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ABSTRACT. Let R = Clz1,22,...,2n]/(f1,..., fm) be a positively graded Ar-
tinian algebra. A long-standing conjecture in algebraic geometry, differential
geometry, and rational homotopy theory is the non-existence of negative weight
derivations on R. Alexsandrov conjectured that there are no negative weight
derivations when R is a complete intersection algebra, and Yau conjectured
there are no negative weight derivations on R when R is the moduli algebra
of a weighted homogeneous hypersurface singularity. This problem is also im-
portant in rational homotopy theory and differential geometry. In this paper
we prove the non-existence of negative weight derivations on R when the de-
grees of f1,..., fm are bounded below by a constant C' depending only on the
weights of z1,...,2,. Moreover this bound C is improved in several special
cases.

1. INTRODUCTION

Let P = C[zy,...,x,] be the polynomial ring of n weighted variables z1, ..., z,
with positive integer weights wy, wo, ..., w,. For a monomial J;ill x? <exinin P its
weighted degree is defined to be wiéi + -+ + wyi,. A polynomial f € P is called
weighted homogeneous with respect to weights wy, ..., w, if there exists a positive
integer d such that ) a;,w; = d for each monomial [[z{* appearing in f with a
non-zero coefficient. The number d is called the (weighted homogeneous) degree
of f and denoted by deg f. For an ideal I generated by weighted homogeneous
polynomials in P we have a graded quotient algebra R = P/I = @, R;. Fur-
thermore R is called a graded complete intersection algebra if I is generated by a
regular sequence fi,..., fi,,m <n. When the Krull dimension of R is zero, R is a
positively graded Artinian algebra.

Let R = P/I be a positively graded algebra as above. Then the derivations of
R are induced by derivations of P sending I to I. Let Der(R) be the R-module
of derivations of R. As R is graded, we have a natural grading on Der(R) =

72 Der(R)y, where Der(R)y = {D € Der(R): D(R;) C Ry, for any i}. In

particular, the Euler derivation A =} wiazi% has weight 0.
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Given a positively graded algebra R, a very natural and important question in
algebraic geometry is whether there are no derivations on R of negative weight, i.e.,
Der(R), = 0 for any k < 0. Throughout the paper, we shall focus on positively
graded Artinian algebras R. Those are interesting objects in algebraic geometry (cf.
the overview [Ia]). When R is a positively graded Artinian complete intersection
algebra, we have the following long-standing conjecture of Alexsandrov.

Aleksandrov Conjecture ([A2]). Let R be a positively graded Artinian complete
intersection; i.e., all weights w;,¢ = 1,...,n are positive. Then there are no negative
weight derivations on R.

Remark 1.1. It was pointed out by Aleksandrov and Martin [AM] that the condition
of “positively graded” in the above conjecture cannot be omitted. Assume that one
of the weights w; of x; is negative. For example, let

R=Clz,y,z2]/(2° +y° + 2%z, 4%, 2°).

Then R is Z-graded with wt(z) = 1,wt(y) = 1, and wt(z) = —1. It is easy to see
that D = 2237% + 22y8% defines a derivation on R and wt(D) = —2.

The Aleksandrov Conjecture was proved only for some special cases.

Theorem 1.1 ([AM| Theorem 4.3]). Suppose R = C{z,y}/(f,g) is a Z-graded
Artinian complete intersection. Then there are no derivations of negative weight
on R.

Theorem 1.2 (JAM| Proposition 4.1]). Let R be an Artinian homogeneous algebra,
i.e., all weights w; = 1. Then there are no derivations of negative weight on R.

Theorem 1.3 ([PP1]). Let R = Clzy, ..., 2,/ (f1,-.., fn) be a positively graded
Artinian complete intersection algebra, and assume that deg(f;) < deg(fn),1 <i <
n—1, and

(C[l‘l, . ,.I‘n]/(fl, ey fn—l)

is reduced. Then there are no derivations of negative weight on R.

Theorem 1.4 ([Ch2]). Assume that R = Clxy, 22, 23]/(f1, f2, f3) is a positively
graded Artinian complete intersection algebra. Then there are no derivations of
negative weight on R.

In [A3], Alexsandrov claimed that his conjecture was also true in cases of three
and four variables. However, very little progress has been made on the Alexsan-
drov Conjecture over the last twenty years. This problem has been regarded as
notoriously hard.

There are many reasons why the problem of non-existence of negative weight
derivations is important [PP2]. It is related to many questions arising in the
deformation theory of singularities (cf. [All (6.3)], [A2,[A3,[AM]). In [PP1], the
authors pointed out that the study of non-existence of negative weight derivations
turns out to be very useful from the point of view of the moduli space theory of
deformations. Furthermore, according to Pinkham [PiIl[Pi2], the existence of coarse
moduli spaces for certain problems depends on a graded R having no derivations of
negative degree. The point is that we can compactify X = SpecR (a variety with
good C*-action) by considering X = ProjR[T], where wtT = 1. Then X — X = E is
a Weil divisor, isomorphic to ProjR. Then the derivations of weight < 0 of R yield
exactly the derivations of the natural compactification X which are logarithmic at
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FE. In section 2, we shall also give its applications in rational homology theory and
differential geometry.

On the other hand, Yau has made the following conjecture in his work on the
Lie algebras of derivations on the moduli algebras of isolated hypersurface singular-
ities and especially his micro-local characterization (using only the Lie algebras of
derivations on the moduli algebras) of weighted homogeneous isolated hypersurface
singularities ([XY],[MY],[Yall,[Ya2]):

Yau Conjecture. Let (V,0) = {(x1,22,...,2,) € C": f(x1,22,...,2,) = 0} be
an isolated singularity defined by the weighted homogeneous polynomial
f(z1,za,...,x,). Then there are no non-zero negative weight derivations on the
moduli algebra (= Milnor algebra here) A(V) = Clz1, @, ..., Zn|/(for, faas -y fa,)
where f,, = 0f/0x;; i.e., the Yau algebra L(V) := Der(A(V)) of V is a non-
negatively graded algebra.

Though the Yau Conjecture is a special case of the Aleksandrov Conjecture, it
is also of independent interest [YZI]. The Yau Conjecture has only been proven in
the low-dimensional case n < 4 ([CXY],[ChI]) by explicit calculations. Recently,
Yau and Zuo proved the following result.

Theorem 1.5 ([YZ2]). Let (V,0) = {(x1,22,...,2,) € C": f(x1,22,...,2,) =0}
be an isolated singularity defined by the weighted homogeneous polynomial
flz1,xa,...,x,) of canonical weight type (d : wi,wa,...,wy) (i€, d > 2wy >
2wg > -+ > 2w, > 0). Let A(V) = Clz1,22,...,20)/(fors fogs- s fu,) be the
moduli algebra. If wy, > w1 /2, then Der(A(V))<o = 0.

It is interesting that in some special cases the complete intersection restriction in
the Aleksandrov Conjecture is not necessary to show the non-existence of negative
weight derivations (for example the Artinian homogeneous algebra; see Theorem
[[2). Tt is natural to try to relax the complete intersection restriction. Here we
shall consider a more general question and formulate the following conjecture.

Conjecture 1.1. Let R = Clz1, 22, ..., 2n]/(f1, f2,-- -, fm), m > n, be a positively
graded Artinian algebra. If the weighted degree of each f; is bounded below by a
suitable constant C' depending only on the weights of x4, ..., x,, then all derivations
of negative degree of R vanish.

Remark 1.2. The assumption about C' is not restrictive but necessary. In view of
the following example, we see that the condition “the weighted degree of each f;
is bounded below by a suitable constant C” in Conjecture [L1] cannot be omitted.
Take the algebra R = Clzy, 22]/ (22, 2172, 23), with wt(x1) = 1 and wt(xy) = 2.
Then D = xlaim induces a non-zero derivation on R and wt(D) = —1.

Remark 1.3. The Aleksandrov Conjecture is a special case of the above Conjecture
[Tl when the weighted degree of each f; is bounded below by a suitable constant
C.

Both the Alexandrov Conjecture and the Yau Conjecture are very hard to
prove in general. In these cases, the variety defined by I = (f1,..., fm) con-
sists of the origin alone, the geometry is poor, and the difficulty increases. Until
now, we have not seen any other techniques for dealing with the general dimen-
sion case. The explicit calculation and proof by case analysis methods used in
[AM],[PPI],[CXY],[ChllICh2],[YZ2] are hard to generalize to higher dimensions.
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However, in this paper, we have been able to develop novel techniques (see section
B) to solve these problems. We prove that the Aleksandrov Conjecture is true so
long as the weighted degree of each f; is bounded below by a suitable constant C'
depending only on the weights of x1,...,x,. In fact, we verify the more general
Conjecture [[.11

Main Theorem A (Conjecture [[I)). Let P = Clzy,x2,...,zy] be the weighted
polynomial Ting of n weighted variables x1,xo, ..., T, with positive integer weights
wy > we > -+ > wy. Suppose that fi, fo, ..., fm are m (m > n > 2) weighted
homogeneous polynomials with degrees greater than (m — 1)(wjwe)" ™! and R =
P/(f1, foy-.., fm) is an Artinian algebra. Then there are no non-zero negative
weight derivations on R.

Remark 1.4. In the example of Remark above, the weights of the generators
z1 and x9 are 1 and 2 respectively, n = 2 and m = 3. In Main Theorem [Al the
condition is that the weighted degree of each f; is greater than (m — 1)(wjwy)"*
which is 4. But (2%, 11292, 23) has weighted degrees (2,3,4). So the condition
in Main Theorem [A] is not satisfied. More generally, suppose the weights of the
generators x1 and xo are wi and wsy respectively in this example. Then the con-
dition in Main Theorem [Al is that the weighted degree of each f; is greater than
(m —1)(wiw2)" 1, which is 2wiwy. But (22, 2129, 73) have weighted degrees (2wy,
w1 + wa, 2ws). So the weighted degree of x1x9 is wy 4+ wa, which is no more than
2wyws. Thus no matter which weights one chooses for this example, it cannot
satisfy the condition in Main Theorem [A]

It is an interesting question whether or not the constant (m — 1)(wywz)"~! can
be made smaller. The following Main Theorem [B] tells us that this bound can be
improved under the extra condition that any two of the weights wy, wo, ..., w, are
coprime.

Main Theorem B. Let P = Clz1, z2,. .., 2, be the weighted polynomial ring of n
weighted variables x1,xa, ..., T, with positive integer weights wy > we > -+ > wy
and let f1, fay ..., fm be m (m > n > 2) weighted homogeneous polynomials with de-
grees greater than (m—1)wyws. Suppose that any two of the weights w1, ws, . .., wy
are coprime and R = P/(f1, f2,..., fm) is an Artinian algebra. Then there are no
non-zero negative weight derivations on R.

Fewnomial singularities are an important class of weighted homogeneous singu-
larities. The concept of fewnomial singularities was first introduced by Khovan-
ski [Kho]. We say that a polynomial f in n variables is fewnomial if the number of
monomials appearing in f does not exceed n. It is easy to show that, except for cer-
tain trivial cases, a fewnomial in n variables can define an isolated singularity only
if it has exactly n monomials, in which case we speak of it as a fewnomial isolated
singularity. In other words, fewnomial singularities are those which can be defined
by n-nomials in n indeterminates. Simple singularities (i.e., ADE singularity) are
obviously fewnomial in this sense. Fewnomial singularities play an important role
in mirror symmetry theory [ET].

In some sense, the constant (m—1)(wyw2)" ! and (m—1)w;ws in Main Theorems
[Al and [B] can be further improved for fewnomial singularities. In particular, we
confirm the Yau Conjecture for fewnomial singularities with multipliciy at least 5.
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Let f € C{x1,22,...,2,}. Recall that the multiplicity of f (mult(f)) is defined
to be the order of the lowest non-vanishing term in the power series Taylor expansion
of f at 0.

Main Theorem C (Yau Conjecture). Let f € C{xy1,za,...,2,} be a weighted
homogeneous fewnomial isolated singularity with positive weights w1, wa, ..., w, and
the multiplicity of f at least 5.

A(f) = Clar, 20, oy nt/(fors fan - s fz,)

is the moduli algebra of f. Then there are mo non-zero negative weight derivations

on A(f).

Remark 1.5. In some cases, the condition in Main Theorem [ is less strict than
the condition in Main Theorem [A]l (resp. [B]). This can be seen from the following
example. Let
A(f) = C{!Eh.’I}Q, cee 7x5}/(f117fa:2 cee 7fm5)

where f = a3 + -+ + 22 with multiplicity 5 and weights w; = 1, i = 1,...,5,
n =15, m =5 (with the same notation as above). In Main Theorem [A] (resp. [B]),
the condition is that the weighted degree of each f; = f,, = bz is greater than
(m — 1)(wiwe)"~ ! (vesp. (m — 1)(wyws)), which is 4 (resp. 4). But f; = 5}
has weighted degree 4. So this example satisfies the condition of Main Theorem
[T, but does not satisfy the condition in Main Theorem [Al (resp. [B]). However, we
are not saying that the condition in Main Theorem [C] is always better than the
condition in Main Theorem [A] (resp. [Bl). For example, let f = z3xo + 23%23 + 23!
with multiplicity 4 and weights w; = 10,ws = l,ws = 1, m = n = 3. Then
(m — 1)(wiwz) = 20 and degf,, = 21, degfy, = degfs, = 30. Thus this example
does not satisfy the condition in Main Theorem [C] but it satisfies the condition in
Main Theorem [Bl It is easy to check that A(f) where f = x3x2 + 23" does not
satisfy the condition in Main Theorem [C] but it satisfies the condition in Main
Theorem [Al

The paper is organized as follows. We start by discussing some applications of
our results to rational homotopy theory and differential geometry in section 2l In
section Bl we define and give the necessary properties for the main technical tool—
a new weight type associated with a negative weight derivation on the weighted
polynomial ring. Some lemmas and theorems which are used in the proofs of our
Main Theorems [Al and [B] are introduced and are proved in section @l We shall give
the proofs of Main Theorems [A] and [Blin section[Eland [6l In sections[7] Bl and @ we
recall some preliminary knowledge which is needed in the proof of Main Theorem
We give the proof of Main Theorem [C] in sections [T

2. APPLICATIONS

In this section, we give some applications of our results to rational homotopy
theory and differential geometry.

A classic result of Borel [Bo] states that the Serre spectral sequence for the
rational cohomology of the universal bundle G/H — By — B¢ collapses if G/H is
a homogeneous space of equal rank pairs (G, H) of compact connected Lie groups.
Halperin made a very general conjecture on the collapsing of the Serre spectral
sequence on a general fibration, which is one of the most important open problems
in rational homotopy theory ([EHT, p. 516], [Me]).
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Recall that a finite simply-connected cell complex C' is called elliptic if all but
finitely many cohomology and homotopy groups of C are finite. If C is elliptic,
then C has non-negative Euler characteristic.

Halperin Conjecture ([FHT) p. 516]). Suppose F' is a rational elliptic space
with non-zero Euler-Poincaré characteristic and F' — E — B is a Serre fibration
of simply-connected spaces. Then the (rational) Serre spectral sequence for this
fibration collapses at Fs.

