LINEAR INDEPENDENCE OF MONOMIALS OF MULTIZETA VALUES IN
POSITIVE CHARACTERISTIC

CHIEH-YU CHANG

ABSTRACT. In this paper, we study transcendence theory for Thakur multizeta values in
positive characteristic. We prove an analogue of the strong form of Goncharov’s conjec-
ture. The same result is also established for Carlitz multiple polylogarithms at algebraic
points.

1. INTRODUCTION

1.1. Classical multiple zeta values. Multiple zeta values (abbreviated as MZVs) are real
numbers defined by Euler:

C(s1,...,8) = Z

ny>e>n>1

nil oo nff’

where sy, ...,s, are positive integers with s; > 2. Here r is called the depth and Zlf:l S;
is called the weight of the MZV ((sy,...,s;). These values are generalizations of the
Riemann zeta function at positive integers, and have been much studied in recent years
because of various points of view of their interesting properties. For example, they occur
as periods of the mixed Tate motives, and they occur as values of Feynman integrals
in quantum field theory. We refer the reader to the papers on this subject by Brown,
Deligne, Drinfeld, Goncharov, Hoffman, Kaneko, Terasoma, Zagier etc. See also the
recent advances by Brown [B12] and Zagier [Z12].

It is natural to ask the transcendence nature of these MZVs. However, it is still an open
problem although one knows the transcendence of the Riemann zeta function at even
positive integers because of Euler’s formula. Let 3 be the Q-algebra generated by all
MZVs and for w > 2 let 3 be the Q-vector space spanned by the weight w MZVs. It is
well known that 3, 3w, C 3w, +w, for w; > 2, wy > 2. The main motivation of the study
in this paper is from the important conjecture given by Goncharov [Gong7]: 3 forms
a graded algebra (graded by weights), i.e., 3 = Q @y>2 3w. The following conjecture
(folklore) is a stronger form of Goncharov’s conjecture.

Conjecture 1.1.1. Let 3 be the Q-algebra generated by MZVs, and let 3, be the Q-vector space
spanned by the weight w MZVs for w > 2. Then one has that

(1) 3 forms a graded algebra, i.e., 3 = Q Dy>2 3u-
(2) 3 is defined over Q in the sense that the canonical map Q ®q 3 — 3 is bijective.
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In other words, to prove their linear independence over Q, one could adopt a strategy
of proving linear independence over Q for these special values although it is still wild
open. The primary purpose of this article is to prove an analogue of the conjecture above
in the setting of multizeta values in positive characteristic.

1.2. Thakur multizeta values. In analogy with the classical MZVs, in his seminal work
[Tog] Thakur studied the characteristic p multizeta values (abbreviated as MZVs) in kg,
where k is the rational function field IF;(0) over a finite field IF; and ke is the completion
of k at co, which is the zero divisor of 1/6. Let A, be the monic polynomials in A. For
any r-tuple s = (sy,...,s,) € IN, the multizeta value at s is defined by the series

Ca(s) =) !

asl N asV
1 r
where the sum is over (ay,...,a,) € A’, with deg, a; strictly decreasing. Note that {4 (s)
is non-vanishing by the work of Thakur [Toga].

These MZVs are generalizations of the Carlitz zeta values at positive integers [Ca35],
and they occur as periods of mixed Carlitz-Tate motives (explicitly constructed) by the
work of Anderson-Thakur [ATog]. Notice that the weight one MZV is just the Carlitz
zeta value at 1, which exists in this non-archimedean field setting. Note further that
Thakur [T10] showed that a product of two multizeta values of weight w; and w, can be
expressed as an [F,-linear combination of MZVs of weight w; + w> (see [LR11] for the
explicit expressions).

Our main result in this paper is to prove a precise function field analogue of Conjec-
ture 1.1.1 (stated as Theorem 2.2.1). That is, the k-algebra generated by all MZVs forms a
graded algebra (graded by weights) and it is defined over k. As consequences, one has:

€ keo,

e Each nontrivial monomial of MZVs is transcendental over k.
e The ratio of two different weight nontrivial monomials of MZVs is transcendental
over k.

The results above generalize the work of Yu [Yu91, Yugy] for the depth one case, and the
work of Thakur [Togb] on the transcendence of some specific MZVs. We further derive
the following consequences stated as Theorem 2.3.2 and Corollary 2.3.3:

e Let Z; and Z; be two MZVs of the same weight. Then either Z;/Z; € k or Z; and
Z, are algebraically independent over k.

o Let Z be a MZV of weight w. Then either Z/7% is in k or Z is algebraically
independent from 7.

Here 7t is a fundamental period of the Carlitz module, which plays the analogous role
of 2711/—1 for the multiplicative group G,,. The last property listed above is called Euler
dichotomy phenomenon (see § 2.3). In particular, every multizeta value of “odd "weight
w (i.e., (¢ — 1) { w) is algebraically independent from 7.

The main goal of transcendence theory for MZVs is to determine all the k-algebraic
relations among the MZVs. However, in contrast to the classical case, a nice description
of the full set of identities satistied by MZVs is not known yet (see [ATog, T10]). As
all k-algebraic relations among the MZVs are k-linear relations among the monomials
of MZVs, Theorem 2.2.1 has shown that all k-algebraic relations are coming from the
k-linear relations among the same weight monomials of MZVs. However, there still
remains the key problem of finding all the k-linear relations among the same weight
monomials of MZVs. Note that the base field k plays the analogue of Q, but unlike
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the classical case the prime field in our setting is IF), the fixed field of the Frobenius
p-th power operator. However, more IF-linear relations among MZVs are understood in
[T10].

1.3. Multiple polylogarithms. Classical multiple polylogarithms with several variables
are generalizations of polylogarithms and their specializations at (1,...,1) give the
MZVs. This phenomenon becomes delicate in the function field setting. In [ATogo],
Anderson-Thakur established that Carlitz zeta value at n € IN (ie., the multizeta value of
weight n and depth one) can be expressed as a k-linear combination of the n-th Carlitz
polylogarithm at integral points.

