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1 Introduction

CR manifolds are abstract models of real hypersurfaces in complex spaces. The
abstract definition of the boundary as a CR structure on a complex manifold is
essentially in Cartan [7]. For more detail, see [24, 25]. Strongly pseudoconvex
CR manifolds have rich geometric and analytic structures. Namely, there is an
intrinsic pseudo conformed geometry for which complete local invariants have
been obtained, see for example [8, 14, 41], as well as a deep analysi§ of the 0,
complex, see for example [12, 22, 23, 46]. The harmonic theory for the d;, complex
on compact strongly pseudoconvex CR manifolds was developed by Kohn [21].
Using this theory, Boutet de Monvel [4] proved that if X is a compact strongly
pseudoconvex CR manifold of dimension 2n — 1, n > 3, then there exist C*°
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functions fi, ..., fy on X such that each 5hfj = 0andf = (fi,...,fy) defines an
embedding of X in CV. Thus, any compact strongly pseudoconvex CR manifold
of dimension > 5 can be CR embedded in some complex Euclidean space. On the
other hand, 3-dimensional strongly pseudoconvex compact orientable CR-manifolds
are not necessarily embeddable. The first example is due to Andreotti according to
[37]. This example also appeared in the list of homogeneous structures of Cartan
although the embeddability question was not addressed. Nirenberg [35] first proved
that 3-dimensional CR manifolds might not be locally embeddable. Jacobowitz and
Treves [19, 20] showed that in fact non-embeddable CR structures are, in some
sense, dense in the space of CR-structures over a 3-dimensional manifold. The
theory of harmonic integrals on strongly pseudoconvex CR structures over small
balls was due to Kuranishi [23]. Using this theory, Kuranishi [23] proved that any
strongly pseudoconvex CR manifold of dimension 2n — 1 with n > 5 can be locally
CR embedded as a real hypersurface in C". For n = 4, Akahori [1] proved that
Kuranishi’s local embedding theorem is also true. However, the 5-dimensional case
of local embeddability of CR manifolds remains open.

Throughout this paper, our CR manifolds are always assumed to be compact
orientable and embeddable in some CV. By a beautiful theorem of Harvey and
Lawson [16, 17], these CR manifolds are the boundaries of subvarieties in CV.
This allowed the first author [46] to relate CR geometry and algebraic geometry of
singularities for the first time. The purpose of this paper is to discuss the interplay
between CR geometry and algebraic geometry. Our paper is organized as follows.
In Sect. 2, we shall recall the basic notion of CR geometry. In Sect. 3, we show how
to use the Bergman function of the first author to give canonical construction of
moduli space for complete Reinhardt domains. In Sect. 4, we use algebraic geometry
to study the complex Plateau problem. In Sect. 5, we study the minimal embedding
dimension of compact CR manifolds in complex Euclidean space. Finally in Sect. 6,
we study invariants of compact strongly pseudoconvex CR manifolds arising from
geometry of singularities.

2 Preliminary

Definition 2.1 Let X be a connected orientable manifold of real dimension 2n — 1.
A CR structure on X is an (n — 1)-dimensional subbundle S of the complexified
tangent bundle CTX such that

(1) NS = {0}
(2) If L, L’ are local sections of S, then so is [L, L'].

A manifold with a CR structure is called a CR manifold. There is a unique subbundle
H of the tangent bundle 7(X) such that CH = S @ S. Furthermore, there is a unique
homomorphism J : H —> H such that J> = —1 and S = {v —iJv : v € H}. The
pair (#, J) is called the real expression of the CR structure.
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Deﬁnition_ 2.2 LetLy,...,L,_; bealocal frame of S. Then L, ..., L,—; is a local
Erame of S and one may choose a local section N of TX such that L,...,L,—,

Li,...,L,—1,N is alocal frame of CTX. The matrix (c;;) defined by
Li.L] = SdiLi + SHEL + V—1eyN

is Hermitian and is called the Levi form of X.

Proposition 2.1 The number of non-zero eigenvalues and the absolute value of
the signature of the Levi form (c;) at each point are independent of the choice of
Ly,...,L,—y,N.

Definition 2.3 The CR manifold X is called strongly pseudoconvex if the Levi form
is definite at each point of X.

Theorem 2.2 (Boutet de Monvel [4]) If X is a compact strongly pseudoconvex CR
manifold of dimension (2n — 1) and n > 3, then X is CR embeddable in CN.

Although there are non-embeddable compact 3-dimensionable CR manifolds, in
this paper all CR manifolds are assumed to be embeddable in complex Euclidean
space. The following theorem links CR geometry and algebraic geometry together.

Theorem 2.3 (Harvey-Lawson [16, 17]) For any compact connected embeddable
CR manifold X, there is a unique complex variety V in CN for some N such that the
boundary of V is X and V has only normal isolated singularities.

3 Bergman Function and Moduli Space of Complete
Reinhardt Domains

Recall that a complex manifold M is called strictly pseudoconvex if there is a
compact set B in M, and a continuous real valued function ¢ on M, which is strictly
plurisubharmonic outside B and such that for each ¢ € R, the set M, = {x €
M: ¢(x) < c} is relatively compact in M. Note that a strictly pseudoconvex complex
manifold is a modification of a Stein space at a finite many points.

Let V be a Stein variety of dimension n = 2 in CV with only irreducible isolated
singularities. We assume that dV is a smooth CR manifold. Let 7:M — V be a
resolution of singularity with E as an exceptional set. We shall define the k-th order
Bergman function Bj(S) (z) on M which is a biholomorphic invariant of M.

Definition 3.1 Let F (respectively, F}) be the set of all L? integrable holomorphic
n-forms W on M (respectively, vanishing at least the k-th order on the exception
set E of M). Let {w;} (respectively, {w;k) }) be a complete orthonormal basis of
F (respectively, Fy). The Bergman kernel (respectively Bergman kernel vanishing
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on the exceptional set of k-th order) is defined to be K(z) = Y w;j(z) A w;(z)
(respectively, KX (z) = 3 w;k) @A w](-k) (2)).
Lemma 3.1 F/Fy is a finite dimensional vector space.

Lemma 3.2 Bergman kernel vanishing on the exceptional set of k-th order K% (z)
is independent of the choice of the complete orthonormal basis of Fy and K®(z) is
invariant under biholomorphic maps.

Definition 3.2 Let M be a resolution of a Stein variety V of dimension n > 2 in
CV with only irreducible isolated singularity at the origin. The k-th order Bergman
function Bj(S) on M is defined to be KI(V];)/KM.

Theorem 3.1 Bz(v];) is a global function defined on M which is invariant under
biholomorphic maps. Moreover, Bl(‘l,;) is nowhere vanishing outside the exceptional
set of M. If the canonical bundle is generated by its global sections in a neighbor-
hood of the exceptional set, then the zero set of the k-th order Bergman function Bz(v];)
is precisely the exceptional set of M.

Theorem 3.2 Let M be a strictly pseudoconvex complex manifold of dimension
n = 2 with exceptional set E. Let A be a compact submanifold contained in E.
Let m: M, — M be the blow up of M along A. Then we have Kz(v]]? (2) = JT*KZ(V];) (z)

and Ky, (z) = n*Ku(z). Consequently BZ(‘IZ (z) = n*Bz(‘l,;) (2).

Letwr;:M; — V,i = 1,2, be two resolutions of singularities of V. By Hironaka’s
theorem [18], there exists a resolution 7: M — V of singularities of V such that M
can be obtained from M;, i = 1,2, by successive blowing up along submanifolds
in exceptional set. In view of Theorems 3.1 and 3.2, the following definition is well
defined if the canonical bundle is generated by its global sections in a neighborhood
of the exceptional set.

Definition 3.3 Let V be a Stein variety in CV with only irreducible isolated
singularities. Let m: M — V be a resolution of singularities of V such that the
canonical bundle is generated by its global sections in a neighborhood of the
exceptional set. Define the k-th order Bergman function Bif) on V to be the push

forward of the k-th order Bergman function Bj(é) by the map .

Theorem 3.3 Let V be a Stein variety in CN with only irreducible isolated
singularities. Assume that there exists a resolution M of singularities of V such that
the canonical bundle is generated by its global sections in a neighborhood of the
exceptional set. Then the k-th order Bergman function Bgc) on V is invariant under

biholomorphic maps and Bif) vanishes precisely on the singular set of V.

