TAYLOR COEFFICIENTS OF t-MOTIVIC MULTIPLE ZETA VALUES
AND EXPLICIT FORMULAE

CHIEH-YU CHANG, NATHAN GREEN, AND YOSHINORI MISHIBA

ABSTRACT. For each positive characteristic multiple zeta value (defined by Thakur [T04]),
the first and third authors in constructed a t-module such that a certain coordinate
of a logarithmic vector of a specified algebraic point is a rational multiple of that multiple
zeta value. The main result in this paper gives explicit formulae for all of the coordinates of
this logarithmic vector in terms of Taylor coefficients of ¢-motivic multiple zeta values and
t-motivic Carlitz multiple star polylogarithms.
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1. INTRODUCTION

1.1. Classical theory. The theory of generalized logarithms for commutative algebraic
groups defined over number fields at algebraic points has a long history. Many developments
came about because of the proposal of Hilbert’s famous seventh problem in 1900, which is
related to the linear independence of two logarithms at algebraic numbers over the field Q
of algebraic numbers. Gelfond and Schneider provided an affirmative answer to Hilbert’s
problem in the 1930’s, then Baker generalized this with his celebrated theorem on linear
forms in logarithms from the 1960’s. In the following years, the analogue of Baker’s theorem
for elliptic curves was successfully developed by Coates, Lang, Masser, Bertand. Lang was
the first to use the language of group varieties to interprate a reformulation of the Gelfond-
Schneider theorem and other classical results. For more details, see [BWQO7, W02]. One of
the most significant results and greatest breakthroughs in classical transcendence theory is
the following analytic subgroup theorem achieved by Wiistholz.

Theorem 1.1.1 (Wiistholz [W89]). Let G' be a commutative algebraic group defined over
Q, and let expg : Lie G(C) — G(C) be the exponential map when regarding G(C) as a Lie

group. Let u € LieG(C) satisfy expg(u) € G(Q), and let V,, C LieG(C) be the smallest
linear subspace that contains u and that is defined over Q. Then we have

Va = Lie H(C)
for some algebraic subgroup H of G defined over Q.

The spirit of the theorem above is to assert that the Q-linear relations among the coor-
dinates of the generalized logarithm u arise from the defining equations of Lie H. All the
results mentioned above are consequences of Wiistholz’s theory as they can be formulated
as questions concerning generalized logarithms defined in terms of suitable commutative al-
gebraic groups. So, attempting to relate certain special values which one desires to study to
the coordinates of generalized logarithms fitting into Wiistholz’s theory is a fruitful line of
study.

Classical real-valued multiple zeta values are generalizations of the special values of the
Riemann (-function at positive integers. They occur as periods of mixed Tate motives
and have many interesting connections between different research areas (see [An04, BGF18§|,
Zh16]). Tt is a natural question to ask whether one can relate any classical multiple zeta values
to certain coordinates of generalized logarithms fitting into Wiistholz’s analytic subgroup
theorem. The answer is still unknown. In the function fields case, we have a positive answer
of the analogous question above from [CMI17], which shows that any positive characteristic
multiple zeta value can be realized as a coordinate of the logarithm of a certain t-module at an
algebraic point. The purpose of this paper is to give explicit formulae for all the coordinates
of such a logarithmic vector in terms of Taylor coefficients of the t-motivic multiple zeta
value in question and ¢t-motivic Carlitz multiple star polylogarithms.

1.2. The main result. Let A :=F,[f] be the polynomial ring in the variable 6 over a finite
field F, with quotient field K = F (). Let K, be the completion of K with respect to the
normal absolute value | - |, associated to the infinite place oo, and let C,, be the oco-adic
completion of a fixed algebraic closure of K. Let K be the algebraic closure of K inside
Coo. Thakur [T04] defined positive characteristic multiple zeta values associated to A as
follows. For any r-tuple of positive integers s = (sy,...,s,) € N”, define

(1.2.1) Cals) =) % € Ky,

e .. ST
a/'f'
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where the sum is over all monic polynomials ay, ..., a, in A with the restriction deg,a; >
deggas > - -+ > degya,. The weight and the depth of the presentation (4(s) are defined by
wt(s) := Y., s; and dep(s) := r respectively. When r = 1, the special values above are
called Carlitz zeta values, due to Carlitz [Ca35], and they play the analogue of special values
of Riemann (-function at positive integers.

In the world of function fields in positive characteristic, the Carlitz module C defined in
Sec. plays the analogue of the multiplicative group G,, in the classical case, and the
Carlitz logarithm Logg is analogous to the classical logarithm. In [Ca35], Carlitz proved
the interesting and important identity (4(1) = Logg(1), whose classical counterpart does
not exist. Carlitz’s formula reveals the fact that positive characteristic zeta values have a
close connection with logarithms. Anderson and Thakur generalized this connection to all
Carlitz zeta values in [AT90], and gave a beautiful interpretation in terms of tensor powers
of the Carlitz module. More precisely, for each positive integer s they constructed a vector
Zs € Lie C®5(Cy), which is the Lie algebra of the s-th tensor power of the Carlitz module
(see Sec. for the definition), so that I'sC4(s) occurs as the last coordinate of Z; and so
that Z, is mapped to an integral point of C®* under the exponential map Expges. Here
I’y € A is the Carlitz factorial defined in ((5.1.1).

The first and third authors of this paper generalized Anderson-Thakur’s work to arbi-
trary depth MZV’s in [CM17], where the case of Eulerian MZV’s was previously established
in [C16]. In [CMI17], they showed that for any s = (s1,...,s,) € N" one can construct a uni-
formizable t-module G, and a vector Z; € Lie G5(Cy,) so that I'sC4(s) occurs as the wt(s)-th
coordinate of Z; and Z, is mapped to an integral point of G, under the exponential map
Expg,, where I'y := Iy, - - - T’ . This result, combined with Yu’s sub-t-module theorem [Yu97]
— which is the function field analogue of Wiistholz’s analytic subgroup theorem — is a key
ingredient in verifying a function field analogue of Furusho’s conjecture, which asserts that
the p-adic MZV’s satisfy the same linear relations that the corresponding real-valued MZV’s
satisfy. Thus, it is a natural and interesting question to ask what the other coordinates of
Zs are. The main result of this paper is to give explicit formulae for them.

Let t be a new variable. One core object in this paper is the t-motivic multiple zeta value
(1°(s) € C4[t] given in Definition Our motivation for the definition of (7*(s) €
Coo[t] comes from two perspectives. The first is from the point of view of periods. In [AT09],
for each index s € N” Anderson and Thakur construct a t-motive M, together with a system
of Frobenius difference equations oY = ®, U, so that [',Ca(s)/7"®) occurs as an entry of
the period matrix W,|,_y of M;, where ®, is a matrix of size r + 1 with entires in K[t], where
U, is an invertiable matrix of size r 4+ 1 with entries in C.[t], and where 7 is a fundamental
period of the Carlitz module C. Here the terminology of t-motive is in the sense of [P08]. The
value T';C4(s) /77 is the specialization at t = @ of a certain power series Qv . (%ot(5) €
Coo[t], which is an entry of W, (see [AT09, §2.5] for details). Papanikolas [P08] showed that
Zy, := Spec K (t)[W,, det U] is a torsor for the algebraic group 'y, X, (1) K (t), which arises
from the base change of the fundamental group of the Tannakian category generated by M,
the so-called t-motivic Galois group of M;. Since ('}°*(s) occurs in the affine coordinate ring
of Zy,, which we regard as a period torsor for I'y,, it can be viewed as a t-motivic period
(cf. [Brldl Def. 4.1]).

The second perspective is from the point of view of deformations. In [P08], Papanikolas
constructed a deformation series of the Carlitz logarithm, which he connected with periods of
certain t-motives. Let Ly := 1 and L; := (t —0%)--- (t—07) for i = 1,2,3,---. Papanikolas’s
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deformation series is defined by
) o0 uqz
Ly (t) = ; L € Coo[t]

for u € Co with |u|os < ¢7-1, and one has that Liy4(0) = Li1u(t)|t=9 = Loge(u). The first
author and Yu then extended £i, ,(t) to a deformation £i, ,(t) of n-th Carlitz polylogarithm
at u € Coo with || < ¢o-T in [CYQ7] in order to connect (4(n) to periods of certain ¢-
motives. This inspired us to use Anderson-Thakur polynomials (see Sec. to define the
t-motivic MZV’s ('7°*(s) in Definition as a deformation of function field multiple zeta
values (4(s). Indeed, from the interpolation formula of Anderson-Thakur [AT90, [AT(09], one
has that (7°%(s)|i=¢ = I'sCa(s). In [C14L[CMI7], the first and third authors give a formula that
expresses (4(s) as a linear combination of Carlitz multiple star polylogarithms (abbreviated
as CMSPL’s — see for the definition) generalizing the work of Anderson-Thakur for
Carlitz zeta values in [AT90]. In this paper, we define t-motivic CMSPL’s in that are
deformation series of CMSPL’s, and show that the identity for (4(s) mentioned above can
be deformed as an identity for (§°'(s) in Lemma [5.2.4 So our definition of (}°'(s) seems
quite appropriate from the t-motivic aspect.

In many number theory settings, Taylor coefficients of important functions have interest-
ing arithmetic interpretations. Two well known classical examples are the celebrated class
number formula and the Gross-Zagier formula. In the frame work of t-modules, such a phe-
nomenon first occurs in the paper of Anderson and Thakur [AT90]. There, they show that
for any positive integer s, the kernel of Expce. is a free A-module of rank one, and the first
s Taylor coefficients of the Anderson-Thakur function wy (see [AT90) Sec. 2.5]) give the co-
ordinates of the generator of Ker Expae. (see also [Mal8, Lem. 8.3]). A similar phenomenon
occurs for the more general Drinfeld A-modules in [G17a, Thm. 6.7].

This paper studies Taylor coefficients of the series expansion of (}°(s) at ¢t = 6, which are
given by hyperderivatives of ('7°*(s) evaluated at t = 6. For any r-tuple of positive integers
s = (81,...,5,), our main result stated in Theorem shows that the first wt(s) Taylor
coefficients of the series expansion of ('}°*(s) at ¢t = 6 give the first wt(s) coordinates of Z,
and that the other coordinates of Z; are given explicitly in terms of Taylor coefficients of
the expansion of t-motivic CMSPL’s at ¢ = 6. In particular, when r = 1 the coordinates of
Z are given by the first s Taylor coefficients of ('}°*(s) at ¢ = 6. We mention that in [Pp]
Papanikolas establishes a log-algebraicity theorem for C®* which is applied to derive an
explicit formula for Z, also in terms of hyperderivatives, but his formula is different from
ours. As our results reveal the importance of Taylor coefficients of t-motivic MZV’s, it will
be interesting to investigate their connections with other research topics. This would require
additional time and we hope to tackle this project in the near future.

