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ABSTRACT. In this paper, we introduce a new notion for lower bounds of Ricci curvature on
Alexandrov spaces, and extend Cheeger—Gromoll splitting theorem and Cheng’s maximal
diameter theorem to Alexandrov spaces under this Ricci curvature condition.

1. INTRODUCTION

Alexandrov spaces with curvature bounded below generalize successfully the concept of
lower bounds of sectional curvature from Riemannian manifolds to singular spaces. The
seminal paper [BGP] and the 10th chapter in the text book [BBI] provide excellent in-
troductions to this field. Many important theorems in Riemannian geometry had been
extended to Alexandrov spaces, such as Synge’s theorem [Petl], diameter sphere theorem
[Perl], Toponogov splitting theorem [Mi], etc.

However, many fundamental results in Riemannian geometry (for example, Bishop-
Gromov volume comparison theorem, Cheeger—Gromoll splitting theorem and Cheng’s max-
imal diameter theorem) assume only the lower bounds on Ricci curvature, not on sectional
curvature. Therefore, it is a very interesting question how to generalize the concept of lower
bounds of Ricci curvature from Riemannian manifolds to singular spaces.

Perhaps the first concept of lower bounds of Ricci curvature on singular spaces was given
by Cheeger and Colding (see Appendix 2 in [CC2.1]). They, in [CC1, CC2], studied Gromov—
Hausdorff limit spaces of Riemannian manifolds with Ricci curvature (uniformly) bounded
below. Among other results in [CC1], they proved the following rigidity theorem:

Theorem 1.1. (Cheeger—Colding)

Let M; be a sequence of Riemannian manifolds and M; converges to X in sense of
Gromov-Hausdorff.

(1) If X contains a line and Ric(M;) > —e; with ¢, — 0, then X is isometric to a direct
product R X 'Y over some length space Y .

(2) If Ric(M;) > n — 1 and diameter of M; diam(M;) — m, then X is isometric to a
spherical suspension [0, 7] Xgin Y over some length space Y .

In [Pet4], Petrunin considered to generalize the lower bounds of Ricci curvature for sin-
gular spaces via subharmonic functions.

Recently, in terms of L2—Wasserstein space and optimal mass transportation, Sturm [S1,
S2] and Lott—Villani [LV1, LV2] have given a generalization of “Ricci curvature has lower
bounds” for metric measure spaces', independently. They call that curvature-dimension
conditions, denoted by C'D(n, k) with n € (1, 00] and k € R. For the convenience of readers,
we repeat their definition of C'D(n, k) in the Appendix of this paper. On the other hand,
Sturm in [S2] and Ohta in [O1] introduced another definition of “Ricci curvature bounded
below” for metric measure spaces, the measure contraction property M CP(n, k), which is

LA metric measure space is a metric space equipped a Borel measure.
1
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a slight modification of a property introduced earlier by Sturm in [S3] and in a similar form
by Kuwae and Shioya in [KS3, KS4]. The condition M CP(n, k) is indeed an infinitesimal
version of the Bishop—Gromov relative volume comparison condition. For a metric measure
space, Sturm [S2] proved that C'D(n, k) implies MC P(n, k) provided it is non-branching?.
Note that any Alexandrov space with curvature bounded below is non-branching. Recently,
Petrunin [Pet2] proved that any n-dimensional Alexandrov space with curvature > 0 must
satisfy C'D(n,0) and claimed the general statement that the condition curvature > k (for
some k € R) implies the condition C'D(n, (n—1)k) can be also proved along the same lines.

Let M be a Riemannian manifold with Riemannian distance d and Riemannian volume
vol. Lott, Villani in [LV1] and von Renesse, Sturm in [RS, S4] proved that (M, d, vol)
satisfies C'D(o0, k) if and only if Ric(M) > k. Indeed, they proved a stronger weighted
version (see Theorem 7.3 in [LV1] and Theorem 1.1 in [RS], Theorem 1.3 in [S4]). Let ¢
be a smooth function on M with [;, e ®dvol = 1. Lott and Villani in [LV2] proved that
(M, d,e=?-vol) satisfies CD(n, k) if and only if weighted Ricci curvature Ric, (M) > k (see
Definition 4.20— the definition of Ric,— and Theorem 4.22 in [LV2]). A similar result was
proved by Sturm in [S2] (see Theorem 1.7 in [S2]). In particular, they proved that (M, d, vol)
satisfies C'D(n, k) if and only if Ric(M) > k and dim(M) < n. If dim(M) = n, Ohta in
[O1] and Sturm in [S2] proved, independently, that M satisfies M CP(n, k) is equivalent to
Ric(M) > k.

Nevertheless, since n-dimensional norm spaces (V"] - ||,) satisfty C'D(n,0) for every
p > 1 (see, for example, page 892 in [V]), it is impossible to show Cheeger-Gromoll splitting
theorem under C'D(n,0) for general metric measure spaces. Furthermore, it was shown by
Ohta in [O3] that on a Finsler manifolds M, the curvature-dimension condition C'D(n, k) is
equivalent to the weighted Finsler Ricci curvature condition Ric, (M) > k (see also [O4] or
[OSt], refer to [O4] for the definition Ric, in Finsler manifolds). That says, the curvature-
dimension condition is somewhat a Finsler geometry character. Seemly, it is difficult to show
the rigidity theorems, such as Cheng’s maximal diameter theorem and Obata’s theorem,
under C'D(n,n — 1) for general metric measure spaces.

As a compensation, Watanabe [W] proved that if a metric measure space M satisfies
CD(n,0) or MCP(n,0) then M has at most two ends. Ohta [O2] proved that a non-
branching compact metric measure space with MCP(n,n — 1) and diameter = 7 is home-
omorphic to a spherical suspension.

Alexandrov spaces with curvature bounded below have richer geometric information than
general metric measure spaces. In particular, a finite dimensional norm space with curvature
bounded below must be an inner-product space. Naturally, one would expect that Cheeger—
Gromoll splitting theorem still holds on Alexandrov spaces with suitable nonnegative “Ricci
curvature condition”.

Recently in [KS1], Kuwae and Shioya proved the following topological splitting theorem
for Alexandrov spaces under the M CP(n,0) condition:

Theorem 1.2. (Kuwae-Shioya)

Let M™ be an n-dimensional Alexandrov space. Assume that M"™ contains a line.

(1) If M satisfies MCP(n,0), then M™ is homeomorphic to a direct product space R xY
over some topological space Y .

(2) If the singular set of M™ is closed and the non-singular set is an (incomplete) C'*°
Riemannian manifold of Ric > 0, then M™ 1is isometric to a direct product space R x Y
over some Alexandrov space Y .

2A geodesic space is called non-branching if for any quadruple points z, o, 1, z2 with z being the midpoint
of xp and x1 as well as the midpoint of x¢ and z2 , it follows that x1 = 2.
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We remark that Kuwae and Shioya actually obtained a more general weighted measure
version of the above theorem in [KS2].

In the following, inspired by Petrunin’s second variation of arc length [Petl], we will
introduce a new notion of the Ricci curvature bounded below for Alexandrov spaces.

Let M be an n—dimensioal Alexandrov space of curvature bounded from below locally
without boundary. It is well known in [PP] or [Pet3] that, for any p € M and £ € X,
there exists a quasi-geodesic starting at p along direction . (See [PP] or section 5 in [Pet3]
for the definition and properties of quasi-geodesics.) According to [Petl], the exponential
map exp,, : T, — M is defined as follows. For any v € T}, exp,(v) is a point on some
quasi-geodesic of length |v| starting point p along v/|v| € ¥,. If the quasi-geodesic is not
unique, we take one of them as the definition of exp,,(v).

Let v : [0,) — M be a geodesic. Without loss of generality, we may assume that a
neighborhood U, of v has curvature > kg for some ko < 0.

According to Section 7 in [BGP], the tangent cone T, (;) at an interior point () (t € (0,£))
can be split into a direct metric product. We denote

(&7 (1) = m/2},
(8,77 (1) = m/2}.

Lv(t) ={{¢e Tw(t) | 4(fa’>’+(t))
A’y(t) = {g € EW(t) | 4(577—1—(”)

In [Petl], Petrunin proved the following second variation formula of arc-length.

Proposition 1.3. (Petrunin)

Given any two points qi,qa € 7, which are not end points, and any positive number
sequence {€;}52, with e; — 0, there exists a subsequence {€;} C {e;} and an isometry
T: L4 — Lg, such that

juv|?

|equ1 (gju), equ2(§jTU)| <|(11Q2‘ + 2‘q1q2| ’ g?
Ko -
_ 0|6q“12| (jul? + [ + (u,0)) 82+ 0(E2)

for any u,v € Lg,.

We remark that for a 2—dimensional Alexandrov space, Cao, Dai and Mei in [CDM]
improved the second variation formula such that the above inequality holds for all {g;}52,.
But for higher dimensions, to the best of our knowledge, we don’t know whether the parallel
translation 7' in the above second variation formula can be chosen independent of the
sequences {¢;}.

Based on this second variation formula, we can propose a condition which resembles the
lower bounds for the radial curvature along the geodesic ~.

Let {gy() o<t<e be a family of functions, where for each ¢, g,(; is a continuous function
on A4 For simplicity, we call {g, ) }o<t<¢ to be a continuous function family.

Definition 1.4. A continuous function family {g. ) }o<t<¢ is said to satisfy Condition (RC),
if for any € > 0 and any ¢ € (0, £), there exists a neighborhood I, := (to—7*, to+7*) C (0,¢)
with the following property. For any two number s,¢ € Iy, with s < ¢ and for any sequence

{6; }j’il with 6; — 0 as j — oo, there exists an isometry T': A, ;) — A,(5) and a subsequence
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{0} of {6;} such that
|eXp'Y(5) (6]l1T§)7 eXpy(t) ((5]l25)|

(L —12)?
< —t ~ - =7 . "
(1) |s —t| + 25 — 1] 07
—e) s —t¢
_ B0® 6) S @ b B) 84 o)

for any l;,l2 > 0 and any & € Ay).

Let F denote the set all of continuous function families{g. ) }o<¢<¢, which satisfy Con-
dition (RC).
Clearly, the above proposition shows that {g.,) = ko}to<t<¢ € F.

