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ABSTRACT. The subject of counting positive lattice points in n-dimensional simplexes
has interested mathematicians for decades due to its applications in singularity the-
ory and number theory. Enumerating the lattice points in a right-angled simplex is
equivalent to determining the geometric genus of an isolated singularity of a weighted
homogeneous complex polynomial. It is also a method to shed insight into large gaps
in the sequence of prime numbers. Seeking to contribute to these applications, in this
paper, we prove the Yau Geometric Conjecture in six dimensions, a sharp upper bound
for the number of positive lattice points in a six-dimensional tetrahedron. The main
method of proof is summing existing sharp upper bounds for the number of points in
5-dimensional simplexes over the cross sections of the six-dimensional simplex. Our new
results pave the way for the proof of a fully general sharp upper bound for the number
of lattice points in a simplex. It also sheds new light on proving the Yau Geometric and
Yau Number-Theoretic Conjectures in full generality.
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1. INTRODUCTION
Let A,, be an n-dimensional real right-angled simplex defined by the inequality

x x T

_1_|__2_|_..._|__"§1’

ay Qa2 Qn
where x1, -+, 2z, > 0and a; > ay > --- > a, > 1. Define P, to be the number of positive
integral points in A,,, or

Pn:#{(ml,xQ,---,mn) S

T X Tn
i+i+w+—§%.
aq (05} Qp,

Similarly, we define (),, to be the number of non-negative integral points in A,,, or

0 = #{<x1,x2,---,wn> € (.U {0})"

ﬂ+ﬁ+~--+ﬁ§1}.
aq a9 Qp,

According to Granville [3], the numbers P, and @), are intimately related to a number
theoretic function known as the Dickman—de Bruijn function.

Definition 1.1. The Dickman—de Bruijn function ¥(x,y) is defined as the number of
positive integers n such that n < x, and all of the prime factors of n are at most y, where
x and y are positive integers.

This work was partially supported by NSFC (grant no. 11531007, 11401335), start-up fund from Ts-
inghua University, Tsinghua University Initiative Scientific Research Program and Ministry of Science
and Technology R,0,C and Chang Gung Memorial Hospital (grant no. MOST 105-2115-M-255-001,
NMRPF3F0241).
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The connection, described by Luo, et. al. [10], is most readily observed by noting that,
if p1 < ps < --- < pi are the primes less than or equal to y, then,

PPy P <,
is equivalent to,
e1logpy +exlogpy + -+ 4+ e log pr < logx,
which can be rewritten as,
€1 €2 €k <1

log x log © +oo loge — 77
log p1 log p2 log pi.

an expression in the format of the condition in the definition of @),,. Hence, enumerating
the Dickman—de Bruijn function is equivalent to calculating @),,.

Granville [3] also describes connections between P, and @), and other areas of num-
ber theory, including primality testing, determining large gaps in the sequence of the
primes, and discovering new algorithms for prime factorization. Furthermore, Lin, et. al.
[9] describes how determining the values of P, and @, leads to insights in singularity
theory.

Chen [1] tells us that the numbers P, and @), are intimately linked through the equation

Pn(alaa% Tt 7an) = Qn(al(l - a)aa2(1 - a)’ T 7an(1 - a)),

1 1
where a is defined as — + — + --- + —. Hence, we can essentially treat the tasks of
ay az Qn
finding P, and @,, to be equivalent in general.
The quest to find and estimate P, and (),, dates back to 1899, when Pick [14] discovered

the famous Pick’s theorem, or a formula for Q)s.

|0A N Z2|
+—F -1,

2

where A is a 2-dimensional tetrahedron, or a triangle, A represents the boundary of
the triangle, and |0A N Z?| represents the number of integral points on the boundary.
Mordell [I3] continued by discovering a formula for ()3 using Dedekind sums. Erhart [2]
followed with the discovery of Ehrhart polynomials, which facilitate the calculation of @),,.
However, these polynomials are only useful if every coefficient is known, a condition that
is extremely difficult to meet in the general case.

The difficulty of this problem eventually led mathematicians to start trying to bound
P, and @, instead of finding precise formulas. Lehmer [5] found that if a = a; = ay =

-+ = a,, then
Qn = (LGJ +n>7
n

where |z |(round down) denotes the integral part of a real number . This formula nat-
urally yields a nice definition of sharpness of an estimate R, of Q),,. We consider the

estimate sharp if and only if
a+mn
Rn|a1:a2:--.:an:aezz ( n )

Q2 = area(A)

In other words, any upper or lower bound is sharp if and only if its estimate is exact
when a1 = a9y =---=a, € Z.

Another important estimate is the two-part GLY Conjecture, an upper bound for P,
formulated by Lin, et. al. [§]. However, to state the GLY Conjecture, we need to first
introduce the signed Stirling numbers of the first kind and a notation A} for elementary
symmetric polynomials [21].
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Definition 1.2. The (signed) Stirling numbers of the first kind s(n, k) are defined by the
following property:

n—1 n
H(x —i) = Z s(n, k)z".
i=0 k=0
Define s(0,0) =1 and s(n,0) = s(0,n) = 0.
Definition 1.3. Let aq,as, - -+, a, be positive real numbers. We denote

n - 1
Ao = (H%) Z ceeay,

o . iy Qg k
1< <9< <ip<n
Thus, A", s the elementary symmetric polynomial of a1, as, - - -, a, with degree n — k.
Conjecture 1.4 (GLY Conjecture). Let

T

x Tn
Pn:#{(xl,xz,...,xn)EZ’}r:&—1+a2+...+a_§1}’

where ay > ag > --- > a, > 1 are real numbers. If n > 3, then:
(1) Rough (general) upper estimate: For all a,, > 1,

nl P, < gy := H(ai —1).
i=1
(2) Sharp upper estimate: Forn > 3, if ay > as > -+- > a, > n— 1, then

s(n,n—1) = s(n,mn—1-1)
'P, < Ay + ——= A7
n ~ 0+ n 1+Z

= (")

and equality holds if and only if ay =ay =---=a, € Z,.

n—1
Al

The sharp GLY Conjecture has been proven to be true for 3 < n < 6 [19, 4] 17, [7]. The
rough GLY upper estimate for all n was proven by Yau and Zhang [20]. In this paper, we
will use the following theorem (the sharp GLY conjecture for n = 5):

Theorem 1.5 (GLY Conjecture for n = 5). Let ay > ay > ag > ay > a5 > 4 be real
numbers and Ps be the number of positive integral solutions of

x x x x x

- e N

ay as as aq as
Then,

120P5 < ajasazasas — 2(ayasazas + ajazasas + a1a2a4a;5 + a1a3a405 + a2a304a5)

+ Z(@]_(ZQCL?, + ajasay + ayazay + asasay)

50

— E(alag + ajas + a10a4 + a203 + A2Qy + a3a4) + 6(&1 + a9 + as + CL4).

The quest to determine the general validity of the sharp GLY Conjecture has led
to the formulation another conjecture, namely the Yau Number-Theoretic Conjecture

(Conjecture [L.6)).

Conjecture 1.6 (Yau Number-Theoretic Conjecture). Let n > 3 be a positive integer,
and let a1 > ag--- > a, > 1 be real numbers. If P, > 0, then

n!P, <(a;—1)---(a,—1) — (@, — )" +ap(a, — 1) (a, — (n — 1)),

and equality holds if and only if a; = --- = a, € Z.
3



In this paper, we will use the n = 5 case of Conjecture [L.6] proven by Chen, et. al. [I],
extensively. We reproduce it as a theorem below for easy reference.

Theorem 1.7 (Yau Number-Theoretic Conjecture for n = 5). Let a1 > as > a3 > a4 >
as > 1 be real numbers. If Ps > 0, then

120P, < pp— (a5 — 1)° + as(as — 1)(as — 2)(as — 3)(as — 4),

where pp = (a3 — 1)(ag — 1)(az — 1)(ay — 1) (a5 — 1). Equality holds if and only if a; = ag =
a3 =ay = as € Z.

For recent progress of Yau Number-Theoretic Conjecture, one can see [6, 24]. Similar
to the Yau Number-Theoretic Conjecture is Conjecture 1.9, or the Yau Geometric Con-
jecture. In order to state the Yau Geometric Conjecture, we must first define a weighted
homogeneous polynomial:

Definition 1.8. A polynomial f(xy1, 9, -+, x,) is a weighted homogeneous polynomial if
it is a sum of monomials x’fx’; -~z such that, for some fized positive rational numbers
W1, W2, * ++, Wy,

Z_1_|_Z_2_|_..._|_Z_":17

wy W2 Wn,
for every monomial of f. The numbers wy,ws, -, w, are known as the weights of the
polynomial.

Conjecture 1.9 (Yau Geometric Conjecture). Let f : (C",0) — (C,0) be a weighted
homogeneous polynomial with an isolated singularity at the origin. Let j, py, and v be the
Milnor number, geometric genus, and multiplicity of the singularity V = {z : f(z) = 0}.
Then,

= p(v) > nlp,,
where p(v) = (v — 1)" —v(v —1)--- (v — n + 1). Equality holds if and only if f is a
homogeneous polynomial.

Note that p, counts the number of positive lattice points in the simplex

£+ﬁ+...+ﬁ§17

aq (05} Qp,
where the a; are the weights of the weighted homogeneous polynomial f and a; > ay >
-+« >ay > 1 (cf. [11]). Thus, the equality case of Conjectureis a=ay=---=a, € Z
Furthermore, Saeki [I5] tells us that v = [a,] (i.e. round up) and it is known that
w=(a;—1)(ag —1)---(a, — 1) (cf. [I2]). Chen, et. al [1] also proved that the fractional
part of a, has to be one of —, = ..., or ——. Finally, we can also define the polynomial

ay az an-1

po(v)=(w—=1)"—=v(w—-1)--- (v —n+1). Thus, we have
(1) ps(v) = bvt — 250% + 40v% — 190 — 1,
(2) ps(v) = 1+ 114v — 259v% + 2050° — 700* + 90°.

Conjecture has been proven for 3 < n <5 [I] I8, ]]. In this paper, we prove Con-
jecture[1.9 for n = 6. It extends the Yau Geometric Conjecture to yet another dimension.
In and of itself, this is difficult because the number of cases has increased from 4 in the
5-dimensional case to 6 in the 6-dimensional one, and each case has increased in com-
plexity as well. The number of subcases also posed difficulty in the research, and efforts
were made to simplify the proof as much as possible. Nevertheless, much complexity re-

mains. Some new delicate analysis techniques are used to prove our main theorem. This
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is a significant improvement and it may shed a new light on the solution of arbitrary
dimensional Yau Geometric Conjecture.

Because of the difficulty of the proof and the sheer size of the algebraic expressions
involved, all computations in this paper were done using Mathematica 10.1 and Maple
2015 for simplicity and accurate calculation. Hence, our main theorem is:

Theorem 1.10 (Main Theorem). Let a; > as > a3 > aq > a5 > aG > 1 be real numbers
e . Ty X2
and let Py be the number of positive integral solutions of —+ — + —+ + —i— L <,
ay [¢5) as as ag
Define pn = (a3 — 1)(az — 1)(az — 1)(ay — 1)(a5 — 1)(ag — 1) If Ps >0, then
6! Ps < pu — (14 114v — 2590% + 2050° — 700* + 90®),

where v is calculated as v = [ag|. Note that the fractional part 5 of ag is one of
ag Gg Qg Q ag

—6 -6 —6, —6, or —. Fquality holds if and only if ay = as = a3 = a4 = a5 = ag € Z.

ay’ ag’ ag’ ay as

In fact the condition Ps > 0 can be removed from the above main theorem, please see
section [l

2. TWO LEMMAS

We will frequently use the following two lemmas to decide the positivity of polynomials
in some restricted domains.

Lemma 2.1 ([I7] Lemma 3.1). Let f(8) be a polynomial defined by

where B € (0,1). If for any k=0,1,--- ,nzo
E
then f(8) > 0 for B € (0,1). -

Lemma is easy to use. However, the condition of Lemma may not be satisfied
in some situation. In that case, we shall make use of the following lemma.

Lemma 2.2 (Sturm’s Theorem). Starting from a given polynomial Xo = f(x), let

= f'(x) and the polynomials X5, X3, ---, X, be determined by Euclidean algorithm
as follows:
XO = Qle - X27
X1 = @QXz— Xj,
X, = Qr—er—l - Xr7
Xr1 = Q'r’Xr
where deg X > deg Xyy1 for k =1,---.r — 1. For every real number a which is not a

root of f(z) let w(a) be the number of variations in sign in the number sequence

Xo(a), Xl(a),g; -, X, (a)



in which all zeros are omitted. If b and ¢ are any numbers (b < ¢) for which f(x) does not
vanish, then the number of the various roots in the interval b < x < c(multiple roots to
be counted only once) is equal to

w(b) —w(c).
Proof. See [16]. O

The condition of Lemma is necessary and sufficient, so it can be applied to judge
the positivity of any such polynomials in some intervals. The computation in Lemma [2.2]
is more complicated than that in Lemma 2.1} Therefore, we prefer Lemma [2.1] when it
works.

3. PROOF OF MAIN THEOREM [L.10l

Note that all computations in this paper were done using Mathematica 10.1 and Maple
2015.

We prove Theorem by estimating Ps on hyperplanes parallel to the zixox31475-
plane(i.e. zg = 0). We then sum up these estimates to get an upper bound for 6! P;. We
must then only show that this upper bound for 6! Fy is less than or equal to the RHS of
Theorem [L.10

In the rest of this paper, we shall refer to the intersection of the simplex in Theorem
[1.10| with the hyperplane ¢ = k as the level xs = k. Hence, in our simplex, xg = k points
are in the 5-dimensional tetrahedron defined by

T i T i T
1 + 2 + 3 + 4 + 5 <1.

w(-2) w(-2) w(i-8) w(-8) w(i-k)

We shall break our proof up into cases based on the ceiling of ag:

Case I: 1 < ag < 2. Thus, [ag] = 2.
Case II: 2 < ag < 3. Thus, [ag] = 3.
Case III: 3 < ag < 4. Thus, [ag] = 4.
Case IV: 4 < ag < 5. Thus, [ag] = 5.
Case V: 5 < ag < 6. Thus, [ag] = 6.
Case VI: 6 < ag.

All of our cases will eventually reduce to proving some multivariate functions are posi-
tive over some domains. We will show a function is positive using a partial differentiation
test, which involves calculating the partial derivative with respect to all the variables.
We show this partial derivative is positive and then continue to partially differentiate
with respect to one less variable for each consecutive step until only first-order partials
remain. If we show that these are all positive through the domain of the function, and
that the function is positive at the minimum, then we know that the function is positive
throughout the domain.

