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For 0 ≤ α < n, we demonstrate the failure of energy reversal for the vector of α-fractional

Riesz transforms, and more generally for the vector of all α-fractional convolution sin-

gular integrals having a kernel with vanishing integral on every great circle of the

sphere.

1 Introduction

In the recent two-part solution to the Nazarov–Treil–Volberg conjecture for the two

weight Hilbert transform inequality (Lacey et al. Part I [2], Lacey Part II [1]), crucial

use was made of the following point-wise equivalence for the difference quotients of the

Hilbert transform Hμ associated with x, x′ in an interval J and a positive measure μ
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Failure of Energy Reversal 9889

supported outside the double 2J:

Hμ(x) − Hμ(x′)
x − x′ = 1

x − x′

∫
R\2J

{
1

y − x
− 1

y − x′

}
dμ(y)

= 1

|J|
∫

R\2J

|J|
(y − x)(y − x′)

dμ(y)

≈ P(J, 1R\2Jμ)

|J| . (1.1)

Here, Hμ(x) ≡ ∫
R

1
y−x dμ(y) is the Hilbert transform of the measure μ on J, and P(J, ν) ≡∫

R

|J|
|J|2+|y−cJ |2 dν(y) is the Poisson integral of ν associated with the interval J, and where

cJ is the center of J. The important consequence of this point-wise equivalence is that

a difference quotient of the singular integral Hμ is comparable with a positive quan-

tity P(J,μ)

|J| , that is in turn monotone increasing in the measure μ. A striking difference

between the one and higher dimensional settings for singular integrals is that this

equivalence fails in both directions � and � for singular integrals in Rn with n> 1.

In fact, the forward direction � requires an additional energy term derived by Lacey

and Wick [3], and with this addition the forward inequality provides a suitable substi-

tute for use in higher dimensions. However, there is a particularly spectacular failure of

the reverse inequality �, which we refer to as energy reversal, a terminology explained

below. In fact, this failure of energy reversal in higher dimensions underlies the restric-

tive nature of higher dimensional analogs of the two weight theorem for the Hilbert

transform in both [3, 5], where in earlier versions of each of these papers, errors were

made in assuming some version of energy reversal.

To set direction for this paper, we first recall a special case of Theorem 1 from

our paper [5], using notation from that paper, which we now review here, albeit very

briefly. Let 0 ≤ α < n. Consider a kernel function Kα(x, y) defined on Rn × Rn satisfying

the following fractional size and smoothness conditions of order 1 + δ for some δ > 0,

|Kα(x, y)| ≤ CCZ|x − y|α−n,

|∇Kα(x, y)| ≤ CCZ|x − y|α−n−1,

|∇Kα(x, y) − ∇Kα(x′, y)| ≤ CCZ

( |x − x′|
|x − y|

)δ

|x − y|α−n−1,
|x − x′|
|x − y| ≤ 1

2
,

|∇Kα(x, y) − ∇Kα(x, y′)| ≤ CCZ

( |y − y′|
|x − y|

)δ

|x − y|α−n−1,
|y − y′|
|x − y| ≤ 1

2
.

(1.2)
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9890 E. T. Sawyer et al.

We define a standard α-fractional Calderón–Zygmund operator associated with

such a kernel as follows.

Definition 1. We say that Tα is a standard α-fractional integral operator with kernel

Kα if Tα is a bounded linear operator from some L p(Rn) to some Lq(Rn) for some fixed

1 < p≤ q < ∞, that is

‖Tα f‖Lq(Rn) ≤ C‖ f‖L p(Rn), f ∈ L p(Rn),

if Kα(x, y) is defined on Rn × Rn and satisfies (1.2), and if Tα and Kα are related by

Tα f(x) =
∫

Kα(x, y) f(y) dy, a.e.-x /∈ supp f,

whenever f ∈ L p(Rn) has compact support in Rn. We say Kα(x, y) is a standard

α-fractional kernel if it satisfies (1.2). �

In higher dimensions, there are the two α-fractional Poisson integrals of μ on a

cube Q are given by

Pα(Q, μ) ≡
∫

Rn

|Q| 1
n

(|Q| 1
n + |x − xQ|)n+1−α

dμ(x),

Pα(Q, μ) ≡
∫

Rn

(
|Q| 1

n

(|Q| 1
n + |x − xQ|)2

)n−α

dμ(x).

(1.3)

We refer to Pα as the standard Poisson integral and to Pα as the reproducing Pois-

son integral. We refer the reader to [5] for the more technical definitions of elliptic and

strongly elliptic operators Tα, and various notions of energy.

Finally, we define the α-energy condition constant to be

(Eα)2 ≡ sup
Q=∪̇Qr

Q,Qr∈Dn

1

|I |σ
∞∑

r=1

∑
J∈Mr-deep(Qr)

(
Pα(J, 1Qσ)

|J| 1
n

)2

‖Psubgood,ω

J x‖2
L2(ω)

+ sup
�≥0

sup
Q

1

|I |σ
∑

J∈M�
r-deep(Q)

(
Pα(J, 1Qσ)

|J| 1
n

)2

‖Psubgood,ω

J x‖2
L2(ω),

where the supremum is taken over all dyadic grids Dn and all dyadic cubes in Dn, and

where the goodness parameters r and ε implicit in the definition of Mr-deep(K) and

M�
r-deep(K) are fixed sufficiently large and small, respectively, depending on n and α.

Here the collection Mr-deep(K) consists of the maximal r-deeply embedded dyadic sub-

cubes J of a cube K (a subcube J of K is a dyadic subcube of K if J ∈D when D is a
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Failure of Energy Reversal 9891

dyadic grid containing K), and for each � ≥ 0, the collection M�
r-deep(K) consists of those

J ∈Mr-deep(π�K) (where π�K denotes the �-fold dyadic parent of K) that are r-deeply

embedded in K, that is,

M�
r-deep(K) ≡ {J ∈Mr-deep(π�K) : J ⊂ Lfor some L ∈Mr-deep(K)}.

Of course M0
r-deep(K) =Mr-deep(K), but M�

r-deep(K) is in general a finer subdecomposi-

tion of K the larger � is, and may in fact be empty. There is a similar definition of the

dual α-energy condition constant E∗
α . We refer the reader to [5], or almost any other paper

on the subject, for the detailed definition and properties of good dyadic cubes.

Theorem 1. Suppose that σ and ω are locally finite positive Borel measures in Rn with

no common point masses, and assume the finiteness of the α-energy condition constant

Eα and its dual constant E∗
α . Let Tα be a standard strongly elliptic α-fractional Calderón–

Zygmund operator in Euclidean space Rn. Then Tα is bounded from L2(σ ) to L2(ω) if and

only if the Aα
2 condition

Aα
2 ≡ sup

Q∈Qn
Pα(Q, σ )

|Q|ω
|Q|1− α

n
< ∞ (1.4)

and its dual hold, the cube testing conditions
∫

Q
|Tα(1Qσ)|2ω ≤ T2

Tα

∫
Q

dσ and
∫

Q
|(Tα)∗(1Qω)|2σ ≤ T2

Tα

∫
Q

dω, (1.5)

hold for all cubes Q in Rn, and the weak boundedness property for Tα holds:∣∣∣∣∫
Q

Tα(1Q′σ) dω

∣∣∣∣≤WBPTα

√
|Q|ω|Q′|σ ,

for all cubes Q, Q′ with
1

C
≤ |Q| 1

n

|Q′| 1
n

≤ C ,

and either Q ⊂ 3Q′ \ Q′ or Q′ ⊂ 3Q \ Q. �

In [7], we used Theorem 1 to prove the T1 theorem for the vector of Riesz trans-

forms in Rn in the special case when one of the measures σ, ω is supported on a line

in Rn. The key to that proof was proving control of the above energy constants Eα and

E∗
α in terms of the constants in the hypotheses (1.4) and (1.5), and this in turn used an

energy reversal that exploited the 1D support of one of the measures. As mentioned

above, a number of attempts have been made to prove such control of various different

energy conditions by invoking an energy reversal for the Riesz transforms and similar

operators—see (2.4)—but all of these attempts have been met with failure. The purpose
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9892 E. T. Sawyer et al.

of this paper is to show first that energy reversal is false, not only for the vector of

α-fractional Riesz transforms in the plane when 0 ≤ α < 2, but also for the vectors of

classical α-fractional singular integrals in the plane,

Tα
M ≡ {Tα

Ω : Ω ∈PM},

PM ≡ {cos nθ, sin nθ}M
n=1,

where Tα
Ω has convolution kernel

Ω( x
|x| )

|x|2−α = Ω(θ)

|x|2−α and 0 ≤ α < 2. The linear space LM of

trigonometric polynomials with vanishing mean and degree at most M is spanned by the

monomials PM, and so we also obtain the failure of energy reversal for the infinite vec-

tor Tα
M ≡ {TΩ : Ω ∈LM}. A standard limiting argument applied to the proof below extends

this failure to all sufficiently smooth Ω(θ) with vanishing mean on the circle. Finally, we

embed an analog of the planar measure constructed below into Euclidean space Rn to

obtain the failure of energy reversal for any vector of classical convolution Calderón–

Zygmund operators with odd kernel in Rn—and more generally for kernels Ω(x′)
|x|n−α where

Ω has vanishing integral on every great circle in the sphere Sn−1. A key to our proof is

the positivity of the determinants det[ Γ (z)2

Γ (z−|i− j|)Γ (z+|i− j|) ]
n
i, j=1 for all n≥ 1, where Γ (z) is the

gamma function. See also [3] for related results regarding fractional Riesz transforms in

higher dimensions.