Definition 1.5. We say that M has Ricci curvature bounded below by (n — 1)K along 7, if

1.2 ‘= su inf > K,
(12) pi= st 00
where wa 92(§) = m fo 92(§)dE.

We say M has Ricci curvature bounded below by (n — 1)K on an open set U C M, if
for each point p € U, there is a neighborhood U, of p with U, C U such that M has Ricci
curvature bounded below by (n — 1)K along every geodesic v : [0,¢) — U,. When U = M,
we say M has Ricci curvature bounded below by (n — 1)K and denote Ric(M) > (n—1)K.

Remark 1.6. (i) When M is a smooth Riemannian manifold, by the second variation of
formula of arc-length, it is easy to see Condition (RC) is equivalent to

Secpr (Ht) = 9y(t) (5)7

where II; C T is any 2—dimensional subspace, spanned by +'(t) and a £ € A ). Thus
in a Riemannian manifold, our definition on Ricci curvature bounded below by (n — 1)K is
exactly the classical one.

(ii) Let M be an n-dimensional Alexandrov space with curvature > K. The above
Proposition 1.3 shows that Ric(M) > (n — 1)K.

(iii) Recall that Petrunin in [Pet2] proved any n-dimensional Alexandrov space M with
curvature > K must satisfy the curvature-dimension condition C'D(n,(n — 1)K). In the
appendix, by modifying Petrunin’s proof in [Pet2], we will show that any n-dimensional
Alexandrov space M with Ric(M) > (n — 1)K also satisfies CD(n, (n — 1)K).

(iv) At the present stage, we don’t know if the Ricci curvature condition Ric(M) >
(n — 1)K is equivalent to the curvature-dimension condition C'D(n,(n — 1)K). We will
investigate this question in future.

Our main results in this paper are the following splitting theorem and maximal diameter
theorem.

Theorem 1.7. (Splitting theorem)

Let M be an n-dimensional complete non-compact Alexandrov space with nonnegative
Ricci curvature and OM = &. If M contains a line, then M is isometric to a direct metric
product R x N for some Alexandrov space N with nonnegative Ricci curvature.

Theorem 1.8. (Maximal diameter theorem)

Let M be an n-dimensional compact Alexandrov space with Ricci curvature bounded below
by n — 1 and OM = @. If the diameter of M is w, then M is isometric to a spherical
suspension over an Alexandrov space with curvature > 1.
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An open question for the curvature-dimension condition C'D(n, k)(k # 0) is “from local
to global” (See, for example, the 30th chapter in [V]). In particular, given a metric measure
space which admits a covering and satisfies CD(n, k) (k # 0), we don’t know if the covering
space with pullback metric still satisfies CD(n, k).

One advantage of our definition of the Ricci curvature bounded below on Alexandrov
spaces is that the definition is purely local. In particular, any covering space of an n-
dimensional Alexandrov space with Ricci curvature bounded below by (n—1) K still satisfies
the condition Ric > (n—1)K. Meanwhile, we note that Bishop—Gromov volume comparison
theorem also holds on an Alexandrov space with Ricci curvature bounded below (see Corol-
lary A.3 in Appendix). Consequently, the same proofs as in Riemannian manifold case (see
[A] and, for example, page 275-276 in [P]) give the following estimates on the fundamental
group and the first Betti number.

Corollary 1.9. Let M be a compact n-dimensional Alerandrov space with nonnegative
Ricci curvature and OM = @. Then its fundamental group has a finite index Bieberbach
subgroup.

Corollary 1.10. Let M be an n-dimensional Alexandrov space with monnegative Ricci
curvature and OM = &. Then any finitely generated subgroup of m (M) has polynomial
growth of degree < n. If some finitely generated subgroup of w1 (M) has polynomial growth
of degree = n, then M is compact and flat.

Corollary 1.11. Let M be an n-dimensional Alexandrov space with OM = &.
(1) If Ric(M) > (n — 1)K > 0, then its fundamental group is finite.
(2) If Ric(M) > (n — 1)K and diameter of M < D, then

by (M) < C(n,K?-D)

for some function C(n, K*- D).
Moreover, there exists a constants r(n) > 0 such that if K*-D > —r(n), then by(M) < n.

The paper is organized as follows. In Section 2, we recall some necessary materials for
Alexandrov spaces. In Section 3, we will define a new representation of Laplacian along
a geodesic and will prove the comparison theorem for the newly-defined representation of
Laplacian (see Theorem 3.3). In Section 4, we will discuss the rigidity part of the comparison
theorem. The maximal diameter theorem and the splitting theorem will be proved in Section
5 and 6, respectively. In the appendix, we give a modification of Petrunin’s proof in [Pet2] to
show that the condition on Ricci curvature bounded below implies the curvature-dimension
condition (see Proposition A.2).

Acknowledgements We would like to thank Dr. Qintao Deng for helpful discussions.
We are also grateful to the referee for helpful comments on the second variation formula.
The second author is partially supported by NSFC 10831008 and NKBRPC 2006CB805905.

2. PRELIMINARIES

A metric space (X, |-, |) is called a length space if for any two point p, g € X, the distance
between p and q is given by

Ipq| = inf Length(7).
v,y connect p,q

A length space X is called a geodesic space if for any two point p,q € X, there exists a
curve vy connecting p and ¢ such that Length(vy) = |pq|. Such a curve is called a shortest
curve. A geodesic is a unit-speed shortest curve.
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Recall that a length space X has curvature > k in an open set U C X if for any quadruple
(p;a,b,c) C U, there holds

Zkapb + Zkbpc + chpa < 2,

where Zkapb, Zkbpc, and chpa are the comparison angles in the k—plane. A length space
M is called an Alexandrov space with curvature bounded from below locally (for short, we
say M to be an Alexandrov space), if it is locally compact and any point in M has an open
neighborhood U C M such that M has curvature > ky in U, for some ki € R.

Let M be an Alexandrov space without boundary and U C M be an open set. A locally
Lipschitz function u on U is said to be A—concave on U if for any geodesic v C U, the
one-variable function

woy(t) — )\t2/2
is concave. A function v on M is said to be semi-concave if for any point x € M there is a
neighborhood U, 3 z and a real number A, such that the restriction u|y, is Az-concave.

Let ¢ : R — R be a continuous function. A function u on M called ¥(u) — concave
if for any point x € M and any € > 0 there is a neighborhood U, > z such that u|y, is
(1 o u(x) + €)-concave.

If M has curvature > k in U, then it is well-known that the function u = g, o dist, is
(1 — ku)—concave in U\{p}, where

z(1- cos(Vkv)) it k>0,
on(v) =4 Y it k=0,
z(cosh(v—kv) —1) if k<0,

(see, for example, Section 1 in [Pet3]).

Let u be a semi-concave function on M. For any point p € M, there exists a u—gradient
curve starting at p. Hence u generates a gradient flow ®! : M — M, which is a locally
Lipschitz map. (Actually, it is just a semi-flow, because backward flow ®,¢ is not always
well-defined.) Particularly, if u is concave, the gradient flow is a 1-Lipschitz map. We refer
to Section 1 and 2 in [Pet3] for the details on semi-concave functions, gradient curves and
gradient flows.

3. LAPLACIAN COMPARISON THEOREM

Let M be an n-dimensional Alexandrov space without boundary. A canonical Dirichlet
form & is defined by

E(u,v) ::/ (Vu, Vo) dvol, for wu,v € WOI’2(M).
M

(see [KMS]). The Laplacian associated to the canonical Dirichlet form is given as follows.
Let w : U C M — R be a A—concave function. The (canonical) Lapliacian of u as a
sign-Radon measure is defined by

/ dpdAu = —E(u, ¢) = —/ (V, Vuy dvol

M M

for all Lipschitz function ¢ with compact support in U. In [Pet2], Petrunin proved
Au < nA - vol,

in particular, the singular part of Awu is non-positive. If M has curvature > K, then any
distance function dist,(x) := d(p, z) is coti odist,—concave on M\{p}, where the function
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coti (s) is defined by

\/?vcos(\/?s) .

sin(vVKs) if K >0,

cotr(s) =41 if K=0,
V=K -cosh(v—K3s) :

It is a solution of the ordinary differential equation x/(s) = —K —x?(s). Therefore the above
inequality Au < nA-vol gives a Laplacian comparison theorem for the distance function on
Alexandrov spaces.

In [KS1], by using the DC'—structure (see [Per2]), Kuwae—Shioya defined a distributional
Laplacian for a distance function dist, by

Adist, = D;( det(gij)gijajdistp)
on a local chart of M\S, for sufficiently small positive number €, where
Se:={z € M: vol(X,) < vol(S"™1) — ¢}

and D; is the distributional derivative. Note that the union of all S has zero measure.
One can view the distributional Laplacian Adist, as a sign-Radon measure. In [KMS],
Kuwae, Machigashira and Shioya proved that the distributional Laplacian is actually a
representation of the previous (canonical) Laplacian on M\S.. Moreover in [KS1], Kuwae
and Shioya extended the Laplacian comparison theorem under the weaker condition BG(k).

Both of the above canonical Laplacian and its DC representation (i.e. the distributional
Laplacian) make sense up to a set which has zero measure.

In Riemannian geometry, according to Calabi, the Laplacian comparison theorem holds
in barrier sense, not just in distribution sense. In this section, we will try to give a new
representation of the above canonical Laplacian of a distance function, which makes sense
in W, the set of points z € M such that the geodesic pz can be extend beyond z. We
will also prove a comparison theorem for the new representation under our Ricci curvature
condition.

Let M denote an n-dimensional complete Alexandrov space without boundary. Fix a
geodesic v : [0,¢) — M with v(0) = p and denote f = dist,. Let z € v\{p} and L., A,
be as above in Section 1. Clearly, we may assume that M has curvature > ko (for some
ko < 0) in a neighborhood U, of ~.

Perelman in [Per2] defined a Hessian for a semi-concave function v on almost all point
x € M, denoted by Hess,u. It is a bi-linear form on T, (= R™). But for the given geodesic
v, we can not insure that the Hessian is well defined along 7.

We now define a version of Hessian and Laplacian for the distance function f along the
geodesic vy as follows. Note that the tangent space at an interior point € v can be split to
L, xR and f o~ is linear. So we only need to define the Hessian on the set of orthogonal
directions A,.