3.1. Case I. In this case, [ag| = 2, so we can plug v = 2 into the statement of Theorem
to get the following theorem, which we prove in this case:

Theorem 3.1. Let a1 > as > as > au % as % ag ; 1 bg realwnumgers and let Py be the
number of positive integral solutions of Sy T o If Ps > 0 and
a as a3 G4 G5 Qg
1 <ag <2, then
6! Ps < (a1 — 1)(as — 1)(ag — 1)(ag — 1)(as — 1)(ag — 1) — 1.
6



Proof. In this case, ag € (1,2], so the only level we have to consider is g = 1. When
x¢ = 1, Pg > 0 implies that (xq, 9, x5, 24,25, 76) = (1,1,1,1,1,1) is a solution to the
inequality in Theorem [3.1] If

then o € (O, %} because ag € (1,2]. For simplicity, let A; = a;-« fori =1, 2,3, 4, and 5.
This yields the new inequality

i + i + i -+ i + i <1

A Ay Ay Ay Ay T

Thus, by Theorem we have
As(As — 1)(A5 — 2)(A5 — 3)(A5 — 4)].
If we let Ay be the difference obtained by subtracting the right hand side (RHS) of the
A
above inequality from the RHS of Theorem substituting in a; = = then we merely

have to apply the partial differentiation test for the expression
Al = m (6@5A1A2A3A4A5 - 6OZ5A1A2A3A4 - 6&5A1A2A3A5 - 6&5A1A2A4A5
- 60(5141143144145 - 60[5A2A3A4A5 — 300[514;1 — 60(4A1A2A3A4A5 + 60(5A1A2A3
+ 60[5A1A2A4 + 6045A1A2A5 + 6(1/5141143144 + 60[5A1A3A5 + 6a5A1A4A5
+ 6a° Ay A3 Ay + 60° Ay Az As + 60° Ag Ay As + 6a° Az Ay As + 150a° A3
+ 6Oé4A1A2A3A4 + 60[4141142143145 + 60(4A1A2A4A5 + 6044A1A3A4A5
+ 60 Ay A3 A As + 300t A — 60° A1 Ay — 60° A As — 6a° A Ay — 60° A A
- 60[5142/43 - 60[5142144 - 6065142145 - 6065143144 - 60(5143145 - 6OC5A4A5 - 240(15A§
- 6014A1A2A3 - 60[4A1A2A4 - 60&4A1A2A5 - 6044A1A3A4 — 6&4A1A3A5
- 60[4141144./45 - 60(4A2A3A4 - 6044142143145 - 60[414214414.5 — 60(4143144145 - 1500&4142
—f- 6(1/5141 —I— 6045142 —|— 6@5143 + 60&5/14 + ]_20(1/5145 —I— 6044141142 —|— 60(4141143 —f- 6014141144
+ 60t A1 As 4+ 60 Ay As + 60t Ay Ay + 60 A Ay + 60t A3 Ay + 60t A3 As + 60t A As
+ 2400t A2 — 5a*A; — 5atAy — 50t Az — 5atAy — 1190 A5 — o® A1 Ay — o® A As
—PA Ay — 0P A A — 0P A As — P A A, — 0P AsAs — 0P A3 AL — P A As
- OZ3A4A5 + a2A1A2A3 + a2A1A2A4 + a2A1A2A5 + a2A1A3A4 + a2A1A3A5
+ 052/41144145 + 042142143144 + 012142143145 + OZ2AQA4A5 + OZ2A3A4A5 - @A1A2A3A4
— @A Ay AsAs — A1 Ay Ay As — Ay Ag Ay As — aAs Ag Ay As + A1 As A3 Ay As — o)
_ L A
T (l—a)t™”

To apply the partial differentiation test, we must determine the domain of A,. We note

1 1 3 1 1 1
that A_5 < 1 and i < A—4—|—A—5 < 1. Similarly, A_3 < A—3+A—4—|—A—5 <1, and a similar

statement is true involving A, and A;. Hence, we have
Al Z 5,142 2 4,143 Z 3,144 Z 2, and A5 > 1.

Now that we have a domain established, we can begin applying the partial differentiation
test to demonstrate that A, is positive.
We see that

Phy —60° —6a*+1>0
0A0A0A30A,0A5
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for all @ € (0, 1) (it is easy to check directly that it has minimal value 0.51136 or it can be
proved using Lemma. Thus the partial derivative of Ay with respect to Aq, As, Az, Ay,
and Ay is positive and minimized at As = 1.

O* A,
=1—a>0.
0A10A20A30A, | 4.,
It follows that the partial of Ay with respect to Ay, As, As, and Aj is positive for all
OBPA BA
Ay > 1, € (0,1) because WA;@A;; is symmetric in A4 and As. Hence, WA;A:&
is an increasing function of A4, A5 with a minimum at Ay, = A5 = 1.
PA
_ P —(l—aP>o0
OA10A0A5 | 4, _ sy

This is positive, so we know that the partial with respect to A;, As, and Az is positive.
Since the partial with respect to A; and A, is symmetric with respect to Az, A4, and As,
PNy DA,
and
0A10A50A, 0A10A50As5

is an increasing function of As, A4, and As for all Az, Ay, A5 > 1 and « € (0, 1).

we know that
9?A,
0A,04,

The minimum is at As = Ay = A5 = 1.
0*A,
0A10A,

are positive over the given domain. Hence,

=(1-a)>0.
Ag=As=As=1

2A
Because this is symmetric with respect to As, Az, Ay, and Az, we see that 2

0A10A;’
92N,y q D? A, 0A

GA DA, and —=—=- 104 are positive over the given domain. Hence, a—AT is an increasing
function of Ay, A, Ay, and As that is minimized at A, = Az = Ay = A5 = 1.
0A,

=(1—-a)">0.
IA (1—a)*>0

Ao=As=As=As=1

0A
Thus —= is positive over the given domain. By the symmetry of Ay in Ay, As, Az, and

0A,
0A, 0A A
Ay, we know that G_Az’ 8_/12’ and 8_Aj are positive over the given domain. Therefore,

A, is an increasing function of A, As, A3, and A;. We can hence plug in the minimum

values of Ay, As, A3, and A4 to determine a new polynomial in A5 and « that we want
to show is positive. We define

A3 = A2|Al:5,142:47,»43:3,144:2
= —30a° A3 + 150a° A2 + 300t Af — 2400° A2 — 1500t A2 + 2580° A5 + 2400 AZ — 138a°
— 2570t A5 + 151a* — 1403 A5 — T1a® + 7102 A5 + 15402 — 1540 A5 — 120 + 120 A5.

We must show that As is positive over the interval a € (0, %] and As > 1. We split this
into two subcases:

Subcase I (a): A5 > 1.73.
Subcase I (b): A5 < 1.73.

We calculated the number 1.73 numerically, by noting that the partial differentiation test
works normally for A5 > 1.73 because all the partial derivatives remain positive. When

As < 1.73 some partial derivatives become negative.
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3.1.1. Subcase I (a). In this subcase, we can apply the partial differentiation test nor-

mally. We begin by noting that
0*As
e 720a*(1 — a) > 0.

We then consider ,
O°A
— — 345.60(1 — o) > 0.

OA; As=1.73

Similarly,
0? A3
OAF | 4yois
We continue by considering
0A3
9As As=1.73
for v € (0,1) (This can also be proven by Lemma [2.2). Finally, we evaluate Az at its
minimum:

As|p,—1.73= 97.9780377a” — 83.2480377a* — 95.220° + 276.83a* — 386.42a + 207.60 > 0.

This completes this subcase.

= 0.4440*(1 — a) > 0.

= 153.078960° — 152.07896a* — 140> + 71a? — 154a + 120 > 0

3.1.2. Subcase I (b). For As, the partial derivative test does not work normally for A5 —
some of the derivatives end up becoming negative. However, we can plot the polynomial
As over the interval A; € [1,1.73) and a € (0,1) using Mathematica and Maple and
verify that it is non-negative in the region we consider. Its minimum value is 120, which
occurs at (A4s, ) = (1,0).

Hence, Subcase (b), and consequently Case I, is complete. O

3.2. Case II. In this case, [ag] = 3, so we can plug v = 3 into the statement of Theorem
to get the following theorem, which we prove in this case:

Theorem 3.2. Let a; > as > as > aq 3>_; as % ag ; 1 bjlej realxnumg_ers and let Py be the
number of positive integral solutions of kR e e S If Ps > 0 and
ai as as ay as Qg
2 < ag <3, then
6! Ps < (a1 — 1)(ag — 1)(ag — 1)(agy — 1)(as — 1)(ag — 1) — 64.

Proof. In this case, ag € (2, 3], so we have to consider two levels — xg = 1 and 24 = 2.
Since Py > 0, there must be solutions at the xg = 1 level, so our two subcases are:

Subcase II (a): P;(zs =2) = 0.

Subcase II (b): Ps(zg =2) > 0.

3.2.1. Subcase II (a). We are guaranteed that (x1,z9, x3, 24, x5, 26) = (1,1,1,1,1,1) is a
solution to the inequality in Theorem [3.2| Thus, if

1 1 1 1 1 1
—t—+—+—+—<1-— =g,
aq a9 as ay as Qe

then o € (%, %] because ag € (2,3]. For simplicity, let A; = a; -« for i = 1, 2, 3, 4, and

5. This yields the new inequality

1 n 1 L 1 . 1 n 1 <1
A Ay Ay Ay A T
9



Thus, by Theorem we have
6! Ps(ws = 2) <6 [(A1 — 1)(Ay — 1)(A3 — 1)(As — 1)(A5 — 1) — (A5 — 1)°
+ As(As — 1)(As — 2)(As — 3)(A45 — 4)] .
As before, we take the difference obtained by subtracting the RHS of the above in-
equality from the RHS of Theorem , substituting in a; = %. We observe that this

difference is equal to A; — 63, where A; is from Case I above. Since we applied the partial
differentiation test on Ay = Ay - a*(1 — a) in Case I, here we need to show that

Ay = Ay —63a*(1 — )

is positive. Since Ay — Ay is a function in « only, we must check that the value of Ay at

its minimum is positive (because all of the partial derivatives in the test are the same for
Ay and Ay). As in Case I, we have

Al 2 57A2 Z 47A3 Z 37A4 Z 2a and A5 > ]-7
so we must only check that
Ay ay=5.A0=1,45=3 A,=2.A45=1= 630" — 49" — 85a° + 2250% — 274 + 120 > 0.
Since this is true by Lemma [2.2] A, is always positive, and this subcase is complete.
3.2.2. Subcase II (b). In this subcase, we know that Ps(zg = 2) > 0, implying that
(1,1,1,1,1,2) is a positive integral solution to the inequality in Theorem Thus, if
1 1 1 1 1 2
—F—+—+—+—<1-—=ay,
aq a9 as ay as ae

then oy € (O, %} because ag € (2, 3]. For simplicity, let A; = a; - aq for i =1, 2, 3, 4, and
5. This yields the new inequality
1 1 1 1 1
At ta Tt tta st
Thus, by Theorem we have
6! Ps(ag = 2) <6 [(Ar — 1)(Ay = 1)(A3 — 1)(As = 1)(A5 = 1)
— (A5 = 1)° 4 A5(A5 — 1)(A5 — 2)(A5 — 3)(A5 — 4)],

1 1 1 1
A1' +041_1 AQ' —|—061_1 Ag' +041_1 A4- + o
20 20 20 201
5
1 A5.1+C¥1_1 _ A5-1+&1—1 4 A5‘1+041
20, 204 20
1 1 1 1
Ay =) (A o) (A5 Mg (A My
20{1 20&1 20&1 2041

Because 6! P = 6! (Ps(zg = 1) + Ps(zg = 2)), if we let Ay be the difference obtained
by subtracting the sum of the right hand sides of the above inequalities from the RHS

and,

6! Ps (16 =1) <6

A
of Theorem , substituting in a@; = —, then we merely have to apply the partial
g
differentiation test for the expression
10



1
A5 = m(99141142A3144145O[(15 - 84A1A2A3A4A50{? — 102A1A2A3A40&?
—ap)o)

— 1024, A2 A3A508 — 1024, A Ay A58 — 1024, A3 Ay AsaS — 1024, A3 A4 A5l
— 510A2a5 + 154, Ay Az Ay Asat + T8 A1 Ay A3 Ay + T8 A1 Ay Az Asal
+ 1084, Ay Azal + T8 A1 Ay Ay Asa’ + 1084, Ay Ay + 1084, Ay Asa
+ 7841 A3 A A5 + 1084, Az A af + 1084, A3 A5l + 1084, Ay A5l
+ 78A3A3 A4 As0° + 10845 A3 A408 + 108 A5 A3 A58 4+ 108 Ay A4 A5 + 108 A3 A4 A5l
+ 3904303 + 27004308 — 124, Ay Az Aya} — 12A, Ay Az Asaf — T2A, Ay Azl
— 124, Ay Ay Asa} — T2A1 Ag Ay — T2A1 ArAsal — 120A; Asal — 124, A3 Ay Asal
— T2A1 A3Au0° — T2A, A3 Asa’ — 120A, A0S — T2A1 Ay Az — 1204, Ayab
— 1204, 4508 — 1245 A3 A, Asa} — T2A5A3As0° — T2A5A3A450° — 120A5A308
— T2A5 A4 A50° — 1204544085 — 120454505 — T2A3A, A5 — 120454408
— 1204345085 — 1204, A505 — 60A5a; — 1800A%a° — 48004208 — 154, Ay A3 Ay Asa?
+ 1241 Ay As Ay + 12A1 Ay Az Asal + 1241 As AgAsaly + T2A1 Ayl
+ 1241 A3 Ay Asai + T2A1 Asal + T2A, Ayl + T2A, Asal + 144A,08
+ 1245 A3 A4 A508 + T2A5A308 + T2A5A408 + T2A5A505 4 1444508 + 7243 A,40°
+ T2A3A505 + 1444305 + T2A4 Asal + 1444405 + 60 A + 28804203 + 2880 A58
+ 4A Ay As Ay Asay + 241 A As Ay + 2A1 Ay AsAsa® — 8A Ay Asald
+2A1 Ay AgAsa? — 8A Ay Ayl — 8A Ay Asald + 8A  Asal + 241 A3 A Asal
— 8A1 Az Ay — 8A 1 AsAsal + 8A1 Aza] — 8AL A Asal + 8A 1 Aya] + 8A Asal
— 80A;0] + 245 A3 A4 A502 — 8As A3 Ayal — 8A A3 A5} + 8AzAsa] — 8Ay A A0l
+ 8Ay A 0] + 8A3A507 — 804505 — 8A3A A5 + 8A3A 0] + 8AsAsat — 804308
+ 8A4A5a] — 804405 + 90A%a3 — 600A3a} + 960A2a] — 1904 A5 + 1008aS
+ 13A1 Ay Ag Ay As — 104, A As Ay, — 10A1 Ay A Asay + 441 Ay Asal
— 104, Ay AyAsay + 4A 1 AsAgad + 4A1 AsAsad + 8A 1 Asal — 104, A3 Ay Asay
+4A1 A3 Ayl + 4A1 A3 Asad 4+ 8AL Asad + 441 Ay Asad + 8A LAyl + 8A Asald
— 324107 — 10A3A3 A4 A5y + 4A5A5A403 + 4A5 A3 A0 4 8As A + 4A5 A4 A58
+ 845 A48 + 8A5A508 — 32A50] + 4A3A,A50% + 8A3A,08 + 8A3A508 — 32430
+ 8A4 4508 — 324,407 + 304501 — 3004307 + 960A2a} — 944 A5a] — 1040a7)

1

~T—anai®
Just like in Case I, we are trying to show that Ag is positive for
Ay >5,A,>4,A3 > 3,A4 > 2, and A5 > 1.

Although we only need to show this is true for ay € (0,1/3], we will demonstrate it true
for the interval a € (0,1/2] because it will aid us in a later case.
Thus, the first step in the partial differentiation test is determining that
O Ng
0A10A20A30A,0As5
for all a; € (0,3]. Thus the partial derivative of Ag with respect to A, As, A3, Ay, and
Aj is positive and minimized at A5 = 1.
M NAg
0A10A0A30A, | 4 _,

= 9905 — 840° + 150t — 150° + 4a; + 13 > 0

= —3al — 603 + 3a] + 12a3 — 13a] — 6a; + 13 > 0.

11



It follows that the partial of Ag with respect to A;, Ay, A3, and Ajs is positive for all
3

Ay > 1,04 € (0, %] because 0°Ag
P DA,04,0A;

6 . ..

——————— is symmetric in A, and As. Hence,

0A10A04; ! °

is an increasing function of A4 and As; with a minimum at Ay = A5 = 1.

03 Ng

0A10A20A3 | 4,4

This is positive over our domain, so we know that the partial with respect to A;, As,

and Ajz is positive. Since the partial with respect to A; and A, is symmetric with respect

=3a% — 9a] + 1602 — Ta? — 16a; + 13 > 0.

0PN PA
to As, Ay, and As, we know tzhat WA;@‘M and m are also positive over
0°A
the given domain. Hence, m is an increasing function of As, A4, and Aj for all
10A2
Az, Ay, As > 1 and oy € (0, %] The minimum is at Az = Ay = As = 1.
O"As = —3af + 6a] — 13a; + 2003 + 303 — 26a; + 13 > 0
aAlaA2 Ay Ay g 1 1 1 1 1 .
. . AT
Because this is symmetric with respect to A,, Az, Ay, and Az, we see that ————
0A10A;
82A6 d 82A6 it th . d . H AG . . .
an are positive over the given domain. Hence, —— is an increasin
0404, " 0A04; P & ' 04, &

function of Ay, A3, Ay and As minimized at Ay = A3 = Ay = A5 = 1.
0N\g

A, = 3a$ + 405 — 33a] + 320 + 1707 — 360, + 13 > 0.