1.3. Organization of this paper. In Section [2| we review some basic theories of Anderson,
particularly how to contstruct the associated t-module from a dual t-motive using his theory
of t-frames. One primary tool that we adapt to prove our main result is Theorem in
which Anderson provides a dual t-motivic description of the exponential maps. We review
the definition of hyperderivatives in Section , and then analyze g o 1(g) (a vector of power
series coming from the ¢-frames theory) in Theorem to establish the general expression
for the logarithmic vector in Theorem [3.4.1 The central topic of Section {4 is ¢-motivic
CMSPL’s. This extends the study of [CM19], wherein the first and third authors, for each
CMSPL evaluated at an algebraic point, construct a t-module together with a special point
so that up to a sign, the CMSPL occurs as the wt(s)-th coordinate of the logarithm of



TAYLOR COEFFICIENTS OF ¢-MOTIVIC MULTIPLE ZETA VALUES 5

that t-module evaluated at this special point. In §] of this paper, we use Theorem [3.4.1
to give explicit formulae for all coordinates of this logarithm in terms of Taylor coefficients
of t-motivic CMSPL’s in Theorem [£.2.2] In Section [5, we first define t-motivic MZV’s and
then derive a deformation identity for them in Lemma In section [0 we first review
fiber coproducts of dual t-motives and review the construction of Gy and Z; mentioned in
the introduction. With the results from Theorem and Lemma [5.2.3, we use techniques
developed in [CMI7] to derive an explicit formula for Z, in Theorem [6.2.1] Finally, in
Theorem we further relate any monomial of MZV’s to a coordinate of the logarithm of
a certain t-module at a special point, and give a description of the other coordinates of this
logarithmic vector explicitly in terms of Taylor coefficients of t-motivic CMSPL’s.

2. ANDERSON’S THEORY REVISITED

2.1. Notation and Frobenius twistings.

Table of Symbols 2.1.1. We use the following symbols throughout this paper.

N = the set of positive integers.

q = a power of a prime number p.

F, = the finite field of q elements.

A = F,[0], the polynomial ring in the variable § over F,,.

Ay = the set of monic polynomials in A.

K = F,(0), the quotient field of A.

ordes = the normalized valuation of K at the infinite place for which ords(1/60) = 1.
deg = —ordy, the degree function on K.

oo = ¢%80), an absolute value on K.

Ky = @q((l/ﬁ)), the completion of K at the infinite place.

Coo = Ko, the completion of an algebraic closure of K.

K = the algebraic closure of K in C.

A = (Ar,..., A1) for any r-tuple A = (\y,..., \.) of elements of a nonempty set.
wt(s) = >.._,si for an indexs = (s1,...,s,) € N".

dep(s) = r for an inders = (s1,...,s,) € N,

Let ¢ be a new variable. We denote by C[t] the ring of formal power series in the variable
t with coefficients in C.,, and denote by C.((t)) the quotient field of C.[t]. We define Ty
to be the subring of C[t] consisting of power series convergent on |t|o < |f|s — for more
details see (3.1.1). Finally for any integer n, we define the nth fold Frobenius twist on

Coo((#):
Cult) —  Cul)
f=Yat — fO.=>aft.
We then extend these Frobenius twists to matrices over Cy((t)), i.e., for any matrix B =
(bij) € Matyxm(Cx((t))), we define

n) ._ (3(n)
B™ = (b)),
For any A-subalgebra R of C.,, we define the ring of twisted polynomials

Maty(R)[7] := {Z ;7' |oy; € Maty(R) Vi and oy = 0 for i > 0}

1=0
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subject to the relation: for «, 5 € Maty(R),
art - Bri = a0t
We put R[7] := Mat, (R)[r] and indeed we have the natural identity Matq(R[7]) = Matq(R)[7].
For any ¢ = > a;7" € Maty(R)[7], we put
0¢ := .

2.2. Background on Anderson t-modules. Fix a positive integer d and an A-subalgebra
R of C, with quotient field F'. Let p be an F,-linear ring homomorphism

p: F,[t] = Maty(R)[7]
so that dp(t) — 01, is a nilpotent matrix. We have the natural identification

Maty(R)[7] = Endg, <@g/3> ;

where the latter is the ring of F,-linear endomorphisms over R of the algebraic group scheme
G4 g and 7 is identified with the Frobenius operator that acts on G¢ /g by raising each
coordinate to the ¢-th power. Thus, the map p gives rise to an F,[t]-module structure on
G4 r(R) for any R-algebra R'. By an d-dimensional t-module defined over R, we mean the
pair G = (G4 /r» ), which has underlying group scheme G4 /r» With an F[t]-module structure
via p. Note that since p is an Fg-linear ring homomorphism, p is uniquely determined by
p(t). A sub-t-module of G is a connected algebraic subgroup of G that is invariant under
the IF[t]-action.

A basic example is the n-th tensor power of the Carlitz module denoted by C®" :=
(GG /4, [[]n) for n € N introduced by Anderson and Thakur [AT90], where [}, : F,[t]

Mat,, (A)[7] is the F,-linear ring homomorphism give by
t], =01, + Ny, + E7

with
0
0o - 0
0 1 .o . )
N, = . . 0 | € Mat,(F,) and E,, = | ° ' | € Mat,(F).
0 el
1 1 0 0

When n =1, C := C®! is the so-called Carlitz F,[t]-module.
Fix a t-module G = (G¢ IR p) as above. Anderson [A86] showed that one has an exponen-
tial map Expg, that is an entire F,-linear map

Expg : LieG(Cx) — G(Cw)
satisfying the functional equation
Expg 00p(a) = p(a) o Exp, Va € F[t].

As a d-variable vector-valued power series, it is expressed as

Expq(z) = Z ez,
i=0
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where ey = I; and e; € Maty(F) for all i and z = (z1,...,24)" with z() := (zi]i, . ,zgi)“.
As vector-valued power series, the formal inverse of Exp. is called the logarithm of G and
is denoted by Log.. That is, we have the identities

Log o Exp, = identity = Expg o Logg
and we find that Log. satisfies the functional equation

Logg op(a) = 0p(a) o Log, Va € F[t].

We note that in general, Log, is not an entire function on G(C,,) but converges on a certain
open subset.

By a morphism ¢ of two t-modules G = (GZ}R, p1) and Gy = (GZ?R, p2) over R, we mean
that ¢ : G5 — G5 is a morphism of algebraic group schemes over R and that it commutes with
the FF,[t]-actions. By writing ¢ = Y .2 a7 € Matg,xq, (R)[7], we note that the differential
of ¢ at the origin is identified with

(221) 3¢ = Qp Lie G1 — Lie GQ.

The exponential maps of t-modules are functorial in the sense that one has the following
commutative diagram:

G —2— Gy

Expg, T TEXpG2

Lie G1 ﬁ) Lie GQ.

2.3. From Anderson dual t-motives to Anderson t-modules. In what follows, we take
an algebraically closed subfield K of Co, containing K. For example, K can be K or C.
Let K[t, o] := K[t][o] be the ring obtained by joining the non-commutative variable o to the
polynomial ring KJt] subject to the relation

of = fCVo for f € K[t].
Note that K[t, o] contains the two subrings K[t] and K[o], but the latter is non-commutative.

2.3.1. Frobenius modules and dual t-motives. We follow [CPY19] to adapt the terminology
of Frobenius modules.

Definition 2.3.1. A Frobenius module over K is a left K[t, o]-module that is free of finite
rank over K[t].

The most basic example of a Frobenius module is the trivial module 1, which has under-
lying module K[¢], on which o acts by

of = fVVvfel.

Another important example is the n-th tensor power of the Carlitz t-motive C®" for n € N.
Here, K[t] is the underlying module of C®™, on which the action of ¢ is given by

of =@t -0 fCVvf e

One core object that we study in this paper is the t-module arising from the following
Frobenius module M. Fix a positive integer r and an r-tuple of positive integers s =
(s1,...,8) € N" and an r-tuple of polynomials Q = (Q1,...,Q,) € K[t]". Let M be
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a free left K[t]-module of rank r + 1 with a fixed basis {my,...,m,41} and put m :=
(ma,...,mp1)" € Mat(41)x1(M). We define the following matrix
(2.3.2)
(t — g)srteror 0 0 0
ngl)(t — g)srtter (t — g)s2t-tsr 0 0
d = 0 U — g)sttsr - 2| e Matg, ) (K[t),
: (t—6) 0
0 0 Q-0 1

then define a left K[¢, o]-module structure on M by setting
om = dm.

It follows from the definition that M is a Frobenius module. We mention that this M was first
studied by Anderson-Thakur [AT(09] in order to give a period interpretation for the multiple
zeta value (4(s) (defined in (1.2.1))) when restricting @); to the Anderson-Thakur polynomial
Hg, 1. It was then revisited in [C14, [CPY19] for studying Carlitz multiple polylogarithms
when restricting (); to certain algebraic elements over K.

We let M’ be the Frobenius submodule of M which is the free K[t]-submodule of rank r

spanned by the basis {my, ..., m,}, where the action of o on
(2.3.3) m' = (my,...,m,)" € Mat,. (M)
is represented by the matrix
(2.34)
(t _ 9)51+"‘+Sr
(-1 S1+-+s 82+-+s
t—0)" o (t—60)% v
oo | @0 ( ? € Mat, (K[t]).

Qﬁ:ll) (t . 9>5T71+5r (t _ 9)&
Note that @' is the square matrix of size r cut from the upper left square of ®. Follow-
ing [CM19], for each 1 <i < r we put
(2.3.5) di = si+-+ 5.
One observes that M’ possesses the following properties (cf. [CPY19]):

e M’ is free of rank r over Kl[t].
e M’ is free of rank d := d; + - - - + d, over K[o].
o (t—0)"M' C oM’ for all integers n > d; (see the proof of Proposition [2.4.2)).

Note that a natural K[o]-basis of M’ is given by
(23.6) {(t—0)"""my, (t—0)"Pmy, .. omy, . (E— Oy, (8= 0) T Pmy, . my )

and we label this basis as {ej,...,e4s}. Note further that M’ is a dual t-motive in the sense
of [ABP04, Sec. 4.4.1].

