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gularities under the condition that the lowest weight is bigger
than or equal to half of the highest weight.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Let A be a weighted zero dimensional complete intersection, i.e., a commutative al-
gebra of the form

A:(C[l'l,l'Q,"' 7'7;”]/[

where the ideal [ is generated by a regular sequence of length n, (f1, fa,- -, fn). Here the
variables have strictly positive integral weights, denoted by wt(z;) = w;, 1 <4 <n, and
the equations are weighted homogeneous with respect to these weights. They are arranged
for future convenience in the decreasing order of the degrees: p; := degf;, i =1,2,--+ ,n
and p; > py > -+ > p,. Consequently the algebra A is graded and one may speak
about its homogeneous degree k derivations (k is an integer). A linear map D : A — A
is a derivation if D(ab) = D(a)b + aD(b), for any a,b € A. D belongs to Der®(A) if
D : A* — A*t*_ One of the most important open problems in rational homotopy theory
is related to the vanishing of the above derivations in strictly negative degrees:

Halperin Conjecture. (See [5].) If A is as above, then Der<"(A) = 0.

Assuming that all the weights w; are even, this has the following topological inter-
pretation. If a space X has H*(X,C) = A as graded algebras, then it is known that the
vanishing of Der<0(A) = 0 implies the collapsing at the Es-term of the Serre spectral
sequence with C-coefficients of any orientable fibration having X as fiber. Actually the
above collapsing properties also implies vanishing properties when C is replaced by Q
and X a rational space, see e.g. [5]. The Halperin Conjecture has been verified in several
particular cases [10]:

) equal weights (w; = we = -+ = wy,), see [14];
) n=2,3, see [9,3];
3) “fibered” algebras see [4];
) assuming Clz1,xa, -+ , x4/ (f1, fo, -, fn_1) is reduced, see [6].
) homogeneous spaces of equal rank compact connected Lie groups (A = H*(G/K)),
see [8].

On the other hand S.S.-T. Yau discovered independently the following conjecture on
the nonexistence of the negative weight derivation from his work on Lie algebras of
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derivations of the moduli algebras of isolated hypersurface singularities, and especially
his work on micro-local characterization of quasi-homogeneous hypersurface singularities
([1,11-13]).

Yau Conjecture. Let (V,0) = {(z1,z2,...,2,) € C": f(x1,29,...,2,) = 0} be an iso-
lated singularity defined by the weighted homogeneous polynomial f(x1,22,...,xy,). Then
there is no non-zero negative weight derivation on the moduli algebra (= Milnor algebra)

A(V) =Clz1,x2,...,2,]/(0f /0x1,0f /Oxa,...,0f/0x,).

In case f is a homogeneous polynomial, then it was shown in [11] that L(V) is a
graded Lie algebra without negative weight. In fact they proved the following theorem.

Theorem 1.1. (See [11].) Let A = ®_,A; be a commutative Artinian local algebra with
Ao = C. Suppose that mazimal ideal of A is generated by A; for some j > 0. Then
Der(A) is a nonnegatively graded Lie Algebra ®%_,Der®(A).

This conjecture was proved in the low-dimensional case n < 4 ([1,2]) by explicit
calculations.

Theorem 1.2. (See [1].) Let f(x1,xa,23) be a weighted homogeneous polynomial of type
(w1, wa, ws; d) with isolated singularity at the origin. Assume that d > 2wy > 2w > 2ws.
Let D be a derivation of the moduli algebra

(C[.’El, ZTo, (E3]/(8f/8$1, 8f/81'2, af/a(ﬁg;)
Then D =0 if D is negatively weighted.

Theorem 1.3. (See [2].) Let f(x1,x2,x3,24) be a weighted homogeneous polynomial of
type (w1, wa, w3, wy;d) with isolated singularity at the origin. Assume that d > 2wy >
2wo > 2wz > 2wy. Let D be a derivation of the moduli algebra

C[.’El, T2,T3, $4]/(8f/(9$1, 8f/8$2, 8f/8a:3, 8f/3x4)
Then D =0 if D is negatively weighted.

Let (V,0) = {(z1,22,...,2n) € C": f(x1,29,...,2,) = 0} be an isolated singu-
larity defined by the weighted homogeneous polynomial f(x1,zs,...,2,) of type (d :
w1, Wa, -+ ,Wy). Then by a result of Saito (see Theorem 2.1), we can always assume with-
out loss of generality that 2w; < d for all 1 <14 < n. If we give the variable x; weight w;
for 1 < i < n, the moduli algebra A(V) = Clz1, -+ ,2,]/(0f/0x1,0f/0x2,...,0f/0zy)
is a graded algebra @;-, A;(V) and the Lie algebra of derivations Der(A(V)) is also
graded.
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In this paper, we deal with Yau conjecture for high-dimensional singularities. We prove
the following result which answers Yau conjecture positively for some high-dimensional
singularities.

