LOCAL LI-YAU’S ESTIMATES ON RCD*(K,N) METRIC MEASURE SPACES

HUI-CHUN ZHANG AND XI-PING ZHU

ABsTRACT. In this paper, we will study the (linear) geometric analysis on metric measure
spaces. We will establish a local Li-Yau’s estimate for weak solutions of the heat equation
and prove a sharp Yau’s gradient gradient for harmonic functions on metric measure spaces,
under the Riemannian curvature-dimension condition RCD*(K, N).
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1. INTRODUCTION

In the field of geometric analysis, one of the fundamental results is the following Li-Yau’s
local gradient estimate for solutions of the heat equation on a complete Riemannian manifold.

Theorem 1.1 (Li-Yau [34]). Let (M", g) be an n-dimensional complete Riemannian manifold,
and let Bog be a geodesic ball of radius 2R centered at O € M". Assume that Ric(M") >
—k with k > 0. If u(x,t) is a smooth positive solution of the heat equation Au = 0u on
Bog X (0, 0), then for any a > 1, we have the following gradient estimate in Bg:
(1.1) sup (VS = @ - 8,f)(x, 1) < 2( S+ VAR) + ne’k_  ne’

‘ oy ’ Aa-1) 2
where f := Inu and C is a constant depending only on n.

By letting R — oo in (1.1), one gets a global gradient estimate, for any a > 1, that

na*k na/2

2a-1) 2
There is a rich literature on extensions and improvements of the Li-Yau inequality, both the

local version (1.1) and the global version (1.2), to diverse settings and evolution equations,
1

(1.2) VPP —a-8,f < ——
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for example, in the setting of Riemannian manifolds with Ricci curvature bounded below
[15,9, 47, 33, 32], in the setting of weighted Riemannian manifolds with Bakry-Emery Ricci
curvature bounded below [12, 35, 43, 7] and some non-smooth setting [10, 44], and so on.

Let (X, d, i) be a complete, proper metric measure space with supp(u) = X. The curature-
dimension condition on (X, d, i) has been introduced by Sturm [48] and Lott-Villani [36].
Given K € R and N € [1, 0], the curvature-dimension condition CD(K, N) is a synthetic
notion for “generalized Ricci curvature > K and dimension < N” on (X, d, u). Bacher-Sturm
[6] introduced the reduced curvature-dimension condition CD*(K, N), which satisfies a local-
to-global property. On the other hand, to rule out Finsler geometry, Ambrosio-Gigli-Savaré
[1] introduced the Riemannian curvature-dimension condition RCD(K, o), which assumes
that the heat flow on L2(X) is linear. Remarkably, Erbar-Kuwada-Sturm [16] and Ambrosio-
Mondino-Savaré [5] introduced a dimensional version of Riemannian curvature-dimension
condition RCD*(K, N) and proved that it is equivalent to a Bakry-Emery’s Bochner inequality
via an abstract I';-calculus for semigroups. In the case of Riemannian geometry, the notion
RCD*(K, N) coincides with the original Ricci curvature > K and dimension < N, and for
the case of the weighted manifolds (M", g, e? - volg), the notion RCD*(K, N) coincides with
the corresponding Bakry-Emery’s curvature-dimension condition ([48, 36]). In the setting of
Alexandrov geometry, it is implied by generalized (sectional) curvature bounded below in the
sense of Alexandrov [42, 52].

Based on the I';-calculus for the heat flow (H,f);>0 on L2(X), many important result-
s in geometric analysis have been obtained on a metric measure space (X, d, u) satisfying
RCD*(K, N) condition. For instance, Li-Yau-Hamilton estimates for the heat flow (H,f);»0
[17, 28, 30] and spectral gaps [37, 44, 31] for the infinitesimal generator of (H, f);0.

In this paper, we will study the locally weak solutions of the heat equation on a metric
measure space (X,d,u). Let Q C X be an open set. The RCD*(K, N) condition implies
that the Sobolev space W'?(Q) is a Hilbert space. Given an interval I ¢ R, a function
u(x,1) € Wh(Q x I) is called a locally weak solution for the heat equation on Q x [ if it
satisfies

(1.3) —ff(Vu,th)dpdt:ffa—u-(pdpdt
1Ja 1 Ja 0t

for all Lipschitz functions ¢ with compact support in £ x I, where the inner product (Vu, V)
is given by polarization in W'2(Q).

Notice that the locally weak solutions u(x, ) do not form a semi-group in general. The
method of I';-calculus for the heat flow in the previous works [17, 28, 31] is no longer be
suitable for the problems on locally weak solutions of the heat equation.

To seek an appropriate method to deal with the locally weak solutions for the heat equation,
let us recall what is the proof of Theorem 1.1 in the smooth context. There are two main
ingredients: the Bochner formula and a maximum principle. The Bochner formula states that

1 Af)?
(1.4) 5A|Vf|2> ﬂ+(Vf,VAf)+K|Vf|2

n
for any C3-function f on M" with Ricci curvature Ric(M") > K for some K € R. The
maximum principle states that if f(x) is of C> on M" and if it achieves its a local maximal

value at point xo € M", then we have

(1.5) Vixo)=0 and  Af(xo) <O.
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For simplification, we only consider the special case that u(x, #) is a smooth positive solution
for heat equation on a compact manifold M" with Ric(M") > 0. By using the Bochner
formula to In u, one deduces a differential inequality

0 2 , F

A——)Fz2-2Vf,VF)+ —F" — —,
( 8t) V1. VE) nt t

where f = Inu and F = (|Vf> - 8,f). Then by using the maximum principle to F at one of

its maximum points (xg, f), one gets the desired Li-Yau’s estimate

max F = F(xp, ty) < g

In this paper, we want to extend these two main ingredients to non-smooth metric measure
spaces. Firstly, let us consider the Bochner formula in non-smooth context. Let (X, d, i) be a
metric measure space with RCD*(K, N). Erbar-Kuwada-Sturm [16] and Ambrosio-Mondino-
Savaré [5] proved that RCD*(K, N) condition is equivalent to a Bakry-Emery’s Bochner in-
equality for the heat flow (H;f);>0 on X. This provides a global version of Bochner formula
for the infinitesimal generator of the heat flow (H,f):0 (see Lemma 2.3). On the other hand,
a good cut-off function has been obtained in [5, 40, 24]. By combining these two facts and
an argument in [24], one can localize the global version of Bochner formula in [16, 5] to a
local one.

To state the local version of Bochner formula, it is more convenient to work with a notion
of the weak Laplacian, which is a slight modification from [18, 20]. Let QQ C X be an open
set. Denote by H'(Q) := W'X(Q) and H}(Q) := W, *(Q). The weak Laplacian on Q is an
operator . on H'(Q) defined by: for each function f € H'(Q), .Zf is a functional acting on
H}(Q) N L™(Q) given by

210 == [ IO Vo< H@ L@,
In the case when it holds
Lf(p) > f h-gdu  YO<¢eHy(Q)NL(Q)
Q

for some function 1 € LIIOC(Q), then it is well-known [23] that the weak Laplacian . f can be
extended to a signed Radon measure on Q. In this case, we denote by

Lf>h-u

on Q in the sense of distributions.
Now, the local version of Bochner formula is given as follows.

Theorem 1.2 ([5, 24]). Let (X,d, 1) be a metric measure space with RCD*(K, N) for some
K € Rand N > 1. Assume that f € H' (Bg) such that £ f is a signed measure on Bg with the
density g € H'(Bg) N L®(Bg). Then we have |V f|> € H'(Bgj2) N L*(Bg2) and that L (|V f|*)
is a signed Radon measure on Brjy such that

¢

1
SLAVIE) > [ + (V1. V) + KIVSE|

on Bryy in the sense of distributions.

Next, we consider to extend the maximum principle (1.5) from smooth Riemannian man-
ifolds to non-smooth metric measure spaces (X, d, ). A simple observation is that the maxi-
mum principle (1.5) on a smooth manifold M" has the following equivalent form:
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Suppose that f(x) is of C* on M" and that it achieves its a local maximal value at point
xo € M". Given any w € CY(U) for some neighborhood U of xy. Then we have

Af(x0) + (Vf, Vw)(xp) < 0.

In the following result, we will extend the observation to the non-smooth context. Technical-
ly, it is our main effort in the paper.

Theorem 1.3. Let Q be a bounded domain in a metric measure space (X, d, i) with RCD*(K, N)
for some K € Rand N > 1. Let f(x) € H' Q)N Lf;’c(Q) such that £ f is a signed Radon
measure with LS8 f > 0, where LS f is the singular part with respect to y. Suppose
that f achieves one of its strict maximum in € in the sense that: there exists a neighborhood
U cc Q such that

sup f > sup f.
U o\uU

Then, given any w € H'(Q) N L®(Q), there exists a sequence of points {x itjen C U such that
they are the approximate continuity points of £*°f and (V f,Vw), and that

f(xﬂ?sgpf—l/j and LEf(x) +(Vf, Vw)(x)j) < 1/].