2 Failure of Reversal of Energy

Recall the energy E(J, ω) of a measure ω on a cube J,

E(J, ω)2 ≡ 1

|J|ω
1

|J|ω

∫
J

∫
J

∣∣∣∣∣x − z

|J| 1
n

∣∣∣∣∣
2

dω(x) dω(z) = 2
1

|J|ω

∫
J

∣∣∣∣∣x − Eω
J x

|J| 1
n

∣∣∣∣∣
2

dω(x).

Define its associated coordinate energies E j(J, ω) by

E j(J, ω)2 ≡ 1

|J|ω
1

|J|ω

∫
J

∫
J

∣∣∣∣∣xj − zj

|J| 1
n

∣∣∣∣∣
2

dω(x) dω(z), j = 1, 2, . . . , n,

and the rotations E j
R(J, ω) of the coordinate energies by a rotation R ∈ SO(n), which we

refer to as partial energies,

E j
R(J, ω)2 ≡ 1

|J|ω
1

|J|ω

∫
J

∫
J

∣∣∣∣∣x
j
R − zj

R
|J| 1

n

∣∣∣∣∣
2

dω(x) dω(z), j = 1, 2, . . . , n,
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Failure of Energy Reversal 9893

where for R ∈ SO(n), xR = (xj
R)n

j=1 =R(xj)n
j=1 =Rx. Set ER(J, ω)2 ≡ E1

R(J, ω)2 + · · · +
En
R(J, ω)2. We have the following elementary computations.

Lemma 1. For R ∈ SO(n) we have

ER(J, ω)2 = E1
R(J, ω)2 + · · · + En

R(J, ω)2 = E(J, ω)2. (2.1)

More generally, if R = {R j}n
j=1 ⊂ SO(n) is a collection of rotations such that the matrix

MR =
[R1e1

...
Rne1

]
with rows R�e1 is nonsingular, then

E(J, ω)2 ≤ 1

εR

n∑
�=1

E1
R�

(J, ω)2, (2.2)

where εR is the least eigenvalue of M∗
RMR. �

Proof. We have

|x1
R − z1

R|2 + · · · + |xn
R − zn

R|2 = |R(x − z)|2

= |x − z|2 = |x1 − z1|2 + · · · + |xn − zn|2,

so that

ER(J, ω)2 ≡ E1
R(J, ω)2 + · · · + En

R(J, ω)2

= E1(J, ω)2 + · · · + En(J, ω)2 = E(J, ω)2.

More generally, if M�
R denotes the �th row of the matrix MR, we have

εR|x − z|2 ≤ (x − z)trM∗
RMR(x − z)

=
n∑

�=1

|R�e1 · (x − z)|2,

so that

εRE(J, ω)2 =
(

1

|J|ω|J| 1
n

)2 ∫
J

∫
J
εR|x − z|2 dω(x) dω(z)

≤
(

1

|J|ω|J| 1
n

)2 ∫
J

∫
J

{
n∑

�=1

|R�e1 · (x − z)|2
}

dω(x) dω(z)

=
n∑

�=1

E1
R�

(J, ω)2. �
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9894 E. T. Sawyer et al.

The point of the estimate (2.2) is that it could hopefully be used to help obtain

a reversal of energy for a vector transform Tn,α = {Tn,α
� }n

�=1, where the convolution kernel

Kn,α
� (w) of the operator Tn,α

� has the form

Kn,α
� (w) =

Ωn
�

(
w
|w|
)

|w|n−α
, (2.3)

and where Ωn
� is smooth on the sphere Sn−1. We refer to the operator Tn,α

� as an

α-fractional convolution Calderón–Zygmund operator. If in addition we require that Ωn
�

has vanishing integral on the sphere Sn−1, we refer to Tn,α
� as a classical α-fractional

Calderón–Zygmund operator.

However, we now dash this hope, at least for the most familiar singular operators

in the plane, in a spectacular way. Here is the key definition we work with.

Definition 2. A vector Tα = {Tα
� }N

�=1 of α-fractional transforms in Euclidean space Rn sat-

isfies a strong reversal of ω-energy on a cube J if there is a positive constant C0 such

that for all γ ≥ 2 sufficiently large and for all positive measures μ supported outside γ J,

we have the inequality

E(J, ω)2Pα(J, μ)2 ≤ C0E
dω(x)
J E

dω(z)
J |Tαμ(x) − Tαμ(z)|2. (2.4)

�

Note that in dimension n= 1, (2.4) is an immediate consequence of (1.1)—simply

square Hμ(x) − Hμ(x′) ≈ x−x′
|J| P(J, μ) and take ω-expectations over J in both x and x′. We

show that (2.4) is false in higher dimensions by stating and proving a variant of Lemma

9 in an earlier paper [6] that has since been withdrawn.

Lemma 2 (Failure of Reverse Energy). Suppose that J is a square in the plane R2, 0 ≤ α <

2, γ > 2 and that Rα = {Rα
� }2

�=1 is the vector of α-fractional Riesz transforms in the plane

R2 with kernels Kα
� (w) = Ω�(

w
|w| )

|w|2−α and Ω�(
w
|w| ) = w�

|w| . Finally, suppose that C0 > 0 is given. For

γ sufficiently large, there exists a positive measure μ on R2 supported outside γ J and

depending only on α and γ , such that the strong reversal of ω-energy inequality (2.4) fails

for a certain class of measures ω. Moreover, we can choose μ as above so that in addition,

for any M ≥ 1, the strong reversal of ω-energy inequality (2.4) fails for the vector Tα
M. �

As a corollary of the proof of this lemma we easily obtain an extension to

higher dimensions by simply embedding an appropriate planar measure into Euclidean

space Rn.
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Failure of Energy Reversal 9895

Corollary 1 (of the proof of Lemma 2). Suppose that J is a cube in Rn, 0 ≤ α < n, γ > 2

and suppose that C0 > 0 is given. For γ sufficiently large, there exists a positive mea-

sure μ on Rn supported outside γ J and depending only on n, α, and γ , such that for a

certain class of measures ω the strong reversal of ω-energy inequality (2.4) fails for any

vector Tα = {Tα
� }N

�=1 of α-fractional smooth Calderón–Zygmund operators in Rn with ker-

nels Kα
� (w) = Ω�(

w
|w| )

|w|n−α , where Ω� has vanishing integral on every great circle in the sphere

Sn−1—in particular this holds if each Kα
� is odd. �

2.1 Failure of weak reversal of energy

The right-hand side of (2.4) is clearly dominated by C0Edω
J |Tαμ|2, and so we say that

Tα = {Tα
� }2

�=1 satisfies a weak reversal of ω-energy on a cube J if for γ and μ as above, we

have the weaker inequality

E(J, ω)2Pα(J, μ)2 ≤ C0Edω
J |Tαμ|2. (2.5)

Now we show that even this weaker form of energy reversal fails, although not as spec-

tacularly as the strong energy reversal. We content ourselves with the following special

case for the Riesz transform vector Rα.

Lemma 3 (Failure of Weak Reverse Energy). Suppose that J is a square in the plane R2,

0 ≤ α < 2, γ > 2 and that Rα = {Rα
� }2

�=1 is the vector of α-fractional Riesz transforms with

kernels Kα
� (w) = Ω�(

w
|w| )

|w|2−α . Finally suppose that C0 > 0 is given. For γ > 2 sufficiently large,

there is a positive measure μ = μα,γ,Tα on R2 supported outside γ J and depending only

on α, γ , and Rα, such that for a certain class of measures ω the weak reversal of ω-energy

inequality (2.5) fails. �

3 The Proofs

Proof of Lemma 2 for the Riesz transform vector. Let ε > 0. We let
Ω�(

w
|w| )

|w|2−α be an arbi-

trary standard kernel for the moment with smoothness index δ in (1.2). With Kα
� (x, y) =

Kα
� (x − y) and x, z∈ J, there is a point ξx,z on the line joining x and z such that

Tα
� μ(x) − Tα

� μ(z) =
∫
{Kα

� (x − y) − Kα
� (z − y)} dμ(y)

=
∫
{(x − z) · ∇Kα

� (ξx,z − y)} dμ(y)
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9896 E. T. Sawyer et al.

=
∫
{(x − z) · ∇Kα

� (cJ − y)} dμ(y)

+
∫
{(x − z) · [∇Kα

� (ξx,z − y) − ∇Kα
� (cJ − y)]} dμ(y)

≡ Λα
� + Eα

�,x,z.

If γ > 2 is sufficiently large, (1.2) gives

|Eα
�,x,z| ≤

∫
|x − z||∇Kα

� (ξx,z − y) − ∇Kα
� (cJ − y)| dμ(y)

≤
∫
(γ J)c

|x − z|CCZ

( |ξx,z − cJ |
|cJ − y|

)δ

|cJ − y|α−3 dμ(y)

≤ CCZ|x − z|
∫ ( |ξx,z − cJ |

|cJ − y|
)δ

|cJ − y|α−3 dμ(y),

and so from (1.3) with n= 2, we obtain

|Eα
�,x,z| ≤ C

1

γ δ

Pα(J, μ)

|J| 1
2

|x − z| ≤ ε
Pα(J, μ)

|J| 1
2

|x − z|. (3.1)

The point of this inequality (3.1) is that it permits the replacement of the dif-

ference Tα
� μ(x) − Tα

� μ(z) in (2.4) by the linear part Λα
� of the Taylor expansion of the

kernel Kα
� .