In this article, we define the Carlitz multiple polylogarithms (abbreviated as CMPLs),
and extend the work of Anderson-Thakur to multizeta values. Precisely, using some
results of [ATgo, ATog] we show that each MZV is expressed explicitly as a k-linear
combination of CMPLs at integral points (cf. Theorem 5.5.2).

From the definition, one sees that these CMPLs satisfy the stuffle relations (cf. §§ 5.2).
Since MZVs are k-linear combinations of CMPLs at integral points, to prove the analogue
of Conjecture 1.1.1 we prove that the k-algebra generated by CMPLs at algebraic points
forms a graded algebra and it is defined over k. This result is addressed as Theorem 5.4.3,
which implies Theorem 2.2.1. As consequences, one further has:

e Each nontrivial monomial of CMPLs at algebraic points is transcendental over k.

e The ratio of two different weight nontrivial monomials of CMPLs at algebraic
points is transcendental over k.

o Let Z; and Z, be two nonzero values which are CMPLs at algebraic points. If
Z1 and Z, are of the same weight, then either Z;/Z; € k or Z; and Z; are alge-
braically independent over k.

Note that as Theorem 5.4.3 implies that all the k-polynomial relations among the CM-
PLs at algebraic points are homogenous over k, it is natural to ask how to describe the
k-linear relations among the same weight monomials and we wish to tackle this prob-
lem in the future. Figuring out the problem above would be helpful to understand the
relations among MZVs.

We note that Theorem 5.4.3 reveals an interesting phenomenon, which occurred pre-
viously in the celebrated theorem of Baker asserting that Q-linear independence of
logarithms of algebraic numbers implies the Q-linear independence. This important
theorem has been generalized to the contexts of abelian logarithms by Wiistholz (cf.
[Wiis8ga, Wiis8gb, BWo7]) and also a function field analogue of Wiistholz theory is de-
veloped by Yu [Yugy].

1.4. Outline and some remarks. In § 2, we fix our notation and state our result on
multizeta values. Based on the work of [ATog], one is able to create Frobenius difference
equations for which the specialization of the solution functions gives the desired MZV.
We observe that the case of nonzero values as CMPLs at algebraic points shares the
same property as above. Hence we shall say that such values have the MZ property (see
Definition 3.4.1).

In § 3, we state a general linear independence result for the nonzero values having the
MZ property, which is stated as Theorem 3.4.5. We give a proof of Theorem 3.4.5 in § 4,
and then show in § 5 that the nonzero values as CMPLs at algebraic points have the MZ
property, and hence appeal to Theorem 3.4.5 showing Theorem 5.4.3.
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We mention that the tools of proving algebraic independence using t-motives intro-
duced by Anderson [A86] come from Papanikolas [Po8], which can be regarded as a
function field analogue of Grothendieck’s periods conjecture. Using these tools, one has
the algebraic independence results on Carlitz zeta values [CYoy], Drinfeld logarithms
at algebraic points [CP12] etc. Although one is able to construct suitable t-motives so
that the given multizeta values or nonzero values as CMPLs at algebraic points occur
as periods of the t-motives (cf. [ATog]), to obtain the more comprehensive algebraic
independence results on multizeta values or CMPLs at algebraic points via Papaniko-
las” theory one has to compute the dimension of the relevant t-motivic Galois group.
However, the dimension of such t-motivic Galois group relies on the information of the
periods of the t-motive, which is closely related to the description of the rich identities
that multizeta values or CMPLs at algebraic points satisfy. Hence it would be difficult to
compute the dimension of the Galois group in question at this moment.

The overall strategy of showing Theorem 3.4.5 is to use the criterion established by
Anderson-Brownawell-Papanikolas [ABPo4] (abbreviated as ABP-criterion). We apply
the ABP-criterion to lift the given k-linear relations among the special values in question
to the k[t]-linear relations among the solution functions. Then we analyze the coefficients
(functions) as well as the solution functions to show the desired result. Finally, we
emphasize that in this setting using the ABP-criterion opens a door towards the general
linear independence results in question, and it enables one to avoid some difficulties
occurring in the computation of the relevant Galois groups via Papanikolas” theory.

Acknowledgements. I am grateful to M. Papanikolas, D. Thakur and J. Yu for their care-
tul reading and many helpful comments, and to P. Deligne for pointing out an incorrect
description in an earlier version of this paper. I further thank F. Brown, D. Brownawell,
Y. Taguchi and ]. Zhao for many helpful conversations. Most results of this paper were
worked out when I visited Hong Kong University of Science and Technology and IHES.
I thank them for their hospitality and M.-S. Xiong for his kind invitation to visit HUST.
Finally, I am grateful to the referee for providing many helpful comments, which greatly
improve this paper. This article is dedicated to the memory of my father.

2. MAIN RESULT FOR MULTIZETA VALUES

2.1. Notation. In this paper, we adopt the following notation.

I, = the finite field with g elements, for 4 a power of a prime number p.
0,t = independent variables.

A = IF,[6], the polynomial ring in the variable 6 over FF,.

Ay = set of monic polynomials in A.

k IF;(0), the fraction field of A.
koo = TF,((1/8)), the completion of k with respect to the place at infinity.

keo = a fixed algebraic closure of keo.

k = the algebraic closure of k in ke.

Cwo = the completion of ke with respect to the canonical extension of co.
|-l = a fixed absolute value for the completed field Co so that [0]c = 4.
deg = function assigning to x € ke its degree in 6.

Co[t] = ring of formal power series in t over Ce.

T = ring of power series in Cq[[f] that are convergent on the closed unit
disc, the Tate algebra over Ce.



LINEAR INDEPENDENCE OF MONOMIALS OF MULTIZETA VALUES 5

IN = set of positive integers.