Here and in the sequel of this paper, sup; f means esssupy; f.

This result is close to the spirit of the Omori-Yau maximum principle [41, 51]. It has
also some similarity with the approximate versions of the maximum principle developed, for
instance by Jensen [26], in the theory of second order viscosity solutions.

A similar parabolic version of the maximum principle, Theorem 4.4, will be given in §4.

After obtaining the above Bochner formula and the maximum principle (Theorem 1.2 and
Theorem 4.4), we will show the following Li-Yau type gradient estimates for locally weak
solutions of the heat equation, which is our main purpose in this paper.

Theorem 1.4. Let K > 0 and N € [1, ), and let (X, d, u) be a metric measure space sat-
isfying RCD*(—K, N). Let T € (0,0] and let Bog be a geodesic ball of radius 2R centered
at p € X, and let u(x,t) € W'?(Bag x (0, T.)) be a positive locally weak solution of the heat
equation on Byg X (0,T.). Then, given any T € (0, T.), we have the following local gradient
estimate

2
sup (IVfIz—a-(%f)(x,t)Smax{ll KT }N“ !

(16) Brx(B-T.T] 2t 2a-1)) 21 p2
' + CN'CL’4 . 1 +C f(ﬂ_FL)
Ra-1) a-pg2 " g 'R "R

forany a > 1 and any B € (0, 1), where f = Inu, and Cy is a constant depending only on N.
Here and in the sequel of this paper, SUpg, ., » & Means ess supg ., p & for a function g(x, r).

The local boundedness and the Harnack inequality for locally weak solutions of the heat
equation have been established by Sturm [49, 50] in the setting of abstract local Dirichlet
form and by Marola-Masson [39] in the setting of metric measure with a standard volume
doubling property and supporting a L2-Poincare inequality. Of course, they are available on
metric measure spaces (X, d, i) satisfying RCD*(K, N) for some K € R and N € [1,0). In
particular, any locally weak solutions for the heat equation must be locally Holder continuous.

As a consequence of Theorem 1.4, letting R — oo and 8 — 1, we get the following global
gradient estimates.
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Corollary 1.5. Let (X,d,u) and K, N, T, be as in the Theorem 1.4. Let u(x,t) is a positive
solution of the heat equation on X X (0,T,). Then, for almost all T € (0,T.), the following
gradient estimate holds

KTy No®

sup (lVfI2 -a- —f)(x T) < max + -0 a7

xeX

—
[um—y

{ 1 KT }Na/2<
i) 2(a—1) 2T

forany a > 1, where f = Inu.

As another application of the maximum principle, Theorem 1.3, and the Bochner formula,
we will deduce a sharp Yau’s gradient estimate for harmonic functions on metric measure
spaces satisfying RCD*(—K,N) for K > Oand N > 1.

Let us recall the classical local Yau’s gradient estimate in geometric analysis (see [14, 51,
38]). Let M" be an n(> 2)-dimensional complete non-compact Riemannian manifold with
Ric(M™) > —k for some k > 0. The local Yau’s gradient estimate asserts that for any positive
harmonic function u on Byg, then
(1.7) sup [VInu| < (n—l)k+@.

Bk R
In particular, if u is positive harmonic on M" and Ric > —(n — 1) on M" then it follows that
[Vlogu| < n—1 on M". This result is sharp, in fact the equality case was characterized in
[38]. This means that for k = n — 1 in (1.7) the factor Vn — 1 on the right hand side is sharp.

Let (X,d,u) be a metric measure space satisfying RCD*(—K, N) for some K > 0 and
N € (1, 00). It was proved in [27] the following form of Yau’s gradient estimate that, for any
positive harmonic function u on Byg C X, it holds

(1.8) sup|Vinul < C(N, K, R).
Br

In the setting of Alexandrov spaces, by using a Bochner formula and an argument of Nash-
Moser iteration, it was proved in [53, 25] the following form of Yau’s gradient estimate holds:
given an n-dimensional Alexandrov space M and a positive harmonic function « on Bog C M,
if the generalized Ricci curvature on Bog € M has a lower bound Ric > —k, k > 0, in the
sense of [52], then

Ca(n)

sup|VInul < Ci(n) Vk +
Br

Indeed, by applying Theorem 1.2, the same argument in [53, 25] implies this estimate still
holds for harmonic function u on a metric measure space (X, d, i) with RCD*(—k, n). Howev-
er, it seems hopeless to improve the fact Cy(n) to the sharp Vn — 1 in (1.7) via a Nash-Moser
iteration argument.

The last result in this paper is to establish a sharp local Yau’s gradient estimate on metric
measure spaces with Riemannian curvature-dimension condition.

Theorem 1.6. Let K > 0 and N € (1, ), and let (X, d, u) be a metric measure space satisfy-
ing RCD*(—K, N). Let Bog be a geodesic ball of radius 2R centered at p € X, and let u(x) be
a positive harmonic function on Byg. Then the following local Yau’s gradient estimate holds

C(N)

(1.9) supIVlnul \/— (N-DK + ——
B =p)- R

forany B € (0,1).
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2. PRELIMINARIES

Let (X, d) be a complete metric space and u be a Radon measure on X with supp(u) = X.
Denote by B,(x) the open ball centered at x and radius . Throughout the paper, we assume
that X is proper (i.e., closed balls of finite radius are compact). Denote by LP(€) := LP(Q, )
for any open set 2 C X and any p € [1, oo].

2.1. Reduced and Riemannian curvature-dimension conditions.
Let £2,(X, d) be the [*-Wasserstein space over (X, d), i.e., the set of all Borel probability
measures v satisfying

f d*(xg, X)dv(x) < oo
X

for some (hence for all) xy € X. Given two measures v, vs € P (X, d), the L>-Wasserstein
distance between them is given by

W%m@:wf & (x, )dg(x, )
XxX

where the infimum is taken over all couplings g of v; and vy, i.e., Borel probability measures
g on X x X with marginals vy and v;. Such a coupling g realizes the L>-Wasserstein distance
is called an optimal coupling of vy and v;. Let Z2(X,d,u) c (X, d) be the subspace of
all measures absolutely continuous w.r.t. u. Denote by Z(X,d,u) ¢ P»(X,d, u) the set of
measures in (X, d, 1) with bounded support.

Definition 2.1. Let K € R and N € [1,00). A metric measure space (X, d, u) is called to
satisfy the reduced curvature-dimension condition CD*(K, N) if any only if for each pair
Vo = po-M, V1 = p1-i € Poo(X, d, 1) there exist an optimal coupling g of them and a geodesic
(v := pr - Wref0,1] In Po(X, d, pt) connecting them such that for all # € [0, 1] and all N” > N:

fﬁwm>f[ﬁﬁwmmmWMMvmwmmmﬁﬁmemx
X XxX

where the function

sin( Vk-16) 2 2
(V8 0 < kO < 7=,
2
0] t, k6 =0,
T 0) =3 Gan(v ) e <0
sinh( V=k-6) ’ >
00, k6 > n2.

Given a function f € C(X), the pointwise Lipschitz constant ([13]) of f at x is defined by

Lipf(x) := limsup V) = fl limsup sup M,
y—=x d(x,y) r—0  d(xy)<r r

where we put Lipf(x) = 0if x is isolated. Clearly, Lipf is a y-measurable function on X. The
Cheeger energy, denoted by Ch : L*(X) — [0, co], is defined ([4]) by

Ch(f) := inf { lim inf 1 f (Lipf;)dp},
jme 2 Jx

where the infimum is taken over all sequences of Lipschitz functions (f}) jen converging to f
in L>(X). In general, Ch is a convex and lower semi-continuous functional on L*(X).



LOCAL LI-YAU’S ESTIMATES 7

Definition 2.2. A metric measure space (X, d, u) is called infinitesimally Hilbertian if the
associated Cheeger energy is quadratic. Moreover, (X, d, ) is said to satisfy Riemannian
curvature-dimension condition RCD*(K, N), for K € R and N € [1, 00), if it is infinitesimally
Hilbertian and satisfies the CD*(K, N) condition.

Let (X, d, u) be a metric measure space satisfying RCD*(K, N). For each f € D(Ch), i.e.,
f € L*(X) and Ch(f) < oo, it has

1
Chf) = 5 fx IV FRdp,

where |Vf]| is the so-called minimal relaxed gradient of f (see §4 in [4]). It was proved,
according to [4, Lemma 4.3] and Mazur’s lemma, that Lipschitz functions are dense in D(Ch),
i.e., for each f € D(Ch), there exist a sequence of Lipschitz functions (f;) jew such that f; — f
in L2(X) and |V( fi=HI—0in L*(X). Since the Cheeger energy Ch is a quadratic form, the
minimal relaxed gradients bring an inner product as following: given f,g € D(Ch), it was
proved [18] that the limit

IV(f +e- 9P - IVfI?
2e

(Vf,Vg) := lim
e—0

exists in L'(X). The inner product is bi-linear and satisfies Cauchy-Schwarz inequality, Chain
rule and Leibniz rule (see Gigli [18]).