Now we make the choice

Ω�(w) = Ω(θ�(w));

θ�(w) ≡ tan−1 (−1)�
′
w�′

w�
, 1 ≤ � ≤ 2,

where w�′
denotes the coordinate variable other than w�, that is, � + �′ = 3. Thus, θ1 is the

usual angular coordinate on the circle and θ2 = θ1 + π
2 . We now use

∇|w|α−2 =
(

∂

∂w1
((w1)2 + (w2)2)

α−2
2 ,

∂

∂w2
((w1)2 + (w2)2)

α−2
2

)
= α − 2

2
((w1)2 + (w2)2)

α−2
2 −12w

= (α − 2)|w|α−4w.
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Failure of Energy Reversal 9897

and

∂

∂w�
tan−1 w�′

w�
= 1

1 + (w�′

w� )2

−w�′

(w�)2
= −w�′

|w|2 ,

∂

∂w�′ tan−1 w�′

w�
= 1

1 + (w�′

w� )2

1

w�
= w�

|w|2 .

to calculate that the gradient of the convolution kernel

Kα
� (w) = Ω�(w)

|w|2−α
= Ω(θ�(w))

|w|2−α
= Ω(tan−1 w�′

w� )

|w|2−α
,

is given by,

∇Kα
� (w) = ∇

(
Ω�(w)

|w|2−α

)
= Ω(θ�(w))∇|w|α−2 + |w|α−2Ω ′(θ�(w))∇θ�

= (α − 2)Ω(θ�(w))w + Ω ′(θ�(w))w⊥

|w|4−α
.

Thus, the linear part Λα
� in the Taylor expansion of Tα

� μ is given by

Λα
� = (x − z) ·

∫
∇Kα

� (cJ − y) dμ(y) ≡ (x − z) · Zα
Ω�

(cJ;μ),

where

Zα
Ω�

(cJ;μ) =
∫

R2

(α − 2)Ω(θ�(cJ − y))(cJ − y) + Ω ′(θ�(cJ − y))(cJ−y)⊥

|cJ − y|4−α
dμ(y)

=
∫
w∈S1

{(α − 2)Ω(θ�(w))w1 − Ω ′(θ�(w))w2}e1 dΨμ(w)

+
∫
w∈S1

{(α − 2)Ω(θ�(w))w2 + Ω ′(θ�(w))w1}e2 dΨμ(w),

and e� is the coordinate vector with a 1 in the �th position. Here the measure Ψμ is an

arbitrary positive finite measure on the circle S1 given formally by

dΨμ(w) = dΨ J
μ (w) =

∫∞

0
rα−3 dμJ

w(r) =
∫∞

0
rα−3 dμ(cJ + rw), w ∈ S1.

Note that conversely, if we are given a positive finite measure Ψ on the circle,

we can simply translate and dilate Ψ , preserving its mass, to be supported in a circle

centered at cJ with radius R. Then, the resulting measure μ will satisfy dΨ J
μ = dΨ . Below

we will typically apply this converse observation with R chosen to be γ |J| 1
2 to obtain our

counterexamples.
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9898 E. T. Sawyer et al.

We use,

tan θ�(w) = (−1)�
′
w�′

w�
,

csc θ�(w) = (−1)�
′√

1 + cot2 θ�(w) = (−1)�
′

√
1 +

(
w�

w�′

)2

= |w|
(−1)�

′
w�′ ,

sin θ�(w) = (−1)�
′
w�′

|w| and cos θ�(w) = w�

|w| ,

for w �= 0, to obtain

Zα
Ω1

(cJ;μ) =
∫

S1
{(α − 2)Ω(θ1(w)) cos θ1(w) − Ω ′(θ1(w)) sin θ1(w)}e1 dΨμ

+
∫

S1
{(α − 2)Ω(θ1(w)) sin θ1(w) + Ω ′(θ1(w)) cos θ1(w)}e2 dΨμ

≡
∫

S1
{A1

α(θ1(w))e1 + B1
α(θ1(w))e2} dΨμ,

and

Zα
Ω2

(cJ;μ) =
∫

S1
{−(α − 2)Ω(θ2(w)) sin θ2(w) − Ω ′(θ2(w)) cos θ2(w)}e1 dΨμ

+
∫

S1
{(α − 2)Ω(θ2(w)) cos θ2(w) − Ω ′(θ2(w)) sin θ2(w)}e2 dΨμ

≡
∫

S1
{A2

α(θ2(w))e1 + B2
α(θ2(w))e2} dΨμ,

with

A1
α(t) = (α − 2)Ω(t) cos t − Ω ′(t) sin t = B2

α(t),

B1
α(t) = (α − 2)Ω(t) sin t + Ω ′(t) cos t = −A2

α(t).
(3.2)

Now we show below in (3.7) that a necessary condition for reversal of energy on

J is that the span of the pair of vectors {Zα
Ω�

(cJ;μ)}2
�=1 is all of R2:

Span{Zα
Ω�

(cJ;μ)}2
�=1 = R2. (3.3)

So it suffices to show the failure of (3.3), that is, that Zα
Ω1

(cJ;μ) and Zα
Ω2

(cJ;μ) are parallel,

or at least one of them is the zero vector.

 by guest on N
ovem

ber 18, 2015
http://im

rn.oxfordjournals.org/
D

ow
nloaded from

 

http://imrn.oxfordjournals.org/


Failure of Energy Reversal 9899

At this point, we take � = 1 and set θ = θ1(w) so that we obtain

Aα(θ) ≡ A1
α(θ1(w)) = (α − 2)Ω(θ) cos θ − Ω ′(θ) sin θ,

Bα(θ) ≡ B1
α(θ1(w)) = (α − 2)Ω(θ) sin θ + Ω ′(θ) cos θ.

(3.4)

In the case α = 1, these coefficients are perfect derivatives:

A1(θ) = −Ω(θ) cos θ − Ω ′(θ) sin θ = −[Ω(θ) sin θ ]′,

B1(θ) = −Ω(θ) sin θ + Ω ′(θ) cos θ = −[Ω(θ) cos θ ]′,

and so have vanishing integral on the circle. Thus with the choice dΨμ(θ) = dθ we have

ZΩ(cJ;μ) =
∫

S1
{A1(θ)e1 + B1(θ)e2} dθ = 0

the zero vector, for every choice of differentiable Ω on the circle.

In the case 0 ≤ α < 2 with α �= 1, it is no longer possible to find a nontrivial mea-

sure μ so that Zα
Ω(cJ;μ) vanishes for all differentiable Ω, but we will see that we can

always find a positive measure μ such that the vectors Zα
Ω1

(cJ;μ) and Zα
Ω2

(cJ;μ) are par-

allel for the choice Ω(θ) = cos θ that corresponds to the vector of Riesz transforms.

Indeed, in the special case that Ω(t) = cos t, and recalling that θ2(w) = θ1(w) + π
2 =

θ + π
2 , we have

A1
α(θ1(w)) = A1

α(θ) = (α − 2) cos2 θ + sin2
θ;

B1
α(θ1(w)) = B1

α(θ) = (α − 3) cos θ sin θ;

A2
α(θ2(w)) = −B1

α

(
θ + π

2

)
= −(α − 3) cos

(
θ + π

2

)
sin

(
θ + π

2

)
= (α − 3) cos θ sin θ;

B2
α(θ2(w)) = A1

α

(
θ + π

2

)
= (α − 2) cos2

(
θ + π

2

)
+ sin2

(
θ + π

2

)
= (α − 2) sin2

θ + cos2 θ.

Thus we also have

Zα
Ω1

(cJ;μ) =
∫

S1
{A1

α(θ1(w))e1 + B1
α(θ1(w))e2} dΨμ

=
∫

S1
{[(α − 2) cos2 θ + sin2

θ ]e1 + [(α − 3) cos θ sin θ ]e2} dΨμ

=
{∫

S1
[(α − 2) cos2 θ + sin2

θ ] dΨμ

}
e1 +

{∫
S1

[(α − 3) cos θ sin θ ] dΨμ

}
e2
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and

Zα
Ω2

(cJ;μ) =
∫

S1
{A2

α(θ2(w))e1 + B2
α(θ2(w))e2} dΨμ

=
∫

S1
{[(α − 3) cos θ sin θ ]e1 + [(α − 2) sin2

θ + cos2 θ ]e2} dΨμ

=
{∫

S1
[(α − 3) cos θ sin θ ] dΨμ

}
e1 +

{∫
S1

[(α − 2) sin2
θ + cos2 θ ] dΨμ

}
e2.

Using

(α − 2) cos2 θ + sin2
θ = (α − 3) cos2 θ + 1,

(α − 2) sin2
θ + cos2 θ = (α − 3) sin2

θ + 1,

sin θ cos θ = 1

2
sin 2θ, cos2 θ = 1 + cos 2θ

2
, sin2

θ = 1 − cos 2θ

2
,

(3.5)

we see that

(α − 2) cos2 θ + sin2
θ = (α − 3)

1 + cos 2θ

2
+ 1 = α − 3

2
cos 2θ + α − 1

2
,

(α − 2) sin2
θ + cos2 θ = (α − 3)

1 − cos 2θ

2
+ 1 = −α − 3

2
cos 2θ + α − 1

2
,

(α − 3) cos θ sin θ = α − 3

2
sin 2θ.