In fact, for an elliptic space with positive Euler characteristic, all cohomology
must be concentrated in even degrees; i.e., cohomology is zero in odd degree. Fur-
thermore, the cohomology algebra is a complete intersection, i.e., the same number
of generators as relations.

It was shown that the above conjecture is equivalent to the following conjecture
about the non-existence of negative weight derivations ([Mel, Theorem A on p. 329]).

Halperin Conjecture (Equivalent form). Let P = C[zy, 2, ..., 2,] be the poly-
nomial ring of n weighted variables z1, zo, ..., z, with positive even integer weights
Wiy, Wa, ..., wy, and let fi, fa,..., fn be weighted homogeneous polynomials in P.
Suppose that R is an Artinian complete intersection algebra of the form

Cley, z2, ..y zal/(f1, f2r o5 fn)-

Then there are no non-zero negative weight derivations on R.

In this form the Halperin Conjecture becomes accessible to diverse algebraic
methods, and its deep relationship to algebraic geometry becomes evident. This
conjecture has been proven when the fiber is homogeneous ([Bol,[Me]) or when
n < 3 ([Thi],[Th2],[Ch2)).

The Halperin Conjecture is a special case of Conjecture [Tl when the weighted
degree of each f; is bounded below by a suitable constant C'. Therefore the following
corollary follows from Main Theorem [Al immediately, thus verifying the Halperin
Conjecture.

Corollary 2.1. Suppose the cohomology algebra of X is R = P/(f1, fo,..., fn)

where P = Clz1,xa, ..., Ty,] is the weighted polynomial ring of n weighted variables
T1,T2, ..., Ty With positive even integer weights wy > wo > -+ > wy. Suppose that
fisfay- ooy fn are n (n > 2) weighted homogeneous polynomials with degrees greater

than (n — 1)(wiw2)"" 1 and R is an Artinian complete intersection algebra. Then
the Serre spectral sequence of any fibration with fiber X collapses.

In [Me], Meier proved quite generally that collapsing of the Serre spectral se-
quence is closely related to vanishing of derivations of the cohomology algebra. It
was shown that if the negative weight derivations of the cohomology algebra of X
vanish, then the Serre spectral sequence of any (orientable) fibration with fiber X
collapses. Conversely, Meier also proved that if X is a formal 1-connected space
with H*(X, Q) of finite type and the Serre spectral sequence collapses whenever X
is (rationally) the fiber and the base is a sphere, then DeroH*(X,Q) = 0.

In view of the above result of Meier, we obtain the following more general result,
which is an immediate corollary of Main Theorem [Al

Corollary 2.2. Suppose the cohomology algebra of X is R = P/(f1, fay--y fm)
where P = Clxq, xa, ..., x,] is the weighted polynomial ring of n weighted variables
T1,%2, ..., Ty With positive even integer weights wy > wo > -+ - > wy. Suppose that
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fisfay ooy fm aren (n > 2) weighted homogeneous polynomials with degrees greater
than (m — 1)(wiwe)" " and R is an Artinian algebra. Then the Serre spectral
sequence of any fibration with fiber X collapses.

Remark 2.1. In view of the following example due to Gregory Lupton [Lu], we see
that the condition “the weighted degree of each f; is bounded below by
(m — 1) (wywz)"~1” in Corollary cannot be omitted. Take the algebra

R = C[IlaIQ]/(xixlIva%)v

with wt(r1) = 2 and wt(z2) = 4. This is the cohomology algebra of S% Vv S4
(2-sphere wedge with 4-sphere, which is not elliptic since its rational homotopy is
not finite-dimensional). Then D = 3718%2 induces a non-zero derivation on R and
wt(D) = =2.

The Halperin Conjecture also plays an interesting role in differential geometry
[BK2] and is related to the obstructions for vector bundles to admit complete non-
negatively curved metrics. In 1972 Cheeger and Gromoll [CG] proved their famous
theorem in differential geometry, which asserts that a complete open manifold M of
non-negative sectional curvature is diffeomorphic to the total space of the normal
bundle of a compact totally geodesic submanifold S < M, called the soul. The
natural converse open question becomes: Which vector bundles admit complete
non-negatively curved metrics? In 2001 Belegradek and Kapovitch [BKI] (see also
[Wil]) proved that up to a finite cover, a soul S splits as S = C x T, where T is a
torus, C' is a simply-connected non-negative sectional curvature manifold, and the
normal bundle splits as £& x T, where £¢ is a vector bundle over C' with total space
E(¢¢) having non-negative curvature. Thus, in 2002, Belegradek and Kapovitch
[BK2] attacked the converse question by concentrating on vector bundles over C'xT'.
They say that a vector bundle virtually comes from C' if the pullback bundle under
amap id x p: CxT — C x T (where p: T — T is a finite cover) is {& x T

If € virtually comes from C, then no known method can rule out the existence
of a complete metric with non-negative sectional curvature on the total space E(§)
of ¢, and potentially all such bundles might be non-negatively curved. In [BK2], it
was shown that, under various assumptions on C, if £ is a vector bundle over C x T’
such that E(¢) admits a complete metric with non-negative sectional curvature,
then £ virtually comes from C. This happens for any C' if £ has rank two. More
generally, “most” vector bundles over C' x T' do not virtually come from C, at least
when dim(7') is large enough (see [BK1l 4.4, 4.6] and Lemma B.1 of [BK2]).

Let & be a vector bundle over C x T. We say that £ satisfies () if

E(&) has a finite cover diffeomorphic to the product of T" and the
(%) total space of a vector bundle over a closed simply-connected mani-
fold.

To understand how assumption (x) restricts £, Belegradek and Kapovitch found
conditions on C' ensuring that if £ satisfies (x), then ¢ virtually comes from C.

Definition 2.1. A triple (C,T,k), where k > 0 is an integer, is called splitting
rigid if any rank k vector bundle £ over C' x T that satisfies (x) virtually comes
from C.

Belegradek and Kapovitch [BK2] showed that if sec(E(£)) > 0, then £ satisfies
(x). Consequently they got the following proposition.
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Proposition 2.1. If (C, T, k) is splitting rigid and £ is a rank k vector bundle over
C x T such that E(§) has a complete metric with sec(E(£)) > 0, then & virtually
comes from C.

Thus if (C, T, k) is splitting rigid, then the total spaces of “most” rank k vector
bundles over C' x T" do not admit complete metrics with non-negative sectional cur-
vature. Therefore, finding splitting rigid triples is crucial to obtaining a necessary
condition for non-negative curvature.

To find splitting rigid triples, Belegradek and Kapovitch made use of rational
homotopy theory. Recall that one can associate a differential graded algebra Mx
(called the minimal model of X) to each simply-connected space X such that the
rational homotopy type of X is perfectly algebraically reflected in M. In particu-
lar, H*(Mx) = H*(X;Q). It was shown in [BK2| that splitting rigidity of (C, T\ k)
often results from the vanishing of certain negative degree derivations of H*(C; Q).

3. NEW WEIGHT TYPE

Our main idea for the proofs of Main Theorems [Al and [B]is as follows. Suppose
R = P/I is an Artinian algebra and there exists a negative weight derivation D on
R with respect to weight type (wi,ws,...,w,) where wy > wg > -+ > w, > 1.
We can think of D as a negative weight derivation on the weighted polynomial ring
P = C[xy, 2, ..., z,] which preserves the ideal I. Tt is well known that D is of the
form

(3.1) D = p18/9z1 + p2d/dxs + - + pnd/ Oz,

where p1,po, ..., p, are weighted homogeneous polynomials with the degrees w; +
wtD,wy + wtD, ..., w, + wtD. Let weighted homogeneous polynomials fi, fo,
.., fm generate the ideal I and without loss of generality assume that deg f; >

deg fo > -+ > deg f;,. Since D(f1, fa,..., fm) C (f1, fo,.-., fm) and deg f1 >
deg fo > --- > deg fin, we have

Dfy =0 fa+ G fs+ -+ L7 fn,
Dfy =63fs+ b3 fa+ -+ L5 fm,
(3.2
Dfm—l = éwmz—lfmv
Dfm =0,
where é;’s are weighted homogeneous polynomials. Our main technical tool is to
associate with any negative weight derivation D on P as in (B some families
of new weight types (¢1,¥s,...,¢,) controlled by the parameters ¢; (see Definition
BI0). Then in Theorem EI] we prove that if we can choose suitable parameters ¢;
to make the new weight type (¢1,la, ..., £,) satisfy the following three conditions:
(1) there is only one index ig € {1,2,...,n} such that
by Jwiy = max{l;/w;:i=1,2,...,n}
(2) €i; = €min, Where €nin, = min{e; for i such that p; is a non-zero polynomial};
(3) pi, is a non-zero polynomial,
where p; is the coefficient of 9/0x; in D for ¢ = 1,2,... n, then we claim that

this contradicts the condition in Main Theorem A that the degree of each f; is
greater than (m — 1)(wjw2)" 1. Thus D doesn’t exist, and there are no negative
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weight derivations on R. So the key point is to choose suitable parameters for a
given negative weight derivation D preserving the ideal (f1, fo,..., fm), so that the
above three conditions are satisfied. First we let

o — { € p; is a non-zero polynomial,

‘ 0 p; is the zero polynomial

where € is a positive real number. Then we have ¢y;, = ¢ and ¢; = 0 for ¢ such
that p; is the zero polynomial. Let I.x = {e: f./w, is the maximum among all
li/w; for i = 1,2,...,n}. It’s easy to see that €¢; = enin and p; is a non-zero
polynomial for any i € Ihac. Thus if I, has only one element, then conditions
(1), (2), and (3) are satisfied. But in the general case I,y might have more than
one element. So in this case we need to adjust the parameters ¢; in order to separate
{l;/w;: i € Iax} such that these numbers have only one maximum. Then we adjust
the parameters as follows: pick an index i1 ¢ Inax and replace the parameter ¢;,
with €;, +¢/(wyws) with the new weight type and Ip,ax changing accordingly. Then
pick an index i3 ¢ I,ax and replace the parameter €;, with €;, +¢/(wyw2)?. Repeat
this process, and Theorem tells us that within finite steps we will accomplish
our goal and the theorem will be proved. We speculate that this new technique
of decomposing equations according to the new weight type might be useful for
attacking other problems about singularities.

Let P = Clzy,22,...,2y,), wy > wg > -+ > w, > 0 as above and let D be a
non-zero negative weight derivation on P. It is well known that D is of the form

(3.3) D =p10/0x1 + p20/0x2 + - - - + pr0/ 0y,

where p; is a weighted homogeneous polynomial of degree w; + wt D with respect
to the weight type (wy,ws, ..., w,) or the zero polynomial for ¢« = 1,2,...,n. Since
wtD < 0, we know that p; is a polynomial of only variables x;41, %49, ..., z, for
1 <i < n. Thus p, is a constant polynomial (in fact it is zero; see Remark [A1]).
We define a new weight type associated with D as follows.

Definition 3.1. Let D be a non-zero negative weight derivation on the weighted
polynomial ring P as in [3]). The following weight type ({1, ¢s,...,¢,) controlled
by the given n parameters €1, €o, ..., €, is called the new weight type associated
with D, where the ¢;’s are non-negative real parameters. Set

by, = €.

If l,,0,1,...,0q41 are defined, then ¢, is defined as follows:
(i) If the coefficient py(zg41,. .., %) of /0x, in D is the zero-polynomial, then

(3.4) by = €.

(ii) If the coefficient py(xg1,...,zn) of /0x, in D is a non-zero polynomial,
then
(3.5)

— ; ; ; ; tq+1, . q+2 in
by = €q + max{lyr1ig41 + Lgyoigr2 + - - - + £yl | monomial Tl Ty

appears in the expansion of p,},

where p; is the coefficient of 9/0z; in D for i =1,2,...,n.

It is clear that when
S B wt D p; is a non-zero polynomial,
Ol ws p; is the zero polynomial,
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the new weight type (¢1,4a, ..., £,) is just the original weight type (w1, ws, ..., wy,).

Definition 3.2. The Q-degree of a monomial z® = 'z ... 2% is defined to be
lyiq + lois + - - - + yin, and the Q-degree of a polynomial f is defined as
Q-deg f := max{Q-degrees of monomials in the expansion of f}.

Thus ¢; = ¢; + Q-deg p; for i« = 1,2,...,n such that p; is a non-zero polynomial,
where p; is the coeflicient of 9/9z; in D.

Definition 3.3. For any polynomial f in P, we denote by fnax the sum of terms

in the expansion of f with maximum Q-degree with respect to (¢1,4s,...,£4,); i.e.,
if we write
f= Z Cax®
acl

where I is a finite set, then
Smax = Z CcaT®.
o€l and Q-deg z*=Q-deg f
Definition 3.4. With the same notation as above, we define
dmax (D) := max{the Q-degree of (pj)max9/0z; | p; is a non-zero polynomial}
and
(3.6) Dinax = > (P})maxd/ 0},

for 7 such that
(Pj)max0/0x; has Q-degree dmax (D)

where the Q-degree of (p;)max0/0x; is defined to be Q-deg (p;)max — ¢;-
Proposition 3.1. With the same notation as above, we have

(3.7) Dinax = > (P5)max0/ 0z,

for j such that
pj s a non-zero polynomial and €;=€min

where
€min = min{e; for i such that p; is a non-zero polynomial}.
It follows that the Q-degree of Dmax = —€min-

Proof. 1t is clear from the definition of the new weight type and Dyax. O

Proposition 3.2. Let D, Dyax, €min be as above and let g be an arbitrary polyno-
mial in P. We have either

(i) Dmax9max = 0, in this case @ — deg (Dg)max < @ — deg gmax — €min OT

(11) Dmaxgmax = (Dg)max~

Proof. Write
g = Jmax + lower Q-deg terms = gymax + gr + gr—1 + - -

and
D = Dpax + lower Q-deg terms = Dypax + Dg + D1 + -+ -,
where
e < Q‘deg gr—1 < Q‘deg gr < Q‘deg Y9max
and

<o+ < Q-deg D1 < Q-deg Ds < Q-deg Dyax-

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



NON-EXISTENCE OF NEGATIVE WEIGHT DERIVATIONS 2503

Then we have
Dg = Duaxgmax + Dmaxgr + Dsgmax + Dsgr + -+ .
If DimaxGmax 7# 0, then Dg = Diaxgmax + lower Q-deg terms. Thus we have
Diaxgmax = (Dg)max-
If Dinaxgmax = 0, then Dg = Diaxgr + Dsgmax + Dsgr + -+ Thus
Q-deg (Dg)max < max{Q-deg Dax + Q-deg g, Q-deg Ds + Q-deg gmax }-

Since Q-degree D . = —€min by Proposition B.], we have

Q-deg Diax + Q-deg gr < Q-deg Drax + Q-deg gmax = Q-deg gmax — €min
and

Q-deg D + Q-deg gmax < Q-deg Dimax + Q-deg gmax = Q-deg gmax — Emin-
Therefore Q-deg (Dg)max < Q-deg gmax — Emin- ]

Corollary 3.1. Let D and g be as above. If Dg =0, then DyaxGmax = 0.