Definition 2.3.7. A dual t-motive is a left K[t, o]-module M with the following three prop-
erties.

o M is free of finite rank over K[t].
o M is free of finite rank over K[o].
o (t—0)"M C oM for all n > 0.
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Remark 2.3.8. Note that the basis ([2.3.6)) involves powers of (¢ — ), which is a uniformizer at
0, multiplied by m,;. This is very convenient, because it lends itself to calculations involving
Taylor series centered at 6 and hyperderivatives as explained in In more general settings,
this convenience does not necessarily occur. For instance, for Drinfeld A-modules, where A is
the ring of regular functions of an elliptic curve, one finds a C.[o]-basis of more complicated
functions which necessitate new techniques not involving Taylor series (see [G17al Prop.
3.3]). It would be interesting to see how the present techniques extend to a more general
setting.

2.3.2. The t-module associated to M'. In this section, we quickly review Anderson’s theory
of t-frames, which allows one to construct the t-module G := (G4 /K> p) which is associated
to the Frobenius module M’. Since M’ is free over K[t] with basis {m4,...,m,}, we can
identify Mat;y,(K[t]) with M’
Matyyw (K[t]) — M’
(a1,...,a;) = aymq+ -+ a.m;.
As M’ is also free over K[o] with basis {ey,...,eq}, we can identify M’ with Mat; .4(K[o]):
M’ —  Mat;xq(K|o])
b1€1+"'—|—bd€d — (bl,...,bd).
Compositing the two maps above, we have the following identification
t: Matyy(K[t])) — Matixa(K[o])
(al,...,ar) — (bl,...,bd)
by expressing elements of M’ in terms of the fixed K[t]-basis and K|[o]-basis above.

We remark that if x € M’ can be written as * = aym; + --- + a,m, as above and
m' := (mq,...,m,)" € Mat,«;(M’), then we have the equation

ox =o(ay,...,a,)m' = (ay,...,a,) " Vo'm’
and thus under the identification Mat;,(K[t]) — M’ the action of o on Mat;y,(K[t]) is
given by
(2.3.9) o(ay,...,a) = (as,...,a,) VP

We similarly observe that the action of o on Mat,4(K[o]) is the diagonal action.
Next, we define maps dg, 6, : Mat;xq(K[o]) = Mat;.q(K)[o] — K¢ by

(2.3.10) 8o (Z cm’) = cy

>0

(2.3.11) 5 (Z cﬁ') — 5 (Z aicg")> =y (eZ@)tr.

i>0 i>0 i>0

Note that in [CPYT9] we denote by A : M’ — K? the F,-linear composite map of M’ =
Mat;wq(K[o]) and 6;. We then have Ker A = (0 —1)M’, and so the identification as F,-vector
spaces

M' /(o —1)M' = K"
Since we have an F,[t]-module structure on M'/(c — 1)M’, we can equip a left IF,[t]-module
structure on K¢ via the identification above. As the K-valued points of G¢ /K 18 K? which is
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Zariski dense inside the algebraic group G¢ jx: the Fyt]-module structure on K? above gives
rise to an [ -linear ring homomorphism

p : F,[t] — Maty(K)[7].
The t-module associated to M’ is defined to be G := (G¢ Jk: p)- For more details on this
construction, see [HJ16l §5.2].

2.4. One crucial result of Anderson. Now we take the field K = C,, and consider the
F,-linear map

8o 01 : Maty . (K[t]) — K.
In order to give an explicit description of the above map, we make the following definition
first.

Definition 2.4.1. Given a function f(t) € Ty which has a Taylor series centered at 6 that

18 given by

f8) =Y an(t—0)",

n=0

we define the kth jet of f at the point 6 to be the polynomial

Jo(f) = ar(t —0)F + -+ ar(t — 0) + ap € Colt].
Note that by (2.4.3), power series in Ty always have such a Taylor series as given above,
and so our definition is natural. We now describe the explicit formula for the map dq o ¢.

Proposition 2.4.2. For a vector a = (ay,...,a,) € Maty«.(K[t]), for each coordinate a;,
we form the d; — 1 jet at 0 and label these as

Jgi_l(ai) = ci,l(t - g)di_l + Ciz(t — 0>di_2 —+ 4 Ci,di-
Then the map dg o L 1s given by
C1,1

C
b2 \d,

Cl,dl y,
C2.1
C22

X da
(50 o] L(a) = :

C2.d,y J

Cr, 1

Cr2
) dT

CT’ dy y,

Proof. By the definition of &y, it suffices to show for each i with 1 <4 <7 that, (t —0)¥m; €
oM’ for all N > d;. We prove this assertion by induction on i. For ¢ = 1, the claim holds
since we have

t—=0)"my =t —0ON" " (t—)"my =t —0"N"" . om =0o(t—0)N""m c oM.
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Let i > 2, and assume that there exists m € M’ such that (¢t — 6)%-1m;_; = om. Then we
have

(t—O0Nm; = (t — )% - (t — O)dim,; = (t — H)N % (Jmi QN - e)diflmiA)
= (t— )N <ami - ng)am> = ot — 09N (m; — Qi_ym) € oM.

O

In other words, the map dq o ¢ factors through the following map still denoted by dq o ¢:
K[t/ (t—0)") x - x K[t]/ ((t — 0)") — K.

Anderson gives a theorem (see [HJ16] and [NP18]) that states that there exists a unique
extension of the composition dg o ¢ to vectors over the Tate algebra Ty and he calls this
extension

3o 0 1 : Matyy,(Tg) — K.
With the above analysis of dp ot we can see concretely that the procedure for calculating the

extended map 5f\OL is the same as for the original. Namely, 5f\OL is given by composing the
following maps

Matcr (T) < Maty (K[t — 6]) — [TKIe = 01/ (¢ = 0)%) = [T K[/ (¢ - 0)*) =5 K,

where the first embedding is via the following natural embedding componentwise

n: Ty — K[t—0]

ibﬂsi - n(ibit") - (i (Z)bjej—@) (t— 0).

i=0 \ j=i

(2.4.3)

Note that 7 is injective. Indeed, assume that n(Zbiti) = 0, and fix 79 > 0. Since we have

5

— )
J=0
such that

)bjﬁj_io = 0 and the absolute value | - |, is non-archimedean, there exists i; > ig

1big oo < ‘ (Z.l)bileil_io
20
10 o

Repeating this argument, we can take ig < i; < 49 < --- such that |b;,0| < [b;,0" | <
|0:,0| 0 < ---. Since b0 — 0, we have b;, = 0. Therefore, 7 is injective. Moreover, we
can verify that the image of n is

o0

and so

|bioei0’00 < < |bi1‘9i1|00'

{ bi(t —0) € K[t — 0] ‘ |b:6"| _ — o},

1=0

and we can construct n~! directly.
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Since it does not cause any confusion, we will drop the hat notation and just use dg o ¢
for the extension. We now state Anderson’s theorem from his unpublished notes, which one
can find the statement and its proof in [HJ16, Cor. 5.20] and [NP1§].

Theorem 2.4.4 (Anderson). For all g € Maty,.(Tp) and w € Maty . (Cy[t]) satisfying the
functional equation

(2.4.5) gl —g=w
one has
(2.4.6) Expg (0p 0 t(g + w)) = 1 0 t(w).

3. GENERAL FORMULAE

In this section, we fix an algebraically closed subfield K of C,, containing K. Let r be a

positive integer, and fix an index § = (s1,...,s,) € N” with d; defined in (2.3.5). Fix r — 1
polynomials Q1,...,Q,—1 € K[t] and let " € Mat, (K[t]) be the matrix (2.3.4) defined using
Q1,...,Q,_1, and let G be the t-module over K associated to the dual t-motive M’ defined

by @ in Sec. [2.3.2

3.1. Constructions of g and its convergnece. The aim of this subsection is to construct
a solution g € Maty,(Ty) of the difference equation (2.4.5) under certain conditions.

3.1.1. Gauss norms. First, we define a seminorm on Maty,,,,(Cw) for B = (b; ;) € Mat,,(Co)
by setting
1B = max {]bi,j]o}

Note that the seminorm is only submultiplicative, i.e. for matrices B € Maty(Cy) and
Ce Matg,m(Coo)

IBC| < ||B] - IC1
The above inequality also gives

- -1

1B~ > (1Bl
for any invertible matrix B with entries in C,,. We also have identities and inequalities for
a € Cy and B,C € Mat,(Cy)

laBl| = lafe - [|BIl, 1B+ Cll < max{[|B], ||} .
Then, for o € CZ, we define the Tate algebra

(3.1.1) T, = {ZW € Cuot] ‘ ‘bio/]w—>0}.
1=0

If |a|o > 1, then T, is stable under the action f + f(™ for each n > 0. Define the Gauss
norm ||-|lo on T, by putting

171 2= ma { o’}
for f = Zizo bit' € T,. We then extend the Gauss norm to Maty,, (T,) by setting

Ihflo = max {[|Ai;lo }
for h = (h;;) € Matg,, (T,). We mention that ||hl|, coincides with ||h|| when h € Mat/y,,(C).
Then for h € Maty, ,(T,) and k € Maty,,(T,)

[hk|[o < [hfla - [[kia-
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Since T, — T1; T + T is an isomorphism of normed algebras and T} is complete (cf. [BGR84),
Sec. 1.4, Prop. 3]), Maty,,(T,) is complete under the Gauss norm ||-||,.

3.1.2. Definition of g and its convergence. We fix a vector w = (wy, ..., w,) € Maty,(K[t])
with

w; = Ci’l(t — Q)di_l + Ci’g(t — (9)di_2 + -+ Cid;» Ciyj € K, 1 S 7 S T,
then define
(312) g=w(@ HV 4w (@ HD (P HD £ wO® (& 1HO (P (' HD 4 ...

A quick check shows that the general term w(™ (& ~1)™ ... (&' "1)1) is in Mat;,,(Ty) and
under certain hypothesis on the polynomials @);’s and w, it is shown to converge to zero
under the Gauss norm ||-||g in the following proposition.