Ao=As=As=As=1

0A¢ . .. . . .
Thus —2 is positive over the given domain. By the symmetry of Ag in Ay, As, Az, and

o4 00 A DA
A e know that —2, —9 and ——2
& WE EIOW M 94, 94, M 04,
Ag is an increasing function of A, As, A3, and A;. We can hence plug in the minimum
values of A;, Ay, A3, and A4 to determine a new polynomial in A5 and a; that we want
to show is positive. We define

are positive over the given domain. Therefore,

A7 = A6|A1:5,A2:4,A3:3,A4:2
= —510A%a8 + 390A%0a] 4 27004308 — 60A2a] — 18004303 — 4800A2aS + 604303
4 2880A%0° + 50404508 + 90A%a? — 6004308 + 960A2a] — 4076 Asa] — 110408
+ 304501 — 3004202 + 960A%0? — 880 A5} + 1224a] + 13924507 — 1320a]
— 12084507 + 77605 — 1060A50; + 8567 + 156045 — 12000 .

We must show that A7 is positive over the interval oy € (0, %] and As > 1.

We apply the partial differentiation test normally, beginning by noting that

A
8747 = —12240a8 + 9360a] — 1440a] + 144003 + 21603 + 720, > 0.
5
We then consider
PPA
o = 396008 — 14400 — 1440a] — 2160a° + 36003 4 7200 > 0.
8A5 As=1
Similarly,
O*A
- = 48008 — 360a% + 12000 — 9600 — 72002 + 3600,
aA5 As=1

12



2

A2 |A
this ends up being 1rrelevant because we can verify numerically that

which is positive for a; € (0, ] Although ends up becoming negative in the

interval o € (3, 3],

0A 0A7
a—A; | A1 is still positive. We do this by plotting A A | As—y OVer that interval using
16777
Mathematica or Maple. Its minimum value is = 524.281, attained when a; = %
We continue by considering
0A
8_147 = 150008 — 215603 4 800a] + 175202 — 1748a3 — 9400, + 1560 > 0
5 1 A5=1
1

for oy € (0, 5) . Finally, we evaluate A; at its minimum:

Aq|a,—1= 132608 — 138202 — 13000 + 25880 — 56202 — 2230a; + 1560 > 0.
This completes this subcase, and hence Case II is complete. U

3.3. Case III. In this case, [ag| = 4, so we can plug v = 4 into the statement of Theorem
to get the following theorem, which we prove in this case:

Theorem 3.3. Let a; > ag > a3 > a4 32: as % ag ; 1 b;% realxnumgers and let Py be the
number of positive integral solutions of S L e Y If Ps > 0 and
ap az a3 a4 A5 Qg
3 < ag <4, then
6! P6 S (CLl - 1)((12 - 1)(@3 - 1)((14 - 1)(@5 - 1)((16 - ].) — 729.
Proof. In this case, ag € (3,4], so we have to consider three levels — zg = 1, 24 = 2, and

rg = 3. Since Py > 0, there must be solutions at the zg = 1 level, so our three subcases
are:

Subcase III (a): Ps(zg =3) = Ps(z6 =2) = 0
Subcase III (b): Ps(xg =3) =0, Ps(xg = 2) >
Subcase III (c): Ps(zg = 3) > 0, Ps(z6 = 2) >

3.3.1. Subcase III (a). We are guaranteed that (a:l,xg,xg,x4,a:5,x6) =(1,1,1,1,1,1) is
a solution to the inequality in Theorem [3.3] Thus, if

1 1 1 1 1 1
—+—+—+—+—<1-— =0,
ay as a3 Q4 as Qe

then o € (%, %] because ag € (3,4]. For simplicity, let A; = a; -« for i = 1, 2, 3, 4, and
5. This yields the new inequality

Thus, by Theorem we have
6! Ps(g = 1) <6 [(Ar — 1)(Ay — 1)(A3 — 1)(As = 1)(A5 — 1)
— (A5 — 1)° + A5(As5 — 1)(As5 — 2)(As5 — 3)(A5 — 4)] -
As before, we take the difference obtained by subtracting the RHS of the above in-
equality from the RHS of Theorem , substituting in a; = Ei' We observe that this

difference is equal to A; — 728, where A; is from Case I above. Since we applied the
partial differentiation test on Ay = A; - a*(1 — a) in Case I, here we need to show that

Ag = Ag — 728044(1 — a)
13



is positive. To apply the partial differentiation test, we must determine the domain of
Ag. By the same logic as in Cases [ and II, we have

Al >5,4, > 4,43 > 3, andA4zA5zli>2,
—

o 2 3 .
because As = a5 - o > ag - o = and o € | = —] . Now that we have a domain

J— 374
established, we can begin applying the partial differentiation test to demonstrate that Ag
is positive.

We see that 9A
8 5 4
= 6a° — 6 1>0
oA 000404, ¢ 0T
for all @ € (0,1). Thus the partial derivative of Ag with respect to Ay, As, A, Ay, and As
is positive and minimized at A5 = @
' Ag ~ o?(120* — 180 + 6a% 4 1) 50
8141814281438144 A5:1% B (Oé— 1) )
It follows that the partial of Ag with respect to A;, A, As, and As is positive for
PN
all Ay > 1 fa,a € (0,1) because WA;}A?, is symmetric in A4 and As. Hence,

DA
WA;@A?) is an increasing function of A,, A5 with a minimum at A, = A; = o

1—a’
[ATANY
0A10A50A5

_o'(240® — 480® + 3000 — 5)
Ag=As=12 (1 —a)?

This is positive, so we know that the partial with respect to A, As, and Az is positive.

Since the partial with respect to A; and A, is symmetric with respect to Az, A4, and
93 Ag O3 Ag
——— and ———
0A10A50A, 0A10A50As5

> 0.

As, we know that are positive over the given domain.

ZA
Hence, m is an increasing function of As, Ay, and Ay for all As, Ay, A5 > 7 i(oz
2
and o € —,§ . The minimum is at A3 = Ay = A5 = a .
34 11—«
AN (480" —1200° + 1090* — 42 + 6) -
0A10A, As=Ay=Ag— o (1—a)3 '
2
Because this is symmetric with respect to As, Az, A4, and As, we see that —8,
0A10A3

A 02A 0A
i , and ®_ are positive over the given domain. Hence, s

is an increasing

0A10A, 0A10A5 81&11
function of As, A3, Ay and A5 minimized at Ay = A3 = Ay = A5 = 1 .
-«

DA _a*(960° — 287a + 3360 — 1920 4 54a — 6) -0

A, Ap=As=Ay=As=12 (1—a)t '

O0Ag . i . . :
Thus 4. positive over the given domain. By the symmetry of Ag in Ay, Ay, Az, and

1
0Ag 0A 0A

Ay, we know that 8_/4;5’ 8_A:’ and a—Aj are positive over the given domain. Therefore,

14



Ag is an increasing function of Ay, A, A3, and A4. We can hence plug in the minimum
values of A;, As, A3, and A4 to determine a new polynomial in A5 and « that we want
to show is positive. We define

AQ = A8‘A1=5,Az:4,143:3,A4:2
= —30a° A5 +150a° A3 + 30a* Az — 2400° AZ — 150a* A2 + 258a° A5 + 240a* A2 4 5900°
—257a* A5 — 577a* — 140 A5 — 710 + 7102 A5 + 1540” — 1540 A5 — 120a + 120 As,.

a
We must show that Ag is positive over the interval o € (%, %] and As > T o We can
-«

apply the partial differentiation test normally. We begin by noting that

0*Ag

ST 720a*(1 — a) > 0.
5

We then consider
3N
— = 180a*(9a — 5) > 0.
A3 R

—a

Similarly,
0?Ag

~ 600*(29a% — 31+ 8)
A2 B

> 0.

As=12 Lo
We continue by considering

0Ag B 130807 — 218308 + 1238a° — 158a* — 310a2 + 49902 — 394« + 120 =0
0As P o (1—a)? )

for o € (%, %] Finally, we evaluate Ag at its minimum:

2a2(44a8 + 472a° — 12160 + 898a° — 4602 — 197a + 60)
(1—-a)?

Ag|az=-o = > 0,

completing this subcase.

3.3.2. Subcase III (b). In this subcase, we know that Ps(z¢ = 2) > 0, implying that
(1,1,1,1,1,2) is a positive integral solution to the inequality in Theorem Thus, if

1 1 1 1 1 2

—+— 4+ —+—<1- = =ay,

aq a9 as ay Qs Qg
then oy € (%, %} because ag € (3,4]. For simplicity, let A; = a; - ay for i =1, 2, 3, 4, and
5. This yields the new inequality

Thus, by Theorem we have
6! Ps(wg = 2) <6 [(Ar — 1)(Ay — 1)(A3 — 1)(As — 1)(A5 — 1)
— (A5 —1)° + As5(As — 1)(As — 2)(As — 3)(A5 — 4)] ,

and,
15



1 1 1 1
Al' +CY1_1 A2- +061_1 Ag' +CY1_1 A4- + aq
20 20 20 201
1 1 > 1
_1 A5' +Oé1_1 _ A5' +041_1 + A5' + o
20 201 201
1 1 1 1
Ag et ) (A M o) (A4 M ) (4, )|
20, 20 204 20

Because 6! Ps = 6! (Ps(z¢ = 1)+ Ps(x¢ = 2)), as before, we take the difference obtained
by subtracting the sums of the right hand sides of the above inequalities from the RHS

A
| substituting in a; = —. We observe that this difference is equal to
aq

of Theorem

A5 — 665, where Aj is from Case II above. Since we applied the partial differentiation
test on Ag = As - 16a°(1 — @) in Case I, here we need to show that

Ajg i= Ag — 665 - 1603 (1 — ay)

is positive. Since Ajg — Ag is a function of a; only, we only need to check that the value
of Ajg at its minimum is positive (because all of the partial derivatives in the test are
the same for Ag and Ajg). Recall that we have

2
A1257A2247A3237A4227 an(:]~145> o

)
1-0&1

so we must only check that

1
A0 ] 425, Ayt g A= A 2 = T a® (1601 (30940 —20930] — 127208 +17700

— 738ai; + 3510} — 28a7 — 2440 + 120)) > 0.

Since this is true, Aqg is always positive, and this subcase is complete.

3.3.3. Subcase Il (c). In this subcase, we know that Ps(z¢ = 3) > 0, implying that
(1,1,1,1,1, 3) is a positive integral solution to the inequality in Theorem Thus, if

1 1 1 1 1 3
—+—+—+—4+—<1—-— = ay,
aq as as Q4 as Qe

then ay € (O, ﬂ because ag € (3,4]. For simplicity, let A; = a; - ap for i = 1, 2, 3, 4, and
5. This yields the new inequality

1+1+1+1+1<1
A1 A2 A3 A4 A5_'

Thus, by Theorem we have

6! Ps(g = 3) <6 [(A1 —1)(Ay — 1)(A3 — 1)(As — 1) (A5 — 1)

— (A5 — 1)° + A5(As — 1)(A4s5 — 2)(As — 3)(A5 — 4)] ;
16



as well as

142 1+2 1+2
61Ps (06 =2) <6 | (A 22 1) (a4, 122 g} (4, 122
3oy 3arn g

142 142 142 >
P SR Y (IR ek L I P k.
3ay 3oy 3ap
142 142 142
+ A5' -+ [6%) Ag,' + 062_1 A5- + 062_2
3@2 30&2 30{2
142 142
As - + a2_3 A - + @2_4 7
30&2 3042

and

Because 6! Py = 6! (P5(xg = 1)+ Ps(xg = 2)+ Ps(26 = 3)), if we let Ay be the difference
obtained by subtractithe sum of the right hand sides of the above inequalities from

A
the RHS of Theorem and substituting in a; = —, then we merely have to apply the
(%)
partial differentiation test for the expression
17



Ap —980A2a5 + 54004205 — 10080A2a5 + 324 4,08 — 2524, Ayl

T 27031 — o) (
+ 3244508 — 2524, Aza§ + 216 A1 Ay Azal — 25245 A305 + 324 A305 — 2524, Ay
+ 2164, Ay Ay — 252 A5 A4a8 + 216 A1 Az Ay — 196 A1 Ay Az Ayal + 216 A5 A3 4,05
— 252454405 + 324A405 — 252A, A58 + 2164, Ay Asal — 25245 A508
+216A; Az Asas — 1964, Ay Az AsaS + 216 A3 A3 Asal — 252 A3 Asa5 4+ 216 A1 Ay Asa
— 1964, A3 Ay AsaS + 216 A3 A4 Asal — 196 A1 Az Ay Asal + 184 A, Ay A3 Ay A5
— 196 A, A3 A4 As05 + 216 A3 A, A505 — 252 A4 A5 + 64804505 + 1965605
+ 580A5a5 — 2700A3a5 + 4320A2a5 — 135A,a5 + 1084, Ayah — 1354505
+ 1084, Azay — 108A; Ay Az + 108 A2 Az — 135A30a5 + 1084, Asa)
— 1084, Ay Ayay + 108 Ay Agay — 1084, Az Ayaly + 116 A, Ay As Agaly — 108 A3 Az Ay
+ 108 A3A 05 — 135A405 + 108A; Asay — 108A; Ay Asal + 108 A Asa
— 1084, A3 Asab + 116 A1 Ay Az Asaly — 108 A3 Az Asaly + 108 A3 Az — 1084, Ay Asa
+ 11641 Ay Ay Asal — 108 A3 A4 Asal + 116 A1 As A Asaly — 1244, Ay A3 Ay Asal)
+ 11645 A3 A4, Asa — 108 A3 A, Asaly + 108 A4 Asaly — 32134505 — 19737 — 80 A3
+2160A205 — 108 A a5 +27A; Agaiy — 108 Agary +27A; Azaiy + 27 Ay Azay — 108 Az
+ 27TA 1 Agay + 2T Ay Ayaiy — 16A1 Ay Az Ayary + 2T AsAyay — 108 A + 27 A Asary
+ 27 Ay Asay — 16 A1 Ay Az Asaiy + 2T Az Asay — 16 A1 Ay AyAsay — 164, A3 Ay Asaiy
+ 204, Ag Az Ay Asay — 16A, A3 Ay Ay + 2T A  Asay — 3186 A5 + 80Asas
— 135043203 + 36004203 + 36 A, Asas + 36 A, Azais — 27A; Ay Asaiy + 36 Ay Asais
+ 3641 Agaiy — 27TA; Ay Agy + 36 Ag Agay — 27TA Az Ay + 164, Ay A3 Ay
— 2T Ay Az Ay + 36 A3A,05 + 36 A, Asaiy — 27TA; Ay Asay + 36 A5 Asas
— 27TA A3 Asaid + 1641 A As Al — 2T Ay AsAsas + 36 Az Asais — 27T AL Ay Asais
+ 1641 Ag Ay Asaiy — 2T Ag Ay Asaiy + 16 A1 A3 Ay Asaiy + 16 A3 A3 Ay Asaiy
— 2T A3 A4 A5 + 36 A4 Asa5 + 2304502 — 13504302 + 194, Ay Az Ao
+19A, Ay A Asal + 19A, Ay Ay Asas + 194, A3 AgAsas — 20A, Ay Az Ay Asal
+19A45 A3 A4 As02 + 170 Af 0 — 20A; Ag As Ayary — 2041 Ay A Ascry — 20 A1 Ay Ay As
— 204, A3 AgAsan — 1141 Ay A3 Ay Asas — 2045 Az Ay Asas + 324, Ay A3 Ay As)

1
- 27a3(1 — )

Our domain is

Alg.

Al > 5,142 24,143 23,144 > 2, and A5 > 1.

1
Note also that we have as € | 0, il
To start the partial differentiation test, we see that

= 18408 — 12403 + 200 — 2002 — 11 32> 0
DA, 04,040,048 @ @y + 200y — 2lap — az +

for all ay € (0, }L] Thus the partial derivative of Ay with respect to Ay, Ay, Az, Ay, and
Ay is positive and minimized at A5 = 1.
84A12
0A10A20A30A4 | 4.,

= —12a§ — 8aj + 4aj + 1605 — a3 — 3lag + 32 > 0.

