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1 Introduction

Let M and N be two smooth Riemannian manifolds. There is a natural concept of the energy functional
for C'-maps between M and N. The local minimizers (or more general critical points) of such an energy
functional are called harmonic maps. Regularity of harmonic maps is an important topic in the field of
geometric analysis. If dim M = 2, the regularity of energy minimizing harmonic maps was established by
Morrey [34]. If dim M > 3, a beautiful regularity theory was established by Schoen and Uhlenbeck [36,37],
and in a somewhat different context, by Giaquinta and Giusti [14,15] (and by Hildebrandt et al. [19]
when the image of the map is contained in a convex ball of N).

In 1975, Yau [43] established a seminal interior gradient estimate for harmonic functions on Riemanian
manifolds with Ricci curvature bounded below. In 1980, Cheng [4] generalized the Yau’s gradient estimate
to harmonic maps.

Theorem 1.1 (See [4]). Let M and N be complete Riemannian manifolds such that M has Ricci
curvature Ricyy > —K, K > 0, and that N is simply-connected and is having non-positive sectional
curvature. Let f : M — N be a harmonic map. Assume that f(Bq(x0)) C Bp(yo) for some xo € M,
Yo € N and some a,b > 0. Then we have

sup |Vf]? <C,-— -max , y =5
By 2(0) | | at b? b? b?

b {Ka4 a®>(1+ Ka?) a2}, (1.1)

where Cy, is a constant depending only on n = dim(M).
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In particular, when K = 0, this implies a Liouville theorem: If f is bounded, then it is a constant map.
Choi [5] further extended Cheng’s work [4] as the following theorem.

Theorem 1.2 (See [5]). Let M and N be complete Riemannian manifolds such that M has Ricci
curvature Ricy; > —K, K > 0, and that N has sectional curvature secy < k, & > 0. Let f : M — N be a
harmonic map. Assume that f(M) C By(yo) lies inside the cut locus of yo € N and some b < w/(2+/K).
Then |V f| is bounded by a constant depending only on n, K,k and b. If, furthermore, K = 0, then f is
a constant map.

It is well known from [19,22] that the radius b < 7/(2y/k) is sharp. Without the restriction that the
image of u is contained in a ball with radius 7/(2y/k), a harmonic map might not be even continuous.

1.1 Yau’s gradient estimates for harmonic maps into metric spaces

The purpose of this paper is to extend the Yau’s gradient estimate to harmonic maps into singular metric
spaces.

In the seminal work of Gromov and Schoen [16], they initiated to study harmonic maps into singular
spaces. A general theory of harmonic maps between singular spaces was developed by Korevaar and
Schoen [28], Jost [23,25] and Lin [30], independently.

If u is a map from a domain 2 C M of the Riemannian manifold to an arbitrarily metric space (X, dx),
which is unnecessary to be embedded into a Euclidean space, Korevaar and Schoen [28] introduced an
intrinsic approach to generalize the concept of the energy of u. Given a map u € L?(2, X), for each
€ > 0, the approzimating energy E is defined as a functional on Cy():

EU(¢) = /Q b(x)e? ()dvy (),

where ¢ € Cy(Q), the space of continuous functions compactly supported on 2, and e¥ is approzimating
energy density defined by

)t 2) B (u(w). u(y))
E( ) o \/;E(w)ﬂﬂ

dv
Wp—1 - €n 62 g(y)>

where w,,_1 is the volume of (n — 1)-sphere S"~! with the standard metric. In [28], Korevaar and Schoen
proved that

lim E¢(¢) = E*(¢)

e—0t
for some positive functional E*(¢) on Cp(f2). The limit functional E* is called the energy (functional)
of u. By the Riesz representation theorem, the non-negative functional E* is a Radon measure on ().
Moreover, Korevaar and Schoen [28] proved that the measure is absolutely continuous respect to the
Riemannian volume vol,. Denote e, := %, the energy density of u. For a smooth map f between two
smooth Riemannian manifolds, we have e; = const - |V f|.

The (local) minimizing maps, in the sense of calculus of variations, of such an energy functional E“
are called harmonic maps.

If (X, dx) is alocally compact Riemannian simplicial complex with (globally) non-positive curvature in
the sense of Alexandrov, Gromov and Schoen [16] established the local Lipschitz regularity for harmonic
maps from  to X. Korevaar and Schoen [28] extended to the case where X is a general C' AT'(0)-space,
a metric space with non-positive curvature in the sense of Alexandrov. A further extension was given by
Serbinowski [39]. Let us put these regularity results together as follows.

Theorem 1.3 (See [28, Theorem 2.4.6] and [39, Corollary 2.18]).  Let Q@ C M be a bounded domain
(with smooth boundary) of a Riemannian manifold (M, g) and let (X,dx) be a CAT(k)-space for some
k = 0. Suppose that u : Q@ — X is a harmonic map. Assume that the image of u is contained in a
ball with radius p < 7/(2/k). Here and in the sequel, if k = 0, we always understand 7/(2v/k) = +o0.
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Then u is locally Lipschitz continuous in Q. Moreover, for any ball Br(o) CC 2, it holds the following
Bernstein-type gradient estimate:

sup e, <C eydug, (1.2)

Bpr/2(0) Br(o)
where the constant C' depends on n = dim(M), R, the injectivity radius of o, w/(2v/k) — p, and the
Cl-norm of metric coefficients g on Br(0). Here and in the sequel, JLE = #(E) fE denotes the average
g

integral over the measurable set E.

In the last two decades, many regularity results have been obtained for (energy minimizing) harmonic
maps into or between singular spaces (see, for example, [3,9,12,21,24,25,28,42], and [1,7,8,17,30,31,45]
and so on).

For the case when the domain £ has non-negative sectional curvature and the target X is a C AT(0)-
simplicial complex, Chen [3] showed that the constant C' in (1.2) depends only on n. When the target X
is a general C AT'(0)-space, Jost [26] gave an approach to deduce an explicit bound of the constant in (1.2)
in terms of the sectional curvature of M, n and R. Other quantitative Lipschitz estimates of u were also
given in [7,8].

In [26, Section 6, p. 167], Jost proposed an open problem, in the case when the target X is a C AT (0)-

space, to ask if the sup Brya(o) €u CAIN be dominated by a constant depending only on the lower bound for
the Ricci curvature of M, the dimension of M, and the energy of u. Furthermore, a natural problem was
arisen from the combination of the Jost’s problem and the Cheng’s work [4] to ask if a Yau-type interior
gradient estimate holds for the harmonic map into a CAT(0)-space. The first result in this paper answers
this problem affirmatively.
Theorem 1.4.  Let Q be a bounded domain (with smooth boundary) of an n-dimensional Riemannian
manifold (M, g) with Ricyr > —K for some K > 0, and let (X,dx) be a CAT(0)-space. Suppose that
u: Q= X is a harmonic map. Given any ball Br(xo) with Bagr(xo) CC Q, if w(Br(zo)) C By(Qo) for
some Qg € X and some p > 0, then we have

sup Lipu<C, /zRr-
Br/2(x0) '

=l

where Lipu is the pointwise Lipschitz constant given by

dx

Lipu(z) := limsup ——————==,

and where d(x,y) is the distance with respect to the Riemannian metric g on M, and C, VER S a constant
depending only on n and vV KR.

Remark 1.5. (1) It is clear from the definitions of e, and Lipu that e,(z) < (n + 2)Lip®u(z) for
almost all z € Q.

(2) By the fact Ad% (u(x),u(xg)) = 2e, = 0 (see [25] or Lemma 2.6), it is well known that the
SUDLe B, o (20) d% (u(x),u(xg)) can be dominated by Cn,\/fRRQ ~JQBR($0) euwdv, (see, for example, (2.7)).
So, by choosing Qo = u(xg), Theorem 1.4 implies that

1/2
sup Lipu < C, RR(% eudvg) . (1.3)
' Br(zo)

Brya(zo)
It answers the Jost’s problem (see [26, Section 6]) affirmatively. Recently, (1.3) was used by Sidler and
Wenger [40] to find the harmonic quasi-isometric maps into Gromov hyperbolic C AT'(0)-spaces.

As an immediate application of Theorem 1.4, by letting R — oo, we have the following Liouville
theorem (see [41, Theorem 1.4] and [20, Theorem 1.2] for several other Liouville theorems).

Corollary 1.6.  Let (M, g) be an n-dimensional complete non-compact Riemannian manifold with non-
negative Ricci curvature, and let (X,dx) be a CAT(0)-space. Let u: M — X be a harmonic map. If u
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satisfies sub-linear growth
lim inf SUPyeBg(x0) dx (u(y)a QO)
R—o0 R

for some Qo € X, then u must be a constant map.

=0

For the case when the target space has curvature less than or equal to x for some x > 0, we have the
following gradient estimate.

Theorem 1.7.  Let Q) be a bounded domain (with smooth boundary) of an n-dimensional Riemannian
manifold (M, g) with Ricy; = —K for some K >0, and let (X,dx) be a CAT (k)-space, k > 0. Suppose
that uw: Q@ — X is a harmonic map with the image u(QY) C B,(Qo) for some Qo € X and p < w/(2y/K).

Then we have
CrVRR ./ (2vR)—p
R b

sup Lipu <
Br/2(o)

where C, /gp +/(aym)—p 1S @ constant depending only on n, VKR and ©/(2y/K) — p.
This implies the following Liouville theorem, by letting R — oo.

Corollary 1.8.  Let (M, g) be an n-dimensional complete non-compact Riemannian manifold with non-
negative Ricci curvature, and let (X,dx) be a CAT(1)-space. Let w : M — X be a harmonic map. If
u(M) C By(Qo) for some Qo € X and p < m/2, then u must be a constant map.