For the convenience of the readers, we recall the following two important
theorems.
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Theorem 3.4 ([13]) A biholomorphic mapping between two strictly pseudoconvex
domains is smooth up to boundary and the induced boundary mapping gives a CR-
equivalence between the boundaries.

Theorem 3.5 ([40]) Two n-dimensional bounded Reinhardt domains D; and D,
are mutually equivalent if and only if there exists a transformation ¢ : C" — C"
given by z; = rizey(r; > 0,i = 1,--+ ,nand o being a permutation of the indices i)
such that ¢ (Dy) = D».

The following Proposition 3.1 tells us how to use singularity structures to
distinguish CR structures.

Proposition 3.1 ([50]) Let X1, X, be two strictly pseudoconvex CR manifolds of
dimension 2n— 1 which bound varieties Vy, V, respectively in CN with only isolated
normal singularities. If ®: X, — X, is a CR-isomorphism, then ® can be extended
to a biholomorphic map from V| to V.

In view of the above Proposition 3.1, if X; and X, are two strictly pseudoconvex
CR manifolds which bound varieties V| and V; respectively with non-isomorphic
singularities, then X; and X, are not CR equivalent. Therefore to study the CR
equivalence of two strictly pseudoconvex CR manifolds X; and X5, it remains to
consider the case when X; and X, are lying on the same variety V. It is known
that the global invariant Bergman function of k-th order can be used to study the
CR equivalence problem of smooth CR manifolds lying on the same variety. As
an example, we shall show explicitly how CR manifolds varies in the A,-variety
V, = {(x,y.2) € C>:f(x,y,2) = xy—z""! = 0}. An explicit resolution 7: M, — V,
can be given in terms of coordinate charts and transition functions as follows:

Coordinate charts: W, = C? = {(uz, v)}, k=0,1,--- ,n.

1 2

o ] Upr] = — Uk = Uk+1"Vk+1
Transition functions: Uk or 1

2 Vg = —

Vk+1 = UpVk k Uk41
Resolution map: 7 (ug, vi) = (uh T v, vt ugvr)  or

+1 1
(x,y,2) = (uo, ugvy ", ugVo) = +++ = (U n+ U, Uy, UnUp)
Exceptional set: =7710) = Cx = {up—; = 0} U {v; = 0},
k f— 1’ RO , n

From now on, we suppose V to be a bounded complete Reinhardt domain
in V, (cf. Definition 3.5). Then let M = 7~'(V) = U_,Wi, where W, =
7 (vyn Wk, k = 0,1,---,n. Observe that under 7 := 7|y M — V, Wo\C,
is mapped biholomorphically onto V\y-axis. In particular M\ W, is of measure zero
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in the obvious sense. Hence, we may compute integrals on M using the (ug, vo)
coordinate on the chart Wy alone.

The following proposition is a general consequence of the proof of Proposi-
tion 3.2 of [50].

Proposition 3.2 ([10]) In the above notations, let pog = ug vg dug A dvy, a, B =

0,1,2,.... Then {”;"/‘3’3” a= #,3} is a complete orthonormal base of F and
Bl

{”f%: o= Gpanda = k} is a complete orthonormal base of Fy. Therefore the

Bergman kernel vanishing on the exceptional set of k-th order Kz(v]]() and the Bergman
kernel Ky are given respectively by:

Kz(\;)(uo, V) = @1(‘? dug A dvg A dug A dog

where
20 28
u v
of = Y lolTvl T
[
az

a=k

and
20 2B

u v

Ky (o, vo) = 3 Z M + @1(‘? dug A dvg A dug A dvy.
A T
I<a<k—1

The following results generalize Theorem 3.3 in [50].

Theorem 3.6 ([10]) In the above notations, the k-th order Bergman function for
the strongly pseudoconvex complex manifold M is given by

(k)
k (S
Bz(v[)(MOs Vo) = M
1 uo 20 Vo 2B
ol b 2 | |||¢> |||2|
M g>onp of 1y
az=1

The k-th order Bergman function for the variety is given by

®
S |4

k

Bi,)(x,y) = I o\
+0 )

(||¢00||12\4 v
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where

2 |y |
e 12,

oy =3

>_n
az= n+1 ﬁ
azk

Definition 3.4 An open subset D C C” is a complete Reinhardt domain if,
whenever (z1,-++,z,) € D then (§1z1,-++ . &,2z,) € D for all complex numbers §;
with |§] < 1.

It is well known that V, = {(x,y,z) € C> : xy = z"*!} is the quotient of C?
by a cyclic group of order n 4 1, i.e. §.(z1,22) = (621, 8"22), where § is a primitive
(n + 1)-th root of unit. The quotient map = : C2 — V is given by 7(z1,22) =
@B 2.

Definition 3.5 An open set V in the A,-variety V, = {(x,y,z) € C3 : xy = z"t1}
is called a complete Reinhardt domain if 7~!(V) is a complete Reinhardt domain
in C2.

Theorem 3.7 g[l()]) Let Vi, i = 1,2, be two bounded complete Reinhardt domains
in A,-variety V, = {(x,y,2) € C3 : xy = 2"}, Let

—_n_ B

@p _ N800 7P G | 7F

- st P
e |l | poo ||« 517

If V1 is biholomorphic to V,, then

E(a,ﬁ) = g(a,ﬁ) ,g(na—(n—l)ﬁq(n-‘rl)a—nﬂ) ,
é‘(a,ﬁ) = g(aqﬁ) 4 g(na—(n—l)ﬂ,(n-f-l)a—nﬁ) ,

n(a,.v-, 9D = (g(a-,p) _ g(na—(n—l)P-,(n+1)0t—np)) . (g(a-,Q) _ g(nvt—(n—l)q,(n-!-l)a—nq))

and
w(al,az,Pl,Pz) = (g(al,Pl) _ g(nal—(n—l)Plq(n+1)041—nP1)) .
(g(aquz) — g(Wz—(Vt—l)Pz,(Vt-f'l)az—npz))’
where
azlaz= nilﬂ,oans [n+1a},p7éq,

+1
OSPiS[n Oéi:|,06i>1,oc17éa2,i=1,2,
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are all invariants, i.e.

( ( ( ( (
§aﬂ)—§‘gﬁ) é-aﬂ) é-aﬂ)w‘zpq)_n%pq),
(U‘(/Ofl ,02,p1,p2) _ w‘(gl,az,pl,pz)'

The following Theorem says that these invariants in Theorem 3.7 determine
completely the Bergman function up to automorphisms of A,,-variety.

Theorem 3.8 ([10]) Let V;, i = 1,2, be two bounded complete Reinhardt strictly

pseudoconvex (respectively C®-smooth pseudoconvex) domains in V, = {(x,y,2) €
(C3.'xy — Zn+l ). If

s(a B _ s‘(/vzl B) é-(vl B _ é-(vl ﬁ)’ nizpq) n(apq)

(a1, 02,p1,p2) (a1, @2, p1,p2)
wV] sz R

where

1
azlaz ilﬂ,OSp,qs[nJr a}p#q,

n+1

0$Pi$[ aii|705i>1,0517é0l2,i=1,2,

then there exists an automorphism ¥ = (Y, Y5, ¥3) of A,-variety V, = {(x,y.z) €
C3 : xy = "1} given by either

W1, ¥2,93) =

(”¢)10”Mz ldoollar,  NPnntillae  lldoolla, y l11lla, oo llan z)
bl bl bl
| Poollar I#10]la, igoollary  N@nntillar, ™ lldoollas, P11 llan,

or

(Y1, Y2, Yr3) =
(||¢10||M2 Il Poo ll a1, | Prnt-1 1l a1, ||¢00||M1x P11 1131, llPoo lla, )

, 4
lidoollaty 1dnnsilae, ™" Ndoolla,  Ndrollar, ™ ldoollar, i llas,

such that W sends V to V5.

As an immediate corollary of Theorem 3.8 above, we have the following
theorem.
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Theorem 3.9 ([10]) The moduli space of bounded complete Reinhardt strictly
pseudoconvex (respectively C?-smooth pseudoconvex) domains in A,-variety V, =
{(x,y,2) € C? : xy = "'} is given by the image of the map ® : {V : V a bounded
complete Reinhardt strictly pseudoconvex (respectively C”-smooth pseudoconvex)
domain in V,} — R®, where the component function of ® are the invariant
functions

g(asﬂ)’ é—(a,ﬂ)7 ,](Ots.lhq)’ w(alvazﬁmﬁm)’

+1

a =1, Znilﬂ,oﬁp,qﬁ[n 06},1775%
n—+1 .