Plugging these formulas into those for Zα
Ω1

(cJ;μ) and Zα
Ω2

(cJ;μ), we obtain

det

[
Zα

Ω1
(cJ;μ)

Zα
Ω2

(cJ;μ)

]

= det

⎡⎢⎢⎢⎣
∫

S1

[
α − 3

2
cos 2θ + α − 1

2

]
dΨμ

∫
S1

[
α − 3

2
sin 2θ

]
dΨμ

∫
S1

[
α − 3

2
sin 2θ

]
dΨμ

∫
S1

[
−α − 3

2
cos 2θ + α − 1

2

]
dΨμ

⎤⎥⎥⎥⎦
=
(

α − 3

2

∫
S1

cos 2θ dΨμ + α − 1

2
‖Ψμ‖

)(
−α − 3

2

∫
S1

cos 2θ dΨμ + α − 1

2
‖Ψμ‖

)

−
(

α − 3

2

∫
S1

sin 2θ dΨμ

)2

=
(

α − 1

2
‖Ψμ‖

)2

−
{(

α − 3

2

∫
S1

cos 2θ dΨμ

)2

+
(

α − 3

2

∫
S1

sin 2θ dΨμ

)2
}

.
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Failure of Energy Reversal 9901

Thus det
[

Zα
Ω1

(cJ ;μ)

Zα
Ω2

(cJ ;μ)

]
= 0 if and only if the length of the vector

α − 3

2

⎛⎜⎜⎝
∫

S1
cos 2θ dΨμ

∫
S1

sin 2θ dΨμ

⎞⎟⎟⎠
equals |α−1|

2 ‖Ψμ‖, that is, ∥∥∥∥∥∥∥∥
⎛⎜⎜⎝

∫
S1

cos 2θ dΨμ

∫
S1

sin 2θ dΨμ

⎞⎟⎟⎠
∥∥∥∥∥∥∥∥= |α − 1|

|α − 3| ‖Ψμ‖. (3.6)

To construct a positive probability measure dΨμ on the circle that satisfies (3.6),

we first observe that if dΨμ = δ(1,0) is the unit point mass at (1, 0), then∥∥∥∥∥∥∥∥
⎛⎜⎜⎝

∫
S1

cos 2θ dΨμ

∫
S1

sin 2θ dΨμ

⎞⎟⎟⎠
∥∥∥∥∥∥∥∥=

∥∥∥∥∥∥
⎛⎝

∫
S1

dΨμ

0

⎞⎠∥∥∥∥∥∥= ‖Ψμ‖,

and since |α − 1| < |α − 3| for all 0 ≤ α < 2, we have∥∥∥∥∥∥∥∥
⎛⎜⎜⎝

∫
S1

cos 2θ dΨμ

∫
S1

sin 2θ dΨμ

⎞⎟⎟⎠
∥∥∥∥∥∥∥∥>

|α − 1|
|α − 3| ‖Ψμ‖,

in this case. On the other hand, if dΨμ(θ) = 1
2π

dθ is normalized Lebesgue measure on the

circle, we have ∥∥∥∥∥∥∥∥
⎛⎜⎜⎝

∫
S1

cos 2θ dΨμ

∫
S1

sin 2θ dΨμ

⎞⎟⎟⎠
∥∥∥∥∥∥∥∥=

∥∥∥∥∥
(

0

0

)∥∥∥∥∥= 0 <
|α − 1|
|α − 3| ‖Ψμ‖.

It is now easy to see that there is a convex combination dΨμ = (1 − λ)δ(1,0) + λ 1
2π

dθ such

that (3.6) holds. Thus (3.3) fails, and we now show that energy reversal fails.

In fact, we may assume that both Zα
Ω1

(cJ;μ) and Zα
Ω2

(cJ;μ) are parallel to the

coordinate vector e2, and in this case we will see that we can reverse at most the coor-

dinate energy E2(J, ω), defined above by

E2(J, ω)2 ≡ 1

|J|ω
1

|J|ω

∫
J

∫
J

∣∣∣∣∣x2 − z2

|J| 1
n

∣∣∣∣∣
2

dω(x) dω(z),
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and not the full energy E(J, ω). More precisely, we claim that there is a measure ω such

that for γ so large that ε � C0, the strong reversal of ω-energy inequality (2.4) fails.

Indeed, using that Zα
Ω�

(cJ;μ) is parallel to e2, we have that

∫
J

∫
J
|Rαμ(x) − Rαμ(z)|2 dω(x) dω(z)

=
2∑

�=1

∫
J

∫
J
|(x − z) · Zα

Ω�
(cJ;μ) + [Eα

�,x − Eα
�,z]|2 dω(x) dω(z)

≤
2∑

�=1

∫
J

∫
J

∣∣∣∣∣Pα(J, μ)

|J| 1
2

(x − z) · Zα
Ω�

(cJ;μ)

|Zα
Ω�

(cJ;μ)|

∣∣∣∣∣
2

dω(x) dω(z)

+ C
2∑

�=1

∫
J

∫
J

∣∣∣∣εPα(J, μ)

|J| 1
2

|x − z|
∣∣∣∣2 dω(x) dω(z)

≤ E2(J, ω)2Pα(J, μ)2 + C ε2E(J, ω)2Pα(J, μ)2

≤ 1

10
C0E(J, ω)2Pα(J, μ)2, (3.7)

provided we choose γ so large that C ε2 ≤ 1
10C0 and provided we choose ω so

that E2(J, ω) = 0 but E(J, ω) > 0. This completes the proof of the first assertion in

Lemma 2. �

Remark 1. The above proof shows that for each t ∈ R, the convolution kernel

Φα,t(x, y) = x cos t + ysin t

(x2 + y2)
3−α

2

,

in the plane with coordinates (x, y), x, y∈ R, and the probability measure dμα supported

on the circle S1 = [0, 2π) given by

dμα(θ) = |α − 1|
|α − 3|δ0(θ) + |α − 3| − |α − 1|

|α − 3|
dθ

2π
,

satisfy the somewhat surprising property that ∇(Φα,t ∗ μα)(0, 0) points in the same direc-

tion for all t. A direct calculation, which we leave for the interested reader, shows that

∇(Φα,t ∗ μα)(0, 0) = (α − 1)

⎧⎨⎩[ cos t, 0] for 0 ≤ α < 1

[0, sin t] for 1 < α < 2
.

�
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Failure of Energy Reversal 9903

Proof of Lemma 2 for the vector of trig polynomials. Recall that with θ = θ1(w) we

obtain

Aα(θ) = (α − 2)Ω(θ) cos θ − Ω ′(θ) sin θ

Bα(θ) = (α − 2)Ω(θ) sin θ + Ω ′(θ) cos θ.

Thus, we have

Aα(θ) = {(α − 2)Ω(θ) + iΩ ′(θ)}{cos θ + i sin θ} − i{(α − 2)Ω(θ) sin θ + Ω ′(θ) cos θ}

= {(α − 2)Ω(θ) + iΩ ′(θ)}{cos θ + i sin θ} − iBα(θ),

and so

{(α − 2)Ω(θ) + iΩ ′(θ)}{cos θ + i sin θ} = Aα(θ) + iBα(θ).

This shows that in complex notation,

Zα
Ω(cJ;μ) =

∫
S1

{Aα(θ) + iBα(θ)} dΨμ

=
∫

S1
{(α − 2)Ω(θ) + iΩ ′(θ)}{cos θ + i sin θ} dΨμ

=
∫

S1
Ωα(θ) eiθ dΨμ,

where

Ωα(θ) ≡ (α − 2)Ω(θ) + iΩ ′(θ).

Recall the product formulas

2 cos Acos B = cos(A− B) + cos(A+ B);

2 sin Asin B = cos(A− B) − cos(A+ B);

2 sin Acos B = sin(A− B) + sin(A+ B).

In the special case that Ωk
1(t) = cos kt we thus have

Aα(θ) = (α − 2) cos kθ cos θ + ksin kθ sin θ

= (α − 2)
1

2
[cos(k − 1)θ + cos(k + 1)θ ] + k

1

2
[cos(k − 1)θ − cos(k + 1)θ ]

=
{

α + k

2
− 1
}

cos(k − 1)θ +
{

α − k

2
− 1
}

cos(k + 1)θ;
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Bα(θ) = (α − 2) cos kθ sin θ − ksin kθ cos θ

= (α − 2)
1

2
[− sin(k − 1)θ + sin(k + 1)θ ] − k

1

2
[sin(k − 1)θ + sin(k + 1)θ ]

= −
{

α + k

2
− 1
}

sin(k − 1)θ +
{

α − k

2
− 1
}

sin(k + 1)θ,

and so

Zα

Ωk
1
(cJ;μ) =

∫
S1

{Aα(θ) + iBα(θ)} dΨμ

=
∫

S1

[{
α + k

2
− 1
}

cos(k − 1)θ +
{

α − k

2
− 1
}

cos(k + 1)θ

]
dΨμ

+ i
∫

S1

[
−
{

α + k

2
− 1
}

sin(k − 1)θ +
{

α − k

2
− 1
}

sin(k + 1)θ

]
dΨμ

=
∫

S1

{(
α + k − 2

2

)
e−i(k−1)θ +

(
α − k − 2

2

)
ei(k+1)θ

}
dΨμ

=
(

α + k − 2

2

)
Ψ̂μ(k − 1) +

(
α − k − 2

2

)
Ψ̂μ(k + 1).