Remark 1.9. If u(M) C B;/2(Qo) and if d5%(Qo,u(x)) € L*(M), then the same conclusion, u is a
constant map, has been proved recently by Freidin and Zhang [11].

1.2 A sharp Bochner inequality for the harmonic maps into metric spaces

Cheng’s argument in [4] is based on the classical Bochner formula of Eells and Sampson, i.e., for a smooth
harmonic map u between two Riemannian manifolds M and N, it holds that

1
5\Vu|2 = |dVul? + Ricpr (Vu, Vu) — (RN (Ureq, Usep)tren, useps)
> |V|Vul|? — K|Vul? — &|Vul?*, (1.4)

where the Ricci curvature of M is bounded below by —K and the sectional curvature of N is bounded
above by k. It is clear that the classical Bochner formula relies heavily on the smoothness of the target
space X (requiring to have at least second order derivatives).

For harmonic maps into singular spaces, it is a basic problem to deduce a Bochner type formula. For
the case when the domain {2 has non-negative sectional curvature and the target X is a non-positively
curved simplicial complex, Chen [3] used the method in [16] to show that e, is a sub-harmonic function
on Q. In [28], Korevaar and Schoen developed a finite difference technique to prove the following weak
form of the Bochner type inequality: there exists a constant C, depending on the C'-norm of g, such
that

/ ew(An+ C|Vn| + Cn)dvy >0
Q

for all n € C5°(£2). Korevaar-Schoen’s method in [28] has been extended by Serbinowski [39] to the case
when the target space is of CAT (k) for any £ > 0. Mese [32] showed that Ae, > —2ke2, in the sense
of distributions, for a harmonic map from a flat domain to a CAT'(k)-space. Recently, Freidin [10] and
Freidin and Zhang [11] improved the method in [16] to deduce the following Bochner type inequality for
a harmonic map from a Riemannian manifold into a C' AT (k)-space:

(1.5)

u’

1
§Aeu > —Ke, — ke?

in the sense of distributions.

Recalling the arguments of Cheng [4] and Choi [5], the key intergradient is the positive term |V|Vul|?
on the right-hand side of (1.4). The Bochner inequality (1.5) is not enough to get Theorems 1.4 and 1.7.
In this paper, we will establish a generalized Bochner inequality keeping such a positive term as follows.
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Theorem 1.10. Let Q be a smooth domain of an n-dimensional Riemannian manifold (M, g) with
Ricys = —K for some K > 0, and let (X,dx) be a CAT(k)-space for some k > 0. Suppose that the map
u: Q — X is harmonic and that its image u(§Y) is contained in a ball B, C X with radius p < ﬁ if
k> 0.

Then Lipu is in Wlif(Q) N L2 () and satisfies the following:

loc
1
QALinu > |VLipu|? — K - Lip*u — re,, - Lip®u (1.6)
in the sense of distributions.

1.3 The outline of the proof of the Bochner inequality

In the following, we give an outline of the proof of Theorem 1.10. First, by the chain rule, one easily
checks that (1.6) is equivalent to

ALipu > —K - Lipu — ke, - Lipu (1.7)
in the sense of distributions. We will first show that, for any ¢ € (1, 2],
A(Lip%u/q) > —K - Lip?u — ke, - Lip%u (1.7q)

in the sense of distributions, and then we check the limit as ¢ — 1 to get (1.7).
The proof of (1.7q) is inspired by the classical Hamilton-Jocabi flow. Recall that the classical Hamilton-
Jacobi equation, given a function f:

ov(x,t)
ot

with v(z,0) = f(z), has a solution (by the Hopf-Lax formula)

= —|Vu(z,t)?

2
Ais@) = jnf {001 f)), o0
The difference of “time ¢” to the Hamilton-Jacobi flow 7 f(x) at t = 0 gives the gradient —|V f(x)|?,
ie.,ast— 0t
Hif (@) - f(z)
t

This suggests to study the Hamilton-Jacobi flow 4% f(z) for the gradient estimates of f.

In order to obtain (1.7q), we introduce a family of functions (fi):>o by: on a fixed ball Br := Br(0)
with Bog CC Q, for any ¢ € (1,2],

=~V f(z).

fulw) = inf {d;(j;lw - qb(dx(u(x)m(y)))}, Vo € Bg, Vt>0, (1.8)

where p = ¢/(¢ — 1) and ¢ : [0,1/10] — R is a suitable smooth convex function with ¢(0) = 0 and
¢'(0)=1
It is easy to check that, for any « € Br and any sufficiently small ¢, the “inf” of (1.8) can be realized
by some point y; , € Bag. The set of all such points is denoted by S¢(x). Then we put
Li(x)

Li(z) = yt,jrégr:(x)d(x’yt’z) and Dy(z) := T fi(x). (1.9)

The proof of (1.7q) contains two parts. Without loss of generality, we may assume x = 1. Firstly, we
shall show that, for any given € > 0, f; satisfies an elliptic inequality
K

Afi(x) < e LY (z)+ (1 +¢€) - ey(x)Dy(x) (1.10)
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on Bpg, for any sufficiently small £ > 0, in the sense of distributions. Secondly, we want to show that, for
almost all x € Bg,

L D
w, lim = =Lip”Pu, lim —% = Lip%u. (1.11)
t—0+ t—0t+

The combination of (1.10) and (1.11) will yield the inequality (1.7q).

In order to prove (1.11), we recall a generalized Rademacher theorem in [27]. Let f : & — X be a
Lipschitz map. Kirchheim [27] proved for almost all z € Q, that there exists a semi-norm, denoted by
mdf, and called metric differential, such that

dx (f(exp,(t8)), f(x)) — t - mdf.(§) = o(?),

for all £ € S*~! C T, M. By using this result, one can deduce a representative of point-wise Lipschitz
constant of f: for almost all x € Q,

Lipf(z) := max mdf, ().
gesn—1t

This suffices to show (1.11) (see Lemmas 2.10 and 4.4 for the details).
Now, we explain the proof of (1.10), which is inspired by the recent work [45] of the first and the third
authors. For simplicity, we assume Ricys > 0. We need to show that

Afi(z) < (14+¢e)ey(z)Di(z) + 6

for sufficiently small ¢ > 0 and any # > 0 in the sense of distributions. It is a local property. Then we
need only to consider the case when R is small. We argue by contradictions. Suppose that it fails, by
the maximum principle, we have that there exists a domain U and a positive number 6 such that f; —v
achieves a strict minimum in U, where v is the solution of the Dirichlet problem

Av=(14+¢e)ey(z)Di(x)+6y in U, wv=fr on 9U.

From the construction of f;, we know that the function

dP(z,y)
ptr—1

H(xay) = —F(l‘,y)—@(l’)
has a minimum in U x B, where F(z,y) := ¢(dx (u(x),u(y))). We denote one of these minimum points
by (z,7).

Let T': Tz M — T3 M be the parallel transportation from Z to . We want to consider the asymptotic
behavior of the average

H (exp,(n), expy(Tn))dn
B.(0)

as € — 0. According to Ricys > 0, by integrating the second variation of arc-length over B.(0), we have
that

f (&P (exps (n), expy (Tn)) — (. 9))dn < o(?). (1.12)
B.(0)

Notice that Av = (1 + €)ey(x)D¢(x) + 0y implies that v is smooth near z, it follows that

[(1+€)ew(Z)Dy(T) + 0o] - € + o(€?). (1.13)

_ 1
o e — @i <~

Thus, we only need to show an asymptotic mean value inequality that

1+e

meu@)Dt(i) €2 4 o(€?). (1.14)

—][ (F(expa(n). expy(Tn)) — F(z,5))dn <
B.(0)
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Indeed, once one has proved (1.14), the combination of (1.12)—(1.14) contradicts the fact that H(z,y)
has a minimum at (Z,§), and hence it follows (1.10).

In order to show (1.14), we need to choose a suitable function ¢(s) in (1.8). In the simplest case that
k=0 and p = q =2, we can choose directly ¢(s) = s, as in [45].

In the case of kK = 1 (and general ¢ € (1,2]), the definition of CAT(1) suggests us to choose ¢(s) =
2sin(s/2). However, this is not convex for small s > 0. An exact relation in CAT'(1)-spaces, Lemma 2.4,
suggests us to perturb 2sin(s/2) to

P(s) = 2sin(s/2) + 4sin?(s/2).

Fortunately, this is convex for small s > 0.
Given any a,b € R with a,b > 0, and fixing any q € 2, @ € X, we define a function near ¢ by

Wab,Q.q(%) = a - dx (u(z),u(q)) +b- cos(dx (u(x), Q).

Since (X, dx) has curvature < 1, by combining that e¥ converge to e, as e — 0 and the fact

Acos(dx (u(z), Q)) < — cos(dx (u(x), Q) - eu(®),

we will be able to deduce that, for almost all ¢, an asymptotic mean value inequality for wq s g 4 holds
(for some subsequence €; — 0, see Lemma 3.3 for the explicit statements).