0<p; < il = Loy #ar,i=1,2.

defined in Theorem 3.7.

The following theorem says that the biholomorphic equivalence problem for
bounded complete Reinhardt domains in A,-variety V, is the same as the biholo-
morphic equivalence problem for the corresponding bounded complete Reinhardt
domains in C2.

Theorem 3.10 ([10]) Ler 7 : C* — V, = {(x,y.2) € C3 : xy = "'} be the
quotient map given by w(z1,22) = (z’l’+1,z§+1,zlz2). Let V;, i = 1,2, be bounded
complete Reinhardt domains in \7n such that W; := rr_l(V,-),i = 1,2, are bounded
complete Reinhardt domain in C2. Then V, is biholomorphic to V, if and only if W,
is biholomorphic to W,. In particular, Vy is biholomorphic to V, if and only if there
exists a biholomorphism ® : V| — V, given by ®(x,y,z) = (a"T'x, b"Tly, abz) or
®(x,y,z) = (@ t'y, b x, abz) where a,b > 0.

As a corollary of Theorems 3.10 and 3.9, we have the following theorem.
Theorem 3.11 ([10])

(1) Let W = {W : W = 7~ 1(V) where V is a bounded complete Reinhardt domain
in A,-variety} be the space of bounded complete Reinhardt domains in C* which
are invariant under the action of the cyclic group of order n + 1 on C%. Then

S(a,ﬂ)’ é—(a,ﬂ)’ n(a,p,q)’ w(m,az,m,pz)’

0> las n 0 |:n+1

a}p#q,

1
0<pi < |:n+ Oli:|,0li2 lLay #Zay,i=1,2,
n

defined in Theorem 3.7 are invariants of V.
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(2) Let Wp = {W : W = 7~ 1(V) where V is a complete Reinhardt pseudoconvex
C®-smooth domain in A,-variety} and Wsp = {W : W = g~ (V) where V
is a complete Reinhardt strictly pseudoconvex domain in A,-variety}. Then the
moduli space of Wy (respectively Wsp) is given by the image of the map ®p -
Wpr — R (respectively ®sp : Wsp — R®), where the component functions
of p ( respectively Dgp) are the invariant functions

S(a,ﬂ)’ é—(a,ﬂ)’ n(a,p,q)’ w(m,az,m,pz)’

1
a=la= " ﬂ,Osp,qs[n+ a}p;ﬁq,
n—+1
n+1 .
0<pi < ai |, = oy #as,i = 1,2,
n

defined in Theorem 3.7. In particular, the moduli space of Wp (respectively
Wisp) is the same as the moduli space of bounded complete Reinhardt pseudo-
convex C”-smooth domains (respectively bounded complete Reinhardt strictly
pseudoconvex domains) in A,-variety V,, = {(x,y.z) € C3 : xy = 7"t}

It is an interesting question to study the geometry of the moduli space of bounded
complete Reinhardt domains in A,-variety. As an example, we look at two families
of domains in A,-variety and construct the moduli space of these families explicitly.
More specifically, consider

d
VO o =y 9y = oal + blyP + ela < eo).

Here we assume that a, b, c are strictly greater than zero, and d is a fixed integer
greater than or equal to one. This is a 3 parameters family of pseudoconvex domains
in Aj-variety V; = {(x,y,z) € C?: xy = z2}. Using our Bergman function theory,
we can write down the explicit moduli space of this family as shown in the following
theorem by means of the invariant

g(a.ﬂ))% . (g(na-(n—1>ﬂ.,<n+1)a—nﬂ>)%

e = 1
()}

, for n=1.

Theorem 3.12 ([10]) Let
V((i)b,c) = {(x,y,2) € C*:xy = 22, alx|*™ + b|y|* + ¢|z|*? < &0}.
Let ~ denote the biholomorphic equivalence. Then the map

L@ (d) 2d—1,d—1
@ {V(a,b,c)} - R+’ V(a,b,c) = V( )
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is injective up to a biholomorphism equivalence. More precisely, the induced map
~ d
- Vigpot/~ = Ry
is one-to-one ma @ 3 i (d)
-fo- p from {V,,, 1/~ onto | 0, — |. So the moduli space of {V,, .}
b, T b,

2
is an open interval (O, —).
b4

The biholomorphically equivalent problem of domains in Ai-variety is not only
interesting in its own right, but also has application to the classical biholomorphi-
cally equivalent problem of domains in C2. In fact, let

d
W, = (e y):ald™ + by + clol” < so}

Corollary 3.1 ([10]) The moduli space of W((j’)b,c) is the same as the moduli space
of V((i),m), which is (0, %)

As an application to the above theory, it is easy to compute explicitly the invariant
v3D for two domains V((ll,)l,l) and V((lz,)l,l) in A;-variety. As a consequence, we see
that V((ll,)l,l) is not biholomorphic to V((lz,)l,l) and the domain W((ll ,)1’1) in C? is not
biholomorphic to the domain W((12 ,)1,1 ) in C2.

One of the basic problems in complex geometry is to find a reasonable object
which parametrizes all non-isomorphic complex manifolds. This is the well known
moduli problem. Let D; and D, be two domains in C". One of the most fundamental
problems in complex geometry is to find necessary and sufficient conditions which
will imply that D; and D, are biholomorphically equivalent. For n = 1, the
celebrated Riemann mapping theorem states that any simply connected domains
in C are biholomorphically equivalent. For n > 2, there are many domains which
are topologically equivalent to the ball but not biholomorphically equivalent to the
ball [36]. Poincaré studied the invariance properties of the CR manifolds, which
are real hypersurfaces in C”, with respect to biholomorphic transformations. The
systematic study of such properties for real hypersurface was made by Cartan [7]
and later by Chern and Moser [8]. A main result of the theory is the existence
of a complete system of local differential invariants for CR-structures on real
hypersurface. In 1974, Fefferman [13] proved that a biholomorphic mapping
between two strongly pseudoconvex domains is smooth up to the boundaries and
the induced boundary mapping is a CR-equivalence on the boundary. Thus, one can
use Chern-Moser invariants to study the biholomorphically equivalent problem of
two strongly pseudoconvex domains. Using the Chern-Moser theory, Webster [44]
gave a complete characterization when two ellipsoids in C" are biholomorphically
equivalent. In 1978, Burns Shnider and Wells [6] showed that the number of
moduli of a moduli space of a strongly pseudoconvex bounded domain has to be
infinite. Thus the moduli problem of open manifolds is really a very difficult one.
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Lempert [27] made significant progress in the subject. He was able to construct the
moduli space of bounded strictly convex domains of C" with marking at the origin.
Although the theory established by Lempert is beautiful, the computation of his
invariants is a hard problem.

In [10], Du and Yau studied the moduli problem of complete Reinhardt domains
in C2. The main tool to solve this moduli problem with geometry information is the
new biholomorphic invariant Bergman function defined by Yau [50]. In fact Yau’s
Bergman function theory can also solve the biholomorphic equivalence problem
or moduli problem for complete Reinhardt pseudoconvex domains in C" for all
n > 2. In order to describe the complete biholomorphic invariants of bounded
complete Reinhardt domains in C”, we introduce the following notations. Let S,
be the symmetric group of degree n. Recall that group ring R[S,] is a ring of the
form R[ty, 72, ..., 7] with 7; € S, for 1 < i < n!. Let )" x;7; and ) y;7;, where

i J

x;,yj are in R, be two elements in R[S,]. Then
O _xt)Q_ym) =Y xiyi(Ti - 7).
i j ij

where 7; - 7; is the product in the group S,. We shall consider R[S,] x --- x R[S,]
the product of the group ring with itself. Such a product has a natural S,-module
structure in the following manner. Let 0 € S, and (3 xi7i,-++, Y yiti) € (R[S,] x

-+ x R[S,]). Then
U(infi,"' ,Zym) = (in(TiU),“' aZYi(TiG))~

Definition 3.6 Two elements f, g in R[S,] x --- x R[S,] are said to be equivalent
and denoted by f ~ g if there exists a o € S, such that o (f) = g.

l

Let @ = (ai,...,,)bean n-tuple of nonnegative integers. Denote ¢; =
(]_[Z~=1 Z?i) dzy Adz A -+ A dz,. For a domain D in C", we shall use notation
sl == J, p Pa A ¢5. In [9], the authors showed that all biholomorphic invariants
of a bounded complete Reinhardt domains are contained in (R[S,,] x - - - xR[S,])/ ~
where there are n! copies of R[S,] and ~ is the equivalence relation defined in
Definition 3.6.

