CURVATURE FLOWS IN THE SPHERE

CLAUS GERHARDT

ABSTRACT. We consider contracting and expanding curvature flows in
S**t1. When the flow hypersurfaces are strictly convex we establish
a relation between the contracting hypersurfaces and the expanding
hypersurfaces which is given by the Gaufl map. The contracting hy-
persurfaces shrink to a point zg while the expanding hypersurfaces
converge to the equator of the hemisphere H(—xzq). After rescaling, by
the same scale factor, the rescaled hypersurfaces converge to the unit
spheres with centers zg resp. —zo exponentially fast in C'°°(S™).
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1. INTRODUCTION

We consider contracting and expanding curvature flows in S"*1.
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When

the flow hypersurfaces are strictly convex we establish a relation between the
contracting hypersurfaces and the expanding hypersurfaces which is given by
the GauBl map. Consider monotone curvature functions F' being defined in

the positive cone I'y C R"™ such that
(1.1) F1,...,1)=1
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and such that both F and its inverse F' are concave. Let M (t) resp. M(t) be
solutions of the flows

(1.2) i=—Fv
resp.
(1.3) i=F"ly,

where the initial hypersurfaces M resp. My are strictly convex and where
My is the polar set of My, then both flows exist on the maximal time interval
[0,7%), the hypersurfaces M (t) are the polar hypersurfaces of M (t), and vice
versa, The contracting hypersurfaces shrink to a point zy while the expand-
ing hypersurfaces converge to the equator of the hemisphere H(—xzg). After
rescaling, by the same scale factor, the rescaled hypersurfaces satisfy uniform
estimates in the C*° topology with uniformly positive principal curvatures.
When the curvature function F' of the contracting flow is strictly concave,
see Definition 3.1 on page 6 for a precise definition, or when F = %H , then
the rescaled hypersurfaces of both flows converge to the unit spheres with
centers zp resp. —zo exponentially fast in C*°(S").

The class of strictly concave curvature functions comprises the appropriate
roots oy, 2 < k < n, of the elementary symmetric polynomials, the functions
of class (K), and hence the inverses 6 of the oy, 1 < k < n. Proofs of these
results concerning strictly concave curvature functions are given in Section 3
on page 6. As a byproduct we also obtain a simple proof that the o are
concave.

Here is a more detailed summary of our results.

1.1. Theorem. Let F € C*(I'}) be a symmetric, monotone and homoge-
neous of degree 1 curvature function and assume that both F' and its inverse
F are concave. Normalize F' such that

(1.4) F1,...,1)=1

and consider the curvature flows (1.2) resp. (1.3) with initial smooth and
strictly convex hypersurfaces My resp. My, where My is the polar of M.
Then both flows exist in the mazimal time interval [0, T*) with finite T*. The
respective flow hypersurfaces are polar sets of each other. The contracting
flow hypersurfaces shrink to a point xg while the expanding hypersurfaces
converge to the equator of the hemisphere H(—xz¢). The contracting flow is
compactly contained in the open hemisphere H(xo) for ts <t < T* while the
expanding flow is contained in H(—xg) for all 0 <t < T*.

Introducing geodesic polar coordinate systems with centers in xqy resp. —xg
and writing the flow hypersurfaces as graphs of a function u resp. u*, then,
for any m € N, we have

(1.5) ulmse < cm®  VtE [ts, T
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resp.
(1.6) |g — u*|m’gn <e¢n® Vit e [t(s,T*),
where O(t, T*) is the solution of the flow (1.2) with spherical initial hyper-

surface and same existence interval.
The rescaled functions

(1.7) u@~ !
resp.
(1.8) (2 —u )0t

are uniformly bounded C*°(S™) and the rescaled principal curvatures are uni-
formly positive.

When the curvature function F, governing the contracting flow, is strictly
concave, or when F = LH, then the functions in (1.7) resp. (1.8) converge
to the constant function 1 in C*°(S™) exponentially fast.

Contracting curvature flows have first been considered by Huisken for the
mean curvature in Euclidean and Riemannian spaces, cf. [14, 15]. We are
adapting his method of proving an exponential decay for the difference of
the principal curvatures to the present situation in order to derive our decay
estimates for the rescaled hypersurfaces. Tso proved that contracting hy-
persurfaces by the Gaufi curvature shrinks the hypersurfaces to a point [19],
while Chow proved the contraction to a round point in case of the square root
of the scalar curvature and the n-th root of the Gaufl curvature, cf. [5, 6].
Andrews, [2, 3], considered contracting flows for a class of curvature func-
tions in Euclidean and Riemannian spaces and proved convergence to a point,
boundedness of the rescaled hypersurfaces in the C*° topology and also con-
vergence to a sphere (or spheres in the Riemannian case), though we do not
understand his arguments for the convergence of the rescaled hypersurfaces
and consider his proofs to be incorrect.