Proposition 3.1.3. Assume that [|Q;]l; < qqfql for each 1 < i < r—1. Let w =

L4
(w1,...,w.) € Maty, (K[t]) be given above with the condition that |c;;lee < ¢’ 731 for
each 1 < i <r and 1 < j < d;. Then the formal series g defined in (3.1.2) converges in
Mathr<T0>.

sig
Proof. Let p; = deg, Q;. It is clear that ||Q§")||9 < ¢ o7 " for each n > 0. For each

1 1 n
n > 1, we have T € Ty and ‘ | = g~ . From the definition of ®' immediately
- - 0
following ([2.3.4]), we calculate that
(3.1.4)
=i 0 0 .0
(=1)
- 1
m W 0 e 0
-1 _ (Q1Q2)"Y Q5 1
o = W (t—;)dfi (L e 0 € Mat, (K(¢)).
(C) 1 (QuaQr) ) (=17 2(Q0eQr) D (=) 3(QaQrr)D )
(t—)dr (t—6)dr (t—)dr T (t—0)dr

So for each 1 < ¢ < 7, the ¢-th component of w(™ (®'~1)()(®'~1)(n=1) ... (d'~1)1) jg

Xr:w(") (1)t Z (Qro - Quy—1)(Qy -+ Qry— 1) - (Quy -+ Q1) ™Y

— ! b (t — eq)dkl (t — 0(12)% - (t _ Qq")dkn

C ot Y @ Q)@ Qo) Qi Q)
(<i<r Z’] ko <y 2ol (t — 0(1)% (t— 8612)% s (t— eq"*)dkn,l (t —6a")i
1<j<d;

Then we calculate the Gauss norm for the general term:

H (Qko e Qlﬂ—l)(le e Qk2—1)(1) C (an71 e an—l)(nil)
(t — H‘I)dkl (t — 9q2)dk2 e (t— 0qn71>dkn71 (t —6a")i

:qa
0
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where « satisfies

n  kg—1 a
s 3 (M

n—1
+ Mb) - kg — i
a=1

iy~ . = 0 n
—(Mk0+---+ﬂkn—1)+qu_—1q — ) diq" — jg
a=1 a=1
n—1
dryq ¢t —q" d, q"
_ i ko d 4 9 o a) _ n . n
(e + -+ p 1)+q_1+; O G ml L1

deq . d; n
_(M€+"'+,U’z—1)+q_1 (J+ﬁ)q :

Therefore we have

n

q
S da Ci i
< max q(uz+ Frie1)+ 75 ( €] ) ,

Hw(n)(@'—l)(n)(@'—1)(”—1) . (q;'—l)(l)‘

— ! . d;
0~ 1<i<i<r A=

which goes to 0 as (n — o0). Since Ty is complete with respect to ||-]|s, we have the desired
result.

O
Remark 3.1.5. Note that the condition on |¢; j|~ coincides with [CMI7, Prop. 4.2.2].
Remark 3.1.6. Note that from the definition one sees that g satisfies the difference equation
g Y —g=w.

3.2. t-motivic Carlitz multiple star polylogarithms. Carlitz multiple polylogarithms
(CMPL’s) were introduced by the first author in [C14] and are generalizations of the Carlitz
polylogarithm of Anderson and Thakur from |[AT90]. Carlitz multiple star polylogarithms
(CMSPL’s) were introduced by the first and third authors in [CM17] in order to connect
MZV’s with logarithms of t-modules. A

Let Lo =1 and fori > 11let L; = (0 —09)...(0 —07) € A. We also define deformations
Lo=1and L; = (t —09)...(t —07) € Alt], so that L;(#) = L;. For s = (sy,...,s,) € N",
we define the associated CMPL and CMSPL by

qil qir
Zl V4

(321) Li5<2’1,...72’r): ' Z [/81—[;% GK[[Zl,...,ZT]]
i>e>0,20 0 ir
and
o z‘fil 2
(322) Llﬁ(Zl,...,ZT): Z Ts1 78 GK[[zl,...,zr]].
i1 > >0, >0 0T
Also the t-motivic CMPL and t-motivic CMSPL are defined by
qil qir
) z{ ... 28
(32-3) Sls(t;zlv"'azr) = . Z W GK[[t,Zl,...,zr]]
i1>-->5,2>0 r
and
n zfil T
(3.2.4) Lii(t 21,0, 2) = | Z T L+ © Klt,z1,..., 2],
i1 > >0 >0 i ir
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and observe that £i, ;=g = Li; and £i}|;—p = LiZ.

q” . q”
Given u = (uy,...,u,)" € K", we note that W € Ty, and if for each 2 <1i <,
(3.2.5) [U1] oo < q% and |u;]o < quql
VR
then ﬁ — 0, (i1 — o0). Thus Lis(¢;uy,...,u,) and £i(t;uy,. .., u,) converge
i1 i 9

in Ty when specializating z; = u; for each ¢. In this situation, we simplify the notation by
putting

Lisu(t) == Lis(t;u, ..., u,) € K[t] and £i] ,(t) := L7 (t;uy, ..., u,) € K[t].

When r = 1 and s = 1, the series £iy,(t) for u € K= with |u|e < [0]3" T was first
introduced by Papanikolas [P08] to relate the Carlitz logarithm at u to a period of certain
t-motive. It was then generalized by the first author and Yu [CY(7] in the case of r = 1 and
s > 1 to study Carlitz zeta values. The general series £i;, was further studied by the first
author [C14] to relate the CMPL’s at algebraic points to periods of certain t-motives. These
series play an essential role when applying the ABP-criterion [ABP04] for the CMPL’s at
algebraic points in question. See also [CPY19, M17].

3.3. Hyperderivatives. For any non-negative integer n, we define the nth hyperderivative
(with respect to t) 97 : C((t) — Cuxo((t)) by

(Ew) £

i=ig i=ig

where (;) refers to the usual binomial coefficient, but modulo p. From the definition one
sees that 9} is a C.-linear operator and that d? is the identity map. We further note that
the hyperderivatives satisfy the product rule: for n € N and f, g € C.((?)),

(3.3.1) o (f9) = Zal -0 (9).

In this paper, we are interested in Taylor coefficients of the series expansion of f € Ty
at t = 0, and the following proposition shows that such Taylor coefficients are expressed
as the hyperderivatives of f evaluated at t = 6 (cf. [Pp, Lem. 2.4.1] in the case of rational
functions).

Proposition 3.3.2. For any f € Ty, we write n(f) = Y iopai(t — 0)". Then for any non-
negative integer n we have

an = 07 (f)le=0-
Proof. We define the nth hyperderivative 97 on C.[t — 0] by

7 (2 ait — 9)@') - i (;) ai(t — 0y

1=0
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Then we claim that one has the following commutative diagram

To— Coo[t — 6]

s

Ty Coot — 0]

=
t=60

Co,

ie., O*(n(f)) =n07(f)) and fli—s = n(f)|—s(= constant term) for each f € Ty.
To prove the claim above, we first fix an f(t) = > b;it" € Ty. Then we have

= (=) £ () (E ()0

=n =

07 (n(f)) = of <Z (

1=0

S EC D)o

z(z 06 )W -@> oo 55 ()

where we use

(G- ()0

in the fourth equality. We also have

wmwfx2@%Wﬁww_=iCﬁme

Then the desired result follows from the above commutativities:

o0

00 (P ema = (0 (P)lco = D0 s = 3

i=n

i
=a,.

)ai(t — gy

n
t=0

O

Remark 3.3.3. Since under the hypothesis (3.2.5)) the above series £i,, and £if, are in Ty,
the hyperderivatives 9/ £i, and 0/ £i , are still in Ty for every positive integer j.
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Remark 3.3.4. Using the proposition above, we can rewrite dy o ¢(a) in Proposition as

(agl_lal)‘tze )
: d,
(0} ar)li=o
a1(9) Y,
(027" ay)|i—o )
1 5 d
(3.3.5) dp © L(a) = (at a2>|t:9
a2(6’) Y,
<8tdrilar)|t:0 )
: d.
(0} ar)|i=o
ar<0) J

Moreover, Theorem [2.4.4] can be reformulated via hyperderivatives as the following. Let the

notation be as given in Theorem and put a := g+ w. Then we have Exp (d o t(a)) =
91 o t(w), where &y o ¢(a) is given in (3.3.5)

For convenience, we extend these hyperderivatives to operators on vectors with entries in
Coo((t)). Precisely, for a positive integer m and for g1, ..., g, € Co((t)) we define

" Hg) - 9 Hgn)
(3.3.6) O"[g, .., gn] = ag(gl) 83<:gn) € Mat,xn(Coo((2),
g1 9n
and for h € C((t)) define
hoONh) O2(h) ... O"Y(h)
0 h 9Nk ... O"2(h)
(3.3.7) d"h] =10 0 he oo 9P (h) | € Mat,, (Cx((1).
o 0 o .. ok

These matrices are all defined in [Pp|, §2.5] and are called 0-matrices and d-matrices, respec-
tively. We collect several facts about these matrices which are proved there.

Proposition 3.3.8. Let m be a positive integer. For any h, g1, ..., gn € Cx((t)), the following
hold.

(1) The d-matrices are multiplicative,
di*[g1)di"[g2] = di*[g19]-
(2) We can combine d-matrices and 0-matrices as follows,

(3) Viewed as maps, dj*]] : Coo((t)) — Mat,,,(Co((t) and 9"[-] : Maty«n(Cx((t)) —
Mat,xn(Coo((t) are Coo-linear injections of vector spaces.
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3.4. The formulae. We continue the notation given at the beginning of this section.
3.4.1. The set up. Put
(Q; - - Qj—l)(_l)

0, := (=1’ = o) (1 <j)and x; == ((t— )%, (t—0)¥ 2 ... 1)
and define
©11 -+ O, X1
©:= : and X :=
O, X,
Note that

O = (& 1" e Mat,(K(t)), X € Mat,,q(A[t]).
We also define an operator

o
D = : Mat,«q(K(t)) — Maty(K(t))
o
by mapping ;
ap 0y [au]
. ’_) . )
a, " [a,]

where a; € Maty,4(K(t)) for each 1.

3.4.2. The result. We continue the notation as above. The main result of this subsection is

the following identity.