Theorem 3.13 ([9]) Let D be a bounded complete Reinhardt domain in C". Let
@ = (a1,...,0,) be an-tuple of nonnegative integers and t € S,,.. Denote

Yai—1
||¢6||Da |I¢t(l;) ”D

n
v
IT Izl
i=1

gp(@) =
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where T(&) = (0tz(1), .. 0(n) and ¢; = (0,...,0,1,0,...,0) with 1 in the ith
component. Then for all n-tuple of nonnegative integers

Broe B 80P = (3 gn(Br- . Y gp(Bu)v)

TES, TES,

as an element in (R[S,] X - - - xR[S,])/ ~ is a biholomorphic invariant. In fact, if D,
and D, are two such domains which are biholomorphically equivalent, then there
exists a o € S, such that

gp(@) = gp, (@) VYt € S,and VY @ n-tuple of nonnegative integers.

The invariants in Theorem 3.13 are complete invariants for bounded complete
Reinhardt pseudoconvex domains with C! boundaries.

Theorem 3.14 ([9]) Let D;, i = 1,2, be two bounded complete Reinhardt pseu-

doconvex domains in C" with C' boundaries. If for all &\, -+ ,dy n-tuples of
non-negative integers, ng‘ o) 1()0;1 ) i (R[Sp] X + -+ % R[Sa])/ ~, where

I()al,...,a,,z) - (Z go(@)T, - Z gh (1),

TES, TES,

then there exists o € S, and a biholomorphic map

\pa(zh e 7Zn) = (alza(l)a ey anza(n))a

l51lp, 14z Dy
Iéz, ., oy 510,

€o (i)

where a; = such that Y, sends Dy onto D,.

Theorems 3.13 and 3.14 above give a complete characterization of two bounded
complete Reinhardt domains with real analytic boundaries in C" to be biholomor-
phically equivalent in terms of the group ring (R[S,] X --- x R[S,])/ ~. In case
n = 2, we can actually write down the complete numerical invariants for two
bounded complete Reinhardt domains with real analytic boundaries in C? to be
biholomorphically equivalent.

Theorem 3.15 ([9]) Let Dy, D, be two bounded complete Reinhardt pseudoconvex
domains in C? with C' boundaries. Then D is biholomorphic to D, if and only if
(1) gp, (a1, 00) + gp, (2, 1) = gp, (1, @2) + gp, (ct2, 1)
(2) gp, (@1, 2)gp, (2, 001) = gp, (a1, @2)gp, (2, 1)
(3) (gp, (a1, 2) — gp, (2, 1)) (gp, (B1, B2) — &b, (B2, B1))
= (gp, (011, @2) — g, (@2, 1)) (8, (B1. B2) — 8, (B2. B1))
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for all non-negative integers o;, B, where

+an—1
515, Ndw@ian b,

2
,
[Tl 1%
=1

gp;(a1, ) =

Corollary 3.2 ([91) The moduli space of bounded complete Reinhardt domains
with C' boundaries in C? can be constructed explicitly as the image of the complete
Sfamily of numerical invariants: gp(a, o2) + gp(az, 1), gp(otr, 2)gp(az, 0r) and

(gp(a1,@2) — gplaa, a1))(gp(B1, B2) — gp(B2, B1))

Y «;, B; non-negative integers.

In order to find the complete numerical biholomorphic invariants of bounded
complete Reinhardt domain in C" for n = 3, we need to consider the finite
symmetric group S, = {01,02,...,0.} of degree n acting on the affine space
CM"* = C™ x --- x C™, which is the product of n! copies of C™, in the following
manner. Let T € §,, and

! ! n!
(Koo e e Xays 3 Voys ey Vo) € CT x oo x C" = C"™™.
Then

T (-xms e s-xo‘”!; e ;y(Tl? LR 7)70”,) = (xmrv ... 7-x(T,,y'L'; e ;ymts e syU,lzr)'
Since §,, is linearly reductive, by Hilbert Theorem, the ring of invariants

C[xa“ e 9-x(7,1!;'" ;yala cee ’}’a,,g]S"

is finitely generated. Moreover, the generators can be listed explicitly by Gobel’s
theorem [15]. Before we give the statement of Gobel’s theorem, we shall introduce
some definitions first.

Definition 3.7 Suppose that a finite group G acts as permutations on a finite set X.
We then refer to X together with the G-action as a finite G-set. A subset B C X is
called an orbit if G permutes the elements of B among themselves and the induced
permutation action of G on B is transitive.

Definition 3.8 If K = (k;,--- ,k,) is an n-tuple of non-negative integers, then K
is called an exponent sequence. The associated partition of K is the ordered set
consisting of the n numbers &y, - - - , k, rearranged in weakly decreasing order. We

denote by A(K) the partition associated to K, so

AK) = (M (K) = A2(K) = -+ = A,(K))
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and the n-tuple (A1(K), A2(K),---,A,(K)) is a permutation of ki,--- ,k,. The
monomial xX is called special if the associated partition A(K) of the exponent
sequence K satisfies
(1) Ai(K) — Ai+1(K) <1 foralli=1,--- ,n— land
(2) Aa(K) = 0.
Notice that if two exponent sequences A and B are permutations of each other,
then A(A) = A(B).

Theorem 3.16 Let G be a finite group, X a finite G-set, and R a commutative ring.
Then the ring of invariants R[X]C is generated as an algebra by ex] = [ x the top
X

xXe
degree elementary symmetric polynomial in the elements of X, and the orbit sums of
special monomials.

Theorem 3.17 ([91) Let fi,....fx € ClXos...'sXoyie- i Yors---» Yo" be the
generators of the ring of invariant polynomials computed by Theorem 3.16. Let D
be a bounded complete Reinhardt domain in C". Then, for &, d, . .., 0, n-tuples
of non-negative integers,

fi(gp(@), ..., gp(dm))oes, s - - - n(gp (A1), . . ., g (0m))oes,
are biholomorphic invariants, where
> Bi—1
”¢6”D |I¢a(/§) ”D
[Ty llgallp”

The following theorem says that the above invariants are actually complete in
case the domain D is pseudoconvex.

g5(f) = . B=B1.Bo. B

Theorem 3.18 ([9]) Let D;,, i = 1,2, be two bounded complete Rein-
hardt pseudoconvex domains in C" with C' boundaries. Let fi,....fy €
Cloys -+ sXops -3 Vois -+ s Yol be the generators of the ring of invariant
polynomials computed by Theorem 3.16. If for all Qy,...,&, n-tuples of non-
negative integers

ﬁ(gg)l (&l)s cees gGDI (&n!))UGS,, :fi(gGDZ(&l)s B gGDZ(&n!))GES”s
i=1,2,...,N,

then there exists T € S, and a biholomorphic map

U C" = C" W21, -5 20) = (@120(1)s - - - 5 GnZegy)s
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where

#5110, l| Pz |l p,
penollpi 65110,

i =

such that Y, sends Dy onto D,.

Corollary 3.3 ([9]) The moduli space of bounded complete Reinhardt pseudocon-
vex domains with C' boundaries in C" can be constructed explicitly as the image of
the complete family of numerical invariants f;(g%(ct1), . . ., g2(0tm))oes,, 1 < i <N,
where dy, . .., oy are all possible n-tuples of nonnegative integers.

Remark 3.1 One can compute explicitly the relation of the generators

fi,... N € (C[xal,...,x,,n,;...;y,,i,...,ygn,]s”.

These relations define an algebraic variety in R® where the moduli space lies.

For complete Reinhardt pseudoconvex domains with real analytic boundaries, we
can use fewer numerical invariants to characterize these domains. More precisely,
we have the following theorems.