On the other hand, the assumption (X,dx) having curvature less than or equal to 1 implies also
that, for any ¢; and ¢o, the function wa, 4.0,,.q1 + Way.b,Qnm.q. touches —F (-, ) by above at (g1, ¢2) for
some suitable constants aj,as,b > 0, where Q,, is the mid-point of u(q1) and wu(qz) (the details is
given in Lemma 2.4). Therefore, we conclude that an asymptotic mean value inequality for —F(-,-)
at almost all (g1, ¢2) holds (see (4.12) and Lemma 3.3 for the explicit formulas). First, let us assume
briefly that it holds the mentioned asymptotic mean value inequality for —F(-,-) at (Z,y). Then we
conclude (1.14) in this case. The primary issue is that there is no reason we can assume that it holds
the asymptotic mean value inequality for —F(-,-) at (Z,7). In this case, we will perturb the function
H(z,y) to Hi(z,y) := H(z,y) + vs(z,y) by a smooth function ~s(x,y), which is arbitrarily small up to
two order derivatives, such that the mentioned asymptotic mean value inequality for —F(-,-) holds at
one of minimum of Hi(z,y). This argument of perturbation can be ensured by a generalized Jensen’s
lemma in the theory of viscosity solutions of second order partial differential equations.

2 Preliminaries

2.1 Energy and Sobolev spaces of maps into metric spaces

Let © be a bounded open domain of an n-dimensional smooth Riemannian manifold (M, g), and let
(X,dx) be a complete metric space. We will write

zy| == d(z,y), Va,yeM.
Several equivalent notions of the Sobolev space for maps into metric spaces have been introduced in

[18,25,28,29,35]. Fix any p € [1,00). A Borel measurable map u : § — X is said to be in the space
LP(Q, X) if it has separable range and, for some (hence, for all) P € X

/Qd’;((u(x),P)dvg(x) < 00.
We equip with a distance in LP (€, X) by

d},(u,v) = /Qdf)’((u(:c%v(an))dvg(:zc)7 Vu,v e LP(Q, X).
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Denote by Cy(Q2) the set of continuous functions compactly supported on Q. Given p € [1,00) and a
map u € LP(2, X), for each € > 0, the approzimating energy E} . is defined as a functional on Cy(€2):

Bp0) = [ ola)ep@)ing(@). Yo € Cole),
where the approzimating energy density is defined by

n+p d (u(x), u(y))
/BE(I)OQ

Cp,p - €" (2

dvg(y)a

and the constant ¢, , = fSn,l |z |[Po(dz), and o is the canonical Riemannian volume on S*~!. In par-
ticular, ¢, 2 = wp—1/n, where w,_1 is the volume of (n — 1)-sphere S*~1 with standard metric. Next, a
map u € LP(Q, X) is said to be in W' (€, X) if the energy satisfies EY < co, where

By = sup ( lim sup E;j,e(¢)) .
$ECH(Q),0<<1 N €0

If 1 <p<ooandue WhP(Q,X), it was proved in [28] that, for each ¢ € Cy(Q), the limit

u T u
Ep (¢) T 61_1>I(I)1+ Ep,e(d))
exists (called p-th energy functional of u), and that E} is absolutely continuous with respect to the
Riemannian volume vol,. Denote the density by e, , € Li (). Moreover, from [28, Lemma 1.4.2], there
exists a constant C' > 0, independent of € such that

By (6) < By (Ceo+ max [o(y) - 6()])

yEBE(m)

for any sufficiently small € > 0. Thus, by the Dunfold-Pettis theorem, it implies that
6;6 — eyp in Llloc(Q), as e€— 0.

For the special case p = 2, we write e, := e, 2 and E* := F¥ for any v € W?(Q, X). We summarize
some main properties of W12(Q, X), which can be found in [28,29].

Proposition 2.1.  Let u € W12(Q, X).
(1) (Lower semi-continuity) For any sequence u; — u in L?(, X) as j — oo, we have

B(6) < lminf % (6), V0 < 0 € Co(©).
(2) (Equivalence for X =R) If X = R, the above space W12(Q, R) is equivalent to the usual Sobolev
space WH2(Q).
(3) (Weak Poincaré inequality, see, for example, [29, Theorem 4.2])  For any ball Br(q) with Bsr(q)
CC Q, there exists a constant Cy, x.g > 0 such that the following holds: for any z € Br(q) and any
r € (0,R/2), we have

2 (u(z),u vo(x)dv <Chgp-r"2. ey(x)dvg(z). .
/Br(z) /BT(Z)dX( (2), u(y))dvg(z)dvg(y) < Cn kR /BW) (z)dvy () (2.1)

Remark 2.2. By a rescaling argument, one can easily improve the constant C,, x g in (2.1) to a
constant C,, x> depending only on n and K R?. Indeed, let us consider the rescaling the metric on M
by gr := R~2g. Then we have Ricy, = —KR? and dvg, = R™"dvg. By the definition of e, . ., we get
€ R-tegn = I " €pecg- Therefore, by the definition of ey, the Poincaré constant in (2.1) is invariant
with respect to the rescaling g — gr.



Zhang H-C et al. Sci China Math 9

2.2 CAT(k)-spaces

Let us review firstly the concept of spaces with curvature bounded above (globally) in the sense of
Alexandrov.

Definition 2.3 (See, for example, [2,9]). A geodesic space (X,dx) is called to be globally curvature
bounded above by k in the sense of Alexandrov, for some x € R, denoted by CAT(k), if the following
comparison property holds: Given any triangle APQR C X such that

dx(P,Q) + dx(Q, R) + dx (R, P) < 21/\/&

if Kk > 0 and point S € QR with
1
dX(st) = dX(Ra S) = idX(QVR)»

then there exists a comparison triangle APQR in the simply connected 2-dimensional space form S2 with
standard metric with sectional curvature equal & and the point S € QR with

_ .1 o
ds2 (Q, S) = ds2 (R, S) = sz (Q,R)
such that
dx(P,S) < dg (P, S).

It is obvious that (X, dx) is a CAT(k)-space if and only if the rescaled space (X, /k-dx) is a CAT(1)-
space, for any x > 0.

We need a lemma, which follows from [28, Corollary 2.1.3].
Lemma 2.4. Let (X,dx) be an CAT(1) space. Take any ordered sequence {P,Q,R,S} C X, and let
point Q., be the mid-point of QR. we denote the distance dx (A, B) abbreviatedly by dap. Then, for any
0<a<1andp >0, we have

2 2
1770[ 2sin dQ—R — | 2sin dP;S + a| 2sin dor 2sin dQ—R — 2sin dpi
2 2 2 2 2 2

1-a 1 dpg )\’ d
<[1— 5 (1—)} (QSinPQ> +2cos%(cosdme—cosdQQm)

1_ 2
+ [1 - Ta(l - ,8)} (2 sin dI;S) + 2 cos dQTR(cos dsq,, —cosdrq,,)- (2.2)

Proof.  Consider the embedding X into the cone C'(X) with the cone metric |- - |¢. Then C(X) has
non-positive curvature in the sense of Alexandrov. Denote

P = (Pa ]-)7 Q= (Qvl)v S = (Sv 1)a R = (Ra 1) and Qm = (va 1)

It is clear that the midpoint of @ and R in C(X) is
- d
T= (Qm,cos C§R>

From the equation (2.1v) in [28, Corollary 2.1.3] (by taking ¢t = 1/2 there), we get, for each a € [0,1],
that

L _ _ _ 1 __ _ 1 __
ITPIe +ITSle < |PQIE + |RSIE + 5 (ISP — |QR[E) + S |QR[E
1 _ _ _ _
—5(@(|5Plc — [QRlc)* + (1 — a)(|IRS|c — |PQlc)?).
Notice that |QR|c = 2|TQ|c = 2|TR|c and that

(ISP& = IQR[E) — a(ISPlc — |QR|c)* = (1 — a)(ISPIE — |QRIE) + 20|QR|c(ISPlc — |QRlc).
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Therefore, we obtain
L—a ~50 G |2 AB A &b
5 (QR[c —[SPl) + a|QRlc(|QR|c —[SPlc)
<|PQIE +|TQIE — ITPIE + |SRIG + |TRIG — TSIE
~ YRSl ~ 1PQle’
<|PQIE +ITQIE — |TPIE +|SRIE + |TRIE — TSI

l—a/f .. - I T
- 252 (1Rs% + 1PaE - IRSEE - 51PQE
_ IPQI?;<1 _loa (1 - 1)) L ITOR - (TP
2 \!7 3
n |SR|%(1 ey —B)) TR, - ITS (2.3)

for any 4 > 0, where we have used 2|RS|c - [PQ|c < B|RS[Z + 5| PQ2. By recalling the definition of
the cone metric | - - |, we have

_ d _ d
|QR|c = 2sin C;R, |SP|c = 2sin %,

_ d _ d
|PQlc = 2sin%Q, IRS|c = ZSin%S,

IR d
|Q§|C = sin gR

. — d
and (by noticing that |OT|c = cos =$%)

|TP|% =1+ cos? dQTR - QCOSdQTR cosdpq,,,
ITS|% =1+ cos® dQTR — 2cos dQTR cosdsq,, -
Then
|TQ|% — |TP|% = sin® dQTR — 1 — cos? dQTR + 2cos dQTR cosdpg,,
= 2cos dQTR <cos dpg,, — cos dQZR>

d
= 2cos %(cos dpq,, — cosdqgq,, )

where we have used dgg,, = dQTR. Similarly, we have
7|2 7 5|2 dor
|TR|¢ — |T'S|z = 2cos T(COS dsq,, — cosdrq,, )-

Therefore, the combination of these and the estimate (2.3) implies the desired (2.2). The proof is
completed. ]

2.3 Harmonic maps

In the following, we always assume that Q is a bounded domain in an n-dimensional smooth Riemannian
manifold (M, g) with Ricpys > —K for some K > 0 and that (X, dx) is a CAT (k) space for some & > 0.
Given any ¢ € WH2(Q, X), we set

W2, X) == {u € WH(Q,X) : dx (u(z), ¢(x)) € Wy ()}
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By using the variation method, it was proved in [25,30] that there exists a unique u € W(;’Q(Q, X)) which
is a minimizer of energy E3 in W;Z (Q,X), i.e., the energy E* := EY = E¥(Q) of u satisfies

E" =inf{E" :w e W;*(Q,X)}.
w

Such an energy minimizing map is called a harmonic map.
The basic existence and regularity were given by Korevaar and Schoen [28] for k < 0 and by
Serbinowski [39] for k > 0. We state their regularity result in the case k > 0 (see also [33, Theorem 2.3]).

