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Abstract

Let R = Clxy, 29, ,x,)/(f) where f is a weighted homogeneous polynomial defining
an isolated singularity at the origin. Then R and Der(R, R) are graded. It is well-known
that Der(R, R) does not have a negatively graded component. Wahl conjectured that this

is still true for R = Clzy, 22, - ,x4)/(f1, f2, -+, fm) which defines an isolated, normal
and complete intersection singularity and f1, fa, - , f;n weighted homogeneous polynomials
with the same weight type (wi,ws,- - ,w,). Here we give a positive answer to the Wahl

Conjecture and its generalization (without the condition of complete intersection singularity)
for R when the degree of f;,;,1 < i < m are bounded below by a constant C' depending
only on the weights wi,ws, -+ ,w,. Moreover this bound C is improved when any two of
w1, Ws, - , W, are coprime. Since there are counter-examples for the Wahl Conjecture and
its generalization when f; are low degree, our theorem is more or less optimal in the sense
that only the lower bound constant can be improved.
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1. Introduction

On the one hand, in [YZ2], we have studied the problems of nonexistence of negative weight
derivation on moduli algebras which are zero-dimensional weighted homogeneous singularities.
We also gave sharp upper estimates of dimensions of derivation algebras for these moduli algebras
[YZ1]. The nonexistence of negative weight derivation on zero-dimensional weighted homoge-
neous complete intersection singularities was also studied in [PP1, PP2]. On the other hand,
the nonexistence of negative weight derivation on positive-dimensional weighted homogeneous
singularities has also been considered by many mathematicians ([MS], [Wal, Wa2, Wa3)]).
In [Kal] and [Ka2|, the nonexistence of negative weight derivation was proved for isolated
weighted homogeneous hypersurface singularities and weighted homogeneous curve singulari-
ties. Kantor proved the following results in detail:

(a) [Kal] If A =CJ[t",---,t"] is a non-regular monomial curve, then A has no derivations
of negative weight.

(b) [Ka2] If A= Clx1, - ,z,]/(f) is an isolated weighted homogeneous hypersurface singu-
larity and normalized grading, then A has no derivations of negative weight.

Wahl proposed a very general conjecture (cf. Conjecture 1.4, [Wa2]) about the nonexistence
of negative weight derivation for positive-dimensional weighted homogeneous singularities. One
special case of his conjecture for singular cones led him to give a beautiful cohomological char-
acterization of complex projective space ([Wa3], [MS]). As noted in [GS], the Wahl Conjecture
can be rephrased in the case of the weighted homogeneous isolated complete intersection singu-
larity (ICIS).

Wahl Conjecture (ICIS). Any weighted homogeneous ICIS with dimension > 2 has no
negative weight derivations with respect to some positive grading.
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The Wahl Conjecture for complete intersections was first solved by Aleksandrov in [Al].

Theorem 1.1. ( [AGLV, pp. 34-35]) Let (V,0) be a positive-dimensional weighted homoge-
neous ICIS which is defined by fi, fa, -+, fp € Clz1,--- ,zp]. Then

A= (C[l'l,"' axn]/(fl?f27"' afp)

has no derivations of negative weight except the following two cases: 1). p = 1, and f1 has
multiplicity 2; 2). p > 2,n > 3p, dim V' >4 and f; has multiplicity 2 for everyi € {1,2,--- ,p}.
In the first exceptional case, the grading is not unique and can always be chosen such that the
singularity has no derivations of negative weight. In the second case, the grading is defined
uniquely, and for such a singularity there may be derivations of negative weight.

Counter-example 1 (Aleksandrov [Al]). Let a > 3. If one assigns weights 1,1,1,1,a,a,a
to the variables xq,--- ,x7, the equations

f1:=x7x1 4+ 2622 + T523 + xf“l

1
fo = x7w4 + 2621 + T520 + xé”

define a five-dimensional weighted homogeneous complete intersection

A=Clzy,- -, z7]/(f1, f2)
with an isolated singularity. On A there is a derivation
D := (xqwy — x%)@/@xg, — (324 — x122)0/0x6 + (T123 — x%)@/@:m
of negative weight 2 — a.

Remark 1.1. In the original statement of Theorem 1.1, Aleksandrov mistakely claimed that
for embedding dimension 6, all weighted homogeneous ICIS have no negative weight derivations
with respect to some positive grading. Recently Granger and Schulze [GS] reproved Aleksan-
drov’s theorem and gave the following counter-example for embedding dimension 6.

Counter-example 2 (Granger and Schulze, [GS]). Let n > 6 and pick ¢z, -, ¢, € C\{1}
pairwise different such that c? + 1 # 0 for all 4. If one assigns weights 8,8,5,2,---,2 to the
variables =1, - ,x,, the equations

n
f1:= 2124 + 1275 + SU% — xi + fo
=7

3 =

fo = xi1x5 + X026 + x% + :cg + CZ':IZ?

i=T7
define a weighted homogeneous complete intersection A = Clx1,- - ,x,]/(f1, f2) with an isolated
singularity. On A there is a derivation

D :=2x3(x5 — x6)0/0x1 — 223(x4 — 25)0/0x9 + (x426 — x%)f)/axg

of weight —1.

Both singularities in Counter-examples 1 and 2 are complete intersection. We shall give a non-
complete intersection singularity which has a negative weight derivation. This is a Gorenstein
singularity obtained by taking quotient of C? by finite cyclic group of order 3.

Example 3.

Let G be the subgroup of SL(3,C) generated by

exp(2mi/3) 0 0
0 exp(2mi/3) 0
0 0 exp(2mi/3)
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Then a set of minimal generators of C[z,y, 2] is

3 3 3 2
Iy =x, 2 =Y, xr3 ==z, T4 = TYZ, 5 =2Y,

2 2 2 2
Te =Yy, X7=T 2, T§g=TZ, T9=Y zZ, Ti10=Yz,
whose relations are
2 _ _ 2 _ 2 _ _
Ty = X126, X5Le = T1T2, L= T2T5, L7 = T1Ag, T7xg = T1T3,
2 _ 2 _ _ 2 _
Ty = I3x7, L9 = T2X10, IT9T10 = L2X3, L9 = T3LY9, T1LY9 = T4T5,
T1X10 = T4T7, T2X7 = T4Te, T2XY = T4X9, T3T5 = T4X8, IT3Te = T4T10,
2
T5T7 = T1X4, T5X8 = TaZ7, T5X9 = T4Te, I5T10 = Ty, TeT7 = T4T5,
2 2
TeLg = Ty, Loy = T2T4, LTl = T4T9, T7T9 = Ty, T7T10 = T4TS,
T8T9 = T4X10, X8T10 = T3T4-
We assign the following weights
wt(xy) =1, wt(xe) =4, wt(xs) =7, wt(zxg) =4, wt(xs) =2

wt(ze) =3, wt(xr) =3, wit(xg) =5, wt(zg) =5, wt(xip)=6.

Then, it is easy to see that the relation equations are weighted homogeneous under this weight
system and define a three-dimensional isolated quotient singularity (cf. [YY], Theorem A ). We
obtain a derivation

3x60/0x9 + 170/0x4 + £10/0x5 + 2050 /0x6 + 2240/0x9 + 80 /0% 10

of degree —1.
Based on these examples, it is natural to propose the following conjecture.

Generalized Wahl Conjecture. Let P = Clzy, x9, ..., z,] be the weighted polynomial ring
in n weighted variables x,z2,...,2, (n > 2) with positive integer weights w; > wg > -+ >
wy. Let (V,0) be a positive-dimensional variety which is defined by weighted homogeneous
polynomials fi, fo, -, fm € P. Suppose (V,0) is an isolated singularity. Then the graded
ring R = P/(f1, f2,---, fm) has no negative weight derivations if the (weighted) degrees of
fi,1 <i < m, are large.

Remark 1.2. (cf. [Al]) If the singularity is a positive-dimensional isolated complete in-
tersection singularity, then the derivation algebra is generated by Euler derivations and trivial
derivations. Thus, the generators of the derivations are completely known. However, for non-
complete intersection singularities, there is no known description of all holomorphic vector fields.
Therefore the generalized Wahl Conjecture is substantially more difficult than the Wahl Con-
jecture for ICIS.

In this paper, we solve the Generalized Wahl Conjecture.