Next we take Ωk
2(θ) = sin kθ so that

Aα(θ) = (α − 2) sin kθ cos θ − kcos kθ sin θ

= (α − 2)
1

2
[sin(k − 1)θ + sin(k + 1)θ ] − k

1

2
[− sin(k − 1)θ + sin(k + 1)θ ]

=
{

α + k

2
− 1
}

sin(k − 1)θ +
{

α − k

2
− 1
}

sin(k + 1)θ;

Bα(θ) = (α − 2) sin kθ sin θ + kcos kθ cos θ

= (α − 2)
1

2
[cos(k − 1)θ − cos(k + 1)θ ] + k

1

2
[cos(k − 1)θ + cos(k + 1)θ ]

=
{

α + k

2
− 1
}

cos(k − 1)θ −
{

α − k

2
− 1
}

cos(k + 1)θ.

Thus with Ωk
2(θ) = sin kθ we obtain

Zα

Ωk
2
(cJ;μ) =

∫
S1

{Aα(θ) + iBα(θ)} dΨμ

=
∫

S1

[{
α + k

2
− 1
}

sin(k − 1)θ +
{

α − k

2
− 1
}

sin(k + 1)θ

]
dΨμ

+ i
∫

S1

[{
α + k

2
− 1
}

cos(k − 1)θ −
{

α − k

2
− 1
}

cos(k + 1)θ

]
dΨμ
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Failure of Energy Reversal 9905

=
∫

S1

{(
α + k − 2

2

)
ie−i(k−1)θ −

(
α − k − 2

2

)
iei(k+1)θ

}
dΨμ

= i
(

α + k − 2

2

)
Ψ̂μ(k − 1) − i

(
α − k − 2

2

)
Ψ̂μ(k + 1).

Altogether we have

Zα

Ωk
1
(cJ;μ) =

(
α + k − 2

2

)
Ψ̂μ(k − 1) +

(
α − k − 2

2

)
Ψ̂μ(k + 1);

Zα

Ωk
2
(cJ;μ) = i

[(
α + k − 2

2

)
Ψ̂μ(k − 1) −

(
α − k − 2

2

)
Ψ̂μ(k + 1)

]
.

(3.8)

Thus det
[

Zα

Ωk
1
(cJ ;μ)

Zα

Ωk
2
(cJ ;μ)

]
is the imaginary part of Zα

Ωk
1
(cJ;μ)Zα

Ωk
2
(cJ;μ), which is −1 times the

real part of{(
α + k − 2

2

)
Ψ̂μ(k − 1) +

(
α − k − 2

2

)
Ψ̂μ(k + 1)

}

×
{(

α + k − 2

2

)
Ψ̂μ(k − 1) −

(
α − k − 2

2

)
Ψ̂μ(k + 1)

}

=
(

α + k − 2

2

)2

|Ψ̂μ(k − 1)|2 −
(

α − k − 2

2

)2

|Ψ̂μ(k + 1)|2

+ Re

[(
α + k − 2

2

)(
α − k − 2

2

)
(Ψ̂μ(k + 1)Ψ̂μ(k − 1) − Ψ̂μ(k − 1)Ψ̂μ(k + 1))

]

=
(

α + k − 2

2

)2

|Ψ̂μ(k − 1)|2 −
(

α − k − 2

2

)2

|Ψ̂μ(k + 1)|2,

since Ψ̂μ(k + 1)Ψ̂μ(k − 1) − Ψ̂μ(k − 1)Ψ̂μ(k + 1) is pure imaginary. We conclude that

det

⎡⎣Zα

Ωk
1
(cJ;μ)

Zα

Ωk
2
(cJ;μ)

⎤⎦= 0 ⇐⇒ |Ψ̂μ(k + 1)| =
∣∣∣∣α + k − 2

α − k − 2

∣∣∣∣ |Ψ̂μ(k − 1)|, all k. (3.9)

We also have that det
[

Zα

Ωk
1
(cJ ;μ)

Zα

Ω�
1
(cJ ;μ)

]
is the imaginary part of Zα

Ωk
1
(cJ;μ)Zα

Ω�
1
(cJ;μ), that

is, the imaginary part of{(
α + k − 2

2

)
Ψ̂μ(k − 1) +

(
α − k − 2

2

)
Ψ̂μ(k + 1)

}

×
{(

α + � − 2

2

)
Ψ̂μ(� − 1) +

(
α − � − 2

2

)
Ψ̂μ(� + 1)

}
.
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If we now suppose that Ψ̂μ(n) is real for all n, then Zα

Ωk
1
(cJ;μ) is real for all k, and it

follows that

det

⎡⎣Zα

Ωk
1
(cJ;μ)

Zα

Ω�
1
(cJ;μ)

⎤⎦= Im(Zα

Ωk
1
(cJ;μ) Zα

Ω�
1
(cJ;μ)) = 0, all k, �. (3.10)

We are now ready to construct the measure μ with an appropriate density Ψμ. In the case

1 ≤ α < 2 there is a choice of density that is easy to prove positive, and we give that first.

Then we give a density for all cases 0 ≤ α < 2, but that is much harder to prove positive.

Finally, we give a particularly simple proof for the case α = 0.

Construction of a density in the case 1 ≤ α < 2:

Define a density Ψ (θ) by

Ψ (θ) = 1 + 2
∞∑

n=1

bn cos(2nθ) = 1 +
∞∑

n=1

bn{ei2nθ + e−i2nθ },

where

bn =
∣∣∣∣α + (2n− 3)

α − (2n+ 1)

α + (2n− 5)

α − (2n− 1)
· · · α + 3

α − 7

α + 1

α − 5

α − 1

α − 3

∣∣∣∣= anan−1 · · · a2a1, n≥ 1;

with

an =
∣∣∣∣α + (2n− 3)

α − (2n+ 1)

∣∣∣∣= ∣∣∣∣2n− 1 − x

2n− 1 + x

∣∣∣∣ if x = 2 − α.

Then, we have

Ψ̂ (2n) = bn = Ψ̂ (−2n), n≥ 1,

Ψ̂ (k) = 0 if kis odd,

and in particular that |Ψ̂ (k + 1)| = | α+k−2
α−k−2 ||Ψ̂ (k − 1)| for all k≥ 1. Now choose a measure

μ giving rise to the density Ψ . In the case 1 ≤ α < 2 we have | α+k−2
α−k−2 | = −α+k−2

α−k−2 for k≥ 1,

and so from (3.8) we actually obtain that Zα

Ωk
1
(cJ;μ) = 0 for all k≥ 1, and that Zα

Ωk
2
(cJ;μ)

is imaginary for all k≥ 1. Thus, all of the vectors {Zα

Ωk
1
(cJ;μ), Zα

Ωk
2
(cJ;μ)}∞k=1 are multiples

of the unit vector (0, 1) in the plane (it is the failure of such a conclusion for the case

0 < α < 1 that forces a different construction below).

We must now show that the density Ψ (θ) is nonnegative. We have Ψ (θ) = Φ(2θ)

where Φ̂(0) = 1 and

Φ̂(n) = Φ̂(−n) = bn = anan−1 · · · a2a1, n≥ 1.
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Failure of Energy Reversal 9907

We claim that the nonnegative sequence {1, b1, b2, . . .} is convex for 0 < x ≤ 2, and has

limit 0 as n→ ∞. With this established, the density Φ is a positive sum of Féjer

kernels, and hence Φ(θ) ≥ 0. Since an = 2n−1−x
2n−1+x = 1 − 2x

2n−1+x and
∑∞

n=1
2x

2n−1+x = ∞, we see

that limn→∞ bn =∏∞
n=1(1 − 2x

2n−1+x) = 0. To see the convexity we note that

bn+1 + bn−1 − 2bn = an+1an[an−1 · · · a2a1] + [an−1 · · · a2a1] − 2an[an−1 · · · a2a1]

= [an+1an + 1 − 2an][an−1 · · · a2a1]

is positive if and only if an+1an + 1 − 2an is positive. But for n≥ 2 and 0 < x ≤ 2, we have

an = 2n−1−x
2n−1+x and so

an+1an + 1 − 2an = (an+1 − 2)an + 1

=
(

2n+ 1 − x

2n+ 1 + x
− 2
)

2n− 1 − x

2n− 1 + x
+ 1

= −
(

2n+ 1 + 3x

2n+ 1 + x

)
2n− 1 − x

2n− 1 + x
+ 1

= (2n+ 1 + x)(2n− 1 + x) − (2n+ 1 + 3x)(2n− 1 − x)

(2n+ 1 + x)(2n− 1 + x)

= 4x2 + 4x

(2n+ 1 + x)(2n− 1 + x)
> 0.

This calculation is valid also when n= 1 and 0 < x ≤ 1, so it remains to consider only the

case n= 1 and 1 ≤ x ≤ 2. But then we have a1 = x−1
1+x and so

a2a1 + 1 − 2a1 = (a2 − 2)a1 + 1

=
(

3 − x

3 + x
− 2
)

x − 1

1 + x
+ 1 = 6 − 2x

3 + x
> 0.