18



It follows that the partial of Ay with respect to A;, Az, Az, and Aj is positive for all

N A
Ay > 1,9 € (0, i] because m is symmetric in A4 and As. Hence, —814?814212143

is an increasing function of A4 and As; with a minimum at Ay = A5 = 1.
63A12
OA10A0A3 | 4,4

This is positive over our domain, so we know that the partial with respect to A;, As,

and Ajz is positive. Since the partial with respect to A; and A, is symmetric with respect

D3 Aqs and P Ay
0A10A20A, 0A10A50A5

is an increasing function of As, A4, and Aj for all

= 8a$ — 12a; + 5aj + 18a3 — 5lay + 32 > 0.

to As, Ay, and As, we know that

82A12
0A10A,
Az, Ay, As > 1 and ay € (0, %L] The minimum is at Az = Ay = As = 1.
A,
0A10A,

are also positive over

the given domain. Hence,

= —8a5 + 8ah — a5 + 3as + 37a5 — Tlag + 32 > 0.
Az=Ay=A5=1

AN

0A10A;’

is an increasing

Because this is symmetric with respect to As, Az, Ay, and Az, we see that

9*Aqs and RN Apg
0A10A,° 0A10As5 0A;
function of Ay, A3, Ay and As minimized at Ay = A3 = Ay = A5 = 1.

ZAND!
0A,;

are positive over the given domain. Hence,

= 1205 — 1105 — 440l + 4603 + 5602 — 91, + 32 > 0.
As=A3=As=As=1

0A
Thus 5 Au is positive over the given domain. By the symmetry of A5 in Ay, Ay, A3, and
1
0A15 0Aq 0A

Ay, we know that , , and 2 are positive over the given domain. Therefore,
4 04, DA, oA, P 8

A1s is an increasing function of Ay, As, A3, and A4. We can hence plug in the minimum

values of Ay, Ay, A3, and A4 to determine a new polynomial in A5 and as that we want

to show is positive. We define

A13 = A12|A1:5,A2:4,A3:3,A4:2
= —980A%aS + 580A%a5 + 54004205 — 80ALa; — 27004305 — 100804205 + 80Azas
4 43204205 + 10184A505 + 230A203 — 13504203 + 21604205 — 6385450
4 1604405 + 170 A5y — 13504303 + 36004205 — 2872 A5a3 — 1667105 4+ 1051 45053
— 151505 + 526 Asa3 + 318 — 4400 As0ry + 228003 + 3840 A5 — 2400cxs.

We must show that A;3 is positive over the interval asy € (0, %1] and As > 1.

We apply the partial differentiation test normally, beginning by noting that

OBy _ 2352008 + 1392003 — 192002 + 192003 + 552002 + 4080 0
aA% — Oz2+ @2_ a2+ 042+ a2+ a2> .
We then consider
OBA
= = 888008 — 228003 — 192004 — 618003 — 258042 + 4080a:s > 0.
aAS As=1
Similarly,
Ay = 480a$ — 60003 5 ; ;
5 As=1
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which is positive for ay € (0, i] We continue by considering

045 |

= 230405 — 352505 + 1128a; + 4521a3 — 260402 — 37200, + 3840 > 0.

5=1

Finally, we evaluate A;3 at its minimum:
Ais|a,—1= 2056805 — 2085605 — 23075 + 369903 + 16865 — 66300y + 3840 > 0.
This completes this subcase, and hence Case III is complete. U

3.4. Case IV. In this case, [ag] = 5, so we can plug v = 5 into the statement of Theorem
to get the following theorem, which we prove in this case:

Theorem 3.4. Let a; > a9 > a3 > a4 > as > ag > 1 be real numbers and let Py be the
T T T T T T
number of positive integral solutions of A28t 00 If Ps > 0 and

ai az a3 G4 G5  Gg
4 < ag <5, then
6! P@ S (al — 1)(&2 — 1)((1,3 — 1)(&4 — 1)(&5 — 1)(&6 — 1) — 4096.

Proof. In this case, ag € (4, 5], so we have to consider four levels — xg = 1, x5 = 2,
r¢ = 3 and xg = 4. Since Pg > 0, there must be solutions at the xg = 1 level, so our four
subcases are:

Subcase IV (a): P5(l’6 = 4:) = P5<JZ6 = 3) = P5(l’6 = ) =0.
Subcase IV (b) P5(l‘6 = 4) = P5(l’6 = 3) =0, P5(ZL‘6 = 2) > 0.
Subcase IV (c): Ps(xz¢ =4) =0, Ps(x¢ =3) > 0, Ps(x¢ =2) > 0
Subcase IV (d): Ps(zg =4) > 0, Ps(x6 =3) > 0, Ps(x6 =2) >0

3.4.1. Subcase IV (a). We are guaranteed that (z1,xe,xs3, x4, x5,26) = (1,1,1,1,1,1) is
a solution to the inequality in Theorem [3.4 Thus, if

then o € (%, %] because ag € (4,5]. For simplicity, let A; = a; - o for i = 1, 2, 3, 4, and
5. This yields the new inequality
1 N 1 N 1 n 1 n 1 <1
Ay Ay Az Ay Ay T
Whereas we previously bounded the number of positive integral solutions to this in-
equality using the Yau Number Theoretic Conjecture for n = 5, we will now use the Yau

Geometric Conjecture for n = 5, proven in [I]. This gives us the bound
(3) 6! Ps(ws =1) <6[(A1 — 1)(A2 — 1)(As — 1)(As = 1)(A5 — 1) — ps([As])],

where ps is the function defined in ([I]). Note that since ps(v) is increasing for v > 4. Also,
since A5 = a5 - > % -4 = 3, we note that [A5] > 4. Thus, we maximize the RHS of
by substituting p;(4) = 243 in for p5([ As]). Hence, we have

(4) 6! Ps(zg =1) <6[(A; —1)(A2 — 1)(A3 — 1)(Ay — 1)(A5 — 1) — 243].
As before, we take the difference obtained by subtracting the RHS of (4] from the RHS
A; 1
of Theorem , substituting in a; = — and ag = T—a yielding
e
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A14 =

204(1 — )

(52620° — 52640 + 12a° A; — 10a* Ay — 120° A1 Ay + 120" A1 A,

- 20{3141142 + 120&5141142143 - 120{4141142143 + 2062141142143 - 120&5A1A2A3A4
+ 12&4A1A2A3A4 - 20{A1A2A3A4 + 12&5A1A2A3A4A5 - 12&4A1A2A3A4A5
+ 2A1A2A3A4A5 — 120(5A1A2A3A5 + 120[4A1A2A3A5 — 201141142143145 + ]_2045141142144
— 120&4141./42144 + 2@2./41142144 - 120&5141142./44145 + 12&4A1A2A4A5 - 20[141142144145
+ 120{5A1A2A5 - 12Q4A1A2A5 + 20{2A1A2A5 - 120[5A1A3 + 120&4A1A3 - 2043/41/13
+ 12(15A1A3A4 — 120&4A1A3A4 + 20(2141_/43/14 — 120[5A1A3A4A5 + 120&4A1A3A4A5
- 20[141143144145 + ].2055141143145 - 120[4141143145 + 2042141143145 - 120[5141144
+ 12@4141144 - 20{3141144 + 12@5A1A4A5 - 12&4A1A4A5 + 20&2A1A4A5 - 120&5141145
+ 120&4A1A5 — 20[3141/15 + 120&5/12 - 100[4142 - 12015A2A3 + 120[4A2A3 - 2013A2A3
+ 120&5A2A3A4 - ]_2044/42143144 + 20(2142143144 - 120[5A2A3A4A5 + 12054A2A3A4A5
— 20&A2A3A4A5 + 12055142143145 — 12@4142143145 + 2042142143145 — 12@5142144
+ ].20(4142144 — 2053142144 + 120[5142144145 — 120{4AQA4A5 + 2@2A2A4A5 — 12&5A2A5
+ 12044142145 - 20[3142/45 + ].20(5143 - 100[4143 - 120&5143144 + ].20[4143144 - 2063143144
+ 12a5A3A4A5 — 120[4143144145 + 20(2143144145 — 120&5143145 + 120&4143145 — 2063143145
+120° Ay — 100" Ay — 120° Ay A5 + 120" Ay A5 — 20° Ay As + 120° A5 — 100 A5)

1

—Ays.
2041 —a) "
We now proceed with the partial derivative test on A5 with o € (%, %} and
A1257A224aA323aA422a andA5>1a )
-«

like in previous cases.

85A15
0A1 0A2 0A30A,0A5

_ 5 4 3 4
=120° — 120" +2 >0, ae (3,2].

Thus the partial derivative of A5 with respect to A, Ay, A3, A4, and Aj is positive and

minimized at As =

«

1—a
I*Ays ~2(120° — 18a” 4 60 4 o?) -0
0A10ADA0A, | 4 _ o 1-a ‘
We continue with,
[AANE: 20" (240 — 480* + 300 — 5) -
8A18A28A3 Ag=Ag=-—9_ N (1 — Oé)Q ’

This is positive over our domain, so we know that the partial with respect to A;, As, and
Ajs is positive. Furthermore,

0?Ass 20 (48a* — 1200® 4+ 109a? — 42a + 6)
= 3 > 0, and
0102 | gy npe o (1—a)
0Aq5 201 (960° — 287t + 3360 — 1920 + 5dar — 6) -0
aAl A2:A3=A4:A5:ﬁ (1 - a>4 .
3 15 ,
We also observe that As = asa > 5 - 1= 1 and since A; > Ay > A3 > Ay > As, our

minimum for A5 is

264600a° — 263368a* — 1046003 + 4207502 — 84375 + 67500

A5| g5 Ayt Agm Ay Ag— 15 =
| 4125, 49—, Ag= A= A5 = 1 39

21
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which is positive over our desired interval, completing this subcase.

3.4.2. Subcase IV (b). In this subcase, we know that Ps(xg¢ = 2) > 0, implying that
(1,1,1,1,1,2) is a positive integral solution to the inequality in Theorem Thus, if

then oy € (%, ﬂ because ag € (4, 5]. For simplicity, let A; = a; - o for i = 1, 2, 3, 4, and
5. This yields the new inequality

1+1+1_'_1_|_1<1
Al A2 A3 A4 AB_.

Thus, by Theorem we have

6! Ps(x =2) <6 (A —1)(As — 1)(A3 — 1)(As — 1)(A5 — 1)

— (A5 — 1)° + A5(A5 — 1) (A5 — 2)(A5 — 3)(45 — 4)],

and,

1 1 1 1
A, +Oé1_1 Ay - +Oé1_1 As - +OZ1_1 Ay + o
20 20 200 201
1 1 ° 1
_1 A5' +CK1_1 _ A5' +041_1 i A5' + o
20 20 201
1 1 1 1
Ay ) (A o) (A M g (4, )]
20 20 204 20

Because 6! Ps = 6! (Ps(z¢ = 1)+ P5(z¢ = 2)), as before, we take the difference obtained
by subtractithe sums of the right hand sides of the above inequalities from the RHS
3

A
of Theorem , substituting in a; = —, yielding
aq
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A =

T 16a3(1 — o)

16a5(1 — ay)

(—510A43a8 + 27004305 — 4800A2aS + 144A,05 — 1204, Ayl

+ 1444505 — 1204, Az3a8 + 1084, A3 A3a$ — 120454308 + 144A305 — 1204, A48
+ 1084, Ay Aya — 12045 A405 4 1084, Az Ayal — 1024, Ay Az Ayl

+ 10843434405 — 120434405 + 144A405 — 1204, A58 + 108A; Ay A5a$

— 120454508 + 108A; A3 A58 — 1024, Ay A3 A5 + 10845 A3A505 — 120434508
+ 1084, A4 A500 — 1024, Ay Ay Asal + 108 A3 A, A5’ — 1024, A3 A A5

+ 994, Ay Az Ay A5l — 1024, A3 A4 A58 + 108 A3 A, A5aS — 12044 A58

+ 28804508 + 6552008 + 3904305 — 1800A4%a° + 2880A%2a° — 80A ] + 724, Aya’
— 804508 + T2A, Azl — T2A1 Ay Asal + T2AA307 — 80A3a] + 724, Ayl

— T2A1 A2 A4l + T2A0A405 — T2A1 A3 Ayl + T8A 1 Ay As Ayl — T2A5A3A408

+ T2A34405 — 80A405 + T2A1 A5 — T2A1 Ay Asay + T2A A5y — T2A, A3 Asal
+ T8A1 Ay A3 Asal — T2A2 A3 A5l + T2A3A505 — T2A1 Ay Asal + T8A1 Ay Ay Asal
—m@&m@+mmmmm@—MA&@m&ﬁ+m&mm&@

— T2A3A, A5 + T2A, Asa’ — 1904 A5 — 655520 — 60A5a] + 960A2a] — 324,a]
+ 8A 1 Asaf — 324507 + 8A1 Azl + 84y Azaq — 324307 + 8A; Ayaf + 8Ay A0

— 124, Ay AsAgat + 8As Aol — 3244071 + 8A  Asat + 8AyAsa] — 12A1 Ay AsAsart
+ 8A3Asa] — 124, Ay Ay Asat — 12A, A3 Ay Asal] + 15A, Ay As Ay Asal]

— 1245 A3 A, Asat + 8A4Asaf — 944 A507 + 60A2a% — 600A%a° + 9604203

+ 8A 1 Asa} + 841 Azl — 841 Ay Az} + 8Ax Az + 84 Ayl — 841 Ay Ayary

+ 8A45A40% — 8A A3 A0 + 124, A3 A3 Ay — 8A3 A3 Aad 4+ 8A3 A4l + 8A  Asa®
— 8A 1 Ax A5 4+ 8AAsal — 8A 1 A3 A5l + 12A1 Ay Az Azl — 8Ay Az Asary

+ 8A3A508 — 8A A4 A508 + 12A1 Ay A A5 — 8AL A A5 + 124, A3 Ay Asad

+ 124, A3 A4 A508 — 8A3A A5 + 8A Asal + 90A3aT — 3004302 + 44, Ay Asa?
+4A1 Ay Agad + 4A1 Az Agad + 2A1 Ay Az Al + 4A, As Ayl + 4A 1 Ay Al

+ 4A1 A3 Asad 4+ 2A1 Ay A3 A5 + 44 A3 Asa? + 4A Ay Asal 4 2A, Ay Ay Asol?
+4Ay A4 A507 + 2A1 A3 Ay Al — 1541 Ay A3 AgAsal + 245 A3 Ay Asald
+4A3A,A507 + 304501 — 104, Ay A3 Agery — 1041 Ay Az Asay — 104, Ay Ay Asa

— 104, A3 Ay Asay + 4A1 Ay A3 Ay Asay — 104, A3 Ay Asan + 13A; Ay A3 Ay As)

1
ANT S

We now proceed with the partial derivative test on A7 with a4 € (%, %} and

2
A1257A2Z47A3237A4227 a‘ndA5> o 3

1-0[1

like in previous cases.

85A17
= 9908 — 84a° + 150} — 1502 +4a; +13 >0 18],
DA, DA, 04, 0A, 04, 00— Star T dbag — 1oaq + fag , a1 € (3, ¢]
Thus the partial derivative of A7 with respect to A, Ay, A3, A4, and Aj is positive and
minimized at A5 = 2 :
1-— (03]
84A17 _ 4&1 (75@? — 8704? + 300/11 — 604:1)’ — 5@% + 5aq + 4) .
0A10A20A304, Ag= 201 1—m '

1—aq

23



We continue with,

PA;

1607 (5708 — 840} + 4207 — 1108 + 3a; + 1)
0A10A20A3 B

Ag=As=12L (1 —an)?

> 0.

This is positive over our domain, so we know that the partial with respect to Ay, As, and
Ajs is positive. Furthermore,

0?Aq7 1603 (17408 — 31205 + 2050 — 683 + 120 + 4ay + 1)
= 3 > 0, and
0A10A, A32A4:A5:12702 (1 - al)
0A17 1604 (534af — 113307 4 92901 — 38607 4 88af — oy + 1) -0
aAl Ag=A3=A4=A5= 20 (1 - Oé1>4 .

1—aq

Finally, our minimum for Ay7 is

1602 . 6
Al?‘A1=5,A2:4,A3=A4:A5=12_021 T - (—2019a7 + 1618205

— 26485a;] + 17652a] — 424107 — 262a7 + T3a; + 60) ,

which is positive over our desired interval, completing this subcase.