Main Theorem A (Generalized Wahl Conjecture). Let P = C[z1,x9,...,2,] be the

weighted polynomial ring in n weighted variables 1, z2,...,z, (n > 2) with positive integer
weights wy > wo > -+ > wy,. Suppose that f1, fo, ..., fi, are weighted homogeneous polynomi-
als of degrees greater than (m—1+wy)(wiw2)" ! and f1, fo, ..., fm define a positive-dimensional

isolated singularity at the origin. Then there are no non-zero negative weight derivations on

RZP/(flanv"'afm)‘
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Remark 1.3. We claim that our degree condition on fi,--- , f;, implies that fi,---, fin
cannot contain any quadratic terms when m > 2. We assume that wt(z;) = w;,1 < i < n
and wy > wg > --- > w, > 1 where w; are integers. Let d; be the weighted degree of f;. We
have d; > (m — 1 + wy)(wiwe)" 1, 1 < i < m. Ifw; =1, then w; = 1,2 <4 < n. Since
d; > (m—1+w1)(wyw2)"" > 2, so obviously f; cannot contain any quadratic terms. If wy > 1,
then d; > (m — 1+ wy)(wyw2)" 1 > 2wy. Thus f; cannot contain any quadratic terms due to
the degree consideration.

From Counter-examples 1 and 2 for the Wahl Conjecture in the complete intersection case
([Al], [GS]) and Example 3, we know that the nonexistence of negative weight derivation on
positive-dimensional singularities can be expected only for “ large” degree cases. But of course
our constant (m — 1 + wy)(wiw2)" ! here may not be sharp. Main Theorem B below tells us
that this bound can be improved under the additional condition that any two of the weights
w1, W, ..., W, are coprime.

Main Theorem B. Let P = C[zy,x9,...,2,] be the weighted polynomial ring in n

weighted variables x1,xa,...,x,(n > 2) with positive integer weights wq > we > -+ > w,, and
f1, f2y -+, fm be m weighted homogeneous polynomials of degrees greater than (m—1+w;)wiws.
Suppose that any two of the original weights w1, wo, ..., w, are coprime and f1, fo,..., fi, define

a positive-dimensional isolated singularity at the origin. Then there are no non-zero negative
weight derivations on R = P/(f1, fo, ..., fm)-

Remark 1.4. Notice that the singularities investigated in Main Theorem A and Main The-
orem B are not necessarily normal singularities. Indeed, if we take m = 1,n =2, P = C[z1, 23],
fi= x? + x%2, wi = 3, and wy = 2, then it is easy to check fi satisfies the conditions in the
main theorems, but the singularity defined by f; is not normal.

The main idea of the proofs of the main theorems is as follows. Suppose there exists a non-
zero negative weight derivation D on R = P/I with respect to weight type (wi,ws,...,wy,)
where wy > wg--- > wy, > 1. We can regard D as a negative weight derivation on the weighted
polynomial ring P = Clzy,x9,...,z,] which preserves the ideal I. It is well known that D is of
the following form

(1.1) D = p10/0x1 +p20/8x2—|—---+pn8/8xn

where p; are weighted homogeneous polynomials with the degrees w; + wt D, respectively. Let
the weighted homogeneous polynomials f1, fo,..., fin, generate the ideal I and without loss of
generality we assume that deg f; > deg fo > - -+ > deg f,,. By the condition D(f1, fa,..., fm) C

(f1, f2,---, fm) and deg f1 > deg fo > --- > deg fi,, we have
Dfi=8fo+ 6 fs+- -+ fm
Dfy = G3fs + O fa+ -+ 05 fm
2y
Dfm—l - nglfm
Df, =0
where Eé- are weighted homogeneous polynomials.

For any negative weight derivation D as in (1.1) on P we associate families of new weight
type (¢1,02,...,L,) controlled by parameters ¢; (see Definition 3.1). In Theorem 4.1, we prove
that if we can choose suitable parameters ¢; to make the new weight type (¢1, s, ..., £,) satisty
the three conditions below:

(1) there is only one index ig € {1,2,...,n} such that ¢;,/w;, = max{l;/w;:i=1,2,...,n};

(2) €iy = €min, Where €, = min{e; for ¢ such that p; is a non-zero polynomial};
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ot

(3) pi, is a non-zero polynomial,
where p; is the coeflicient of 0/0z; in D for i = 1,2,... n, then the degree of each f; is low,
which contradicts the condition in the main theorems that the degree of each f; is bounded
below by a constant. Thus such D doesn’t exist and there are no negative weight derivations on
R.

From the argument above, we emphasize here the key point is to choose suitable parameters
for a given negative weight derivation D, which preserves the ideal (fi, fo,..., fm), to satisfy
the above three conditions (1)-(3). First we let

{ €, p; is a non-zero polynomial
€; = )

0, otherwise

where € is a positive real number. Then we have €,,;, = ¢ and £; = 0 for ¢ such that p; is the
zero polynomial. Let Iiyax = {€: fe/w, is the maximum among all ¢; /w; fori =1,2,...,n}. Itis
easy to see that ¢; = ey and p; is a non-zero polynomial for any ¢ € I,ax. Under the additional
condition that any two of the weights wy,ws,...,w, are coprime, we can prove that I ,x has
only one element, implying that conditions (1)-(3) in Theorem 4.1 are satisfied. Consequently,
Main Theorem B follows immediately using Theorem 4.1. But in general I, might have more
than one element, thus we need to adjust the parameters ¢; in order to separate {¢;/w;: i € Iyax}
such that these numbers have only one maximum. The parameters are adjusted as follows: pick
an index i1 ¢ Inax and replace the parameter €;, with €;, + ¢/(wjws2), then the new weight type
and Iyax change accordingly. Then pick an index 79 ¢ Inax and replace the parameter €;, with
€i, +€/(wiwz)?. Repeat this process. Theorem 6.1 guarantees the procedure will be terminated
after finite steps, and Main Theorem A is proved. We speculate that this new technique of
decomposing equations according to the new weight type might be useful for attacking other
problems in singularity theory.

The paper is organized as follows. We recall the definition and properties of derivations in
section 2. In section 3 we define and give the necessary properties for the main technical tool—
new weight type associated to a negative weight derivation on the weighted polynomial ring.
Some lemmas and theorems which are used in the proof of our main theorems are introduced
and are proved in section 4. We shall give the proofs of Main Theorem A and B in section 4
and 5.

2. Derivations

Let P = C|xy,- -+ , x| be the polynomial ring of n weighted variables z1, ..., x, with positive
integer weights wi, ws, ..., w,. For a monomial xlf :cé2 -.-xin in P its weighted degree is defined
to be wyiy 4+ + - - + wypin. A polynomial f € P is called weighted homogeneous with respect to
weights wy, - -+ , w, if there exists a positive integer d such that > a;w; = d, for each monomial
[z appearing in f with a nonzero coefficient. The number d is called the (weighted) degree
of f and denoted by degf. For an ideal I generated by weighted homogeneous polynomials in
P we have a graded quotient algebra R = P/I = ®°jR;. Furthermore R is called a graded
complete intersection algebra if I is generated by a regular sequence f1,---, fin, m < n. When
the Krull dimension of R is zero, R is a positively graded Artinian algebra.

Let R = P/I be a positively graded algebra as above. Then the derivations of R are induced
by derivations of P sending I to I. Let Der(R) be the R-module of derivations of R. As R
is graded, we have a natural grading on Der(R) = &;°>° __ Der(R); where Der(R), = {D €
Der(R): D(R;) C Ry for any i}. In particular, the Euler derivation A = Zwil‘ia%i has
weight 0.

A complete local C-algebra (i.e. singularity) is weighted homogeneous if it is the completion

R of a graded algebra R. If the singularity is isolated, weighted-homogeneity is equivalent to
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having a positive grading on the completion. The same singularity may have essentially dif-
ferent graded structures. For example, R = C[z,y,2]/(zz — y?) is bigraded, so it has many
gradings (e.g., using weights {1,k + 1,2k + 1}). However, Saito [Sa] has proved that an isolated
weighted homogeneous hypersurface singularity defined by f € Clz1,-- - , z,,] has unique normal-
ized weights. Saito’s choice of weights gives a graded algebra R = C[zy,- -, z,]/(f) for which
there are no derivations of negative weight. A complete intersection weighted homogeneous iso-
lated singularity R uniquely determines a graded algebra R (assuming dim R > 0, and excluding
the case of multiplicity 2 hypersurfaces). In general, if the maximal reductive automorphism
group of R has dimension 1, then R admits a unique positively graded structure (cf. [Wa2]).

3. New weight type

Let P = Clx1,x2,...,2Tp), w1 > we > -+ > w, be as above and D be a non-zero negative
weight derivation on P. It is well known that D is of the following form

(3.1) D = p10/0x1 + p20/0x2 + - -+ + prd/0xy,

where p; is a weighted homogeneous polynomial of degree w; + wt D with respect to the weight
type (w1, ws,...,wy,) or the zero polynomial for i = 1,2,...,n. Since wtD < 0, we know that
p; is a polynomial in z;y1,xi49,...,2, for 1 < ¢ < n. Thus p, is a constant polynomial. We
define a new weight type associated to D as follows.