Construction of a density in the general case 0 ≤ α < 2:

This time we modify the definition of our density to be

Ψ̃ (θ) = 1 + 2
∞∑

n=1

bn cos(2nθ) = 1 +
∞∑

n=1

bn{ei2nθ + e−i2nθ },

where

bn = α + (2n− 3)

α − (2n+ 1)

α + (2n− 5)

α − (2n− 1)
· · · α + 3

α − 7

α + 1

α − 5

α − 1

α − 3
= anan−1 · · · a2a1, n≥ 1;

where

an = α + (2n− 3)

α − (2n+ 1)
= −2n− 1 − x

2n− 1 + x
if x = 2 − α.
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Then, we have

ˆ̃
Ψ (2n) = bn = ˆ̃

Ψ (−2n), 1 ≤ n≤ N,

ˆ̃
Ψ (k) = 0 if k is odd,

and in particular, if μ̃ is chosen to give rise to the density Ψ̃ , then from (3.8) we obtain

that Zα

Ωk
2
(cJ; μ̃) = 0 for all k≥ 1, and that Zα

Ωk
1
(cJ; μ̃) is real for all k≥ 1. Thus all of the

vectors {Zα

Ωk
1
(cJ; μ̃), Zα

Ωk
2
(cJ; μ̃)}∞k=1 are multiples of the unit vector (1, 0) in the plane.

Finally, we must show that the density Ψ̃ (θ) is positive. Now

ˆ̃
Ψ (2n) = bn = anan−1 · · · a2a1,

and so by Bôchner’s theorem (more precisely Herglotz’s theorem in this application—see,

e.g., Rudin [4] for an extension to locally compact abelian groups), it suffices to check

that the following matrices are positive semidefinite for n≥ 2:

Bn =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ˆ̃
Ψ (0)

ˆ̃
Ψ (2)

ˆ̃
Ψ (4) · · · ˆ̃

Ψ (2n)

ˆ̃
Ψ (2)

ˆ̃
Ψ (0)

ˆ̃
Ψ (2) · · · ˆ̃

Ψ (2n− 2)

ˆ̃
Ψ (4)

ˆ̃
Ψ (2)

ˆ̃
Ψ (0) · · · ˆ̃

Ψ (2n− 4)

...
...

...
. . .

...

ˆ̃
Ψ (2n)

ˆ̃
Ψ (2n− 2)

ˆ̃
Ψ (2n− 4) · · · ˆ̃

Ψ (0)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 a1 a2a1 · · · an · · · a1

a1 1 a1 · · · an−1 · · · a1

a2a1 a1 1 · · · an−2 · · · a1

...
...

...
. . .

...

an · · · a1 an−1 · · · a1 an−2 · · · a1 · · · 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Since an = − 2n−1−x
2n−1+x , the matrix Bn is

Bn(x) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 − 1 − x

1 + x

3 − x

3 + x

1 − x

1 + x
· · · · · · (−1)n+1 (2n− 3) − x

(2n− 3) + x
· · · 3 − x

3 + x

1 − x

1 + x

− 1 − x

1 + x
1 − 1 − x

1 + x
· · · · · ·

.

.

.

3 − x

3 + x

1 − x

1 + x
− 1 − x

1 + x
1

. . .
.
.
.

.

.

.

.

.

.
. . .

. . .
. . .

.

.

.

.

.

.
. . . 1 − 1 − x

1 + x

(−1)n+1 (2n− 3) − x

(2n− 3) + x
· · · 3 − x

3 + x

1 − x

1 + x
· · · · · · − 1 − x

1 + x
1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(3.11)
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Failure of Energy Reversal 9909

and a standard reduction in matrix theory shows that it is enough to show that

det Bn(x) ≥ 0 for all n≥ 2.

In Appendix, we prove that these determinants satisfy the recursion formula

det Bn+1(x)

det Bn(x)
= 22n n!(n− 1 + x)(n− 2 + x) · · · (x)

[(2n− 1 + x)(2n− 3 + x) · · · (1 + x)]2
, n≥ 1. (3.12)

From this recursion we immediately obtain that for x > 0, the determinants det Bn(x) and

det Bn+1(x) have the same sign. Then since det B1(x) = 1, induction shows that

det Bn(x) > 0 for all x > 0, n≥ 1. (3.13)

This completes the proof that the matrices Bn are positive definite for all n≥ 1 and x >

0, and hence that the density Ψ̃ is positive. We note that this completes the proof of

Lemma 2 for all 0 ≤ α < 2.

Construction of the density in the case α = 0:

The case α = 0 corresponds to the usual singular integrals in the plane, and for

this case there is an especially simple proof of the nonnegativity of the density Ψ̃ . We

simply note that the density Ψ̃ is nonnegative by taking absolute values inside the sum,

Ψ̃ (θ) = 1 + 2
∞∑

n=1

bn cos(2nθ) ≥ 1 − 2
∞∑

n=1

|bn|,

and then calculating that

|bn| = |anan−1 · · · a2a1|

= (2n− 3)

(2n+ 1)

(2n− 5)

(2n− 1)
· · · 3

7

1

5

1

3

= 1

(2n+ 1)(2n− 1)
= 1

2

(
1

2n− 1
− 1

2n+ 1

)
,

hence
∞∑

n=1

|bn| =
∞∑

n=1

1

2

(
1

2n− 1
− 1

2n+ 1

)
= 1

2
. �

Now we show how to adapt the above proof to prove Corollary 1.

Proof of Corollary 1. First we note that if Ω is sufficiently smooth with vanishing

integral on the circle, then it is an absolutely convergent sum of the trigonometric

functions cos nθ and sin nθ for n≥ 1. Thus a standard limiting argument extends the
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9910 E. T. Sawyer et al.

above failure of energy reversal to any finite vector of such Ω. Now embed the mea-

sure μ̃ with density Ψ̃ constructed above into Euclidean space Rn via the embedding

R2 � (x1, x2) → (x1, x2, x3, . . . , xn) ∈ R2 × Rn−2. Here we are letting the parameter x = n− α

lie in the interval (0, n]. Then the above proof shows that for cubes J with center

cJ ∈ R2 × {0}, the gradients Zα
Ω(cJ; μ̃) of the kernels Ω have their planar projections paral-

lel to (1, 0), and hence all the gradients Zα
Ω(cJ; μ̃) are perpendicular to the fixed direction

(0, 1, 0, . . . , 0) in Rn. As a consequence, reversal of energy fails in J for the measure μ̃,

and it remains only to show that the density Ψ̃ is positive. But this is implied by the

positivity of det Bn(x) for x ∈ (0, n], which follows from the recursion (3.12) and the fact

that det B1(x) = 1 > 0. �

Before turning to the proof of the recursion (3.12) in Appendix, we give a proof

of the failure of weak reverse energy in Lemma 3.

Proof of Lemma 3. To show the failure of the weak reversal of energy inequality (2.5)

for the fractional Riesz transform vector Rα, we exploit the assumption that
∫

S1 Ω�(θ) = 0

together with the following observation. Given any fractional singular integral Tα we

note that

Eω
J Tαμ =

∫
R2

{
1

|J|ω

∫
J

Ω(y − x)

|y − x|2−α
dω(x)

}
dμ(y)

=
∫
ξ∈S1

Ω(ξ)

⎧⎨⎩ 1

|J|ω

∫
(x,y)∈J×R

2

ξ= y−x
|y−x|

dω(x) dμ(y)

|ξ |2−α

⎫⎬⎭ dθ

=
∫

S1
Ω(θ) dΦμ(θ),

where
dΦμ

dθ
(ξ) = 1

|J|ω

∫
(x,y)∈J×R

2

ξ= y−x
|y−x|

dω(x) dμ(y)

|y − x|2−α
, ξ = (cos θ, sin θ) ∈ S1.

We will now apply a transformation to μ that moves its mass along rays away

from cJ , but leaves the density dΨμ

dθ
invariant. Given a measurable function ϕ : S1 →

[1,∞), define the measure μ̃ in the plane by

dμ̃(y) ≡ ϕ

(
y − cJ

|y − cJ |
)3−α

dμ

⎛⎝cJ + y − cJ

ϕ
(

y−cJ

|y−cJ |
)
⎞⎠ ,
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Failure of Energy Reversal 9911

so that for ξ ∈ S1,

dΨμ̃

dθ
(ξ) =

∫∞

0
rα−3 dμ̃(rξ) =

∫∞

0
rα−3ϕ(ξ)3−α dμ

(
rξ

ϕ(ξ)

)

=
∫∞

0
[sϕ(ξ)]α−3ϕ(ξ)3−α dμ(sξ) = dΨμ

dθ
(ξ).