Theorem 3.19 ([9]) Let D;, i = 1,2, be two bounded complete Reinhardt pseudo-
convex domains in C" with real analytlc boundaries. Then D is biholomorphically
equivalent to Dy If and only if for all @ n-tuple of non-negative integers, EDI = 51)2
in R[S,]/ ~ where ED’, = ) gp,(@)t. In this case, there exists o € S, and a

TES,
biholomorphic map

Yo (21,5 20) = (A126(1)s - - - » AnZo(n))s

lé5ll0, 19z 1D,
where a; = 2
% = Tg; oy 651,

o (i)

such that Y, sends D onto D5.

Theorem 3.20 ([9]) Let Dy, D, be two bounded complete Reinhardt pseudoconvex
domains in C? with real analytic boundaries. Then D, is biholomorphic to D, if and

only if

gp, (o1, @2) + gp, (@2, 1) = gp, (a1, 02) + gp, (a2, 1)

gy (@1, @2)gp, (@2, 1) = gp, (a1, @2)8p, (02, 1)
for all non-negative integers o, otp, where
+ 1
651, 1P cn I

2
.
IT lige IS
=1

gp;(a1, ) =
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Theorem 3.21 ([9]) Let D;, i = 1,2, be two bounded complete Reinhardt pseudo-
convex domains in C" with real analytic boundaries. Let

Fiveoiifv € Cligys ..t X, ™
be the generators of the ring of invariant polynomials computed by Theorem 3.16.

Then Dy is biholomorphically equivalent to D, if and only if for all & n-tuples of
nonnegative integers

fi(8h, @)ses, = £i(8D,(@)oes,. i=1.....N.

In this case, there exists T € S, and a biholomorphic map V.:C" — C",

Wo(21s. .5 20) = (A122(1), - - - » AnZe(n)), Where
_ g5l Mgz lip,
,= 0 VTR
||¢e(7(i) ”Dl ||¢6||D2

such that Y, sends Dy onto D-.

4 Complex Plateau Problem

Let X be a compact connected CR manifold of dimension 21 — 1 in CV. The famous
complex Plateau problem asks under what conditions on X, X will be a boundary
of a complex submanifold in CV. By a theorem of Harvey and Lawson [16], X is a
boundary of a unique complex variety V in CV. Therefore we need to understand
under what conditions on X, V will be a complex submanifold.

In 1963, 1.J. Kohn solved the famous 9-Neumann problem. Based on this work,
Kohn and Rossi [22] in 1965 introduced the fundamental CR invariants, the Kohn-
Rossi cohomology groups HY{ (X). They proved the finite dimensionality of their
cohomology groups for 1 < g < n — 2 if X is strongly pseudoconvex. Following
Tanaka [42], we shall recall the definition of Kohn-Rossi cohomology groups as
follows.

Let {A*(X)., d} be the De-Rham complex of X with complex coefficients, and let
H¥(X) be the De-Rham cohomology groups. There is a natural filtration of the De-
Rham complex as follows. For any integer p and k, put A¥(X) = A¥(CT(X)*) and
denoted by F”(A¥(X)) the subbundle of A¥(X) consisting of all ¢ € A¥(X) which
satisfy the equality

¢)(Y17"'7Yp—lvzls---szk—p+l) = O
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forall Yy,...,Y,1 € CT(X), and Zi,...,Zp1+1 € Sy, x being the origin of ¢.
Then

ANX) = FO(A (X)) 2 F'(A*(X)) 2 - 2 F(A* (X)) 2 F*H (A" (X)) = 0
setting FP (A% (X)) = I'(FP(A*(X))), we have
AL(X) = FO(A* (X)) 2 F'(A (X)) 2 -+ 2 FE(A (X)) 2 F (A (X)) = 0.
Since clearly dFP(A*(X)) < FP(A*t1(X)), the collection {F7(A*(X))} gives a

filtration of the De-Rham complex.

Definition 4.1 H%(X), the Kohn-Rossi cohomology group of type (p,q), is
defined to be the group EV?(X) of the spectral sequence {EP9(X)} associated
with the filtration {F7(A*(X))}.

More explicitly, let

API(X) = FPAPI(X)). API(X) = T(AP(X))
Cra(X) = AP9(X) [APTLaL(X), CP9(X) = T(CP(X)).

Since d : AP4(X) — AP4T!(x) maps AP1471(X) into APT19(X), it induces an
operator dj, : CP4(X) — CP91(X). HE{(X) are then the cohomology groups of the
complex {CP(X), dp}.

Definition 4.2 H/(X), the holomorphic De-Rham cohomology group of degree &,
is defined to be the group Elz"0 (X) of the spectral sequence {E*4(X)} associated with
the filtration {F”(A*(X))}.

More explicitly, recall E;?(X) = CP9(X) and dy : CP9(X) —> CP9T1(X) is the
map 9, above. Note that Ej°(X) = CF0(X) = A0(X) € A*(X). Next,

Ker(dy : CP1(X) — CPIT1(X))

Ef"i(X) = Im(dy : CP4~1(X) —> CP4(X))

andd, : EV(X) — E} *14(X) is the naturally induced map. In particular,

EF°(X) = ker(dp : C*O(X) — CF1(X))
= {p € AVX) : dp € ATO(X)}

and d; is just d on E’l"o(X) c AX). E’l"o(X) is called the space of holomorphic
k-forms on X. Denoting Ell"O(X) by S¥(X), we have the holomorphic De Rham
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complex {S*(X), d}. Then

Ker(d : S*(X) — S1(X))
Tm(d : 1 (X) — S (x))

{closed holomorphic k-forms on X}

E,(X) =

- {exact holomorphic k-forms on X} ’

is the holomorphic De Rham cohomology HE(X).

A strongly pseudoconvex complex manifold M is a modification of a Stein space
V with isolated singularities. In 1965, Kohn and Rossi [22] conjectured that in
general, either there is no boundary cohomology of the boundary X = 9V in degree
(p, q) for g # 0, n— 1, or it must result from the interior singularities of V. Yau [46]
solved the Kohn-Rossi conjecture affirmatively in 1981.

Theorem 4.1 (Yau [46]) Let X be a compact strongly pseudoconvex CR manifold
of dimension 2n — 1, n > 3, which is the boundary of a Stein space V with isolated
singularities xy, ..., Xy. Thenfor1 < g <n-—2,

Hi (X) =~ EBH“I(V )

where QY is the sheaf of germs of holomorphic p-forms on V. If x1, ..., %, are
hypersurface singularities, then

0 p+gq<n—-2, 1<qg=<n-2
dmHGEX) =+ +mmp+g=n—1nl1<qg<n-2
0 ptg=n+1 1<g=<n-2

where t; is the number of moduli of V at x;.

Remark 4.1 Let f : (C"t',0) — (C,0) be a holomorphic function. Suppose
that V. = {z € C""!' : f(z) = 0} has isolated singularity of the origin. Then the
local moduli of V is the dimension of the parameter space of the semi universal
deformation space of (V,0). This number is t = dim C{zo. ..., za}/(F. fegs - - - . for)-

As a result of the above theorem, Yau answers the classical complex Plateau
problem for real codimension 3 CR in C"*! satisfactory.

Theorem 4.2 (Yau [46]) Let X be a compact connected strongly pseudoconvex CR-
manifold of real dimension 2n — 1,n > 3, in the boundary of a bounded strongly
pseudoconvex domain D in C**. Then X is a boundary of the complex submanifold
V C D — X if and only if Kohn-Rossi cohomology groups HY{(X) are zero for
1<g<n—-2

For n = 2 in Theorem 4.2, X is a 3-dimensional CR manifold. The classical
complex Plateau problem remains unsolved for over a quarter of a century. The main



246 S. Yau and H. Zuo

difficulty is that the Kohn-Rossi cohomology groups are infinite dimensional in this
case. Let V be the complex variety with X as its boundary. Then the singularities of
V are surface singularities. In order to solve the classical complex Plateau problem
for n = 2, one would like to ask under what kind of condition on X, V will
have only very mild singularities. Our basic observation is the following. Although
Kohn-Rossi cohomology groups are infinite dimensional, we can derive from them
the holomorphic De Rham cohomology. Let M be a complex manifold. The k-
th holomorphic De Rham cohomology H’g(M) of M is defined to be the d-closed
holomorphic k-forms quotient by the d-exact holomorphic k-forms. It is well known
that if M is a Stein manifold, then the holomorphic De Rham cohomology coincides
with the ordinary De Rham cohomology.