Theorem 2.5 (See [28,39]).  Let u be a harmonic map from Q to X. Assume that its image u(QY) is
contained in a ball B, C X with radius p < ﬁ if Kk > 0. Then u is locally Lipschitz continuous in the
interior of ). (Note that the local Lipschitz constant of u near a point x € Q depends on the C*-norm of
metric g near x.)
We need also the following property.

Lemma 2.6 (See [39, Proposition 1.17] and [13, Lemma 2]).  Let k > 0. Assume that its image u(£2)
is contained in a ball B,(P) C X with radius p < 37+ Then the function fe(x) = cos(v/k-dx (u(z), P))
satisfies fp € WH2(Q) and

Afp < —K- fp c €y (24)

in the sense of distributions. If k = 0, then for any P € X we have Ad% (P,u(x)) > 2e, in the sense of
distributions.
Recall that
Lipu(x) = lim sup dx (ul@), u(y)) = limsup sup —dX(u(J;),u(y))
y—x |zy| r—=0  y€By(r) r
The above lemma implies the following point-wise estimates, which is a corollary of the mean value
inequality for subharmonic functions.

Corollary 2.7.  Let u be a harmonic map from Q to X. Assume that its image u()) is contained in a
ball B, C X with radius p < ﬁ if K > 0. Then there exists a constant C = C(n, \/ER) depending only

on n and VKR such that: for any ball B with Bag CC Q, we have
Lip?u(z) < C - ey(x), for almost all x € Brye-

Proof.  For the case x = 0, this is Theorem 5.5 in [45]. We need only to show the assertion for the case
k > 0. Without loss of the generality, we can assume x = 1 in this case. The argument is similar to the
proof of Theorem 5.5 in [45].

(i) Fix any z with Bag(z) CC Q. From the continuity of u, there exists a small neighborhood O of z
such that diamu(O) < 7/2 and O C Bg(z), where diamu(O) is the diameter of u(O).

By using Lemma 2.6 and the fact that |Vdx (u(z), P)| < e, for any fixed P € X, it is easy to check
that Adx (u(z),u(yo)) = 0 on O for any fixed yo € O, in the sense of distributions. Let A(?) be the
Laplace-Beltrami operator on M x M, the product manifold (with the product metric and the product
measure). Consider the function p, := dx(u(x),u(y)) on O x O. Hence, we obtain

AP p (z,9) >0 on OxO (2.5)

in the sense of distributions (see the step (iii) in the proof of [45, Proposition 5.4] for the details).
From the mean value inequality for subharmonic functions on O x O (see [38, Theorem 6.2 of
Chapter II}), we conclude that, for any ball B,.((z1, 22)) with Ba,((21,22)) CC O x O,

sup  pA(m,y) < Cr2C0HVED ][ P2 (2, y)dvy (2)dug (y)
(z,y)€Br((21,22)) Bar((21,22))

<Can VER)- [ 2 ), (), (v). (2.6)

Bar((21,22))
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where the constants C7 and Cy depend only on n, and Cs(n, \/ER) = 01202(1“/?13”).

(i) Since Bg,((2,2)) C Bay(2) X Ba.(z), the Poincaré inequality for W12(Q, X)-maps (see [29], and
also Proposition 2.1(3) and Remark 2.2) states that the right-hand side of (2.6) for z; = 22 = z can be
dominated by Cy(n, VKR) - "2 5100 (2) €u(®)dvg(2). Therefore, we have

2 2
sup pu(ZQ»y) < sup pu(fcgy)
yeB.(z) T (@y)EB((2,2)) T
r™ - vol(B,(12r)) ][
< 030, - W(z)d
O B (2, 2)) C QX ) iy, () M0 l)

< C5(n,VKR) - ]l eu(T)dvy (), (2.7)

BIQT(Z)

where we have used Bishop-Gromov inequality and vol(Ba,((z, 2))) > vol?(B,(2)).
Notice that lim, o JLBH,.(Z) eu(x)dvg(x) = ey (z) for almost all z € B/ and that

Lipu(z) = limsup sup pu(y,z)/r
r—0 yeB,(z)

By letting r — 0 in (2.7), it follows the desired estimate. O

2.4 Generalized Rademacher theorem for Lipschitz maps

Let © be a bounded domain of an n-dimensional Riemannian manifold (M, g). Recall that the classical

Rademacher theorem states that any Lipschitz function f: Q — R is differentiable at almost all z € .
For our purpose, we have to consider the differentiability of maps into a metric space (X,dx). Let

us recall the notion of metric differential for maps from 2 into a metric space, which was introduced by

Kirchheim [27].

Definition 2.8. We say that a map f : Q — X is metrically differentiable at xq if there exists a

semi-norm || - ||z, in Ty, M := R™ such that

dx (f(expy, (t)), f(x0)) =t - [[€]lag = 0(t),
for all ¢ € S*~! C T,, M. This semi-norm will be called the metric differential and be denoted by mdf,,.
The following generalized Rademacher’s theorem for maps was given in [27].
Theorem 2.9 (See [27]).  Any Lipschitz map f : Q — X is metrically differentiable at almost all x € Q.

If a Lipschitz continuous map f : Q — X is metrically differentiable at x, we put

Gy(x) := gmax mdf, (). (2.8)

esn—1

Lemma 2.10. Let f: Q — X be a Lipschitz function. If [ is metrically differentiable at x, then we
have
G1(2) = Lipf(x). (2.9)
Proof.  From the definition of G (), it is clear that G(z) < Lipf(z).
For the converse, we choose a sequence of points {y; := exp, (tjgj)}?‘;l C € such that lim;_,t; = 0,
€] =1, and
Linf(e) — 1 ). F)

J—00 t]

Since f is metrically differentiable at =, we have
dx (f(y;), f(®)) = mdfs (&) - t; + o(t),
From the definition of G¢(z), we have
Lipf(z) = lim mdf,(&;) < Gy(z).
j—o0

The proof is completed. O
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3 An asymptotic mean value inequality

We will consider some asymptotic behaviors of harmonic maps from a domain of the smooth Riemannian
manifold to a CAT(1)-space. Let us begin with the following mean value property, which is similar to
Proposition 2.1 of Chapter I in [38].

Lemma 3.1.  Let (M, g) be an n-dimensional Riemannian manifold with Ricpyr > —K for some K € R.
Suppose that f is a Lipschitz function on an open subset @ C M, f >0, and Af < g € Ll () in the
sense of distributions. Then for any p € Q and R > 0 with Br(p) CC 9,

1 fB( dvg x)
7AK(R) /83R(p) / dr, (3.1)

where Ak (1) is the area of a geodesic sphere of radius r in the simply connected space form of constant
curvature —K/(n — 1).

Proof.  Since Af < g, we have by the divergence theorem that

/ g(x)dvg () 2/ Afdug :/ of
B,(p) B, (p) oB,(p) 07
3
-2 f- / HY, 3.2
I Jon, ) 9B, (p) 32

where 0 < 7 < R, and H is the mean curvature of OB, (p) with resect to 9/0r. The standard comparison
theorem asserts that

H(z) < (n—1)cotg(r) = jig:i, Vz € 0B, (p).

Therefore, it follows from (3.2) and the assumption f > 0 that

fBr(p) g(x)dvy(z) S ﬁfaBr(p)f
Ak (r) T or Ag(r)

Notice that lim,_q ffjf;’: I _ = f(p). Integrating both sides of the above inequality with respect to r over

(0, R), we conclude that ( 1) holds. O

Now we consider the case that f needs not to be non-negative.

Corollary 3.2. Let (M,g) be an n-dimensional Riemannian manifold with Ricyy > —K for some
K € R. Suppose that f is a Lipschitz function on an open subset @ C M, and Af < g € Li _(Q) in the
sense of distributions. Then for any p € Q and R > 0 with Br(p) CC 9,

1
Vi (R)

/ (F(@) — F(p))duy(2)
Br(p)

S R-Lipg,p,)f- ( W)

T / / Jo.is dvg )dsdr, (3.3)

Vi (R)

where Vi (r) is the is the volume of a geodesic ball of radius r in the space form of constant curvature
—K/(n—1), and

: [f(z) — f(y)l
Lip fi= sup ———F—
Br(p) z,y€BRr(p) |$y|

In particular, if p is a Lebesque point of g, then the following asymptotic mean value inequality holds:

1
Vi (R)

9(p) 5 )
) G0 = 10ies(0) < 52000 B o) a5 R0 (3.4
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Proof.  We consider the function h(z) := f(z) — f(p). By applying Lemma 3.1 to the non-negative

function

ho() = h(@) = inf h(y)

on B,(p), 0 <r < R, we have

1

A (r) /BBT(p) he < he(p) + Gre(r) = = inf h(y) + Gk (),

yEB,(p)

where

) " st(p) g(@)dvg ()
Gg(r) .:/0 Ar(s) ds.