2.2. Multizeta values. Given any s € IN and nonnegative integer d, we define the power
sum:

1
Sd(S) = Z E
a EA+
dega =d

In analogy with the classical multiple zeta values, Thakur [To4] studied the following
multizeta values (which we abbreviate as MZVs): for any r-tuple (s1,...,s,) € IN/,

1

- € ke
ail...af] ’

Ca(s1,...,8r) = 2 Sd1(51)~~~5d7(sr) :Z

dy>-->d; >0

where the second sum is over (ay,...,a,) € A’ with dega; strictly decreasing. We call
this MZV having depth r and weight };_; s;. In the case of r = 1, the values above are the
Carlitz zeta values at positive integers. Note that each MZV is nonzero by the work of
Thakur [Toga]. Note further that there is no natural order on polynomials in contrast to
integers, so unlike the classical case, it is not immediately clear that the span of MZVs is
an algebra, but this together with period interpretation was conjectured and then proved
in [Togb, ATog, T10].

Let Zy,...,Z, be MZVs of weights wy, ..., w, respectively. For nonnegative integers
my, ..., my, not all zero, we define the (total) weight of the monomial ZI” V... ZM" to be

n
Z m;w;.
i=1

Let Z, (resp. Z,) be the k-vector space (resp. k-vector space) spanned by weight w

MZVs, and let Z (resp. Z) be the k-algebra (resp. k-algebra) generated by all MZVs.
Note that by [Togb] we have Z,Z,, C Z,,,s. The following result is an analogue of
Conjecture 1.1.1, and its proof is given in § 5.5.3.

Theorem 2.2.1. Let wy, ..., wy be { distinct positive integers. Let V; be a finite set consisting
of some monomials of multizeta values of total weight w; for i = 1,...,¢. If V; is a linearly
independent set over k, then the set

V4
{13 v
=1

is linearly independent over k. In particular, we have

(1) Z forms a graded algebra, i.e., Z = k ®yeN 2w ~
(2) Z is defined over k in the sense that the canonical map k @y Z — Z is bijective.

Corollary 2.2.2. Each nontrivial monomial of multizeta values is transcendental over k.

Corollary 2.2.3. The ratio of two different weight nontrivial monomials of multizeta values is
transcendental over k.
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2.3. Euler dichotomy. Let 7 be a fundamental period of the Carlitz module defined in
(3.1.3). In analogy with Euler’s formula for the classical Riemann zeta function at even
positive integers, Carlitz [Ca35] showed that for a positive integer n divisible by g — 1
one has

(2.3.1) Ca(n) = catt”,

where ¢, is in k* and can be expressed in terms of Bernoulli-Carlitz numbers and Carlitz
factorials (cf. [Gossg96, Tog]). We shall call a positive integer n “even” if (g —1)|n;
otherwise it is called “odd”. Therefore, we shall call a weight w multizeta value Z
Eulerian if the ratio Z /7" is in k. Using Theorem 2.2.1 we have following result.

Theorem 2.3.2. Let Zy, Zp be two multizeta values of the same weight w. Then either the ratio
Z1/Zy is in k or Zy and Zy are algebraically independent over k.

Proof. Suppose that Z;/Z, ¢ k. Thus, by Theorem 2.2.1 the ratio Z;/Z; is transcendental
over k. If Z; and Z; are algebraically dependent over k, then by Theorem 2.2.1 there exists
a homogenous polynomial F(X,Y) € k[X,Y] of positive degree so that F(Z;,Z;) = 0.
Let d be the total degree of F. Then dividing the equation F(Z1,Z2) = 0 by Z§ we see
that the ratio Z; /Z, satisfies a nontrivial polynomial over k, whence a contradiction. []

Let Z be a MZV of weight w. If the ratio Z/7“ is algebraic over k, then by Corol-
lary 5.5.5 we have the descent property of Z/7%”, and hence we derive the following
Euler dichotomy phenomenon from Theorem 2.3.2.

Corollary 2.3.3. Every multizeta value is either Eulerian or is algebraically independent from
7t. In particular, every multizeta value of “odd "weight w is algebraically independent from 7t.

Proof. Let Z be a multizeta value of weight w and suppose that Z/7“ ¢ k. Thus by
Corollary 5.5.5 we have Z/7% ¢ k. It follows from (2.3.1) that Z971 /{4 (w(qg — 1)) ¢ k.
So Theorem 2.3.2 implies the algebraic independence of Z7~1 and {4 (w(q — 1)) over k,
whence the algebraic independence of Z and 7 (because of (2.3.1)), which implies the
algebraic independence of Z and 7.

To show the second assertion, we need to only consider g > 2 since all positive integers
are “even” in the case of 4 = 2. For g > 2 one observes that from the definition (3.1.3)
we have 7T¥ ¢ ke if w is not a multiple of g — 1. Since every MZV is in ke, every MZV
of “odd” weight is not Eulerian and so the assertion follows from the previous one. []

Remark 2.3.4. Thakur [To4, Thm. 5.10.12] first observed that {4(2,1) or {4(1,2) is not
Eulerian in the case of 4 = 2 (note that MZVs and 7 belong to ke in this case), and
hence one of them is algebraically independent from Carlitz zeta values when g = 2. In
other words, there is an MZV which is algebraically independent from all Carlitz zeta
values. This gives a positive answer of the analogous question in [Andréog, p. 231].

3. LINEAR INDEPENDENCE OF SPECIAL VALUES OCCURRING FROM DIFFERENCE EQUATIONS

In this section, the main goal is to establish a linear independence result of certain spe-
cial values occurring from difference equations which is applied to prove Theorem 2.2.1.

3.1. Twisting operators. For any integer n, we define the n-fold twisting on the field of
Laurent series C((£)):

Co((®) —  Cwl®)
f= Yt — f(”) = Za? t.
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We note that
(3.1.1) {F ekt f7 = f} = Fy(0).

Note further that the n-fold twisting is extended to act on Matyx»(Coo((t))) entrywise.
Throughout this paper, we fix a (g — 1)-th root of —6 and denote it by 6. The function

Q(t) = é_qﬁ (1 _ Qiq)

has a power series expansion in t, and is entire on Co, and satisfies the following differ-
ence equation:

(3.1.2) QD) = (- 0)Q(t).
Moreover, the following value

.1
(3.1.3) = 10

is a fundamental period of the Carlitz module (cf. [AT9o, ABPo4]).