2.2. Canonical Dirichlet form and a global version of Bochner formula.

Given an infinitesimally Hilbertian metric measure space (X, d, u), the energy & := 2Ch
gives a canonical Dirichlet form on L?(X) with the domain V := D(Ch). Let K € R and
N € [1,00), and let (X, d, 1) be a metric measure space satisfying RCD*(K, N). It has been
shown [1, 3] that the canonical Dirichlet form (&, V) is strongly local and admits a Carré du
champ T with T'(f) = |Vf]> of f € V. Namely, the energy measure of f € V is absolutely
continuous w.r.t. y with the density |V f]>. Moreover, the intrinsic distance ds induced by
(&,V) coincides with the original distance d on X.

It is worth noticing that if a metric measure space (X, d, u) satisfying RCD*(K, N) then its
associated Dirichlet form (&, V) satisfies the standard assumptions: the local volume dou-
bling property and supporting a local L2-Poincare inequality (see [48, 45]).

Let (Ag, D(Ag)) and (H,f)0 denote the infinitesimal generator and the heat flow induced
from (&£, V). Let us recall the Bochner formula (also called the Bakry-Emery condition) in
[16] as following.

Lemma 2.3. Let (X, d,u) be a metric measure space satisfying RCD*(K, N) for K € R and
N € [1,00), and let (&,V) be the associated canonical Dirichlet form. Then the following
properties hold.

(@) ([16, Theorem 4.8]) If f € D(Ag) with Agf € YV and if € D(Ag) N L*(X) with
¢ > 0and Ap¢p € L*(X), then we have the Bochner formula:

1 1
2.1) EfXAm-IVfIZd/J? N£¢(Agf)2d#+f}(aﬁ(V(Agf),Vf)du+KfX¢IVfI2dﬂ~
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(i) ([5, Theorem 5.5])  If f € D(Ag) with Asf € L*(X) N L*(X) and if ¢ € V with ¢ > 0,
then we have |V f|> € V and the modified Bochner formula:

1
[ (= TSR T O f - T1.98) - B )i
2.2)

1
> [ (KSR + 0007) - o

We need the following result on the existence of good cut-off functions on RCD*(K, N)-
spaces from [40, Lemma 3.1]; see also [19, 5, 24].

Lemma 2.4. Let (X, d,u) be a metric measure space satisfying RCD*(K, N) for K € R and
N € [1,00). Then for every xo € X and R > 0 there exists a Lipschitz cut-off function
x : X — [0, 1] satisfying:

(i) x = 1 on Bag3(x0) and supp(x) C Br(xo);

(ii) x € D(Ag) and Agy € YV N L¥(X), moreover |Agx| + Vx| < C(N, K, R).

2.3. Sobolev spaces.

Several different notions of Sobolev spaces on metric measure space (X, d, ;1) have been
established in [13, 46, 22, 21]. They are equivalent to each other on RCD*(K, N) metric
measure spaces (see, for example, [2]).

Let (X, d, 1) be a metric measure space satisfying RCD*(K, N) for some K € R and N €
[1, c0). Fix an open set Q in X. We denote by Lipio.(€2) the set of locally Lipschitz continuous
functions on €, and by Lip(Q) (resp. Lipo(£2)) the set of Lipschitz continuous functions on
Q (resp, with compact support in €).

Let Q c X be an open set. Forany 1 < p < 400 and f € Lipjoc(Q2), its WLP(Q)-norm is
defined by

I Mwrr = 1flr@) + ILipfllLe ).
The Sobolev spaces W'7(Q) is defined by the closure of the set

{f € Lipioc(Q)] ”f”W]»!’(Q) < +oo}

under the W'P(Q)-norm. Remark that W'P(Q) is reflexive for any 1 < p < oo (see [13,
Theorem 4.48]). Spaces Wé’p (Q) is defined by the closure of Lipg(€2) under the Whr(Q)-

norm. We say a function f € Wllo’f Q) if f € WhP(QY) for every open subset Q' cc Q.
The following two facts are well-known for experts. For the convenience of readers, we
include a proof here.

Lemma 2.5. (i) For any 1 < p < oo, we have W'"P(X) = Wé’p(X).
(ii) WH2(X) = D(Ch).

Proof. If X is compact, the assertion (i) is clear. Without loss of generality, we can assume
that X is non-compact. Given a function f € Lip(X)NW!P(X), in order to prove (i), it suffices
to find a sequence (f;) jen of Lipschitz functions with compact supports in X such that f; — f
in Whr(X).

Consider a family of Lipschitz cut-off y ; with, for each j € N, x ;(x) = 1 for x € Bj(xp) and
xj(x) =0forx ¢ Bj,1(x0),and 0 < yj(x) < 1,|Vy,l(x) < 1 forall x € X. Now f-x; € Lipo(X)
and f - y;(x) = f(x) for u-almost all x € X. Notice that |f - x;| < |f] € LP(X) for all j, the
dominated convergence theorem implies that f - y; — f in L(X) as j — co. On the other
hand, since

V(XD <IVITx + 11 Nyl < IV + 1] € LP(X)
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for all j € N, we obtain that the sequence (f - x;)jen is bounded in W'P(X). By noticing
that WP(X) is reflexive (see [13, Theorem 4.48]), we can see that f - x;j converges weakly
to f in W"P(X) as j — co. Hence, by Mazurs lemma, we conclude that there exists a convex
combination of f - y; converges strongly to f in WP(X) as j — oco. The proof of (i) is
completed.

Let us prove (ii). It is obvious that W'2(X) c D(Ch), since Lip(X) N W'?(X) c D(Ch) and
IV ful < Lip(f,). We need only to show D(Ch) C W12(X). This follows immediately from the
fact that Lipschitz functions are dense in D(Ch). The proof of (ii) is completed. m|

3. THE WEAK LAPLACIAN AND A LOCAL VERSION OF BOCHNER FORMULA

Let (X, d, u) be a metric measure space satisfying RCD*(K, N) for some K € Rand N €
[1, 00). Fix any open set Q C X. We will denote by the Sobolev spaces Hé(Q) = Wé’z(Q),

H'(Q) := W'*(Q) and H] (Q) := W2(Q).
Definition 3.1 (Weak Laplacian). Let Q2 C X be an open set, the Laplacian on € is an operator

% on H'(Q) defined as the follows. For each function feH HQ), its Lapacian Zf is a
functional acting on H(l) (€2) N L>(Q2) given by

210 = [T T0d Vo eH@ @,

Forany g e H 1(Q) N L®(Q), the distribution g-Zf is a functional acting on Hé Q)N L*(Q)
defined by

(3.1) 8 Lf@)=2fgp) V¢eHQNLOQQ.
This Laplacian (on Q) is linear due to that the inner product (Vf, Vg) is linear. The strongly
local property of the inner product fX(V f,Vg)du implies that if f € H'(X) and f = constant

on Q then .Z f(¢) = 0 for any ¢ € H(l)(Q) N L=(Q).
If, given f € H'(€Q), there exists a function us € L] () such that

(32) 210 = [w-sde  VocH@ L@,

then we say that “.Zf is a function in LIIOC(Q)” and write as “.Zf = uy in the sense of

distributions”. Tt is similar to say that “.Zf is a function in Lf:) (Q) or Wllo’f (Q) for any
p €[1,00]”, and so on.

The operator . satisfies the following Chain rule and Leibniz rule, which is essentially
due to Gigli [18].

Lemma 3.2. Let Q be an open domain of a metric measure space (X, d, u) satisfying RCD*(K, N)
for some K € R and N € [1, 00).
(i) (Chainrule) Let fe H Q) N L®(Q) and ne C%(R). Then we have

(3.3) LmPOl=0'(H)-ZLf+0"(f) - IVfI.
(ii) (Leibniz rule) Let f,g € H'(Q) N L*(Q). Then we have
(3.4) L(f-o=f ZLg+g Lf+2Vf,Vg).

Proof. The proof is given essentially in [18]. For the completeness, we sketch it. We prove
only the Chain rule (3.3). The proof of Leibniz rule (3.4) is similar.
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Given any ¢ € Hé Q)N L*(Q), we have

LIS = - fg VDL, Véydu = - fg 0 () - (Vf. V),

where we have used that (see [18, §3.3]) the inner product (V f, V¢) satisfies the Chain rule,

Le., (VIn(N) V) =1/ (f) - (Vf, V).
On the other hand, by (3.1), we obtain

(75 L+ (D IVFR)) = ZFG1 () - 6) + fQ () - VP - gy
__ f V1.0 (F) - 8 + f () - IV - pdu
Q Q

- fg V£,V 1l (i,

where we have used that 7’ (f)-¢ € H(l) (Q)N L>(€) and that (see [18, §3.3]) the inner product
(Vf,Vg) satisfies the Chain rule and Leibniz rule, i.e.,

(VEN@ () - 0)y = VLV () + (VY0 ()
=(VLVON' () + VLV -0 ().