Expanding flows, or inverse curvature flows, have been considered in Eu-
clidean and hyperbolic space [8, 11, 12, 18]. Recently, inverse curvature flows
have been studied in S"™! by Makowski and Scheuer [17] who proved con-
vergence to a hemisphere in C'1¢.

1.2. Remark. Our results for the contracting flows are also valid in R"**1.

2. DEFINITIONS AND NOTATIONS

The main objective of this section is to state the equations of Gauf3, Co-
dazzi, and Weingarten for hypersurfaces M in a (n+1)-dimensional Riemann-
ian manifold N. Geometric quantities in N will be denoted by (gag), (Ragys),
etc., and those in M by (gi;), (Rijri), etc. Greek indices range from 0 to n
and Latin from 1 to n; the summation convention is always used. Generic
coordinate systems in N resp. M will be denoted by (z%) resp. (£%). Covari-

ant differentiation will simply be indicated by indices, only in case of possible
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ambiguity they will be preceded by a semicolon, i.e., for a function u in N,
(uq) will be the gradient and (uqp) the Hessian, but e.g., the covariant deriv-

ative of the curvature tensor will be abbreviated by R,gys;c. We also point
out that

(2.1) Rogrsii = Rapysiets

with obvious generalizations to other quantities.

Let M be a C?-hypersurface with normal v.

In local coordinates, (z%) and (£%), the geometric quantities of the hyper-
surface M are connected through the following equations

(22) x% = 7hijl/a

the so-called Gauf§ formula. Here, and also in the sequel, a covariant deriva-
tive is always a full tensor, i.e.,

X _
(2.3) vy = a5 — oy + Fg,yx?x;’

The comma indicates ordinary partial derivatives.

In this implicit definition the second fundamental form (h;;) is taken with
respect to —v.

The second equation is the Weingarten equation

(2.4) ve = hkax?,

where we remember that v{* is a full tensor.
Finally, we have the Codazzi equation

(2.5) higi = hiksj = RaﬁvéV%f%]wi

and the Gauf§ equation
(2.6) Rijkl = {hikhjl — hilhjk} + Ralgvgxf‘xfxzx?.

When we consider hypersurfaces M C S™*! to be embedded in R"*2
we label the coordinates in R"*? as (z%), i.e., indices a,b,c,... always run
through n + 2 values either from 1 to n + 2 or from 0 to n + 1.

At the end of this section let us state some evolution equations satisfied
by solutions of the curvature flows

(2.7) i=—dv

in a Riemannian space form N = N"*! with curvature K. Here & = &(F).

2.1. Lemma. The term @ evolves according to the equation

P — PPy = DF T hyhkd

(2.8) .

—+ KNQZ)FUQZ‘J'@,
where

d
(2.9) P =—@

dt
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and
2.10 A
(2.10) = (r).
For a proof see [10, Lemma 2.3.4].
Assume that the flow hypersurfaces are written as graphs in a geodesic
polar coordinate system. Define v by

0
-1 _

(211) v = <@7 l/>
and let n = n(r) be a positive solution of the equation

H
2.12 ) =——
(2.12) ==,
where H is the mean curvature of the slices {2° = r}, then
(2.13) X = vn(u)

satisfies the equation
(2.14) X —PF9x;; = —PF hyhhx — 2x ' ®F I x;x; + {®F + @}gvx,
cf. [9, Lemma 5.8]

2.2. Lemma. Let N be a space of constant curvature K, then the second
fundamental form of the curvature flow (2.7) satisfies the parabolic equations
hi — ®FMhl = OF b hihl — Fh, b7 + OhE R,

(2.15) + OFFI + OFF Ty b, I
+ Kn{®8 + ®F§) — F* gyynl}.
and
hij — OF" hijer = FF hyhihij — OFhyih — ®hf by
(2.16) + QF;Fj + ®F S hyyihyg.
+ KN{qv)gij + éngj — @Fklgklhij}.

For a proof see [10, Lemma 2.4.3].

