotic growth rate of the simple length
spectrum for X. O

Remark B.2. An immediate corollary of Proposition B.1 and Theorem 8.10 is that the
simple i-length spectra for cusped convex real projective surfaces also satisfy the same
polynomial growth rate, albeit with possibly different constant coefficients.

Proposition B.3. All cusped convex real projective surfaces have discrete length spectra.

Proof. Consider a cusped convex real projective surface X, and assume that there
exists a sequence {y;}ien of distinct closed geodesics on X with bounded length.
Fix an ideal triangulation T of X, we first observe that for k > (];l), the number of
homotopy classes of k-diagrams in [Ji(N)] (Definition 6.12) no longer increases,
because N geodesic segments can only has at most (];') intersections. Therefore,
the number of geodesic segments that 7 cuts y; into cannot remain bounded as
i — oco. This in turn means that some of these segments must eventually penetrate
arbitrarily far into the cusps of the ideal triangles in 7, and hence arbitrarily far
into the cusps of L. Since cuspidal annular neighborhoods of £ cannot support
non-peripheral geodesics, for i sufficiently large, y; must traverse from the e-
thick part of = (for some fixed €) arbitrarily far into the cusps. This contradicts
the boundedness of the lengths of the ;. O

Remark B.4. Again, applying Theorem 8.10 immediately tells us that cusped convex
real projective surfaces have discrete i-length spectra.

“In fact, the Birman-Series set itself is compact because it is the intersection of a filtration of closed
sets, however, that is not essential to our current proof.
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