Definition 4.3 Let (V,x) be an isolated singularity of dimension n. Let =&
(M,A) — (V,x) be a resolution of singularity with A as exceptional set. Let

s=dimI'(M —A, Q") /[dT (M — A, Q"") + T (M, Q")].

s is an invariant of the singularity (V,x). It turns out that the s-invariant plays an
important role in the relationship between H; (M — A) and Hj (M).

Theorem 4.3 (Luk-Yau [31]) Let X be a compact connected (2n — 1)-dimensional
(n > 2) strongly pseudoconvex CR manifold. Suppose that X is the boundary of a n-
dimensional strongly pseudoconvex complex manifold M which is a modification of
a Stein space V with only isolated singularities {x\, ... ,xn}. Let A be the maximal
compact analytic set in M which can be blown down to {x1, ..., X, }. Then

(1) HI(X) ~ H!(M —A) ~ H(M) for| <g<n—1.
(2) H/(X) =~ H}(M — A), dimH}(M — A) = dimH}(M) + s

where s = 51 + - -+ + s, and s; is the s-invariant of the singularity (V, x;).

Remark 4.2 The above theorem in particular asserts that up to degree n — 1,
the holomorphic De Rham cohomology can extend across the maximal compact
analytic set.

Definition 4.4 A normal surface singularity (V,0) is Gorenstein if these exists a
nowhere vanishing holomorphic 2-form on V — {0}.

Recall that isolated hypersurface or complete intersection singularities are
Gorenstein. It is a natural question to ask for a characterization of Gorenstein surface
singularities with vanishing s-invariant.

Theorem 4.4 (Luk-Yau [31]) Ler (V,0) be a Gorenstein surface singularity. Let
7 M — V be a good resolution with A = n~'(0) as exceptional set.
Assume that M is contractible to A. If s = 0, then (V,0) is a quasi-homogeneous
singularity, H'(A,C) = 0, dimH'(M, Q") = dimH?*(A,C) + dimH' (M, 0),
and HY(M) = H}(M) = 0. Conversely, if (V,0) is a two dimensional quasi-
homogeneous Gorenstein singularity and H'(A,C) = 0, then the s-invariant
vanishes.



Interplay Between CR Geometry and Algebraic Geometry 247

Let X be a compact CR mamfold with CR-structure S. For any C* functions u,
there is a section du € F(S ) defined by (d,u)(L) = Lu for any L € T'(S). This can
be generalized as follows:

Definition 4.5 A complex vector bundle E over X is said to be holomorphic if there
is a differential operator 0 : I'(E) — I'(E ® 5 ) such that if Lu denotes (3zu)(L)
foru € I'(E) and L € I'(S), then for any L;, L, € I'(S) and any C* function f on
X:

(1) L(fu) = (Lf)u + f(Lu)
(2) [Ll, Lz]u = L1L2u — Lleu.

A solution u of the equation dpu = 0is called a holomorphic section.

The vector bundle f”(X) = CT(X) /E is holomorphic with respect to the
following 0 = 5T(X) Let @ be the projection from CT(X) to f’(X). Take any
u € F(T(X)) and express it as u = w(Z), Z € I'(CT(X)). For any L € T'(S),
define (du)(L) = w([L,Z]). The section (au)gL) of T(X) does not depend on the
choice of Z and du gives a section of T(X) ® S . Further the operator 9 satisfies the
conditions in Definition 4.5. The resulting holomorphic vector bundle T(X) is called
the holomorphic tangent bundle of X.

Lemma 4.1 If X is a real hypersurface in a complex manifold M, then the
holomorphic tangent bundle T(X) is naturally isomorphic to the restriction of X
of the bundle T"* (M) of all (1, 0) tangent vectors to M.

Definition 4.6 Let X be a compact CR manifold of real dimension 2n — 1. X is said
to be a Calabi-Yau CR manifold if there exists a nowhere vanishing holomorphic
section in I'(A"T(X)*) where T'(X) = CT(X) / S is the holomorphic tangent bundle
of X.

Remark 4.3 (a) Let X be a compact CR manifold of real dimension 2n — 1 in C".
Then X is a Calabi-Yau CR manifold. (b) let X be a strongly pseudoconvex CR
manifold of real dimension 2n — 1 contained in the boundary of a bounded strongly
pseudoconvex domain in C"!. Then X is a Calabi-Yau manifold.

The following theorem is a fundamental theorem toward the complete solution
of the classical complex Plateau problem for 3-dimensional strongly pseudoconvex
Calabi-Yau CR manifold in C". The theorem is interesting in its own right.

Theorem 4.5 (Luk-Yau [31]) Let X be a strongly pseudoconvex compact Calabi-
Yau CR manifold of dimension 3. Suppose that X is contained in the boundary of
a strongly pseudoconvex bounded domain D in C". If the holomorphic De Rham
cohomology H,%(X) = 0, then X is a boundary of a complex variety V in D
with boundary regularity and V has only isolated singularities in the interior and
the normalizations of these singularities are Gorenstein surface singularities with
vanishing s-invariant.
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Corollary 4.1 (Luk-Yau [31]) Let X be a strongly pseudoconvex compact CR
manifold of dimension 3. Suppose that X is contained in the boundary of a strongly
pseudoconvex bounded domain D in C3. If the holomorphic De Rham cohomology
Hﬁ(X) = 0, then X is a boundary of a complex variety V in D with boundary
regularity and V has only isolated quasi-homogeneous singularities such that the
dual graphs of the exceptional sets in the resolution are star shaped and all the
curves are rational.

Before we proceed further, we need to introduce some invariants of singularities
as well as CR-invariants.

Let V be a n-dimensional complex analytic subvariety in C¥ with only isolated
singularities. In [47], Yau considered four kinds of sheaves of germs of holomorphic
p-forms

1. QF := 1.QF,, where 7 : M —> V is a resolution of singularities of V.
2. QF =6, Q"’,\Vmg where 6 : V\Vy,e —> V is the inclusion map and Vy, is the
singular set of V.
D . . p—1,
3. QF = QL /AP, where A7 = {fa +dgnB:aecQl;peQl,f.ge S}
and .# is the ideal sheaf of V in CV.
4. QY = QL /AP, where A7 = {0 € QL : 0|y, = 0}.

_ Clearly QF, Qf, are coherent. S_Z"’, is a coherent sheaf because 7 is a proper map.
S_Zf, is also a coherent sheaf by a theorem of Siu (cf. Theorem A of [38]). If_V is a
normal variety, the dualizing sheaf wy of Grothendieck is actually the sheaf 5_2"‘,

Definition 4.7 The Siu complex is a complex of coherent sheaves J® supported on
the singular points of V which is defined by the following exact sequence

00— —Q°—J —0. (1)

Definition 4.8 Let V be a n-dimensional Stein space with 0 as its only singular
point. Let # : (M,A) — (V,0) be a resolution of the singularity with A as
exceptional set. The geometric genus p,, the irregularity g and g invariant of the
singularity are defined as follows (cf. [39, 47]):

pe = diml'(M\A, Q") /T (M, Q"), )
g = dimD'(M\A, Q"")/T(M,Q"™), 3)
gV = dimT (M, Q%) /7n*T(V, Q5). 4)

And recall that the s-invariant of the singularity is defined (cf. Definition 4.3) as
follows

s 1= diml'(M\A, Q") /[T (M, Q") + dT' (M\A, Q"7 1)]. (5)
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Lemma 4.2 ([31]) Let V be a n-dimensional Stein space with 0 as its only singular
point. Let w : (M,A) — (V,0) be a resolution of the singularity with A as
exceptional set. Let J* be the Siu complex of coherent sheaves supported on 0.
Then:

1. dimJ" = p,,

2. dimJ"! = gq,

3. dimJi=0,forl <i<n-—2.

Proposition 4.1 ([31]) Let V be a n-dimensional Stein space with 0 as its only
singular point. Let w : (M,A) — (V,0) be a resolution of the singularity with

A as exceptional set. Let J® be the Siu complex of coherent sheaves supported on 0.
Then the s-invariant is given by

s =dimH"(J*) = p, —q (6)
and
dimH"'(J*) =0 (7

Let X be a compact connected strongly pseudoconvex CR manifold of real
dimension 3, in the boundary of a bounded strongly pseudoconvex domain D in CV,
By Harvey and Lawson [16], there is a unique complex variety V in CV such that
the boundary of Vis X. Let w : (M,Ay,--- ,Ax) — (V,0q,---,0x) be a resolution
of the singularities with A; = a710),1 <i <k, as exceptional sets. Then the
s-invariant defined in Definition 4.8 is CR invariant, which is also called s(X).