Throughout this paper, S will always denote the set of all sequences {0;}72, with 6; — 0
as j — oo and 041 < 6;.

Definition 3.1. Let x € y\{p}. Given a sequence 0 := {0;}32, € S, we define a function
HYf: A, — R by

0 def .. foexpz(s-g)—f(l‘).
Hf(€) = gl&sger; 272 ’
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and

0 ef (0 _1). 0
A% () (n—1) fofo(s).

Since U, has curvature > ko, we know that f is coty,(|pz|)—concave and dist,) is
coty, (|zy(¢)|)—concave near x, which imply

(3.1) HY f < cotyy (|p))

for any sequence 6 € S, and

V(€) exp,(s - &) < av(0)] + cotiy [z (O)]) - 57/2 + o(s)
for any £ € A;. Then by triangle inequality, we have

(3.2) Hyf > — cotyy (Jay(€)]).

Thus HYf is well defined and bounded. It is easy to see that H f is measurable on A, and
thus it is integrable.

If there exists Perelman’s Hessian of f at a point « (see [Per2]), then HY f(¢) = Hess, f(£,€)
forall £ € A, and 6 € S.

Denote by Regy the set of points z € M such that there exists Perelman’s Hessian of f
at z. If we write the Lebesgue decomposition of the canonical Laplacian Af = (A f)%"9 +
(Af)* - vol, with respect to the n-dimension Hausdorff measure vol, then (Af)*(x) =
TrHess,f = A%f(x) for all z € W, N Regy and § € S. It was shown in [0S, Per2] that
RegyNW,, has full measure in M. Thus A f(z) is actually a representation of the absolutely
continuous part of the canonical Laplacian Af on W),

Note from the definition that if 6; C 69, then

HOf <HEf and A% f(z) < A% f(2).
The following lemma is a discrete version of the propagation equation of the Hessian of f

along the geodesic ~.

Lemma 3.2. Let f = dist,. Given ¢ >0, a continuous functions family {g)}o<t<¢ and a
sequence {0;}32, € S. Lety,z € v with |py| < |pz|. We assume that a isometry T : A, — A,
and the subsequence ¢ := {d;} C {6;} such that (1.1) holds. Then

_1\2 2
(3.3) HEF(€) <1 Hyf(n) + (l|yzl|) - +3f+1

foranyl >0 and any £ € A,, n=TE € A,.

yzl - (92(6) — )

Proof. For any § € A, we can choose a subsequence {37} C {d;} such that

Fex.(8) = ()

Hf(€) = lim

j—o0 5}2/2
Then, we have
(5/-2
(3-4) Flexp(876)) = f(2) + - H2F() + o(67)
for any ! > 0. By definition, we have
! (M})Z 0 12
(3.5) Flexpy (3 - 1) < f(y) + —5—Hy f(n) + 0(05).
Note that

(3.6) f(2) = Fy) = lyz]
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and
(3.7) flexp,(85€)) — f(exp, (0] - In)) < |exp,(678), exp, (5 - In)].
By combining (3.4)—(3.7) and using (1.1) with l; =1,l; = 1, we have

572
5 (H2F(€) = 12+ Hyf(n)) + o(67)

, 1-1)?% g8 - /

for any [ > 0. Hence
(I-12 PP+i+1
lyz| 3

HIf(&) — 12 Hof(n) < yz| - (g2 — e).

This completes the proof of the lemma. O

The following result is the comparison for the above defined representation of Laplacian.

Theorem 3.3. Let f = dist, and x € y\{p}. If M has Ricci > (n—1)K along the geodesic
v(t), then, given any sequence {0;}32, € S, there exists a subsequence § = {6;} of {0;} such
that

A’ f(z) < (n—1) - cotx(|px]).
(If K > 0, we add assumption |px| < 7m/VK).

Proof. Arbitrarily fix two constants € > 0 and K’ < K with 10e < K — K.
We can choose a point y € px such that |py| > € and

(3.8) cotr, (Ipy]) < cotx (|py| — €).

By our definition of Ricci curvature > (n — 1)K along +, there exists a continuous function
family {g,(s) o<t<¢ € F such that

f 9y (t) > K — ¢, Vt € (O,f).
Ay

We take a sufficiently small number w > 0.

For any to € [|py|, |pz|], there is a neighborhood Iz, coming from Condition (RC') such that
|It,| < w. All of these neighborhoods form an open covering of [|py|, |pz|]. Let I1, I, --- ,In
be a finite sub-covering of [|py|, |pz|]. We take z, € I, N I441 for all 1 <a < N —1 and set
y = x0, * = xy. We can assume that |pz,| < [prey1] forall 0 <a < N — 1.

By Condition (RC'), we can find a subsequence {¢; ;} C {0;} and an isometry T : A;, —
Az, such that (1.1) holds. Next, we can find a further subsequence {d2;} C {d1;} and an
isometry T5 : Ay, — Az, such that (1.1) holds. After a finite step of these procedures, we
get a subsequence § = {6;} C {dy_1,} C --- C {0;} and a family isometries {T,+1}2 ',
Tot1: Ay, — Ay, such that, for each a =0,1,--- | N — 1,

‘ epra (5jllTa+1§>7 eXp.Z’a+1 (6jl2§)‘

(ll—l2)2 2
<|TaZa s %
|JU x +1|+2'|$a$a+1| J
gi(&) —€) - |zaxq
_(t() )6 | +1|-(l%+l1'12+l%)'5j2'+0(532')

for any l1,lo > 0 and any £ € A, ;.
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Claim: For all 0 < a < N — 1, we have
7{ H? f < cotyer(|pza| — ),
Az,

as w is sufficiently small.

We will prove the claim by induction argument with respect to a.

Firstly, we know from (3.8) that the case a = 0 is held.

Set ¢ = xq, T = Tay1, 4 = |Tqxes1] and T = To41. Now we suppose that the claim is
held for the case a, i.e.,

7{ H{ f < cotgr(|pg| — €).
Aq

We need to show the claim is also held for the case a + 1.
Consider the functions on A,

(-1 P+i+1

(3.9) Fi(&) = - Hy f(T(©) + ~— ok (9r(€) — ).
JFrom Lemma 3.2 above, we have
(3.10) H)f < F

for any [ > 0.
On the other hand, from (3.9),

2 2
Rt f mipory L2V _EEIHL oL e -
fr z 8 of 0T+ u (ff/(&) )

3
(3.11) (1-1)2 P+i+1
<l2-(cotK(|pq]—6))+ - p- K
W 3
for any [ > 0, where K = K — 2e.
By setting
C1 = max |coth(t—e),
! lpy|<t<|p=| ot )
we have
(3.12) cotr(|pq| — €) < cotrer(|pr| — €) + (K’ + coti (Ipgl — €)) + Crp?.
Thus by combining (3.11) and (3.12), we get
(3.13) f Fi < cotier(lpr] — €) + A (D),
Ay

where

Au() =p (K" + cotio(lpal = €)) + Crp® + (12 = 1) ot (lpal — )
(l—ul)2 _l2+;+1 R
Denote by B = 1/ — K /3 and cot = cotg(|pg| — €). Note that

_l’_

cotgr(|pz| — €) < cot < cotgr (|py| — €).
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Since w is small and y < w, we can assume that cot+B > 0. Choose I = —(B +
wkK/2)/(cot +B). Then we get

. —(B+uK/2)’+ (M(K’ + cot? ) + C1p? — cot +B) - (cot +B)
Aull) = cot+B

K' — K 4 Cop + C3p?
cot+B

N

9

where Cy, C3 are positive constants independent of p, w (may depending on €, K,z and y).
Using 1 < w, we get
~ K' — K 4 Cow + Cyw?

A, < <
“() cot+B 0

as w is sufficiently small. Hence, by combining (3.10), (3.13) and A,(I) < 0, we get

y{ Hffgj{ F(I) < cotgr(|pr| — e).
A Ay

This completes the proof of the claim. In particular, we have
f Hgf < COtK/(|p{L" — 6).
Ay

Thus by the arbitrariness of ¢ and K’ and a standard diagonal argument, we obtain a
subsequence of §, denoted again by 9§, such that

A°f(x) < (n—1) - cot(|pz]).

Therefore, we have completed the proof of the theorem. O

4. RIGIDITY ESTIMATES

We continue to consider an n-dimensional complete Alexandrov space M without bound-
ary. Fix a geodesic v : [0,¢) — M with v(0) = p and denote f = dist,,.

Let € ¥\{p} and L,, A, be as above. We still assume that a neighborhood U,, of y has
curvature > ko (for some constant ko < 0).

Lemma 4.1. Assume M has Ricci > (n — 1)K along the geodesic y(t). Let f = dist, and
x be an interior point on the geodesic y(t). Given a sequence 6 = {Gj};ﬁl esS, if

(4.1) A” (@) = (n— 1) - cote(|pa|)
for any subsequence §' = {9§} of 6, then there exists a subsequence 6 = {d;} of 6 such that
(4.2) H f(€) = cot(|pz])

almost everywhere £ € A, .
(If K > 0, we add assumption |pz| < n/VK).

Proof. At first, we will prove the following claim:
Claim: For any € > 0, we can find a subsequence {d;} of 6 and an integrable function h on
A, such that

Hgf < h and jl{ (h—cotK(|p/1c|))2 < (3+2|cotK(]p:z:|)\)e.

T
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By our definition of Ricci curvature > (n—1)K along ~, there exists a continuous function
family {g,()}o<t<¢ € F such that

% 9 (t) > K —¢, Vt € (0,6)
0)

We may assume g, > ko, otherwise, we replace it by max{g,, ko}.
By the definition of Condition (RC), we have a neighborhood I(C (0,)) of y~!(x) such
that for arbitrarily taking a point w € v(I) with |pw| < |pz|, there exists a subsequence

5= {g]} of 6 and an isometric T' : A; — A, such that (1.1) holds. By using Lemma 3.2
and choosing | = 1, we have

(4.3) (g — €) - |ow| < HEf — HOF.
By (3.2) and the fact that f is cotg,(|p - |)—concave, we have
HEf > = cotiy (ley(D)]) and  HY,f < cotiy([po]).
Thus by combining these with (4.3) and the fact g, > ko, we get
(4.4) 92| < Cy

for some constant Cy, which may depend on €, z, and |I|.