Denote A(r) := vol,,—1(0B,(P) C M). We get

/ h<— inf hy)- (A(r) — AG)) + G (r) - Arc(r).
9B, (p)

yEB,(p)
Remark that h(p) = 0 and Lipg, (,yh < Lipg, ) h = Lipg,, () f, so we have

— inf Ay <— inf A < R-Li .
y€B-(p) ) yEBR(p) (y) pBR(p)f

The above two inequalities imply
/ hSR-LipBR(p)f-(AK(r)—A(r))—i—GK(r)-AK(r),
BBT(P)

where we have used the Bishop inequality A(r) < Ag(r) for all r € (0, R). Integrating both sides of the
above inequality with respect to r over (0, R), and then dividing by Vx (R), we get (3.3).
Suppose that p is a Lebesgue point of g, i.e.,

}lziino Br(p) g =) o
Notice that I(Br(p))
vO R\D o
VR = 1+O(R?) as R—0. (3.6)

It follows that

R-Lipg, )/ (1 - W) =0O(R*) as R—0

and that .

Vi (R) /BR(P) g9(x)dvy(z) = g(p) +o(1) as R—0.

Thus, by a direct calculation (noticing that Ag(t) = w,_1 - t" "1 + O(t") as t — 0), we get

1 R " fBS () g9(@)dvg(x)
/0 AK(T)/O dsdr
R

VK (R) AK (5)

_ 1 " Vi (s) - (g9(p) +0(1))
= /0 AK(T)/O A (s) dsdr
R

= Ag(r) /07" %(1 +0(1))(g(p) + o(1))dsdr

— fL(p) -R2+0(R2)

as R — 0. The proof is finished. O
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At last in this section, we want to use the above asymptotic mean value inequality to harmonic maps
to a metric space with curvature bounded above.

Lemma 3.3. Let Q be a bounded domain in an n-dimensional smooth Riemannian manifold (M, g)
and that (X,dx) is a CAT(1)-space. Suppose that u is a harmonic map from Q to X. Given any a,b € R
with a,b > 0, and any q € Q, Q € X, we put

Wa.b,0,q(T) == a - d% (u(z),u(q)) + b - cos(dx (u(z), Q)). (3.7)

Then there exist a sequence {€;}jen with €, — 0 as j — oo and a subset A C Q with zero measure
such that

/B 1 €0, (1) ~ (20l
€j

< (2a — b+ cos(dx (u(zo), P))) o(e"?) (3.8)

for any xy € Q\A" and for any P € X such that the image u(SY) is contained in a ball B,(P) C X with
radius p < %, and for every a,b > 0.

Proof.  Recall that ey — e, in L} () as € — 0. Therefore, there exists a sequence {¢;};en with
e; —+ 0 as 7 — oo such that

lim €3 (z0) = eu(zo) for almost all g € €.
j—oo 7

By the definition of the approximating energy density, it follows that

Wn—1 'eu(x()) . 6;}+2 + 0(6;_1+2)

/1ng (00) dx (u(z), u(zo))dvg(x) = m

for almost all points zg € 2. On the other hand, we have by Lemma 2.6 and Corollary 3.2 that

/B.( )[cos(dX(u(x)7P))—cos(dx(u(xo),P))}dvg(a:)

Vi) { coS(dQ)E;uixg)),P)) (o) - € + ofe2)
o COS(dx(U(I ),P)) cWnp—1 n+2 n+2
Sty (@) €T o)

for all Lebesgue points zg of e,, and for all P € X such that the image u(f2) is contained in a ball
B,(P) C X with radius p < 5. Here, we have used that Vi (¢;) = “2=* - ¢ 4 o(¢}}). Thus, for almost all
g € 2, we have

/B [0 ) = )y 2
€j o

< (2a — b - cos(dx (u(zo), P)))

Wn—1 n+2 n+2
() GG (39
and any P € X, and for every a,b € R with b > 0.

At last, we consider the exponential map exp, : B, (0) C R" — B, (xo). It is well known
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Thus, for any general Lipschitz function h, we have, as r — 0,

/ (h(expy, (1)) — h(xo))dn
B,(0)
S / (h(x) = h(z0))(1 + o(r))dvy(x)
By (z0)
< /BT(IO)(h(z) — h(zo))dvy(z) + o(r) - / |h(x) — h(xo)|dvy(z)

B, (x0)

< / (h(z) — h(zo))dvg(x) + o(r) - O(r) - O(r™).
B, (zo)

By using this to wgp pg, and combining with (3.9), we obtain (3.8). O

4 The Bochner inequality for harmonic maps into C AT (k)-spaces

Let © be a bounded domain in an n-dimensional smooth Riemannian (M, g) with Ricys > —K for some
K >0, and let (X,dx) be a complete C AT (k)-space for some x > 0.

In this section, we always assume that u :  — X is a harmonic map with the image Im(u) containing
in a ball B,(Qo) C Y with p < 7/(2y/k). From Theorem 2.5, we know that w is local Lipschitz continuous
on €.

4.1 Auxiliary functions
In this subsection, we will introduce a family of auxiliary functions.
Fix p € (1,00) and a ball Bg(0) such that Bar(0) CC Q. Denote by Bgr := Bgr(0) and by

EO = LiszRu = sup M < 0.

z,yE€Baor,r#Yy |.’17y|

We introduce a family of auxiliary functions f;(z) on Bg as follows: for any ¢t > 0, we define

folz) = inf {

YyEB2Rr

lzy[P
ptr1

—F(x,y)}, T € Bg, (4.1)

where J J
KU U1) g g0 x00) )
It is clear that F'(x,y) < 6 and that (by taking y = )

F(z,y) := 2sin

0> fi(xz) > —6. (4.2)

For any 0 < t < t,(:= (RP/6p)'/(P=1)) it is clear that the “inf’ of (4.1) can be achieved, i.e., for any

T € Bg, ‘ ‘
_ lzyl®

i) = {u € Bar | o) = 1205~ Fwa | 20

Since F(z,-) is continuous on Bag, it follows that S¢(z) is close. Fix any small ¢ € (0,t.). We define two
functions on Bg,

. LY (z
Li(z) = yél;&l(lw) lzy| and Dy(z) := p;p(—l) _

fe(@). (4.3)
We give some basic properties of these functions.

Lemma 4.1.  For any t € (0,t.), we have the following properties:
(1) f+ is Lipschitz continuous on Bg;
(2) both Ly and Dy are lower semi-continuous on Bg;
(3) there exists a constant C' = C(p, Lo, k) > 0 such that, for any t € (0,t.),

L;<Ct, Di<Ct and —f;<Ct on Bg.
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Proof. (1) Take any 1, z2 € Br. From the definition of f;, we by choosing some y2 € Si(z2) have that

|z1y2|” — |22 _

fe(w1) — fi(w2) < 1

(F(z1,y2) — F(x2,92)).
Noticing that both |- - |? and F(-,-) are Lipschitz, we conclude that there exists some constant C; > 0
such that fi(z1) — fi(x2) < C¢lz12e|, i-€., fi is Lipschitz continuous.
(2) From the definition of L;, we know that L; is lower semi-continuous. By using that f; is continuous,
we get that Dy is also lower semi-continuous.
(3) We take some y; € S(z) such that L(z) = |zy:|. We have
L} (x) 2
= o1 fe(x) = F(,y:) < dx(u(x), u(ye)) + di (w(z), u(y:))
< (L +7/VE) - dx (u(z), ulye)) < (1+7/VE) Lo - Li(x)
= C1(o, k)L (), (4.4)

Dy(z)

where we have used

dx (u(z),u(y)) < dx (u(@), Qo) + dx (Qo,u(yr)) < m/Vk.

Li(x)

Noticing that f; < 0, we get Dy > ptp—1

. By combining with (4.4), we have
Ly < (p- C)Y PV = Cy(p, bo, k) - .

By using (4.4) again, we get Dy < C1Cy - t. At last, f; = LY /(ptP~!) — Dy > —Dy > —C1C5 - t. The proof
is finished. O

The main result in this subsection is the following elliptic inequality for f;.

Proposition 4.2.  Assume that kK = 1, p € [2,00) and diam(u(Bag)) < 7/2, where diam(u(Bag)) is
the diameter of the u(Bag). Given any e > 0, we have that, for any t > 0 sufficiently small, the inequality

holds
Afi(z) < ti’é LY (z)+ (14¢)-ey(x)Di(z) on Bg, (4.5)
in the sense of distributions.
In order to prove this lemma, we need the following lemma.

Lemma 4.3 (Perturbation lemma).  Let U C M be a convex domain of M and let h € WH2(U)NC(U)
satisfy Ah < X on U for some constant A € R. Assume that the point & € U is one of minimum points
of the function h on U. Assume a subset A C U has full measure.

Then for any 7,6 > 0 sufficiently small, (they are smaller than a constant 69 depending on the bounds
of sectional curvature on U,) there exists a smooth function ¢ on a neighborhood of &, By, (Z), such that
h+ ¢ has a local minimum point in B.(2) N A and that

|6] + | V| + |Hess(¢)| <3, Va e B, ().
Proof.  This comes from a slight extension of the classical Jensen’s lemma [6, Lemma A.3]. We will

give the details of the proof in Appendix A. O

Proof of Proposition 4.2.  Denote pg := diam(u(Bag)). It suffices to prove the following claim.
Claim. There exists t = t(p, e, t., /2 — po) such that for each t € (0,t), the function f(-) satisfies

K

Af(z) < = L (z)+ (1+¢e)ew(z)Di(z) +6 on Bg

for any 6 € (0,1), in the sense of distributions.
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We shall prove this claim by a contradiction argument. Suppose that the claim fails for some sufficiently
small ¢t € (0,¢.) and some 6y € (0,1). According to the maximum principle, there exists a domain
U CC Bpg such that the function f;(-) — v(-) satisfies

min(fu(@) = v(z)) < 0 = min (fi(z) - v(z)),

where v is the (unique) solution of the Dirichlet problem

K .
Ay = pre LY (z) + (1 +e)ey(x)De(z) + 69 in U,

v=f on OU.
This means that fi(-) — v(-) has a strict minimum in the interior of U.
Let us define a function H(z,y) on U X Bag, by

(o) i= S0 F(ue),u(y) — o(a).