In order to solve the classical complex Plateau problem, we need to find
some CR-invariant which can be calculated directly from the boundary X and the
vanishing of this invariant will give the regularity of Harvey-Lawson solution to the

complex Plateau problem. For this purpose, we define a new sheaf 5:2‘1/1

Definition 4.9 Let (V,0) be a Stein germ of a 2-dimensional analytic space with an

isolated singularity at 0. Define a sheaf of germs 5%/1 by the sheaf associated to the
presheaf

Us<T(U.QYATU. Q) >,

where U is an open set of V.

Lemma 4.3 ([11]) Let V be a 2-dimensional Stein space with 0 as its only singular
point in CN. Let 7 : (M,A) — (V,0) be a resolution of the singularity with A as

exceptional set. Then STZ‘I/ U is coherent and there is a short exact sequence

00— 5:2%,1 — .(.:2%, — @b _,0 ®)
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where 9V is a sheaf supported on the singular point of V. Let
G'V(M\A) := T(M\A, Q3,)/ < T(M\A, Q) AT (M\A, Q) >, )

then dim4"" = dimG"D (M\A).

Thus, from Lemma 4.3, we can define a local invariant of a singularity which is
independent of resolution.

Definition 4.10 Let V be a 2-dimensional Stein space with O as its only singular
point. Let = : (M,A) — (V,0) be a resolution of the singularity with A as
exceptional set. Let

g"0(0) = dim@" = dimGD (M\A). (10)

We will omit 0 in g1V (0) if there is no confusion from the context.

Let 7w : (M,Ay,---,Ar) — (V,0q,---,0¢) be a resolution of the singularities
with A; = 771(0,),1 <i <k, as exceptional sets, and A = U;A;. In this case, we
still let

GUD(M\A) := T(M\A, Q%)) < T(M\A, Q) AT(M\A,Q},) > .

Definition 4.11 If X is a compact connected strongly pseudoconvex CR manifold of
real dimension 3 which is the boundary of a bounded strongly pseudoconvex domain
D in D, Suppose V in C¥ such that the boundary of V is X. Let 7 : (M,A =
UiA;,) — (V,0q,---,0;) be a resolution of the singularities with A; = 7~1(0)),
1 <i <k, as exceptional sets. Let

GUD(M\A) ;= T(M\A, Q%)) < T(M\A, QL) AT(M\A,Q)) > (11)
and

GV (X) = .72(X)) < 7' (X) A LX) > (12)

where .#7 are holomorphic cross sections of A"(YA”(X)*). Then we set
gIV M\ A) = dimGD (M \ A) (13)
gV (X) = dimG D (X). (14)
Lemma 4.4 ([11]) Let X be a compact connected strongly pseudoconvex CR man-
ifold of real dimension 3 which bounds a bounded strongly pseudoconvex variety
V with only isolated singularities {0y,+++ ,0¢} in CN. Let w : (M, Ay, -+ ,A;) —

(V,01, -+ ,0x) be a resolution of the singularities with A; = n=(0;), 1 <i <k, as
exceptional sets. Then g0V (X) = gV (M\A), where A = UA;, 1 <i <k
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By Lemma 4.4 and the proof of Lemma 4.3, we can get the following lemma
easily.

Lemma 4.5 Let X be a compact connected strongly pseudoconvex CR manifold of
real dimension 3, which bounds a bounded strongly pseudoconvex variety V with
only isolated singularities {01,+--,0;} in CN. Then g'V(X) = Y., gD (0;) =
> dim!".

The following proposition is to show that g('') is bounded above.

Proposition 4.2 ([11]) Let V be a 2-dimensional Stein space with 0 as its only
singular point. Then g™V < Dg + g?.

The following theorem is the crucial part for the classical complex Plateau
problem.

Theorem 4.6 ([11]) Let V be a 2-dimensional Stein space with 0 as its only normal
singular point with C*-action. Let = : (M,A) — (V,0) be a minimal good
resolution of the singularity with A as exceptional set, then g’V > 1.

In the paper [31], Luk and Yau gave a sufficient condition H,%(X) = 0 to
determine when X can bound some special singularities. However, even if both
H?(X) and H} (X) vanish, V still can be singular.

The CR invariants in Definition 4.11 (formula 14) can be used to give sufficient
and necessary conditions for the variety bounded by X being smooth after normal-
ization.

Theorem 4.7 ([11]) Let X be a strongly pseudoconvex compact Calabi-Yau CR
manifold of dimension 3. Suppose that X is contained in the boundary of a strongly
pseudoconvex bounded domain D in CN. Then X is a boundary of the complex
variety V. C D — X with boundary regularity and the variety is smooth after
normalization if and only if s-invariant and gV (X) vanish.

Corollary 4.2 ([11]) Let X be a strongly pseudoconvex compact CR manifold
of dimension 3. Suppose that X is contained in the boundary of a strongly
pseudoconvex bounded domain D in C3. Then X is a boundary of the complex sub-
manifold V C D — X if and only if s-invariant and g""V (X) vanish.

Corollary 4.3 ([11]) Let X be a strongly pseudoconvex compact Calabi-Yau CR
manifold of dimension 3. Suppose that X is contained in the boundary of a strongly
pseudoconvex bounded domain D in CN with H2(X) = 0. Then X is a boundary of
the complex sub-manifold up to normalization V. C D — X with boundary regularity
if and only if g"V(X) = 0.

Corollary 4.4 ([11]) Let X be a strongly pseudoconvex compact CR manifold
of dimension 3. Suppose that X is contained in the boundary of a strongly
pseudoconvex bounded domain D in C* with H¥(X) = 0. Then X is a boundary
of the complex sub-manifold V. C D — X if and only if g1V (X) = 0.
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5 Minimal Embedding Dimension of Compact CR Manifold

Let us first consider a compact strongly pseudoconvex manifold X of dimension
2n — 1 where n > 3. As mentioned above, X can be CR embedded in some CV. Tt is
therefore of interest to study the minimal dimensional complex Euclidean space in
which X CR embeds. Our starting point is the Theorem 4.1 which provides us with
obstruction to CR embedding:

Theorem 5.1 Let X be a compact strongly pseudoconvex CR manifold of dimension
2n — 1,n > 3. Then X cannot be CR embedded in C" unless all H';(’Ig(X) =0,
1 < g < n—2. Further, X cannot be CR embedded in C"*" if one of the following
does not hold:

(1) HRi(X) =0forp+q<n—2and1 <qg<n-2
(2) dim Hy (X) :dimHZI’eq/(X)for pljicq/ =n—l,nand1 <q,qd <n-2
(3) HRl(X) =0forp+q>n+1land1 <g<n-2.

We next consider an interesting class of CR manifolds.

Definition 5.1 Let X be a CR manifold with structure bundle S. Let o be a smooth
S'-action on X and V be its generating vector field. The S'-action « is called
holomorphic of LyI'(S) € I'(S) where Ly denotes the Lie derivative. It is called
transversal if V is transversal to S @ S in CTX at every point of X.

For a CR manifold X which admits a transversal holomorphic S'-action, the
invariant Kohn-Rossi cohomology is defined as follows.

Definition 5.2 With the notation in Definition 5.1, consider first the differential
operator on k forms N : A*(X) — A*(X) defined by N¢p = v/—1Ly¢, ¢ € A (X).
Observe that N leaves invariant the spaces A7 (X) and C?4(X), and commutes with
the operators d and 5. Hence N acts on the cohomology groups Hy! (X). Now define
the invariant Kohn-Rossi cohomology by HY{(X) = {c € HYI(X) : Nc = 0}.

For a compact strongly pseudoconvex CR manifold X of dimension 2n — 1,n >
3, which admits a transversal holomorphic § I_action, the invariant Kohn-Rossi
cohomology I:Ill’(g (X),for1 < p+¢g < 2n—N—1, are obstructions to CR embedding
in CV. This is implied by the following theorem.