Theorem 3.4.1. Assume that ||Q;]|1 < gieT for each 1 <i<r—1. Let ¢;; € K satisfy the
od
condition that |c; j|s < ¢ T foreach 1 < i <randl < j <d;. Let G be the t-module

defined in §2.3.9. Then the following identity holds:

(n)
C1,1 C1,1

Expg Z J(CIICIC @(n)X(n))}t:(; : =

n=20 Cr,dr C’V’ydr

Proof. Firstly, we remark that dy o ¢ : Matyy,(Tg) — K¢ is continuous. Indeed, let f =
(fi,- s fr) € Matyy,(Tp) with fi = 3772 b;jt/. Since by Proposition W the (dy +--- +

d;—1 + j)-th coordinate of dy o ¢(f) is
Z ( ! )bizeédiﬂ
N\di—j)
(>di—j
foreach 1 <i<rand1<j<d;, we have
|00 o t(£f)]] < max {|bi,408_di+j‘oo} < max {‘b@g@e‘w} = ma§{|bi,59£‘m} = |If]l6-

< 1<i<r 1<i<
1<5<d; 1<5<d; £>0
L>d;—j £>d;—j

Therefore, dy o ¢ is continuous.
Now we consider

Sy o 0 (w(@ M@ D (@ )
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with
d;
w= (W w), w =) et =)0
=1

We compute

(@)@ D (@)D = (57,

]
where
(1) Z (Qro Qi) (Quy - Qrg—1) M - (Qr -+ - Qg 1) ™Y )
’<Jn> - j=ko<ki<-<kn=i (t— eq)dkl (t - 9q2)dk2 s (8= 69"k B
- 0 (1 <7)
Putting
(3.4.2) (7). e (1)) = W(")(@/*l)(n)@’fl)(n*l) e (q)’*l)(l)’

then we have that

rdj
" (t) = At — 07 )ty
7=t =1
. ¢in (n)
n L n P
= S 0T (- 00, L6
and hence
a;ii—lcgn>
T
dsm> .= :
(A
alC§n>
s
1 =0 (n)
r Cj1
= 62?2 [(t_Qqn)dj_1¢j<,in>7(t_0qn)dj_2 j<,in>7'-'7 j<,in>”t:9
J=t C],d
r Cja % ]
3.4.3 . g ny e .
(343) =S ot o (- oyt - ey ], |
i ¢ (n)
_ <n> .
o Z T”n t=0
= Ci.d;
ci1 (n)
= (0,0, 05, 0, ), | ,

Cr,dr
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where

Y =0 [¢rr ((t—07) 41 (t—07)% 2, 1))

]7Z

_ Adi k1—ko Qko U Q/ﬁ_l (1 )k2—k1 (le - QkQ—l)(l) e
=0 Z (—1) Tl oy (—1) (t — %)%,

i=ko<ki < <kn=j

. (n—1)
. (_Uknfkn_l (an(} — quf;dki) 1 ((t _ eqn)djil, (t . eq")dij’ o 1)

Note that the second equality of (3.4.3]) comes from the definition of 0-matrices (3.3.6)), and
the last two equalities are from definitions.
Based on the definition (3.4.2)), by Remark we have that

dsm
doot (w(n)((p’fl)(n)(@’71)(%1) o ((1)’71)(1)) _ : ’
d<n>
and hence we derive the following from the calculations above:
ds e o Ti;}> o (n)
pos(waorye o) ()< [T
dT<n> TT<'::L> Cr.d,

t=0
Recalling the definitions of ©, {x;,--- ,x,}, X and D given in Sec. |3.4.1} we have

Tfﬂw = afi [(@(1) . @(n))ij _Xgn)} ’

whence we have

c11 (n)

S0 ot (W(n)(q)’—l)(n)(@’—l)(n—l) . (q)’—l)(l)> = D(OWe® ... @(n)X(n))L:e
Cr,d,«
for each n > 1. This equality also holds when n = 0. It follows by Theorem [2.4.4] Proposi-

tion B.1.3] and Remark [3.1.6] that

(n)
C1,1 C1.1

(3.4.4) Expg | Y D©OVO®...0MxM)| | : L

n20 Cr,dr Cndr

since from the definition (2.3.11]) of d; for the given w one has
C11
51 o} L(W) ==
Cr.d,

O

Remark 3.4.5. Note that the shtuka function for the Carlitz module is f =t — 0 € Alt]
and that, in general, the shtuka function caries a great deal of arithmetic information (see
[T04, §7.7-8.2]). For example, for the nth tensor power of the Carlitz module, one defines
the associated dual ¢t-motive as K[t] with o-action given by

or =z, e K[t
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Further, one can express the coefficients of the exponential and logarithm function in terms
of the reciprocal of the shtuka function. In the Carlitz module, for example, one has

qi

z
(3.4.6) log(2) = Y O
i>0
Note that the g-action on our dual t-motive M’ is defined by the matrix @ (2.3.9), and that
O = (®'~1)* which invites one to make the natural comparison between our formula
and the formula . This leads us to view the matrix &' as a matrix analogue of the
shtuka function and motivates some of the constructions in this paper. There are several
other arithmetic applications of the shtuka function (see [GP16], [G17b] and [ANT17]), and
it would be interesting to study how they apply in this setting.

t=0

4. HYPERDERIVATIVES OF t-MOTIVIC CARLITZ MULTIPLE STAR POLYLOGARITHMS

We continue with the notation as given in the previous section, but we restrict the );’s
to be in K in this section, i.e., we let ); = u; € Kfort=1,...,r and set

u = (Ug,...,u).

4.1. t-modules associated to CMSPL’s. We note that the t-module G = (G2, p) asso-
ciated to the dual t-motive M’ in Sec. can be explicitly written down. We will use

this explicit description of G heavily going forward, so we take a moment to recall it from
[CM19]. Recall that d :=d; +---+d,. Let B be a d x d-matrix of the form

B[11] |- | B[1r]

Bl [~ | Blrr]

where B[¢m] is a dy X dy,-matrix for each ¢ and m and we call B[¢m] the (¢, m)-th block
sub-matrix of B.
For 1 </ <m <r, we define the following matrices:

01 O 0
0 1
(4.1.1) Ny = 0 | € Maty, (F,),
1
0
Ny
Ny
(4.1.2) N = . € Maty(F,),
N,
0 0
E[tm]:=| =~ | € Maty,q, (K) (if € =m),
0 L
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0 0
Eltm] = : h | e Maty,va, (K)  (if £ < m),
0 Lo
(=) v O 0
ENM1] E12] --- E[1r]
E = E(22] € Maty(K).
E[r—1,r]
Elrr|
We then define the t-module G = G, := (GY, p) by
(4.1.3) p(t) =0I,+ N + ET € Maty(K[r]),
and note that G depends only on ug, ..., u, ;. Finally, we define the special point
O )
: d,
0
(=) uy -, )
0
: do
0
4.1.4 = Vey = € G(K).
( ) v Vs, (_1)1"72“2 Ce Uy ) ( )
: >,
0
Uy J

It is not hard to see that either the t-module G is C®% if » = 1, or that G is an iterated
extension of the tensor powers of the Carlitz module if » > 1. Finally, we note that if
we take u = (uq,...,u,) € A", then the t-module G is defined over A in the sense that
p(t) € Maty(A[r]), and v € G(A).

Remark 4.1.5. Let F be the category of Frobenius modules with morphisms given by left
K[t, o]-module homomorphisms. One then sees that M is an extension of 1 by M’ i.e.,
M € Exty(1,M’"). We can equip an F[t]-module structure on Ext} (1, M’) and have the
following isomorphisms as [F,[t]-modules due to Anderson (see [CPY19)]):

Exts (1, M) = M'/(oc —1)M’' = G(K).

The special point v is the image of M under the composite of the isomorphisms above. For
details, see [CPY19, [CM19].
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Proposition 4.1.6. Let (G, p) be the t-module defined as above. Then for every polynomial
b(t) € F,[t], Op(b) is a block diagonal matriz with

b(O) (O0) o -+ (07'B) lizo

0 o € Mat,, (K)

located at the ith block along the diagonal fori=1,...,r.

Proof. Note that by definition of p we have
014, + N, OC®4 ()

Ip(t) = - = -
01, + N, DCE (1)

and also

OC®U(t) = di[t)l—o
for each 1 <1 <. Since dp(-) is an F,-linear ring homomorphism on F,[t] and by Proposi-
tion so is dfi[] for all 1 < < r, the desired result follows. O

The following lemma is a generalization of Yu’s last coordinate logarithms theory [Yu9l,
Thm. 2.3] to our t-module G, and it will be used in the proof of the formulae given in the
next subsection.

Lemma 4.1.7. Fizing s = (s1,...,5,) € N and u € K, let G be the t-module over K
defined in . For each 1 <1 <r, we letd; :== s; + -+ s,. Suppose that we have two
vectors
Y) Vi
Y=|:|€LlieG(Cyx) and V=1 : | € LieG(Cy)
Y, Ve
with Y;, V; € Maty, «1(Cx) for each i so that
o Exp,(Y) € G(K) and Exps(V) € G(K);
e the last coordinate of Y; equals the last coordinate of V; for all 1 <1i <r.
Then we have that'Y =V

Proof. We first note that when r = 1, G = C®%, otherwise from the explicit definition G
is an iterated extension of certain tensor powers of the Carlitz module. We can also see
this directly as follows, by using the dual t-motive M’ whose o-action on the basis m’ from
is given by ®’ (2.3.4]). Note first that the t-module which corresponds to M’ is G.
Then, we put G; := C®" and G, := G and for each 1 < i < r, we let @, be the square
matrix of size i cut off from the upper left square of &', let M/ be the dual t-motive whose
o-action on a fixed Cy[t]-basis is given by ®; and let G; be the t-module associated to M/
as per Sec. . For each 2 < i <r we have the exact sequence of left C..[t, o]-modules

(4.1.8) 0—— M/ s M — C®h —— ()

Recall that M!/(c —1)M] = G;(C,.) and C®% /(0 —1)C®% =2 C®%(C,,) as F,[t]-modules.
Since the F,[t]-linear map (o — 1) : C®% — C®% is injective, the snake lemma combined
with the two previously mentioned facts show the following exact sequence of t-modules
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0—— Gy s (3 5 C®di )

induced from (4.1.8]), where 7; is the projection map onto the last d; coordinates which also
equals Om; (cf. proof of [CPY19, Prop. 6.1.1]).
We prove the lemma by induction on the depth r. When r = 1, we consider

k
0

which is mapped to an algebraic point of C®% via Expaea, by the hypotheses on Y and V.
Since the last coordinate of Y — V' is zero, we have Y =V by [Yu91, Thm. 2.3].

Suppose that the result is valid for all » < n — 1 for a positive integer n > 2. Now we
consider the case when r = n. In this case, we consider the following commutative diagram

0 G, ¢ G— " Qe

EchrlT Expc)[ TEXPC@WT

0 —— Lie G, <2 Lie G -2 Lie C®4 — 0,
Note that
aﬂ'r(Y—V>:Y;_V;": ]
0

which is mapped to an algebraic point of C®% via Expgea.. It follows again by [Yu9l,
Thm. 2.3] that Y, = V.. Hence the Y — V are of the form

Y-V,
Y V= : € Kerdr, = Lie G,_,.
Y1 = Vi
0

Using the commutative diagram above, by the hypotheses on Y and V, the vector ¥ — V
is mapped to an algebraic point of G,_; via Expg . Then, since G,_; is defined using

the index (sy,...,Sq—2,5—1 + s,) of depth r — 1 and since the last coordinates of Y; and V;
are the same for all 1 < ¢ < r — 1, by induction hypothesis we obtain that Y; = V; for all
1 <i<r—1. Combining this with Y, = V,., the desired equality Y = V follows. 0J

4.2. The explicit formulae. In [CM17], CMSPL’s are related to certain coordinates of
the logarithm of G evaluated at v under certain assumptions on the absolute values of the
coordinates of u. We first recall the result [CMI17, Thm. 4.2.3].