Definition 3.1. Let D be a non-zero negative weight derivation on the weighted polynomial
ring P as in (3.1). The following weight type (¢1,¥s,...,L,) controlled by the given n parame-
ters €1,€a,...,€, are called the new weight type associated to D, where €¢; are non-negative real
parameters. Set

£y, = €.

If by, b1, ..., Lgs1 are defined, L, is defined as follows:
(i) if the coefficient py(zqs1, ..., xn) of 0/0xq in D is the zero-polynomial

(32) b=,
(ii) of the coefficient pg(xg41,...,xn) of 0/0xq in D is a non-zero polynomial
(3.3) £y = eq+max{lyi1ig41 + lgt2igra + - - + Lnin | monomial a;zqull x;‘ﬁ; Sz

appears in the expansion of py}
where p; is the coefficient of 0/0x; in D fori=1,2,...n.

It is clear that when

)

—wtD, pi is a non-zero polynomial
€ = .
! w;, otherwise

then the new weight type ({1, /s, ...,¢,) is just the original weight type (w1, ws, ..., wy,).

Definition 3.2. The degree of a monomial x* = $i11x§z ... s defined to be wiy + wais +

<o+ wpin. The Q-degree of x@ is defined to be £1i1 + laig + « - - + Lpiyn. And the Q-degree of a
polynomial f is defined as follows,

Q-deg f := max{Q-degrees of monomials in the expansion of f}.

Thus ; = ¢; + Q-deg p; fori=1,2,...,n such that p; is a non-zero polynomial, where p; is the
coefficient of 0/0x; in D.
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Definition 3.3. For any polynomial f in P, we denote by fmax the sum of terms in the

expansion of f with mazimum Q-degree with respect to (£1,0s, ..., L), i.e., if we write
f=2_can
ael

where I is a finite set, then
Sfmax = Z caz®.
a€l and Q-deg x*=Q-deg f
Definition 3.4. With the same notation as before, we define

dmax (D) = max{the Q-degree of (pj)max0/0x; | pj is a non-zero polynomial},

(3.4) Diax = > (P )max0/ O
for j such that
(p)maxd/; has Q-degree dmax(D)

where the Q-degree of (pj)max0/0x; is defined to be Q-deg (pj)max — ;-

Proposition 3.1. With the same notation as above, we have

(3.5) Dinax = > (Pj)maxd/ D

for j such that
pj is a non-zero polynomial and €;=€min

where
€min = min{e; for i such that p; is a non-zero polynomial}.

Then @Q-degree Dmax = —€min -
Proof. 1t is clear from the definition of the new weight type and Dyax. q.e.d.

Proposition 3.2. Let D, Dpax, €min be as above and g be an arbitrary polynomial in P. We
have either

(i) Dmax9max = 0, in this case Q-deg (Dg)max < @-deg gmax — €Emin,
or

(11) Dmaxgmax = (Dg)max-
Proof. Write
g = gmax + lower Q-deg terms = gmax + gr + gr—1 + ...,

and
D = Dpax + lower Q-deg terms = Dyyax + Ds + D1+ ...,
where
- < Q-deg gr—1 < Q-deg gr < Q-deg gmax;
and

<o < Q-deg Ds_1 < Q-deg Dy < Q-deg Dipax.
Then we have
Dg = Dnax9max + Dmax9r + Dsgmax + Dsgr + .. ..
If DiaxGmax # 0, then Dg = Diaxgmax + lower Q-deg terms. Thus we have
Daxgmax = (Dg)max-
If Dyaxgmax = 0, then Dg = Dnaxgr + Dsgmax + Dsgr + . ... Thus

Q'deg (Dg)max < maX{Q'deg Diax + Q'deg 9r, Q'deg D, + Q'deg gmax}-
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Since Q-degree Dyax = —€min by Proposition 3.1, we have

Q-deg Dmax + Q-deg g, < Q-deg Dmax + Q-deg gmax = Q-deg gmax — €min,
and

Q-deg Ds + Q-deg gmax < Q-deg Dmax + Q-deg gmax = Q-deg gmax — €min-
Therefore, Q-deg (Dg)max < Q-deg gmax — €min- q.e.d.

Corollary 3.1. Let D and g as above. If Dg = 0, then Dpyaxgmax = 0.

Proof. This is an immediate consequence of Proposition 3.2. q.e.d.

4. Some lemmas for the proof of main theorems

In this section and the next section, P = C[z1, z9,...,x,] is the weighted polynomial ring in
n weighted variables x1, za, ..., x, with positive integer weights w1 > we > --+ > w,. Let

D = p10/0x1 + p20/ds + -+ - + ppd/ Dy,

be a fixed non-zero negative weight derivation on P, and let (¢, /s,...,¢,) be the new weight
type associated to D controlled by non-negative parameters e;.

The following simple properties of isolated singularities are needed for our proof of the main
results in this section as well as in the next section.

Lemma 4.1. Let I be the ideal generated by weighted homogeneous polynomials f1, fa,...,
fm with respect to weight type (w1, wa, ..., wy) as above and P/I is a non-zero Artinian algebra.
Let m be the mazimal ideal generated by x1,x2,...,T,, then we have m" C I for some integer
r >0 and P/I is a local Artinian algebra.

Proof. Let d; be the degree of f; with respect to (wy,ws,...,wy) for i = 1,2,...,m. Then
for any point (x1,x2,...,2,) € C", we have

fila"rxy, oz, ..., a"xy,) = adifi(ajl, Xy ..oy Tp)

for any i = 1,2,...,m and any a € C. We claim that Z(I) = {0}, where Z(I) is the zero locus
of Iin C". If Z(I) # {0}, then there is a point (z1,x2,...,zy,) € Z(I) and (z1,x2,...,z,) # 0.
Thus {(a"z1,a"?x9,...,a" x,),a € C} C Z(I) has dimension one, which contradicts P/I is
an Artinian algebra. Thus Z(I) = {0}, which yields that m” C I for some integer r > 0. Hence,
for any maximal ideal m/ in P such that I C m’, we have m” C m/, which implies m = m’. So
P/I has only one maximal ideal, thus P/I is a local Artinian algebra. q.e.d.

Lemma 4.2. Let fi, fo,..., fm € Clz1,22,...,2,] be weighted homogeneous polynomials.
Suppose that Clxy,xa,...,x5|/(f1, f2,.. -, fm) is a non-zero Artinian algebra. Then for any
given index i € {1,2,...,n} there exists an index j € {1,2,...,m} such that fj(x1,22,..., o)
contains a term x?z (with a; a positive integer) in its expansion.

Proof. (By contradiction) Assuming the opposite, we see that the ideal (fi, f2,..., fm) has
to be contained within the ideal (z1,z2,...,%;—1,Zi+1,--.,Tyn). However, by Lemma 4.1, there
exists some integer r > 0, such that

(xlaxQ) e 7xn)T g (flva’ .. 7fm)
Consequently, it gives
(.fl,l'Q, o 7xn)r g (xl,l'Q, ey Li—1, Li415 - - - 7xn)7

which yields a contradiction. The lemma is proved. q.e.d.
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Lemma 4.3. Let fi, fo,...,fm € Clz1,29,...,2,] be weighted homogeneous polynomials
defining the germ of a positive-dimensional isolated singularity at the origin by f1 = fo =
o= fm = 0. Then for any given indezx i € {1,2,...,n} there are indices t € {1,2,...,m} and
Jj€{L,2,...,n} such that fy(x1,z2,...,2,) contains a term of the form xi* or xi'z; (with a; a
positive integer) in its expansion.

Proof. We denote (V,0) as the germ of isolated singularity defined by f; = fo =+ = fi, =0,
and let r be the dimension of V. Since no complete intersection condition is imposed here, dim V'
might not be equal to n — m. From the condition that the origin is the only singularity of V'
near the origin, we know that the determinants of (n —r) x (n — r) submatrices of the following

matrix
0f1/0x1,0f1/0xa,...,0f1/0x,
8f2/8x1, 8f2/8a:2, N ,8f2/8xn
Ofm/0x1,0fm/0x2,...,0fm/0x,
and f1, -, fm generate an ideal I such that Clzq,z9,...,2,]/I is an Artinian Algebra. By
Lemma 4.2, for any index i € {1,2,...,n}, one of the following cases occurs,

(i) there exists a (n —7) x (n —r) submatrix of the above matrix, such that z? with a positive
integer b is contained in the expansion of the determinant of this submatrix. Thus one of its
entries, i.e. df,/0z4, contains a power of z; in its expansion,

(ii) there exists t € {1,2,...,m} such that 2% with a positive integer b is contained in the
expansion of f.

Thus the conclusion is proved. q.e.d.

The following observations based on the assumption that {¢;/w;: i = 1,...,n} has the unique

maximum are crucial to our proof of the main results.