Let z € U be a minimum of f;(-) —v on U, and let § := y:(Z) € S¢(Z) such that L;(z) = |zy|. By the
definition of f;, we conclude that H(z,y) has a minimum at (Z, 7).
Let of C U X Bapg be the set of all points (2°,y°) € U X Bap satisfying the following two properties:
(1) z° £ y°, and 2° & A, y° & A, where the set .4 is given as in Lemma 3.3;
(2) the point 2° is a Lebesgue point of 2+ - LY (z) + (1 + €)e, (z) Dy(z).
It is clear that (U x Bag)\« has zero measure.
Noting that the function f(t) = 2sint + 4sin® ¢ satisfies f'(t) > 0, f”(t) > 0 for t < 7/6 and (see the
proof of Corollary 2.7)

Ay (ule), uly)) > 0,
we have AGF (z,y) = 0, where A® is the Laplace-Beltrami operator on the product manifold
M x M. The Laplacian comparison theorem on the product space M x M implies that A (|zy|?)
< Oy k. diam(v) for some constant C), g qiam@w) > 0. By using the assumption p > 2, we obtain
AP (Jzy|P) < Ch, K p,diam(v)- Then, by Lemma 4.3, we conclude that, for any sufficiently small § > 0,
there exists a smooth function vs(x,y) such that |ys| + |V7s| + |Hessys| < § and that the function

|lzy|?
ptP~t

Hy(z,y) = H(x,y) +7s(v,y) = — F(u(z),u(y)) — v(x) + vs(x,y)

has a minimal point (z°,y°) € & with
dx . x ((3,5), (2°,9°)) = [72°* + |7y |* < 6°. (4.6)
Let o : [0,|2°y°|]] — M be a shortest geodesic with 0(0) = z° and o(|z°y°|) = y° and let T, :

TyoM — T, M be the parallel transport along o(t). Denote by T := Ty.. We want to consider the
asymptotic behavior of

I(e)) = / [ (expao (1), expyo (T)) — Hi (2°,4°)]dn
Be,(0)CTy0 M=R"

=: Ii(g;) — I2(g5) — I3(e5) + La(e;), (4.7)
where the sequence {¢;} is given in Lemma 3.3 and

1

11(5]‘) = }’F

: / (I exPyo(n) expyo (TP — [2°5°|P)dn,
st (0)

Ir(ej) = (F(expgo(n), exp,o(Tn)) — F(z°,y°))dn,

S
e

I(e;) = / (v(expyo (1)) — v(x®))dH" (1),
/ (5(exDo (1), €xpyo (T))) — 48(2, ).
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The minimal property of point (z°,y°) implies that
I(gj) = 0. (4.8)

We need to estimate Iy, Is, Is and Iy.

(i) The estimate of Iy and I4.
Let T be the parallel transportation, the first and the second variation of arc-length implies that

0,0 62 o |
| expyo(n) expyo(Tn)| = 2% < 5 / —R(0"(t), Ty(1yn, 0 (£), Ty(yn)dt + o(€?)
0

for all n € B.(0), where R(,-,-,-) is the Riemannian curvature tensor. By taking e = ¢, and using the
fact that a < b+ § implies a? < bP + pdbP~1 + 0(J) as § — 0, and then integrating over Be(0) we obtain

1 pK - wn_1
ptP~t 2n(n + 2)

hi(e) < LA AR C (4.9)
for any j € N, where we have used Ric(o’,0’) > —K and Fatou’s lemma (since |exp,.(n)exp,.(Tn)| —
|2°y°| < Ce? for some constant C' depending on the sectional curvature on Bigjzeyo|(2°)).

Since 75 is smooth and that |Hessvys| < d, it is easy to check that

Li(e;) < C(n) - 6-€5*2 + o(ef*), (4.10)

for any j € N, and for some constant C'(n) > 0.
(ii) The estimate of I5.
We put
P =u(exp,.(n), Q=u(z’), W=u(y®) and S = u(expyo (Tn)),

and

d d 1
lop :=2sin %W, Iy :=2cos QZW, o= T € (0,1). (4.11)

Denote the midpoint of @ and W by @Q,,. Note that 1’70‘ = «-lg. Then, by Lemma 2.4 we have that for
any [ > 0,

alo - (F(2°,y°) — F(exp,.o n),eXpy (Tn)))

= Oélo(<2bln ) < sin ) )—!—alo (2sindQ2R — 2sin dgs)

1-—
< { (1 - ) (2 QQ) + 11 - (cosdpg,, — cosdgq.,,)

o

< [Way 0,Qn, zv(eXPxo(Ti

+ [waz,b Qm,Y° (expyo

] (2 sin RS) + 11 - (cosdsq,, — cosdrq,,)

) = Way,b,Qu a0 (27)]
Tn)) — Wasz,b,Qm,y° ()], (4.12)

where the function wq ,q,,,«o is given in Lemma 3.3 with the constants

)
(

2 B
and we have used 2sin(t/2) < t for any ¢ € (0, 7). From py = diam(u(B2r)) we have

u(Bz2r) C By, (u(wo)) N By, (u(yo))-

By the assumption py < 7/2 and that X is a CAT(1)-space, we obtain

u(B2r) C By, (Qm)-

al —]_—1(1—1)7 b:= ll, = 1;a(1—ﬁ), (413)
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By integrating over B, (2°), Lemma 3.3 implies that
alo- [ ) Flexps (), exp, (T
st x°

< [2a1 — b cos(dx (u(2?), Qm))] - W et

+ 2 = b conlde (), Q)] - D o)

Noticing that cos dx (Qm,u(x°)) = l1/2 and that 1 — 12 /4 = I2/4, we choose 3 such that

2 lo(1+ 21
aQZZL @5:1_M , (4.14)
4 4
where we have used o = 1/(1 + 2ly). Notice that 8 > 0 provided lp < 1. Then we have
B = [ (P~ Fep o), ex (T)in
€j 0
_ 72 o
< @O naeal®) nn o ene) (4.15)

aly n(n + 2)

From 1 — 3 = i—(’a and 1 =1+ 2ly, we have, if [y < £/6, that

mo B4 1-1500-3)- 8/
Ollo Oélo

1 1
= lo(1 + 2lo) (4 I 2z0)>

10(

<1 +e).
> +e)

When both ¢ and ¢ are small enough, the combination of (4.6) and Lemma 4.1(3) implies that Iy < /6.
Therefore, we by (4.15) get that

lo  wp-1

—Ix(g;) < (1 +5)§ it 2)

ey (z?) - 5}”2 + 0(5;-”2).

(iii) The estimate of Is.
By Corollary 3.2 and the definition of v, we have
Lie) < (=2 oy - 1 *)Dy(z°) — 6
—I3(e) < | pmp LY (@) — (L4 e)eu(a®) De(z®) — b

By combining these estimates for Iy, I, I3 and I4, we have

e (229 = L) + (14 2 o) (20 DRI o))
2n(n + 2)

Wn—1

— 0o+ C(n) §>0. (4.16)

Equation (4.6) implies that (x°,y°) converge to (Z,7) as 6 — 0. We by the lower semi-continuity of L,
and D; have that

EE 0y > 7 — i 0,0
hgnﬁl(glf Li(2°) > Li(Z) }li% |z°y°|
and

dx (u(z°), u(y®
lim inf Dt(l’o) > Dt(.ff,) = F(g_;‘7g) = lim 2sin M
6—0 6—0

2
A contradiction appears in (4.16) when we take § — 0 (noticing that K > 0). The proof is finished. [
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4.2 The Bochner inequality

We will prove Theorem 1.10 in this subsection.
Let p € (1,00) and let f; be the auxiliary functions defined as in (4.1) in the previous subsection, on
a ball Bg with Bag CC .

Lemma 4.4. (i) Let g € (1,00) with 1/q+ 1/p = 1. For any x € Bg, we have

lim inf Ji(z)
t—0 t

1
> ——Lipu(z). (4.17)
q

(ii) If u is metrically differentiable at x, then we have

filz) _ _Gi(x)

lim 0% = Zuld) (4.18)
t—0+ 1 q
and I D
im 28 gy m 289 ey, (4.19)
t—0t ¢t t—0+ ¢

Proof. (i) By the basic inequality a?/p — ab > —b?/q for any a,b € R, we have

1 PR 1(F ?
1 eyl Flzy) < (m,|y)>7 Wi,y € Bon.
zy

p ot t 7 q
Taking y; € S¢(x) with |zy:| = L¢(x), we obtain from the definition of f; that

q
t=0 13 q Yt—>T Iflfyt|

1 . Dt(l’)>q

= ——limsu
g oot <Lt(x)
1

> ) (£.20)
q

where we have used lim,_,, F(x,y)/dx(u(z),u(y)) = 1. This proves (4.17).
(ii) Let u be metrically differentiable at x. Take a unit vector £ € T, M such that

Gu(x) = mdug(§).
For each small ¢ > 0, we put y; , := exp, (tGY" - £). Then

|2yee] = t- GY/P ()
and

dx (u(z), w(ye.a)) = |2yt,2| - mdug(§) + o(|zye 2|)
=t - GUPT () +o(t) =t - GI(x) + o(t),
as t — 0. Thus, by the definition of f;, we obtain

p q q
ft(m) < |:Cyt,x| _ F(Ivyt,x) — Gu(x) _ GZ(ZE) +0(1) — _Gu(x)
t ptP t p q

ast — 0, i.e.,

q
lim sup fil@) (z) < - Gi (w)
t—0+ t q
Recall that G, (z) = Lipu(z) by Lemma 2.10. The combination of (4.17) and (4.21) yields (4.18).