3.2. Anderson-Brownawell-Papanikolas criterion. We define £ to be the ring consisting
of formal power series

Y ant" € k[t]
n=0

such that

lim \/|an|ec = 0, [koo (a0, a1,a2,...) : ko] < 0.
n—00

Then any f in £ has an infinite radius of convergence with respect to | - | and has the
property that f(a) € ke for any & € ke. Any function in £ is called an entire function
and one observes that () € £.

To state and show the main result of this section, we shall review the ABP-criterion
(for abbreviation, ABP stands for Anderson-Brownawell-Papanikolas).

Theorem 3.2.1. (Anderson-Brownawell-Papanikolas, [ABPo4, Thm. 3.1.1]) Fix a matrix
® € Maty(k[t]) so that det® = c(t — 0)° for some ¢ € k* and some nonnegative integer s.
Suppose that there exists a vector P € Maty.1(E) satisfying

il =y,

Then for each row vector p € Maty,y(k) such that pp(0) = 0, there exists a vector P €

Maty o (k[t]) such that
P(0) = p and Py = 0.

The spirit of the ABP-criterion is that every k-linear relation among the entries of ¢(6)
can be lifted to a k[t]-linear relation among the entries of ¢.

Remark 3.2.2. In [Cog], a refined version of the ABP-criterion which relaxes the condition
of @ and the specialization of ¢ at more algebraic points is given. But here the ABP-
criterion is sufficient for our proof.
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3.3. Some notation. Considering square matrices M; € Mat,, (Co[t]]) fori = 1,...,%,
we define &/, M; to be the block diagonal matrix

M

My

For column vectors vy, ..., vy, with entries in C[t], we define & i ,v; to be the column
vector

(v, .. .,v’,‘fq)tr.
3.4. A linear independence result.

Definition 3.4.1. A nonzero element Z € keo s said to have the MZ (Multizeta) property with
weight w if there exists ® € Maty(k[t]) and ¢ € Maty,1(E) with d > 2 so that

(1) p(=1) = &y and ® satisfies the conditions of the ABP-criterion;
(2) The last column of ® is of the form (0,...,1)"™ (whose entries are zero except the last

entry being 1);
(3) 9(0) is of the form (with specific first and last entries):
1/7®
p(6) = :
cZ /7"

for some c € k™ ;
(4) for any positive integer N, p(67" ) is of the form:
0
N .
oty =|
(cZ /7)1
(whose entries are zero except the last entry).

Remark 3.4.2. We will see from Theorem 3.4.5 that any nonzero Z having the MZ property
has a unique weight.

Remark 3.4.3. In §§ 5.1 we introduce the Carlitz multiple polylogarithm Lis associated
to each r-tuple s = (s1,...,5,) € IN’, and show in Proposition 5.4.1 that any nonzero
value as Li; at an algebraic point satisfies the MZ property with weight s; 4 - - - +s,. We
mention that in this situation the d of Definition 3.4.1 is r + 1.

Proposition 3.4.4. Let Z,,...,Z, be nonzero values in keo having the MZ property with
weights wy, . . ., wy respectively. For nonnegative integers my, . .., my, not all zero, the monomial

Z’lnl A
has the MZ property with weight Y1 | m;w;.
Proof. We consider the Kronecker product:

ORES @i@m1®~~~®®,§m” andwzzlpi@ml@---@q)ffm”.
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Then one has ¥(~1) = ®y. Since each triple (®;,y;, Z;) satisfies (1) — (4) of Defini-
tion 3.4.1, one sees that the triple (®,y, Z{" - - - Z;") satisfies the conditions of Defini-

tion 3.4.1 and hence Z{"' - - - Z;"" has the MZ property with weight Y/ | m;w;.
O

The main result in this section is stated as follows, and its proof occupies the next
section.

Theorem 3.4.5. Let wy, ..., w, be £ distinct positive integers. Let V; be a finite set of values in

keo having the MZ-property with weight w;, and suppose that V; is a linearly independent set
over k fori =1,...,¢. Then the union

l
U v
i=1
is a linearly independent set over k.

4. PROOF OF THEOREM 3.4.5 AND A DESCENT PROPERTY

In this section, we give a proof of Theorem 3.4.5. Let notation and assumptions be
given in Theorem 3.4.5. Without loss of generality, we may assume that w; > --- > w.
Suppose on the contrary that the set

¢
UV
i=1

is linearly dependent over k. By induction on the weight, we may further assume that
there are nontrivial k-linear relations connecting V; and {1} U, V;. Under such hy-
potheses, we complete the proof in the following two steps.

Step I : We show that V; is a linearly dependent set over k;
Step II : We show that V; is a linearly dependent set over k, whence a contradiction.

4.1. Proof of Step I. In this step, our goal is to show that V; is a linearly dependent set

over k. Let V; consist of {Zj, ..., Ziy, } of the same weight w; fori = 1,...,¢. For 1 <

i < {, since Z;; has the MZ property there exists ®;; € Maty, (k[t]) and ¢;; € Maty, 1 ()

(with d;; > 2) satisfying Definition 3.4.1 (corresponding to the Z;;) for j =1,...,m;.
Define the block diagonal matrix

q~) = @le (@;n:ll(t — 9)w1_wid>ij>

and the column vector

Pi= @i, <@7;1le_wi‘/’ij) '
Then one has (1) = &¢. From Definition 3.4.1, it follows that $(8) is of the form:
1/ 1/
$(6) = @, : B, | O

: j=1 :
(cl]-le/ﬁwl) Ci]'Zi]'/f[wl
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Note that since wy; > w; for 2 < i < ¢ and Q(t) has simple zero at t = 07" for N N,
for any positive integer N we see that 1,5(9‘7N) is of the form

0 0

(4.1.1) ~(QqN) =M : ot Y :
4. . 17b ]:1 0 =2 ]:1 O
(c1Zaj/ )T 0

Since by assumption {1} U{_; {Zi1, ..., Zin, } is linearly dependent over k, there exists
a nonzero vector p for which p(6) = 0. We write

0= (V11,...,Vlml,...,Vgl,...,ngz) ,

where vij € Mat1xdij(k) for1 <j<m; 1 <i</ Since we assume that there are non-
trivial k-linear relations connecting V; and {1} Ufzz Vi, the last entry of vy, is nonzero

for some 1 < s < mjy. _
By Theorem 3.2.1 for each 1 < i < { there exists f;; € Maty g, (k[t]) (for j =1,...,m;)

so that F:= (f11,..., fimy, ..., f1,. .., £, satisfies
Fip = 0 and F(6) = p.