2.3. Lemma. Let hy; be invertible and set (h'7) = (hi;)~", then the mized
tensor h;’ satisfies the evolution equation

— GFMhyyhi bl + {BF — (& — f)}o]
— KN{®F + BYhy; B + Kn®F* gy bl
— {BFP M iy hitys + 20 FF WP h e hgr,s + OF, F IR

(2.17)
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3. CURVATURE FUNCTIONS

3.1. Definition. Let F' € C%(I') be a symmetric, homogeneous of degree
1, monotone and concave curvature function. We call F' strictly concave, if
the multiplicity of the eigenvalue A = 0 for D?F(k) is one for all x € I'.

We shall show that the k-th root of the elementary symmetric polynomials
Hy, 2 < k < n, are strictly concave. This will also offer a simple independent
proof of the concavity of the k-th root of Hy.

The Hj are defined in the connected component Iy of the cone

(3.1) {Hy > 0}
containing I'y. The cones are monotonely ordered
(3.2) I'y=1r,c---ClInh,

cf. [16, Section 2].

3.2. Theorem. The curvature functions
1
(3.3) o =H}, 2 <k<n,

are strictly concave.

Proof. The proof relies on the concavity of the functions
_ Hip

(34) Qk: Hk )

A proof of this fact can be found in [16, Theorem 2.5]. There, it also proved
that the Q) are strictly concave in I';.

For the proof of the theorem we shall use induction with respect to k. A
proof that oy is strictly concave is given in the lemma below.

Thus, let us assume the og, 2 < k < n — 1, is already strictly concave.
Define

(3.5) F =0k,
then

1<k<n-1.

_1__9
(3.6) Fij = (e — Ve iy HerviHeg

=1

+ g i Hirie
Here, the indices denote partial derivatives. Then the concavity of F is
equivalent to the relation
(3.7) Hiyr5 < (10— ) H i Hipn i Hig
We shall prove this inequality by induction and also
(3:8)  Hpr1,556'¢ < (1 — i) Hipy Hie1,i€ Hipr 38 VR A EERT,
where £ # 0 and where k ~ £ means that
(3.9) &= Ak,
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Let ¢ be defined by

(3.10) ¢ = Qr,
then
(3.11) Hyy155 = wijHy + 0iHy j + @i Hy s + @Hy 5.

The argument k € I is obviously an eigenvector of D?F (k) with eigenvalue
0. Hence, let k o4 £ € R™ be arbitrary, £ # 0, then we deduce

Hy1,i8"¢ = 038" ¢ Hy, + 20,6 Hy, & + oHy, 56"

(3.12) ) . H B ;
< 20 His€ + = (1= DH (i),
where we used the concavity of ¢ and the assumption (3.8) for the function
Hy.
From the relation
(3.13) Hiy1,i€" = @il Hy + oHp i€
we obtain
, . B , . H ,
(1) e Hiyt = Y Hin € Hi€ = S (Hiid')’
yielding
iegd -1 i j Hy1 i\2
Hiey1,458'€7 < 2Hy " Hy1,i8 Hi i€ — 2 (Hpi&")
k
k—1 Hk+1 i\ 2
—_ Hy ;&
k H}? ( k‘., f )
15 - 2 k+1Hey i
(3.15) < B Hih (Hee1i€)? + 7 (Hy i)
k  Hj
Hk+1 i\2 k_lHk+1 i\2
-2 Hy ;& —_ Hy ;&
H}%(k,g)"‘ 3 H}g(k,ﬁ)
= (1= ) Hpfy (Hrg1,060)°.
The lemma below will complete the proof of the theorem. O

3.3. Lemma. The function oo is strictly concave.

Proof. We shall first prove that F' = g4 is concave. We use the same technique
as in the proof of the theorem above and shall verify that the inequality (3.7)
is satisfied for F'. Define

(3.16) =
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and let £ € R™, then
Hay ;€€ < 2H 'Hy ;6 H,; &0 — 2—20%-51)2

(3.17)

<lp;t

™ \
Py
E
.

N

i)2 T 27(Hifi)2 _ zﬁ(Higi)Q

1
2
gyt (Hg,ifi)%

hence F' = o4 is concave.
To prove that F' is strictly concave, assume there exists 0 # £ € R™ such
that

(3.18) Fij(k)¢ =0 AN k& =0.

For simplicity let us define

(3.19) F=\/H?—[AP,

then

(3.20) Fy=F Y (H - ;)

and

(3.21) Fij=—F*H —r;)(H — k;) + F71(1 = 6;5).
Define o by

(3.22) o= Zg

then

(3.23) (0 —€YF? = (H — k;)Ho.

Summing over 7 yields

(3.24) (n—1)oF? = (n—1)H?0,

and hence we deduce

(3.25) c=0

for otherwise we get a contradiction. But when o = 0, we infer from (3.23)
(3.26) ¢'F? =0,

a contradiction. ]

Now, we want to prove that the inverses 6 of o, 1 < k < n, are also
strictly concave. This will follow from the fact that they are of class (K).