Combining (4.18) and (4.20) gives

(4.21)

tim sup (f:((i)) > ' Lip%u(z).
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On the other hand, notice that

_file) _ Li(@) | Dilw)  Le(x) < 1<Dt(w)>q.

t ptP L(x) t q
Thus, we get

lllgi)lglf L) >

Therefore, we obtain

Dy(x) s
lim Tio) Lipu(x).
By using fi/t = pL% — %‘ . % again, it follows
L

lim () = Lipp%lu(x) = Lip?Pu(z),

t—0
and then D

lim 26 _ Lip'*9/Pu(z) = LipTu(x).

t—0
The proof is finished. O

Now we are in the place to prove Theorem 1.10.

Proof of Theorem 1.10.  'We have known that Lip € L2 (£2) from Theorem 1.3. By a rescaling argument
of the target space, we can assume that (X,dx) is a CAT(1)-space. In this case, since Lipu = G,, for

almost all z € 2, we need to prove G,, € Wlif (©) and that
AGy, 2 —KG, — ey -Gy (4.22)

on €, in the sense of distributions. It suffices to show that: for any o € 2, there exists a neighborhood
Br(0) with Byg(o) C Q such that G, € Wlf)’f(BR(o)) and that (4.22) holds on Br(0), in the sense of
distributions.

Since u is continuous (from Theorem 2.5), for any o € €, there exists a neighborhood Br(0) such that
Image(u(B2r(0))) C Bra(u(o)). In particular, the triangle inequality yields diamu(Bsr(0)) < 7/2. Fix
such a neighborhood Br = Bg(0).

Fix any p € [2,00). From Lemma 4.1(3), we get Af;/t < Cy, on Bag/y for any t € (0,t.), where the
constant Cy, is uniformly with respect to ¢ € (0,¢,). By combining Lemma 4.4 and Proposition 4.2, we
have, for any & > 0 that G%/q € VVﬁ)f (Bspr/2) and that

A(G1/q) > ~KGL — (14¢)-e, - GY

on Bsp/s, in the sense of distributions, where ¢ = p/(p — 1) € (1,2]. From the arbitrariness of €, we
conclude that
A(GY/q) > —KG} — e, - G} (4.23)

on Bsg/s, in the sense of distributions, where ¢ = p/(p — 1) € (1,2].

In order to take the limit of (4.23) as ¢ — 1, we want to show that the energies |V(G1/q)| r2(By)
are bounded uniformly with respect to ¢. By the local Lipschitz continuity of u, there exists a constant
C1 > 1 such that Gy, e, < C1 on Bzg/s. Hence, we have

AGL)q) > —K -C— 0 > _K . (2~ ¢

on Bjp/e, in the sense of distributions, where we have used K > 0 and ¢ € (1,2]. By applying the
Caccioppoli inequality, we conclude that the energies ||V(G%/q)||12(By) are bounded uniformly. Hence,
there exists a sequence {q;}jen with ¢; € (1,2] and g; N\, 1 such that A(G¥ /g;) — AG,,. Now, by letting
qj — 1 in (4.23), we conclude that G,, € W12(Bg) and (4.22). The proof is finished. O
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5 Yau’s gradient estimates

We will continue to assume that €2 is a smooth domain of an n-dimensional Riemannian manifold (M, g)
with Ric > —K for some K > 0, and that (X,dx) is a CAT(k)-space for some x > 0. Let u be a
harmonic map from Q to X. Assume that its image u(€2) C X is contained in a ball with radius < ﬁ

When the target space has non-positive curvature, we have the following a consequence of the Bochner
inequality (see Theorem 1.10).

Lemma 5.1.  Let k = 0. Suppose that Bag(zo) CC Q and that u(Br(xo)) C B,(Qo) for some p > 0
and Qo € X. We put

Li
h=2p* —d%(Qo,u(x)) and F = I}IL)U.

Then F € W12 N L*(Bgr(x0)) and
AF +2(VF,Vlogh)>Cp* F* - K -F (5.1)

in the sense of distributions, where C' = C| /zp.
Proof.  From Theorem 1.10, we have Lipu € W2NL*(Bg(z)). Noticing that h is Lipschitz continuous
and h > p?, we obtain F € W2 N L>°(Bg(zo)).
By applying the chain rule to Lipu = hF', we have
h-AF+2(VF,Vh)+ F - Ah = ALipu.
Multiplying both sides of this inequality by h~! and substituting (1.7) and then —Ah > 2e, (see
Lemma 2.6), we get
A ALj 2
AF+2<VF7V10gh>:—F-Th+ L}ipu>F-%—KF (5.2)
in the sense of distributions. As Corollary 2.7, we have

F
AF +2(VF,Viogh) > C, /ren7 - Lip’u — KF = C,, jgphF® — KF

>C, ygnp* F*— KF,
where we have used h > p? again. The proof is finished. O

Similarly, in the case of where the target is a C AT (1)-space, we have the following property.

a 5'2’ Let R = 1. SUPP()S@ th(];t BZR(:,U“) CcC &2 (lnd that U(BR(QT())) C B (Q ) f()7 some p < 7 /2
nd Q() S X- We p’LHf po = 7/2 — p 77/2—,0 n l 14 e
Llpu

hi1 = cosdx(Qo,u(x)) —cospy and F = o
1

Then F € W12 N L>®(Bg(z)) and
AF +2(VF,Vioghy) > C'-F® - KF (5.3)

in the sense of distributions, where C' = C'(n,v KR, /2 — p) is a constant depending on n,vV KR and
w/2 — p.
Proof. 1t is easy to see that hy is Lipschitz continuous and

hi > cosp —cospg =: C; >0
for some positive number C] depends only on 7/2 — p. From Lemma 2.6, we have
—Ahy > cosd%(Qo,u(x)) - ey = cosp-ey.
For the rest of the proof, by a similar argument to that in Lemma 5.1, we have
AF +2(VF,Viogh) > C, /gp-Ci-cosp- F> — KF (5.4)

in the sense of distributions. O
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In general, the function Lipu is not smooth, even may not be continuous. It is difficult to employ
the argument in [4] directly. So we will use the following the approximating version of the maximum
principle.

Theorem 5.3 (See [44, Theorem 1.4]). Let f(z) € Wéf N L2 () such that Af is a signed Radon
measure with ASM8 f > 0, where Af = A*f - vol, + A& f s the Radon-Nikodym decomposition with
respect to volg. Suppose that f achieves one of its strict mazimum in Q in the sense that: there exists a
neighborhood U CC Q such that

sup f > sup f.

U Q\U

Then, given any w € W12(Q) N L>(2), there exists a sequence of points {x;}jen C U such that they
are the approxzimate continuity points of A*f and (V f,Vw), and that

fxg) = sgpf —1/7 and  A*f(z;) + (Vf,Vw) (z;) <1/j.

Here and in the sequel, supy f means ess-supg; f.

Proof. Tt was proved in [44] in the setting of metric measure spaces with generalized Ricci curvature
bounded from below. In particular, it holds for Riemannian manifolds with Ricci curvature bounded
from below (with the Riemannian measure). O

The proofs of Theorems 1.4 and 1.7 are both based on the following lemma.

Lemma 5.4. Let Br(zo) C 2 and let F € Wﬁ)cz N LY (Br(xo)) be a non-negative function. Assume
that F satisfies
AF + (VF,Vv) > a,F? — ayF, (5.5)

in the sense of distributions, where v € VVI})f N LS. (Br(zo)) such that [Vu| < asF, and the constants

ai,az > 0 and az > 0. Then there exists a constant C, VER such that

2 C 1 2
sup F2<ﬂ+7"h‘/fR ( “3>.
Bry2(%0) a1 ax ai

1 5"PBR/s F _
CET—— Let us choose n(z) = n(r(z)) to be a

function of the distance r to the fixed point xy with the folloWing property that:

Proof.  Fix any a small number § such that 0 < § <

d<n<1l on Bgr, n=1 on Bgp, n=06 on Bgr\Bsgu,

and C C
— <) <0 and ()] < 55,

for some universal constant C; (which is independent of n, K and R). Then we have

Vr € (0,3R/4)

C
Val =l |IVrl < & on Bsrp, (5.6)

and, by the Laplacian comparison theorem, that

An=n'Ar+1"|Vr|* > —%1 (v (n — 1)K coth(ry/K/(n —1))) — %;
Cl n—1 Cl 01\/(71—1)KR+TL01 CQ
> - — _— = = > = .
"R ( (n=DK+—75 > R? R? 7 TR (5:7)

on Bsp/4, in the sense of distributions, where we have used that

coth(ry/K/(n —1)) < coth(R\/K/(n—1)) <1+

1

RVK/(n—1)
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Here and in the sequel of this proof, we denote C1,Cs, Cs, ... the various constants which depend only
on n and VKR.