The combination of the above two equations implies the Chain rule (3.3). The proof is com-
pleted. O

To compare the above Laplace operator .Z on X with the generator Ag of the canonical
Dirichlet form (&, V), it was shown [18] that the following compatibility result holds.

Lemma 3.3 (Proposition 4.24 in [18]). The following two statements are equivalent:
i) feHYX)and ZLf is a function in L*(X),
ii) feDAg).

In each of these cases, we have L f = Ag f.

The following regularity result for the Poisson equation has been proved under a Bakry-
Emery type heat semigroup curvature condition, which is implied by the Riemannian curvature-
dimension condition RCD*(K, N) (see [16, Theorem 7] and [5, Theorem 7.5]).

Lemma 3.4 ([27,29]). Let (X, d, u) be a metric measure space satisfying RCD*(K, N) for K €
Rand N € [1,00). Let g € L™(Bg), where By is a geodesic ball with radius R and centered at
a fixed point xo. Assume f € H'(Bg) and £ f = g on B in the sense of distributions. Then
we have |V f] € L;’(‘)’C(BR), and

1
IV W < CON KR (sl + lgllemcoo)
Proof. In the case of g = 0, i.e., f is harmonic on Bg, the assertion is proved in [27, Theorem
1.2] (see also [19, Theorem 3.9]). In the general case g € L*™(Q), this is proved in [29,
Theorem 3.1]. The assertion of the constant C(N, K, R) depending only on N, K, R comes
from the fact that both the doubling constant and L*-Poincare constant on a ball Bg of a
RCD*(K, N)-space depend on N, K and R. O

Now we will give a local version of the Bochner formula, Theorem 1.2, by combining the
modified Bochner formula (2.2) and a similar argument in [24, 28].
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Theorem 3.5 ([5, 24]). Let (X,d, ) be a metric measure space satisfying RCD*(K, N) for
K eRand N € [1,00). Let Bg be a geodesic ball with radius R and centered at a point xy.

Assume that f € H'(Bg) satisfies £f = g on By in the sense of distributions with the
function g € H'(Bg) N L®(Bg). Then we have |Vf|* € Hl(BR/g) N L*(Bgj2) and

g2

1
(3.5) S LUVIP) > [+ (Vf.V8) + KIVSP| - i on Brpo

in the sense of distributions, i.e.,
2

1 ) ¢ 2
-3 fBR/2<V|Vf| , V)du > meqﬁ.(ﬁ +(Vf,Vg) + K|Vf] )d#

fOl" any 0< ¢ € H(l)(BR/z) N LOO(BR/Q).

Proof. From Lemma 3.4 and that g € L*(Bg), we know |V f| € L}® (Br).
We take a cut-off y satisfying (i) and (ii) in Lemma 2.4. Let

— . Jf-x if xeBg
Fl = {o if xeX\Bp.

Then we have fe Lipo(Bg). Itis easy to check supp(.Z ]7) C Bg. Infact, given any ¢ € H(l) X)
with ¢ = 0 on Bg, the strongly local property implies that fX(Vf: Vyndu = 0.
Now we want to calculate .i”fon Bgr. By the Leibniz rule (3.4), we have, on Bg,

Lf=L-x)=x-Lf+f - Lx+2Vf, V)
=x-g+f -Asx +2Vf,Vx) € L (Br),
where we have used g € L™(Bg) and |[Vf| € L° (Bg), and that y,|Vy|,Agex € L™(X) in

loc

Lemma 2.4. Combining with supp(-£’ ]7) C Bg, we have .Z fe L*(X) N L™®(X). Therefore, by
Lemma 3.3, we get f € D(As) and

2 o ~ 7 Jx-g+f-Asx+2UVf,Vyx) if xe€Bg
(3.6) L*X)NL (X)aAgf_.iﬂf_{O i xeX\Br

According to Lemma 2.3(ii) and 0 < ¢ € H(l) (Br/2) C 'V, we conclude that |V]7|2 € V and that
1 - - - —
f (= 5TIVTP. Vo aT - (VF.V6) + 6 (s T )
X
1 — —
>~ f ¢ (DMsf)du+K f IV fIPdp.
X X

Since ]7: f on Bgjs, we have [V f| = |V]7| for u-a.e. on Bg/2. Notice that IV}A‘T2 € V implies
that [V f[> € H'(Bg2). Then |V f* € H'(Bgy»). and [V|Vf?| = [V|Vf| in L*(Bg/2). By (3.6)
and that [Vy| = Agx = 0 on Bgj; (since y = 1 on Byg/3), we have Agf= g on Bg/». Hence,
we obtain

1
[ (- 5P 45T T0 6 P
(3.7) o

1
>~ ¢-gdu+K | ¢IVflPdu.
Bgr)> Br)»
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Noticing that g - ¢ € Hé(BR/z) N L*®(Bgj2) and .Zf = g on By in the sense of distributions,
we have

f g gpdu=ZLf(gp) = - f (Vf,V(gd))du
BR/Z BR/Z

—- [ Ve sdu- | 97.90)- g
R/2

Bg/2
By combining this and (3.7), we get the desired inequality (3.5). The proof is finished. O

By using the same argument of [8], one can get an improvement of the above Bochner
formula. One can also consult a detailed argument given in [31, Lemma 2.3].

Corollary 3.6. Let (X, d, i) be a metric measure space satisfying RCD*(K, N) for K € R and
N € [1,00). Let Bg be a geodesic ball with radius R and centered at a fixed point xy.

Assume that f € H'(Bg) satisfies £ f = g on By in the sense of distributions with the
function g € H'(Bg) N L®(Bg). Then we have |Vf|> € H' (Br/2) N L*(Bgj2) and that the dis-
tribution L (|V f|?) is a signed Radon measure on Bgy. If its Radon-Nikodym decomposition
w.r.t. u is denoted by

LAV = LEAVP) -+ LV P,
then we have Z"¢(\V f?) > 0 and, for p-a.e. x € Bg/2,
1 2
SLEWSP) > 5+ (V. V) + KIV AT
Furthermore, if N > 1, for y-a.e. x € Brja N{y : [Vf(y)| # 0},

o N (VLVIVAR gy
+(VL.Vg) + KIS+ o ( v N).

g
N

1
(3.8) E.ﬁf“(w) >

4. THE MAXIMUM PRINCIPLE

Let K e Rand N € [1, o0) and let (X, d, 1) be a metric measure space satisfying RCD*(K, N).
In this section, we will study the maximum principle on (X, d, ). Let us begin from the Kato’s
inequality for weighted measures.

4.1. The Kato’s inequality.

Let Q be a bounded open set of (X, d, u). Fix any w € H'(Q) N L*(Q), we consider the
weighted measure

My :=¢€v - on Q.

Since, the density e "l>@ < ¢ < el™li~@ on Q, we know that the associated the Lebesgue
space LP(Q, u,,) and the Sobolev spaces W(Q, u1,,) are equivalent to the original L”(€2) and
WP(Q), respectively, for all p > 1. Both the measure doubling property and the L?-Poincare
inequality still hold with respect to this measure u,, (the constants, of course, depend on
Wl ())-

For this measure ,,, we defined the associated Laplacian .%,, on f € H'(Q) by

Luf@) == [ 150 (= [ TF 50

for any ¢ € H(l) (Q) N L= (Q). It is easy to check that
Lof=e"-ZLf+e - (Yw,Vf)
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in the sense of distributions, i.e., %, f(¢) = L f(e" - ¢) + fQ<VW, Ve - ¢du.

When Q be a domain of the Euclidean space R with dimension N > 1, the classical
Kato’s inequality states that given any function f € LlloC (Q) such that Af € LlloC (Q), then Af;
is a signed Radon measure and the following holds:

Afs 2 x1f > 01-Af

in the sense of distributions, where f; := max{f, 0}. Here, y[f > 0](x) = 1 for x such that
f(x) = 0and y[f > 0](x) = 0 for x such that f(x) < 0. In [11], the result was extended to the
case when Af is a signed Radon measure.

In the following, we will extend the Kato’s inequality to the metric measure spaces (X, d, u,,),
under assumption f € H'(Q).