3.4.3. Subcase IV (c). In this subcase, we know that Ps(zg = 3) > 0, implying that
(1,1,1,1,1, 3) is a positive integral solution to the inequality in Theorem Thus, if

then s € (}L, %} because ag € (4, 5]. For simplicity, let A; = a; - ap for i = 1, 2, 3, 4, and
5. This yields the new inequality

Thus, by Theorem (1.7, we have
6! Ps(z6 = 3) <6 (A1 — 1)(A2 — 1)(As — 1)(Ay — 1)(45 — 1)
— (A5 — 1)° + A5(As5 — 1)(A5 — 2)(As — 3)(A45 — 4)] )

A1.1+2062_1 A2.1+2062_1 A3.1+20é2_1
3@2 30&2 30{2
5
A4'1+20[2_1 A5.1—|—2C82_1 _ A5'1+20[2_1
3oy 3vs 3y

142 1+2 142
I P I P e S Y (P e
3 3oy 3

as well as




2 2 2 2
Al' +042_1 AQ' ~|—a2_1 Ag' +042_1 A4~ + oo
3y 3as 3y 3ag
5
1 A5.2+052_1 _ A5‘2+052_1 4 A5.2+Oé2
3 3ag 3y
2 2 2 2
Ay 222 ) (4 22229 (4, 2502 g) (4, 22|
3an 3as 3 3oa

Because 6! Py = 6! (Ps(z6 = 1)+ Ps(z6 = 2)+ Ps(x = 3)), if we let Ayq be the difference
obtained by subtractithe sum of the right hand sides of the above inequalities from
3

the RHS of Theorem

partial differentiation test for the expression
1
27a3(1 — )
+ 3244508 — 2524, Az + 216 A1 Ay Azal — 252 A5 A305 + 324 A305 — 2524, Ay
+ 2164, Ay Ayl — 252 A5 A4a8 + 216 A1 Az Ay — 196 A1 Ay Az Ayal + 216 A5 A3 4,05
— 252434405 + 3244405 — 252A, Asal + 2164, Ay Asal — 252 A5 Asa
+216A; Az Asas — 1964, Ay Az AsaS + 216 A3 A3 Asal — 252 A3 Asa5 4+ 216 A1 Ay Asad
— 1964, A3 A4 A505 4 216 A3 A4 A5a5 — 196 A1 As A Asal + 184A, Ay A3 Ay A5l
— 19645 A3A4A505 4 216 A3 A4 A5a8 — 252A,A505 4 6480 A505 + 11056505
+ 580A3a) — 2700A3a5 4 43204205 — 1354105 + 1084, Ayal — 1354505
+ 1084, Asaly — 1084, Ay Azl + 10845 A305 — 1354305 + 108A; Ay
—108A; Ay Ayay + 108 Ay Ay — 108 A1 As Agaly + 116 A1 Ay As Agaly — 108 Ay Az Ayl
+ 108 A3 A0 — 135A405 4+ 108A; Asay — 108A; Ay Azl + 108 A, A5
—108A; Az Asal + 116 A1 Ay Az Asaly — 108 A3 Az Asals + 108 A3 Asal — 108 A1 Ay Asal
+ 11641 Ay AgAsaly — 108 Ay A4 Asaly + 116 A1 Az Ay Asaly — 1244, Ay A3 Ay Asal
+116 A3 A3 A4 Asaly — 108 A3 Ay Asay + 108 Ay Asa — 3213 Asal — 11064605 — 80 A3
+2160A20; — 108 A a5 + 27 Ay Agaiy — 108 Agary + 27 Ay Azay + 27 Ay Aza; — 108 430
+ 27TA 1 Agaiy + 2T Ay Agaiy — 16A1 Ay Az Ayary + 2T Az Ay — 108 Ay + 27 A Asary
+ 27 Ay Asay — 16A1 Ay As Ay + 2TAsAsay — 16A1 Ay Ay Asay — 16 A1 A3 Ay Asal;
+ 2041 Ay Az Ay Ay — 164 A3 Ay Asaiy + 2T Ay Asaiy — 3186 A5, + S0Azas
— 13504203 + 36004203 + 36 A, Asals + 36A; Azais — 27A; Ay Asaiy + 36 Ay Asais
+ 36 A1 Agaiy — 2TA Ay Ay + 36 A Ayl — 2T AL As Ayl + 164, Ay A Ay
— 27T Ay A3 Ay + 36 A3 Aga + 36 A1 Asals — 2TA Ay Asas 4 36 A3 Asals
— 2TA A3 Asais + 1641 A Az Asaiy — 2T Ay Az Asas + 36 Az Asas — 2TA 1 Ay Asais
+16A; Ay Ay Asaiy — 2T Ay Ay Asaiy + 16A A3A4A5a§ +16A,A3 A, A5
— 2TA3A A5l + 36 A, Asa + 2304503 — 13504203 + 194, Ay A3 Ay
+ 194, Ay A3 Asa + 1941 Ay Ay Asal + 1941 Az Ay Asay — 204, Ay A3 Ay Asal
+19A45 A3 A4 Asa; + 170 A5 — 20A; Ay Az Ayay — 204, Ay Az Asy — 20 A1 Ay Ay As
— 204, A3 A A5y — 11A; Ay Az Ay Asaiy — 204 A3 Ay Asary + 32A, Ay A3 Ay As)
1
h 27a3(1 — )

4 and substituting in a; = —i, then we merely have to apply the
&%)

A = (—980A%a8 + 5400A%aS — 100804208 + 3244;08 — 2524, Ayal

19-
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Our domain is

Al 25,142 24,143 23,14422, and A5 > 1.

12
Note also that we have ay € (Z’ 5] . We begin with

85A19
0A10A30A30A,0A5

12
= 1840&3 — 124@; + 200/21 — 200&3 —1las+32>0, as € (Zl, g:| .

Thus the partial derivative of A9 with respect to Ay, As, Az, A4, and Ajs is positive and
minimized at As = 1.

84A19
= —12a8 — 8a5 + 4a + 1605 — a2 — 31 32 > 0.
DA, 0A,0A,04, s Qo a5 + 4oy + 1005 — a5 o +
We continue with,
83A19 6
— = = —4a8 — 8a5 — 8a + 21a2 + 1702 — 82a, + 64 > 0.
0A10A20 A5 | 4,y as_y 2 2 2 2 2 2

This is positive over our domain, so we know that the partial with respect to A;, As, and
Ajs is positive. Furthermore,

A
1 — —8a8 — 803 — 29ad + 5003 + 8902 — 286, + 192 > 0, and
0A10A, A3=3,A4=2 A5=1
A
1 = —2008 — 1105 — 15804 + 21503 + 47002 — 12640, + 768 > 0.
0A; As=4,A3=3,A4=2,A5=1

Finally, our minimum for Aqg is

Atg|ay=5.451,453,44=2, 451 = 3 (3715903 — 3725505
— 769a3 + 123303 + 56205 — 22100 + 1280) ,

which is positive over our desired interval, completing this subcase.

3.4.4. Subcase IV (d). In this subcase, we know that Ps(z¢ = 4) > 0, implying that
(1,1,1,1,1,4) is a positive integral solution to the inequality in Theorem Thus, if

11 1 11 4
—+ -+ -+ —+—<1—— =0y,

a1 a2 as Qy Qs 73

then a3 € (O, %} because ag € (4, 5]. For simplicity, let A; = a; - a3 for i = 1, 2, 3, 4, and
5. This yields the new inequality

1 n 1 . 1 . 1 n 1 <1
A Ay Ay A AT
Thus, by Theorem we have
6! Ps(ag = 4) <6 [(A1 = 1)(Ay = 1)(A3 — 1)(As = 1)(A5 — 1)

— (A5 — 1)° + A5(As — 1)(A4s5 — 2)(As — 3)(As5 — 4)] ;
26



as well as

and

242 2+ 2 2+ 2
A2 ) (4, 2R ) (4, 22
4013 4043 4@3

242 242 242 °
Ay 220 ) (a2 ) (g, 22y
dovg 4o dag

242 242 242
+ A5- + [0 %] A5- + 063_1 A5' + 063_2
dog dag da

and

3+Oé3 3~|—a3 3+Oé3 3—|—a3
Ay - —1) (4, —1) (4;- —1) (A4,
< ! 40&3 ) ( 2 4@3 > < 3 40[3 ) ( 4 4@3
3 3 > 3
1) (As 2 ) (a2 ) (g, 2
4o 4oz dag
3 3 3 3
Ay 250 ) (4, 25 o) (4,2 g) (4, 20y
40_/3 40(3 4043 40[3

Because 6! Py = 6! (P5(z6 = 1) + P5(26 = 2) + Ps(z6 = 3) + Ps(xs = 4)), if we let Ay
be the difference obtained by subtractithe sum of the right hand sides of the above
3

A;
4| and substituting in a; = —, then we merely
a3

inequalities from the RHS of Theorem
27



have to apply the partial differentiation test for the expression
1
~ 128a3(1 — as)
+ 19204505 — 14404, Azaf + 12004, Ay Azal — 1440 A5 Aza5 + 19204305
— 1440A; Aya§ + 12004, Ay Agal — 1440 A3 Asaf + 12004, A3 Ay
— 10624, Ay Az Ayaf + 120045 A3 A40s — 1440A3 4405 + 19204405 — 14404, A5
+ 12004, Ay A5a§ — 1440 A A5a8 + 12004, Az Asal — 10624, Ay A3 A5l
+ 12004, A3 A505 — 1440 A3 A505 + 12004, A4 AsaS — 10624, A Ay Asal
+ 1200424, A505 — 1062A; A3 Ay Asal + 97541 Ag A3 Ay Asal — 10624, A3 Ay Asa§
+1200A43 A4, A58 — 1440 A4 Asaf + 38400 Asaf + 52416005 + 2550 A3 — 12000 A2as
+19200A205 — 640A,a5 + 480A; Aya — 640A505 + 480A; Azal) — 480A; Ay Azal
+ 480 A2 Az — 640 A3 + 480A; Ay — 480A; Ay Ayl + 480 A, As0)
— 4804, A3 Asal + 510A; A Az Ay — 480 A5 A3 Asaly + 480 A3 A4a — 640A,05
+ 480 A1 Asay — 480A; Ay Asal + 480 A5 Asaly — 480 A, Az Asal + 5104, A Az Asa
— 480 Ay A3 A5l + 480 A3 Asaf — 480 A, Ay Asal + 5104, Ay Ay Asay — 480 A5 A4 Asal
+ 51041 A3 AgAsa — 540A; Ay As Ay Asay + 51045 A3 Ay Asal — 480 A3 A4 Asal
+ 480 A, A5 — 152324505 — 52467205 — 300Asas + 115204205 — T68A, 05
+ 1604, Agai; — 768 Agars + 1604, Azay + 1604 Az — 768 Az + 160A; Agay
+ 16045 Aga; — 604, Ay Az Ayaiy + 160A3A4a; — 768 Aga + 1604, Asas
+160AAsa5 — 604, Ag Az Az + 160A3A50;3 — 60A; Ay Ay Asa; — 604, Az Ay Asay
+ 7541 Ay Az Ay Asas — 60Ay A3 Ay Asay + 1604, Asa5 — 22656 Asa; + 300 Asad
— 7200 A203 + 26880 A2 + 288 A1 Ayais +288 A1 Azas — 16041 Ay Azas +288 Ay Asas
+ 288A; Ay — 16041 Ay Ayas + 288 A, Ay — 160A; Az Ayal + 604, Ay Az Ayais
— 16045 A3 A0 + 288A3 A4 + 288 A1 A5y — 16041 Ay Asay + 288 A5 Asai;
— 160A; Az Asais + 6041 Ay Az Asas — 16045 A3 Asas + 288 A3 Asais — 1604, Ay Asals
+ 604 Ay Ay Asaiy — 160A2 Ag Az + 60A; Az Ay Az + 60As A3 Ay Az
— 16043 A4 A5a + 288 A, A5y + 1290A203 — 108004203 — 48A; Ay Aszas;
— 48A, Ay Ayl — 48A Az Aol + 130A, Ay Az Aya — 48 Ax A3 Agal — 48A, Ay Asal
—48A A3 Asa; +130A, Ay AsAsas — 48 Ay A Asa; — 48 A1 Ay Asas +130A; Ay Ay Asas
— 48 A5 Ay Asal + 13041 As Ay Asas — THA Ay A3 Ay Asas + 13045 A3 A4 A5l
— 48A3A A5l + 1470 A3a3 — 90A; Ay Az Agas — 90A; Ay Az Asas — 904 Ay Ay Asas
— 90A; A3 Ay Asas — 10041 Ay A3 Ay Asais — 90Ax Az Ay Asas + 1TTA Ay A3 Ay As)
1
"~ 128a3(1 — as)

Ay (—5310A2a$ 4 300004205 — 576004205 + 19204,a5 — 14404, Ayaf

21-

Once again, our domain is

Al Z 5,142 24,143 237A4 Z 2, and A5 > 1.

1
Note also that we have ag € (0, 5] . We begin with

85A21
0A10A30A30A,0A5

1
= 97508 — 54005 + T5a5 — 7502 — 100as + 177 > 0, a3 € (0, 5} .
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Thus the partial derivative of Ay with respect to A, Ay, A3, A4, and Aj is positive and
minimized at As = 1.

= —87a% — 3002 + 15a2 + 60a3 + 5502 — 190 177 > 0.
DA, A,04,04, o Q3 as + loas + 60aj; + 9005 a3 +
We continue with,
(93A21
S = —36a% — 3002 — 300 + 2003 + 19202 — 47003 + 354 > 0.
0A10A20As | 4,y 4s_y 3 3 3 3 3 3

This is positive over our domain, so we know that the partial with respect to Ay, As, and
Ajs is positive. Furthermore,

A
21 = —2 (3605 + 1505 + 2503 + 60 — 34603 + 795a3 — 531) > 0, and
04104, A3=3,44=2,A5=1
A
21 = —4 (4508 + 2505 + 9203 — 7003 — 75503 + 172503 — 1062) > 0.
0A; As=4,A3=3,A4=2,A5=1

Finally, our minimum for Ay is
Agi|A,=5,40=4.A53=3,4,=2.4=1 = 53014205 — 531374a}
— 16028a; + 249000 + 631003 — 35190ax3 + 21240,

which is positive over our desired interval, completing this subcase, and thus completing
Case V. U

3.5. Case V. In this case, [ag] = 6, so we can plug v = 6 into the statement of Theorem
to get the following theorem, which we prove in this case:

Theorem 3.5. Let a; > a9 > as > a4 > as > ag > 1 be real numbers and let Py be the
T T x T x x
number of positive integral solutions of 2Bt 00 If Ps > 0 and
aq a9 as ay as Qg
5 < ag <6, then
6' PG S (a1 - ].)(CLQ — 1)(&3 - 1)(&4 — 1)((15 - 1)(@6 — 1) — 14905.