Proof. This is an immediate conclusion of Proposition O

4. SOME LEMMAS FOR THE PROOF OF MAIN THEOREMS A AND B

In sections @ B and[@ P = C[z, 22, .. ., 2,] is the weighted polynomial ring of n
weighted variables z1, o, . . ., z, with positive integer weights wy, > wo > -+ > wy,.
Let

D = p10/0x1 + p20/0xs + - -+ + ppd/0xy,
be a fixed non-zero negative weight derivation on P, and let (¢1,¢s,...,£,) be the
new weight type associated with D controlled by non-negative parameters ¢;.

Lemma 4.1. Let I be the ideal generated by weighted homogeneous polynomials
f1s fay ooy fm with respect to weight type (wq,wa, ..., wy) as above and let P/ be a
non-zero Artinian algebra. Let m be the maximal ideal generated by x1, X2, ..., Ty.
Then we have m” C I for some integer r > 0, and P/I is a local Artinian algebra.

Proof. Let d; be the degree of f; with respect to (w1, wa,...,w,) fori=1,2,...,m.

Then for any point (x1,za,...,2,) € C", we have

fila“rzy, a%2xy, ... ¥ xy,) = abifi(x, 20, . . ., 2p)
foranyi=1,2,...,mand any o € C. We claim that Z(I) = {0}, where Z(I) is the
zero locus of I in C™, because if not, then there is a point (z1,zo,...,z,) € Z(I)

and (21,Z9,...,2,) # 0. Thus {(a™'z1,a"2xs,...,a""x,),a € C} C Z(I) has
dimension one, which contradicts that P/I is an Artinian algebra. Thus Z(I) = {0},
which follows that m” C I for some integer r > 0. Hence, for any maximal ideal
m’ in P such that I C m/, we have m” C m’, which implies m = m’. So P/I has
only one maximal ideal; thus P/I is a local Artinian algebra. O

Lemma 4.2. Let fi, fo,..., fm € Clx1,2a,...,2,] be weighted homogeneous poly-

nomials.  Suppose that Clxy,xo,...,x,]/(f1, f2,---, fm) i a non-zero Artinian
algebra. Then for any given index i € {1,2,...,n} there exists an index j €
{1,2,...,m} such that fj(z1,22,...,2,) contains a term zi* (with a; a positive

integer) in its expansion.
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Proof. Suppose the conclusion is not true; thus the ideal (f1, fo, ..., fi,) would have
to be contained within the ideal (z1, 22, ..., %;—1, Zit1,...,Zn). On the other hand,
by Lemma 1] there exists some integer r > 0 such that

(1'173727...,,@71)7. g (f17f27"'7fm)'

Thus
(.’Ifl,xg, N ,J}n)r g (xl,l‘g, ey L1, L1y e e - ,J}n),
which is absurd. The lemma is proved. (|
The following observation, based on the assumption that {¢;/w;: i = 1,...,n}

has the unique maximum, plays an important role in our proofs for the main theo-
rems.

Lemma 4.3. Suppose that there is only one index iy € {1,2,...,n} such that § =
by Jwiy = max{l;/w;:i=1,2,...,n}. Let f € Clxy,x2,...,2,] be a weighted ho-
mogeneous polynomial with respect to both the original weight type (w1, wa, ..., wy)
and the new weight type (1,0, ...,¢,). Suppose that the degree of f and the Q-
degree of [ satisfy the following:

(i)
(4.1) deg f > M/(8 =),

(4.2) Q-degf > Bdeg f — M,
where M is a fixed constant and

v=max{l;/w;: i =1,2,...,i9— L,ip+1,...,n}.
Then f can be divided by x;,.

Proof. Suppose that some monomial 2% in the expansion of f(x1,x2,...,2,) cannot
1vi . 3 a _ a1, o %io—1_ Qig+l  _a,
be divided by x;,. Write 2% = x] @ 0y x4 T,

By the definition of -y, we conclude that
Q-degf = Q-degz?
=ayly + -+ a—1lig—1 + aigp1ligyr + o+ anly

< ’y(alwl T+ Q1 Wig—1 F Qg1 Wigr1 + o+ anwn)

(4.3) = ydegz® = ~ydeg f.

Combining (£3) with [@2]), we get

(4.4) Bdeg f — M < Q-degf < vydeg f.

This implies that

(4.5) deg f < M/(B =),

which contradicts (@]). Thus the lemma is proved. ]

Lemma 4.4. If the coefficient p;, of 0/0x;, in D is a non-zero polynomial and f
be a polynomial which can be divided by x;,, then Df # 0.
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Proof. Consider the expansion of f(x1,z2,...,x,) in powers of x;:

(4.6) f@r, g, wn) = bgal +bgaxd 4 4 byl with by #0,

where h < g and by, bg—1, ..., by are polynomials of x1,Za, ..., Ti;—1, Tig41,-- - Tn.
From the condition of Lemma [£.4] we know that h > 1. We have that

(4.7) Df = (D1 +piy0/02i,) f
where D1 = D — p;,0/0x;,. Therefore D, f = x?oDl(qugo_h +---+bp) and

Df =, Dy (bl "+ + i)

+ iy (qqugo_l +F hbhx?o_l)

(4.8) .
= 2" D, (qugj +-~-+bh)
+ x?opio (qbq:zgo*hfl +--+(h+ 1)bh+1) + hx?o_lpiobh.
It is clear that p; by is a non-zero polynomial of x1,x2,...,Tiy—1, Tig+1s-- -, Tn.
Hence the last term in (£8) can only be divided by xZ;l. Thus Df is a non-zero
polynomial. |
Lemma 4.5. If {; /w;, = max{l;/w;: i =1,2...,n} (not necessarily the unique

mazimum) and the coefficient p;, of 8/0x;, in D is a non-zero polynomial, then
by Jwiy < € /(— wtD); that is to say, €;/w; < €;,/(—wtD) fori=1,2,...,n.

Proof. Assume that ¢; /w;, > €;,/(—wtD). Then by the definition of the new
weight type and the fact that wtD = degp;, — w;,, we have

Q'deg (pio)rnax + €io _ gio

deg(pio)max —wtD W; '

0

Combining with the assumption that €;,/(— wt D) < ¢;, /w;,, we conclude that
Q'deg (pio)max > Ei
deg (plo )max Wi

However (p;,)max is & polynomial of x, for ¢ > ig, and we have £;/w; < £;, /w;, for
t > ip. Thus

(4.9)

Q-deg (Pig)max _ Lig

deg(pio)max Wy,
which contradicts ([@3]). Thus the conclusion is proved. O

)

The following theorem is critical to the proofs of Main Theorems [Al and [Bl

Theorem 4.1. Let fi, fo,..., fm be m weighted homogeneous polynomials with
respect to the weight type (w1, wa,...,w,) such that

R =Clzy,x2,...,20)/(f1 f2r - -5 )

is a non-zero Artinian algebra. Suppose that the negative weight derivation D on
P preserves the ideal (f1, fo,..., fm). If we can choose suitable parameters €, to
make the new weight type (L1,4a, ..., ¢,) satisfy the following three conditions:

(1) there is only one index ig € {1,2,...,n} such that

B =L, /wi, = max{l;/w;:i=1,2,...,n},

(2) €1y = €min, where emin = min{e; for i such that p; is a non-zero polynomial},
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(3) piy is a non-zero polynomial,
where p; is the coefficient of /0x; in D for i = 1,2,...n, then there exists j €
{1,2,...,m} such that
(m — ]-)Emin
deg fj < ——F———,
’ B—n
where v = max{{;/w;: i=1,2,...,99 — L,ip + 1,...,n}.

Proof. Without loss of generality we can assume that deg f1 > degfo > -+ >
deg f.,. By comparing degrees we find that

Dfi=0fot -+ fm,

Dfy=3fs 4+ L3 fm,
@10

where the Zé.’s with ¢ > j are weighted homogeneous polynomials with respect to
the original weight type (wy,wa, ..., wy,).

By Lemma we can find an fj, which contains a term of the form x{ (with
a a positive integer) in its expansion, which follows that Q-deg (fj,)max > ali, =
pdeg fjo-

We construct a sequence jy < j; < --- as follows. If jg, j1,. . ., j; are defined, then
by Proposition we have either Dpax(fj; Jmax = 0 0 Dimax(fj: Jmax = (Dfj; ) max-
If the former, let the sequence end. If the latter, by the j;-th equation in (ZI0I),
there is an index j;4+1 € {j; +1,...,m} such that

(4.11) Qedeg (67 £, ) = Qrdeg (Dax(fi.Jma) -
Now we prove that the sequence has the following proposition by induction:
(4'12) Q‘deg(qut)max > _Z(ﬁ wtD + 6min) + B deg qu

We have already proved it for ¢ = 0. Suppose ([@I2]) holds for i; we will prove it
holds for ¢ + 1. By ([@I1l) and Proposition Bl we can get

Q'deg <£§z+l>max + Q'deg(fji+1)max = —€min + Q'deg(fji)max'

Using the fact that deg f;, + wtD = degfﬁ+1 + deg fj,,, and that (deg é;lf“ >
Q-deg (£} Jmax, we get
(4.13) ‘

Q-deg(fj,,, Jmax = — €min + Q-deg(f}; ) max — Q-deg(£}™" )max

> — emin — i(BwtD + emin) + Adeg i, — Q-deg(£5 " ) max

= — €min — i(BWED + €min) + B(deg (4 + deg fj,,, — wtD)
— Q-deg(£ ) max

> — (i+ 1)(BwtD + €min) + Bdeg fj,,, -

Because of the last equation of (£I0), D f,, = 0, it follows from Corollary B.I] that
Dmax(fm)max =0.
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From this point and the fact that j; < j;41, we find that the sequence will end
within (m — 1) steps. That is to say, there is an index ¢ € {1,2,...,m — 1} such
that

(4'14) DmaX(fjt)max =0,

(4.15) Q-deg(f,)max > —t(emin + Bwt D) + Bdeg fj,.

By Lemma 5] we have (€min + 8wt D) > 0. Notice that ¢ < m — 1, so we have
(4.16) Q'deg(fjt)max > —(m — 1)(€émin + Bwt D) + B deg Jje-

Assume that

-1 €min
(4.17) deg(fj, )max > %

Using the fact that wtD < 0, we have

-1 min tD
(4.18) deg(fj Jmax > - )(; —jﬁw )

By Lemma H3] (here M = (m — 1)(émin + SwtD) and notice that deg(f;,) =
deg(fj,)max) we know that (f},)max is divisible by z;,. Since €, = €min, Propo-
sition B1] tells us that the coefficient of 8/9z;, in Dpax 1S (Pig)max- Also p;, is
a non-zero polynomial, S0 (P;,)max IS & non-zero polynomial. Thus we know that
Dyax(fj, )max # 0 from Lemma [£4] which contradicts [@I4). Therefore the as-
sumption ([EIT) is false. Thus

(m — 1)€min
B—~

and the conclusion is proved. O

deg fjt = deg(fjt)max <

Lemma 4.6. Let (¢1,45,...,4,) be the new weight type associated with D controlled
by non-negative parameters €. If there exists a positive real number € such that all
parameters €, can be divided by €, that is to say, ¢; = b;e where b; is a non-negative
integer for i =1,2,...,n, then we have

(i) 4; = qie, where q; is a non-negative integer fori=1,2,...,n;

(ii) for any i,j € {1,2,...,n}, if €;/w; > £;/w;, then

Ei/wi — Ej/wj > 6/(’(1}111}2).

Proof. (i) We prove it by induction on i. If i = n, then, by Definition B} ¢,, =

€n, = bnpe, and the lemma holds. Suppose it holds for ¢ = &+ 1,...,n; we prove

it for i = k. If py is the zero polynomial, then ¢, = €, and the lemma obviously

holds. If py is a non-zero polynomial, for any term ;"' ... z%" in the expansion

of px, we have

Q-deg xZ’fll coxer = (ap1qr+1 + 0+ angn)E.
By Definition Bl we have

U, = €, + max{Q-degrees of monomials mZ’f:ll ...xz& in the expansion of py}

= (bk +max{ary1qrr1 + -+ angn:

the monomial xZ’fll, ..., Ton appears in the expansion of pk})s.

Thus the lemma for case i = k is proved.
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(ii) By (i), we have
ifw; — U Jw; = (Ciw; — Lw;) [(wiw;) = (qiw; — gjwi)e/ (wiw;).
Notice that ¢;/w; > {;/wj; thus gw; — gjw; > 0. Since g;w; — gjw; is an integer,
¢;w; — gjw; > 1. Notice that wy > wg > -+ > w, > 1; hence
CiJw; — L ]w; > ef(wyw;) > e/ (wrws).
(]

Lemma 4.7. Let R be a commutative local Artinian algebra. Let D € Der(R, R) be
any derivation of R. Then D preserves the m-adic filtration of R; i.e., D(m) C m
where m is the maximal ideal of R.

Proof. If the assertion is false, then there exists a € m such that D(a) ¢ m. Since
R is an Artinian algebra, we can find a smallest integer k such that a* # 0 but
a**1 = 0. Then 0 = D(a**1) = (k + 1)a*D(a), which implies that a* = 0 because
D(a) is a unit. This leads to a contradiction. O

Lemma 4.8. Let P and I be as in Lemma 1l Suppose that
D = p10/0x1 + p20/0xs + - -+ + pp0/0xy
is a derivation on P/I. Then p;(0) =0 for 1 <i<mn.

Proof. Tt follows from Lemma [T] that P/I is a local Artinian algebra and has a
unique maximal ideal m. Assume that p;(0) # 0 for some 1 < i < n; thus p; is not
in m. However, it follows from Lemma 7] that D(z;) = p; € m. This leads to a
contradiction. Thus the lemma is proved. O

Remark 4.1. Suppose that D is a non-zero negative weight derivation on P/I as
before. From Lemma .8 we know that each coefficient p; of 9/9z; in D does not
contain any constant term. Notice that p, is a constant polynomial, so p,, is the
zero polynomial.

5. PROOF OF MAIN THEOREM [B]
We first prove Main Theorem [Bl Main Theorem [Alis proved in the next section.

Theorem 5.1 (Main Theorem [B). Let P = Clzy,z2,...,%,] be the weighted
polynomial Ting of n weighted variables x1,xo, . .., x, with positive integer weights
wy > wy > - > wy and let f1, fa,. .., fm be m (m > n > 2) weighted homoge-
neous polynomials with degrees greater than (m — 1)wywsy. Suppose that any two of
the original weights w1y, wa, ..., w, are coprime and R = P/(f1, fo,..., fm) is an
Artinian algebra. Then there are no non-zero negative weight derivations on R.