Now we put G = nF. Then G is in W'?(B3g/4) N L>(Bsg/4) and G achieves one of its strict maximum
in Bg/, in the sense of Theorem 5.3, i.e.,

AG+(VG,Vvy=An-F +2(Vn,V(G/n)) +n-AF +n(VF,Vv) + F (Vn, Vv)

2
_olVal® G

QAU-E—FZ(Vlogn,VG) ~E+77(AF+<VF,VU>)+%(V7],V1;>

G 207% G
> —g—+2(VIOgn,VG> — ??214'77 (a1F3 —agF)+g<v7],V'U>~

By setting w = v — 2logn € W1’2(33R/4) N L*°(B3g/4) and using |Vv| < azF = G,g%, we have

C, G 202 @ 5 G o G
A > = = =3 - —az—|Vn|—
G+(VG,Vu) > — = P e +n(a1(G/n)° — a2(G/n)) — a3 ; V| ;
GG 20(G  GP G2 C
_7R2 77 - 7R2 7772 +ax 772 — CLQG — as 772 R
C;G1 203G | G° 1 e
“ R*nyn R2q? “ n? —aan2 _a37)2 R
G[ C, 202 ) Ch
2? _7R2_ R2 +G1G —G/Q—G/?,iRG s

where we have used G >0, 1/n > 1 and as > 0. Let C3 := Cy + 2012. Substituting

2
a3Cy ai o 1 a3C
NP gnts el
R Gs5e T 2a1( R
into the above inequality, we obtain
G 03 ai o C’%a%
A > —=|—-=+—=G"—as— .

G+ (VG, Vuw) o [ 2 + 5 G* —a 20 2 (5.8)

in the sense of distributions. According to Theorem 5.3, there exist a sequence of points {z;},en such
that, for each j € N,
G; =G(zj) > sup G—1/j

Bsr/2
and that
Gy g, O Gl 1
n(z;) | 2 7 R?2  2a1R?| " j’

Asn > 4§ >0, by letting j — oo, we have

) 2a 203  C?a3
sup G% = lim G? <=4 32 21 g’
Bsr/a j—o0 aq a1 R ai R

This yields

~
a;  a1R?  a?R? a; R?

2

sup F2 < sup G? < —
aq ay

Br/2 B3r/a

where Cy := max{2Cs3, C?}. The proof is finished. O

2a N 2C5 C?a3 < 2a0  Cy < 1 a%)

Now we are in the place to show the main results.

Proof of Theorem 1.4. By applying Lemma 5.4 to (5.1) in Lemma 5.1 with v = 2logh and

a1:C5;02» a2:K7 a3:2P7
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and noticing that

Vol =273 I h

= 2pF,

we conclude that, for some constants C5, Cs and C7 depending only on n and v K R, it holds

Lip%u 2K Cg ( 1 4p? ) 07( 1 )
sup < + 2 ==+=— )< =S(K+=). 5.9
s @~ B(Qo ) S Gt TR\ G T 2pt) S 2\ KT e (5.9)

This implies

up Lip2u<f;(f<+1)- sup (207 — & (Qo, u())?

Br/2(z0) R? Br/2(z0)
4,02 p2
< C7ﬁ(KR2 + ].) == Cg . ﬁ,
for some constant Cy depending only on n and v/K R. The proof is finished. O

Proof of Theorem 1.7. By applying Lemma 5.4 to Lemma 5.2 with v = 2log h and noticing that

V| = 2|Vh| _ 2s1ndX(Qo,u(x)) < Vdx (Qo, u(z))] < 2Llpu _oF,
h h h
and choosing
a1=C’{, CLQZK, a3:2,
here and in the sequel of this proof, we denote Cf,C%, C%, ... the various constants which depend only
on n,VKR and 7/2 — p, we conclude that
Lip*u 2K  C4 ( 1 4 ) , 1
sup S +t5lm+t70 ) <SG K+ =),
Bra(zo) (cosdx (Qo,u) —cospg)? = C;  R2\Ci{ (C})? 3 R?
where pg = /4 + p/2. By noticing that cos(dx o u) — cos py < cos p, this implies
1 C
.2 / 4
sup Lip“u < (4 cosp<K+ ) < —.
Br/2(z0) R? R?
The proof is finished. O
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Appendix A A generalized Jensen’s lemma and the proof of Lemma 4.3

We need a simple lemma for symmetric matrices as follows.

Lemma A.1. Let A = (ajj)nxn and B = (bij)nxn be two symmetric matrices. Assume that B is
non-negative definite, and that |a;; — 0;5] < # for any 1 <i,j < n, where I = (§;j)nxn 15 the identity

matriz. If trace(AB) < C for some C > 0, then we have
|detB| < (2C)".

Proof.  We put i = the maximum eigenvalue of B. Then by non-negative definiteness of B we have

i< ||B| = (37— b3)'/? < \/nji. Hence we have

ii < trace(B) = trace((I — A)B) + trace(AB)
< || I — A - ||B|| + trace(AB)
1\ 271/2 i
<|n? (= V/nji = +C.
\[n <2n2>] Vnji+C 2\/ﬁ+0

This implies that g < 2C. At last, by the assumption that B is non-negative definite, we have 0 <
detB < 1™ < (2C)™. The proof is finished. O

The following lemma is a slight extension of Jensen’s lemma (see, for example, [6, Lemma A.3]).

Lemma A.2. LetU C M be a convex domain of M and let h € W12(U)NC(U) satisfy Ah < X\ on U
for some constant A € R. Assume that the point & € U is a uniquely local minimum point of the function h
on U. Let {yj}lgjgn be a local geodesic coordinate system around &. For any p = (p*,...,p") € R™, we
set
n
hp(@) = h(z) + ) Py’ ().
i,j=1

Then for any r,6 > 0 sufficiently small, (namely, they are smaller than a constant §y depending on the
bounds of sectional curvature on U,) the set

K ={z € B,(&) : 3p € B5(0) for which hy has a local minimum at x}

has positive measure, where Bs(0) := {p € R™ : ||p|| < 6, V1 < j < n}.
Proof.  Fixed any sufficiently small r, if § is small enough, then for any p € Bs(0), there exists a local
minimum of h, lying in the interior of B,(Z), since h has the unique minimum at &. We will split the
proof into two steps, as in the argument of [6, Lemma A.3].

(i) We assume for the moment that h is of C? near . Let (9ij)nxn be the local Riemannian metric
around # with respect to the coordinate system {y’}i<;<n. There exists a number 79 > 0, depending on
the curvature on U, such that, for all 1 <,k < n,

1

19i5(2) = 8ijl < {520 1Ok (@) <1, V@ € Bry ().
Fixed any r € (0,r), it suffices to show that K has positive measure with respect to the Euclidean
measure on (B, (&),d;;).

Now we consider the elliptic operator

Lh:= Y 09i(a;0;h) with a;; =g /det(gi;).

1<i,g<n
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It is easily seen that there exists a constant C'(n) such that for all z € B,(Z) and for all 1 < 4,5,k < n,

it holds that )

4n?’

Since Dh + p = Dh,, = 0 holds for every minimum points of h,,, we have

Dh(K) D Bs(0).

Here, Dh (and the following D?h) is the (2-order) differential of h with respect to the Euclidean metric
on B,(%). Moreover, for every minimum points of h,, we have that D?h, = (9;0;h,) is non-negative
definite and that

Z aijaiajhp = Z 8i(aij6jhp) (since 8jhp = 0)

1<i,j<n 1<i,j<n

:Lh+L<Zpk'xk) =Lh+ Z pj~8¢aij
k=1

= 1<i,j<n

< C(n)- A+ C(n)n*s < Ci(n, \),

for a constant C; > 0. By using Lemma A.1 for B = D?h,, we have |detD?h| = |detD?h,| < (2C;)™ for
all z € K. Thus,

L£7(Bs(0)) < L"(Dh(K)) < /K |det D*h|dz < L™(K) - (2C1)",

where £"(K) is the Euclidean measure of K. This completes the proof for the smooth case.

(ii) In the general case, in which h need not be smooth, we will approximate it via heat flows. This is
the reason that we have to assume that U is convex.

Let {P:h}i>0 be the heat flow with the Neumann boundary value condition on U, with the initial data
Pyh = h. Tt is clear that P;h is smooth for any ¢t > 0. By maximum principle, we have

APh=PAh <A, Vt>0.

The corresponding set K; obeys the above estimates in (i) for small ¢ > 0. In particular, the measure
of K; is bounded from below by a constant C(d, \,n) > 0 uniformly on ¢ > 0.

At last, by using the convexity of the boundary of U and that the curvature of M is bounded on U, (in
particular, the Ricci curvature on U is bounded from below,) the Li-Yau gradient estimates for solutions of
the heat flow implies that P;h converges uniformly to h on B, (&) CC U. Notice that K D liminf;_,q K.
The result now follows. 0

Now the perturbation Lemma 4.3 is a corollary as follows.

Corollary A.3. Let U C M be a convex domain of M and let
he WA (U)NnC(U)

satisfy Ah < X on U for some constant A € R. Assume that the point & € U is one of minimum points
of function h on U. Assume a subset A C U has full measure. Then for any r,d > 0 sufficiently small,
there exists a smooth function ¢ on a neighborhood of &, By,(Z), such that h + ¢ has a local minimum
point in B.(Z) N A and that

|6l + [V| + [Hess(¢)| < 6, Va € By, (Z).
Proof.  Fix any r,d sufficiently small. We put

hy := h + §|@x|?/(10n).
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Then hy has a unique minimum at &. Since Ah; < Ah + C(n, ko) - § by the Laplacian comparison on
M, the above lemma implies that hy + Z;;l p’y? has a local minimum at a point in B,.(Z) N A and that
0<p?’ <6/2,1<j<n. Now, the function

n

¢ = dlax|?/(10n) + > py

j=1

is defined on a coordinate neighborhood B, (#). Notice that |[Hessy’| < C (ko) for some constant C (ko)
depending on kg, a bound of [secps| on U. This implies that

|¢| + V| + |Hess(¢)| < - C(n, ko), V€ By(L).

The proof is finished. O
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