Choose a point z € y(I) with |pz|/2 < |pz| < |pz| and |rz| < min{e, |I|}. Then, by
Condition (RC), there exists a subsequence {d;} of 6 and an isometry 7' : A, — A,
satisfying (1.1). From Theorem 3.3, we can find a subsequence {d;} C {d}} such that

(4.5) A%f(z) < (n—1) - cotg(|pz]).
We set, for any € € A,

p=|zzl,
1= 16) = (1t Bge =) - (1~ ploe — /3 + HIFTE))
and
12 2
(46) he(e) =2 i pre + LD EAIEL )

3
By noting (4.4) and that
— cotyy (|27(£)]) < — cotyy (|27(0)]) < H2f < cot ([pz]) < coty, (Ipz]/2),
we get [(§) > 0 for p is sufficiently small. Thus by Lemma 3.2, we have
HYf < hys.

Consequently,
H)f <h, onA,,
where h = min{hg, coty,(|pz|)}. Then, by combining this with (4.1), we get

(4.7) j{ h = cotk (|pz]).

Therefore, by (4.5) and (4.7), there holds
$n= 1> cotullpa)) - cotulp)

> —p(K + cot¥(|px|)) — Cspi®,

(4.8)



RICCI CURVATURE ON ALEXANDROV SPACES
where

Cs = max |coth(t)] < max cot’r-(t)].
i otk Bl < mae | |eoti ()

On the other hand, rewriting the equation (4.6), we have
(10— lge = &)/3+ HIf oT) - o
= —(gp — )+ HEf o T 1/ = plge = )/3) + (lga — )*/12.
By the facts that h < hy, and 1/ — pu(ge —€)/3 + H2f o T > 0, we get
(/0= g —)/3+ HIf o T) -

~(gz =)+ HEf o T+ (1/n = pulgs = 9)/3) + (ulg: — €))*/12.

N

That is,

(4.9) (/0= D) (h = Hf oT) < ~(ga = ) = h* + (ulgs — €))*/12,
where D = (g, —€)/3 — h.

13

Denote that Cg = max |D| = max |h + u(g; — €)/3|, which is independent of . Thus we

get
% €= Y%= _ (G_Qx)+_f (€ —9z)”
Ay 1/U—D Ag ]./U— Ag 1/U—
(410 B Gl DM WGt O
’ 1/u— 06 1/U+C6
1/IU’§A € — 0z "‘CﬁfA ’gx_6|
1/u?—C3
By (4.4), (4.10) and the Ricci curvature condition that fAz gz > K — ¢, we have
(4.11) ]{ T (2 — K) + Crpl?
Ay ]./’LL —D ’

where constant C' is independent on p.
(From (4.9) and (4.4), we get

fo h? (Ca+e)?u?

(4.12) f h — AHgfngu@e—K)—l—Cuﬂ—

By combining (4.8), (4.12) and noting that 7" is an isometry, we have
f h? < cot(|pz|) + 2€ + Csp,

where constant Cg is independerllt on pu. Therefore,

(4.13) ?{hQ cot (|px|) + 3e
Ag

as p suffices small.
Note that (4.12) implies

7{ h<f HlfoT + Copu,
Ay Ay

I/p+Cs  1/u—Cs
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where constant Cy is independent on p. Using (4.5) and noting that 7' is an isometry, we
have

% h < cot(|pz]) + Cop < cotk (pz]) + (K + coti (|pz])) + Cop.

T

Since |pz|/2 < |pz| < |pz|, we have

f h < coti(Jpz]) + Crop,

z

where constant Cyg is independent on p. Thus, when p is sufficiently small, we get

(4.14) 7{ h < coti (|pz]) + €.

x

By combining (4.7) and (4.14), we obtain

(4.15) cotc(|pa]) - 74 B> cot (lpel) — ¢ - | cotie (|pz])|.

X

Hence, by (4.13) and (4.15), we have

}{ (h — cotie (Ipe]))® < (3 + 2| cote ([pa])]) - .

x

This completes the proof of the claim.
Now let us continue the proof of the lemma.
Given any €; > 0, the above claim implies that the measure

1/({5 e A, Hgf > cotg +61})
< 1/({§ €N, }h—cotK(\px|)| > 61}) < (3+2|cotK(|p:I:|)|)e/e%.

Letting ¢ — 0, by a standard diagonal argument, we can obtain a subsequence of ¢, still
denoted by 9§, such that

v({€ e, : Hf > cotg +e1}) = 0.

By the arbitrariness of €1, after a further diagonal argument, we obtain a subsequence of 9,
denoted by ¢ again, such that

v({€ e, Hf > cotg}) =0.
Thus we have

Hy f < cot(|pa)

almost everywhere in A,.
Finally , by combining (4.1) and the definition of A°f, we conclude that

Hy f = cotr(|pe|)
almost everywhere in A,. Therefore we have completed the proof of the lemma. O

In order to deal with the zero-measure set in the above Lemma, we need the following
segment inequality of Cheeger and Colding [CC1]. See also [R] for a statement that is
stronger than the following proposition.
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Proposition 4.2. (Segment inequality)

Let M be an n-dimensional Alexandrov space with curvature > ko, ( for some constant
ko < 0). Let Ay, Ay C M be two open sets, and let vy, 4, be a geodesic from yi to ya with
arc-parametrization. Assume W C M is an open set with

U Yyr,y2 C W.
Yy1€A1, y2€A2

If e be a non-negative integrable function on W, then

ly1y2]
(4.16) /Ale2/0 e(Vy1 0 (8))ds < C(n, ko, D) - D - (vol(Al) + vol(Ag)) /W e,

where D = SUp, c A, yoca, ly1y2| and
C(n, ko, D) = (sinh(y/—koD)/ sinh(y/—koD/2))" .
We now define the upper Hessian of f, Hess,f: T, — RU{—o0} by

(4.17) Hessaf(v,0) imsup foexp,(s-v) 3_2%3:) —dyf(v) s

for any v € Ty.

Clearly, this definition also works for any semi-concave function on M. If v is a A—concave
function, then its upper Hessian Hess, u(&, &) < A for any € € 3.

For a semi-concave function u, we denote its regular set Reg, by

Reg, := {x € M : there exists Perelman’s Hessian of u at a:}

It was showed in [Per2] that Reg, has full measure for any semi-concave function u. It is
clear that Hess,u = Hess,u for any = € Reg,.

Definition 4.3. Let p € M. The cut locus of p, denoted by Cut,, is defined to be the set all
of points z in M such that geodesic pz, from p to x, can not be extended.

It was shown in [OS] that Cut, has zero (Hausdorff) measure (see also [Ot]).

Set W, = M\({p} U Cut,). For any two points z,y € M with = # y, a direction from z
to y is denoted by 1%.

The following two lemmas are concerned with the rigidity part of Theorem 3.3.

Lemma 4.4. Let M be an n-dimensional Alexandrov space with Ricci curvature > (n—1)K
and let f = dist,. Suppose that By(R)\{p} C W, for some 0 < R < 7/VK (if K <0,
we set T/VK to be +oc0). Assume that for each x € By(R)\{p}, there evists a sequence
0:={0;}72, € S such that

A f(x) = (n = 1) - cotg (|pz])

for any subsequence 6’ C 6.
Then the function oi o f is (1 — K - ok o f)—concave in B,(R)\{p}.

Proof. 1t suffices to show one variable function h, := ox o f o y(s) satisfies that

W< 1= Khy
for any geodesic y(s) C B,(R)\{p}. Let x(s) be an continuous function on an open interval
(a,b). Here and in the sequel we write x”(s) < B for s € (a,b) if x(s+7) < x(s)+A-7+ B-

72/2 + o(7?) for some A € R. x”(s) < +0o means that x”(s) < B for some B € R. If x; is
another continuous function on (a,b), then x” < x1 means x”(s) < x1(s) for all s € (a,b).
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Fix a geodesic v C B,(R)\{p}. Let x = v(0), y = ~(1). Without loss of generality, we

can assume that v is the unique geodesic from x to y and
[pz| + |py| + [xy| < 2R.

We consider the function u : W, — R* U {0},

(4.18) u(z) = sup Hess. f(£,€) — cotr(|p2]) - sin®(|€, 12 |)|.
€%,

For any point z € RegyNBy(R), Hess, f is a bilinear form on T, and Hess, f(1£,1%) = 0.

Let
A, ={£eX,: ZL(&1E) =7/2}.

By Lemma 4.1, we have Hess, f(€,£) = H2 f = cotx(|pz|) on A, for some subsequence § of
6, and hence u(z) = 0.

Since Regy has full measure in Bj,(R), we conclude that u = 0 almost everywhere in
By(R).

Given any positive number ¢ > 0 such that

e < min {|pz], |py|, |zyl, 2R — (Ipz| + [py| + |zy]) }.

Let x1 € By(e) and y1 € By(e), and let v, 4, (s) be a geodesic from x; to y;. By triangle
inequality, it is easy to see
[px1| + |z1y| + [pyr| < 2R

as € is sufficiently small. Thus vz, ,, € Bp(R).

Set Uz, 41 (5) = w(Vay 4 (s)). By applying Proposition 4.2 to A; = By(e), A2 = Byl(e),
W = B,(R) and function u, we know that there exist two points z1 € By(€) and y; € By(e)
such that ug, 4, (s) = 0 almost everywhere on (0, |z1y1]).

Consider a sg € (0, |x1,31]) such that ug, 4, (s0) = 0. Set z = a4y 4, (50), (T = 'y;fwl(so)
and ¢~ = 7, 4, (50). Then we have

Hess, f(CT,¢T) = Hess. f(C, () = cot(|pz|) - sin®(JCT, 12 |).