Proof. In this case, ag € (5, 6], so we have to consider five levels — x4 = 1, 6 = 2, x4 = 3,
re¢ = 4, and xg = 5. Since Py > 0, there must be solutions at the x4 = 1 level, so our five
subcases are:

Subcase V (a): Ps(xg =5) = Ps(v6 =4) = Ps(x¢ = 3) = Ps(z6 = 2) = 0.
Subcase V (b): Ps(x¢ =5) = Ps(xg =4) = Ps(x¢ = 3) =0, Ps(z¢ = 2) > 0.
Subcase V (c¢): Ps(z¢ =5) = Ps(x6¢ =4) =0, Ps(x6 = 3) > 0, Ps(x¢ = 2) > 0.
Subcase V (d): Ps(x¢ =5) =0, Ps(x¢ =4) > 0, Ps(x¢ =3) > 0, Ps(x¢ =2) > 0
Subcase V (e): Ps 0, Ps(zg =2) >0

=0 > >
(x6:5>>07P5('T6:4)>07P5(x6:3)>
)

3.5.1. Subcase V (a). We are guaranteed that (xy, z9, 3, x4, x5, 26) = (1,1,1,1,1,1) is a
solution to the inequality in Theorem [3.5 Thus, if

1 1 1 1 1 1

— bt —+—<1-—=q,

aq a9 as ay as Qe
then o € (%, %] because ag € (5,6]. For simplicity, let A; = a; -« for i =1, 2, 3, 4, and
5. This yields the new inequality

1+1+1+1+1<1
A DA, Ay A Ay T
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Just like in Subcase IV (a), we will now use the Yau Geometric Conjecture for n = 5,
proven in [I]. This gives us the bound

(5) 6! P56 =1) <6[(A —1)(As — 1)(A3 — 1)(As — 1)(A5 — 1) — ps([45])],

where ps is the function defined in ([1]). Note that since ps(v) is increasing for v > 4. Also,
since A5 = a5 - > % -5 =4, we note that [A5] > 5. Thus, we maximize the RHS of
by substituting ps(5) = 904 in for p5([ As|). Hence, we have

(6) 6! Ps(zg = 1) < 6[(A1 — 1)(A2 — 1)(As — 1)(Ay — 1)(A5 — 1) — 904].
As before, we take the difference obtained by subtracting the RHS of @ from the RHS
A; 1
of Theorem , substituting in a; = - and ag = T—o yielding

Aoy = 189480° — 189500 + 12a° A1 — 10a*A; — 12a° A1 Ay + 1204 A1 A,

5ot =
204(1 — )

— 203 A1 45 + 120° A1 Ay As — 120 A1 As A + 202 A1 Ay As — 120° A1 Ay As Ay

+ 120[4A1A2A3A4 — 2&A1A2A3A4 + 12015A1A2A3A4A5 — 120[4A1A2A3A4A5

+ 2A1A2A3A4A5 — 12@5A1A2A3A5 + 120[4141./42143145 — 20[141./42143145 + 120(5141142144

- 120{4A1A2A4 + 20{2A1A2A4 - 12Q5A1A2A4A5 + 12a4A1A2A4A5 - 2CMA1A2A4A5

+ 120&5A1A2A5 - ].20[4141142145 -+ 20(2141142145 - 12045141143 + 120&4141143 — 2063141143

+ 1205 A1 A5A4 — 1204 A1 A3 Ay + 202 A1 A3 Ay — 120° A1 A3 Ay As + 1204 A1 A3 AL As

— 20[A1A3A4A5 -+ 120&5A1A3A5 — 12014A1A3A5 + 20&2A1A3A5 — 12&5A1A4

+ 120" A1 Ay — 20° A1 Ay + 120° A1 Ay As — 1200 AL Ay As + 207 A1 AgAs — 120° A1 A

+120%A A5 — 20° A1 A5 4+ 120° Ay — 100t Ay — 120° A As + 1204 A Ay — 203 Ay A

+ 120&5A2A3A4 - 12044/42143144 + 20(2A2A3A4 - ].20[5142143144145 + ].20(4142143144145

— 200 A5 A3 Ay As + 120° As A3 As — 1204 A A3 As + 202 Ay A3 A — 120° Ay Ay

+ ]_2044142144 — 2043142144 + 120[5A2A4A5 — 12&4A2A4A5 + 20[2A2A4A5 - 12(1/5142145

+ 1201 Ay Ay — 203 Ay Ay + 120° A — 100t As — 120° A3 Ay + 1204 A3 Ay — 203 A5 Ay

+ 12&5A3A4A5 - 120[4143144145 + 2(12A3A4A5 - 12&5A3A5 + 12@4143/15 - 2@3A3A5

+120° Ay — 100" Ay — 120° Ay A5 + 120 Ay A5 — 20° Ay As + 120° A5 — 100 As)

1
= ———No3.
2041 —a) 2

We now proceed with the partial derivative test on Ass with o € (%, 2} and

«

)

Al 257142 247143 237144227 and A5 >

like in previous cases.

5
aAlaAjaj§%A4aA5 =120° - 120" +2>0, a€ (3]
Thus the partial derivative of Asg with respect to Ay, Ay, A3, A4, and Aj is positive and
minimized at As = a i
1—«a
84A23 . 2 (12056 — 180(5 + 6064 + 062) ~0
8A18A28A38A4 A5=ﬁ 11—« '
We continue with,
83A23 _ 2@4 (24@3 — 480./2 + 30 — 5) -0
0A10A20A3 Yy — (1—a)? '
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This is positive over our domain, so we know that the partial with respect to A;, As, and
Ajs is positive. Furthermore,

0? A3 20t (48t — 12002 + 10902 — 42 + 6)
—_— = 3 > 0, and
8A10A2 Ag=Ag=As=12 (1 - O_/)
0Ny 20" (960 — 287’ + 3360° — 1920 + 54a — 6) =0
0A, Ap=As=Ay=As=12 (1—a) .

We must now only test Agg at its minimum. We observe that if A5 >= 5, then we have

Aol ay=5,4p= Ag= s ag=—o = 2(5 — 6a)® (4340° + 2900 + 175 + 125)

11—«

which is positive over our desired interval. We must now only consider the minimum of
Ay3 when we have 4 < = < As < 5. We observe that since the partial differentiation

test told us that all the partial derivatives of Agg are positive, indicating that to minimize

1 4
Aos, we set Ay = A3 = Ay = A5 = x for some z € (4,5]. Thus, we have T <1—-—, or
x

1
that

Hence, we consider
Aoy = Agglai= 2 A= As=As=As=2

1
i (=75792a” + 758000 — 20x” + 22 + 48a’x* — 48a*z* + 8ozt — 192072

+ 192023 — 120223 — 200223 + 288a° 22 — 280022 + 40022 + 187680
—18800az) .

45
It can easily be numerically verified that Ayy > 0 over the interval x € (4,5),a € (S’ 6) ,
completing this subcase.

3.5.2. Subcase V (b). In this subcase, we know that Ps(xg = 2) > 0, implying that
(1,1,1,1,1,2) is a positive integral solution to the inequality in Theorem Thus, if

a1 a2 as Qyq Qs Qg

then oy € (%, %} because ag € (5, 6]. For simplicity, let A; = a; - a;y for i =1, 2, 3, 4, and
5. This yields the new inequality
1 n 1 . 1 . 1 n 1 <1
A DAy A Ay Ay T
Thus, by Theorem we have
— (A5 — 1)° + A5(As5 — 1) (A5 — 2)(A5 — 3) (45 — 4)]

and,
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1 1 1 1
A ) (4 ) (A ) (4,
2041 2&1 20&1 2&1
1 1 b 1
) (A ) (a0 ) (A ) (4
20[1 20./1 20./1
1 1 1 1
] +Oél_1 A5' —|—061_2 A5' +Oél_3 A5- +a1_4
20, 20 20 201

Because 6! Ps = 6! (Ps(z¢ = 1)+ P5(z¢ = 2)), as before, we take the difference obtained
by subtractithe sums of the right hand sides of the above inequalities from the RHS
3

of Theorem (3.5, substituting in a; = —i, yielding
aq

1
a 1603 (1 — aq)
+ 1444508 — 1204, Azal + 108 A1 Ay Aza® — 120A5Aza$ + 144 A3a8 — 1204, Ayal
+ 108A; Ay Agal — 12045 A4a5 + 108A; A3 Agas — 1024, Ay A3 AgaS + 108 Ay Az Aya$
— 120A34,a5 + 1444408 — 1204, Asa + 1084, Ay Asal — 12045 A5a$
+ 108A; A3 Asa — 1024, Ay A3 Asa$ + 108 A2 A3 Asal — 120A3A5aS + 108A; Ay Asa$
— 1024, A3 Ay Asab + 10843 Ay Asal — 102A, A3 Ay Asal + 99A, Ay A3 Ay Asa$
—10245A3A4A5a8 + 108 A3A4A5as — 1204, A5a8 + 2880 A5a8 + 23846448
+ 390A3a; — 1800A%a? + 28804245 — 80A a] + 724, Asa’ — 80Aa5 + 724, Asal
— 1241 Ay Asa® + T2A2Asa’ — 80Asa’ + T2A, Agal — T2A, Ay Agal + 7245 A4a]
—T2A, A3 Ayal + T8 A Ay A3 Aya’ — T2A5 A3 Aya’ + T2A3A4a° — 80A,a’ + T2A, Asa’
— T2A1 AsAsa’ + T2A5Asa’ — T2A, A3 Asa’ + T8A1 Ay AsAsa’ — T2A5AsAsal
+ T2A3A505 — T2A1 Ay Asal + T8 A1 Ay Ay Asal — T2A, A Asal + T8 A A3 Ay Asal
— 84A, Ay A3 Ay Asal + T8 Ay Az AyAsa’ — T2A3A4Asa’ + T2A4Asa’ — 1904 Asa}
— 2384964} — 60Aza; + 960A%a} — 32A,a] + 8A; Ayat — 32A5a] + 8A, Asal
+ 814214361l — 32A3a] + 8A  Ayal + 8142144a‘1l — 124, Ay A3 Aga + 8A3A,a]
— 32A4a7] + 8A 1 Asa] + 8A3A5a] — 124, Ay AsAsat + 8AsAsal — 12A, Ay Ay Asa]
— 12A1 A3 A4 Asal + 15A1 Ay As Ay Asa} — 12A5 A3 A Asa] + 8ALAsa] — 944 Asaf
+ 604303 — 600A%a3 + 960A2a> + 8A; Asa’ + 8A 1 Aza’ — 8A;1 Ay Asal + 8AyAsa}
+ 841 A4a} — 8A 1 Ay Aya® + 8AyAyal — 8A AsAyal + 124, Ay Az Agal — 8A3 Az Ayal
+ 8A34,40% + 8A 1 Asa? — 8A1 Ay Asal + 8AyAsa’ — 8A 1 AsAsa® + 12A, Ay AsAsa?
— 8AyA3Asa3 + 8A3Asa3 — 8A AyAsad + 12A, Ay AyAsad — 8A3 Ay Asad
+ 124, A3 A4 Asal + 1245 A3 Ay Asa? — 8A3 Ay Asal + 84, Asal + 90A3aT — 300A%a3
+ 4A1 Ay Asal + 4A1 Ay Ayl 4+ 4A1 AsAgal 4 2A1 Ay AsAya? + 445 A3 Aya?
+4A1 Ay Asal 4+ 4A1 A Asa? 4 2A1 Ay AsAsa? + 445 AsAsa® + 44 AyAsa?
+2A1 Ag Ay Asa? +4Ay Ay Asa? +2A, A3 Ay Asa? — 154, Ay As Ay Asa® +2 A, As Ay Asa?
+ 4A3A4A5a7 + 30A3a; — 1041 Ag Az Aya; — 1041 Ay A3 Asar — 104 Ay Ay Asay
— 1041 A3 Ay Asay + 4A1 Ay A3 Ay Asaq — 1045 Az Ay Asaq + 1341 Ay A3 Ay As)
1
B 16a5(1 — ay)

25 (—510A3a$ + 27004345 — 4800A43a$ + 144A;af — 1204, Ayaf

26-
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We now proceed with the partial derivative test on Asg with aq € (%, %} and

20(1

Al 257142 247143237144227 and A5 > 1

7

like in previous cases.

0 Nog
= 9908 — 84af + 15af — 1507 +4a; + 13 >0 2],
DA, DA, 04, 0A, 04, )01~ Srar T dbag = loay + Sag o€ (33]
Thus the partial derivative of Asg with respect to Ay, As, Az, A4, and Ajs is positive and
2
minimized at As = i
1-— (051
64A26 _ 4oy (750&? — 87@? -+ 300/11 — 6041;’ — 504% + 5o + 4) >0
8A18A28A38A4 A5:127A 1—oy )
We continue with,
9 A _ 1607 (570f — 840f +420f —11af + 3 +1) _
OA10A20A3 | 4, _ g 200 B (1—ay)? :

l1—aq

This is positive over our domain, so we know that the partial with respect to A;, As, and
Ajs is positive. Furthermore,

0N 1603 (17408 — 312023 + 20507 — 6803 + 1202 + 4oy + 1)
— = 3 > 0, and
6A18A2 Az=Ay=As= 1201 (1 - al)
oL
A 1607 (53408 — 11330} + 929a1 — 38643 + 880 — oy + 1) -
OAY | gympymaymay= 221 (1 —an)* '

l1—aq
We must now only test Asg at its minimum. We observe that if A5 >= 3.9, then we
have
Aog| A, =5, 49=1.As= A= As=3.0 = 246714a8 — 24522247 — 1692.76a]

+ 5984.03a% — 9061.53a7 — 2778.87a; + 15422.9,

which is positive over our desired interval. We must now only consider the minimum of
Ays when we have 3 < % < A5 < 3.9.
If A5 < 3.9, we have

I SRS SRS G
A Ay As 0 Ay T 39

39 39
which must have positive integral solutions. Thus, A; > 4 - 29 and Ay > 3 - 29’ with
Az > Ay > A; > 24 > 3 still true from before, and A5 < 3.9 by assumption.

l—-a1 —
With these new bounds on Aj, Ay, A3, Ay, and As, we can use the Yau Geometric

Conjecture for n = 5 to bound Ps = Ps(z¢ = 1) + Ps(z¢ = 2), like in Subcase V (a).
Thus, we get

6! Ps5(z6 =2) <6[(A1 —1)(Az — 1)(A3 — 1)(As — 1)(A5 — 1) — ps([As5])]

1 1 1
6P, (6 —=1)<6|[ A - +a1_1 A, - —I—cn_1 As - +a1_1
20 200 200

A4.1+061_1 A5'1+061_1 — s A5.1+C¥1 .
20 201 201
33
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9 1
Note that [Aj] = - oqa = 4,50 p5([As5]) = ps(4) = 243. Similarly, [Ag, : ;06041—‘

2 1 1 1
[ M +Oél_‘ = [ —|—0¢1-‘ = 5, S0 ps (’VA5' +a1-‘> = ps(5) = 904. Hence, our

1-— (03] 20{1 1-— aq 20[1
bounds are actually

6! Ps(zs = 2) < 6[(Ar — 1)(A2 — 1)(As — 1)(Ag — 1)(A45 — 1) — 243],

and,

1
6!P5(x6:1)§6[(A1-1+a1—1) (AQ- +O‘1—1> (A3-1+O‘1—1)

20, 204 20

1
A e (o e ) gy
26(1 20&1

Because 6! Ps = 6! (Ps(z¢ = 1)+ P5(z¢ = 2)), as before, we take the difference obtained

by subtracting the sums of the right hand sides of the above inequalities from the RHS
A

of Theorem , substituting in a; = —, yielding
aq
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Agyr = (—510A350a5 + 27004305 — 48004208 + 144A;af — 1204, Ayl

1602(1 — ay)
+ 1444505 — 1204, Az3aS + 108 A, A3 A3al — 12045 A308 + 144 A305 — 1204, Ay
+ 1084, Ay 408 — 120454400 +1084; Az A48 — 10241 Ay Az Ayal + 10845 A34,08
— 120434408 + 1444408 — 120A, A5a8 + 1084, Ay A5l — 120454507
1+ 108A; A3 A5 — 1024, Ay A3 A58 + 108 A5 A3 A0S — 120 A3 A505 4+ 108 A, Ay A5
— 1024, Ay A4 A58 4+ 1084544 A5a8 — 102A, A3 Ay Asa + 994, Ay As Ay Asal
— 102A4,A3A4A508 + 108 A3 4, A505 — 12044 A58 + 28804508 + 23846408
4+ 390A%0a5 — 1800A43a° + 28804205 — 804,07 + T2A, Asa’ — 80408 + 72A, Aza’
— 724, Ay Azal + T2A2A30° — 80A3a’ + T2A, Ay’ — T2A1 Ay Aya + T2A5 A48
— T2A1A3A405 + T8A Ay As Ayl — T2A5A3A405 + T2A3A,05 — 80A4a3
+ T2A1 A — T2A1 Ay Asal + T2A5A505 — T2A1 A3 Asal + T8 A1 Ay Az Asal
— T2AA3A505 + T2A3A505 — T2A1 Ay Asal + T8A1 Ay Ay Asal) — T2A5 A4 A5
+ T8A1 A3 A A5’ — 844, Ay As Ay A5l + T8 A3 As Ay Asa — T2A3 A4 Asa8
+ 724, A505 — 1904 A505 — 23849605 — 60Asa; + 960A2a; — 324,07 + 8A; Asaf
— 324507 + 841 Asa] + 84y A3a] — 324307 + 8A; Aya] + 8A3A4a]
— 124, Ay AsAgat + 8As Aol — 3244071 + 8A  Asat + 8AyAsa] — 12A1 Ay AsAsalt
+ 8A3Asa] — 124, Ay Ay Asat — 12A, A3 Ay Asal] + 15A, Ay As Ay Asalf
— 1245 A3 A4, Asa7 + 8AsAsaf — 944 A5a7 + 6043075 — 600420 + 960A2a’
+ 841 Ay} + 8A 1 Asal — 8A Ay Asa’ + 8Ay Azl + 8A Ayl — 8A Ay Ayl
+ 8A45A407 — 8A Az Ayal + 1241 As Az Ayl — 8Ax Az Ayl + 8As A + 8A Asal
— 8A1 Ay A5 + 8AsA5a8 — 8A 1 AsAsad + 12A1 Ay AsAsa® — 8Ay AgAsa
+ 8A3A508 — 8A A A5a8 + 12A1 Ay A A5l — 8AL A A5 + 124, A3 Ay Asal
+ 1245 A3 A, As0 — 8A3 A A5 + 8A,A5a8 4+ 904502 — 300A%02 + 4A, Ay Asa?
+ 4A1 Ay Agad + 4A1 AsAgad + 2A1 Ay A3 Ay + 4Ay As Ayl + 4A Ay A
+ 4A A3 As0? 4 2A1 Ay As A5 + 4A3 A3 Asa? + 4A Ay Asa? + 2A1 Ay Ay Asal
+ 4A A A5Q7 + 2A1 A3 Ay Asad — 15A1 Ay A3 Ay Asa® 4 2A5 A3 Ay Asal
+4A3A,A50% + 30A%0; — 104, Ay AsAgery — 1041 Ay AsAsay — 104, Ay Ay Asan
— 10A; A3 Ay Asay + 441 Ay Ag Ay Ason — 1045 A3 Ay Ason + 1341 Ar A3 Ay As)

1
" 16a3(1 — o)
We note that Asg and Ayg are defined similarly, with their only difference being an «;
polynomial that is subtracted. Since Agg — Agg is a function of ay only, all the partial

derivatives have already been shown positive. Hence, we only need to deal with showing
that the minimum value of Asg is non-negative. We note that

AQS.