Lemma 4.4. Suppose that there is only one index ig € {1,2,...,n} such that § = €, /w;, =
max{l;/w;: i = 1,2,...,n}. Let f € Clxy,x2,...,2,] be a weighted homogeneous polyno-
mial with respect to both the original weight type (wy,ws,...,wy,) and the new weight type
(1,02, ...,L,). Suppose that the degree of f and the Q-degree of f satisfy

(i)
(4.1) deg f > M/(B — 1),
and
(i)
(4.2) Q-degf > fBdeg f — M,
where M is a fized constant and
v =max{l;/w;: i =1,2,... 00— 1,ip + 1,...,n}.
Then x;, divides f.
Proof. Suppose that some monomial 2% in the expansion of f(x1,x2,...,2,) is not divisible
by z;,. Let us denote z¢ = a?‘l“ . 1:?50_711 x?gﬂjll
Q-deg f = Q-deg z“
= arly + -+ aig—1lig—1 + ig1ligy1 + -+ anly
< ylarwy + -+ Aig—1Wig—1 + AigH1Wig 41 + -+ anwy)
(4.3) = ~vdegz® = vdeg f.
Combining (4.3) with (4.2), we get
(4.4) Bdeg f — M < Q-deg f < ydeg f.

.-~z By the definition of 7, we conclude that
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This implies

(4.5) deg f < M/(B =),
which contradicts (4.1). Thus the lemma is proved. q.e.d.

Lemma 4.5. If the coefficient p;, of 0/0x;, in D is a non-zero polynomial and f is a poly-
nomaal which is divisible by x;,, then Df # 0.

Proof. Let us expand f(x1,z2,...,%,) in powers of z;,
(4.6) flxy, e, ... xy) = qugo + bq,lwg;l + ot bhx?o, with by, # 0,
where h < g and by, bg—1,...,b, are polynomials of x1,x2,...,%Ti—1,Tig+1,...,2Tn. From the
condition of Lemma 4.5, we know that h > 1. It yields that
(4.7) Df = (D1 + piy0/0xi,) f

where Dy = D — p;,0/0z;,. Therefore, D, f = a:?ODl(qugo_h + -+ +bp) and
Df = SCZ)Dl (qug(:h 4+ bh) + iy (qbq:pg(jl 4+ 4+ hbth)A)
(48) =l Dy (bgal, "+ ) + alpi (abgel, " e+ (B D)
+ hxzho_lpio bh.
It is clear that p;,bp is a non-zero polynomial in x1,z2,...,Ziy—1, Tig+1, .- -, Tn. Hence the last

term on the right hand side of (4.8) is only divisible by m?o_l. Thus Df is a non-zero polynomial.
q.e.d.

Lemma 4.6. If {;, /w;, = max{/{;/w;: i =1,2...,n} (not necessarily the unique maximum)
and the coefficient p;, of 0/0x;, in D is a non-zero polynomial, then l;,/w;, < €,/(— wtD).
That is to say, {;/w; < €,/(—wtD) fori=1,2,...,n.

Proof. Assume that ¢;, /w;, > €;,/(— wt D), then by the definition of the new weight type and
the fact that wtD = deg p;, — w;,, we have

Q_deg (pio)max + €ip o gio

deg(pio)max —wtD Wi .

Combining with the assumption that €;, /(— wt D) < ¢;, /w;,, we conclude that

(4.9) Q-deg (pig)max _ Llio
deg (pio )max Wi

However, (pi,)max is a polynomial in x; for ¢t > ip and we have ¢ /w; < ¢;,/w;, for t > ig. Thus,

we obtain that
Q'deg (pio)max < gio

deg<pi0)max T Wy,
which contradicts (4.9). Thus this lemma is proved. q.e.d.

9

The following theorem is critical to the proof of Main Theorem A.

Theorem 4.1. Let f1, fo, ..., fm be m weighted homogeneous polynomials in P with respect
to the weight type (w1, wa, ..., wy). Suppose these polynomials define a positive-dimensional
isolated singularity at the origin. Suppose that the negative weight derivation D on P preserves
the ideal (f1, fo, ..., fm). If we can choose suitable parameters €; to make the new weight type
(1,02, ...,L,) satisfy the three conditions below:

(1) there is only one index iy € {1,2,...,n} such that f = {;,/w;, = max{¥l;/w;: i =
1,2,...,n},

(2) €iy = €min, Where €min, = min{e; for i such that p; is a non-zero polynomial},
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(3) pi, is a non-zero polynomial,
where p; is the coefficient of 0/0xz; in D for i = 1,2,...,n, then there exists j € {1,2,...,m}
such that ( ) )
m — 1 + w1 )émin
deg fj < ,
’ B—n

where v = max{l; /w;: i =1,2,...,ig — 1,i0+ 1,...,n}.

Proof. Without loss of generality, we assume that deg fi > degfo > --- > deg f,. By
comparing degrees, we find that

Dfi=fo+ -+ fm,

Dfy=103f3+ -+ 05" fm,
(410)

D fm-1= "L 1 fm,
D fm =0,

where Eé. with ¢ > j are weighted homogeneous polynomials with respect to the original weight
type (wla w2, ... 7wn)'

By Lemma 4.3, we can find one f;, which contains a term of the form zf or x{ z; with
j€{1,2...,n} in its expansion. If the former holds, then Q-deg (fj,)max > ali, = Bdeg fj, >
Bdeg fj, — wi€min. If the latter holds, then we have

Q-deg (fjo)max > aliy + €5 = B(deg fj, — wj) +¢;
> Bdeg fj, — Bw; > Bdeg fj, — wi€min,
where the last inequality follows from the fact that w; < w; and 8 < €, = €min by Lemma 4.6.
We construct a sequence jg < j1 < ... as follows. If jg, j1,--- ,j; are defined, by Proposition
3.2, then we have either Dyax(fj;)max = 0 o Dmax(fj;)max = (D fj;)max. If the former holds,

let the sequence end. If the latter holds, by the j;-th equation in (4.10), there is an index
Jiv1 € {ji +1,...,m} such that

(4.11) Qedeg (67 i) = Qedeg (Dunax(fjJma)-
Now we prove by induction that the sequence has the following property
(4.12) Q-deg(fj,)max > —i(B wtD + €min) + B deg fj; — Wi€min.

We have proven that (4.12) holds for i« = 0. Suppose the proposition holds for 7, we shall validate
it for i + 1. By (4.11) and Proposition 3.1, we obtain

Q'deg (e§z+1)max + Q‘deg(fji_;,_l)max = —€min + Q-deg(fji)max-

Using the fact that deg fj, + wtD = deg E;j“ + deg fj,,, and Sdeg E;:z“ > Q—deg(fﬁ“)max, we
get

Q-deg (), Jmax = — €min + Q-deg(f;, Jmax — Q-deg(& " max
> — €min — {(BwED + €min) + B deg fj, — W1 €min — Q—deg(ﬁgz“)max
(4.13) = — €min — i(BWED + emin) + B(deg € + deg fj,,, — wt D)
— W1€min — Q'deg(€§2+l)max
> —(i+1)(BwtD + emin) + Sdeg fj, ., — Wi€min-
From (4.10), we have D f,, = 0. It follows from Corollary 3.1 that
Dinax(fm)max = 0.
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From this point of view and the fact that j; < ji+1, we find that the sequence ends within (m—1)
steps. That is to say, there is an index t € {1,2,...,m — 1} such that

(4.14) Dinax(fj;)max = 0,
(4.15) Q—deg(fjt)max Z —t(ﬁmin + ﬁ ’th) + ﬁdeg fjt — W1 €min-
By Lemma 4.6, we have (€pin + 8wt D) > 0. Notice that t < m — 1, we have
(4.16) Q-deg(fj,)max = —(m — 1)(€min + B wt D) + Bdeg fj, — wi€min-
Assume that
1 A

(4.17) deg(f;, Jmax > (T LT W1)émin

B—n
By the fact that wt D < 0, we have

—1 min tD min
(4.18) deg(fj,)max > (m—1)(e ;?: ) + wie ‘

By Lemma 4.4 (here M = (m—1)(€min + 8 wt D) + w1 €min and notice that deg f;, = deg(fj, )max)
we know that (fj,)max is divisible by x;,. Since €;, = €min, Proposition 3.1 tells us that the
coefficient of 0/0x;, in Dmax 18 (Piy)max- Since p;, is a non-zero polynomial, so (pi,)max 1S a
non-zero polynomial. Thus, Dyax(fj,)max 7 0 by Lemma 4.5, which contradicts (4.14). Thus,
the assumption (4.17) is false, and

deg fjt = deg(fjt)rnax <

(m -1+ wl)emin

B—n
The conclusion is proved. q.e.d.
Lemma 4.7. If there exists a positive real number & such that all parameters €; are divisible
by €, that is to say, €; = bje where b; is a non-negative integer for i =1,2,...,n, then we have
(i) Ui = qie, where q; is a non-negative integer fori=1,2,...,n;

(it) For any i,j € {1,2,...,n}, if {;/w; > £;/w;, then
&-/wi — ﬁj/wj 2 6/(’(1)1’[02).