Main Theorem. Let (V,0) = {(z1, z2,...,2,) € C": f(x1,22,...,2,) = 0} be an isolated
singularity defined by the weighted homogeneous polynomial f(x1,xa,...,2Tn) of type (d :
W, W, -+, Wy). Assume that d > 2wy > 2we > -+ > 2w, without loss of generality. Let
Der(A(V)) be the Lie algebra of derivations of the moduli algebra

A(V) =Clzy, -+ ,x,)/(0f |0x1,0f/0xa,...,0f/0xy).
If w, > w1 /2, then Der<"(A(V)) = 0.

In §2, we recall some definitions and results which are necessary to prove the main
theorems. In §3, we shall give the proof of our main theorem.

2. Preliminary

In this section, we recall some known results which are needed to prove the Main

Theorem.
Let A =@, A; be a finitely generated integral domain over C, with Ag = C. Let A
have homogeneous generators z; € A,,, i =1,---,s; then A is graded quotient
Clxy,xa, -+ ,xn)/I, wt(x;) = n,.
A derivation D of A (i.e. D € Der(A)) can be viewed as a derivation of Clxy,za, - ,zy]

which preserve I. So, by abuse of notation, we shall write

D= Zaza/ﬁzz (ai S A)
The module Der(A) of derivations is graded by saying D as above has weight k if a; are

weighted homogeneous with wt(a;) = n; + k, or equivalently, D(A;) C A;4x for all i. In
particular, the Euler derivation

(which is a derivation of A since I is graded) has weight 0. We write

Der(A) = @ Der®(A).

keZ

(Clearly Der *(A) =0 for k > maz{n;,i=1,---,s}.)
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Definition 2.1. A polynomial f(z1,22, - ,2,) is weighted homogeneous of type (d :
w1, Wa, -+ ,wy) where d and wy,ws, - ,w, are fixed positive integers, if it can be ex-
pressed as a linear combination of monomials xlf a:éz o, x; for which wqi1 +woio +-- -+
Wiy, = d. Here, d is called the degree of f.

Let f be a weighted homogeneous polynomial of type (d : wy,ws, - ,w,) with an
isolated singularity at the origin. Then the moduli algebra

AWV)=Clzy,- - ,x,)/(0f)021,0f ) 0xa,...,0f0xy)

is a graded algebra @;-, A;(V) and the Lie algebra of derivations Der(A(V)) is also
graded.

Lemma 2.1. (See [13].) Let (A, m) be a commutative Artinian local algebra and D €
Der(A) be any derivation of A. Then D preserve the m-adic fillration of A, i.e.,
D(m) C m.

Definition 2.2. Let f,g: (C™,0) — (C,0) be germs of holomorphic functions defining an
isolated hypersurface singularities at the origin respectively. Let ¢ : (C™,0) — (C™,0) be
a germ of biholomorphic map. f is called right equivalent to g, if g = f o ¢.

Theorem 2.1. (See [7].) Let f : (C™,0) — (C,0) be the germ of a complex analytic
function with an isolated critical point at the origin.

(a) f is right equivalent to a weighted homogeneous polynomial if and only if p = 7 or
fedr=(0f/0x1,0f)0xa,...,0f/0x,)

(b) If f is weighted homogeneous with normalized weight system (d : wy,--- ,wy) with
O<w, <---<w <dandif f € m%n)o, then the weight system is unique and
0<w, < - <w <4

(c) If f € Jg then f is right equivalent to a weighted homogeneous polynomial z3 +
R Z,% + 9(Zk41, 7 ,2n) with g € m(%”), Especially, its normalized weight system
satisfies 0 < wy,, < -+ < Wgy1 <wk:-~~:w1:g

(d) If f and fe Ocn o are right equivalent and weighted homogeneous with normalized
weight systems (d : wy, -+ ,wy) and (d : wy, -+ ,W0,) with 0 < w, < - <w; < %
and 0 < wy, < -+ < wp < & then w; = w;.

3. Proof of the Main Theorem

Proof. Since the Halperin conjecture is true for n = 2, by Theorem 1.2 and Theorem 1.3,
we only need to prove the main Theorem for n > 5.
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Since f is a weighted homogeneous polynomial,
AWV)=Clzy,- - ,x,)/(0f)0x1,0f ) 0xa,...,0f0xy)

is graded, so Der(A(V)) = @, Der®(A(V)) is also graded. Any D € Der®(A(V)) is of
the form >0 | pi(x1, 22, -+ ,2,)0/0x; therefore k > —wq. If Der(A(V)) has negative
graded part we can take Der?(A(V)) to be the most negatively graded part, that is
Der(A(V)) = @i>, Der®(A(V)) and Der?(A(V)) # 0. What we want to prove is that
any D € Der?(A(V)) has to be 0.