Theorem 4.2.1 (C.-M.). Given any s = (s1,...,5,) € N', we let u = (uy,...,u,) € C_
Si9 St

with |u;les < qo-t for each 1 <i<r—1 and [u|s < qi-t. Let G and v be defined in 44.1.3

and respectively using s and u. Then Log. converges co-adically at v and we have
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the formula

*
f dy
*
(_1)7"—1 le(s ..... 31)(u7’7 7u1) :
*
: do
Log.(v) = * € Lie G(Cy).

.....

Li§ (u,) J

Sr

In particular, the (s; + -+ + s,)th coordinate of Logg(v) is (—1)%PE -1 LiZ(q).
The primary result in this section is to give explicit formulae for the (previously unknown)

x-coordinates in the theorem above.
Theorem 4.2.2. Let the notation and assumptions be given as in Theorem[{.2.1. For each
1<e<r,weletd; :=8;+---+s, and set d:=dy +---+ d,. Define

Y;

Y57u = S Matdxl((Coo),

Y,

where for each 1 < i < r,Y; is given by

.............

Y e O Y S A A i)
7 - .

— (srrees) are ) T 10, e Mty (C).

-----

Then we get the following formula for the logarithm evaluated at v
Loga(v) = Ysu € Lie G(Cy).
Proof. Since Logg(v) and Y, are continuous on u (see [CM19, Equation 3.2.4]), and K
is dense in C, we may assume that u € K . Our starting point is Theorem [3.4.1 We
calculate that
Bn,l
DOWER .. .00 xM)yM — :

Y

B
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where f3,,; € Maty,«1(Cx(t)) for 1 <i <r is given by

r o .. .. .. gt A
b= |y Y L) e Ty
=i

a v
i=ko<-<kn=j (t —09) %1 - (t — 07" )%n

— (1) 3 (kg Uy —1) Uiy + Uy m1) = (U, = 1) (U, - - Uy
= (- f
i=ko<-<kn<r Lo ( — 0)%n =0 [T & —6e)hadu
0<a<n—1

ri nds (g - =iy —1) (g -ty 1) (g g, 1) (g - )
= (=19 Z d dy, —d
e < Ly (¢ — 0)%n ko H (t — Ga* )P =k 4
L 0<a<b<n—1

n—1
_(—1yi 3 (Wb - Uy 1) (e, === Uy 1) - (g =k, 1) T (U, - - )"
- t
AN Lgkn (t B H)dkn*dko H ((t _ H)Lb)dkb_dkb+1
L 0<b<n—1
— | Y (g =~ iy =) Uy~ Ug=1) e (i =g ) (g, o)
B A e P SRR U

Note that for n > 0 and 1 <7 < r, we have a bijective map of sets
{(k07akn)|l:k0§Skngr)}%{(muamr)|0§m2§Smr:n}

given by m; = max{/|k, < j} and is explained by the following table.

G Thko=dl- [ki—1 ki |-~ |ko—1]kg|--- |ks—1ks| - |kn—1]Fkn| - |7
m; 0 0 1. 1 2 ... 2 3 - n=-11lnl---1n

The converse of the map is given by ky =i + #{j|m; < (}.
Therefore we can express 3, ; as the following:

amvi o ,dm
B o (_1)T7iadi u; Uy
e t Lsil ...Lsr
0<m; < <mp=n " mr

Thus, summing (3, ; over n > 0 gives

mg

q'

- - o™

0<m;<---<myr

= (—1) o [gi?sh.”’sl_)(t; Up,. . ug)]

Note that the first equality comes from the continuity of of the map 0% [-] : Ty — Matq, x1(Ts),
which is clear from the definition of 9%[]. To finish the proof, we note that evaluating at
t = 0 gives

N ) Bn,l Yi
> DEWEOA...omxM) v =3 —

n=0 n=0 /BTL,T' +=0 }/r
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and so by Theorem we have
Yi
Expg | + | =vV.

Y,
Then the desired result follows from Lemma since Expq(Logs(v)) = v and that the

77777

for each 3. O

Remark 4.2.3. In the case of r = 1, the formulae above are due to Papanikolas. See [Pp|
Prop. 4.3.6] and also [Pp|, (4.3.1)].

Corollary 4.2.4. Let notation and assumptions be given in Theoreml[].2.1 and Theorem|[].2.2,
Then for any polynomial b € F,[t], we have
0C(b) (V1)
0p(b) Logs(v) = 0p(b)Ysu = : € Maty(Cw),

9CE4 (b) (Y7)
where for each 1 < i < r, 9C®%(b) (Y;) is explicitly given by the following formula

,,,,,,

) s

ac(g)di (b) (}/;) — o si),(ur .....
( 1)T_Z (al?bih? ryeeySi )5 (Ur ooy i) (t)> |t=9
(_1)T_Z (gtjziz’glzs ....... 8i),(Uryeees u1)<t)) |t=9
—1)ri (%2t ) i
_ ( ) ( t (8ryeery 8i)s(Upyeeny ul)( )) |t 0 c Matdixl(coo)

(=1 0(0) L, oy (U, - ooy i)

,,,,,

Proof. The proof follows from Proposition [3.3.8/(2) together with Theorem and Propo-
sition [4. 1.6l m

5. t-MOTIVIC MZV'’s

In [T04], Thakur defined the oco-adic MZV’s that are generalizations of Carlitz zeta values.
For any index s = (sq,...,s,) € N",

1

CA(E) = Z 1 . S Kooa
al ) arT
where aq, . .., a, run over all elements of A, for which |a1|ec > -+ > |a,|0o. Similarly as in the

classical theory, the weight and the depth of the presentation (4(s) are defined as wt(s) and
dep(s) respectively. In [CM17], the quantity I'sCa(s) is expressed as a linear combination of
CMSPL’s at certain integral points, and the purpose of this section is to deform this identity
to an identity of power series.

5.1. Definition of t-motivic MZV’s.
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5.1.1. Anderson-Thakur polynomials. For any non-negative integer n, we let H,,(t) € A[t] be
the Anderson-Thakur polynomial defined in [AT90, [AT09], but we follow the notation given
in [C14] [CPY19]. Namely, we first let 2,y be two independent variables and put Gy(y) := 1
and define the polynomials G, (y) € F,[t,y] for positive integers n by

i=1
Put Dy := 1 and D; := H;;B(@qi — qu) € A for i € N. For any non-negative integer n,
recall that the Carlitz factorial is defined by

(5.1.1) Loy =] D eA

1=0

where the n; € Zsq are given by writing the base g-expansion n = > ;> n;q" for 0 < n; <
g — 1. We then define the sequence of Anderson-Thakur polynomials [AT90] H,(t) € A[t] by

the following generating function identity,
= Gi(0)
1— x?
( 2 Dl ) g e

For any non-negative integer d, we denote by Ad7+ the set of elements of degree d in A,.
Anderson and Thakur showed in [AT90] that for any positive integer s,

n+1|9 t

(5.1.2) [Hyo1(t)]1 < 1657,
and that the interpolation formula holds for every d € Zx:
H(d)
(5.1.3) Z —
aeAd +

5.1.2. The definition of t-motivic MZV’s. Recall that Lo := 1 and L; := (t — %) --- (t — 6")
for any positive integer . We now define t-motivic multiple zeta values.

Definition 5.1.4. For any index s = (s1,...,s,) € N", we define its associated t-motivic
multiple zeta value by the following series

not(g) = al T Tecl ey,
4% (s) Z Lo L 0

i1>>ip >0

We fix a fundamental period 7 of the Carlitz F,[t]-module C, i.e., Ker Exps = A- 7. Put

o) = A ] (1- &) e el

i=1

where (—9)4%1 is a suitable choice of (¢ — 1)-st root of —6 so that
AT09]). We note that  satisifies the functional equation

Q0 = Q/(t - 7).

ﬁ = 7 (see [ABP04,

and hence ‘
Qe (e = D (@ Hy )W (@ H ),
i1>>0,>0

which was studied in [AT09].
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Remark 5.1.5. By the Anderson-Thakur’s interpolation formula (5.1.3) we have that

(5.1.6) 12(8) 1= = T'sCals),
where I'y := T, ---T's.. Note that Qs1T s (h°'(s) is an entire power series (see [AT(9,
CPYT19]). Since  is entire on Co, with simple zeros at ¢ = 69,07 - | the series (7°!(s) lies

in Ty and hence §/C°%(s) € Ty for every positive integer 7.

5.2. Explicit formulae for t-motivic MZV’s. For any index s = (s1,...,s,) € N, com-
bining Anderson-Thakur’s work on the interpolation formula with [CM17, Thm. 5.2.5] we
can express (4(s) as

M=

(5.2.1) TsCa(s) =) by(6) - (—1)PEO-1Liz (uy),

=1
for some number T, € N, explicit coefficients by(t) € F,[t], explicit indexes 5, € NIPG) with
dep(sy) < dep(s) and wt(s,) = wt(s) and explicit integral points u, € AdeP(se),

Remark 5.2.2. We mention in this remark that each value Li,(u,) occurring in (5.2.1)) is
non-vanishing (when u, € (A \ {0})%P¢)). We simply argue as follows. For any index
s = (s1,...,8.) € N, we put

D := {(zl,...,zr) € C._; |ziloo <qqs%ql forizl,...,r}

and
D! = {(zl,...,zr) € Cl : |z1]eo < gt and 1Zi]oo < it for i = 2,...,7‘}.

Then for any u = (uy,...,u,) € D?, by [C14, Rem. 5.1.4] the absolute value of the general
terms of Li;(u) is given by

qil qir qil qiT‘
Uy ..U, _ qq%l(sl'i’”""s” . Uy o Uy
L5 LT @s1a/(a=1) | gsra/(a—1) | o
i L
Therefore the absolute values above have a unique maximal one when ¢; = --- =4, = 0

for any u € Dy N (CX)". Note that u, € D}, C D}, by (5.1.2) and [CM17, Prop. 5.2.2 and
Rmk. 5.2.6], whence Lif,(u,) # 0.

The aim of this section is to deform the identity (5.2.1) to an identity of power series.