Proposition 4.1 (Kato’s inequality). Let Q be a bounded open set of (X,d,u) and let w €
H'(Q) N L*(Q). Assume that f € H (Q) such that Z,,f is a signed Radon measure. Then
L f+ is a signed Radon measure and the following holds:

4.1 Lofe 2 X[ 201- Zf on Q,

in the sense of distributions. In the sequel, we denote the Radon-Nikodym decomposition
Lof = LS -+ LI

Proof. It suffices to prove the following equivalent property:

4.2) Zulfl = sen(f) - L f,

where sgn(¢) = 1 for ¢t > 0, sgn(t) = —1 for t < 0, and sgn(¢) = 0 for t = 0.
Fix any € > 0 and let

L) =+ e

We have f2 = f? + €,

43) V7 = %IVfI </l
and
2 Lrofe 4 2AVLLS = Lof? = LofF =2f - Lof + 2V
Thus,
4.4) LS = % - Lo,

Notice that [Vf.| < |[Vf| and f. — |f] in L*(Q) implies that f, is bounded in H'(Q) and,
hence, there exists a subsequence fe; converging weakly to |f|in H 1(Q). Thus, the measures
Lo fej) converges weakly to %, |f]. On the other hand, notice that f.(x) — |f(x)| for each
x € Qand that |f/f < 1 on Q. Letting € := €; — 0 in (4.4), we conclude that

2= L. 2.

A
This is (4.2), and the proof is completed. O
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4.2. Maximum principles.
The above Kato’s inequality implies the maximum principle Theorem 1.3. Precisely, we
have the following.

Theorem 4.2. Let Q be a bounded domain. Let f(x) € H Q) N L® (Q) such that £ fisa

- loc
signed Radon measure with "¢ f > 0. Suppose that f achieves one of its strict maximum

in Q in the sense that: there exists a neighborhood U cC Q such that

4.5) sup f > sup f.
U QU

Here and in the sequel of the paper, the notion supy, f means always ess supy, f. Then, given
any w € H'(Q) N L¥(Q), for any & > 0, we have

(4.6) pfx: f(x)>sup f—z and L f(x) +(Vf, Vw)(x) < &} > 0.
Q

In particular, there exists a sequence of points {x;}jex C U such that they are the approximate
continuity points of £L* f and (V f,Vw), and that

fxj) = Slgllpf -1/j and LEf(x) +(Vf, Vw)(xj) < 1/].

Proof. Suppose the first assertion (4.6) fails for some sufficiently small &y > 0. Then we have
(f — (supq f — €0)), € Hé(Q) (by the maximal property (4.5)) and

p{x : f(x)=supf—g and L*f +(Vf,Vw) < 8()} =0.
Q

Then for almost x € {y : f(y) > supg f — &9} we have
L2FX) - g = € (LCF (VL IWNE) > e Mgy > 0.

The assumption .Z*"¢ f > () implies that Zner s 0, By applying the Proposition 4.1 to the
function f — (supg —&p), we have

Lu(f - (sgpf —&0)), 2 xLf > Sgpf —&0] - L5f w20

on €, in the sense of distributions. Recall that the metric measure space (X, d, u,,) satisfies a
doubling property and supports a L>-Poincare inequality. Now the weak maximum principle
[13, Theorem 7.17] implies that (f — (supg f — €0)), = 0 on Q. Thus, supq, f < supq, f — &9
on Q. This is a contradiction, and proves the first assertion (4.6).

The second assertion follows from the first one by taking € = 1/]. O

Next, let us consider the parabolic version of the maximum principle. We need the follow-
ing parabolic weak maximum principle.

Lemma 4.3. Let Q be a bounded open subset and let T > 0. Let w € H'(Qr) N L®(Qr)
with dw(x,t) < C for some constant C > 0, for almost all (x,t) € Qpr. Suppose that
f(x,t) € H'(Qr) N L®(Qr) with lim,—o 1, Dll2@) = 0 and, for almost all t € (0,T),
that the functions f(-,t) € H(l) (Q). Assume that, for almost every t € (0, T), the function f(-,t)
satisfies

0
4.7) Lo 0= 5D puy >0 on Q

Then we have

sup f(x, 1) <0.
Qx(0,T)
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Proof. The proof is standard via a Gaffney-Davies’ method (see also [49, Lemma 1.7]). We
include a proof here for the completeness. Since f; meets all of conditions in this lemma, by
replacing f by f;, we can assume that f > 0.

Put

&= [ P0duco
Q

Since iy = €" - pu < eMi= .y and f € H'(Qr), we have, for almost all # € (0, T),
€0 = [ Ao+ [ 1200 -dics
Q o)

<2 fg IV Rty + C - €(0) < C - (1),

where we have used d,w < C and that the functions f(-,¢) € H& () N L=(Q) for almost all
t € (0,T). By using lim, 0 &(r) = 0 (since &(1) < et - || £, )ll;2(qr) and the assumption
lim; o | f(-, Dll2(y = 0), one can obtain that £(r) < 0. This implies f = 0 almost all in Q7.
The proof is finished. O

By using the same argument as in Theorem 4.2, the combination of the Kato’s inequality
and Lemma 4.3 implies the following parabolic maximum principle.

Theorem 4.4. Let Q) be a bounded domain and let T > 0. Let f(x,t) € H LQr) N L2(Qr)
and suppose that f achieves one of its strict maximum in Q X (0, T] in the sense that: there
exists a neighborhood U cC Q and an interval (6,T] C (0, T] for some 6 > 0 such that

sup f> sup f.
Ux(6,T] Qr\(Ux(5,T])

Here supy sy f means ess SUP (5,71 f. Assume that, for almost everyt € (0,T), Zf(-,t) is
a signed Radon measure with L8 f(-,1) > 0. Let w € H'(Qr) N L®(Qr) with 0,w(x,1) < C
for some constant C > 0, for almost all (x,t) € Qr. Then, for any € > 0, we have

x LY fn)>supf—e and L f(x, 1) +(Vf, Vw)(x. 1) - (% flx.n<e>0,
Qr

where L' is the 1-dimensional Lebesgue’s measure on (6, T].
In particular, there exists a sequence of points {(x},t;)}jex C U X (6, T] such that every x;
is an approximate continuity point of Z* f(-,t;) and (V f,Vw)(-, t), and that

) 0
flxj,t) > sgt;pf —1/j and ZL*f(xj,t;) +(Vf,Vw)(xj,tj) - Ef(xj’tj) < 1/

Proof. We will argue by contradiction, which is similar to the proof of Theorem 4.2. Suppose
the assertion fails for some small &y > 0. Then, for almost all (x,7) € {(y,s) : f(y,s) =
Supgq, f — &o}, we have

0
LEf(x, 1) +(Vf, Vw)(x, 1) — Ef(x, 1 > &.

Thus, at such (x, 1),
ac a
23 fn) = 2 f 0] -

> [Xacf(x,t) +(Vf,Vw)(x, 1) — %f(x,t)] eV uzey-eouz0.



16 HUI-CHUN ZHANG AND XI-PING ZHU

The strictly maximal property of f gives that fy, := (f — (supg, f — £0)), € H 1(Qr) with
limy 0 || fs, -, Dll;2q) = O and, for almost all # € (0, T), that the functions f;(-, 1) € Hé(Q).
Notice that 2" £(-,1) > 0 by Z*" (-, £) > 0. By using the Kato’s inequality, we have that,

w(-,1)
for almost every ¢t € (0, T),

Zu(f —(Sglzlpf —&0), 2 x1f > (sgpf — &) - LXf

o o
> XIf > (up f - £0)] - 6—f oy = 2(f — (sUp f — £0)). - -
Qr t ot Qr

Then Lemma 4.3 implies that (f — (supg, f — €0)), = 0 for almost all (x,7) € Q7. This is a
contradiction. O

5. LocAL L1-YAU’S GRADIENT ESTIMATES

Let K e Rand N € [1, o0) and let (X, d, i) be a metric measure space satisfying RCD*(K, N).
In this section, we will prove the local Li-Yau’s gradient estimates—Theorem 1.3.
Let Q c X be a domain. Given T > 0, let us still denote

Qr :=Qx(0,T]
the space-time domain, with lateral boundary X and parabolic boundary dpQ7 :
X:=0Qx(0,T) and 0pQr =X U ((Qx{0}).
We adapt the following precise definition of locally weak solution for the heat equation.

Definition 5.1. Let T € (0, 0] and let 2 be a domain. A function u(x, ¢) is called a locally
weak solution of the heat equation on Qr if u(x,t) € H "@Qr) (= WH(Qp)) and if for any
subinterval [#1, ;] € (0,7) and any geodesic ball Bg cC €, it holds

5]
(5.1) f f (01 - ¢+ (Vut, V) )dpdt = 0
f Bgr

for all test functions ¢(x,t) € Lipo(Br X (t1,12)). Here and in the sequel, we denote always
atu = %

Remark 5.2. The test functions ¢ in this definition can be chosen such that it has to vanish
only on the lateral boundary dBg X (0,T). That is, ¢ € Lip(Bg 1) with ¢(:,t) € Lipo(Bg) for
allr € (0,7).