Therefore, for function f(s) = f o vz, 4,(5), we get
(4.19) F(h+ s0) < f(s0) + hfT(so) + F(so) - h*/2 + o(h?),
' F(=h+50) < f(s0) = hf~(s0) + F(s0) - h*/2+ o(h?),
for any h > 0, where
F(so) = coti([p2]) - sin®(|¢*, 12 [) = cotx([p2]) - (1 — cos®(|C*, 12 ])).
By the first variation formula of arc-length, we have
Fr(s) = —cos(|¢h,12]) and [ (s) = —cos(|¢™, 12 ).
Note that vz, ., € W),
CH A2 +1¢, 12 =,

which implies that f(s) is continuously differential. Then by combining this with (4.19),
we have

~2
f(s) < F(s) = cotx f(s) - (1= f"(5))
for almost everywhere s € (0, |z1y1|). Thus the function h(s) = ok o f(s) satisfies
1"(s) <1— Kh(s)
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for almost everywhere s € (0, |z1y1|). On the other hand, the fact f is semi-concave implies
that h”(s) < 400 for all s € (0, |x1y1|). Thus, from 1.3(3) in [PP], we have

B <1—Kh.
Letting € — 0T, we can get point sequences {z;} and {y;} such that x; — x, y; — y and
h! <1 - Kh,,

where h; = 0K © f 0 Vg, (5). Since the geodesic from x to y is unique, there exists a

subsequence of geodesics v, 4, which converges to geodesic  uniformly. Hence 711 converges
to h uniformly, and the desired result follows from 1.3(4) in [PP]. Therefore, we have
completed the proof. O

Lemma 4.5. Let o(t) and <(t) be two geodesics in By(R) with 0(0) =<(0) = p, and let
o(7.7') = Lo (r)ps ()

be the comparison angle of Zo(T)ps(7') in the K—plane. Then, under the same assumptions
as Lemma 4.4, we have p(7,7') is non-increasing with respect to T and 7'.
(If K > 0, we add the assumption that T+ 7" + |o(7)s(7")| < 27 /V K ).

Proof. Firstly, we claim that for any triangle Apzy, (if K > 0, we assume that |pz|+ |py|+
lzy| < 27 /VK), there exists a comparison triangle ApZy in the K —plane M2 such that

(4.20) /pZy < Lpxry, ZpyT < Lpyx.
Indeed, for any triangle Apzy € B,(R), there exists a triangle Apzy in M such that
pz| = |pxf, |2yl =lzyl,  Lpry = Lpry,
and by Lemma 4.4, we have

Pyl = Ipyl.

So by an obvious reason, we get the required triangle Apzy.

Fix 7/ > 0 and write ¢ = ¢(7/). We only need to show (1) := ¢(7,7’) is non-increasing
with respect to 7.

Let AG(7)pS be a comparison triangle of Ao (7)ps in the K—plane M7 and extend the
geodesic pa(7) slightly longer to (7 + s) for small s > 0.

Since the function dist. is A—concave for some number A € R, we have

(4.21) lso (7 + 5)| < [so(7)| + s (= cos Zo(T + s)o(T)s) + s2M/2.
On the other hand, we have
(4.22) S (7 +8)| = [5o(T)| + s+ (— cos £ (T + 8)&(7)S) + s*A/2 + o(s?)
for some number A € R. Note from (4.20) that

Zo(T+8)o(1)s = Lo(T + s)o(T)s.
By combining this with (4.21), (4.22) and |so(7)| = |co(7)|, we have

(4.23) lso (T +8)| < |5o(T 4+ 8)| + (=X + N)s? + o(s?).
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Now, if K > 0, by cosine law in MIQ{, we have
cos Zgo (T + 8)ps — cos Z o (T)ps
~ cos(VElso(r + 8))) — cos(VE s (7 + 5)])
~ sin(VEK]po(r + 5)|) - sin(vVK|ps|)
S —(A+ ) &2
sin(vVK|[po(r + 5)|) - sin(VK]ps|)

Hence, we get
dr ~
= cos Lgo(T)ps = 0.

If K < 0, using a similar argument, we can get %ZKO’(T)]?§ < 0. Therefore we have
completed the proof of the lemma. O

5. MAXIMAL DIAMETER THEOREM

The main purpose of this section is to prove Theorem 1.8.

Bonnet—Myers’ theorem asserts that if an n-dimensional Riemannian manifold has Ric >
n — 1, then its diameter < w. Furthermore, its fundamental group is finite.

The first assertion, the diameter estimate, has been extend to metric measure space
with CD(n,n — 1) (see [S2]) or MCP(n,n —1) (see [O1]). Since our condition Ric >n —1
implies the curvature-dimension condition C'D(n,n—1), the first assertion of Bonnet—Myers’
theorem also holds on an n-dimensional Alexandrov space M with Ric(M) > n — 1 and
oM = @.

Now we consider the second assertion: finiteness of the fundamental group.

Proposition 5.1. Let M be an n-dimensional Alexandrov space without boundary and
Ric(M) = n — 1. The order of fundamental group of M, ordmi (M), satisfies

Wn
dm (M) <
ordm (M) < vol(M)
where w, s the volume of n-dimensional standard sphere S™. In particular, if add assump-
tion vol (M) > wy /2, M is simply connected.

Proof. Let M be the universal covering of M. We have Ric(ﬂ ) = n — 1. Therefore, by
Bishop—Gromov volume comparison theorem (see Corollary A.3 in Appendix), we get

ordmy (M) - vol(M) = vol (M) < wp,.
This completes the proof. O
Now, we are in position to prove Theorem 1.8. We rewrite it as following

Theorem 5.2. Let M be an n-dimensional Alexandrov space with Ric(M) > n —1 and
OM = @. If diam(M) = m , then M is isometric to suspension [0, 7] Xsin N, where N is an
Alexandrov space with curvature > 1.

Proof. Takes two points p,q € M such that |pg| = 7.

Exactly as in Riemannian manifold case, by using Bishop—Gromov volume comparison
theorem, we have the following assertions:
Fact: (i) For any point « € M, there holds |pz| + |gz| = m. This implies W), = W, =
M\{p, ¢}

(ii) For any x € M, we can extend the geodesic pz to a geodesic from p to ¢. We will
denote it by pzq.
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(iii) For any non-degenerate triangle Apxy, we have |pz| + |py| + |zy| < 27.

(iv) For any direction & € %, there exists a geodesic ¢ such that 7¢(0) = p, 'ygr(O) =¢
and its length is equal to .

Indeed, the first assertion (i) is an immediate consequence of Bishop—Gromov volume
comparison theorem (see, for example, page 271 in [P]). Gluing geodesics pz and qx, the
result curve has length = 7 = |pg|. Thus it is a geodesic. This proves the second assertion
(ii). The third assertion (iii) follows directly from triangle inequality

Ipx| + |py| + xy| < [pz| + [py| + lg=| + |qy| < 2.

To show (iv), we consider a sequence of direction &; € ¥, such that & — ¢ and there exists
geodesics o; with «;(0) = p and «; (0) = &. From (ii), we can extend each a; to a new
geodesic with length = 7, denoted by «; again. By Arzela—Ascoli Theorem, we can take a
limit from some subsequence of «;. Clearly, the limit is the desired geodesic. This proves
the last assertion (iv).

Let f = dist, and f = disty. For any point x # p,q, we set A, C ¥, all of directions
which are vertical with the geodesic pxq.

Fix a sequence 6 = {6, }]O';l € S. By Theorem 3.3, we can find a subsequence § C 6 such
that

(5.1) A’f(z) < (n—1) cot(lpz|) and A°f(z) < (n—1)-cot(|gz|).
The above fact (i) implies f + f = 7. Thus

5oy v oo Joexpy(s-§) — f(a)
(52> fo(g) - SIE;% lsrgﬁ 82/2 :

By Definition 3.1, we have Hgl fz —Hg f for any subsequence 6’ C §. Hence, by combining
this with (5.1) and the definition of A%f, we get

A f(a) > ~Af(2) > ~(n— 1) - cot(lgal) = (n — 1) - cot(|pe]).
Note also that ,
A” f(z) < A’ f(=).
By combining this with (5.1), this implies that
A% f(z) = (n = 1) - cot(|p])

for any subsequence §' C 4.
JFrom Lemma 4.4, —cos f is cos f—concave in B,(m)\{p} = W),. Given any geodesic
o(s):[0,L] - W, with L < 7, we have

(5.3) (—cos foa)'(s) <cosfoo(s), Vs e (0,L).
Similarly, — cos f is cos f—concave in W, = W,, and
(5.4) (—cos foa)”(s) < cos fool(s), Vs € (0,L).
Since f + f =7, cos f = —cos f, by combining this with (5.3) and (5.4), we get
(5.5) (—cos foa)(s) =cos foo(s), Vs € (0,L).
Denote by

Mt ={zeM: f(z)<n/2}, M- ={zeM: f(z)>nr/2}
and N=M"NM-={zxeM: f(x)=mnr/2}. Set
v, = (geodesic prq) NN,

which is consisting of a single point.



20 HUI-CHUN ZHANG AND XI-PING ZHU

We claim that N is totally geodesic in M.
Indeed, take any two points v1,ve € N with |vjv| < m. Let o(s) be a geodesic connected
v and ve. By (5.5) and noting that

cos f(v1) = cos f(v2) = 0,

we have cos f o o(s) = 0. This tells us 0 C N and N is totally geodesic.

Now we are ready to prove that M is isometric to suspension [0, 7] X, N. Consider any
two points =,y € M\{p, q}.

If x,y € MT, we know from Lemma 4.5 that
(5.6) lepy > Zlvxpvy and leqy < Zlvxqu.
Note from Fact (i) that

Zizpy = £12qy.

Thus we obtain
(5.7) Zixpy = Zlvxpvy.

Clearly, if x,y € M ™, the same argument also deduces the equality (5.7).

While if z € MT and y € M~, by Lemma 4.5 again, we have

Ziapy = Zyvgpy = Z1vapy,  and  Zyapy < Zyzpoy = Z1vgpuy,

which implies the equality (5.7).
Then by applying the cosine law to the comparison triangle, we get

cos(|ay]) = cos(|pa]) - cos(|pyl) + sin(|pe]) - sin(|pyl) cos Z1v,pu,.