Proof. (i) (By induction on ¢) If i = n, then the lemma holds, since ¢, = €, = b,e by
Definition 3.1. Suppose it also holds for i = k+1,...,n, we prove it for ¢ = k. If p; is the zero

polynomial, then the lemma holds obviously since £ = €. Otherwise, for any term lefll i

in the expansion of pi, we have
Q-deg xZ’fll e o = (A 41Qk+1 -+ angn)E.
By Definition 3.1, we have

U, = €x + max{Q-degrees of monomials J:Z’f:ll ...xy™ in the expansion of py}

= (bk + max{apr1qe+1 + -+ anQn:

the monomial x

Jpi -+ %" appears in the expansion of p’f}>€‘

Thus the lemma for case i = k holds.
(ii) By (i), we have
Lifwi — L jwj = (Lw; — Ljw;) [/ (wiwy) = (qw; — gjwi)e/ (wiwy).
Notice that ¢;/w; > £;/w;, implies gyw;—gjw; > 0. Since gyw;—g;jw; is an integer, so ¢;w;—gjw; >
1. Recall the fact that wy > w9 > --+ > w, > 1, we obtain that

lijwi — U /w; > e/ (wiw;) = e/ (wiwg).
q.e.d.
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We recall the following Lemma, which is a consequence of Corollary 3.4 in [Ro].

Lemma 4.8. Let (V,0) be a germ of positive-dimensional isolated singularity, defined by
fl,fg,.. .,fm S (C[.T}l,iIJQ,. . .,I’n]. Let

D= p18/6x1 +p28/3$2 + - +pn8/6xn
be a holomorphic vector field on (V,0). Then p;(0) =0 for 1 <i <n.

Remark 4.1. Let f1, fo, ..., f;n be weighted homogeneous polynomials in P and they define
a positive-dimensional isolated singularity at the origin. Suppose that D is a non-zero negative
weight derivation on P/(f1, fo,..., fm) asin (3.1). Suppose pj, for some k is not identically zero.
From Lemma 4.8, we know that pi(0) = 0, so the polynomial pj cannot be constant. Thus, the
(weighted) degree of py is positive. Since D is a negative weight derivation, so p,, is a constant
polynomial. This implies p,, has to be the zero polynomial.

5. Proof of Main Theorem B
In this section, we first prove Main Theorem B. Main Theorem A is proved in next section.

Theorem 5.1 (Main Theorem B). Let P = Clx1,x2,...,x,] be the weighted polynomial
ring of n weighted variables x1,xo, ..., T, with positive integer weights wy > we > -+ > wy
(n>2) and f1, fa,..., fm be m weighted homogeneous polynomials of degrees greater than (m —
1 + wr)wiwy. Suppose that any two of the original weights w1, ws, ..., w, are coprime and
f1, fo, .-, fm define a positive-dimensional isolated singularity at the origin. Then there are no
non-zero negative weight derivations on R = P/(f1, fo,..., fm).

Proof. (By contradiction) Suppose D is a non-zero negative weight derivation on R or equiv-
alently a non-zero negative weight derivation on P which preserves the ideal (fi, fa,..., fm) as
n (3.1). We take the new weight type (¢1,...,¢,) of D controlled by parameters ¢;, where

S p; is a non-zero polynomial

10, otherwise ’
with € a positive real number and p; the coefficient of 9/0x; in D for i = 1,2,...,n. Let
Imax = {e: lc/we is the maximum among all ¢;/w; for i = 1,2,...,n}. It is clear that ¢; > 0

for any ¢ such that p; is a non-zero polynomial and ¢; = 0 for any ¢ such that p; is the zero
polynomial. Thus ¢; > 0 and p; is a non-zero polynomial for any ¢ € I, which implies that
€; = € for any i € Iax.

We claim that I,,x has only one element. Since € divides ¢; for all ¢ = 1,2,...,n, by Lemma
4.7, we have ¢; = ¢;e, where ¢; is a non-negative integer for i = 1,2,...,n. Now we prove that
qi < w; for all ¢ by induction on i. If i = n, then we know p,, is the zero polynomial (see Remark
4.1), thus l,, = €, = 0, which shows that ¢, = 0 < w,,. Suppose ¢; < w; fori = k+1,k+2,...,n,
we prove that g < wyg. If pi is the zero polynomial, then I = ¢, = 0, which yields that
qr = 0 < wg. If pg is a non-zero polynomial, then ¢ = €, thus f; = €+ Q-deg pr = €+ Q-deg pi.
By Lemma 4.8 we have pi(0) = 0, thus p; doesn’t contain any constant term. Since py is a
polynomial in xgy1,...,2, and ¢; = ge < w;e for ¢ > k, we have Q-deg pr, < edegpy. Notice
that wy = — wt D 4 deg py, hence

U = e+ Q-deg pr. < (14 degpg)e < (— wt D + deg px)e = wye,
which implies that ¢, < wg. Thus ¢; < w; for i = 1,2,...,n. Since ¢; > 0 for any 7 € Iax,
we have ¢; > 0 for any ¢ € Lhax. Suppose that I, has more than one element, then for any
i,J € Imax such that i # j, ¢;/w; # q;/wj since 0 < ¢; < w;, 0 < ¢; < wj and w;, w; are coprime.
It follows that ¢;/w; # £j/w;, which contradicts i,j € Imax. Thus the claim that Inax has only
one element is proved.
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Write I = {ip}. Let 8 = 4;,/w;, and v = max{¢;/w;: i =1,2,...,i0—1,i0+1,...,n}. Since €
divides ¢; for all 4, by Lemma 4.7, we have —v > €/(wjw2). Let €, = min{e; for 7 such that p; is a non-zero po!
and it is clear that €pi, = €. Then by Theorem 4.1, we know that there exists j € {1,2,...,m}
such that ( Lt wy)
< m — W1 )€min
deg f; < 5=~
which contradicts the condition that deg f; > (m — 1 + wi)(wjws) for all j. So the conclusion
is proved. q.e.d.

S (m -1 + wl)(wlwz),

6. Proof of main theorem A

In this section we give the proof of Main Theorem A. In order to use Theorem 4.1, we need
to choose suitable parameters ¢; to make the new weight type (¢1,...,¢,) satisfy the following
conditions in Theorem 4.1:

(1) there is only one index ig € {1,2,...,n} such that ¢;,/w;, = max{l;/w;:i=1,2,...,n};

(2) €iy = €min, Where €p;, = min{e; for ¢ such that p; is a non-zero polynomial};

(3) pi, is a non-zero polynomial.

First we let

S p; is a non-zero polynomial
! 0, otherwise ’
where € is a positive real number. Let (¢1,...,¢,) be the new weight type associated to a non-

zero negative weight derivation D and controlled by parameters ¢;. Then we have €,,;, = € and
¢; = 0 for ¢ such that p; is the zero polynomial. Let I,x = {e: £c/we is the maximum among
all 4;/w; for i =1,2,...,n}. It is easy to see that ¢; = €nin and p; is a non-zero polynomial for
any ¢ € Iyax. Thus if Ihax has only one element then the conditions (1)-(3) in Theorem 4.1 are
satisfied. But in general I, might have more than one element. So the key step is to adjust
the parameters ¢; in order to separate {{;/wj: i € Iyax} such that these numbers have only one
maximum.

Lemma 6.1. Let D be a non-zero negative weight derivation such that p;(0) =0 for1 <i <n,
where p; is the coefficient of 3/0xz; in D. Suppose there exists a positive real number e such that
all parameters €; are divisible by . Fixz an index jy € {1,2,...,n}, define another group of
parameters €, as follows,

;o { € + ¢/ (wiws), 1= Jo
€ = .
€is i # Jo
Let (1,...,0,) and (€4, ..., L)) be new weight type associated to D and controlled by parameters
e; and €, respectively, then we have

(i) For anyi,j=1,2,...,n such that both p; and p; are non-zero polynomials, we have
Ei/wi < Ej/wj = K;/wz < K;/wj
(ii) For anyi,j =1,2,...,n such that both p; and p; are non-zero polynomials, then for any
term t; and t; in the expansion of p; and p;, respectively, we have

(Q-deg t; + €)/wi < (Q-deg tj + €;) /w;
= (Q'-deg t; + €;) /wi < (Q '-deg t; + €;) w;.