Lemma 3.1. Let f € Clxy, -+ ,z,] be a weighted polynomial of type (d : wy,wa, -+, wy,)
with isolated singularity at the origin. Assume that d > 2wy > 2wy > -+ - > 2w, without
loss of generality. Let D € Der?(A(V)) be a negative weight derivation as above. Then
fori>2,

8(Df)/8a:l S (af/axl,af/ﬁxz, s ,8f/8.73i_1).

Proof. By comparison of the weighted degrees it is clear that a negative weight derivation
D has to be the following form

D= pl(an'IS’ e ,.13")8/31'1 +p2($37$47 e 7In)6/8l’2 +- Cleba/axn—l + 028/31'71

where degp; = w; + ¢ < w; and ¢y, co are constants. By Lemma 2.1 ¢ = 0 and k£ > 1.
Therefore the commutator [0/dx1, D] = 0 and [0/dx;, D], i = 2,3--- ,n is of the follow-
ing form by a direct computation.

[a/é)xl, D] = 8p1/8:ci . 8/8x1 + 8p2/8x1- . 8/8%2 + -+ 3pi,1/8xi . 8/(9:@-,1. (31)

Let J; = (0f/0x1,0f [Oxa,--- ,0f/0x,) be the Jacobian ideal. Since D is a derivation
on A(V) it has to preserve Jy, that is, D(Jy) C J;. By the relation d > 2w > 2wy >
-+ > 2w, and a comparison of weighted degrees we have

D(0f/0x1) =0 and for i > 2, D(0f/0x;) € (0f/0x1,0f/0xa,--- ,0f/0x;—1). (3.2)
By (3.1) we have

A(Df)/0x; = D(Of/0x;) + Op1/Ox; - Of |Ox1 + Opa/Ox; - Of JOxa + - -
+ 8]?1‘71/6371‘ . 8f/8$171 (33)

The right-hand side of (3.3) is in (8f/0x1,0f/0xa,--- ,0f/0x;—1) by (3.2). O
The following Lemma is an immediate consequence from the proof of the Lemma 3.1.

Lemma 3.2. Under the same conditions with Lemma 3.1, then we have (D f)/0x1 = 0.
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Proof. It is easy to see that (D f)/0x1 = D(0f/dx1) =0. O

Now we continue to prove our main Theorem. By Lemma 3.2, 9(Df)/0x1 = 0
it is clear that Df does not depend on z;. Then by Lemma 3.1, (Df)/0zs =
q(zo, x5, -+ ,xp)0f/0x1. U q(x2,23, - ,2,) is not 0, then degq(xa,x3, - ,2,) >
wt(x,) = wy. It follows that wt(q(za,xs3, - ,2,)0f/0x1) > w, + degf — w.
Since wt(O(Df)/0r2) = wt(D) + degf — wa. By assumption w, > wi/2, we have
wt(O(Df)/0xs) = wt(D)+degf—we < wt(D)+degf—w, < degf—w, < wy,+degf—w; <
wt(q(xe, x5, -+ ,x,)0f/0x1), a contradiction. Therefore ¢(zo,x3, - ,2,) = 0 and
A(Df)/0xs = 0 which implies D f does not depend on z5. For 3 < i < n. By Lemma 3.1,
O(Df)/0x; = 10f /01 + q20f [Oxa+ - -+ qi—10f/Ox;—1. Observe that ¢;,1 < j <i—1
depends only on x;41,%; 42, - , %, variables by weight consideration since D has nega-

tive weight. If there exists a ¢;, j = 1,--- ,7 — 1 which is not 0, then

wt(Ql(x%x?w T 7xn)8f/ax1 + QZ(%JM, e ,Z’n)af/al'g + -

+qic1(i, iy, T0)0f [0Ti1) > Wy + degf — w1

On the other hand, wt(9(Df)/0x;) = wt(D) + degf — w; < wt(D) + degf — w, <
degf —wy < wp+degf —wy < wt(q(we, w3, ,2,)0f/0x1+q2(x3, 24, -+ ,2,)0f [Ox2+
oo+ o1 (X, Tig1, -0, 2n)0f /0xi—1), a contradiction. Therefore, ¢; = 0 for all j =
1,--+,i — 1. Thus we have (D f)/0x; = 0 for i = 1,--- ,n. It follows that Df is a
constant and wt(D) + d = 0 where d is the degree of f. Since wt(D) > —w;, we have
that d < w; which contradicts with our assumption d > 2w;. The main Theorem is
proved. O
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