This proves that M is isometric to suspension [0, 77| Xgin N.
It remains to show that N has curvature > 1.
We define a map ® : N — X, by

d(v) =1Y  VweN.

p7
Since N C W), and |pv| = 7/2 for all v € N, ® is well defined.
Given two points v,vs € N, for any x1 € M lies in geodesic pv1q and any x5 € M lies
in geodesic pvaq, the equality (5.7) implies

Zixapyr = Z1v1pve = |viva).
Since Zvipvg = limy, —sp z0—p lelpyl, we have
| 1" 17 s, = lvivel.

This shows that ® is an isometrical embedding. On the other hand, by Fact (iv), ® is
surjective. Therefore, ® is an isometry. Thus N has curvature > 1. Therefore, we have
completed the proof of the theorem. O

Corollary 5.3. Let M be an n-dimensional Alexandrov space with Ric(M) > n — 1 and
OM =o. If rad(M) = =, then M is isometric to the sphere S™ with standard metric.

Proof. For any point p € M, there exists a point ¢ such that |pg| = 7. From the proof
of theorem 5.2, we have that — cosdist, is cos dist,—concave in By(m)\{p}. Thus M has
curvature > 1. It is well-known (see,for example, Lemma 10.9.10 in [BBI]) that an n-
dimensional Alexandrov space with curvature > 1 and rad = 7w must be isometric to the
sphere S™ with standard metric. O
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Remark 5.4. Colding in [C] had proved the corollary for limit spaces of Riemannian mani-
folds. That is, if M; is a sequence of m—dimensional Riemannian manifolds with Ricys, >
m —1 and converging to a metric space X with radx = m, then X is isometric to the sphere
S™ with standard metric for some integer m’ < m.

6. SPLITTING THEOREM

In this section, M will always denote an n-dimensional Alexandrov space with curvature
bounded below locally, Ric(M) > 0 and OM = &. The main purpose of this section is to
prove Theorem 1.7.

A curve v : [0, +00) — M is called a ray if |y(s)y(t)] = s—t for any 0 <t < s < +00. A
curve 7y : (—oo,4+00) = M is called a line if |y(s)y(t)] = s —t for any —oo <t < s < 400.
For a line v, obviously, 7jg 4o0) and 7¥|(—oo,0] form two rays.

Given a ray 7(t), we define the Busemann function b, for v on M by

by(z) = lim (¢ — [ (t)]).

Clearly, it is well-defined and is a 1-Lipschitz function.

¢(From now on, in this section, we fix a line y(¢) in M and set v+ = 7j0,400)s V= = V| (—00,0]-
Let b4 and b_ be the Busemann functions for rays v and ~_, respectively.

Let us recall what is the proof of the splitting theorem in the smooth case. When M
is a smooth Riemannian manifold, Cheeger-Gromoll in [CG]| used the standard Laplacian
comparison and the maximum principle to conclude that b4 and b_ are harmonic on M.
Then the elliptic regularity theory implies that they are smooth. The important step
is to use Bochner formula to show that both Vb, and Vb_ are parallel. Consequently,
the splitting theorem follows directly from de Rham decomposition theorem. In [EH],
Eschenburg—Heintze gave a proof avoiding the elliptic regularity; while the Bochner formula
is essentially used. But for the general Alexandrov spaces case, the main difficulty is the
lack of Bochner formula.

We begin with a lemma which was proved by Kuwae and Shioya for Alexandrov spaces
with MCP(n,0) and hence for Alexandrov spaces with nonnegative Ricci curvature. (See
lemma 6.5 and the proof of theorem 1.3 in [KS1]).

Lemma 6.1. by (z) +b_(z) =0, on M.
Lemma 6.2. For any point x € M, there exists a unique line 7, such that x = ~,(0) and
by o7y 18 a linear function with (by o~;) = 1.

Proof. Existence. If © € v, then we can write x = ~y(t9). Hence we set v, (t) = v(t + to),
which is a desired line.

We then consider the case x ¢ . Let o, (s) be a geodesic from z to v4(t). By using
Arzela—Ascoli Theorem, we can take a sequence t; — +oo such that oy;  converges to a
limit curve oo +(s) : [0, +00) — M. It is easy to check ( see, for example, page 286 in [P])
that oo 4+ is 1-Lipschitz and

by 0000 +(5) =5+bp0000+(0) =s+bi(x), foralls>0.

By a similar construction, we can obtain a 1-Lipschitz curve oo —(8") : (=00, 0] — M such
that 0o —(0) =  and

b_ 000 _(s)=—5"+b_(z), foralls <O0.

Let 000 = oo+ U Ooo,— : (—00,4+00) — M. This is a 1-Lipschitz curve. By Lemma 6.1, we
have

(6.1) by o0os(s) =s+bi(x), forall se (—oo,+00).
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Then for any —oo < t < s < 00, by (6.1), we get
S§—1t=">b4000(8) — by 00x(t) <|oxo(s) 0o(t)| < s —t.

Thus 0 is a line. The equation (6.1) shows that it is a desired line.

Uniqueness. Argue by contradiction. Suppose that there exist two such lines v1, 2.
The equations (b4 0y1)" = (b4 072)" = 1 implies
biom(~1) = bi(e)—1 and by ova(l) = by (w) +1
Hence
by ovya(l) —byovyi(—1)=2.
Since by is 1-Lipschitz, we get
(6.2) [71(=1) 72(1)] = by 092(1) = by omi(—1) = 2.
On the other hand,
Length(v1([-1,0]) U2([0,1])) = 2.

Thus 1 ([—1,0]) U2(]0, 1]) is a geodesic. This contradicts to that M is non-branching. The
proof of the lemma is completed. U

For any point x € M, we take the line ~, in Lemma 6.2. Let
Ly ={¢ € Ty | £(£,7%(0)) = £(&,7; (0)) = 7/2},
Ao ={€ € By | Z(&77(0)) = £(&,7; (0)) = m/2}.
Given a sequence 6 := {;} € S, we define a function H%, : A, — R by

s—0, s€b S /2

and
def

M) ™ (n=1)- § BB (O)
In the following Lemma 6.3, we will prove that both b, and b_ are semi-concave. Thus,
by lemma 6.1, H£b+ is well defined and is locally bounded. It is easy to see that Hngr is
measurable, so A%b, (z) is also well defined.

Lemma 6.3. by (x) is a semi-concave function in M. Moreover, for any point x € M and
any sequence 0 = {0;} € S, there exists a subsequence § C 0 such that A% (x) < 0.

Proof. Fix a point « € M, we will construct a semi-concave support function for b near z.
We take the line v, in Lemma 6.2 and choose a point p € v, such that b4 (p) < by (x).
The equation (b4 o~,)" = 1 implies

(6.3) by(x) —by(p) = |px].
On the other hand, since b is 1-Lipschitz, we have
(6.4) by (y) = b4(p) < pyl

for any y € M. By combining (6.3) and (6.4), we know that function dist,(-) + by (p)
supports by near x.

This tells us b4 is a semi-concave function. Furthermore, from Theorem 3.3, we can find
a subsequence 6 C  such that A%b, (z) < (n—1)/|pz|. By letting [pz| — oo and a diagonal
argument, we can choose a subsequence § C § such that A5b+ (z) < 0. Therefore the proof
of the lemma is completed. O
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The following lemma is similar to Lemma 4.4.

Lemma 6.4. Assume that for each point x € M, there exists a sequence 6 := {0;} € S
such that A9/b+ (x) =0 for any subsequence 6 C 0. Then by is a concave function in M.

Proof. Tt suffices to show that by is concave on an arbitrarily given bounded open set
Q C M. Clearly, we may assume M has curvature > kq in {2 for some constant kq.

In following, we divide the proof into three steps.

Step 1. Let v, be the line in Lemma 6.2. Replacing equation (3.6) and (3.7) by the
facts that |by(y) — b4 (2)| = |yz| for any y,z € 7, and by is 1-Lipschitz, the same proof in
Lemma 3.2 shows that the lemma also holds when we replace f = dist, by b,.

Step 2. Similar as Lemma 4.1, we want to show H£b+ = 0 almost everywhere in A,
for some subsequence 6 = {J;} C 6.

We now follow the proof of Lemma 4.1. Firstly, from Lemma 6.3, we know that both b
and b_ are semi-concave. In turn, Lemma 6.1 gives a bound for Hb, . Secondly, we use
Lemma 3.2 for b4 (i.e., the above Step 1) and replace Theorem 3.3 by the above Lemma
6.3 in the proof of Lemma 4.1. We repeat the same proof of Lemma 4.1 to get Hngr =0
almost everywhere in A, for some subsequence § C 6.

Step 3. Following the proof of Lemma 4.4, we then deduce that b4 (x) is concave in §.
Therefore by (x) is concave in M and the proof of the lemma is completed. O

Now, we are in a position to prove Theorem 1.7.

Proof of Theorem 1.7. Given a sequence § = {6;} € S, from Lemma 6.3, we can find a
subsequence § C 6 such that

(6.5) A’by(z) <0  and  A%_(z) <O0.
By the definition of A%, (x) and A%b_(x), we have
A%y (z) < A%, (z) and AYb_(z) < A%_(2)

for any subsequence ¢ C §. So (6.5) holds for any subsequence ¢’ C 4.
On the other hand, by Lemma 6.1 and the definition of A%b, (x), we have

A%, (z) + Ab_(z) >0
for any sequence ¥ = {);} € S. Therefore, by combining with (6.5), we get
A, (z)=0 and A%b_(z)=0

for any subsequence ¢’ C 6.

Then we can apply Lemma 6.4 to conclude that both b4 and b_ are concave. By using
Lemma 6.1 again, we deduce that by o ¢(s) is a linear function on any geodesic ¢(s) in M.
In particular, the level surfaces £(a) := b3 '(a) are totally geodesic for all a € R.

Set N = L(0) = bjrl(O). It is an Alexandrov space with curvature bounded below locally.

When M is an Alexandrov space with curvature > —x? for some x > 0. Mashiko, in
[Mal, proved that if there exists a function u such that uw o v is a linear function for any
geodesic ¥ C M and u € D?? (see [Ma] for the definition of the class of D??), then M
is isometric to a direct product R x Y over an Alexandrov space Y has curvature > —x2.
Later in [AB], Alexander and Bishop removed the condition u € D?2.

Since we do not assume that M has a uniform lower curvature bound, we adapt Mashiko’s
argument as follows.