Since by hypothesis the last entry of vis is nonzero, the last entry of f;; is a nontrivial
polynomial. We pick an integer N sufficiently large for which the last entry of fi is
non-vanishing at t = 69" Specializing the equation Fip = 0 at t = 67" and using (4.1.1)
gives rise to a nontrivial k-linear relation among

Since our field is of characteristic p, by taking the gN-th root from the k-linear relation
above we obtain a nontrivial k-linear relation among the weight w; values {Zn, VAT },
as claimed.

4.2. Proof of Step II. In this step, our goal is to show that V; is a linearly dependent
set over k, whence a contradiction and thus we complete the proof of Theorem 3.4.5.
According to Step I above, we have shown that V; is linearly dependent over k. Without
confusion with the notation of double index in Step I, for simplicity we write V; =
{Z4,...,Zy}, and without loss of generality we may assume that m > 2 and

dimg k-Span {V;} = m — 1.

Again for simplicity and without confusion with the double index above, we let ®; €
Mat,, (k[t]) and y; € Maty;1(€) (with d; > 2) be associated to the value Z; having the
MZ property with weight w; forj =1,...,m.

Define the block diagonal matrix

and define the column vector
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Notice that

1/ﬁ.wl
(4.2.1) P(0) = &L, :
C]'Z]'/f(w1
for some ¢; € k*, and for N € N we have
0
N .
(422) p(er) = o :
(cjZj/ )T

Without loss of generality, we may assume that Z; € k-Span{Z,...,Z,}, and so by
hypothesis {Zy,...,Z;} is linearly independent over k. By the ABP-criterion (Theo-

rem 3.2.1) there exists vectors f; = (fjl, . -/fjdj) € Matlxdj(k[t]) forj=1,...,m so that
if we put F := (fy,...,£,) then we have
(4.2.3) Fp =0, fi4,(0) =1 and fy(0) =0forall 1 < h < d;.

For convenience we shall refer “(i j)-component of F”to the entry f;; with double index

ij.
We divide the vector F by f; , and write G := #F. Letd := 2;71:1 d;. Note that the
1

vector G is of the form

G = (gll, .. .,1, e 8mls - - - ,gmdm) € Matlxd(k(t))/
where 1 is corresponding to the (1, d;)-component of G, and we have
(4.2.4) Gy =0and gj,(0) =0forall1 <h <dj.

We use the (—1)-fold twisting action on Gy = 0, and so obtain G(-D®yp = 0. Sub-
tracting this equation from Gy = 0 we obtain that

(4.2.5) <G . G<—1>q>) p = 0.

Note that the last column of each matrix ®; is (0,...,0,1)", and hence the (1,d)-
component of G — G(’1)<1_> is zero since the (1,d1)-component of the vector G is 1. We
further note that the (1,Y.]_, d;)-entry of G — G(~1® is equal to

-1 .
8id; —g](dj )for] =2,...,m.

; (=1 _ -
We claim that gjs, — 8 = Oforj=2,...,m.
To prove the claim above, suppose on the contrary that there exists some 2 < j < m

for which g;4 — g](;l) is nonzero. We pick an N € IN sufficiently large for which all
]

entries of (G — G(’l)q)) are regular at t = 67", and 8jd; — g](l;jl) is non-vanishing at
t =00 Specializing (4.2.5) at t = 4" and using (4.2.2) we obtain a nontrivial k-linear

N N
relations among Z7 , ..., Z], because the (1,d;)-component of G — G(~1® is zero. By
taking a qN -th root we obtain a nontrivial k-linear relation among Zy, ..., Zy,, whence a
contradiction since we assume that 7y, ..., Z,, are linearly independent over k.



12 CHIEH-YU CHANG

Thus by (3.1.1) we have that gj;, € IFy(t) for j = 2,...,m. Note that each entry of G

is regular at t = 0. By specializing the equation G¢ = 0 at t = 6 and using (4.2.1) and
(4.2.4), we obtain a nontrivial k-linear relation among Z1, ..., Z;,. This contradicts to our
assumption, and hence we finish the proof.

4.3. A descent property. To obtain the Eulerian dichotomy phenomenon (cf. Corol-
lary 2.3.3) we need to establish the following descent property.

Proposition 4.3.1. Let Zy,...,Z, be nonzero values in keo having the MZ property with the

same weight w. If &%, Z4,. .., Zy are linearly dependent over k, then they are linearly dependent
over k.

Proof. Without loss of generality we may assume that Zy, ..., Z, are linearly independent
over k. Let ®; € Maty (k[t]) and ¢; € Maty 1(€) be given in Definition 3.4.1 associated
toZjfori=1,...,n. Letm =1+Y" ,d; and define

@ := (1) @, ®; € Maty, (k[t]) and ¢ := (1) B, ¢; € Mat,1(E).
Then we see that (»(~1) = ®y and (®, ) satisfies the conditions of Theorem 3.2.1.