Now we compute

∫
S1

Ω(θ) dΦμ(θ) =
∫
{Ω(θ)>0}

Ω(θ) dΦμ(θ) +
∫
{Ω(θ)<0}

Ω(θ) dΦμ(θ)

and if this integral does not already vanish, then we may assume without loss of gener-

ality that it is negative. To prepare for a vanishing integral in our transformation below,

we pick an arc K with γ K contained in the set Pδ ≡ {θ : Ω(θ) > δ} for some δ > 0. We then

apply a transformation of the above type to μ with

ϕ(θ) =
⎧⎨⎩1 if θ /∈ Pδ

M if θ ∈ Pδ

,

and where M ≥ 1 will be chosen below. From the definition of dΦμ̃

dθ
, and the change of

variable

y′ = cJ + y − cJ

ϕ
(

y−cJ

|y−cJ |
) ,

we have

y′ − cJ

|y′ − cJ | =
y−cJ

ϕ(
y−cJ

|y−cJ | )∣∣∣∣ y−cJ

ϕ
(

y−cJ
|y−cJ |

)
∣∣∣∣ = y − cJ

|y − cJ | ,

and so

dΦμ̃

dθ
(ξ) = 1

|J|ω

∫
(x,y)∈J×R

2

ξ= y−x
|y−x|

dω(x) dμ̃(y)

|y − x|2−α

= 1

|J|ω

∫
(x,y)∈J×R

2

ξ= y−x
|y−x|

ϕ

(
y − cJ

|y − cJ |
)3−α dω(x) dμ(y′)

|y − x|2−α

= 1

|J|ω

∫
(x,y′)∈J×R

2

ξ=
ϕ

(
y′−cJ

|y′−cJ |
)

(y′−cJ )−x∣∣∣∣ϕ( y′−cJ
|y′−cJ |

)
(y′−cJ )−x

∣∣∣∣

ϕ

(
y′ − cJ

|y′ − cJ |
)3−α dω(x) dμ(y′)∣∣∣ϕ ( y′−cJ

|y′−cJ |
)

(y′ − cJ) − x
∣∣∣2−α

.
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It is clear from this formula that for θ ∈ K, only the values of dΦμ̃

dθ
on γ K are modified

by the transformation, and since γ K ⊂ Pδ with δ > 0, we conclude that for θ ∈ K, we have

limM→∞
dΦμ̃

dθ
(θ) = ∞. Thus, there is a choice of M such that the integral of Ω(θ) dΦμ(θ)

over {Ω(θ) > 0} equals − ∫
{Ω(θ)<0} Ω(θ) dΦμ(θ). Then for the resulting measure μ̃, the den-

sity dΨμ̃

dθ
= dΨμ

dθ
remains unchanged, and the density dΦμ̃

dθ
satisfies

Eω
J Tαμ̃ =

∫
S1

Ω(θ) dΦμ̃(θ) = 0.

Now we construct a measure μ̃ as above, but where

Eω
J Rα

� μ =
∫

S1
Ω�(θ) dΦμ̃(θ) = 0,

for both � = 1 and � = 2, and where now Rα
� are the components of the fractional Riesz

vector Rα. This can be achieved by choosing an appropriate pair of disjoint arcs K1 and

K2 and using some simple algebra, and the details are left to the interested reader.

Then, we start with μ as in the proof above for the Riesz transform vector Rα,

and we have that both Zα
Ω1

(cJ;μ) and Zα
Ω2

(cJ;μ) are parallel to the coordinate vector e2.

We thus conclude that Rα and the transformed measure μ̃ fail the strong reversal of

energy inequality (2.4), and also that Eω
J Rα

� μ̃ = 0 for � = 1, 2. Combining these two facts

and taking γ sufficiently large gives the failure of the weak reversal of energy inequality

(2.5) for μ̃. Indeed, we have

∫
J

∫
J
|Rαμ̃(x)|2 dω(x) dω(z) =

∫
J

∫
J
|Rαμ̃(x) − Eω

JRαμ̃|2 dω(x) dω(z)

= 1

2

∫
J

∫
J
|Rαμ̃(x) − Rαμ̃(z)|2 dω(x) dω(z),

where we have used the simple fact that 1
|J|ω

∫
J(E

ω
JRαμ̃ − Rαμ̃(x)) dω(x) = 0 in the last

equality. We can now apply inequality (3.7) with μ̃ in place of μ. This completes the

proof of Lemma 3. �

Appendix

We can rewrite the recursion (3.12) above as

det Bn+1(x)

det Bn(x)
= Ωn

n(x − 1)

[Ωn
n( x−1

2 )]2
, n≥ 1, (A.1)
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Failure of Energy Reversal 9913

where for any positive integer n and real number a we define the combinatorial

coefficient

Ωn
n(a) ≡ (n+ a)(n− 1 + a) · · · (1 + a)

(n)(n− 1) · · · (1)
.

We now prove the recursion formula (A.1) using the well-known block determinant

formula

det

[
B c

r a

]
= adet B − r[co B]trc = det B{a − rB−1c}, (A.2)

where B is an n× n matrix and r and c are n-dimensional row and column vectors,

respectively. Here [coB]tr denotes the transposed cofactor matrix of B and the inverse

of B is given by B−1 = 1
det B [coB]tr. If we apply this with B = Bn(x) and

[
B c
r a

]= Bn+1(x) we

get

det Bn+1(x) = det

[
Bn(x) cn(x)

rn(x) 1

]

= det Bn(x){1 − rn(x)Bn(x)−1cn(x)}, (A.3)

where rn(x) denotes the n-dimensional row vector consisting of the first n entries of

the bottom row of Bn+1(x), and similarly cn(x) denotes the n-dimensional column vector

consisting of the first n entries of the rightmost column of Bn+1(x). Note also that rn(x)

and cn(x) are transposes of each other.

Motivated by computer algebra calculations, we define the column vector

vn(x) ≡ (−1)n−1

[
(−1)k

(
n

k

)
Γ n

k

(
x − 1

2

)]n−1

k=0

, (A.4)

where

Γ n
k (a) ≡ Γ (k + a + 1)Γ (n− k + a)

Γ (n+ a + 1)Γ (a)
= (k + a) · · · (a)

(n+ a) · · · (n− k + a)
.

Lemma A.1. For n≥ 1, we have

Bn(x)−1cn(x) = vn(x). �

Proof. It suffices to show the vector identity

Bn(x)vn(x) = cn(x), n≥ 1,

and to prove this we will use the well known fact that an nth order difference of a

polynomial of degree less than n vanishes. More specifically, the polynomial in question
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will be

Pn−1(s) ≡ Γ (n− 1 + s)

Γ (s)
= (n− 1 + s) · · · (1 + s)s.

Indeed,

vn(x) ≡
[
(−1)k

(
n

n− 1 − k

)
Γ n

n−1−k

(
x − 1

2

)]n−1

k=0

=
[
(−1)k

(
n

k + 1

)
Γ
(
n− k + x−1

2

)
Γ
(
1 + k + x−1

2

)
Γ
(
n+ 1 + x−1

2

)
Γ
(

x−1
2

) ]n−1

k=0

=
[
(−1)k−1

(
n

k

)
Γ (n− k + z)Γ (k − 1 + z)

Γ (n+ z)Γ (−1 + z)

]n

k=1

,

where

z= x − 1

2
+ 1 = x + 1

2
.

Now we use

(x − 1)(x − 3)(x − 5) · · · (x − (2n− 1))

(x + 1)(x + 3)(x + 5) · · · (x + (2n− 1))
=
(

x−1
2

) (
x−1

2 − 1
) (

x−1
2 − 2

) · · · ( x−1
2 − (n− 1))(

x−1
2 + 1

) (
x−1

2 + 2
) (

x−1
2 + 3

) · · · ( x−1
2 + n

)
= Γ

(
x−1

2 + 1
)
Γ
(

x−1
2 + 1

)
Γ
(

x−1
2 − (n− 1)

)
Γ
(

x−1
2 + n+ 1

)
= Γ (z)2

Γ (z − n)Γ (z + n)
,

to obtain that

Bn(x) =
[

Γ (z)2

Γ (z − | j − i|)Γ (z + | j − i|)
]n

i, j=1

Thus, the first row of Bn(x) is(
1

x − 1

x + 1

x − 3

x + 3

x − 1

x + 1
· · · (x − 1)(x − 3)(x − 5) · · · (x − (2n− 1))

(x + 1)(x + 3)(x + 5) · · · (x + (2n− 1))

)

=
(

Γ (z)2

Γ (z)Γ (z)

Γ (z)2

Γ (z − 1)Γ (z + 1)

Γ (z)2

Γ (z − 2)Γ (z + 2)
· · · Γ (z)2

Γ (z − (n− 1))Γ (z + (n− 1))

)

=
[

Γ (z)2

Γ (z − (k − 1))Γ (z + (k − 1)

]n

k=1

.

 by guest on N
ovem

ber 18, 2015
http://im

rn.oxfordjournals.org/
D

ow
nloaded from

 

http://imrn.oxfordjournals.org/


Failure of Energy Reversal 9915

Thus, we get

[
Γ (z)2

Γ (z − (k − 1))Γ (z + (k − 1))

]n

k=1

· vn(x)

= −
n∑

k=1

(−1)k

(
n

k

)
Γ (n− k + zt)Γ (k − 1 + z)

Γ (n+ z)Γ (−1 + z)

Γ (z)2

Γ (z − (k − 1))Γ (z + (k − 1))

= −
n∑

k=1

(−1)k

(
n

k

)
Γ (z)2

Γ (z + n)Γ (z − 1)

Γ (z − k + n)

Γ (z − k + 1)

= − Γ (z)2

Γ (z + n)Γ (z − 1)

n∑
k=1

(−1)k

(
n

k

)
{(z − k + n− 1) · · · (z − k + 1)}

= − Γ (z)2

Γ (z + n)Γ (z − 1)

n∑
k=1

(−1)k

(
n

k

)
P n

z (k)

where P n
z (w) = (z − w + n− 1) · · · (z − w + 1) is a polynomial of degree n− 1. Now recall

that if � f ≡ f(1) − f(0) is the unit difference operator at 0, then

�n f =
n∑

k=0

(−1)k

(
n

k

)
f(k)

Thus we have
n∑

k=0

(−1)k

(
n

k

)
P n

z (k) = �nP n
z = 0

since P n
z has degree less than n, and so

[
Γ (z)2

Γ (z − (k − 1))Γ (z + (k − 1))

]n

k=1

· vn(x) = Γ (z)2

Γ (z + n)Γ (z − 1)
(z + n− 1) · · · (z + 1)

= Γ (z)2

Γ (z + 1)Γ (z − 1)

which is the first component of cn(x) as required. A similar argument proves the equality

of the remaining components, and this completes the proof of Lemma A.1. �

Lemma A.2. For n≥ 1, we have

1 − rn(x) · vn(x) = Ωn
n(x − 1)

[Ωn
n( x−1

2 )]2
. �
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Proof. Again, this is an application of the fact that an nth order difference of a polyno-

mial of degree less than n vanishes, but a bit more complicated. Recall that

Ωn
n(a) ≡ (n+ a)(n− 1 + a) · · · (1 + a)

(n)(n− 1) · · · (1)
= Γ (n+ 1 + a)

Γ (1 + a)n!
,

so that we have

Ωn
n(x − 1)[

Ωn
n

(
x−1

2

)]2 = n!
(n+ x − 1)(n− 1 + x − 1) · · · (1 + x − 1)(

n+ x−1
2

)2 (
n− 1 + x−1

2

)2 · · · (1 + x−1
2

)2
= Γ (n+ 1)Γ (n+ x)Γ

(
1 + x−1

2

)2
Γ (x)Γ

(
n+ 1 + x−1

2

)2 .