For any z € N and any a € R, let 7, be the line obtained in Lemma 6.2.
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Note that (b4 o v;)(s)’ = 1 which implies Vb (72(s)) = v (s). Thus v, is a gradient
curve of by.

It is easy to check that v, N L(a) is a set of single point. We define &, : N — L(a) by
®,(x) = v N L(a). P, and &, ! are the gradient flows of b, and b_, respectively. Since a
gradient flow of a concave function is non-expanding, we have that ®, is an isometry.

Now we are ready to show that M is isometric to the direct product R x N. Consider
any two points z,y € M.

Without loss of generality, we may assume that z € N and y € L(a) with a > 0. Let
z = 7y N N, where 7, comes from Lemma 6.2.

We take a C! curve o(s) C N with ¢(0) = 2 and o(Length(c)) = z, |0'(s)| = 1. Define
a new curve a(s) by

7(8) = Yo(s) (L . s).

length(o)
Clearly, we have 7(0) = z, o(length(c)) = v,(a) = y and
_ a

Fixed any s € (0, Length(o)), we set u = o(s) and v = (s).
We claim that

(6.7 L(Vuby, 0% () = (1% 0™ (5)) = /2.
Indeed,
lvo(s')| = by (v) = by(o(s") = by (v) = |vu]
for any s’ € (0, Length(c)). Then by the first variation formula of arc-length, we have

(6.8) Z(1Y, 0T (s)) > m/2 and Z(1%,07 (s)) = 7/2.
On the other hand,
(6.9) L1807 () + £(1 07 (s) = .

Thus the desired (6.7) follows from (6.8) and (6.9).
Now let us calculate the length of the curve &.
Clearly, we may assume that a neighborhood of & has curvature > k (for some k£ < 0).
Fixed s € (0,length(c)). Let h > 0 be a small number. We set w = (s + h) and
W = Yg(s4h) (W - 5) (see figure 1).

FIGURE 1

By cosine law in 0—plane R?, we have

(6.10) 6(s + h)(s)]> = [vw]? = [vw|? + |wi]? — 2lwd| - [vw| - cos Zovwi.
Note that

(6.11) lviw| = |o(s)o(s + h)| = |ot(s) - h+o(h)| = h+ o(h),
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a

(6.12) jww| = (b4(w0) — by (w)) = Tength(o) h

By using Lemma 11.2 in [BGP], we have

(6.13) Ziowid — Lowd = /2
as h — 0. On the other hand, note that
(6.14) Zovwid — Zvwin — 0

as h — 0. We have cos Zovww —0as h—0.
Combining this and (6.10)-(6.12), we have
a

(6.15) 15(s + h)a (s)|? = (1 + (W)Q) B2 + o(R2).

Hence,

o (s)|" = (1 + (Len;;h(a))z)l/?.

a /
7)™ = (1 + (Length(a))2)1 2'

Similarly, we can get

So
B length(o) o\ 1/2
(6.16) Length(a) :/0 |o|'ds = <a2 + (Length(o)) ) .
If we take o1 to be a geodesic xz, we get, from (6.16), that
(6.17) lzy|? < (Length(61))? = |zz|* + a® = |zz|* + |yz|°.
While if we take o2 to be the projection of a geodesic zy to N, we get, from (6.16), that
(6.18) lzy|? = (Length(o2))* + a* > |z2|* + |yz|*.
The combination of (6.17) and (6.18) implies that
(6.19) zyl? = Jaz” + |y2|*.

This says that M is isometric to the direct product N x R.

Lastly, we need prove that N has nonnegative Ricci curvature.

Let v(t) : (—¢,f) — N be a geodesic in N. Assume that N has curvature > K in a
neighborhood of v and for some K < 0. Otherwise, there is nothing to prove. Hence M
has curvature > K in a neighborhood of v in M.

Let p and ¢ be two interior points in v. We denote the tangent spaces, exponential map
in N (or M, resp.) by T,N, expi,v (or TyM =T, 0\ M, expi\,/[ = expf\io), resp.) and

A ={een) s (69) =0}
Let AM = Aé\;/:[,o) ={¢eTM: (¢+) =0} Then A} = S(A)) with vertex ¢*, where
¢t are the directions along factor R in M = N x R. For any £ € T,N, we have
(6.20) expy’ (€, 1) = (expy,(€),1).

Suppose that a family of continuous functions {g(,)0)(§;1)}—¢<i<e on Ag/[ = S(AIJ,V)
satisfies Condition (RC') on geodesic (y(t),0) in M and

/AM g('Y(t),O) (57 n)dVOIAZJ)Vf > —€

P

for a given small number € > 0.
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M M
0 ~ Ligo)

come from the definition of Condition (RC'). Recall Petrunin’s construction for 7', we can
assume that T'(¢*) = ¢*, hence T: LY Cc TY — LY c T).

Given a quasi-geodesic o(s) in N, setting a(s) = (o(as), bs) for any two number a,b € R
with a? 4+ b = 1, we will prove that &(s) is a quasi-geodesic in M.

Let u(z,r) be a A—concave function, defined in a neighborhood of v in M = N x R. So
function u(-,7) is A—concave in N and u(z,-) is A—concave in R for all r € R and z € N.
Since o is quasi-geodesic in N, we have

Given a sequence {s;} € S, the isometry 7" : L and subsequence {s;} C {s;}

v’ (o(as),r) < a’ -\
for all r € R. Now
u’(o(as),bs) < (a® +b%) - A=\

By definition of quasi-geodesic [Pet3], we get that 7(s) is a quasi-geodesic in M.
Fix any nonnegative number /1 and ls. Let £ € AI],V . For any constant A € R, we have
(see figure 2)

/‘@,A;*)emjm M =NxR

§+4k éeLJI\: N

=n

FIGURE 2

| expy) (55 - 11€), expy (s - LTE)[?
= |(exp) (s; - 11€), s;l1ACT), (expl (s; - bTE), 512 ACT) F — Al —19)* - 85
(6.21) = ‘expi,w (sj- (& ACH)), (expéw (s5-12(TE,ACT)) ‘2 — A%(ly — 1p)* 33‘

+). 2
2 gp(&, AC )3 (1+4 )‘pq\Q(l%—i-lyb—i-l%))

< |pg|* + 3? : ((11 —1y)
+ 0(33-).

We set 8 = Z£((£,0), (£, ACT)) and then A = tan g, B € (—n/2,7/2).
For each t € (—/, /) and A € R, we define a function g4« : Aév(t) — R by

9a®) (&) 1 = ga(,0) (6 ACT) - (1 + A?)

6.22
(6.22) = 9r(1),0)(&; ACT)/ cos® B.

(From (6.21), for any A € R, the family of continuous functions {g4 () (§)}—¢<i<¢ satisfies
Condition (RC') on 7.
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On the other hand, we have

—e < /Agf 9(~(t),0) (f,n)dvolAéw
/2
- / / g('Y(t),O) (55 77) COSn_2 BdﬁdVolAé\f
AII,V —7/2

w/2
= / / 9a(t) (&) cos™ BdﬁdvolAi’V
AN J—m/2

w/2

= e /Ag 9a(t)(§) cos™ deolAlz?vdﬁ.

Thus, we can choose some A € R such that

/AN (gA,'y(t)(g))dVOIA;}v > —Cp + €,

P

for some constant c¢,. This completes the proof that N has nonnegative Ricci curvature.
Therefore the proof of Theorem 1.7 is completed. O

APPENDIX A

In the Appendix, we will recall the definition of curvature-dimension condition CD(n, k)
which is given by Sturm [S2] and Lott—Villani [LV1] (see also book [V]). After that we will
present a proof, due to Petrunin [Pet2], for the statement that an n-dimensional Alexandrov
space with Ricci curvature > (n — 1)K and with OM = @ must satisfy CD(n, (n —1)K).

Let (X,d,m) be a metric measure space, where (X, d) is a complete separable metric
space.

Given two measures p and v on X, a measure ¢ on X x X is called a coupling (or
transference plan) of p and v if

g(A x X) = pu(A) and g(X x A) =v(A)

for all measurable A C X.
The L? — Wasserstein distance between two measures ju, v is defined by

diy(uv) =inf [ Pla)dae.)
7 JXxX

where infimum runs over all coupling g of g and v. (If u(X) # v(X), we set dy (p, V) = +00.)

Let P2(X) be the space of all probability measures v on X with finite second moments:

/ d?(o,z)dv(z) < oo
X

for some (hence all) point o € X.

L?—Wasserstein space is a complete metric space (P2(X),dw). (see [S1] for the geome-
try of L?—Wasserstein space.) Fix a Borel measure m on X. We denote L?—Wasserstein
space by Pa(X,d) and its subspace of m—absolutely continuous measures is denoted by
Pa(X,d,m).
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Given k € R, n € (1,00], t € [0, 1] and two points x,y € X, we define Bt(k’n) as follows:
(1) Ifo<t<1,then

(eXp (%(1 - tz) . dz(l‘o,l‘l)) 1f n = OO,

ifn<oo, k>0 anda >«
1 if n<oo, k=0,
(Stlrslll;}iz)> if n <oo, k<0,

where o = d(z,y) - \/|k|/(n — 1).
) 5" (ay) =1

The curvature-dimension condition C'D(n, k) is defined as follows (see 29.8 and 30.32 in
[VD):

Definition A.1. Let (X, d, m) be a non-branching locally compact complete separable geo-
desic space equipped with a locally finite measure m?.

Given two real numbers k£ and n with n > 1, The metric measure space (X, d, m) is said
to satisfy the curvature-dimension condition CD(n, k) if and only if for each pair compactly
supported pg, 1 € Pa(X, d, m) there exist an optimal coupling g of g = gom and p; = g1m,
and a geodesic path* i : [0,1] — P2(X, d) connecting o and py, with

Halpulm) < = (L=1) [ <5<*f3>(<;y>>_1/ "dg(a.y)

for all t € [0, 1], where Hy(-|m) : P2(X,d) — R is Rényi entropy functional with respect to

m7
Hy(plm) := —/ o M dp
X

and ¢ denotes the density of the absolutely continuous part in the Lebesgue decomposition
p=om+ p° of p.

(A1)

JFrom now on, in the appendix, M will always denote an n-dimensional Alexandrov space
with Ric(M) > (n — 1)K and OM = @.