Let bA" + Y ,a;Z; = 0 for some b,ay,...,a, € k with b # 0 and a, # 0. For
each 1 < i < n, the last coordinate of y;(6) is given by ¢;Z;/ ¥ for some c; € k*.
By Definition 3.4.1 (3) and Theorem 3.2.1 there exist f € k[t] and f; = (fi1,..., fis.) €
Mat; 4. (k[t]) so that for each 1 <i <n,

f(@) = b,fidi(f)) = ai/ci and f1](6) =0 fOI‘j = 1,. . .,di — 1,

and Py = 0, where P := (f,f1,...,£,) € Maty «p,, (k[t]). ~
Let ¢ = fy,4, be the last entry of the row vector of f, € Mat; 4, (k[t]) and put P := éP.

We note that f(#) # 0 and g(6) # 0 and that the last entry of P is 1. Using the (—1)-

twisting operation on the equation Py = 0 and then subtracting it from Py = 0 we
obtain that

(4.3.2) <I3 — 13(*1)<I>> P =0.

Note that the last entry of P — P(-1® is zero because of Definition 3.4.1 (2). Now
we pick a sufficiently large integer N so the all the entries of P are regular at t =
o By using Definition 3.4.1 (4) and specializing (4.3.2) at t = 01" we derive a k-
linear relation between ﬁqu, Z;’N, e, Zzlil, whence obtaining a k-linear relation among
7%, 7Z1,...,Z,_1 after taking the gN-th root of the equation. From the hypothesis on
the k-linear independence of 7%, Z,...,Z,_1 the coefficients of the k-linear equation
obtained above have to be zero, particularly fori =1,...,n -1,

(F78 = (£/9)7V) (07) = (fua/ g — (/) ™) (67") = 0 for N> 0.

It follows from (3.1.1) that f/g, fis.,/g € Fy(t) fori = 1,...,n — 1. By specializing the

equation Py = 0 at t = 6 we obtain the desired result.
O
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5. LINEAR INDEPENDENCE OF MONOMIALS OF CARLITZ MULTIPLE POLYLOGARITHMS

In [AT9o0], Anderson and Thakur showed that the Carlitz zeta value at n € IN can be
expressed as a k-linear combination of the n-th Carlitz polylogarithm at integral points in
A (cf. [AT9o, §§ 3.9]). In this section, we first define the Carlitz multiple polylogarithms
(abbreviated as CMPLs) and extend the work of Anderson-Thakur to multizeta values.
We then show that the nonzero values which are CMPLs at algebraic points satisfy the
MZ property and hence using Theorem 3.4.5 we derive Theorem 5.4.3.

5.1. Carlitz multiple polylogarithms. We define £y := 1 and £; := §:1(9 - Oqj) for
i € N. For n € N, the n-th Carlitz polylogarithm is defined by

) Zqi
log,(z) =) Yok
i=0 i

(Note that in [AT9o, Gossg6] it is called the n-th Carlitz multilogarithm). It converges on
the disc {z € Coo; |2|eo < qﬂfql}

Definition 5.1.1. Given any s = (s1,...,s,) € IN', we define its associated Carlitz multiple
polylogarithm as the following:

gr 7

71 ...z

. o 1 r
ng(Zl,...,Zr) = E W
i1>->0,>0 ~ip T~

Note that for any nonnegative integer i and positive integer n, we have

nq(q'~1)

|Li oo =g 71

So the absolute value of the general term in the series Lig(z1, . .., z;) is given by

(512 g7 Ty (0TI 2/ (09T
Definition 5.1.3. Given s = (sq,...,s,) € IN", we denote by
D; := {u = (uy,...,u) € C,|Lis(u) converges },
the convergence domain of Lis. Note that by non-archimedean analysis Dy is described as

qs i Sr ir
D, = {(ul,...,ur) € (Iif,c,||ul/(97*11)|zo1 |ur/(9ﬂ%)|zo —0as0<i, <--- <ip — oo}.
Remark 5.1.4. It might be complicated to explicitly describe D, in terms of sy, ...,s,, but
by (5.1.2) it is clear that Lis; converges on this smaller polydisc:

Siq
D, := {(ul,...,ur) € Cl; Uil < g7t forizl,...,r}.

Remark 5.1.5. For any u = (uq,...,u,) € D, N (CZ)", using (5.1.2) the general term has
a unique maximal absolute value when (iy,...,i,) = (r —1,...,0). It follows that Lis(u)
is non-vanishing. But the author does not know whether or not Lis(u) is non-vanishing
for any u in the convergence domain D,.
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5.2. Stuffle relations. Note that since the indexes of the series Li, are in the total ordered
set Z>, the classical stuffle relations for multiple polylogarithms work here, whence
deducing some natural algebraic relations among the CMPLs at algebraic points (in
D, N (k*)"). We explain more details as the following.

Given s = (s1,...,s;) € N'and ¢’ = (s,...,s),) € IN”, fix a positive integer " with
max {r,'} < 1" <r+7r'. We consider a pair consisting of two vectors v,v' € Z", which
are required to satisfy v+ v/ € N’" and which are obtained from the following ways.
One vector v is obtained from s by inserting ("' — r) zeros in all possible ways (including
in front and at end), and another vector v’ is obtained from s’ by inserting (" —r’) zeros
in all possible ways (including in front and at end).

One observes from the definition of the series that the CMPLs satisfy the stuffle rela-
tions which are analogous to the classical case (cf. [Woz]):

(5.2.1) Lis(z)Lig(z') = ) Liyiv(2”),

(v,v')

where the pair (v,v’) runs over all the possible expressions as above for all "/ with
max {r,'} <" <r+7. Foreach such v+ v € N, the component z/ of 2 is z; if the
ith component of v is s; and the ith component of v’ is 0, it is zj if the ith component of
v is 0 and the ith component of v’ is s, and finally it is z;z} if the ith component of v is
sj and the ith component of v’ is s;.