20&1

6 5
A28|A1=4-%,A2=3-%,A32A4=%,A5: 27 — m (43835559&1 - 95014566&1

1—aq

+ 488380160 — 1306940 4 24630730F — 437892c; — 1788696) ,

3 2 7
which is non-negative for oy € <5, 51 . Thus, we need only consider when A4 < 3 This

leaves us with,

1+1+1<1 10 2 125
Ay Ay Ay T 39 7 273’
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273 273
which must have positive integral solutions, implying that A; > 3- o5 and Ay > 2. —

125°
Thus, Ao is minimized at
1603

AQ 273 273 2a =
tlama s Bt et o 15625(c; — 1)3

+ 6904593300} — 4793684180 + 121590162c; — 1618071 — 447174) ,

(7599047405 — 4112810870

which is zero over our desired interval, completing this subcase.
3.5.3. Subcase V (c). In this subcase, we know that Ps(xg = 3) > 0, implying that
(1,1,1,1,1, 3) is a positive integral solution to the inequality in Theorem Thus, if

1 1 1 1 1 3

— b=+ — <1 =y,

ay a2 a4z a4 Gs ag

then ay € (%, %} because ag € (5, 6]. For simplicity, let A; = a; - ag for i = 1, 2, 3, 4, and
5. This yields the new inequality

Thus, by Theorem we have
6! Ps(ag = 3) <6 [(A1 — 1)(Ay — 1)(A3 — 1)(As = 1)(A5 — 1)
— (A5 — 1)° + A5(As — 1) (A5 — 2)(As — 3)(A5 — 4)] ;

142 142 142
A0 ) (g, 22 ) (g, 0
3oy 3arn 3arp
1+2 1+2 1+2 >
Ay —202 ) (A 22 ) (a2
3@2 30(2 3@2

142 142 142
T P Y P R N P R
3oy 3ay 3
142 142
Ag. 202 g\ (4 10202 )
3oy 3y

as well as

and

Because 6! Py = 6! (P5(xg = 1)+ Ps(xg = 2)+ Ps(16 = 3)), if we let Ayg be the difference
obtained by subtractithe sum of the right hand sides of the above inequalities from

A
the RHS of Theorem and substituting in a; = —, then we merely have to apply the
(%)
partial differentiation test for the expression
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Agy = (—980A43a5 + 5400A3a8 — 100804205 + 324405 — 2524, Ayal

27a3(1 — )
+ 3244505 — 25241 Asal + 216 A1 Ay Azl — 25245 Asal + 324 Asal — 2524, Ay
+ 2164, Ay Ay — 252 A5 A408 + 216 A, Az Ayas — 196 A1 Ay As Ayal +216 A5 A3 A 408
— 252A3 4,05 + 3244405 — 252A; Asal + 2164, Ay Asal — 252 A5 Asa
+216A; Az AsaS — 1964, Ay Az AsaS + 216 A3 A3 Asal — 252 A3 Asa5 4+ 216 A1 Ay A5
— 1964, A3 A4 A505 4 216 A3 A4 A5a8 — 196 A1 As A Asal + 184A, Ay A3 Ay Asal

— 19645 A3 A, Asas + 216 A3 A, A505 — 2524, A0S + 6480 A5a5 + 40240805

+ 580 A3 — 2700A3a5 4 43204205 — 1354105 4+ 1084, Ayal — 1354505

+ 1084, Azaly — 108A; Ay Az + 108 A2 Az — 135A305 + 1084, Asa)

— 1084, Ay Ay + 108 A Agay — 1084, Az Ayaly + 1164, Ay A3 Ayl — 108 A3 A3 Ay
+ 108 A3A,05 — 135A405 + 108A; Asah — 108A; Ay Asal + 108 A, Asas

— 1084, A3 Asay + 116 A1 Ay Az Asa) — 108 A3 Az Asaly + 108 A3 Asay — 1084, Ay Asa)
+ 11641 Ay Ay Al — 108 Ay Ay Asaly + 116 A1 Az Ay Asaly — 124 A, Ay Az Ay Asa
+116 A3 A3 A4 Asas — 108 Az Ay Asal + 108 Ay Asay — 3213 Asay — 40248905 — 80 Az a;
+2160A205 — 108 A 05 +27A; Agaiy — 108 Agary +27A; Azaiy + 27 Ay Azay — 108A3a3
+ 27TA 1 Agay + 2T Ay Agaiy — 16A1 Ay Az Ayay + 2TAsAyay — 108 Ay + 27 A Asary
+ 27 Ay Asay — 16A1 Ay A Asaiy + 2T AsAsaly — 16 A1 Ay Ay Asay — 16 A1 A3 Ay Asal;
+ 2041 Ay Az Ay Ay — 164 A3 Ay Asaiy + 27T Ay Asaly — 3186 A5, + S0Azas

— 13504303 + 36004205 + 36 A, Asal + 36 A, Asals — 27TA; Ay Asals + 36A2A3a§’

+ 36A; Ay — 27TA Ay Ayas + 36 A Agais — 27TA Az Agaiy + 16 A, Ay Az Ayl

— 2T Ay Az Ayais + 36 A3 A 05 + 36 A Asais — 2TA Ay Asas + 36 Ax Asas

— 2TA A3 Asais + 16 A1 Ay Az Asais — 2T Ay Az Asais + 36 A3 Asais — 27A; Ay Asais
+16A; Ay Ay Asal — 2T Ay AyAsal + 16A1 As A Asals + 16 A3 As Ay Asas

— 2TA3 Ay Asais + 36 A4 Asais + 230A505 — 13504203 + 194, Ay Az Ayl

+ 194, Ay Az Asad + 19A, As Ay Asad + 19A, As Ay Asa — 204, Ay As Ay Asai
+19A45 A3 A4 Asa + 170 A — 20A; Ay As Ayary — 2041 Ay A Asay — 20 A1 Ay Ay As
— 204, Ag Ay Asay — 1141 Ay As Ay Ay — 20A9 A Ay Asiy + 32A1 Ay As Ay As)

1
L A
2703(1 — ) "

Our domain is

Ay >5,A,>4,A3 >3, A4 > A5 > Sa

_a2.

21
Note also that we have ay € (5 2} We begin with

0 Ao 21
=184 124 2005 — 2005 — 11 32 >0, .
DA, O, 0 0, 04, — (3403 — 12405 + 2003 — 2005 — 1la +32> 0, az € <5 2}

Thus the partial derivative of Asy with respect to Ay, Ay, A3, A4, and Aj is positive and
minimized at As = 1.
0A10A20A30A,

= —12a§ — 8aj + 4aj + 1605 — a3 — 3lag + 32 > 0.
As=1
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We continue with,

A 04,04, = —4a§ — 8a5 — 8ai + 2103 + 1703 — 82y + 64 > 0.

Ag=2,A5=1

This is positive over our domain, so we know that the partial with respect to A;, As, and
Ajs is positive. Furthermore,

O*A
=0 — —8a$ — 8a3 — 2904 + 5003 4 8902 — 2860, + 192 > 0, and
04104, A3=3,A44=2 A5=1
OA
— = —20a5 — 11aj — 158a; + 21503 + 47003 — 1264a, + 768 > 0.
0A; Ao=4,A3=3 A4=2,A5=1

Finally, our minimum for Asq is

903 7 6
Banl syt 415 222 = T8 (1515605 — 17194905

+ 27249303 — 1826730 + 4409903 + 97205 + 1152a, — 1120)

which is positive over our desired interval, completing this subcase.

3.5.4. Subcase V (d). In this subcase, we know that Ps(z¢ = 4) > 0, implying that
(1,1,1,1,1,4) is a positive integral solution to the inequality in Theorem Thus, if

then az € (%, %} because ag € (5, 6]. For simplicity, let A; = a; - a3 for i = 1, 2, 3, 4, and

5. This yields the new inequality

1+1+1+1+1<1
A Ay Ay Ay A T

Thus, by Theorem we have
6! Ps(wg = 4) <6 [(Ar — 1)(Ay — 1)(A3 — 1)(As — 1)(A5 — 1)
— (A5 —1)° + A5(A5 — 1)(A5 — 2)(A45 — 3)(45 — 4)]

143 1+3 143
Ay =28 ) (4 T2 ) (4 2Ty
40(3 40[3 40[3
143 1+3 143 >
Ap =229 ) (A 22 ) (4 — 0%y
40&3 4043 4053
1+3 1+3 143
T P Y P R Y P
dog 4o da

1 1
A5' +3(13_3 A5' +3043_4 ’
40[3 40(3
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as well as

6! P5 (26 = 3) < 6




and

40./3

242 242 242
Ay 2 ) (4, 22 ) (4 2T
40[3 40[3

242 242 242 5
A 22 ) (4 22 ) (4 2y
40[3 40(3 40[3

242 2+2 242
+ A5' + 203 Ag,' —|—063_1 A5- +063_2
4dovg 4o da
242 242
40&3 4043

and

A1‘3+043_1 A2.3+CY3_1 A3‘3+043_1 A4.3+C¥3
40&3 4@3

40&3 40(3

5
1 A5'3+043_1 _ A5'3+Oé3_1 4 A5'3—|—&3
4043 40[3

40[3

A5.3+Oé3_1 A5.3—|—Oé3_2 A5‘3+C¥3_3 A5.3+a3_4 '
40&3 40(3 4053

40&3

Because 6! Py = 6! (Ps(zg = 1) + Ps(xg = 2) + Ps(xg = 3) + Ps(xg = 4)), if we let Ay
be the difference obtained by subtractithe sum of the right hand sides of the above
3

inequalities from the RHS of Theorem |3.4] and substituting in a; = —i, then we merely

as
have to apply the partial differentiation test for the expression
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Az =

128a3(1 — a3) (

12803 (1 — a3)

L —5310A2a5 + 30000435 — 57600A2aS + 19204, a5 — 14404, Aya§
+ 19204505 — 14404, Azaf + 12004, Ay Azal — 1440 A5 Aza5 + 19204305
— 1440 A, Aga§ + 12004, Ay Agal — 144045 A408 + 12004, A3 Ayl
— 10624, Ay Az Asal + 120043 A3 Asas — 1440 A3 4,05 4+ 1920A405 — 14404, Asal
+ 12004, Ay Asal — 1440 A5 Asaf + 12004, A Asal — 10624, Ay Az Asal
+ 120045 A3 As05 — 1440 A3 A5l + 12004, AgAsal — 10624, Ay Ay Asal
+ 1200424, A505 — 1062A; A3 Ay Asal + 97541 Ag A3 Ay Asal — 106243 A3 Ay Asal§
+1200A3 A4 As0 — 1440 A, A5aS + 38400 Asa5 + 190771205 + 2550 A2 — 12000 AZa
+ 19200A205 — 640A,a5 + 480A; Ayaj — 640A505 + 480A; Azal) — 480A; Ay Azal
+ 480A5A305 — 6404305 + 480A; Ayaf — 480A; Ay Ayal + 48045440
— 4804, A3 A0l + 510A; Ay Az Ayl — 480 A5 A3 Agaly + 480 A3 A4a — 640A,05
+ 480A; A5l — 48041 Ay A5 + 480 A A5y — 480A; A3 Asaly + 510A, Ay Az A5
— 480 A A3 A5 + 480 A3 Asaf — 480 A, Ay Asal + 5104, Ay Ay Asa — 480 A5 Ay Asal
+ 5104, A3 A4 A0 — 5404, Ay A3 Ay Al + 51045 A3 A4 Asaly — 480 A3 A, Asal
+ 4804, A5 — 152324505 — 190822405 — 300A43a; + 11520A%a3 — 7684, a;
+ 160A; Ay — 768 Asais + 160A; Aza + 160 A Az — 768 Azas + 1604, Asas
+ 16045 Aga; — 604, Ay Az Ayaiy + 160A3A40;5 — 768 A3 + 1604, Asas
+ 16045 As03 — 604, Ay Az Asas + 160A3A505 — 60A; Ay Ay Asas — 604, Az Ay Asas
+ 7541 Ay As Ay Asas — 60Ay A3 Ay Asas + 16044 A5 — 22656 Asas + 300 A2
—T200A3 03 + 26880 A2a; + 288 A1 Apary + 288 A1 Asas — 160 A, Ay Az + 288 Ay Asais
+ 288A; Ay — 160A; Ay Ayl + 288 A3 As0i — 160A; A3 Ayl + 604, Ay Az Ayar;
— 160A, A3 Agay + 288 A3 A0 + 288 A, Asas — 160A; Ay Az + 288 A, 450
— 1604, Az Asais 4+ 60A; Ay Az Asaiy — 160 A, A3 Asas + 288 A3 Asa — 160A; Ay Asars
+ 60A; Ay Ay Asaly — 16043 A, Asary + 60A; A3 Ay Asary + 60A2 A3 Ay Az
— 16043 A4 A503 + 288 A, A5 + 1290A203 — 108004305 — 48 A1 Ay Asa;
— 48A, Ay Ay — 48A A3 Ayal + 130A, Ay Az Agal — 48Ax A3 Agal — 48A, Ay Asa
—48A1 A3 Asa;+130A; Ay Az Asa; — 48 Ay A3 Asa; — 48 Ay Ay Asas + 1304, Ay Ay Asa;
— 48Ay Ay A5l + 13041 A3 Ay Asal — T5A1 Ay A3 Ay Asa + 13045 A3 A4 Asa
— 48 A3 Ay Asai + 1470 A3 — 90A; Ay Az Ayas — 90A; Ay Az Asais — 90A; Ay Ay Asas
— 90A; A3 Ay Asay — 10041 Ay Az Ay Az — 9042 A3 Ay Asoy + 17T A Ay A3 Ay As)

1

A32.

Our domain is

A1 >5,A, >4, A3>3,A,>2, and A5 > 1.

11
Note also that we have ag € (— —] . We begin with

53
85A32

0A1 0A30A30A,0A;5

11
= 97508 — 54003 + 75a3 — 7502 — 10003 + 177 > 0, a3 € (g’ g} .

Thus the partial derivative of Asy with respect to Ay, Ay, A3, A4, and Aj is positive and
minimized at As = 1.

64A32

0A10A20A30A,

= —87a§ — 3003 + 1503 + 6003 + 5503 — 190a3 + 177 > 0.
As=1
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We continue with,

83A32

0A10A20A, = —3604 — 3003 — 3003 + 2003 + 192a3 — 47003 + 354 > 0.

Ag=2,A5=1

This is positive over our domain, so we know that the partial with respect to A;, As, and
Ajz is positive. Furthermore,

A
> = —2(36a5 + 1503 + 2503 + 603 — 34603 + 79503 — 531) > 0, and
0A104, A3=3,4,=2,A5=1
A
2 = —4 (4505 + 2505 + 9203 — T0a3 — 7550 + 172503 — 1062) > 0.
04, Ao=4,A3=3 A4=2 As=1

Finally, our minimum for Ags is

Aso|ay—5,45-4,45—3,A4=2,45—1 = 2 (95684Ta§ — 9574630
— 8014aj + 1245003 + 315503 — 175955 + 10620)

which is positive over our desired interval, completing this subcase.