The local boundedness and the Harnack inequality for locally weak solutions of the heat
equation have been established by Sturm [49, 50] and Marola-Masson [39]. In particular,
any locally weak solutions for the heat equation in Definition 5.1 must be locally Holder
continuous.

Let u(x, t) be a locally weak solution of the heat equation on Q X (0, T'). Fubini Theorem
implies, for a.e. ¢ € [0, T'], that the function u(-,f) € H 1(Q) and d,u € L*(Q). Hence, for a.e.
t € (0, T), the function u(-, t) satisfies, in the distributional sense,

5.2) Lu=0u on Q.

Conversely, if a function u(x,t) € H 1(QT) and (5.2) holds for a.e. t € [0, T], then it was

shown [54, Lemma 6.12] that u(x, ) is a locally weak solution of the heat equation on Q7.
In the case that u(x, t) is a (globally) weak solution of heat equation on X X (0, co) with ini-

tial value in L?(X), the theory of analytic semigroups asserts that the function 7 > ||ully12(x)
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is analytic. However, for a locally weak solution of the heat equation on Q7, we have not suf-
ficient regularity for the time derivative d,u: in general, d;u is only in L?. This is not enough
to use Bochner formula in Theorem 3.5 to (5.2). For overcoming this difficulty, we recall the
so-called Steklov average.

Definition 5.3. Given a geodesic ball Br and a function u(x, 1) € Ll(BR,T), where Brr =
Br % (0, T), the Steklov average of u is defined, for every € € (0, T) and any % € (0, &), by

h
(5.3) up(x,t) := % f u(x,t+7dr, te€(0,T-¢g].
0

From the general theory of L” spaces, we know that if u € LP(Bgr), then the Steklov
average uy converges to u in LP(Brr_¢) as h — 0, for every € € (0, T).

Lemmas54. Ifue H 1(BR,T) N L*(Bg), then we have, for every € € (0,T), that
up € H' (Brr-¢) N\L™(Brr—¢) and Oy € H' (Brr—e) N L™(Br1—)
Jor every h € (0, &), and that ||up|| g Brre) IS bounded uniformly with respect to h € (0, &).

Proof. Sinceu € H I(BR,T), according to [22], there exists a function g(x, ) € L2(BR,T) such
that

Ju(e, 1) = u(y, )| < dp((x, 1), (v, 9)) - (8(x. 1) + (v, 9)),
for almost all (x, 1), (v, s) € Bg.r with respect to the product measure du X dt, where dp is the
product metric on Bg r defined by

d3((x,0), (v, 5)) := d*(x,y) + |t — 5|

Such a function g is called a Hajtasz-gradient of u on Bg 7 (see [21, §8]). By the definition of
the Steklov average uy, we have

1 h
lup(x, 1) — up(y, )| < 7 j(; (g(x, t+1)+ gy, s+ T)) ~dp((x,t + 1), (y, s + 7))dt

1 h
=7 J; (g(x, t+1)+ g0, s+ T))a"r ~dp((x,1),(y, )

= (gn(x D)+ 2n(3, 9)) - dp((x, 1, (3, 9))

for almost all (x, 7), (y, s) € Brr. The fact g(x,) € L*(Bgr) implies that g;,(x, ) € L>(Br7_¢)
for each h € (0, &) and that the functions g, converges to g in LZ(BR,T_E) as h — 0. Then
the previous inequality implies that g, is a Hajtasz-gradient of u; on Bg r_. for all i € (0, &)
(see [21]). According to [21, Theorem 8.6], 2g;, is a 2-weak upper gradient of u,. Thus we
conclude that u;, € Wl’Z(BR,T_g) and

lim sup f (IVupl* + 18,u*)dudt < lim sup f (2gn)*dudt < 4 f g>dudt.
h—0 Br7-¢ h—0 Brr-o Brr-s

Therefore, we get that [luslly1(p,,_,) i bounded uniformly with respect to & € (0,¢) (by
combining with u; — u in LZ(BR,T_S) as h — 0).
Lastly, the assertion u; € L*(Bgr-) follows directly from the definition of u;, and u €
L>*(Bg.1). The assertion of d;u follows from that
u(x,t+h) —u(x,t)
A .
The proof is completed. O

Oy, =
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For a locally weak solution u for the heat equation, we have the following property of u;,.

Lemma 5.5. Letu € H 1(BR,T) N L*(Br.r) be a locally weak solution for the heat equation,
and fix any two constants €,h such that € € (0,T) and h € (0,&). Then for almost all
te (0, T —¢)

A up = (9tuh
on Bg, in the sense of distributions.

Proof. The proof is standard. In fact, one can show the assertion for locally Lipschitz function
u, and then use an approximating argument to prove the lemma. O

With the aid of the above two lemmas, we will consider firstly the case when a locally
weak solution u € H'(Bgr) N L (Bg.r) with d,u € H'(Bg 1) N L™ (Br 7).

Lemma 5.6. Given K € R and N € [1,00), let (X,d,u) be a metric measure space sat-
isfying RCD*(K,N). Let u(x,t) € HI(BZR’T) N L®(Bar1) be a locally weak solution of
the heat equation on Bygrr. Assume that Ou € H 1(BgR,T) N L®(Barr). Then we have
IVul* € H'(Bgr) N L™ (Bg.1).

Proof. Notice that, for almost all ¢ € (0, T), we have u(-, £), ,u(-, 1) € H' (Bag) N L*(Bag) and
that Zu = 0;u on Byg. By Lemma 3.4, we get

IVu(, OllloBsgjn) < CN, K, R) - (|ul-, D)|r=Bog) + 10:u(-, )| Lo (Byg))-
This implies [Vu|?> € L*(Bsg/,7) and
IVul, Mo Bsgpry < CN, K, R) - (lulro(Byg7) + 10rul1o(Byg 1)) = Ch.
On the other hand, for almost all # € (0,7), by applying the Bochner formula (3.5) to
ZLu = du on Byg, we conclude that |Vu(-,1)|* € H'(B3g/2) N L*(B3g2) and
L(Vul) > [2% +2(Vu, Vo,u) + 2K|Vul] -
> <2\Vul - Vol - ju+ 2KIVul? -1 > =2[C.. - [Vo,ul + 21KIC?| - p,

on B3g/> in the sense of distributions. By using the Caccioppoli inequality, we conclude that,
for almost all 7 € (0, T),

IVIVUl G Ol 28y < Cvikr - RCu - IVOulll 2y, + 21K - C2 + VULl 2By ))-
The integration on (0, T') implies that
IVIVul 2y < Con - (VO 2033557y + VPl 20315100 + 1

for the constants C,.. depending on N, K, R, T and C.. Thus, [V|Vul?| € LZ(BR,T).
Lastly, noting that, for almost all (x,¢) € Br r,

10Vul** = 10V, Vu)* = [2(Vou, Vu)|* < 4V,ul* - [Vul*.

Then, by using |Vu> € L®(Bsg/.r) and d,u € H'(Brr), we get |8,Vul’| € L*(Bsrr).
By combining with |V|Vu|?| € L?>(Bgr), we conclude |Vu|*> € H'(Bgr). Now we finish the
proof. O
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Lemma 5.7. Given K > 0 and N € [1, ), let (X, d, i) be a metric measure space satisfying
RCD*(—K,N). Let u(x,t) € H 1(BzR,T) N L (Byg.1) be the locally weak solution of the heat
equation on Byg 1. Assume that u > 6 > 0 and O;u € Hl(BZR,T) N L*(Bar1). We put

F(x,0) = t-[[Vf* — a - ,f1s,

where f =logu and a > 1. Then, we have

F o0
—€ H'(Brr) N L™(BrT),

and that, for almost every t € (0, T), the function F(-,t) satisfies

F 1
(54)  LF-0F p>-AV.IF) p=—p+ 2| (VIP =0, - KIVfP| -
on Bg, in the sense of distributions.

Proof. From Lemma 5.6, we have |Vul? HI(B3R/2,T) N L*(Bsgr/2,r). By combining with
that 0;u € L*(Bag 1) N HI(BZR’T) and that u > ¢ > 0, we get that

Vul> O o
- a/# € H'(Bsgjar) N L™ (Bagj2.1)-

VfP = ad f = —
u

This implies F/t = [|Vf|2 —al:fl+ € Hl(BgR/z’T) N L (Bsgr/2,r) and proves the first assertion.
ByoueH I(BZR,T), we see that 0,;u € LZ(BzR’T) and that, for almost all 7 € (0, T),

L (0u) = Oyu

in the sense of distributions. Since u,0,u € H I(BZR,T) N L¥(Byg7) and u > 6 > 0, by using
the chain rule in Lemma 3.2(i) to both u and d,u, we have, for almost all ¢ € (0, T), that the
functions f(-,1),0,f(-,1) € H'(Byg) and

(5.5) Lf=0f =N, LOf) = 0uf - AV, VO.f)

on By in the sense of distributions.
Consider Fi(x,t) := t- d,f. We have, for almost all ¢+ € (0,T), the function F (-, 1) €
H'(B»g) with
LF =1L f =t Ouf — 2V, VO f)).
Noting that
0F1 = 0,f +10,f and (Vf,VF)=KVf,V0,f),

we conclude that
F
(5.6) LFy —8,F = -2Vf,VF)) - 71

on Bsy in the sense of distributions.
Consider F, := #|Vf . Recall that, for almost all ¢ € (0, T'), the function fG,eH Y(Bag)
and

o \Vu?
Of =IVfP = == = == € L*(Barp) N H' (Barpo).