Proof. If the conclusion is not true, suppose D is a non-zero negative weight deriva-
tion on R or equivalently a non-zero negative weight derivation on P which preserves
the ideal (f1, fo, ..., fm) as in (B3]). We take the new weight type (¢1,...,%,) of D
controlled by the parameters ¢;. Here

€ p; is a non-zero polynomial,
€, — . .
0 p; is the zero polynomial,
where € is a positive real number. Let Inax = {e: £e/we is the maximum among all

li/w; fori =1,2,... n}. We claim that I,,x has only one element for the following
reason. It’s clear that ¢; > 0 for any ¢ such that p; is a non-zero polynomial and
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¢; = 0 for any 7 such that p; is the zero polynomial. Thus p; is a non-zero polynomial
for any i € I.x, which follows that €; = € for any i € I;,.«. Since €; can be divided

by eforall: =1,2,...,n, by Lemmalfflwe have ¢; = g;e, where g; is a non-negative
integer for i = 1,2,...,n. Now we prove that ¢; < w; for all ¢ by induction on 7. If

i = n, then we know p,, is the zero polynomial (see Remark [@.T]); thus ¢, = 0 < w,.
Suppose ¢; < w; fori =k+1,k+2,...,n; we prove that ¢, < wg. If py is the zero
polynomial, then ¢x = €, = 0 < wg. If py is a non-zero polynomial, by Lemma [£.8]
we have p;(0) = 0; thus pg is a non-constant polynomial. We have

Uy = € + Q-deg pr = € + Q-deg py,
and notice that
wy = — wt D + deg pg

and pj is a non-constant polynomial of variables xx41,...,x, and {; = g < w;e
for i > k. Thus we have Q-deg px < e deg py; hence

= e+ Q-deg pr < (1 +degpr)e < (— wtD + degpr)e = wye,

which follows that g < wg. Thus ¢; < w; for i = 1,2,...,n. Suppose that I, has
more than one element. Then for any ¢, j € I,ax such that ¢ # j, since 0 < ¢; < w;,
0 < g; < wj, and w;, w; are coprime, g;/w; # ¢;/w;. It follows that ¢;/w; # £; /w;,
which contradicts ¢,j € Inax. Thus the claim that I,,, has only one element is
proved. Write I = {ig}. Let f = ¥¢;,/w;, and let

v=max{l;/w;: i =1,2,...,i9— L,ip+1,...,n}.

Since €; can be divided by € for all i, by Lemma we have 8 — v > e/(wiws).
Let €min = min{e; for ¢ such that p; is a non-zero polynomial}, and it’s clear that
€min = €. Then by Theorem 1] we know that there exist j € {1,2,...,m} such
that deg f; < (m — 1)(wiwz), which contradicts the condition that deg f; > (m —
1)(wiws) for all j. So the conclusion is proved. O

6. PROOF OF MAIN THEOREM [A]

In this section we give the proof for Main Theorem [Al In order to use Theo-
rem 1] we need to choose suitable parameters €; to make the new weight type
(l1,...,¢,) satisfy the following conditions in Theorem [Tt

(1) there is only one index ig € {1,2,...,n} such that

by Jwiy = max{l;/w;:i=1,2,...,n};

(2) €iy = €min, Where €yin, = min{e; for i such that p; is a non-zero polynomial};
(3) pi, is a non-zero polynomial.
First we let

I p;i is a non-zero polynomial,
710 p; is the zero polynomial,
where € is a positive real number. Let (¢1,...,¢,) be the new weight type associated

with a non-zero negative weight derivation D and controlled by parameter ¢;. Then
we have e, = € and ¢; = 0 for ¢ such that p; is the zero polynomial. Let Iy =
{e: £c/w, is the maximum among all ¢; /w; for i = 1,2,...,n}. It’s easy to see that
€; = €min and p; is a non-zero polynomial for any ¢ € I ,x. Thus if I,,x has only
one element, then the conditions (1), (2), and (3) in Theorem F Il are satisfied. But
in the general case I,.x might have more than one element. So the key thing we

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



2510 HAO CHEN, STEPHEN S.-T. YAU, AND HUAIQING ZUO

need to do is to adjust the parameters €; in order to separate {{;/w;: i € Lyax}
such that these numbers have only one maximum.

Lemma 6.1. Let D be a non-zero negative weight derivation such that p;(0) = 0
for 1 < i < n, where p; is the coefficient of /0x; in D. Suppose there exists a
positive real number € such that all parameters €; can be divided by €. Fiz an index

jo € {1,2,...,n}, and define another group of parameters (€;) as follows:

K3
i | eite/(wiws) © = Jo,
ei —_— . .
€ i # Jo-
Let (61, ...,4,) and (€4, ..., L)) be new weight types associated with D and controlled
by parameters €; and (€}) respectively. Then we have the following:

(i) Foranyi,j=1,2,...,n such that both p; and p; are non-zero polynomials,
we have
éi/wi < éj/wj = @;/wi < é;/w]
(ii) Foranyi,j=1,2,...,n such that both p; and p; are non-zero polynomials,
for any term t; in the expansion of p; and any term t; in the expansion of
Dj, we have

(Q-deg t; + €;) /w; < (Q-deg t; + €;)/w;
= (Q'-deg t; + €;) /w; < (Q'-deg t; + €;) /w;.

(iii) For anyi=1,2,...,n such that p; is a non-zero polynomial, for any terms
t1 and ty in the expansion of p;, we have

Q-deg t; < Q-deg to = Q'-deg t; < Q'-deg t».

Here Q-deg and Q’-deg denote the degrees with respect to the new weight types
(b1, ..., 0,) and (44, ..., L)) respectively.

Proof. We claim that 0 < £;—¢; < w;e/(wiws) for all 4 and 0 < £, —¢; < w;e/(wiwz)
for ¢ such that p; is a non-zero polynomial. We prove the claim by induction on 1.

If i = n, then ¢, = €,, ¢/, = €,, and p,, is the zero polynomial. By the definition
of €, we know that 0 < €, — ¢, < &/(wrwz2) < wpe/(wyws). Thus the claim holds
for i = n.

Suppose the claim holds for i = k+1,...,n. We prove it holds for i = k. There
are the following two cases:

(1) py is the zero polynomial. With the same argument as when ¢ = n, we know
the claim holds.

(2) px is a non-zero polynomial, since pg(0) = 0, so there is no constant term in
the expansion of pg. There are two subcases as follows.

(a) k = jo. Pick any s > k. If ps is a non-zero polynomial, then by the induc-
tive assumption we have 0 < £ — {5, < wge/(wiws). If ps is the zero polynomial,
then ¢, = €; and ¢, = €.. Notice that s # k = jo. We have €5 = €/, which follows
that ¢/, — s = 0 < wye/(wiwsz). Thus 0 < ¥ — 4y < wse/(wiws) for all s > k. For

Q41

any term ¢ = x; 1" ... 23" in the expansion of py (ag+1,---,an are not all zero),

using the fact ag w1 + -+ + apw, = wi + wt D, we have
0 < Q-deg t — Q-deg t = apq1(Cyyq — lp1) + -+ + an(ly, — £y)
< (app1wps1 + - + apwy)e/ (wyws)
= (wy, + wtD)e/(wiws).
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Therefore
Q'-deg t < Q-deg t + (wy + wt D)e/(wiws) < Q-deg pr + (wi + wt D)e/(wyws),
for any term ¢ in the expansion of py; thus
(6.1) Q'-deg pi, < Q-deg py; + (wy, + wtD)e/(wiws).
Since
Q-deg t < Q'-deg t < Q'-deg py,
for any term ¢ in the expansion of pg, we have
(6.2) Q-deg pr. < Q'-deg p.
Combining (61]) with ([@3]), we have
0 < Q'-deg pr. — Q-deg pr < (wy + wt D)e/(wiws).
By definition, we have €}, — e, = ¢/(wyw2). Thus
0 <0, — 1l = ¢, +Q-deg pr. — (e + Q-deg pr) < (wy + wt D + 1)e/(wrws).

Since wt D is a negative integer, we have wtD + 1 < 0, and the claim is proved.

(b) k # jo, so €}, = €. For any term ¢ = xZ’ff ...z in the expansion of py

(ak+1,- - -, ay, are not all zero), using the fact that axr1wi11+- - +apw, = wy+wt D
and the inductive assumption that 0 < £, — ¢, < wse/(wiws) for s > k, we have

0< Q'—deg t—Q-degt= ak+1(£§€+l - €k+1) et an(f% —{y)
< (pp1Wra1 + -+ anwy e/ (wiws)
= (wg + wtD)e/(wiws).
Therefore
Q'-deg t < Q-deg t + (wg + wt D)e/(wiwa) < Q-deg px, + (wi, + wt D)e/(wiws)
for any term ¢ in the expansion of py; thus
(6.3) Q'-deg pi. < Q-deg pi, + (wi + wtD)e/(wiws).
Since
Q-deg t < Q'-deg t < Q'-deg px,
for any term ¢ in the expansion of pg, we have
(6.4) Q-deg pr, < Q'-deg p.
Combining (63) with ([@4]), we have
0 < Q'-deg p. — Q-deg pr < (wi + wt D)e/(wiws).

Also €}, — €, = 0, so by the definition of the new weight type, we have 0 < £} — ¢, <
(w, + wt D)e/(wiws). Since wtD is a negative integer, we have wy + wt D < wy,.
Thus 0 < ¢}, — {, < wge/(wrw2), and the claim is proved.

From the argument above, we also know that for any 7 such that p; is a non-zero
polynomial and for any term ¢ in the expansion of p;, we have

(6.5) 0 < (Q'-deg t+¢;) — (Q-deg t + €;) < wie/(wiws).

(i) For any 4,j such that both p; and p; are non-zero polynomials, if ¢;/w; <
l;/wj, by Lemma we have ¢;/w; — {;/w; > ¢/(wrws). By the claim above,
we have 0 < 0} /w; — £;/w; < wie/(wiwaw;) = e/(wiwg) and 0 < L /w; — £ /w;.
Therefore we have £; /w; < {;/w; +¢/(wiw2) < £;/w; < /w;. Thus (i) is proved.
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(ii) For any ¢,j such that both p; and p; are non-zero polynomials and for any
term ¢; in the expansion of p; and any term t; in the expansion of p;, by Lemma .G
we know all ¢, kK =1,...,n are divisible by ¢; thus Q-deg ¢; +¢; and Q-deg ¢; +¢;
are divisible by €. Write Q-deg t; + ¢; and Q-deg t; + €; as the forms g;e and g¢;e
respectively where g; and ¢; are integers. If (Q-deg t; +¢;) /w; < (Q-deg t;+€;)/w;,
then q;w; < gjw;. Notice that ¢;w; and g;w; are integers, so g;w; —q;w; > 1. Thus

(Q-deg t; + €;)/w; — (Q-deg ti + &) /w; = (gjwi — qiw;)e/(wiw;) = e/ (wiw2).
By equation (6], we have

(Q'-deg t; + €;) /w; — (Q-deg t; + €;) /w; < wie/(wrwow;) = €/(wyws).
Combining these two inequalities and noticing that Q-deg t; +¢; < Q'-deg t; + e;
(see equation (G.3])), we have

(Q'-deg t; + €;) /w; < (Q-deg t; + €;)/w; < (Q'-deg t; + €})/w;.

(iii) Using (ii) for the case that i = j, we can get that for any 7 such that p; is a
non-zero polynomial and for any terms t; and ¢5 in the expansion of p;, we have

(Q-deg t1 + &) /w; < (Q-deg b2 + €;)/w;
= (Q'-deg t1 + €;) /w; < (Q'-deg t2 + €,) /w;.
Thus we have
Q-deg t; < Q-deg ty = Q'-deg t; < Q'-deg 5.
([l

Theorem 6.1. Let fi1, fa,..., fm be m weighted homogeneous polynomials with
respect to the weight type (wi,wa, ..., wy,) such that

R =Clz1,z2,. .-, 2n]/(f1, fo, - fin)

is a non-zero Artinian algebra. D is a non-zero negative weight derivation as in
B3) on P which preserves the ideal (f1,. .., fm). (L1,...,4y) is the new weight type
associated with D and controlled by parameters €;,. Fiz a subset I of {1,2,...,n}
(n>2) such that I has more than one element. Suppose the parameter (€1,€a, . .., €,)
satisfies the following condition:

€ i € I and p; is a non-zero polynomial,
(6.6) o — 0 1 € I and p; is the zero polynomial,
’ ¢ €+ ¢/ (wiwa)® i ¢ I and p; is a non-zero polynomial,
€/ (wyws) i ¢ I and p; is the zero polynomial,

where € is a positive real number, k is the number of elements in I (k > 2), and
b: i — b is a one-to-one map from {1,2,...,n} \ I to {1,2,...,n — k}. Let
Imax = {e: le/w, is the mazimum among all {;/w; fori=1,2,...,n}. If Iax C T
and p; is a non-zero polynomial for any i € Iax, then there exists j € {1,2,...,m}
such that

deg f; < (m —1)(wywy)" "

Proof. Consider the following two cases: Case 1: Inax = I, and Case 2: Iy is a
proper subset of I. We first prove that Case 1 can be reduced to Case 2. Then we
only need to consider Case 2.
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Assume that I.x = I. Write I = Lax = {i1,...,0}, where iy < iy < -+ <
ik, k > 2. Since p; is a non-zero polynomial for any i € I,.x = I, by (G.6) we can
see that €; = € for any 7 € Iy = 1.

We shall first prove the following proposition.

Proposition 6.1. For any term to in the expansion of (pi,_, )max and for any term
t1 in the expansion of (pi) )max, we have tg = cxl ' 11, where a is a non-negative
integer and c is a non-zero constant coefficient.

Proof of Proposition 61l Let h : {1,2,...,n —k} — {1,...,n}\ I be the inverse
function of the map b : i — b;; that is to say, by;) =i fori = 1,2,...,n — k. Define
(0 (1) (n—Fk)

a group of parameters €, ', €; 7, ... €, ,i=1,---,n by induction as follows:
o | € p; is a non-zero polynomial,
* 1 0  p;is the zero polynomial.

Assume that the (j —1)-th group of parameter (ngq), ceey egjfl)) has been defined.
Then we define

el Y i # h(j).
(9)

<ﬁ_{éj”+dwmmf i = h(j),

By this definition, it is clear that ¢, = € for any ¢ € In.x = I and any j =
0,1,...,n — k. In particular ng—k) =€ = ¢, for i € I ax = I. On the other

hand, for ¢ ¢ Iyax, there exists a unique j € {1,...,n — k} such that h(j) = 3;

hence b; = j. Thus 6( nmk) = e = EJ Yy 6/(w1w2)b’ = 6(0 + ¢/ (wrw2)? = €.
Thus (; (=k) el 0 ) (€1,...,€n). Let (fgj), . ..,651)) be the new weight type
controlled by parameter (egj), . 55)) for j =0,1,...,n—k, and let Q(j)-deg mean

the associated degree. For convenience, we write ix_1 = s and i = ¢, then s < t.
Since s,t € Ijnax = I, ps and p; are not the zero polynomials. Pick any term tg in
the expansion of (ps)max and pick any term ¢; in the expansion of (p;)max. Notice
that s,t € Inax. We have £s/ws = £ /wy; thus

(Q-deg to + €5)/ws = (Q-deg t1 + €;)/wy.