For example, for r = ' = 1 (5.2.1) yields

Lis(z)Lig (') = Lifg¢y(2,2) + Li(g 5 (2, 2) + Liggg(22").
Forr = 1,7 = 2, one has
Lis(z )Ll( / /)(zl,zz) = Lifg s )(z zy,25) + Li(g 55 )(zl,z z5) + Li(g s1.6) (21,25,2)

+L1(s+sl,sz) (ZZl, 22) + L‘l(sl,ﬁ—s2 (le ZZZ)

5.3. Special series and formulas. Given a polynomial Q := Y, a;t' € k[t], we define
|Qllc := max; {|aj|w}. In what follows, we consider some specific series which are
generalizations of the series associated to MZVs studied in [ATog, §§ 2.5].

Lemma 5.3.1. Given a d-tuple s = (s1,...,5;) € N9, let Q := (Q1,...,Qq) € k[t] satisfy
thatas 0 < iy < --- <ip — 00,

(1101 le /167016 ) -

We define the following series

Loa(t) == Tipsonigo (4Q) W - (@1Q) ™
(532) = O g QU000
! = ((t—é)’?)...(t—e’?ld)> ...((t—eq)...(t—eq’l))

g

954 g4
(n Qu [l /16 1>|oo) S0

51

associated to the two d-tuples s and Q. Then Lg  is an entire function.
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Proof. Note that

10444 (1) Q" (1)

” <(t_9q)'“(t_9qid ))bd-.. ((t—eq)...(t—mil ))Sl oo

4 (speetsy) q51 g1 asq. qfd
— g (101l 10 D10) "+ (11 Qu e 71671 ) "

So the hypothesis of Q implies that the series L o (t) is in T. We claim that we can create

a matrix ® € Mat,_(k[t]) and solve the system of difference equations (-1 = ®y for
¥ € Mat(g41)x1(Coo[t]) so that

e det®|;—o # 0 and all the entries of ¢ are in the Tate algebra T.
e The last coordinate of ¥ is L, o.

Note that the first property enables us to apply [ABPog, Prop. 3.1.1]. It follows that all
the entries are actually in &, and so is Ly o by the second property above.
To prove the claim above, we define

(5.3:3)
(t — Q)51 s 0 0 e 0
Qg_l)(t _ 6)51+"'+Sd (t _ 9)52+"'+Sd 0 . 0
O = 0 QI (2t | € Maty,a (K[H),
: (t— )5 0
0 e 0 Qp(lil) (t _ e)sd 1
and define the diagonal matrix
QS1++5g
QSZ+"'+5d
(QXL
1

For each 1 < j < d, we consider the two j-tuples (s, ...,s;) and (Q1,...,Qj) and define
L1 to be the series (5.3.2) associated to these two tuples. Then we put

1
Ly
L:= . i~ Mat(d+1)><1(T).
Li

and
(5.3-4) i := AL € Mat (1), (T).
Using the functional equation Q(~1) = (¢ — §)Q) we see that ® and ¢ satisfy the desired
claim (cf. [AToog, §§ 2.5]). L]

The following lemma is the key formula so that Theorem 3.4.5 applies to CMPLs at
algebraic points.
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Lemma 5.3.5. Given any r-tuple s = (s1,...,5,) € N, let u = (uy,...,u,) € DgN (Ex)r.
For each 1 < j < r, we let Li be the series defined in (5.3.2) associated to the two tuples
(s1,--.,8j) and (uy,...,u;). Then for each 1 < j < r, we have that

N

N . g 4ets: \ 1
L]'_H(Qq ) = (Ll(sl,u-/sj) (1/[1, ey Mj)/TL'SH_ +S]>
for any nonnegative integer N.

Proof. For the case N = 0, the result follows from the second expression of Lj,1 in
(5.3-2) and the definition of Li, )(ul,. .., uj). Now, let N be a positive integer. Fixing

— L<N

1 <j <r, we write Lj+1 P

+ L]H, where

L]<+1\1]( ) Z s 20 (Qsjlxl]‘) (1]') (Qslul)(il)
i]'<N

Lia(8) o= Lo omion (@) (@) ).
Now we express LN (t) as

Qs tsiy 1 u‘fl
[

S1°

LN(t) = Y. .

+1 i \Si ;

! Wiz, ((t—eq)...(t—ew))’...((t—eq)...(t—eql))
ij<N

We claim that L]<+Z\1] (QqN) = 0. To prove this claim, we first note that the order of

vanishing of Q°1"" "% at t = 07" is equal to s1 + - - - +5;. On the other hand, we observe
that each term in the expression of L<N 1(t) above may have pole at t = 67" of order at
most 51 + -+ - +5;_1 since i; < N. It follows that each term in the expression of L e N(t)
above has positive order of vanishing at t = 1" , whence the claim.

Therefore, we have that L4 (9‘7N) = L]>+I\1] (9‘7 ) (which we will see from the following
that the series L— 1 converges at t = 01" ). By definition, we express L 1 as

(N)
o= T (@) @u®)
i1>>1;>0
and hence
N N
, ) Li A(ug, o u)\ 1
N . - (81,008j) \ ALy oo e s 1
YO = T (@) @)™ | :< T ) :
1> 5020

O

5.4. Linear independence result. The following proposition establishes that a nonzero
value which is a specialization of CMPL at an algebraic point satisfies the MZ property.

Proposition 5.4.1. Given any r-tuple 5 = (s1,...,8:) € N", we let u = (uy,...,u,) €
N (k*)". If Lis(u) is nonzero, then Lis(u) has the MZ property with weight YF_; s;.
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Proof. Let Q := (uy,...,u,) and consider the series L; o (f) be defined as (5.3.2). Let ® be
defined as (5.3.3) and ¢ be defined as (5.3.4). Notice that by Lemma 5.3.1

Q1+ +sr
QSZ+"'+5rL2
Y= S Mat(r+1)><1(8)/
erLr
Lr—l—l

where L;, 1 is the series (5.3.2) associated to the two tuples (s1,-- .,sj) and (uq, .. .,u]-).
By the constructions of ® and ¥ the first two properties of Definition 3.4.1 are satisfied.