3.5.5. Subcase V (e). In this subcase, we know that Ps(x¢ = 5) > 0, implying that
(1,1,1,1,1,5) is a positive integral solution to the inequality in Theorem [3.5| Thus, if

then ay € (O, %} because ag € (5, 6]. For simplicity, let A; = a; - ay for i = 1, 2, 3, 4, and
5. This yields the new inequality

1_'_1_1_1_1_1_'_1<1
Al A2 A3 A4 A5_.

Thus, by Theorem we have
6! Ps(xg =5) < 6 (A — 1)(As — 1)(A3 — 1)(As — 1)(A5 — 1)
— (A5 —1)° + A5(A5 — 1)(A45 — 2)(A45 — 3)(45 — 4)]

as well as




and

and
3+2 2 2
61 Ps (26 = 2) < 6 (A1 oo ) <A2-3+ 0‘4—1) (A3 5+ 0‘4—1)
Oy 50&4 Oy
(A4 3+2()[4_1) (A5 3+2C¥4_1>_(A5 3+2()[4_1)
g 50(4 g
3+2 2 2
A5 + 2oy A5-3+ 064_1 A5 3+ CY4_2
By 5Ye 71 Oy
2
A5 3+ Oé4_3 A5.3+2Oé4_4 ’
50&4 5054
and finally,

5
1 A5.4+OC4_1 _ A5‘4+Oé4_1 4 A5.4+Oé4
Yo Sory D0y
4 4 4 4
P N 0 7R ) Y e
5T Dy Dy d0uy

Because 6! Py = 6! (Ps(z6 = 1) + Ps(x6 = 2) + Ps(x¢ = 3) + Ps(z6 = 4) + Ps(x6 = b)),
if we let Ass be the difference obtained by subtrac the sum of the right hand sides of

the above inequalities from the RHS of Theorem [3.5| and substituting in a; = —i, then

Oy
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we merely have to apply the partial differentiation test for the expression
1

312505(1 — ay)

— 41250 A, Ay + 56250 A0S — 412504, Azal + 337504, Ay Azal — 412504, Asa

+ 562504308 — 4125041 Ayal + 337504, Ay Ayaf — 4125045 4,0

+ 337504, Az Asaf — 293704, Ay Az Ajaf + 3375045 A3 A0 — 41250 A3 4,05

+ 562504405 — 412504, Asal + 337504, Ay A5l — 4125045 A58

+ 337504, Az Asaf — 29370A; Ay Az Asal) + 3375045 A3 A0 — 41250A3A505

+ 337504, Ay Asal — 29370A; Ay Ay Asal + 33750 A4, Asal — 293704, Az Ay Asal

+ 265504, Ay A3 Ay Asal — 29370A, A3 Ay Asal) + 33750A3A4A5a2 41250A4A5a2
+ 11250004508 + 4657500005 + 59250 A5 — 2812504307 + 450000420

— 15625405 + 112504, Ay — 156254507 + 112504, Aza) — 11250141,42,43044

+ 11250 A5 Aza] — 15625 A3 + 11250A; Ay — 112504, Ay Ayaly + 1125045 A40]

— 112504, Ag A0l + 118504, Ay As Ay — 1125045 A3 Asal + 1125045440

— 15625440 + 112504, Asa — 112504, Ay Asaly + 1125045 450

— 112504, AsAsal + 118504, Ay Az Asal — 1125045 A3 As0 + 11250 A3 4505

— 112504, A4 Asaf) + 118504, Ay Ay Asay — 1125045 A4 Asaf} + 118504, A3 Ay Asal)

— 124504, Ay A3 Ay Asa 4+ 11850 A A5 Ay Asal — 11250A3A4As05 4 11250 A, Asar

— 371875 A50) — 46590625 — 6000 A5ar; + 300000 A2a; — 25000 A v +4375 A, Asar

— 25000 As0; + 4375A; Asa + 4375 A3 Asaf — 25000 Asa; + 43754, Ay

+ 4375 Ay Aga; — 12004, Ay Az Ayarf + 4375 A3 Aga — 25000440 + 4375A, Asals

+ 43754, Asa) — 1200A; Ay Az Asary + 4375 A3 A5 — 12004, Ay Ay Asal}

— 12004, A3 Ay Asay + 15004, Ay Az Ay Asaly — 1200A3 A5 Ay Asaly + 4375 A4 Asar)

— 737500 A50; + 6000A20 — 18750043 + 900000 A2 + 100004, Agar}

+10000A; Azl —4375A; Ay Aza’s + 10000 A5 Az + 10000 A; Ayas — 43754, Ay Aol

+ 1000045 A0 — 4375A; Az Ay} + 12004, Ay Az Ay — 4375 A, Az Agar

+10000A3 Ag0r} +10000A; A5y — 4375 A, Ay Asa + 10000 Az Az} — 4375 A, Az A

+ 12004, Ay Az Asa’s — 4375 A5 A3 Asa’s + 1000043 A5 — 4375A, Ay Asas

+ 12004, Ay Ay Asall — 4375 A5 A4 Asas + 1200A; Az Ay Asars + 120045 A3 4, A5

— 4375 A3 A4 Asa} + 100004, Asas + 345004505 — 3750004305 — 25004, Ay Azar)

— 25004, Ay Ayl — 25004, Az Ayal + 377541 Ay AsAgal — 250045 A3 Ayl

— 25004, Ay Asa — 25004, Az Asal + 3775A; Ay AsAsad — 250045 A3 Asa)

— 250041 Ay Asad + 37754, Ay Ay Asaf — 2500A3 A4 Asa] + 3TT5A As Ay Asal

— 15004, Ay Az Ay Asal + 377545 A3 A4 Al — 2500A3 A4 Asal + 53100 A3y

— 18804, Ay AsAyay — 1880A; Ay Az Ascry — 18804, Ay AyAscy — 1880A, A3 Ay Asay

— 31754, Ay A3 Ay Asoy — 188045 A3 Ay Asay + 4T00A; Ay A3 Ay As)

A34.

Asz = (—146850A3a8 + 843750 A28 — 16500004208 + 56250405

1
©312503(1 — ay)

Our domain is

Al > 5,A2 24,143 23,144 > 2, and A5 > 1.
43



1
Note also that we have ay € (O, 6] . We begin with

85A34
0A, 0Ay0A30A,0A;5

1
= 25 (10620 — 498a/] 4 600y — 60a] — 127y + 188) > 0, ay € (0, 6}‘
Thus the partial derivative of As, with respect to Ay, Ay, A3, A4, and Aj is positive and
minimized at As = 1.

0A10A20A30A,

= —5 (564a§ + 1200 — 60y — 2400} — 45505 + 1011ay — 940) > 0.
As=1

We continue with,

83A34

A0 A0 A, = —5 (252a§ + 1200} + 1200 + 15507 — 11650 + 2398a — 1880) > 0.

Ag=2,A5=1

This is positive over our domain, so we know that the partial with respect to A;, As, and
Ajz is positive. Furthermore,

A
2 = —5 (50405 + 12003 — 3504 + 61002 — 350502 + 79460, — 5640) > 0,
04104, A3=3,44=2,A5=1
and
A f
e = —25 (25208 + 1270} + 210a] — 27507 — 261002 + 6808y — 4512) > 0.
04, Ao=4,A3=3 A4=2,A5=1

Finally, our minimum for Agy is
Asa|a,=5,45-4,45-3,44=2,45—1 = D (93521040 — 93550700
— 1140850¢; + 182585 — 9730a; — 168604cvs + 112800) ,

which is positive over our desired interval, completing this subcase, and concluding Case
V. 0

3.6. Case VI. In this case, we are trying to prove:

Theorem 3.6. Let a1 > ay > az > a4 > as > ag > 6 be real numbers and let Py be

x x x x x x
the number of positive integral solutions of A2 B 500 Define
a as as a as Qg

4
= (ag —1)(ag — 1)(az — 1)(ag — 1)(as — 1)(ag — 1). If Ps > 0, then
6! Ps < pu— (14 114v — 2590% + 2050° — 700" + 90°)|ymag—pr1,

where v = [ag| and B is the fractional part of ag. Note that the fractional part 5 of ag is
ag ag Qg Q a

one of —6, —6, —6, —6, or 2. FEquality holds if and only if a1 = as = a3 = a4 = a5 = ag €
a; Qs Az Qa4 as

Proof. Before we begin the proof, it will be beneficial to explicitly write out the sharp
GLY Conjecture for n = 6, which was proven in [17].
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Theorem 3.7 (Sharp GLY Conjecture for n = 6). Let a; > as > a3 > ay > a5 > ag >=5
be real numbers. Then,

5
720Fs < ajasasasasag — §(a1a2a3a4a5 + a1a00304a6 + Q102030506 + Q102040506

+ a10a3a4050¢ —I— a2a3a4a5a6) — 24(@1 —|— a9 —I— as + ay + a5)

137
+ ?(alag + aias +aja4 + a10s + ao0s3 + QA204 + Ao0s + a3y + asas + a4a5)

45
- ?(a1a2a3 + a1a2a4 + a10265 + a1a304 + 10305 + G10405 + A20304 + A2G305

+ asagas + azagas) + 17(ayazasay + ayazasas + ajasagas + ajazagas + asazagas).

Equality holds if and only if ay = as = a3 = a4 = a5 =ag € Z.

To prove Theorem [3.6], we want to show that the RHS of its inequality is greater than
the RHS of the inequality in Theorem [3.7] Taking their difference and substituting in

A; = % for i = 1,2, 3, 4, and 5, we get
Gg

1
A35 = E (15A1A2A3A4A5CL2 + 15A1A2A3A4a2 — 160A1A2A3A40Jé + 15A1A2A3A5CL2

— 1604, Ay Az Asag + 10A; Ay Azag + 215A, As Azal + 154, Ay Ay Asal

— 1604, Ay Ay Asag + 104, Ay Agag + 2154, Ay Agay + 10A; Ax Asag + 215A, Ax Asal
— 104, Agay — 2644, Ayal + 154, Az Ay Asal — 1604, As Ay Asag + 104, Az Ayal

+ 2154, Az Agal + 10A, Az Asag + 215A, As Asai — 104, Asay — 2644, Asa?

+10A4; AyAsag +215A, Ay Asag — 10A; Ayag — 264 A, Ayal — 10A; Asal — 2644, Asal
+ 104163 + 230A1a6 + 15 A2 A3 Ay Asal — 160Ay A3 Ay Asag + 10Ay Az Ayag

+ 2154, A3 Agap + 104 A3 Asag + 215A, Az Asai — 1045 Asay — 26445 Azal

+ 1045 A4 Asag +215A5 A4 Asal — 1043 Agal — 264 A5 Agal — 10Ay Asal — 264 Ay Asa’
+ 10Aza] + 230Aa6 + 1043 A3 Asag + 21543 A4 Asai — 10A3A 0] — 264A3 A0

— 1043 As5a; — 264A3Asag + 10Asa; + 230Asa — 10A,A5a3 — 2644, Asa;;

+ 10A4ag + 2304406 + 10450 + 230Asa6 — 90ag + 450ag3 + 250ag — 900ai 3>

— 1000433 — 150a3 + 900a3 3> + 1500a3 3> + 450a23 — 260ai — 450as3* — 1000ae/3>
— 450a63” + 520a63 + 230ag + 908° + 2503* + 1508° — 2605% — 2403 + 10) ,

a
which is symmetric in A, Ay, A3, A4, andAs. Thus, without loss of generality, let 5 = -6
as

and substitute it into Ags, yielding
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A36 15A1A2A3a2Ag + 15A1A2A4G2Ag + 15A1A3A46L2Ag + 15A1A2A3A46L2Ag

1
- 0E (
+ 1545 A3 Ayal AS + 104, Ayag AS + 104, Azag AS — 1604, Ay Asag AS 4 10 Ay Azag AS
+ 104, A4ag AS — 1604, Ay AgagAS + 1045 Agag AS — 160A, Az Ayag AS
— 160A45A3A4agAS + 10A3A0ag A% — 104103 AS + 21541 Agag AS — 10 Agal AS
+ 21541 A3aj A% + 215 A5 Azag AS — 10A3a3 AS + 2154, Ayal AS + 21545 Agal AS
+ 215A3A4a3 A8 — 104403 AS — 2644103 AS — 264 A5a3 AS — 264 Azal AS
— 2644403 AS + 1003 AS + 230agAS + 15A, Ay Az Agag AL — 90ag A2
+ 10A; Ay Azag AL + 10A; Ay Ayag A} + 10A; A3 Ayag A2 — 1604, Ay Az Agag A3
+ 10A A3 AgagAZ + 250ag AZ — 104, Aal AS — 104, Azai AS + 215A, Ay Azal A3
— 10424303 A2 — 10A; Ayag A2 + 215A, Ay Ayal A3 — 1042 A4ag A2
+ 2154, A3 Ayad AS + 21542 A3 Agal A2 — 10A3Asal A3 — 150a3 AS + 104,03 A2
— 26441 Agag A2 + 104503 AS — 264 A, Azai AS — 264 A5 Azai A2 + 10Azag A2
— 264A, Ayai A3 — 264 A3 Aai AL — 264 A3 Agai A + 10A4ai A2 — 260a; A2
+ 230 A a6 A2 + 230A5a6 A2 + 230 Aza6 AS + 230A4a6 A2 + 230as A2 + 10A2
+ 450ag A3 — 1000ag A3 + 450ag A5 + 520asAs — 240A2 — 900ai A3 + 1500ag A2
— 450a6 A3 — 260A3 + 900ag AZ — 1000a6AZ + 150A3 — 450a6As + 250 A5 + 90)
1
= TA?A?’?'

We apply the partial differentiation test to As; over the interval A; > Ay > A3 > Ay >

As > 1 and ag > 6. We begin with,

O st — 1080043 > 0
DA10AL0A30A0A8 6
We continue: A
37 4
= 600a4(21ag — 32) > 0
0A0A,0A30A,04% |, _, a5(21a — 32) > 0,
88A37
= 2400ag(3ag — 8) > 0
010404504048 |, _, 45(3a5 = 8) >0,
" Agy .
= 300a4(9ag — 32) > 0
OO0 A0 A0 A3 |, |~ 200(%a0 = 52) > 0.
86A37 4
= 50ai(15a — 64) > 0
OO0 A0 A0A2 |, Ps(15ae = 64) >0,
85A37 4
= 5ai(33as — 160) > 0
0A10A,04504,0A |, _, a5(33a5 = 160) > 0,
84A37 4
— 10ai(3ag — 16) > 0
MO A0, |, 03 —16) >0,
83A37
— = 5a? (9a2 — 62ag + 43) ,
0A10A20As | 441 o (95 o+ 43)
which briefly dips under zero (for ag < 6.15), but this is a non-issue because:
82A37 2
= a2 (60a; — 450a2 + 635a¢ — 264) ,
OA10As | 4y p\—ases o (60a; 6 o — 264)

46



is always positive. We continue, noting that,

0A;

= ag (75ag — 580af + 1250a; — 1046a5 + 230) > 0.
Ag=A3=A4=A5=1

Thus, we must only test the minimum value of As;, which is:

As7] A= Ay—Ay—As—a5=1= 0,

indicating that As; is non-negative, and that this case is complete. U

4. CONCLUSION

We have thus proven the six-dimensional case of the Yau Geometric Conjecture. The
statement of the Conjecture contains a condition that Fs > 0 for it to hold. However, Yau
and Zuo [22| 23] proved a similar statement in the case that p, = 0 (the geometric genus
of the singularity is zero). Thus, this paper completely solves the problem of finding a
sharp upper bound in the six-dimensional case.

This research project raises a number of interesting questions regarding further study of
P, and Q,,. For instance, can the Yau Geometric Conjecture be proven in general using the
methods outlined in this paper (splitting the simplex into smaller levels and summing
upper estimates)? Can the general case of the Yau Number-Theoretic Conjecture be
approached similarly?

It is also important to consider lower bounds of P, and @,,. Currently, upper bounds
have been extensively studied (as evidenced by the number of conjectures and theorems
on the topic), but relatively little is known about lower bounds. A lower bound for P,
and @), is still interesting for the applications outlined in the Introduction of this paper.
In fact a sharp lower bound can be used to estimate the geometric genus of weighted
homogeneous isolated complete intersection singularities.
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