Lemma 5.2.3. Fiz an index s = (s1,...,8.) € N'. Let (84, up,b,(t)) and T be given in
5.2.1). Then we have the following identity

(5.2.4) 1) = ) bu(t) - (—1)PI g

=1
5.2.1. Formula of ('{°*(s) in terms of £isyn. We will give the proof of Lemma m shortly,
but first we discuss some new ideas in order to connect (7°'(s) to Lis,. Fix an index
s = (81,...,8.) € N'. For each 1 < i < r, we expand the Anderson-Thakur polynomial

Hg, 1(t) as

Hyo(t) =) uyt/,
j=0



30 CHIEH-YU CHANG, NATHAN GREEN, AND YOSHINORI MISHIBA

where u;; € A with |u;j|e < [0]% i and u;,, # 0. Following the notation of [CM17] we define
Js:={0,1,...,n1} x---x{0,1,...,n,}.

For each j = (ji1,...,Jr) € Js, we put

(5.2.5) uj = (i, ..., Uy ) € A" and a(t) = T € F[t).

One then observes that

Ny
( o= (St S ul e ) bl
HW - H, = ( ul ) ( Uy tj) N a5(t)ut, - U,
=0 §=(1,mdr)E T

Dividing the above equality by L;' ---L;” and then summing over all 4, > -4, > 0 we find
the following identity from the deﬁnltlons of (7°(s) and Lig .

Proposition 5.2.6. Let s = (s1,...,s,) € N" and let J; be defined as above. Then we have
the following identity

(5.2.7) T s) =) aj(t) San, -

J€Js

Remark 5.2.8. When we specialize the both sides of (5.2.7)) at ¢ = 6, then we obtain the
identity

(5.2.9) [sCa(s ZaJ ) Lig(uy)

j€Js
given in |[CI4, Thm. 5.5.2].

5.2.2. Review of the identity . We first mention that the arguments of proving the
identity are essentially the same as the arguments of deriving (5.2.1)), and so we
quickly review the ideas how we derive . As we have the formula (5.2.9)), it suffices to
express the CMPL Lis(u;) of the right hand side of (5.2.9 - ) in terms of linear combination of
Li;, with coefficients 1. It is easy to achieve this goal by using inclusion-exclusion principle
on the set

{iy > >1,>0}.

Note that the coefficients by() arise from some a;(6) up to £1.

5.2.3. Proof of Lemma[5.2.3 Now we prove the identity (5.2.4). First, we start with the
identity (5.2.7). We then use inclusion-exclusion principle on the set

{iy > >i, >0}

to express the £, of the right hand side of (5.2.7) as a linear combinations of £i;, , with

¢,Up
coefficients 1. Since such a procedure is Comp ete y the same as in Sec. [5.2.2) and smce the

coefficients of the right hand side of (5.2.7)) and ( are the same when replacing ¢ by 6,
by going through the details we obtain the desired formula (5.2.4)).

Remark 5.2.10. The formula (5.2.4)) will be used in the proof of Theorem The key idea
of the proof is that formula (5.2.4) is the deformation of (5.2.1). In the proof of Theorem 6.2.1]

we do not need to know the precise coefficients by, so we avoid presenting the repetitive details
given in [CMI17, p. 23]. One certainly could write down the precise coefficients b, by going
through the procedure mentioned above.
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6. EXPLICIT FORMULAE FOR Z,

For a given index s = (s1,...,s,) € N, in [CM17] one explicitly constructs a uniformizable
t-module G, defined over A, a special point v; € G5(A) and a vector Z; € Lie G4(Cy) so
that

e Expg, (Zs) = Vs, and
e the d;th coordinate of Z, gives I'sCa(s),

where we recall that d; ;= s;+---+ s, for: = 1,...,r. The purpose of this section is to give
explicit formulae for all coordinates of Z; in terms of hyperderivatives of t-motivic MZV’s
and t-motivic CMSPL’s.

6.1. Review of the constructions of G, v, Z,. In this subsection, for a fixed index
s = (81,...,8) € N” we recall the constructions of the t-module G, defined over A, the
special point vy € G5(A) and the vector Z, € Lie G4(C4) given in [CM17].

6.1.1. Review of fiber coproducts of dual t-motives. Let K C C,, be an algebraically closed
subfield containing K. Fix a dual t-motive N, and let {My, ..., Mz} be dual t-motives so
that we have an embedding N < M; as left K[t, o]-modules and the quotient M; /N is either
zero or a dual t-motive for each 7. Let n be a K[t]-basis of N and denote by n; the image
of n under the embedding N < M;. Under the assumptions on M;, we note that for each 7
the set n; is either a K[t]-basis of M; or can be extended to a K][t]-basis of M.

We define M to be the fiber coproduct of {J\/[Z};‘F:1 over N denoted by M; Ly - - - Ly Mr.
As a left K[t]-module, M is defined by the following quotient module

T
M = @Ml/ (Spang, {; —2j| V2 en V1 <i,j <T}),
i=1
where x; denotes the image of x under the embedding N < M, fori = 1,..., 7. It is shown in
[CMI7, Sec. 2.4.2] that the K[t]-module (Spangg, {af — 2|V 2z en V]l <ij<T})isstable
under the o-action, and hence M is a left K[¢, o]-module. In fact, M is shown to be a dual
t-motive.

6.1.2. The set up. Recall the formula I'sCa(s) = ZzT; be(6) - (—1)dep(se)—1 Li;, (ug) given in
(5.2.1). To simplify notation we fix T = T, and let s be the cardinality of those triples
(s¢,ug,b0(0)) with dep(s,) = 1. We then renumber the indexes ¢ of {1,...,T} such that

e 1 <! <sifdep(s;,) =1, and
e s+ 1<¢<T for dep(s;) > 2,

where ¢ corresponds to the triple (s¢, ug, be(0)).

Now for each 1 < ¢ < T we define matrices @, € Matgep(s,)+1(K[t]) and @), € Matgeps,) (K[t])
using the dep(s,)-tuple s, (recall that~ reverses the order of the tuple) as in and E,
respectively, with Q = u,. Further, define the Frobenius module M, and the dual ¢t-motive
M) as in Sec. with sigma actions given by ®, and @), respectively. For each (s, 0,), let
(Gy, pe) be the t-module associated to My, i.e., p, is given in (4.1.3)), and let v, be the special
point of Gy given in . Note that v, arises from M, by Remark .

Since each u, is an integral point, by Sec. we see that G, is defined over A and
vy € Gy(A). Note further that by [CM17, Thm. 4.2.3] the logarithm Log, converges at the
special point vy, and the dith coordinate of Logg, (v¢) is equal to

(=1)*PE7 L (uy),

DO
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where d; := wt(s) = wt(s,) for all £. Finally, we put Z, := Logg, (v,) for each £. We note
that the above setting is the same as [CM17, p. 24-25].

6.1.3. The t-module G;. For each ¢, we let p; be the map defining the t-module structure on
Gy. By (4.1.3) we see that if £ > s+ 1, p,(t) is a right upper triangular block matrix with
[t]4, located as upper left square. So py(t) has the shape

iy = (M 1),

where F, and p} are matrices over A[7] which one could calculate explicitly, but going forward
we only need to know that [t]4, is the top left block without knowing the precise sizes of F,

and p). Note that if ¢ < s then p(t) = [t]s,. We define the t-module (Gs, p) defined over A
to be the t-module associated to the dual t-motive

M, = M| Uged, -+ Ugea, My,

which is the fiber coproduct of the dual t-motives {M}},_, over C®%. We claim that p(t) is
a block upper triangular matrix given by

[t]dl Fs+1 e FT
(6.1.1) peall) . :
pr(t)

where again F; and p) are certain matrices over A[r] whose exact description we do not
require going forward. We will prove the above claim after giving a brief definition.

Definition 6.1.2. For any vector z € Mat, «1(Cy) with n > dy, we define z as the vector of
the first dy coordinates of z, and z_ as the vector of the remaining n — dy coordinates, i.e.,

- ()

for which z is of length di and z_ is of length n — d;.

To prove the claim, we note that from the construction of fiber coproducts of dual t-motives
there is a natural morphism of t-modules

T
W:@GZ%Gg
(=1

given by

(=1

T tr
Str _tr tr
(z1,...,27) — E Zg 2y .2y |

Note further that given a point z € G4, we can pick a suitable point z, € G, for each
1< ¢ <Tsothat z, =0 for all / # s+ 1 and 7 (2z,...,zr) = z. Since 7 is a morphism of
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t-modules, we have

p(t)(z) = p(t) (7 (z1,. .. 7ZT)? =7 (p1(t)(z1), ..., pr(t)(zr))
= (oo (M ) () (i)

[t]dlis—i-l + Z FEZE— [t]dl Fs+1 U FT Zs+1
€:5+1 Ps+1 (t)/ Zsi1_
= Pst1(t) Zsr1 = :
: pr(ty) \ o
pr(t)'zr_
tla, For - Fr
ps+1(t)
= Z.
pr(t)

Finally, we mention that the special point v; € G4(A) and the vector Z, € Lie G5(C) in
[CM17] are defined by

Ve =T ((p1(b1(t))(V1), .-, pr(br(t))(vr)))
and

Zs =07 ((8p1(b1(t))Z1, . ,8pT(bT(t))ZT)) s
and one has the fact [CM17, Thm. 1.2.2] that

Exst(Zs) = V,.