By Lemma 5.3.5 we see that the third property of Definition 3.4.1 is satisfied. Note that
Q has a simple zero at t = 67" for each N € N and so Lemma 5.3.5 implies that (6" )

satisfies the last property of Definition 3.4.1, whence completing the proof.
O

Definition 5.4.2. Given any r-tuple s = (s1,...,s,) € IN’, let Z be a nonzero value as a
specialization of Lis at some algebraic point in Dg N (Ex)r. We define the weight of Z to be
wt(Z) :=s1+ - +s;. Let Zy,...,Z, be nonzero values as specializations of some CMPLs at
algebraic points. We define the weight of the monomial Z" ... Zy" to be

n
Z miwt(Z;)
i=1

Let 9%, (resp. 9y,) be the k-vector space (resp. k-vector o1 space) spanned by the total
weight w monomials of CMPLs at algebraic points, and 01 (resp. M) be the k-algebra
(resp. k-algebra) generated by all CMPLs at algebraic points. Note that the stuffle rela-
tion (cf. § 5.2) implies that 90, My, C My, +w,. By applying Theorem 3.4.5 we obtain
the following result.

Theorem 5.4.3. Let wy, ..., wy be ¢ distinct positive integers. Let V; be a finite set consisting of
weight w; monomials of some nonzero values as specializations of Carlitz multiple polylogarithms
at algebraic points fori =1,..., 0. If V; is a linearly independent set over k, then

¢
{11 UJwv
i=1

is linearly independent over k. In particular, we have that

(1) M is a graded algebra, i.e., M = k Byen M. ~
(2) 90 is defined over k in the sense that the canonical map k @ M — 9 is bijective.

Proof. By Proposition 5.4.1 each nonzero value as a specialization of Carlitz multiple
polylogarithm at an algebraic point has the MZ property. It follows that by Proposi-
tion 3.4.4 each nontrivial monomial of such values has the MZ property. Therefore, the
result follows from Theorem 3.4.5. (l

5.5. Application to MZVs.
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5.5.1. Review of Anderson-Thakur theory. We put Dy := 1, and D, := [T/ (87 — 67) for
n € IN. For any nonnegative integer n, we define the Carlitz factorial

rn—i—l = HD:ZII
1

where ’

n=Y nq (0<n <gq—1)
is the base g expansion of n. The following theorem is the key ingredient to connect
MZVs with CMPLs.

Theorem 5.5.1. (Anderson-Thakur, [AT9o, 3.7.3, 3.7.4] and [ATo9, 2.4.1]) There exists a
sequence of polynomials H,(t) € A[t] (n =0,1,2,...) such that
@) gy _ LsSals)
(Hsma )7 (0) = ——5—
for all nonnegative integers d and s € IN. Moreover, when one regards H,, as a polynomial of 0
over IF,[t] then

nq
deg, H,, < q—l'

5.5.2. Connection between MZVs and CMPLs. The following result is a generalization of
Anderson-Thakur [AT9go, §§ 3.9].

Theorem 5.5.2. Given any r-tuple s = (s1,...,s,) € IN', we let H,(t) € Alt] be the polyno-
mials in Theorem 5.5.1. Let S be the set of points w = (uy,...,u,) € A" with u; running over
all coefficients of Hs;—1 € Alt] forall j = 1,...,r. Note that based on Theorem 5.5.1 any point
u of S belongs to IDs. For each u = (uy,...,u,) € S, let u; correspond to the coefficient of t" in
Hsj_l and put

,
ay =[] 0" = gmttm,
j=1

Then we have
1

ay Lis(u).
T, = s(u)

gA(SI/- . -/ST’) =

Proof. We first note that by Theorem 5.5.1 we have || H;;—1 [|eo< qqlfql forj=1,...,r. We
take

Q:= (Hs,—1,Hsy-1,...,Hs,—1) € A[t]
and so the series L; o(t) defined in (5.3.2) is an entire function by Lemma 5.3.1. By the
definition of L, 1 we have

HY (1) - HY, (1)

1
i1>---z>ir>0 ((t— 07) ... (t— eqff))‘”... ((t — 09y (t— eqfl))

So Theorem 5.5.1 implies that

Lyq(t) = QS ¥ (¢)

S1°

I, - TS,CA(SL ‘e /Sr)
(553) LT+1 (9) = — SISy :
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We write

ylir) (t) - ) ()
L " /Qsl+"'+57 F) = sp—1 : s1—1 ' _,
) W i1>~§ir>0 ((t—Gﬂ...(t—W’)) y...((t—@”i)...(t—e”ill))l

and so combining with (5.5.3) we have
(5.5.4)

Fsl A '].—‘srgA(S]_,. . .,Sr) -

.H(il) ()

s1—1
((6—09)...(0—07))"

Note that the RHS of (5.5.4) equals ) g 4y Lis(u). By dividing T, - - - T, on the both
sides of (5.5.4) we obtain the desired formula of {4(s1,...,S;). O

Hy', (0)
NG
2020 (0 69)... (6 - 647))

Corollary 5.5.5. Given any (sq,...,s,) € N, we have that if {a(sy,...,s;)/ 7T+ €k,
then CA(Sl, .. 'rsr)/ﬁ’51+'“+5r ck

Proof. Put w := s; + - -- + s,. By Theorem 5.5.2 {4(s1,...,5r) is a k-linear combination
of CMPLs at algebraic points of weight w. The result follows by Proposition 5.4.1 and
Proposition 4.3.1. U

5.5.3. Proof of Theorem 2.2.1. Now we give a proof of Theorem 2.2.1. By Theorem 5.5.2
we have Z,, C M, for each w € IN. So Theorem 2.2.1 follows from Theorem 5.4.3.

Remark 5.5.6. We mention that after the results of this paper were obtained in 2012,
recently Mishiba [M14] studied the MZVs of “odd”coordinates with certain restrictions
and proved some algebraic independence results using Papanikolas’ theory. We also
note that the series (5.3.2) with specific Q was first studied in [Po8, CYoy, ATog] and
later on was studied by Mishiba for Q as a vector of polynomial entries with certain
restriction on norms. However, in [M14] the entireness property of L, o is not studied.
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