We also have

vn(x) ≡
[
(−1)k

(
n

n− 1 − k

)
Γ n

n−1−k

(
x − 1

2

)]n−1

k=0

=
[
(−1)k

(
n

k + 1

)
Γ
(
n− k + x−1

2

)
Γ
(
1 + k + x−1

2

)
Γ
(
n+ 1 + x−1

2

)
Γ
(

x−1
2

) ]n−1

k=0

,

and from (3.11), we have

rn(x) =
(

(−1)n(2n− 1) − x

(2n− 1) + x
· · · 3 − x

3 + x

1 − x

1 + x
· · · · · · 3 − x

3 + x

1 − x

1 + x
−1 − x

1 + x

)

=
[
(−1)k+1 (2k + 1) − x

(2k + 1) + x
· · · 3 − x

3 + x

1 − x

1 + x

]n−1

k=0

=
[

x − (2k + 1)

(2k + 2) + x − 1
· · · x − 3

4 + x − 1

x − 1

2 + x − 1

]n−1

k=0

=
[ −2k + x − 1

(2k + 2) + x − 1
· · · −2 + x − 1

4 + x − 1

x − 1

2 + x − 1

]n−1

k=0

,

and hence dividing all factors top and bottom by 2, we get

rn(x) =
[

−k + x−1
2

k + 1 + x−1
2

· · · −1 + x−1
2

2 + x−1
2

x−1
2

1 + x−1
2

]n−1

k=0

=
[

Γ
(
1 + x−1

2

)
Γ
(
1 + x−1

2

)
Γ
(−k + x−1

2

)
Γ
(
k + 2 + x−1

2

)]n−1

k=0

=
[

Γ
(
1 + x−1

2

)2
Γ
(−k + x−1

2

)
Γ
(
k + 2 + x−1

2

)]n−1

k=0

.
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Thus, our identity to be proved is

n−1∑
k=0

(−1)k

(
n

k + 1

)
Γ
(
1 + x−1

2

)2
Γ
(−k + x−1

2

)
Γ
(
k + 2 + x−1

2

) × Γ
(
n− k + x−1

2

)
Γ
(
k + 1 + x−1

2

)
Γ
(
n+ 1 + x−1

2

)
Γ
(

x−1
2

)
= 1 − Γ (n+ 1)Γ (n+ x)Γ

(
1 + x−1

2

)2
Γ (x)Γ

(
n+ 1 + x−1

2

)2 . (A.5)

If we set z= 1 + x−1
2 , then this identity becomes

n−1∑
k=0

(−1)k

(
n

k + 1

)
Γ (z)2

Γ (−k − 1 + z)Γ (k + 1 + z)

Γ (n− k − 1 + z)Γ (k + z)

Γ (n+ z)Γ (−1 + z)

= 1 − Γ (n+ 1)Γ (n− 1 + 2z)Γ (z)2

Γ (−1 + 2z)Γ (n+ z)2
,

and if we replace k by k − 1 we get

n∑
k=1

(−1)k−1

(
n

k

)
Γ (z)2

Γ (−k + z)Γ (k + z)

Γ (n− k + z)Γ (k − 1 + z)

Γ (n+ z)Γ (−1 + z)

= 1 − Γ (n+ 1)Γ (n− 1 + 2z)Γ (z)2

Γ (−1 + 2z)Γ (n+ z)2
.

Note that the term k= 0 in the sum on the left would be −1, so that we can subtract 1

from both sides, and then multiply by −1 to get

n∑
k=0

(−1)k

(
n

k

)
Γ (z)2

Γ (−k + z)Γ (k + z)

Γ (n− k + z)Γ (k − 1 + z)

Γ (n+ z)Γ (−1 + z)

= Γ (n+ 1)Γ (n− 1 + 2z)Γ (z)2

Γ (−1 + 2z)Γ (n+ z)2
,

which is equivalent to

n∑
k=0

(−1)k

(
n

k

)
Γ (z + n− k)Γ (z + k − 1)

Γ (z − k)Γ (z + k)
= Γ (n+ 1)Γ (z − 1)Γ (2z + n− 1)

Γ (z + n)Γ (2z − 1)
. (A.6)

We now use
Γ (s + m + 1)

Γ (s)
= (s + m)(s + m − 1) · · · (s + 1)s

to rewrite (A.6) as

n∑
k=0

(−1)k

(
n

k

)
(z + n− k − 1) · · · (z − k)

(z + k − 1)
= n!

(2z + n− 2) · · · (2z)(2z − 1)

(z + n− 1) · · · (z)(z − 1)
. (A.7)
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Denote the left- and right-hand sides of (A.7) by LHSn(z) and RHSn(z), respec-

tively. Then the left hand side LHSn(z) of (A.7) is

LHSn(z) =
n∑

k=0

(−1)k

(
n

k

)
(z + n− k − 1) · · · (z + 1 − k)([z + k − 1] − [2k − 1])

z + k − 1

=
n∑

k=0

(−1)k

(
n

k

)
(z + n− k − 1) · · · (z + 1 − k)

+
n∑

k=0

(−1)k+1

(
n

k

)
(z + n− k − 1) · · · (z + 1 − k)

(z + k − 1)
(2k − 1),

where the first sum on the right-hand side above vanishes since it is an nth order differ-

ence of the polynomial

P (w) ≡ (z + n− w − 1) · · · (z + 1 − w)

of degree n− 1. Thus, we have

LHSn(z) =
n∑

k=0

(−1)k+1

(
n

k

)
(z + n− k − 1) · · · (z + 2 − k)([z + k − 1] − [2k − 2])

(z + k − 1)
(2k − 1)

=
n∑

k=0

(−1)k+1

(
n

k

)
(z + n− k − 1) · · · (z + 2 − k)(2k − 1)

+
n∑

k=0

(−1)k+2

(
n

k

)
(z + n− k − 1) · · · (z + 2 − k)

(z + k − 1)
(2k − 2)(2k − 1),

where the first sum on the right-hand side above vanishes since it is an nth order differ-

ence of the polynomial

P (w) ≡ (z + n− w − 1) · · · (z + 2 − w)(2w − 1)

of degree n− 1. Continuing in this way we get

LHSn(z) =
n∑

k=0

(−1)k+n

(
n

k

)
1

(z + k − 1)
(2k − n) · · · (2k − 2)(2k − 1).

Now the right-hand side RHSn(z) of (A.7) is a quotient of a polynomial of degree n

by a polynomial of degree n+ 1, and so has a partial fraction decomposition of the form

RHSn(z) = n!
(2z + n− 2) · · · (2z)(2z − 1)

(z + n− 1) · · · (z)(z − 1)
=

n∑
k=0

Ak

z + k − 1
,
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for uniquely determined coefficients A0, . . . , An. So the proof of (A.7) has been reduced to

proving the identity,

Ak = (−1)k+n

(
n

k

)
(2k − n) · · · (2k − 2)(2k − 1). (A.8)

Now Ak is the residue of the meromorphic function RHSn(z) at z= −(k − 1), hence using
the notation ̂(z + k − 1) to indicate that the factor (z + k − 1) is missing, we get

Ak = res(RHSn(z); −(k − 1))

= n!
(2z + n− 2) · · · (2z)(2z − 1)

(z + n− 1) · · · (z + k) ̂(z + k − 1)(z + k − 2) · · · (z)(z − 1)

∣∣∣∣∣
z=−(k−1)

= n!
(2[1 − k] + n− 2) · · · (2[1 − k])(2[1 − k] − 1)

([1 − k] + n− 1) · · · ([1 − k] + k) ̂([1 − k] + k − 1)([1 − k] + k − 2) · · · ([1 − k])([1 − k] − 1)

= n!
(−1)n(2k − n) · · · (2k − 2)(2k − 1)

(n− k) · · · (1)(̂0)(−1)k(1) · · · (k − 1)(k)

= (−1)n−k n!

(n− k)!k!
(2k − n) · · · (2k − 2)(2k − 1),

which proves (A.8). This completes the proof of Lemma A.2. �

The proof of our claimed recursion (A.1) is now completed by combining Lem-

mas A.1 and A.2 with (A.3).
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