6.2. The main result. The primary result of this paper is stated as follows.

Theorem 6.2.1. For any index s = (s1,...,5,) € N, we let dy := s1+ -+ s, and let
Zs € Lie G4(Cy) be the vector given as above. For each s +1 < <T, we set

Y, = Y54,

which is defined in Theorem[{.2.2. Then Z, has the following explicit formula

G I (08 () s
(D1CTV(s)) |1mo (O (5)) oo
Zs = ot ()|1—p = I'sCa(s) :
(8p5+1(bs+1)(Y5+1))_ (3Ps+1( s+1)(Ys+1))
(3PT(5T>(YT))_ (3PT(5T)(YT))_

where by € Fy[t] is given in and Ope(by) (Yo) is explicitly given in Corollary for
each s +1 <€ < T, and the notation (-)_ is defined in Definition .
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Proof. Note that by Proposition 6}, Ope(by) is given explicitly as diagonal block matrices,
and the first block matrix is given by

be(8) (0}be) li=s -+ (O be) [1=s

(6.2.2) :
(04be) =0
be(0)

Recall by Theorem [4.2.2| that Z, = ( ZZ ¢ ), where

( 1)dep(5e) 1(ad1 l'glﬁg ue) |t:9 ( 1)dep 50)— (adl 1215,5 uz) |t 0
Zy = _
(—1)deptse)= (312152 ug) li=0 (—1)dertse)= ((9”315/ w) =0
( 1)dep 5[ (Slsg u[> ‘t 0 ( ]‘)dep 1’81 ( )

Since Zs := 0m (Op1(b1(t)) Z1, ..., 0pr(br(t))Zr), by the definition of © we have

N

—

(6.2.3) Ly = (Z ape(be)(ze)try (8Ps+1(bs+1)(Zs+1)tr)_ IR (apT(bT)(ZT)tr)_> :

Recall that dpe(b,) is a diagonal block matrix with the first block given as (6.2.2]), whence
we have that

ST 0pe(be)(22)

be(0) (O}be) =g -+ (afh_lbz) li=0 (—1)depls)—1 . (adl 1215,3 w () li=o
_ ZZ“ . . ( 1)dep(54)—1 (adl 221% a (t)) |t:0
-1
(0}be) le=0 .
bg(@) ( ]') P 5[ 1 215[ ug( )‘t:@

Dy 00T (1) PEO by (1), 4, (1)) lemo
e 7 ((—1)‘1‘*10(5‘)‘1 Hbe(t) £45, 4, (1)) le=o

> (—1)terlen b (1) €55, u, (8) =0

(a;h—lcglot (5)) |t:9 (adl 1Cmot |t p
Ol || @ ) s
1 (5)]e=0 ECA
where the second equality comes from Proposmon 3 ) and the third equality arises from

linearity of hyperderivatives and ( -
Since by definition Gy = G5, 4,, Vi = V3,5, and Z; = Logg, (v¢), we have Z, = Yy := Y5, 4,
defined in Theorem and so the explicit formulae of the remaining coordinates of Z

follow from (6.2.3) and Corollary O

Example 6.2.4. Take g =2 and s = (1,3). The 4th coordinate of Zn ) is given in [CM19,
Example 5.4.2]; however we can give other coordinates explicitily here. In this case, we have
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Iy =1,T3 =0>+6, H_y =1, Hy_y = t+ 6%, Juz = {(0,0),(0,1)}, upe = (1,6%),
uon = (1,1), ape) =1, ap1y =t. Thus we have
(0% 4 0)Ca(1,3) = Lig3)(1,60%) + 0 Li13(1,1)
= Li{; 5)(1,0%) — Lij(6°) + O Lif; 4(1,1) — 0 Lij(1)
= (—=1)'7'Lij(6*) + 0 - (-=1)' " Lij(1)
+(—1)* ' Lify 5)(1,6%) + 6 - (=1)*"" Lif 4(1,1),
L 3) = (1) T i e () + £ (1) LH (1)
+(=1)2 7 L1 gy 10y (B) + 1 (=) L1050y (B),

and (b1<t)7517u1) = (174702)7 (bQ(t)>527u2) = <t74>1); (bS(t)as?nuZS) = (17(173)7<1’62))7
(b4(i),54,114) = (tv (173>7( 71))'
For ¢ =1, we have Gy = C®*, and points

vi = (0,0,0,6%)" € C®(A),
Zy = ((02L1] 2) li=o, (07 £1% 42) 110, (0} £} g2 ) l1—p, Li;(6°))" € Lie C**(Cy) .
For { =2, we have Gy = C®*, and points
vy = (0,0,0,1)" € C®*(A),
Zy = ((97£13,1) li=o, (97£151) li=a, (9 £i71) lio, Li}(1)) " € Lie C*4(Cu),

We also have
pg(t)(Vg) = [ﬂ4V2 = (0,0, 1, 6’)“ - C®4(A),

Dps(t)Zs = ((OPLLI},) limo, (OPLETL,) limos (D}ELHL,) l1mo, O Li5(1))" € Lie C¥*(Coy).
For { = 3, we have G3 = G2 with the t-action

0 1
0 1
T 0| —6%r
‘ 0+ 71
and points
V3 = (07 07 07 _92a 1)tr S G3(A)>
- (8?£i?1,3),(1,02)) |t:9
— (07€i(13),1.07)) le=0 ‘
Zy = | — (0} £i{15),107) le=s | € Lie G5(Cxo).
— Lif; 5(1,0%)
Lij(1)
For { = 4, we have G4 = G2 with the t-action
0 1
0 1
pa(t) = o 1 ,
T 0| —r
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and

We also have

pa(t)(ve) = (0,0,1,0 + 1,0 + 1) € G4(A),

- (agtgi?l,:;),(m)) |t:6
= (074L47 5),1.0)) li=o
— (91L11 ) 1.1)) le=o
—0 Liz(l,?:)(l? 1)
6 Li*(1)

= G with the t-action
0

8p4(t)Z4 = € Lie G4(COO)

Therefore we have G 3)

1

0 1
0

1
p(t) = T 0| —6%r

0-+T1

0+1

and

v = m(v, pa(t)(va), vs, pa(t)(v4)) = (0,0,0,1,1,0 + 1) € G(1.3(A),

)
(0;CH"(1,3)) |
(07 CA°"(1,3)) |
(0, CA*"(1,3)) |¢
(92+9)CA( ) )
Lit()
oLi%(1)

Corollary 6.2.5. Let notation and hypotheses be given in Theorem |6.2. 1.
polynomial c(t) € F[t], we have

(0 e(t) i?"t(ﬁ)) |1=0

t=60
=0
=0

Z(173) = € Lie G(Lg)(Cm).

Then for any

(071 e(t)C5(s)) |1z

(D5 c(t) m"t( ) le=0
c(t)Cx (s) =0

(aps-i-l(d)s-i-l)( s1))_

(aPT(CbT)(YT))_

(O e(H)CEN(S)) s
c(O)TuCa(s)
(5ps+1(Cbs+1)( s+1))_

(50T(CbT)(YT))_

where Dpe(cbe)(Yy) is explicitly given in Corollary fors+1<(<T.

Proof. The arguments are entirely the same as above and so we omit them.
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6.3. Monomials of MZV’s. Given any two MZV’s with weight n; and ny, Thakur showed
in [T10] that the product of these two MZV’s is an F,-linear combination of certain MZV’s of
weight ny + ny, where F), is the prime field of K. It follows that for any indexes ki, ..., ky,,

there exist some indexes sq,...,8, of wight w = wt(k;) + -+ + wt(k,,) and coefficients
aip,...,a, € [, so that
(6.3.1) Calky) -+ Calkp) = a1Ca(s1) 4 - -+ + anCa(sn).

For each s; above, we let (Gs,,ps;) be the t-module over A and v;, € G, (A) be the
special point defined in Sec. Let Z,, be given as in Theorem [6.2.1, and note that
Expg, (Zs;) = Vs;- Recall that G, is the t-module associated to the dual t-motive M,

containing C®" as a sub-dual-t-motive. We put
M = M51 |_|C®w s |_|C®w M5n7

which is the fiber coprodcut of {Ms,};—, over C®*, and let (G, p) be the t-module over A
associated to the dual t-motive M in Sec. 2.3.2] Using the arguments above, we can write
(G, p) explicitly as follows.

We first note that for each i, pg,(t) is a right upper triangular block matrix with [t],,
located at upper left square. That is, ps, (t) has the shape of the form

([t]w pﬁsti)’) '

[t]w le .. B5
Psy (t)/

Then p(t) is given by

n

pﬁn <t>/
We further note that there is a natural morphism of ¢-modules

W:éGﬁi -G
i=1

given by

n tr
~tr tr tr
(Zsy s Zs,) > E A A A ,

i=1
where z and z_ are defined in Definition by putting d; := w there.

Using the methods of fiber coproduct [CM17, Lem. 3.3.2] and Theorem|[6.2.1] we can relate
the monomial (a(ky) - - - Ca(ky,) to the w-th coordinate of a certain logarithmic vector Z and
give explicit formulae for all the other coordinates. Before stating the result, we multiply

both sides of (6.3.1)) by I's, - - - I's, which gives

(6.3.2) L oo Ts,Calka) -+ Calkm) = e1l's, Cals1) + - + s, Calsn),
where for each 1,
(6.3.3) cii=a; [[ Ts, €A
1<j<n
j#i

and denote by ¢;(t) := ¢;g=¢ € F,[t]. Finally, we denote
Z =0 (Ops, (c1(t) Zsys - - -, Ops, (cn(t)) Zs,) € Lie G(Cy),
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V= (e (€1(1) (Ver)s -5 pa (en(8)) (V) € GI(A),

so that Exp,(Z) = v. Then, we have the following commutative diagram,

n

s
P — ¢
i=1

Dy EXPG% T Expg

P Lie G, 7 LieG.

i=1

Theorem 6.3.4. Let ky,...,k,, be m indexes and put w := wt(ky) + --- + wt(k,,). Let

{si,ci}i_, be given in and , and Zs, be given in Theorem for each i. Let
G be the t-module, Z € Lie G(Cy,) be the logarithmic vector and v € G(A) be the special

point defined above. Then we have

(1) Z is given by

Za psim) Zs,

(Opa (er()Za)_ |

(Opan(n (1)) Zs,)

where Ops,(¢;(t))Zs, is explicitly given in Corollary for each 1 < i < n and
where we recall the notation from Definition[6.1.3,
(2) The w-th coordinate of Z is given by I's, -+ - T's Ca(ky) -+ Calky)-

Proof. The first assertion follows from the definition of O7. To prove the second one, we first
note that for each i, we have the following.

e (G,. comes from the dual t-motive M;,, and contains C®* as sub-t-module.
e M is the fiber coproduct of {M,}? | over C®" and G is its corresponding ¢t-module.
* Expg, (9ps,(ci(t)) Zs;) = ps; (ci(1)) (Vs,).
e The w-th coordinate of dps,(¢;(t))Zs, = ¢i(0)T's,Ca(s;).
So by [CMIT, Lem. 3.3.2] the w-th coordinate of Z is given by ¢1Ts,Ca(51)+- - - +¢nls, Ca(5n),

which is equal to T's, -+ - T's, Ca(k1) - -~ Ca(kmm) by (6.3.2)).
0

Remark 6.3.5. We mention that the coefficients {a;} in are shown to exist by Thakur [T10],
and in general we do not know how to write them down explicitly. In the simplest case that
m = 2 and dep(s;) = dep(sy) = 1, Chen has explicit formulae for the coefficients {a;}
in [Ch15]. Precisely, we have that for any positive integers s; and so with n := s; + sy, then

Ca(s1)Ca(s2) = Cals1, 52) + Ca(s2, 51) + Ca(s1 + 52)

wo g [ () e (e

i+j=n
(a—1)|5
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