Since (e1,...,€,) = (egnfk), e e;"*’“)), we have

(6.7) (R g = 607 fwy,

(6.8) (Q(n-k)-deg to + €M) jw, = (Q(n-k)-deg t1 + 6" ™) /w;.
We claim that

(6.9) 09D fuwy = 09 Jw,

for j =0,1,...,n — k, because if there exists e such that de)/wS # ége)/wt, notice
that both ps and p; are not the zero polynomials by Lemma [61Ki) (here we set
e = €/(wyw2)®) we have z,(f“)/ws # EEEH)/wt. Similarly, z,(f“)/ws * Z,geﬂ)/wt
can imply Ege+2)/ws + EEHQ)/wt. Continuing this process, finally it will imply that
Eg"_k)/ws + ei"‘k)/wt, which contradicts ([G.7)). Hence (69) is proved. Likewise,
using Lemma [6.[(ii) and equation (G.8]), we have

(6.10) (Q(j)-deg to + e /1w, = (Q(j)-deg t1 + €”)) fwr.
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From above, since ) = e§j) =efor j=0,...,n—k, so (GI0) implies that

(6.11) (Q(i)-deg to + €)/ws = (Q(j)-deg t1 + €) /wy

for j =0,1,...,n—k. We claim that t¢ is independent of x; fori =s+1,...,t—1
for the following reason. Assume the opposite, that there exist e € {s+1,...,t—1}
such that ¢y depends on .. Let j = b.; then h(j) = e. Thus by definition we have
egj_l) = egj) for i # e and e((gj_l) < egj), which follows that Egj_l) = éEj) fori >e
and Eéj_l) < E(ej) and Egj_l) < Egj) for ¢ < e. Notice that ¢; is a monomial of only

variables x¢y1,...,2, and t +1 > e, so we have

(6.12) Q(j-1)-deg t; = Q(j)-deg ¢;.

Notice that tg depends on x., so we have

(6.13) Q(j-1)-deg to < Q(j)-deg to.

Equation (6.I2) and inequality ([€I3) contradict (6.11]); thus the claim that ¢ is
independent of z; for i = s+ 1,...,t — 1 is proved. So ty can be written as the
form cz{ty, where t5 is a monomial of variables x¢41, ..., 2, and a is a non-negative
integer and c is a constant coefficient. Next, we will prove t3 = t; up to a scale by
two steps. Write ¢ and t5 as ¢y ... %" and CQxl;fll ... an respectively.

Step 1. We first prove that
(6.14) a;/b; = (degt; — wtD)/(degts — wtD)
fori=t+1,...,n.

Since the term ¢, appears in the expansion of (pt)max, for any term g¢ in the
expansion of p; we have Q-deg t; > Q-deg g, i.e., Q(n-k)-deg t; > Q(n-k)-deg g.
Using Lemmal[6.1J(iii), we can get Q(j)-deg t1 > Q(j)-deg g forany j = 0,1,...,n—k
and for any term ¢ in the expansion of p;. It follows that

(6.15) 09 = Q(j)-deg t1 + ¢,
for j =0,1,...,n — k. By (611, (6I5), and the facts that ws = degty — wt D,

wy = degty — wtD, and tg = cxfts, we have

Q(j)-deg to+¢ a&(tj) + Q(j)-deg ta + €

degty — wtD aw; + degte — wt D
~ Q(j)-deg t1 +¢€ Q

degt; — wtD wi

for j =0,...,n — k. It follows that

(6.16) Q(j)-deg ta2 + € _ Q(j)-deg t1 + €

’ degty — wtD degt; — wtD
for j =0,...,n—k. We prove the claim that a;/b; = (degt, —wtD)/(degty —wtD)
fori=t+1,...,n by induction. If ¢ =t + 1, let j = byy1; then h(j) =t + 1. Thus

Eg_)l - &(ﬁ:ll) > 0 and (1(51)2 - 41—21) == — 497" = 0. Hence we have
Q(j)-deg t1 =

Q-1
Q(i)-deg t2 = Q(-1)-deg t2 + b () — 011").
By (6I6]) we can get ast+1/bir1 = (degt; — wtD)/(degta — wtD); thus the claim
holds for ¢ + 1.

)-deg t; + at+1(£gr)1 - ggﬁl))a
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Suppose ([6.14) holds for t+1,t+2,...,i—1. Let’s prove it for i. Let j = b;. Then
h(j) = 4; thus we have Kz(j) — fgj_l) > 0 and €§£1 — ég__ll) =...= 553) - 853‘” =0.
Thus we have

Q(j)-deg 11 = Q(-1)-deg t1 + ara () — £337) + -+ ai(l) —677Y)
and
i)-deg ts = Q(j-1)-deg ta + by (67, — €97) + - by (1)) — g9~
Q(j)-deg t2 = Q(j-1)-deg to + b1 (£ — €1 7) + -+ bi(£; i)
By inductive assumption and (GI6]) we can get
a;/b; = (degt; — wtD)/(degty — wtD).

Step 2. We shall prove that degt; — wtD = degty — witD. Assume that degt; —

wtD > degte — wtD. Then by (GI4), we have a; > b; for i = ¢+ 1,...,n. Let

~b _
bty = a7 L a@n T then ¢ = tats up to a scale. Thus we have

(6.17) é_t _ Q-degti +e  Q-degty+ Q-degtz + €
. Wt N degty — wtD o degty +degts — wtD

By the fact that (egnfk), . .765?7]6)) = (e1,...,€,) and the equation (GI6) for
j =n —k, we have

Q-deg t; +¢  Q-deg iy +¢

degt, — wtD  degty — wtD’

By (@I7) and (6IR) we can get f;/w; = Q-deg t3/degts. Since t € Iyax and
t+1,...,n & Inax, we have ly/wy > lip1/wigr, ..., 0/we > Ly /w,. Also t3
is a monomial of zyy1,...,2,, so Q-deg t3/degts < {;/w;, which contradicts
O /wy = Q-deg ts/degts. So the assumption degt; — wtD > degty — witD is
invalid. Similarly we can prove the assumption degt; — wt D < degty — wtD is in-
valid. Thus degt; —wt D = degts —wtD. It follows that a; = b; fori =t+1,...,n;
thus t; = t5 up to a scale. So Proposition is proved.

(6.18)

Now we come back to the proof of Theorem

Fix a term to in the expansion of (p;,_,)max. For any two terms t1,%2 in the
expansion of (p;, )max, by Proposition [6.I] we have ty = clx;lkl t1 and tg = CQI‘?]fo,
where ¢, ¢ are non-zero constant coefficients and a1, as are non-negative integers.
So clx?kltl = czx?;tg. Notice that ¢1,ts are monomials of variables x;, 11,...,Zn,
80 t1 =t up to a scale. So there is only one term in the expansion of (p;, )max-

Fix a term to in the expansion of (p;, )max. For any two terms tg,t; in the
expansion of (p;, _, Jmax, by Proposition [6I] we have ¢y = cox?:tQ and t; = clx;-lkl to,
where ¢, c; are non-zero constant coefficients and ag, a1 are non-negative integers.
Because p;, , is a weighted homogeneous polynomial with respect to the original
weight type (wy,...,w,), we have degty = degty; thus ap = ay. Since tg = t; up to
a scale, it follows that there is only one term in the expansion of (p;, _, Jmax- Hence

(pik,1 )max = C-T;'lk (pik)maxv

where c is a non-zero constant coefficient and a is a non-negative integer. Noticing
that deg(pi,,_, )max = degpi,_, = wi,_, + wtD and deg(p;, )max = degpi, = w;, +
wt D, we have w;, _, + wtD = aw;, + w;, + wt D, which follows that

(6.19) Wi, = (a4 D)w;,.
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And since ig_1, i € Imax, S0 i, /wi,_, = i, /w;,, we have that

(6.20) by, = (a+1)¢;,.
In the following, we will take a coordinate change which preserves the original
weight type (w1, ws, ..., w,). The coordinate change is of the following form:
1 = 1},
(6.21) iy = aj,_, +e(ap )T (a+1),
Ty = T,

Calculating the transformation of derivations in this coordinate change (@21
we have

0’0
oxy  Omy’
o 0
oz’ Ox;, .’
Te—1 Tk—1
(6:22) 0 _ 0y
orj Oz, W Oz,
o _ o
oz, Oz,

Write the expression of the negative weight derivation D in the new coordinate
system as

0 0
D/: /_ /_ /

oz’
It is clear that p; = p; for ¢ # ix_1. Only
p;k_l = Dip_1 — C(‘/L.;k)apik = DPir_1 — Cx?kpik

is changed. Let (¢},...,¢.) be the new weight type associated with D’ in the new
coordinate system and controlled by the origin parameter (ej,e€s,...,€,) and let
Q’-deg mean the associating degree. For any ¢ > iy_1, we have p, = p; and p; is
independent of z;, ,. Thus the expression of p, in the origin coordinate system is
the same as the expression of pj in the new coordinate system (since the coordinate
change only happens on x;, _, ), which follows that £; = ¢; for all ¢ > i;_1. We claim
that £; < {;,_, for the following reason. Since (pi,_, )max = ¢¥{ (Pi, )max, We have
(Pir_, — cx§, pi,) is the zero polynomial or Q-deg (p;,_, — cx{ p;,) < Q-deg p;,_,.
If the former, then p;  is the zero polynomial and it’s clear that £; =~ < £; _,.
If the latter, notice that p = p;,_, — cx} p;, is a polynomial of a; for t > iy,
and ¢y = £; for t > ip_;. We have Q'-deg p;, | = Q-deg (pi,_, — cx{ p;, ). Thus
Q'-deg pj, < Q-deg p;,_,, which implies that £;, < £; .
0, < ¢ for all t = 1,2,...,n and we will prove it by induction on ¢. From the
above argument we already know it holds for ¢ > 75 _1. Assume the claim holds for

Now we claim that
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t+1,t+2,...,n, and we will prove it holds for ¢ (here ¢ < ix_1). For any term

At41

g = ...z5" in the expansion of py,

9= (@) (@, g () ) )
in terms of the new coordinate system. By the fact that Q'-deg(z] )*™' = (a +
0, = (a+ 1), = £;,_, (by equation 6.20) and the inductive assumption, we
can get Q ’'-deg g < Q-deg g for any term ¢ in the expression of p;. Also because
p; = pt (because t < ir_1), we can get Q'-deg p;, < Q-deg p;, which follows that
¢, < £, and the claim is proved.

Let I .. = {e: ¢, /w, is the maximum among all ¢;/w; for i =1,2,...,n}. From
the above argument we know that for any @ ¢ Inax, £/w; < i/w; < 4, Jw;, =
¢ Jwi,, which follows that i ¢ I}, . Thus I}, C Inax. Notice that £;  /w;, _, <
by Jwip_, = Ui, Jwi, = ﬁgk/wik, so we have I' . C Inax \ {ixk—1}, which follows
that I} .. is a proper subset of Iy = I. And for any ¢ € I] ., we have i € I«
and ¢ # i5_1, so that p; is a non-zero polynomial and p, = p;. Thus the condition
that p) is a non-zero polynomial for any ¢ € I/ .. is satisfied. Thus the case that
Inax = I can be reduced to the case that I, is a proper subset of I.

Then we prove Theorem by induction on the number k of elements of I.
If £ = 2, for the above reason we may assume that I, .« is a proper subset of
I; thus Ihax has only one element. Assume that I = {ig}. Let 8 = £;, /w;,,
v = max{l;/w;: i = 1,2,...ig — L,ip + 1,...,n}, and €njn = min{e; for i such
that p; is a non-zero polynomial}. Since iy € Imax C I, we know that p;, is a
non-zero polynomial and €;,, = €. Also ¢; > € = ¢;, for any ¢ such that p; is a non-
zero polynomial; thus €, = € = €;,. Since all ¢; are divisible by ¢/(wwz)" % =
¢/ (wiwe)" 2, by Lemma G we have 8 — v > ¢/(wiwq)" 1. Since ig € I, we know
that €;, = €min = € and p;, is a non-zero polynomial. By Theorem [l there exists
j€{1,2,...,m} such that

0 o
Suppose that the conclusion holds for 2,...,k — 1; we prove it for k. If I, has
only one element, then using a similar argument as above we can get the conclusion.
Thus we may assume that I,,x has more than one element, and we may assume
that Iax is a proper subset of I. Then we pick an index jo € I\ Ijmax. Define

another parameter (€;) as follows:

3

¢ = { € + ¢/ (wywy)"F ! i = jo,
3

deg f; <

€ i # Jo-
Consider the new weight type (¢1,...,¢,) controlled by parameters (ef, ..., €, ), and
let I] . = {e: £, /w, is the maximum among all ¢} /w; fori =1,2,...,n}. We claim
that I, C Imax for the following reason. For any i ¢ Inax, we need to consider

the following two cases.

(1) p; is a non-zero polynomial. Fix an index j € Iyax; then ¢;/w; < {;/w;. By
Lemma B.II(i) (here we set & = e/(wyw2)"~*) we have £} /w; < €} /w;, which follows
that i ¢ I ...

(2) p; is the zero polynomial. Then €; < ¢/(wyws); thus £; < e/(wyws). For any
t € Imax C I, p; is a non-zero polynomial, so ¢, = e. Also t # jo; thus €, = ¢, = €,
which follows that ¢, = €, + Q’-deg p; > € (here the equality may hold because

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



2518 HAO CHEN, STEPHEN S.-T. YAU, AND HUAIQING ZUO

Q’-deg p; may be equal to zero). Assume that ¢ € I} ... Then we have
e/wy < U Jwy < U Jw; < ef(wiwaw;), for any t € Lyax.

Thus wywow; < wy for any t € Iax, concluding that we = w; = 1 and w; = wy for

any t € Iynax- Since Iax has more than one element by assumption, there exists
to € Imax such that tg > 2, so it follows that w;, < wy. Thus w; = wy, < w2 =1,

so that wy; = 1; that is to say, w; = wy = --- = w,. Notice that degp; < w; and
pi(0) = 0 (by Lemma [£8)) for ¢ such that p; is a non-zero polynomial. Thus p;
has to be the zero polynomial for ¢ = 1,2,...,n, i.e., D = 0, and this leads to a

contradiction. Hence the assumption ¢ € I}, is wrong.