(iii) For anyi=1,2,...,n such that p; is a non-zero polynomial, then for any terms t1 and to
in the expansion of p;, we have

Q-deg t1 < Q-deg to = Q'-deg t1 < Q'-deg to,

where Q-deg and Q’'-deg denote the degrees with respect to the new weight type (¢1,...,4,) and
(0, ..., L), respectively.
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Proof. We claim that 0 < ¢, — ¢; < w;e/(wiwg) for all 4, and 0 < ¢ — ¢; < wie/(wiws) for i
such that p; is a non-zero polynomial.

(By induction) If ¢ = n, then ¢,, = €,, £}, = €, and p,, is the zero polynomial. By the definition
of €}, we know that 0 < €, — ¢, < &/(wiwz) < wye/(wiws), thus the claim holds for i = n.

Suppose the claim holds for ¢ = k + 1,...,n, we prove it holds for i = k. There are the
following two cases:

(1) pg is the zero polynomial. The claim holds due to the same argument as in that of i = n.

(2) pr is a non-zero polynomial, since pg(0) = 0, so there is no constant term in the expansion
of pr. There are two subcases:

(2a) k = jo. Pick any s > k. If py is a non-zero polynomial, then by the assumption, we

have 0 < 0, — {; < wse/(wiwa). Otherwise, £s = €5 and ¢, = €,. Notice that s # k = jo, we
have €5 = €, which yields that ¢, — {5 = 0 < wse/(wrws). Thus 0 < 0, — £y < wge/(wrwe) for

all s > k. For any term t = xZ’fll ...x% in the expansion of py (a1, ...,a, are not all zero),

using the fact that ax1wi+1 + -+ - + apw, = wi + wt D, we have
0<Q'-degt— Q-deg t = apy1(lhpq — lpr1) + - + an(l;, — Cn)
< (pp1wii1 + - + apwy)e/(wrwy) = (wg + wt D)e/(wiws).
Therefore,
Q "-deg t < Q-deg t + (wy, + wt D)e/(wiwe) < Q-deg pi, + (wi + wt D)e/(wiws),
for any term ¢ in the expansion of pi. Thus, it follows that
(6.1) Q "-deg pr < Q-deg pi, + (wy, + wt D)e/(wiws).
Since
Q-deg t < Q '-deg t < Q "-deg py,
for any term ¢ in the expansion of pg, we have
(6.2) Q-deg pr < Q '-deg py.
Combining (6.1) and (6.2), we obtain that
0 < Q'-deg pr — Q-deg pi, < (wy + wt D)e/(wiws).
By definition, we have €} — €, = ¢/(wiws). Thus
0 <0, — Ll = e, +Q'-deg pr, — (e + Q-deg pr) < (wg + wt D + 1)e/(wyrw2).

Since wt D is a negative integer, we have wt D 4+ 1 < 0, and the claim is proved.

(2b) k # jo, so €}, = €. For any term ¢ = :c,i’fll ...x% in the expansion of py (agi1,-.-,an

are not all zero), using the fact that axyiwgi1 + -+ + apw, = wi + wt D and the assumption
that 0 < ¢, — 05 < wse/(wiws) for s > k, we have

0<Q'-degt— Q-deg t = aps1(lhyq — lir1) + -+ an(ly, — Cy)
< (app1Wps1 + -+ -+ apwp)e/(wiwa) = (wy, + wt D)e/(wiws).
Therefore, it gives
Q '-deg t < Q-deg t + (wy, + wtD)e/(wiws) < Q-deg pi, + (wy, + wt D)e/(wiws),
for any term ¢ in the expansion of pi. Thus, it yields
(6.3) Q "-deg pr < Q-deg pi + (wy, + wt D)e/(wyws).
Since

Q-deg t < Q'-deg t < Q "-deg p
for any term ¢ in the expansion of py, we get

(6.4) Q-deg pr. < Q "-deg py.
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Combining (6.3) and (6.4), we have
0 < Q'-deg pr — Q-deg pi < (wi, + wtD)e/(wrws).

Since €, — e, = 0, by the definition of the new weight type, we have 0 < £} — £, < (wy +
wt D)e/(wyws). Since wtD is a negative integer, we have wy + wtD < wg. Thus 0 < ¢, — £ <
wie/(wiwe) and the claim is proved.

From the argument above, we also know that for any ¢ such that p; is a non-zero polynomial
and for any term ¢ in the expansion of p;, we have

(6.5) 0<(Q'-deg t+€) — (Q-deg t + €;) < wie/(wiws).

(i) For any 14, j such that both p; and p; are non-zero polynomials, if ¢; /w; < ¢;/w;, by Lemma
4.7, we have {j/w; — {;/w; > €/(wiw2). By the claim above, we have 0 < ¢ /w; — {;/w; <
wie/(wiwaw;) = ¢/(wiwz) and 0 < £ /w; — £;/w;. Combining these inequalities, we have
C;/wi < £ /w;. Thus (i) is proved.

(ii) For any 4, j such that both p; and p; are non-zero polynomials and for any term t; and ¢;
in the expansion of p; and p;, respectively, by Lemma 4.7, we know that all £, k =1,--- ,n are
divisible by €. Thus Q-deg t; +¢; and Q-deg t; + ¢; are divisible by €. Let us write Q-deg ¢; +¢;
and Q-deg t;+e¢; as the forms g;e and gje respectively where ¢; and ¢; are integers. If (Q-deg t;+
€)/w; < (Q-deg tj +¢€;)/wj, then gyw; < gjw;. Notice that ¢;w; and gjw; are integers, so gjw; —
giw; = 1. Thus (Q-deg t;+¢;)/w; — (Q-deg ti +€:) /wi = (qjwi — qw;)e/ (wiw;) = /(wiws). By
(6.5), we have (Q '-deg t; +€;)/w; — (Q-deg t; +¢€;) /w; < wie/(wiwow;) = €/(wiwsz). Combining
the two previous inequalities and notice that Q-deg ¢; +¢; < Q '-deg t; + e;, again by (6.5), we
have

(Q'-deg t; + €;) /w; < (Q-deg t; + €)/w; < (Q "-deg t; + €)) /w;.

(iii) Using (ii) for case i = j, we obtain that for any ¢ such that p; is a non-zero polynomial

and for any terms t; and to in the expansion of p;, we have

(Q—deg t1 + ei)/wi < (Q—deg to + ei)/wi
= (Q'-deg t1 + €;) /w; < (Q "-deg ta + €;) /w;.

Thus, we have
Q-deg t1 < Q-deg to = Q '-deg t; < Q '-deg ts.

q.e.d.
Theorem 6.1. Let f1, fa, ..., fm be m weighted homogeneous polynomials in P with respect to
a weight type (w1, wa, ..., wy). Suppose these polynomials define a positive-dimensional isolated

singularity at the origin. Let D be a non-zero negative weight derivation as in (3.1) on P
preserving the ideal (f1,..., fm). Let ({1,...,£4,) be the new weight type associated to D and

controlled by parameters €;. Fizr a subset I of {1,2,...,n},(n > 2) containing more than one
element. Suppose the parameters €1, €, ..., €, satisfy the conditions that
€, i € I and p; is a non-zero polynomial
(6.6) . 0, 1 € I and p; is the zero polynomial
’ ! €+ ¢/ (wyws)?, i ¢ I and p; is a non-zero polynomial '
e/ (wiw9)?, i ¢ I and p; is the zero polynomial

where € is a positive real number, k is the number of elements in I (k > 2), and b : i — b;
is an one-to-one map from {1,2,...,n}\ I to {1,2,...,n — k}. Let Inax = {€: le/we is the
mazimum among all £;/w; fori=1,2,...,n}. If Inax C I and p; is a non-zero polynomial for
any i € Imax, then there exists j € {1,2,...,m} such that

deg f; < (m—1+ wl)(wlwg)"_l.
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Proof. Consider the case that I,,x = I, which can be easily reduced to the case that Iay is
a proper subset of I. In fact, assume that I.x = I. Let us write I = Iiyax = {i1,...,4x}, where
i1 <ig < --- <1k, k > 2. Since p; is a non-zero polynomial for any i € Iy.x = I, by (6.6) , we
can see that ¢, = e for any ¢ € Ipax = 1.

Before proceeding to give the proof of Theorem 6.1, we shall first prove the following propo-
sition.

Proposition 6.1. For any term ty in the expansion of (pi, ,)max and for any term ty in the
expansion of (pi, )max, we have ty = cay t1, with non-negative integer a and non-zero constant
coefficient c.