Recalling that (X, d, u) satisfies RCD*(—K, N), we can apply the Bochner formula (3.5) to
ZLf =08,f —|Vf|? to conclude that |V f|> € H'(Bg) and

LIV > 2[%(6,1‘ — VfP)? +(VE V@, — IVFP) = KIVSP] -



20 HUI-CHUN ZHANG AND XI-PING ZHU

on Bg, in the sense of distributions. Therefore, for almost all ¢ € (0, T), we get the function
F5(-, 1) satisfies

F
57 ZLF,-0F-u> [ @Ouf = IVfP)* - K|Vf|2] = 2UVE,VFyy -y — 72 -

on Bg, in the sense of distrlbutlgns. By combining (5.6) and (5.7), we conclude, for almost
allr € (0,T), that we have, for F := F, — a - F1,

— — F
LF = 0F -pi> =AVf,VF) - = — ﬂ+2t[ (VS = 0uf)* = KIVSP] - o

Now, by using the Kato’s inequality to F = F., we have the desired estimate (5.4). The proof
of this lemma is finished. m]

We are ready to prove the following local Li-Yau’s estimate under some additional as-
sumptions.

Lemma 5.8. Given K > 0 and N € [1, ), let (X, d, i) be a metric measure space satisfying
RCD*(=K,N). Let T € (0,0) and let u(x,t) € Hl(BzR,T) N L¥(Barr) be a locally weak
solution of the heat equation on Byrr. Assume thatu > 6 > 0 and du € Hl(BZR,T) N
L®(Bar,1)

Then, for any a > 1 and any B,y € (0, 1), the following local gradient estimate holds

1, KT Na? 1
su V- — xt<max{1 } .
i (19 il 2" 2@-n) 2T Ty
.\ Cy-a? 1 +(«/E 1. Cy-a?
R¥a-1) (1-pBy "R R (1-Py’
where f = Inu, and Cy is a constant depending only on N.

(5.8)

Proof. From the previous Lemma 5.7, we have F :=t - [|Vf|2 —a-0:ifl+ € L™ (B3gy2,r). Put
M, :=supF and M, := sup F.
Brr Bsgpa,r
We can assume M; > 0. If not, we are done.
Now let us choose ¢(x) = ¢(r(x)) to be a function of the distance r to the fixed point xy
with the following property that
M < ¢ <1 on Bz, ¢ =1 on Bg, ¢ = M on B3g/2\Bsg/4,
2M, 2M,

and
C C
—R9T <PM<O and W<z Y reO.3R)2)
for some universal constant C (which is independent of N, K, R). Then we have

VoI |¢'I2IV7’I2 G
(5.9) el p R2 = I on Bigj,
and, by the Laplacian comparison theorem [18, Corollary 5.15] for RCD*(—K, N) with N > 1
and K > 0, that

L= Lr+ Vil > _%( (N - I)Kcoth(rﬂi)) - %
(5.10) p v
N-1 K
>—1£e( (N- DK +——) - - > -Gl +_)

R R?
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on Big/2, in the sense of distributions, where we have used that

coth (r 4 / ) coth (R 4 / ) K/(N =5

We claim that the estimate (5.10) still holds for RCD*(—K, N) with N > 1 and K > 0. Indeed,
in the case when K = 0 and N > 1, the Laplacian comparison theorem states .£r < (N—1)/r.
Then (5.10) still holds. In the case when N = 1, since that (X, d, u) satisfies RCD*(—K, N)
implies that it satisfies RCD*(—K, N + 1), we can use the Laplacian comparison theorem for
RCD*(-K,N + 1) to conclude that (5.10) still holds in this case. Therefore, the claim is
proved.

Here and in the sequel of this proof, we denote Cy, C», C3, - - - the various constants which
depend only on N. (5.10) implies that the distribution .Z¢ is a signed Radon measure (since
ZL¢ + Co(VK/R + 1/R?) is a positive distribution). Then its absolutely continuous part
(ZLP) > —Co(VK/R + 1/R?) ae. x € Bsg)2 and its singular part (£ ¢)*"¢ > 0.

Put G(x,1) := ¢F. According to Lemma 5.7 and the Lebiniz rule 3.2(ii), we have G €
H! (B3r/2,r) and, for almost every ¢ € (0, T'), that the function G(-, 7) satisfies that

LG =FLp+¢LF + 2V, VF)

in the sense of distributions. Fix arbitrarily a such # € (0, 7). Then .ZG is a signed Radon
measure on Bsg/, with

(5.11) (gG)Si“g = F(gqs)Sing + ¢($F)sing >0

and (ZG)* = F(ZL¢)* + p(LF)* + 2(Vp,VF) a.e. x € Baga. We have, for almost all
X € Bagya,

(LGY* = 0,G + AV f,VG) =¢((LF) - &,F + AVf,VF))

(5.12)
+ F(ZL$)* + 2(Vp,VF) + 2(V f,V)F.

By (5.4) and G = ¢F, we have, for almost all x € Bsg», that, for any fixed € > 0,

RHS of (5.12) > ¢[——+2z( (VS = 8:f)* = KIVFP)|
G( P)*
¢

G
+ 2V, V(G/9) + AV S, V¢>5

G 1
> = — 4+ 20| S(VSP = 0.) - KIVSP]

(5.13) NI
G K 1 2C \Y ¢
+ 5[ —Co( -+ ﬁ - ] +2(V$, VG)/p - 2|V f|—

>~ % 209 (VP - 30~ KIV AP

G VK 1 G? Cy 21
—ng( TR AV VG>/¢—e?ﬁ IV /]

where we have used (5.9), (5.10) and that, for any € > 0, the following

\Y Vo|? 1 G* C
Vel G2| o] vl < G

AV Gy < e S R

1
+ V-
€
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If we put
_ VP
F

then we get |Vf|2 F-vand
F=i(VfP —a-0,f)= (F-v—a-of).

So
Fvt—1)

at

o f =

Therefore we obtain

G 1 _
~ 42| S (VSF = 0 ~ KIVSP] = VP

G  2F? 2 »
(5.14) =~ + ¢ ((@ = Dy + 1)~ 2KgvF — € vF
G 2G? 2 2tKvG G
-— + —((a/ = vt + 1) - A elv=,
tp  Na’tep ¢
where we have used that 0 < ¢ < 1 and KvG > 0. Denoting by
2Kt + ¢!
z:=(a—- vt and €= i,
a-1
we have )
1 (2G
RHS of (5. 14)_5 ( ( +1)° ——(1+Aez))
Finally z > 0 implies that
1+Acz I, A 1, _Ki e
< L=+ — 1, = .
1+ 27 max {1, 5 + 7} < max {1, 7 T e - 1)} 4a-1)
Denote by
KT
BQ = max{l, 5 + m}
we have (11++A§§ < By + 4((1 1), (since K >0andr < T) so
1 G ,2G el
RHSof 5.14)> - — - (—5 —-By— ——=) - (z+1
of 5.14)> 2+ (57 = Bo = g =) G+ D)

By combining this with (5.12), (5.13) and (5.14), we obtain that
(ZG) - 0,G +2(Vf,VG) - 2<V¢ VG)/¢p

(5.15) 1 G ,2G 1 G*C
>—-— (5 -Bo- ) (z+1)° —c3—(£ —)—e——.

R2 ¢ R?

(

From the definition of ¢ and F'/t € L*(Bsg/2,r) (by Lemma 5.7), we see that G achieves one of
its strict maximum in Bsg/2 7 in the sense of Theorem 4.4. By (5.11), we know that .Z5"¢G >
0. Notice also 9;f € L™(Bygr) since u > ¢ > 0 and d;u € H! (Bar1) N L™ (Byg 1) Hence, by
using Theorem 4.4 with w := 2f —21n¢ € H! (B3r/2,r) N L®(B3g/2,7), and combining with

(5.15), we conclude that there exit a sequence {x;, f;} jen such that, for each j € N,

(5.16) G;:=Gxjtj)> sup G—1/j

Bigp2r
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and that

Gj ZGJ' el 2 \/f 1 Cy
— (== -By-——)- )+ 1) =CiG - (— x

5.17) 1 N2 ° 4(a/—1)) 1) + 1) = GG - (T R? I R?