Thus i ¢ I, for all i ¢ Iy, which follows that I .. C Imax € I'\{jo}. For any
i € I .., we have i € I1,,y; thus p; is a non-zero polynomial. Let I’ = I'\{jo}. Then

the number of elements of I’ is k — 1 and I/, C I’. By the inductive assumption,

the conclusion is proved. (Il

Main Theorem A. Let P = C[z1, 22, ..., z,] be the weighted polynomial ring of n
weighted variables z1, xs, ..., z, with positive integer weights w1 > we > -+ - > w,.
Suppose that f1, fa,..., fm are m (m > n > 2) weighted homogeneous polynomials
with degrees greater than (m — 1)(wiw2)"~! and R = P/(f1, f2,---, fm) is an
Artinian algebra. Then there are no non-zero negative weight derivations on R =

P/(flvf?a"'afm)~

Proof of Main Theorem A. If the conclusion is not true, suppose D is a non-zero
negative weight derivation on R or equivalently a non-zero negative weight deriva-
tion on P which preserves the ideal (f1, fa,..., fm) as in (B3). We take the new
weight type (¢1,...,4,) of D controlled by the parameters ;. Here

S B p; is a non-zero polynomial,
710 p; is the zero polynomial,

where € is a positive real number. It’s clear that ¢; > 0 for any i such that p; is a
non-zero polynomial and ¢; = 0 for any ¢ such that p; is the zero polynomial. Thus
p; is a non-zero polynomial for any ¢ € Inax. Let T = {1,2,...,n}, and it’s clear
that Inax € I. Then by Theorem [61] we know that there exists j € {1,2,...,m}
such that deg f; < (m—1)(wiws)™ !, which contradicts the condition that deg f; >
(m — 1) (wywy)™~! for all j. So the conclusion is proved. O

7. DUALITY FOR ZERO-DIMENSIONAL SINGULARITIES

In this section we recall the duality theorem for zero-dimensional, singularities,
which is crucial in our proof of Main Theorem

Let A be a local analytic C-algebra, i.e., a quotient algebra of the convergent
power series ring H = C{x1,...,2z,} in n variables over C. We shall denote the
maximal ideal of A by m 4 and the module of regular holomorphic differential 1-
forms of H by Q}I/C ~ H{dxy,...,dz,}.

Let I be an ideal of H and let A = H/I be a quotient algebra of H. One can
define the module Q}4 /c of Kéhler differentials of A over C by the standard exact
sequence of A-modules

(7.1) 1)1 % QY e op A — Qe — 0,
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where d is given by d(f) = dy/c(f) @ 1 for f € I/I? and dgc : H — Q}{/c is the
universal differential.

Let us consider the functor Derc (A, —) of C-derivations (from A-modules to A-
modules).  There is a fundamental functorial isomorphism Derc(4,—) =
Hom 4 (Q}MC,—). Let Der(A)=Derc(A, A). Der(A) is the A-module of C-derivations
of A.

Remark 7.1. Suppose that the ideal I is generated by the sequence of functions
fi,---, fr € H. Then

k
O =0/ f Qg+ H-dfy).

=1

The local C-algebra A = H/I corresponds to the germ X C (C",0) with the
dual analytic C algebra Ox = A. The modules Q) and Der(A) are usually referred
to as the module of regular holomorphic differential 1-forms and the module of
holomorphic vector fields on the germ X respectively. They are also denoted by
QL and Der(X).

We will also consider the tangent and cotangent functors of analytic algebras (see
[Pal]) denoted by T; and T* respectively, i > 0. By definition, for any A-module M
there exist the isomorphisms

To(A/C, M) = Q) ;e @4 M, T°(A/C, M) = Derc(A, M)
and exact sequences of A-modules

0= T1(A/C, M) = I/I* @4 M 2% QY @ M — To(A/C, M) — 0,

0 — T°(A/C, M) — Homa (Qy/c ®u M, M) — Homa(I/T?, M)
— TY(A/C, M) — 0.
The first sequence is obtained by tensoring (ZII) with M over A. Applying the
functor Hom4(—, M) to (Z.1), we get the second sequence.
For brevity we shall denote the tangent and cotangent modules T;(A/C, A) and
T (A/C, A) by T;(A) and T?(A) respectively.
Hence

To(A) = (2114/@, TO(A) = Der(A), T1(A) = Ker(d).

Moreover, if A = A,.q is reduced and an A module M has no embedded associative
primes, then there is an isomorphism (see [KL| (1.4.3)])

T'(A/C, M) = Exty (2} ¢, M).

This is also true if instead of the above condition on A we assume that the analytic
C-algebra A corresponding to the germ X C (C™,0) has positive depth along its
singular locus.

For convenience we also recall the following assertion.

Proposition 7.1 ([AM| (2.2)]). Let A = H/I be an Artinian complete intersection;
that is, I is generated by a reqular H sequence fi,...,fn € H. Then the tangent
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and cotangent module T;(A) and T7(A) have the same dimension for i,j = 0,1,
i.e.,

dim¢ 9}4/@ = dim¢ Ty (A/C, A) = dime Der(A, A) = dime T*(A/C, A).
Definition 7.1. Let f € H be an analytic function with an isolated critical point at
the origin. The ideal I generated by partial derivatives f,, = 0f/0xz;,i =1,...,n,

is called the gradient ideal. In this case the H-sequence f;,,..., fz, is regular so
that A = H/I is an Artinian complete intersection.

Theorem 7.1 ([A2]). Let I be the gradient ideal defined by an analytic function
f € H with an isolated critical point at the origin, A= H/I. Then there exist two
canonical non-degenerate pairings

T°(A) x T*(A) — C,
To(A) X Tl(A) — C.

Remark 7.2. Using elementary properties of tangent cohomology one may easily
calculate an explicit representation of the pairings from the above theorem:

(7.2) Der(A) x A" /(Hess(f) - A") — A — C
(W1, oy tn) X (a1, ... apn) — Zuiai — C
where } )
ey oy %
0z? 0x1 Oxa Ox1 Oz,
0 f 0% f 0 f
Hess(f) — Oxo 011 0x} Oxo Oz,
¢r &y . &f
| 0z, 01 Oxp Oxo orZ |

and the last arrow is the projection on the one-dimensional component of the alge-
bra A, which is called the socle that corresponds to the class of Det(Hess(f))=df, A
<o Ndfy, /dxy N Aday,.

8. SOME RELATED USEFUL RESULTS

Theorem Bl which we want to use later, was proved by K. Saito in [Sa2l; see
also [Wie].

Theorem 8.1 ([Sa2]). Let f € Ocn o be a germ of a holomorphic function which
defines a hypersurface with isolated singularity at 0. Then
(1)
Det(82f/8:ci8xj)i,jzlw’n ¢ (fIN ey fxn)ﬁC”,O
and
mDet(82f/8:ci8xj)i,jzl,wn S (f:l?u ey fmn)ﬁC",O
where m is the mazimal ideal of Ocn .
(2) For each g € Ocn o with

g ¢ (fIU" -7fxn)ﬁ<(:n,0
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there is an h € Ocn o such that
hg — Det(8? f /0:0x;)i j=1....n € (fers-- -+ fr,)Ocn 0.

(3) If f is a weighted homogeneous polynomial with weights (wy,...,wy) and
degree d, then
Det(82f/8xi8:l:j)i,j=17_“7n
is also a weighted homogeneous polynomial with the same weights (w1, ..., wy,) as
[ and of degree nd — 27", w;.

The following concepts and results enable one to compute the Yau algebras of
many concrete singularities. Let A, B be associative algebras over a field k. Recall
that the multiplication algebra M (A) of A is defined as the subalgebra of endomor-
phisms of A generated by the identity element and left and right multiplications by
elements of A. The centroid C'(A) is the set of endomorphisms of A which commute
with all elements of M(A). Clearly, C(A) is a unital subalgebra of End(A). The
following statement is a particular case of a general result from [Bl, Proposition
1.2]. (cf. [Bl]). Let S = A® B be the tensor product of finite-dimensional unital
associative algebras. Then

DerS = (DerA) ® C(B) 4+ C(A) ® (DerB).

We will only use this result for commutative unital associative algebras, in which
case the centroid coincides with the algebra itself. Thus for commutative associative
algebras A, B one has:

Theorem 8.2. For commutative associative algebras A, B,
(8.1) DerS = (DerA) ® B+ A® (DerB).

This formula will be used in what follows.

For an ideal J in an analytic algebra S, denote by Der;S C DercS the Lie
subalgebra of all ¢ € DercS for which o(J) C J. We shall use the following
well-known result to compute the derivations.

Theorem 8.3. Let J be an ideal in R = C{x1,...,x,}. Then there is a natural
isomorphism of Lie algebras

(DeryR)/(J - DercR) = Derc(R/J).

Proof. By definition, there is a map ¢ : Der ;R — Derc(R/J) whose kernel contains
J - DercR. Note that DercR is a free R-module with basis 0/0x1,...,0/0x, and
that the coefficient of 9/0x; in o € DercR is o(x;). So if o € Keryp, then o(z;) € J,
and hence o € J - DercR. This proves injectivity. By a result of Scheja and Wiebe
[SW], any ¢ € Derc(R/J) lifts to a o € Derc R, which is then necessarily in Der ; R.
This proves surjectivity, and the claim follows. ([l

9. WEIGHTED HOMOGENOUS FEWNOMIAL ISOLATED SINGULARITIES

We first recall the setting of the so-called fewnomials introduced in [Kho]. Let
us first establish precise terminology which will be different from the setting of
[Kho], where the term fewnomial was first introduced. Let P be a polynomial in n
variables. We shall say that P is a fewnomial if the number of monomials appearing
in P does not exceed n. Obviously, the number of monomials in P may depend on
the system of coordinates. In order to obtain a rigorous concept we shall only allow
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linear changes of coordinates and say that P (or rather its germ at the origin) is a
k-nomial if k is the smallest natural number such that P becomes a k-nomial after
(possibly) a linear change of coordinates. For linguistic flexibility it is convenient
to say in such a case that the nomiality of P, abbreviated as nom P, is equal
to k. Nomiality may be considered as a sort of elementary complexity measure of
polynomials which appears to be relevant in some problems of enumerative algebraic
geometry [Kho]. An isolated hypersurface singularity (V,0) is called k-nomial if
there exists an THS Y analytically isomorphic to V' which can be defined by a
k-nomial and k is the smallest such number. It turns out that, except for some
non-interesting cases, a singularity defined by a fewnomial P can be isolated only
if nom P = n, ie., if P is a n-nomial in n variables. We formulate this result
separately for further reference.

Lemma 9.1 ([Sall). We fiz an indexi € {1,...,n}. For an isolated singularity f,
at least one of the monomials of the form x{x;,a > 1,5 =1,...,n, appears in the
series [ with a non-zero coefficient.

Lemma 9.2 ([Khi]). A k-nomial P in n variables which does not contain mono-
mials of degree less than three cannot have an isolated critical point at the origin if
k <n.

Proof. By Lemma[0.1] for each ¢, there exists a monomial z¢z, in P. For each 14, fix
a monomial of such form with the minimal j = j(¢). Since there are no monomials
of degree two, two monomials of such type chosen for two different numbers i1 # ig
cannot coincide. This obviously implies that the number of monomials in P cannot
be less than the number of coordinates n. This gives the conclusion. ([l

Remark 9.1. Using terminology of [AVZ], the requirement that there are no qua-
dratic terms can be expressed by saying that P is of (maximal) corank n at the
origin. The reason why we have to exclude quadratic terms is that otherwise the
formulation given above would not be correct. Indeed, a stabilization of an A; singu-
larity can be defined by a polynomial in 2k variables of the form zizo+- - -+Tog 122k
which contains only & monomials. Notice also that Pham polynomials give evident
examples of n-nomials with isolated singularity at the origin of C™.

We introduce some terminology.

Definition 9.1. We say that an IHS in C" is a fewnomial if it can be defined by
an n-nomial in n variables, and we say that it is a weighted homogenous fewnomial
isolated singularity if it can be defined by a weighted homogenous fewnomial.

Notice that a direct sum of weighted homogenous fewnomial isolated singularity
is also a weighted homogenous fewnomial isolated singularity. Moreover, according
to (B1)) derivation algebras of direct sums can be easily computed. For this rea-
son our strategy will be to prove the main theorem for certain series of weighted
homogeneous fewnomial isolated singularities and then extend it to direct sums of
singularities from those series. Theorem may be deduced from [KS]. For the
sake of the convenience to the reader, we include a short and elementary proof
below.

Theorem 9.1. Let f be a weighted homogeneous fewnomial isolated singularity
with mult(f) > 3. Then f is analytically equivalent to a linear combination of the
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following three series:
Type A. ' + 25> + -+ 23" + 28, n > 1.
Type B. x{'zo + 25223 + - + 2o ' Ty + 28021, 1 > 2.
Type C. x{'mo + 25233 + - + 20" @y + 280, 0 > 2.

n—1

Proof. Let us first introduce a lemma which is a crucial part of the proof of the
theorem.

Lemma 9.3. Let f(x1,...,2,) be a weighted homogeneous fewnomial which de-
fines an isolated singularity at origin. Then x?flxj(il), 3:;1;2 Tj(iy), where j(i1) # i1,
jia) # g, i1 # i2, and j(i1) = j(i2), cannot appear in the support of f simultane-
ously.

Proof. By Lemma[Q.T] for any i € {1,...,n}, either 27, a; > 1, or zi"x;(,;), j(i) # 4,
appear in the support of f. Since f(z1,...,,) is a fewnomial, and if there exists
i1,12 € {1,--- ,n}, such that x?flxj(il), 90?;2%(1'2)7 where j(i1) # i1, j(i2) # i2, i1 #
i9, and j(i1) = j(i2), appear in the Supp(f), then f = clx?fla:j(il) + czx?f Tj(i,) +
> ohes cka?;l;ka:j(ik), where ¢; #0, 1 <i <n,and it € {1, - - ,n}\{i1,i2}, 3 < i < n.
We claim that f can’t have isolated singularities. This is because when we calculate
0f 0z, 1 <i < n,and set z;,, 3 <k <mn, to0, we end up with at most one non-
trivial equation df/0x;(;,) = 0 for the 2 variables {w;,,7;,}, because j(i1) # i1,
Jlia) # iz, and j(i1) = j(i2), S0 () = Tju,) = 0. Therefore f does not define
an isolated singularity, which contradicts the hypothesis. ]

Therefore Theorem is an immediate corollary of Lemmas[0.1] 0.2] and up
to non-zero coefficients. We can then rescale so all the coefficients can be 1. O

10. PrROOF OF MAIN THEOREM

Proposition 10.1. Let f = z{* +x5%+- - -+x%" be a weighted homogeneous fewno-
mial isolated singularity of type A and let A(f) = C{x1,...,2n}t/(fors fans - s fz,,)
be the moduli algebra of f. Then there are no non-zero negative weight derivations

on A(f).
Proof. Since
A(f) =C{ar, ..., znt/(fars fans s Jz,)
=C{a1,...,2n}/(ar2? a2y, et
~C{a1} /(29N @ Clan} /(22 ) @ -+ @ C{zy }/ (27 71).

By (), it suffices to show that C{z}/(x% 1) has no negative weight derivations.
By Theorem B3] it is easy to compute Der(C{x}/(z*~1!)) and see that it is spanned
by 20z, 1 < i < a;, —2, 1 < k < n. Each of these generators has non-negative
weight. Thus there are no non-zero negative weight derivations on A(f). ]

Proposition 10.2. Let f = a{ @y + 25%w3 + - + 20" 7' Ty + 2221, 1 > 2, be a
weighted homogeneous fewnomial isolated singularity of type B and mult(f) > 4.

A(f) =Clar, s xn}/(faors fans - o5 fan)

18 the moduli algebra of f. Then there are no non-zero negative weight derivations

on A(f).
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In order to prove Proposition [0.2] we first introduce some lemmas.
In the moduli algebra A(f) = C{z1,22,...,Zn}/(f2ys fans-- -, [z, ) We have the
following relations:

-1
]t = —agxy? w3,
-1
x9? = —azxs® T4,
a; a;y1—1
(10.1) Tt = Qi1 %, Tige,
An—1 __ an—1
z," 7 = —anxpt T,
-1
ror = —ax{'T T xe
and
x{tzg =0,
az —
Ty w3 = 0,
(10.2)
An—1 .
T, 7 xp =0,
a —
ryrxy = 0.