Proof. Let h:{1,2,...,n—k} — {1,...,n} \ I be the inverse function of the map b: i — b;.
(0) (1) (k)

That is, by;) =i for i = 1,2,...,n — k. Define a group of parameters ¢, ", ¢, ",...,¢; , 1=
1,---,n recursively:

RO IS p; is a non-zero polynomial

v 0, otherwise
Assume that the (j — 1)-th group of parameters (egjfl), cee e,(ljfl)) has been defined, then we
define

1 . ‘
) _ TV e/, = ()
’ Y, i # h(j)

By this definition, on the one hand it is clear that egj) = ¢ for any ¢ € Ipax = I and any

j =0,1,...,n — k. In particular, egn_k) = ¢ = ¢ for i € Inax = I. On the other hand, for
i ¢ Imax, there exists a unique j € {1,--- ,n — k} such that h(j) = 4, hence b; = j. It follows
from definition that

egnfk) =€ = 61(;—1) + €/ (wywy)¥ = 6(0) + €/ (wiwy)¥ = €.
Thus (egnfk), e ,e%nik)) = (€1,...,€). Let (Egj), E(])) be the new weight type controlled
by parameters (egj), e ,6%7)) for j =0,1,...,n — k, and Q(j)-deg means the associated degree.
For convenience, we write ix_1 = s and i, = ¢, then s < t. Since s,t € Lyax = I, so ps
and p; are not zero polynomials. Pick any term ¢y in the expansion of (ps)max and pick any
term ¢; in the expansion of (p;)max. Notice that s, € Iynax, we have {5/wgs = £ /wy, thus

(Q-deg tg + €5)/ws = (Q-deg t1 + €)/wy. Since (€1,...,€,) = (egn_k), e eﬁ{“k)), we have

(6.7) 0k fpg = 06770 fayy

and

(6.8) (Q(n-k)-deg to + ™) fw, = (Q(n-k)-deg t1 + ¢ ) fwy.
We claim that

(6.9) (9 g = 69 Juwy,

for j = 0,1,...,n — k. Suppose that there exists e such that Ege)/ws # Ege)/wt, notice that
both ps and p; are not zero polynomials, by Lemma 6.1(i) (here we set ¢ = ¢/(wjw2)®) we

have ngﬂ)/ws # Egeﬂ)/wt. Similarly, Egeﬂ)/ws # Egeﬂ)/wt implies &((,se”)/wS # €§e+2)/wt.
Continuing this process, it implies that e&”"“) Jws # ﬁin_k) Jwe, which contradicts (6.7). Hence
(6.9) is proved. Similarly, using Lemma 6.1(ii) and (6.8), we have

(6.10) (Q(i)-deg to + € /wy = (Q(j)-deg t1 + ¢”)) /.
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Since (—:gj) = egj) =efor j=0,...,n—k, (6.10) implies

(6.11) (Q(j)-deg to + €) /ws = (Q(j)-deg t1 + €) /wy,

for j =0,1,...,n — k. We claim that ¢y is independent of x; for i = s+ 1,...,f{ — 1. Suppose
not, then there exists e € {s+ 1,...,t — 1} such that ¢, depends on x.. Let j = b, then
h(j) = e. Thus by definition we have 61(]71) = egj) for ¢ # e and egjfl) < egj), which implies that
62(-]_1) = Ez(]) for i > e, Kg_l) < EEJ), and ﬁgj_l) < KZ(-J) for ¢ < e. Notice that ¢; is a monomial in
ZTt41,---,2n only, and ¢ +1 > e, we have

(6.12) Q(j-1)-deg t1 = Q(j)-deg t1.
Notice that ty depends on z., we have
(6.13) Q(i-1)-deg to < Q(j)-deg to.
Since (6.12) and (6.13) contradict (6.11), the claim that ¢¢ is independent of x; for i = s +
1,...,t — 1 is proved. So #y can be written as the form cxfty, where t2 is a monomial in
Ty, ---,%n, @ is a non-negative integer and c is a constant coeflicient.

Next, we will prove to = t1 up to a scale by two steps. Let t; and t5 be written as clefll cooxln

b .
and czactff e xfl", respectively.

Step 1: We first prove that
(6.14) a;/b; = (degt; — wtD)/(degte — wt D),

fori=t+1,...,n.

Since the term ¢; appears in the expansion of (p;)max, for any term g in the expansion of p; we
have Q-deg t; > Q-deg g, i.e. Q(n-k)-deg t; > Q(n-k)-deg ¢g. Using Lemma 6.1(iii), we obtain
Q(j)-deg t; > Q(j)-deg g for any 5 = 0,1,...,n — k and for any term g in the expansion of p;.
Thus we have

(6.15) 0 = Qj)-deg t1 +e,
for j=0,1,...,n—k. By (6.11), (6.15) and the facts that ws = degto— wt D, wy = degt; — wt D

and to = cxita, we have

Qi)-deg to+¢  al?) +Q(j)-deg ta+e  Q(j)-degty +¢ £

degty — wtD  aw; +degty —wtD — degt; —wtD — w;’

for j =0,1,...,n— k. It implies that

(6.16) Q(j)-deg ta + € _ Q(j)-deg t1 + €

' degty — wtD degt; — wtD ’
for j = 0,1,...,n — k. We prove the claim that a;/b; = (degt; — wtD)/(degts — wtD) for
i =t+1,...,n by induction. If i = ¢t + 1, let j = byy1, then h(j) = t + 1. Thus we have

Egi)l — 41—11) > 0 and 61@2 — fii;l) =...= éq(ij) - é%j’l) = 0. Consequently, we obtain

Q(j)-deg t1 = Q(j-1)-deg 1 + ary1 (€7, — €97),

and
Qj)-deg t2 = Q(j-1)-deg to + bear (67, — 7, ").
By (6.16), one gets a;+1/bi+1 = (degty — wt D)/(degta — wt D), thus the claim holds for ¢ + 1.
Suppose (6.14) holds for t + 1,t+2,...,i — 1, let us verify it for i. Let j = b;, then h(j) = 1,

thus we have Egj) — Egj_l) > 0 and Egi)l — 61(-1_11) =...= Kg) — 553‘1) = 0. Consequently, it gives

Q(j)-deg t1 = Q(j-1)-deg t1 + at+1(€g_)1 — Eg_—ll)) 4t a@-(&(j) _ gl(j—l)),



GENERALIZED WAHL CONJECTURE 19

and
Q(i)-deg t2 = Q(-1)-deg ta + b (6 — €77+ + il — £77Y).
By assumption and (6.16), we obtain a;/b; = (degt; — wt D)/(degts — wt D).

Step 2: We shall prove that degt; — wtD = degte — wtD. Assume that degty — wtD >
degto — wt D, then by (6.14), we have a; > b; fori =t+1,...,n. Let t3 = x?flrbt“ cglnTbn,
then t; = tot3 up to a scale. Consequently, one gets
by Q-degti+e  Q-degta+ Q-deg t3 +¢
w;  degt; —wtD  degty +degts — wtD

(6.17)

By the fact that (egnfk), e e&””“)) = (€1,...,€,) and (6.16) for j = n — k, we have

Q-deg t1 + € Q-deg to + €

degt; —wtD  degty — wtD’

By (6.17) and (6.18), we obtain ¢;/w; = Q-deg t3/degts. Since t € Ipax and t +1,...,n ¢
Imax, we have £y /wy > lip1/wig, ... beJwy > Ly /wy. Since t3 is a monomial of x4, ..., Ty,
we have Q-deg t3/degts < ¢;/wy, which contradicts ¢;/w; = Q-deg t3/ degts. Therefore, the
assumption degty — wtD > degte — wt D is invalid. Similarly we can prove the assumption
degt; — wtD < degty — wtD is invalid. Thus degt; — wtD = degty — wtD. It implies that
a; =b; fori =t+1,...,n, thus t; = t2 up to a scale. Thus Proposition 6.1 is proved. q.e.d.

(6.18)

Now we come back to the proof of Theorem 6.1.