' 1 1

< P(xj,t) = < -

J 0 j j

We consider firstly the case when

_ Na? el
G:= sup G>—(By + .
Buns 2 ( Ao — 1))

In this case, the equation (5.16) tells us G; > Ngz (By + 4@;_11)) for all sufficiently large j.

Thus, from (5.17), we have

G, ,2G; € ! VK 1 , C1 1
—L (=L - By - —C3Gj - (— + =) - €G- = < -
t (Na2 0 4(a/—1)) 3G () <6l j
Letting j — oo, we have
G ,2G el . VK 1 -, Ci
— (== -Bo—- ——)< GG (— + =)+ G*- =,
7 (Naz B0 4(a—1)) G (Rt w

where we have used #; < T for all j € N. Thus, we have

(5.18) G <

In the case when G < NT“z(Bo + 4&;_11)), it is clear that (5.18) still holds.
Fix any 8 € (0, 1). By choosing € = 2,8R2/(C1 - Na*T). Then we conclude, by (5.18), that

BO+M+C3T-(‘/TE+%)

= 8(a—1)-6R?
¢s = (1-p)
Na?
No? 1 Ci-N?a*-T K 1. Na? 1
(519) :BO' @ . _|_( 1 @ +C3T.(£+_ _Q’)_
2 1-p 16(a — 1) - BR? R R? 2 1-3
No? 1 Cy-a*-T 1 K 1 2
< By - <. M : +C5T-(£+—)~ c
2 1-B (@-1DHRZ (1-p)-B R R 1-5
Therefore, we have
sup F<supF < sup G
BrX(y-T.,T] Brr Bigpor
No? 1 Cy-a*-T 1 K 1 2
< By - <. b . +C5T-(£+—- L
2 1-8 (@-DR? (1-p-B R R 1-8

By recalling F = t(|Vf]> — a - 8;f); and By = max {1, % + %}, we conclude that the local
gradient estimate (5.8) holds, since ¢ > vy - T. This completes the proof. O

Now, let us remove the additional assumption d;u € H l(BZR,T) N L*(Bygr) and prove
Theorem 1.4.
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Proof of Theorem 1.4. Let « > 1 and 8 € (0, 1). Without loss of generality, we can assume
that T, < co. Given any 6 > 0, from [50, Theorem 2.2], we have u + 6 € L7 (Barr,). Without
loss the generality, we can assume that u + 6 € L™(Bag 1, ), since the desired result is a local
estimate.

Given any € > 0, according to Lemma 5.4 and Lemma 5.5, we can use Lemma 5.8 to the
Steklov averages (u + 0);. Then, by an approximating argument (and taking y = 1 — 5), we

have

( [Vul? Ou

1 KT Na? 1
p 5 —a- )(x,t)<max{1 = }
Brx((1-p)T,T] * (U + 0) u+o

, + . .
2 2a-1)) 2T (1 -p)?
Cy - a* 1 VK 1, Cy-a?
+ . t(—+—=) —.
Ra-1) (1-p?*B "R R¥ (1-p)
Letting 6(€ Q) tend to 0" and replacing 1 — 8 by 3, we have the desired (1.6). By combining
with the arbitrariness of &, we complete the proof of Theorem 1.4. O

6. A SHARP LOCAL YAU’S GRADIENT ESTIMATE

Let K > 0, N € (1, 00) and let (X, d, u) be a metric measure space satisfying RCD*(—K, N).
Suppose that € is a domain in X. In this section, we will prove a sharp local Yau’s gradient
estimate—Theorem 1.6.

Proof of Theorem 1.6. Fix 8 € (0, 1). Let u be a positive harmonic function on Byg := Bog(p)
and let f = logu. Without loss of generality, we can assume that u > ¢ for some ¢ > 0. By
the chain rule 3.2(ii), a direct computation shows that

ZLf=-IVf* on Ba.

Since [V f]| € L;’;’C(BZR), by setting g := |Vf|2 and using Corollary 3.6, (noticing that N > 1) we
know that g € H'(B3g/2)NL®(B3g/2) and .£*"¢g > 0 and, for u-a.e. x € {y : g(y) # 0}NBag2,

[P N  (VfVg) gy
5L g>ﬁ—<Vg,Vf>—Kg+N_1-( > +N)
2
6.1 & _ N 1V Ve AV Ve g gy
(6.1) S - (Ve Vp - Kg+ ——|( Y e 2 £ (5
2
g N-2
>v-1 no1 (V& VhH-Ke.

Since g € L*(B3g/2), we define

M) :=supg and M, := supg.
Bg Bsgy2

We assume that M| > 0 (otherwise, we are done). Now let us choose ¢(x) = @¢(r(x)) as above.
That is, ¢(x) is a function of the distance r to the fixed point xy with the following property
that

-1 <¢$<1onB ¢=1on B ¢———1 on B \B5R/4
B A ) ) N

and

8=

—1%15 <¢'(<0 and [¢"(r)|< % V' re(0,3R/2)
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for some universal constant C (which is independent of N, K, R). Then we have, from (5.9)-
(5.10), that

2
le' R2 and Lo > —Cz(g( + 1%)
on Bsg/2. Then the distribution .Z’¢ is a signed Radon measure and its absolutely continuous
part (L) > —Co(VK/R + 1/R?) ae. x € Bsg/2, and its singular part (Z¢)" > 0. Here
and in the sequel of this proof, we denote Cy, Cy, Cs, - - - the various constants which depend
only on N.
Put G(x) := ¢ - g. According to the Lebiniz rule 3.2(ii), we have G € H'(B3g/2) and

LGC=gLd+¢dLg+ 2V, Vg)

in the sense of distributions. Then, by .Z*"¢g > 0 and .Z*"¢¢ > 0, we get .Z*"2G > 0. The
combination of (6.1) and (6.2) implies that

(6.2)

LG 2 0L g + 2(Vp, V(G /D)) + G($¢)ac
2 N —
> 29(E - T (Ve V) - Ke)
G vK 1. 2C
+ 2<V¢, VG>/¢ + EI: — CZ(T + ﬁ) - F]

>2 G*? 2N -2)
"¢ N-1 N-1

-((VG.Vf) - G(Vo,V f)/9) - 2KG

G 1
+2(V$, VG)/— C5 - —(£ —

(6.3)

R2
2 G* 2(N- 2) 2(N-2) G: C, Gl G
>3 No1 o o VeV '(6?'ﬁ ¢e) 2Ky
G VK 1
+2(Ve,VG)/p—C5 - —(£ * 2

for any € > 0, where we have used g = |Vf|2 G/¢,2KG < 2KG/¢ and that, for any € > 0,
the following

IV¢| 2 IV¢|2 1 G* C 21
~G(VO. VNI <AVSI- G < eGP + VP < e +IVSP
From the definition of ¢, we know that G' achieves one of its strict maximum in Bsg/; in
the sense of Theorem 4.2. Notice that .Z*"8G > 0. Hence, according to Theorem 4.2 for
w = 2%—:%]‘ —-2Iln¢ € HI(B3R/2) N L®(Bsgr/2) (since u > 6 > 0), and by combining with
(6.3), we conclude that there exit a sequence {x;}jen such that, for each j € N,
(6.4) Gj=G(xj))>supG-1/j

Bigy2

and that (noticing that ¢ € (0, 1])

2
, G 2aN-2)
6.5) N-1 N—l

1
¢(-xj) e

C VK 1
2 1
(eG7 - ‘2 +Gj ) 2KGj = C3-Gi(— + 75

~.
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for any € > 0. Letting j — oo and denoting G := supg.,, G = lim; G, we obtain

3 N-2 C3 VK 1
GLKK+——+—(—+—=
(N-)e 2R R

1 (N -2)e-Cy
©.6) (N—l_ (N — )R? ):
for any € > 0.

In the case when N > 2, by choosing € = %, we obtain from (6.6) that

1-8 - Ci-(N-2)7° K 1
_BG<K+¥+§(£+_)
N-1 BR? 2" R R?
(N —2)2 Cc?
<K+L+ﬁ[(+—3+g’
BR? 168R> 2R?
where we have used )
C; VK Cs 1 Cj
—— =2VK - —= <K+ -——=.
2 R VK 4R B B (4R)?
Then, we get
o1+ N-1 1 ¢ c
G < ﬁ(N—l)K+—-—(cl-(N—2)2+—3+iﬁ)
1-8 1-8 pBR? 16 2
(6.7) | c
< +’B(N— DK + ——
- B(L-p)-R
where we have used 8 < 1.
In the case when N € (1, 2], from (6.6), we have
1 C; VK 1 ¢ c
—— G<K+= £+—)<K+,BK+ R
N-1 2" R R? 168R> 2R?
Thus, the estimate (6.7) still holds in this case.
Therefore, the equation (6.7) shows that, for any 8 € (0, 1),
1 C
sup g < +ﬂ(N— DK + —42.
Bk 1-p B -p)-R
Now the proof is finished. O
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