It is easy to see that A(f) = C{x1,x2,...,2n}/(foy, fras-- -, fz,) IS & vector space
spanned by the monomial basis {z5' 252 - - - xi"_’f xkn} where (ki, ko, ..., k,) € {0 <
kigai—l,lgign}.

Lemma 10.1. Let f = z{'xy + 25223 + -+ - + 2" 7' Ty + 22721 be a weighted ho-
mogeneous fewnomial isolated singularity of type B and mult(f) > 4, with positive
weights w1, ..., wy,. Then w; < % for1 <i<n.

Proof. Since mult(f) > 4, a; > 3 for 1 < i < n. It follows from aw; + w41 =
d,aiZSthatwi<gfor1§i§n. O

The main idea of the proof of Proposition is to use duality (see Theorem
[l and Remark [2]). Since the pairing map in Theorem [II] is non-degenerate, it
suffices to prove that for any negative weight derivation in Der(A), its pairing with
all elements in A(f)"/Hess(f)A(f)™ maps to 0.

First we simplify A(f)"/Hess(f)A(f)". We can see that the Hessian matrix
Hess(f) of f is of the following form:

—2 —1 —
ap(a; -zl %ay aye]l 0 0 anzin !
—1 —2 -1
arpz]l ag(ag—1)zg2 " “zg agzy? 0 0
—1 -2
0 agzy? aglag—1)z33 “ay ... 0 0
1
0 0 agry? 0 0
ap—1-2 ap—1-1
0 0 0 ap_q(ap_1 -1z, "7 Tn ap_qw,”]
1 ap_1-1 2
anzp™ 0 0 an_12," 7 an(ap—zp™ “aq

By Theorem RIJ(3), the maximal weight of the monomial base of A(f) is the
class of Det(Hess(f)), which is the socle and has weight nd — 2(wy +ws + - - - +wy,).
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Then we use relations (I0.]) and [I0.2)) to simplify the A(f)™/(Hess(f) - A(f)").
We get

A(f)"/(Hess(f) - A(f)") € A(f)/ L@ A(f) /12 & -+ & A(f)/Tn

_ a;—1_2 a;—1_2 a;—1 .
where I; = (x{"" xi wi_1, T T Tige, Ti—oTi1%y  Tiy1), 1 < i < n, and

To = Tp,To1 = Tn_1,Tnt1 = 21, and T,40 = To.

We describe in detail how we get I} = ('~ a3z, 20 ads, 2, 122 ag).
For other I;, 2 < ¢ < n, the argument is similar. In this case, there are only 3
columns with non-zero first coordinate, i.e., the first, second, and last columns. We
consider the first column, which is

(a1(ar — 1)x’1“72x2,a1x‘1“71,0 ,0 anxa"_l)T.

By relation (I0.2), in A(f), ayz{*~ !is killed by 2125 and a,x%~1is killed by z, 21,
so we multiply lem(zizo,x12,)=21222, with this column to get
(a1(a; — 1)z§* " 232,,0,...,0)T. Similarly, from the second column, we can get
(a2 1:10%:10370, ...,0)T, and from the last column we can get (a,x, 12%,0,...,0)7,
which is (a,z " wox, 12,,0,...,0)T by relation (III). Thus we can take I; =
(x9*™ 1x2xn,x‘flflx%xg,xn,wnx‘frlxg).

Proposition 10.3. Let f = z{'zs + 25°z3 + -+ + 20" 7'@p + 28210 > 2 be a
weighted homogeneous fewnomial isolated singularity of type B with positive weights
W1,y Wy. Suppose mult(f) > 4. Then w; + mazimal weight of monomial bases
of A(f)/I; <nd —2(wy +wa + - +wy), 1 <i<n.

Proof. We give the detailed description for ¢ = 1. For other indices 2 < i < n, the
argument is similar.

From the grading on A(f)/I, = A(f)/(z{* ‘a3z, 20 adas, 2y 12,0 2g),
since we already know the monomial bases of A(f), it is easy to obtain the candi-
dates for maximal weight of graded bases of A(f)/I; as follows:

case(B) 1.1, x§* 2421 .. gan=1

case(B) 1.2, af* taga Tt
case(B) 1.3. a{* tagxds ! g gt
case(B) 1.4, x0 1 g@2 g0t L gl
case(B) 1. x1171x§371"'xzn_illilﬂ;‘fl"_l,

Lemma 10.2. For case(B) 1.1-case(B) 1.5 above, the weight of the monomial
bases is less than or equal to nd — 2(wy + - - + wy,) — wt(xq).

Proof. Case(B) 1.1. Tt is obvious that wt(z{* 225>~ -+ 2%~ 1) + wt(x;) = nd —
2(wy 4+ -+ - 4+ wy). So the conclusion is true in this case.
Case(B) 1.2. We want to show that

wt(x$  ega§ Tt xfln_’ll_l) +wt(z1) <nd —2(wy + -+ + wy),

e, (a1 — 1w +we+(az—Lws+- -+ (an_1—Dwp_1+w; <nd—2(wy+---+wy,).
It follows that 2wy + 2wy + w3 + w, < 2d from a;w; + w41 =d, forl <7 < n. We
need to show that 2wy + 2ws + w3 + w, < 2d. This follows from Lemma [I0.1]
Case(B) 1.3. We want to show that wt(z® ™ tayz8 ™t 2027 o 1) fapt(ay)
< nd—2(w; + -+ wy). Simplifying it as in case 1.2 we get wy + 2w + w3 +
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Wy_1 + w, < 2d. We need to show that wy + 2w + w3 + w1 + w, < 2d. This
follows from Lemma [I0.11

Case(B) 1.4. We want to show that wt(x{* 'a§2 1o . --xi"_’ll_l)—i—wt(xl)
< nd—2(wy+---+w,). Simplifying it as in case 1.2 we get 2w +ws+wy+w, < 2d.
We need to show that 2w; + w3 + ws + w,, < 2d. This follows from Lemma [I0.11

Case(B) 1.5. We want to show that wt(z§* 2§~ ! .. -xfl"_’ll_lxgnfl)+wt(x1)
<nd—2(wy+---+wy,). Simplifying it as in case 1.2 we get wy + wy + w3 < d. We
need to show that wy + wae + w3z < d. This follows from Lemma [I0.11 O

For 2 < i < n, the argument is similar to the above. The candidates for maximal
weight of graded bases of

AN/ = A(f)/(xi,lx?"'_lx?+1,xf"_lxiﬂx”g,xi,gxi,le"_lxiﬂ), 2<i<n

are as follows:

case(B)i.l. 2§ .. 'x?’_:_llflxg"'_zfvjﬁlil gt
case(B)i.2. x?iilxiﬂx?jﬁ;_l - ~x?fn":22_1,
case(B)i.3. $?i71$i+1x?i§2_1 - ~x?i2'f33_1$?${f11_17
case(B)i.4. x?i_lx?ﬁﬁlx?j_@f*l . x?j;f:;*l,
case(B)i.5. 3:‘1“_1 X 'I?i_llilfgi_lx?r;il coezpet

Remark 10.1. Here a; = a; and z; = x; for i = j (mod n).

Lemma 10.3. For case(B) i.1-case(B) i.5 above, the weight of the monomial bases
is less than or equal to nd — 2(wy + -+ + wy,) — wt(zy).

Proof. The proof is the same as the above for Lemma [10.2]
Proposition [[0.3] follows from Lemma [[0.3] immediately.
Now we can give the proof of Proposition [[0.2]

Proof. Let D € Der(A(f)) be a negative weight derivation. We can write D =
St 9i0z;, where g; € A(f) and wit(g;) < w;. By Proposition [0.3] we have
wt(g;)+maximal weight of monomial bases of

AN/ <nd —2(wi +wa+ - +wy,), 1 <i<n.

By Theorem BI|(3), the weight of socle is nd — 2(w; + ws + -+ + wy). Thus
wt(g;)+maximal weight of monomial bases of A(f)/I; < wt(socle), which means
the projection map (7.2)) is zero. By Theorem [I.I] we conclude that D = 0. Thus
Der(A(f)) has no negative weight derivation. O

Proposition 10.4. Let f = 2{'za+a3? w3+ - -2 20 +2%, 0 > 2, be a weighted
homogeneous fewnomial isolated singularity of type C. Suppose mult(f) > 5 and n
is even. A(f) =C{z1,...,2n}/(fors fras- -, fr,) i the moduli algebra of f. Then
there are no non-zero negative weight derivations on A(f).

Remark 10.2. Since our main theorem is true for 2 < n < 4 (see ), we can
assume n > 5 in the proof of Propositions [0.4] and [0.5l However, for n < 4 the
proof is almost the same.
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In the moduli algebra A(f) = C{z1,22,...,Tn}/(fsys foas---, [z,) We have the
following relations:

ay __ as—1
T = —a2T4 ZIs,
az __ a371
To™ = —a3T3 T4,
a; a;y1—1
(10.3) it = —aix Y Ty,
An—2 n—1—
Lp_g = —An-1Tp_1 L,
an—1 __ an,—1
n—1 — —0nTy,"

and
e, =0,
x5?xs =0,
(10.4)
o, =0,
zor = 0.

It is also well known that A(f) = C{z1,29,...,2n}t/(fars fans---s [z, ) I8 & vector
space spanned by the monomial basis {z"* 252 .. ~xk"_’11xn" , where (k1, ko, ..., kn)
E{O§k1 §a1—2,0§kj §aj—1for2§j§n}u{k1:al—l,k220,0§k3§
a3—2,0§kj§aj—1f0r4§j§n}u U{k2j71:a2j,1—1,k2j:0, fOI‘].S
j§i§%,nggiﬂ§a2i+1—2,0§kj§aj—1, fOI'].S2Z+].<]§TL}U U
{kgjfl =azj—1 — 1 and kgj =0 for 1 S j S %}

Hess(f) is of the following form:

at(ag—Dafl %ay apafl™! 0 0 0
alm;"l_l a2(a271)z32_2w3 azwgz_l 0 0
0 age§2 ™! aglazg—1)ag3 %oy ... 0 0
0 0 a31§371 0 0
0 0 0 a..,L72:c:;’715271 0
0 0 0 an_l(an_lfl)z:fifll_rzzn an_lmfbﬁjl_l
0 0 o a7L7111[11*1 ﬂn(anfl)z%n72

Lemma 10.4. Let f = 2{'zo+ 25223+ -+ 20" Ty +2%%, 1 > 2, be a weighted ho-
mogeneous fewnomial isolated singularity of type C with positive weights w1y, . .., Wy.
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Suppose mult(f) > 3 and n is even. Then

a1—2 _a2—1_asz—1_as—1_as—1 _.ag—1 an-1—1_a,—1
wt(@ " wyt T e T s gt A T)
a1—1,0 .a3—2 _as—1_as—1_asg—1 an—1—1_a,—1
> wi(xy' ™ wowg® Tyt g g, AT
1 1 —2 ag—1 an—1—-1_a,—
> wt(2]' eyt afes® tagt Ty )

a1—1_0,.a3—1_0_as—1_0 an—3—1_0 an—1—2 an—1
> wt(@] T wowy® T g w2,y T oy, T )

ay—1_0,a3—1,_0_a5—1_0 an—3—1_0 an—1—1_0
2wtz wors® T wyrs® T wg e wy g wn om, " Ty
Remark 10.3. All the monomials above are monomial bases in A(f).

Proof. We just check the first inequality; the other inequalities are similar.

a1—2 as—1_asz—1_as—1 _as5—1_.ag—1 an—1—1_a,—1
wi(z)' Ty wg® T gt ey gt )
a1—1_0 _a3—2 .as—1 _as—1 _ag—1 an-1—1_q,—1
—wt(z' T pxg® Tyt gt gt e )

= —wy + (a2 — we + ws =d — wy — ws.

Since mult(f) > 3, w; < %,1 <4 < n, then d — wy —wy > 0. Thus the first
inequality is satisfied. O

Lemma 10.5. Let f = 2 'z + 25223 + -+ + 2" @y + 287, 0 > 2, be a weighted
homogeneous fewnomial isolated singularity of type with positive weights w1y, . .., Wy.
Suppose mult(f) > 4 and n is even. Then for any 1 < i <mn,

- 2 as—1,_a5—1_ag— S
w; + wt(z§ radads TR T pde T e gt T gy < g — O(wy 4 -+ - 4 wy),

— — — — ap—1—1 —
w; + wt(x$ Sy T aads T 2pde T gtn 1 T g0 ) < ind — 2wy 4 -+ wy),

a1—1,0,.a3—1_0_ a5—1_0 an—3—1_0 an—1—2_a,—1
wi + wi(a] T wars® T gy e - x) w, pwy " T

<nd-—2(wy + -+ wy),

—-1.0 —1_0,.a5—1_0 an—3—1_0 an—1—1_0
wi + wt(@ T wew® T gy we @,y w, oy @)

<nd-—2(wy + -+ wy).

. a1—2,_ a2—1_asz—1_as—1,_as5—1,_ ag—1 an—1—1_q,—1\ __
Proof. Notice that wt(x{* ™ “z5? 23 wy* o™ xg®™ - x," ) TxfnTl) =nd —

2(wy + -+ - 4 2wy,). By Lemma [I07] it suffices to show that, for any 1 <i <mn,

w; + wt(x‘fl715681';3721‘24713:;5*1;5%6*1 .. x‘:l"rll_lxzn—l)
(10.5) < wt(z§ 2ad> tggstafa=t. .. xiﬁ’llflfci"*l) =nd —2(wy + -+ + 2wy,),
ie, d— (w; +wy +wz) < 0. Since mult(f) > 4, a; > 3, then w; < %. Thus
d—(wi+w1+w2)§0. O

Remark 10.4. Lemma will help us to prove Proposition Explicitly they
will be used to determine the candidates of maximal graded pieces in
A(f)"/Hess(f)A(f)™. Lemmal[l0.5 tells us we don’t need to consider the monomial
bases of A(f) of the above forms.
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Lemma 10.6. Let f = 2{'zo+252x3+- - -+xo ' Tp+2%", 1 > 2, be a weighted ho-
mogeneous fewnomial isolated singularity of type C with positive weights w1, . .., wy,
satisfying mult(f) > 5. A(f) = C{a1, ..., xn}/(fars fans - [z, ) 18 the moduli al-
gebra of f. Then w; < % foralll<i<n-1andw, < %.

Proof. From a similar argument as in Lemma [T0.], it follows from the definition of

the weights. (Il
Proposition 10.5. Let f = a2{'azo + 25°x3 + -+ + 20" ' 2p + 2%, n > 2, be a
weighted homogeneous fewnomial isolated singularity of type C with positive weights
Wiy, Wy. Suppose mult(f) > 5 and n is even.