Our purpose of this appendix is to prove the following proposition, which is essentially
due to Petrunin [Pet2].

Proposition A.2. Let M be an n-dimensional Alexandrov space without boundary and
Ric(M) > (n—1)K. Let vol denote the n-dimensional Hausdorff measure on M. Then the
metric measure space (M, | --|,vol) satisfies CD(n,(n — 1)K).

JFrom [S2], we know that the curvature-dimension condition C'D(n,(n — 1)K) implies
Bishop—Gromov volume comparison theorem. Consequently, we get the following
Corollary A.3. Let M be as in above proposition. Then the function, for any p € M,

vol By(r)
vol B} (r)

3Lott—Villani and Sturm defined curvature dimension condition on general metric measure spaces.
4constant-speed shortest curve defined on [0, 1].
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is non-increasing in r > 0, where B (r) is a geodesic ball of radius r in the n-dimensional
simply connected Riemannian manifold with constant sectional curvature K.

Before beginning the proof of Proposition A.2, let us review some indispensable materials.
For a continuous function f, we define its Hamilton—Jacobi shift H;f for time ¢ > 0 by

def

s int (1) + 5levl?).

Denote by f; = Hif. A solution of a (t) = V) fi is called a f;—gradient curve.

Refer to [Pet2] for the existence and uniqueness of f;—gradient curve and basic proposi-
tions of Hamilton—Jacobi shifts. Now we list only facts that is necessary for us to prove the
above Proposition A.2.

Fact A: Let f : M — R be bounded and continuous function and f; = H;f. Assume
v:(0,1) = M is a fi—gradient curve which is also a constant-speed shortest curve. We
have :

(i) fu(x) < fi,(y )+2t1 ‘to) for any t; > tg > 0 and z,y € M;

(i1)  fu(v(t1) = fio(y(to)) + 2L,

(iii) Vo=~ and |V fi| = DGO = 5 (0)5(1)).
The following result is a modification of the proposition 2.2 in [Pet2], where we replace

the condition curvature > K by the condition Ric(M) > (n —1)K.

Proposition A.4. Let M be an n-dimensional Alexandrov space with Ricci curvature >
(n—=1)K. f: M — R be bounded and continuous function and fi = Hif. Assume vy :
(0,1) = M is a fi—gradient curve which is also a constant-speed shortest curve. Suppose
tha]t’}fhe bilinear form Hess. ) fi is defined for almost allt € (0,1).

en

h/T < _h%v

h?
By < —(n = DER(O)(1) -
in the sense of distributions, where

Nt At
hT() Hess“/(t)ft(‘ ' |y ﬂ)

and hy is the trace of Hess, ) ft in the vertical space L.y, i.e.,

hy (t) def Tracer Hess., ) fi-

Proof. Since the bilinear form Hess, ) f; is defined for almost all ¢ € (0,1), we know from
[Pet1] that all T, t € (0, 1), are isometric to n-dimensional Euclidean space. In particular,
all Ly, t € (0,1), are isometric to R™ 1.
Take two points 0 < {p < {1 < 1, we may assume that Hess, () ft is defined at ¢y and ;.
Denote by the direction & = v*(¢)/|y"(¢)|, t € (0,1). Then we have

fto (’V(to + 3)) :fto (’Y(to)) +s- <vft077+(t0)>

2
s
T Hessy (1) fro (6to» t0) - |7 (t0)|? + 0(s?)
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and

ft1 (7(t1 + ls)) :ft1 (V(tl)) +1s- <vft17'7+<t1)>

(ls)?
+ g Hessy ) fu (6, 60) - (0P + o(s%)
for any [ > 0. Combining these and the Fact A, we get

(1-1)°
t —to

1* - hy(t1) — hr(to) <

for any [ > 0.
Thus, by choosing I = (1—(t; —to)hr(t1)) - (when t1 —t¢ suffices small, 1—(t1 —to)hr(t1)
is positive), we get
ho(t1) — hr(to)
t1 —to

< —hr(t1) - hr(to).

That is,
2
h'p < —hi.
Fix arbitrary € > 0. By our definition of Ricci curvature > (n— 1)K along +, there exists
a continuous function family {g. }o<t<1 € F such that

(AQ) 7{ 9y (t) > K —¢, vVt € (0, 1).
v(t)
We may assume t; — ¢y so small that we can use equation (1.1) for some isometry 7T :
Aty — Ay ty) and some sequence {s;} € S.
Given any direction n € A, ), by setting oo(s) = exp. ) (s71m) and o1(s) = exp.,)(sn),
we know from (1.1) that

lo0(s5) o1(ls)]* < |y(to)y(t)?

A3 _q.
A + (-2 Gy =) ;W“”(tl)?(z? FL1)) 82+ ofs2).
Note that
82
(A 2) Jto (o0(s)) = fto (00(0)) + 9 Hessw(to)fto (Tn, Tn) + 0(52)7
. .
Fua(01(05) = fu (01(0) + B Hess, 11 ) + 0(s)

for any [ > 0. By combining (A.3), (A.4) and the Fact A, we get

1*- Hess'y(tl)ftl (777 77) - Hess'y(to)fto (T777 T77)

(A.5) (1—1)2

2
< P (tr —t) V1 (gyery () —€)

P+1+1
3

for any [ > 0. Set 7 = t1 —to and G = [yF(t1)[* - (g4(41)(n) — €). By choosing
-1
l= (1/7‘ + TG/G) . (1/7' —7G/3 — HGSSy(tl)ftl(Tlﬂl))
(when 7 suffices small, 1/7 — 7G//3 — Hessy ) ft,(n,n) and [ are positive), we get

1
(= =7G/3) - (Hessyuy) Ju (1) = Hessy o) fro (T, Tn))

< —Hessy ) fr, (0,0) - Hessyu) fio (T, Tn) — G + 7°G*/12.

(A.6)
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Note the simple fact that for an bilinear form ((a,a) on a m—dimensional inner product
space V',
m
d
ity [ Alaada,
where S is the unit sphere of V™ with canonical measure. By taking trace for Hess, ) ft,
(and Hessy ) ft, ) in Ly, (and L), respectively), we get, from (A.2) and (A.6), that

(A7) - < - 2(n _ 1) (h%/(to) + h%/(tl))

— (n = 1)(K = 2e)ly" (t2)* + (1)

traceym 8 =

when we fix ¢; and let ¢ty — 3.
On the other hand, by setting [ = 1 in (A.5) and taking trace, we have

hy (t1) — hy (to)
T
This and (A.7) tell us that hy is locally Lipschitz almost everywhere in (0,1).
By using (A.7), the arbitrariness of € and Fact A (iii), we get

h2
B, < —(n—-1)K 2_ vV
b < —(n - DE|VAP -

Therefore, we have completed the proof of this proposition. O

< = (n = 1)(K = 2]y (t1)

Now we can follow Petrunin’s argument in [Pet2]| to prove the above Proposition A.2.

Proof of Proposition A.2. Let ug, p1 € P(M,d, m) with compactly supported sets spt(po), spt(p1)
and py € P(M,d) be a geodesic path. We have

spt(pe) C U Ty VEE01],
z€spt(po), yEspt(pr)
where v, , is any one geodesic path between x and y. Thus we can choose a big enough
ball B such that spt(u;) C B for all t € [0,1]. We can find a negative constant k such that
M has curvature > k in B.

As shown in [V, 7.22], there is a probability measure II on the space of all geodesic
paths in M such that if I' = spt(II) and e; : I' — M is evaluation map e;(y) = y(t) then
pe = (er) Il Let I' be equipped a metric

It := ma Y (t)].
v Y Ie max ()7 (2)]

According to [V, 5.10], there are a pair of optimal price functions ¢ and ¢ on M such

that

By) ~ b (z) < 3oyl

for any z,y € M and equality holds for any (z,y) € spt((eo, e1)xI1).
By considering the Hamilton—Jacobi shifts

Yy =Hpp and ¢ = /Hl—t(_w)v

Petrunin in [Pet2] proved that, for any ¢t € (0,1), p is absolutely continuous and the
evaluation map e; is bi-Lipschitz (where the bi-Lipschitz constant depends on k). Hence
for any measure y on M, there is uniquely determined one-parameter family of pull-back
measures x; on I' such that xj(E) = x(e:E) for any Borel subset E C I'. (Refer to [Pet2]
for details),
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*
t0=1/2
we : I' = R, since e; is bi-Lipschitz and volf is absolutely continuous with respect to v for
any t € (0,1).

In [Pet2], Petrunin proved that, for II—a.e. v € T,

Fix the measure v = vol on I'. We write volf = e™ - v for some Borel function

t Dws
(A.8) wy = 05 ds a.e. te(0,1)
and
(A.9) %—h a.e. t€(0,1)
. ot = Ny .€. s
where
(A.10) hi(y) = TraceH ess. )bt

Noting that hy = hp(t) + hy (t), we set
¢
wl) = [ (s, Bi(®) = expluf?)
to

and
@ t w?
wy :/ hy(s)ds, By(t) = exp (——).
to n—1
By applying Proposition A.4, we get
Bi(t) > (1 — )By(0) + tBy (1),

(A.11) . e
Bs(t) = (1 — )8,/ "V By(0) + 18,/ By(1),

where
( nfl)K,n)

(
B = By (7(0),7(1))-
Setting D(t) = exp(w;/n) and using Holder inequality
(a+b)"" (4 d)mD/m > gl/m. = Din L pl/n . ge=D/n g boe d >0,
we have

D(t) = B/™. B0/

1 1 n—1

= <(1 —1)B1(0) +tBl<1))" : ((1 — )87~} Ba(0) +w;%1}32(1)) "
> (1 - )8,4B1(0) B2 (0) "~ D/™ 4 ¢8!/" By (1) By (1) D/
= (1- 18" D(0) + 8" D(1).

(A.12)

Note that Petrunin in [Pet2] had represented H,,(u¢m) in terms of wy(7y) as following,

Ha(gum) = = [ explun(7)/n) - ad!

for some non-negative Borel function @ : I' — R. The combination of this with (A.12)
implies the desired inequality (A.1) in the definition of CD(n, (n—1)K). Therefore we have
completed the proof of Proposition A.2. O
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