Fix a term ?p in the expansion of (p;, ,)max. For any two terms ¢;,ts in the expansion of
(Pi,, )max, by Proposition 6.1, we have ty = clxgkltl and tyg = CQ.ZU?:tQ, where ci, ¢y are non-zero
constant coefficients and a1, as are non-negative integers. Therefore, clm?kltl = CQx?:tg. Notice
that t1,?2 are monomials of variables x;, +1,...,2p, so t; = t2 up to a scale. Therefore, there is
only one term in the expansion of (pi, )max-

Fix a term ty in the expansion of (pi, )max. For any two terms tp,t; in the expansion of
(Piy,_ Jmax, by Proposition 6.1, we have ¢y = cox‘;:tg and t; = clekltg, where ¢y, ci are non-zero
constant coefficients and ag, a; are non-negative integers. Since p;, , is a weighted homogeneous
polynomial with respect to the original weight type (wi,ws,- - ,wy), degty = degty, thus
ag = a1. So tg = t1 up to a scale. It follows that there is only one term in the expansion of
(Piy,_, )max- Hence,

(pik,1>max = Cl';'lk (pik)maxu
where ¢ is a non-zero constant coefficient and a is a non-negative integer. Notice that deg(pi,_, )max =
degpi, , = wi,_, + wtD and deg(pi, )max = degp;, = w;, + wtD, we have w;, , + wtD =
aw;, +w;, + wtD, which yields that

(6.19) w;,_, = (a+ 1w;,.
Since ix—1, ik € Imax, lip_, /Wi, = i, /wi,. Thus, we obtain
(6.20) b, = (a+1)4;,.
In the sequel, we shall make a coordinate change which preserves the original weight type
(w1, ws, ..., w,). The coordinate change is of the following form
T =2,
(6.21) Tip_, =T+ c(ac;k)aﬂ/(a +1),
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We obtain the transformation of derivations in this coordinate change (6.21) as follows:

o _ o
83:’1 a$1’
g 0
6.9 83:2,671 Oz,
022 8—84—0(:6’)“8
oz Oz, Oy,
o _ o
ox!,  Ox,

If the expression of the negative weight derivation D is written in the new coordinate system,
say

0 0
D/:pllaT;/l +p/287x,2+“'+17%

oz’
It is clear that p, = p; for t # i1, and
p;k_l = Dip_q — C(l';k)apik = Pig_y — C:E?kpik.

Let (¢},...,¢,) be the new weight type associated to D’ in the new coordinate system and
controlled by the original parameters (e1, €2, ..., €,) and Q '-deg means the associated degree.
For any ¢ > i;_;, we have p; = p; and p; is independent of z;, ,, thus the expression of
pt in the original coordinate system is the same as that of p) in the new coordinate system,
since the coordinate change only occurs on z;, ,, which implies that ¢, = ¢, for all t > ij_;.
We claim that £, < £;_,. Since (pi,_,)max = ¢ (Pi )max, we have either (p;,_, — cxf pi,)
is the zero polynomial or Q-deg (p;,_, — czf p;,) < Q-deg p;,_,. If the former holds, then
P}, , is the zero polynomial and it is clear that ¢; < ¢; _,. If the latter holds, notice that
p;k_l = Dix_, — CT§ Di, is a polynomial in ¢ for t > ix_1 and £, = ¢; for t > i1, we have
Q "-deg p;, | = Q-deg (pi,_, — cxf pi, ), thus Q -deg p;, | < Q-deg p;,_,, which implies £; <

;. Now we claim that ¢, < ¢ for all t = 1,2,...,n and we shall prove it by induction.
From the above argument, the inequality holds for ¢ > ig_;. Assume the claim holds for
at41

t+1,t+2,...,n, and we shall show it holds for ¢t <'ix_1. For any term g =z, /" ... 23" in the
expansion of p;, then

c i
9= (@) (0 o ) ()

in the new coordinate system. By the fact that Q -deg (], )*™ = (a+1)¢], = (a+1)l;, = iy,
due to (6.20), we obtain Q ’-deg g < Q-deg g for any term ¢ in the expression of p;. Since
P, =pt,t <ig_1, we obtain Q -deg p; < Q-deg p;, which yields that ¢, < ¢, and the claim is
proved.

Let I} .. = {e: ¢, /w, is the maximum among all ¢;/w; for i = 1,2,...,n}. From the above
argument, we know that for any ¢ ¢ Lax, 0;/w; < ;/w; < b, Jw;, = ﬁgk Jw;, , which implies that
i ¢ I Thus If . C Imax. Notice that € Jwi,_, < b, Jwi,_, = b, Jwy = £ Jw;,, We
have I] .. C Imax \ {ik—1}, which yields that I}, is a proper subset of I;,ax = I. And for any
i € I} .y, we have i € Iiyax and ¢ # ig_1, so that p; is a non-zero polynomial and p} = p;, thus
the condition that p) is a non-zero polynomial for any i € I} . is satisfied. Thus the case that
Inax = I can be reduced to the case that I, is a proper subset of I.
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In the sequel, we shall prove Theorem 6.1 by induction on & which is the number of elements
in I. If k = 2, we may assume that I, is a proper subset of I, thus I;,,x has only one element.
Assume that Iynax = {io}. Let 8 = £, /wiy, v = max{l;/w;: i = 1,2,...,ig — L,ig + 1,...,n}
and ey = min{e; for ¢ such that p; is a non-zero polynomial}. Since iy € Iax C I, we know
Di, i a non-zero polynomial and ¢;, = €. Since ¢; > € = ¢;, for any ¢ such that p; is a non-zero
polynomial, we have eyin = € = €;,. Since all ¢; are divisible by e/ (wrw2)"F = ¢/ (wiws)" 2,
by Lemma 4.7, we have 3 — v > ¢/(wiwz)" . By Theorem 4.1, there exists j € {1,2,...,m}
such that ( . )

o m = + W1 )€min
deg f; < 5+

Now by induction, we assume that the conclusion holds for 2,...,k — 1, we shall prove it for
k. If Imax has only one element, then the conclusion is arrived by using the similar argument
as above. Hence, we may assume without loss of generality that I, contains more than one
element, and Inax is a proper subset of I, and pick jo € I\ Inax. Define another parameters €,

< (m -1+ wl)(wlwg)”_l.

as follows:
. € + e/(wlwg)”’kﬂ, 1= Jo
€ = L
€i i 7 Jo
Consider the new weight type (¢},...,¢,) controlled by parameters (€},...,€,), let I} .. =
{e: €. /w, is the maximum among all ¢} /w; for i = 1,2,...,n}. We claim that I}, C I,ax. For

any i ¢ I, we need to consider the following two cases:
(1) p; is a non-zero polynomial. Fix an index j € Iyax, then ¢;/w; < £;/w;. By setting
£ = ¢/(w1w2)" % in Lemma 6.1(i), we have ¢, /w; < ¢ /wj, which yields that i ¢ I,
(2) pi is a zero polynomial, then €, < e/(wjwz), thus ¢; < e/(wywsz). For any t € Iypax C 1,
pt is a non-zero polynomial, so ¢ = €. Since t # jy, we have €, = ¢ = €, which implies that
0, = €, + Q'-deg p; > e. The equality holds when Q ’-deg p; = 0. Assume that i € I} ., then
we have

ax:*

e/wy < Oy Jwy < U Jw; < e/ (wiwawy;),

for any t € Inax. Thus, wiwow; < wy for any t € Inax, hence wy = w; = 1 and wy = wy for any
t € Imax. Since I, has more than one element, there exists tg € Inax such that ¢y > 2, so that
wy, < wa. Thus, w1 = wy, < wa =1, sothat w; = 1. That is to say, w; = w2 = --- = w,. Notice
that degp; < w; and p;(0) = 0 by Lemma 4.8 for i such that p; is a non-zero polynomial, thus
p; has to be the zero polynomial for i = 1,2,...,n, i.e., D = 0. This leads to a contradiction.
Hence the assumption i € I, is absurd.

Thus, ¢ ¢ I}, for all i ¢ Iyax, which yields that I} . C Imax € I\ {jo}. Forany i€ I/ ., we
have i € Iax, thus p; is a non-zero polynomial. Let I’ = I'\ {jo}, then the number of elements
of I'is k—1and I ,, C I'. The conclusion follows immediately from the assumption. q.e.d.

Theorem 6.2 (Main Theorem A). Let P = Clxy, 2, ..., x| be the weighted polynomial ring
in n weighted variables x1,xa, ..., 2y (n > 2) with positive integer weights wy > wg > +-+ >
Wy Suppose that f1, fo, ..., fm are weighted homogeneous polynomials with degrees greater than
(m — 1+ wy)(wrw2)" ! and f1, fa, ..., fm define a positive-dimensional isolated singularity at
the origin. Then there are no non-zero negative weight derivations on R = P/(f1, fa,--., fm)-

Proof. (By contradiction) Suppose D is a non-zero negative weight derivation on R or equiv-
alently a non-zero negative weight derivation on P which preserves the ideal (f1, fa,..., fm) as
n (3.1). We take the new weight type (¢1,...,¢,) of D controlled by parameters ¢;, where

o — { €, p; is a non-zero polynomial
1 Y

0, otherwise

where € is a positive real number. It is clear that ¢; > 0 for any i such that p; is a non-
zero polynomial and ¢; = 0 for any ¢ such that p; is the zero polynomial. Thus p; is a non-zero
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polynomial for any i € Iyax. Let I = {1,2,...,n} and it is clear that I;,ax € I. Then by Theorem
6.1 we know that there exists j € {1,2,...,m} such that deg f; < (m—1+w)(wiwz)" !, which
contradicts the condition that deg f; > (m — 1 + wy)(wyw2)" ! for all j. So the conclusion has
been arrived at. q.e.d.
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