A(f) = C{xlv s ,xn}/(fmufmw e 'afxn)

is the moduli algebra of f. Then for any 1 < i < n, w;, + mazimal weight of
monomial bases of A(f)/I; < nd —2(wy + ws + -+ - + wy).

Before giving the proof of Proposition [[0.5] we need to show several lemmas.
Similarly as before, we can use the above relations (I03]) and ([I04) to simplify

A(f)" [Hess(f)A(f)"-

We obtain (notice that we assume n > 5)

A(f)" [Hess(f)A(S)" € A(f)/ I & A(f) /T2 & - & A(f)/In,

where I; = (x?172x5>,12 = <x§2*1x3>,13 = (mzxgrlm,xglei%), I;

_ a;—1,.2 a;—1 a;—1_2 . -
= (z;_1a} Ty, TioWi Xy Tiyn, TP Wi Tiqe) whered <i<n—2, [, | =
an—1—1 92 an—1—1 o n—1
("7 T, Tp_3Tn—2%," 7  Tn), and (I, =< x,_128" 7).
For I} = (24"~ 2x3), by Lemmas[I0.4 and [0L5} the candidates for maximal weight
of bases of A(f)/I, are as follows:

case(C) 1.1,z 3z52 =1 .. gan—1

case(C) 1.2, x{' 2xgxs ! g0n =1,

case(C) 1.3, x{ o 2gfa L gonl

Lemma 10.7. Under the same assumption as in Proposition [[0.5, for case(C)
1.1-case(C) 1.3 above, the weights of the monomial bases are less than or equal to
nd — 2(wy + wa + -+ - + wy ) —wi(z1).

Proof. Case(C) 1.1. Tt is obvious that wt(z{* *z52 71 .. 2% —1) 4 wt(x;) = nd —
2(wy + - -+ 4+ wy). So the conclusion is true in this case.
Case(C) 1.2. Notice that in this case, we want to show that

wt(x$ P rea§d x0T fawt(zy) < nd — 2(wy + -+ wy).

It follows that wi + 2wy + ws < d from a;w; + w41 = d, for 1 < i < n —1 and
apw, = d. We need to show that wi + 2wy + w3 < d. This follows from Lemma
110.6l

Case(C) 1.3. We want to show that wt(z{' 'z 2z ! 20~V qwt(z,) <
nd — 2(wy + -+ + w,,). Simplifying it as in case 1.2 we get 2wy + we < d. This is
obviously true. (Il
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For I, = <x§2_1x3>, by Lemmas[I0.4land [[0.5] the candidates for maximal weight
of basis of A(f)/I> are as follows:

case(C) 2.1, x* ~2g42 2 gtn =1,

case(C)2.2. x9 2gh2pga=t . gan—t
a1—1_as—2_as—1 a,—1

case(C)2.3. xi' " xg® Txyt .- .

Lemma 10.8. Under the same assumption as in Proposition [[0.5, for case(C)
2.1-case(C) 2.3 above, the weights of the monomial bases are less than or equal to
nd — 2(wy + wa + -+ - + wy, ) —wi(za).

Proof. Case(C) 2.1. Tt is obvious that wt(x$ 2252 2253 ... 20~ 1) 4 wt(xs)
=nd —2(wy + -+ + wy). So the conclusion is true in this case.
Case(C) 2.2. Notice that in this case, we want to show that

wt(x$ 252 g g% fwt(2g) < nd — 2(wy 4 - 4 wy).

We need to show that wy + ws + wy < d. This follows from Lemma,

Case(C) 2.3. We want to show that wt(z{' 'x3* 24471 28— 1) pwt(zy) <
nd — 2(wy + - - + wy,). Simplifying it as in case(C) 2.2 we get wy + 2wy < d. This
follows from Lemma, O

For I3 = <x2xg3_1x4, ,’Eg?’_ll'i.’l,'5>, the candidates for maximal weight of basis of

A(f)/I3 are as follows:

case(C)3.1. o' ~2xg2tade—2gpfamt L gan—]

n bl

case(C)3.2. x{1 2xytads T lpde T gan

a1—2 az—1_as—1 _ag—1 _.ar—1 a,—1
case(C)3.3. a]' “ag® ayt T xg® ayT-oxpn T

Lemma 10.9. Under the same assumption as in Proposition [I0H], for case(C)3.1-
case(C) 3.3 above, the weights of the monomial bases are less than or equal to
nd — 2(wy + wa + -+ - + wy, ) —wi(zs).

Proof. Case(C) 3.1. It is obvious that wt(z9 2252 a3 2231 . 20— 1) Lt (x3)
=nd —2(wy + - + wy). So the conclusion is true in this case.
Case(C) 3.2. Note that in this case, we want to show that
wt(z$ 252 g T s T 0Ty Lt (xg) < nd — 2(wy + -+ wy).
It follows that wi 4+ 2wy + w3 < d, which is correct following from Lemma [10.0l
Case(C) 3.3. We want to show that wt(z§* 225>~ taft~tage 1271 pan—1)
+wt(zs) < nd — 2(wy + -+ - + wy,). Simplifying it as in case 3.2 we get wo + 2ws +

ws + we < 2d, which is correct following from Lemma [10.6] O
For I, = <x3xj4*1x§, xgxgxzrlxs, xzrlxgacg), the candidates for maximal

weight of basis of A(f)/I are as follows:

case(C)4.1. x{1 2xy2tads T pfa2gge L gan =l

(
case(C)4.2. x{ 2xge aqi tpsade Tl gan T
case(C)4.3. x{ 2a52 1o tygado L gan Tl
case(C)4.4. x§ 2xg2 gt pgatgte L gan =l
case(C)4.5. x{ 2xg2 g pdemtpdr = gan,
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Lemma 10.10. Under the same assumption as in Proposition 05, for case(C)
4.1-case(C) 4.3 above, the weights of the monomial bases are less than or equal to
nd — 2(wy + wg + -+ - + wy ) —wi(zy).

Proof. Case(C) 4.1. Tt is obvious that wt(z{' 2z 'ads~pfa—2ggs ... gan—1)p
wt(xq) =nd — 2(wy + -+ - + wy,). So the conclusmn is true in this case.
Case(C) 4.2. Note that in this case, we want to show that

wt(x$ 22§ e rsade T % T ot () < nd — 2(wy F -+ wy).

It follows that we need to show that ws + w3 + w4 + 2ws + wg < 2d, which is correct
following from Lemma
Case(C) 4.3. We want to show that

wt(x$ 2252 ey T rgade a0 Tt () < nd — 2wy + -+ wy).

Simplifying it as in case 4.2 we get w3 + 2wy + 2ws + wg < d, which is correct
following from Lemma,

Case(C) 4.4. We want to show that wt(z§' 252 Loy taqi—tzde~t. . gan—T)
+wt(xy) < nd—2(wi+- - +wy). Slmphfymg it as in case 4.2 we get wy+ws+wg < d,
which is correct following from Lemma

Case(C) 4.5. We want to show that wt( G1-2pe—lpda—lpas—lgar=l . gan—1)

+wt(zg) < nd—2(wy + -+ wy). Slmphfylng it as in case 4.2 we get w3 + 2wy +

weg + wr < 2d, which is correct following from Lemma O
For I, = (xi_leifleﬂ, xi_zxi_lx?iflxiﬂ, x?iilxalxﬂrz), where 4 < ¢ <
n — 2, the candidates for maximal weight of bases of A(f)/I; are as follows:
case(C) i1 2 ~Pag ™l e R T
case(C)i.2. o Pxg> xS Yri o 1:10;1 1xz+1x1<;»+22 b caln !
case(C)i.3. x§* 2xy2 a2 lx?i 1x1+1xf_f22 Logtnt
case(C)i.4. i~ -2 x5 L. cexltt le‘_l f_ﬁ; L. -xf{‘*l,
case(C)i.5. ' 2ag a2 1xf171xff11 196;1?33—1 cooglemh

Lemma 10.11. Under the same assumption as in Proposition [[05], for case(C)
i.1-case(C) i.5 above, the weight of the monomial bases is less than or equal to
nd — 2(wy + wa + - - + wy,)—wi(z;), where 4 <i<n—2.

Proof. The proof is the same as I, with just a little adjustment of the indices. [

ForI,,_, = <xfl”:1171x2 Tp_3Tp_2To" 71:cn>, the candidates for maximal weight
of basis of A(f)/I,—1 are as follows:

case(C) (n —1).1. a@1 72221 g0n 27 g0n 172 pan—1
case(C) (n—1).2. g0 2821 gtna= 1=ty
case(C) (n —1).3. x§* x5t .. .xin_f—lxzn_—;—lxzt—ll—1xm
case(C) (n —1).4. z+~ 2;532 1., ‘fﬂirfgrlx,aﬂ’lﬁl.

Lemma 10.12. Under the same assumption as in Proposition [[05], for case(C)
(n—1).1-case(C) (n—1).3 above, the weights of the monomial bases are less than
or equal to nd — 2(wy + wa + « -+ + Wy ) — WXy _1).
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Proof. Case(C) (n — 1).1. It is obvious that

’LUt( a,— 2.%';2 1 ..x;lln 22 lx;lln 11 -2 a"_l)—l—wf(l'n 1)_nd_2(w1+ +wn)

So the conclusion is true in this case.
Case(C) (n — 1).2. Note that in this case, we want to show that

wt(z eyt P T et ) wt (1) < nd — 2wy A+ -+ wy).

It follows that w,_o + 2w,_1 + 2w, < 2d, which is correct following from Lemma
110.06l

Case(C) (n — 1).3. We want to show that
wta® " 2pde gt gt 2Tt 1T Y Lt (1) < nd — 2(wy + -+ - + wy).
Simplifying it as in case(C) (n—2).2 we get wy,—3 +wWp—2 +wy—1 + 2w, < 2d, which
is correct following from Lemma [10.0]

Case(C) (n — 1).4. We want to show that wt(z® ~2zg2~1... g0n 27 Tg0n 171
+wt(zn—1) < nd—2(wy + - + wy,). Simplifying it as in case(C) (n — 1).2 we get
Wn_1 + w, < d, which is correct following from Lemma [10.0] O

For I,, = (x,_12%~1), the candidates for maximal weight of bases of A(f)/I,
are as follows:

—2 1 Ap—1—1 _
case(C)n.1. g 22 pin T g2,

a12a21 07121(171
case(C)n.2. x{* " “xg?™ -z, m 2 Taen

Lemma 10.13. Under the same assumption as in Proposition [[05], for case(C)
n.1-case(C) n.2 above, the weights of the monomial bases are less than or equal to
nd — 2(wy + wg + - -+ + wy ) —wi(zy,)

Proof. Case(C) n.1. It is obvious that wt(z{* 2z~ --:L‘Z’l‘f*lx%"”)+ wit(x,)=

nd — 2(wy + - - - + wy,). So the conclusion is true in this case.
Case(C) n.2. Note that in this case, we want to show that

w2 ) wt(e) < nd - 2w+ wy).

It follows that w,_1 + 2w, < 2d, which is correct following from Lemma O

Now we can give the proof of Proposition [[0.5] easily.

Proof. Proposition follows from Lemmas [[0.7, 0.8 00.9) D011 012 and
immediately. O

Now we can give the proof of Proposition 0.4l

Proof. Let D € Der(A(f)) be a negative weight derivation. We can write D =
>or . 9i0z;, where g; € A(f) and wit(g;) < w;. By Proposition we have
wt(g;)+maximal weight of monomial bases of

A(f)/ T <nd —2(wy +wa + -+ +wy), 1 <i<n.

By Theorem [RTI(3), the weight of socle is nd — 2(wy + wa + -+ + wy). Thus
wt(g;)+maximal weight of monomial bases of A(f)/I; < wt(socle), which means
the projection map (.2)) is zero. From Theorem [T T]we have D = 0. Thus Der(A(f))
has no negative weight derivations. (Il
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Proposition 10.6. Let f = 2{'za+ 2523+ -+ ' Tp+2% 1 > 2 be a weighted

n—1
homogeneous fewnomial isolated singularity of type C. Suppose mult(f) > 5 and n
is odd. A(f) = C{x1,...,xn}/(feys fans---s [z, ) is the moduli algebra of f. Then

there are no non-zero negative weight derivations on A(f).

Proof. The only difference between Proposition[I0.4and Proposition[I0.6]is whether
n is odd or even, which will affect the monomial bases of A(f). In the case of
Proposition [0A4 A(f) = C{z1,z2,...,2n}/(fars foer---s fa,) IS & vector space
spanned by monomial basis {z%'z5? . ~xfli’11x’;"}. Here (k1,k2,...,kn) € {0 <
ki <a1—2,0<kj<aj—1for2<j<ntU{k =a —1,k =00<k;<
a3—2,0 < k‘j < a; — 1for4 S] < n} U---u {k‘gj_l = a25j—-1 — 1,]4;2]' :O7 for1 <
]SZ,O < k2i+1 §a2i+1—270§aj Saj—lforl <21 +1 <]§n} y---u
{kgj_l = a25—1 — 1 and kgj = 0for 1 S j S anl and 0 S kn S Ay — 2} I{OVVGVGI'7
the difference doesn’t affect the proof. A similar argument to Proposition [[0.4] will
prove Proposition O

The following proposition will be used in the proof of Main Theorem

Proposition 10.7. Let f(xy,...,2,) and g(Xpy1,...,Tm) be holomorphic func-
tions with isolated singularities at the origins of C™ and C™™", respectively. Let
A(f), A(g), and A(f + g) be the moduli algebras of f,q,f + g, respectively. If
fx1, ..., x,) is a weighted-homogeneous holomorphic function with an isolated sin-
gularity at origin, then A(f + g) = A(f) ® A(g).

Proof.

A(f+9) =Clat,.. o, zm}/(f + 9 fors s fons Gungrs -5 Ga)
=C{z1, .., 2m} /(9 farse s fans Grngrs s Gon)
=2C{z1,-- 20}/ (fars o fo) @ CH{@ptn, - 2} /(95 Gongas - -+ )
=A(f) ® A(g).

The second and last equalities come from f being weighted homogeneous. O

Main Theorem Let f € C{z1,...,z,} be a weighted homogeneous fewnomial
isolated singularity with positive weights wy, ws, ..., w, and multiplicity at least 5.

A(f) = C{xlv s ,xn}/(fmufmw e 'afxn)

is the moduli algebra of f. Then there are no non-zero negative weight derivations

on A(f).

Proof. Since f € C{x1,...,x,} is a weighted homogeneous fewnomial isolated sin-
gularity, f is a summation of the following three types:

Type A. z{' + 25> + -+ 2o + 28, n > 1,

Type B. 2{*wy + 25225 + -+ + 20" ' xp + 2821, 1 > 2,

Type C. 2{'xs + 25223 + -+ + 20" ' Ty + 200, 0 > 2.

The moduli algebra A(f) is a tensor product of those moduli algebras of the
above three types from Proposition [[0.71 By Theorem B.2] it suffices to prove that
the moduli algebras of the above three types have no non-zero negative weight
derivations. That is exactly what we have proved in Propositions (0.1} [[0.2] [0.4],

and[I0.6l Therefore there are no non-zero negative weight derivations on A(f). O
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