Theorem 5.2 (Luk-Yau [33]) Let X be a compact strongly pseudoconvex CR
manifold of dimension 2n — 1,n > 3, which admits a transversal holomorphic
S'-action. Suppose that X is CR embeddable in C". Then I:IQIEI(X) = 0 for all
1<p+¢qg=<2n—-N-1

The proof of Theorem 5.2 contains two main parts. The first part depends heavily
on the work of Lawson-Yau [26], which provides us with topological restrictions on
X. In particular it can be shown that the De Rham cohomology groups H*(X) = 0
for 1 <k < 2n— N — 1. The second part follows Tanaka’s differential geometric
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study on the p cohomology groups [42]. The existence of the vector field V
with [V, ['(S)] € I'(S) entails a formalism analogous to Kéhler geometry linking
the various cohomology groups via harmonic forms. The details of the proof of
Theorem 5.2 are contained in [33].

For 3 dimensional compact strongly pseudoconvex CR manifolds, global CR
embedding in complex Euclidean space may fail and much work has been done on
this phenomenon. See for example [3, 5, 28]. We only remark that as a consequence
of the global invariants to be discussed in the next section, we find obstructions to
CR embedding in C?, assuming that the 3-dimensional strongly pseudoconvex CR
manifold is CR embeddable in some CV to begin with. These obstructions provide us
with numerous examples of such 3-dimensional CR manifolds not CR embeddable
in C.

Remark 5.1 1Tt is interesting to note that there are compact strongly pseudoconvex
3 dimensional CR manifolds with arbitrarily large minimal embedding dimensions.
For any positive integer N, take any 2-dimensional strongly pseudoconvex complex
manifold with maximal compact analytic set A which is a smooth rational curve
having self intersection number —N. The corresponding weighted dual graph is
hence

—N .

On blowing down A, one gets a 2-dimensional rational singularity (V,x). The
minimal embedding dimension of (V,x) is —A-A 4+ 1 = N + 1. Let X be the
intersection of V with a small sphere centered at x. Then the minimal embedding
dimension of X is N 4 1.

6 Global Invariants of Compact Strongly Pseudoconvex CR
Manifolds

As a first step towards the difficult classification problem of compact strongly
pseudoconvex CR manifolds [43], it would be useful to understand the following
notion of equivalence which is weaker than CR equivalence.

Definition 6.1 Assume that X, X, are compact strongly pseudoconvex embeddable
CR manifolds of dimension 2n — 1, n > 2. By [16, 17], there are unique complex
varieties V; € CM and V, € CM such that 3V, = X, 3V> = X5, V; and V, have
only isolated normal singularities. X;, X, are called algebraically equivalent if V;
and V, have isomorphic singularities Y;, Y, i.e. (V1,Y)) = (V,,Y)) as germs of
varieties.
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Remark 6.1 Tt is not difficult to show that CR equivalence implies algebraic
equivalence. Hence all algebro-geometric invariants of the singularities of V are
CR invariants of X.

In case a compact strongly pseudoconvex CR manifold X of dimension 2n — 1
embeds in C"*!, n > 2, it is the boundary of a complex hypersurface V with isolated
singularities xp, ..., x,. In this case, an Artinian algebra can be associated to X as
follows.

Definition 6.2 With the above notation, let f; be a defining function of the germ
(V,x;), 1 < i < m. Then the C-algebra A; = On+1/(ﬁ,§7fé,...,%) is a
commutative local Artinian algebra called the moduli algebra of (V, x;). The moduli

algebra is independent of the choice of defining function. We associate to the CR

manifold X the Artinian algebra A(X) = P A;.
i=1

By the work of Mather-Yau [34] on isolated hypersurface singularities, it can be
shown that the associated Artinian algebras are complete algebraic CR invariants in
the following sense.

Theorem 6.1 (Luk-Yau [30]) Two compact strongly pseudoconvex real codimen-
sion 3 CR manifolds X\, X, are algebraically equivalent if and only if the associated
Artinian algebras A(X1), A(Xz) are isomorphic C-algebras.

Definition 6.3 With the above notation, let L(X) be the algebra of derivations of
A(X). Since A(X) is finite dimensional as C-vector space and L(X) is contained in
the endomorphism algebra of A(X), consequently L(X) is a finite dimensional Lie
algebra with the obvious Lie algebra structure.

Theorem 6.2 (Yau [48, 49]) With the above notation, L(X) is a finite dimensional
solvable Lie algebra.

We remark that there are Torelli type examples in which the Lie algebras L(X;)
associated to a family of compact strongly pseudoconvex real codimension 3 CR
manifolds X; suffice to distinguish CR equivalence. For example, in the family X; =
{(6,y,2) € CP 1 x0+y> + 22 + tx*y = O and |x|? + |y|® + |z]* = €2} where € > O is
a small fixed number and ¢ € C with 4¢> 4+ 27 # 0, X, X;, are CR equivalent if and
only if L(X;,), L(X,,) are isomorphic Lie algebras.

Question 6.1 How can one compute A(X) and L(X) directly from X without going
through V?

For the rest of this section we consider embeddable 3 dimensional compact
strongly pseudoconvex CR manifolds. By taking resolutions of the singularities of
the subvariety V bounded by such a CR manifold X in complex Euclidean space,
numerical invariants under algebraic equivalence may be defined as follows.

Definition 6.4 Let 7 : M — V be a resolution of the singularities ¥ of V such
that the exceptional set A = Jl’_l(Y) has normal crossing, i.e., the irreducible
components A; of A are nonsingular, they intersect transversally and no three meet
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at a point. According to Artin [2], there exists a unique minimal positive divisor
Z, called the fundamental cycle, with support on A, such that Z - A; < 0 for all
A;. For any positive divisor D = Xd;A;, let Oy (—D) be the sheaf of germs of
holomorphic functions on M vanishing to order d; on A;, let Op = Oy /Oy(—D)

2
andlet y(Op) = Y_(—1)"dim H'(M, Op). It can be proved that p/(X) := 1—x(Oz),
=0

pa(X) := sup(1 — x(Op)) where D ranges over all positive divisors with support
on A and p,(X) := dimH!(M, O) are defined independent of the resolution 7 and
are invariants of X under algebraic equivalence. The detailed proofs are contained in
[32]. We refer to pr(X), pa(X) and p,(X) as the fundamental genus, arithmetic genus
and geometric genus of X respectively.

The following facts are known:

¢ 0= pr(X) < pa(X) < pe(X)
* pr(X) =0 puX) =0 p(X) =0.

Further numerical invariants under algebraic equivalence are given by mz(X) :=
Z-Z,q(X) ;== dimH(M—A, Q") /H'(M, "), x(X) := K-K+ x7(A) and o(X) :=
K-K +dimH'(M, Q"), where Q! is the sheaf of germs of holomorphic 1-form on
M, y7(A) is the topological Euler characteristic of A and K is the canonical divisor
on M. These invariants are defined independent of the choice of the resolution 7.
Since K is a divisor with rational coefficient, y(X) and w(X) are in general rational
numbers.

Using the above invariants, one may attempt a rough algebraic classification of
embeddable 3 dimensional compact strongly pseudoconvex CR manifolds.

Definition 6.5 An embeddable 3 dimensional compact strongly pseudoconvex CR
manifold X is called a rational (respectively elliptic) CR manifold if p,(X) = 0
(respectively p,(X) = 1).

If X is a rational or an elliptic CR manifold embeddable in C* and M, is the
minimal good resolution of the subvariety V bounded by X in C?, then the weighted
dual graph for the exceptional set of M, is completely classified. The same also
holds for those X embeddable in C* and has p,(X) = 1. With the weighted dual
graphs classified, the topology of the embedding of the exceptional set in M is well
understood.

As an application, one obtains obstructions to embedding in C? for the above
three classes of CR manifolds when their weighted dual graphs fail to have the
required forms. For example, a rational CR manifolds whose weighted dual graph is
not a direct sum of the graphs Ay, Dy, Eg, E7, Eg is not embeddable in C3.

Similarly in view of the following theorem, one obtains numerical obstructions
to embedding in C? for those CR manifolds failing the conditions in the theorem.
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Theorem 6.3 ([29, 32]) Let X be a compact strongly pseudoconvex 3-dimensional

CR

(1)
(2)
(3)
4)

manifold embeddable in C3. Then

x(X) and w(X) are integers.

10p,(X) + w(X) = 0

Ifpa(X) = 1, then y(X) = =3

If X admits a transversal holomorphic S'-action, then 6py,(X) + x(X) > 0.

We remark that (4) depends on the Durfee conjecture which is solved by Xu and

Yau [45].
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