3.4. Definition. A symmetric curvature function F' € C%*(I";)NC°(I;),
positively homogeneous of degree dy > 0, is said to be of class (K), if

r
(3.27) Fy = % >0 in I},



CURVATURE FLOWS IN THE SPHERE 9

which is also referred to as F' to be strictly monotone,

(3.28) Fly, =0,
and
(3.29) FioFy i < FH(F7n3)? — FRR gmi Vnes,

or, equivalently, if we set F= log F',
(3.30) Fij,klmjnkl < _Fikﬁjlmjnkl Vnes,
where F is evaluated at (h;;) and (h*) is the inverse of (h;).

Note that we only consider curvature functions which are homogeneous of
degree 1.

3.5. Remark. The inverses 6 of oy, 1 < k < n, are of class (K), cf. [10,
Chapter 2.2], especially Lemma 2.2.11.

3.6. Lemma. Let F' € (K) be homogenous of degree 1, then F is strictly
concave.

Proof. The Hessian of F' satisfies the inequality
O°F < F'FF; - Fr;'6
orion = a0

cf. [10, inequality (2.2.9)]. The right-hand side is strictly negative definite
unless evaluated for a multiple of k. Indeed, let kK % & € R™, £ # 0, then,
using Schwarz’s inequality, we deduce

(3.31)

. 1 1 1 1 .
T __ 2 ,.2 2, 2¢
Fi¢ —E FPrPF?R; €
i

< (ZFiHi)%(ZFiK;1|£i|2)% _ F%(ZFiH;1‘5i|2)%’

(3.32)

where the inequality is a strict inequality unless

N

(3.33) KIPE =KD Vi,
or equivalently,
(3.34) &=k Vi
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4. POLAR SETS AND DUAL FLOWS

Let M C S™*! be a connected, closed, immersed, strictly convex hyper-
surface given by an immersion

(4.1) x: My — M C S™,

then M is embedded, homeomorphic to S™, contained in an open hemisphere
and is the boundary of a convex body M C S™*1, cf. [7].
Considering M as a codimension 2 submanifold of R"*2 such that

(4.2) Tij = —Gij T — hij.f?,

where 7 € T,,(R"2) represents the exterior normal vector v € T,.(S"*1), we
proved in [10, Theorem 9.2.5] that the mapping

(4.3) T My — S

is an embedding of a strictly convex, closed, connected hypersurface M. We
called this mapping the Gauf map of M. More precisely, we proved

4.1. Theorem. Let x : My — M C S™"1 be a closed, connected, strictly
convex hypersurface of class C™, m > 3, then the Gauf§ map T in (4.3) is
the embedding of a closed, connected, strictly convex hypersurface M c sntl
of class C™ 1.

Viewing M as a codimension 2 submanifold in R"*2 its Gaussian formula
18
(4.4) Tij = —Gi T — hyj,
where G;;, ﬁij are the metric and second fundamental form of the hypersurface
M c S" and & = z(&) is the embedding of M which also represents the
exterior normal vector of M. The second fundamental form ﬁij is defined
with respect to the interior normal vector.

The second fundamental forms of M, M and the corresponding principal
curvatures K;, k; satisfy

(4.5) hij = hij = (&5, ;)
and
(4.6) Ri=r; b

If M is supposed to satisfy a curvature equation of the form
(4.7) P, = fv),
where F' is a curvature function defined in Iy, F = F(k;), F symmetric,
monotone, homogenous of degree 1 and smooth (for simplicity), F' € C*°(I}),
then the polar set M of M satisfies the equation

(4.8) F, = ﬁ
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where F is the inverse of F,

~ 1
4.9 F(ki) = ——=.
(19 (%) = F
One may consider the equation (4.7) and (4.8) to describe dual problems.
This duality is also valid in case of curvature flows.

Let z = z(t,£) be a solution of the curvature flow
(4.10) &= —dv,
where @ = &(r) is a smooth real, strictly monotone function defined on R,
and where the F' on the right-hand side of (4.10) is an abbreviation for
(4.11) ¢ =P(F).
Assume that the flow in (4.10) with initial strictly convex hypersurface My
exists on a maximal time interval [0,7*) and that the flow hypersurfaces

M (t) are strictly convex. Let us consider the flow as flow in R"*2 then
(4.10) takes the form

(4.12) i=—&F,

since

(4.13) (i,2) =0,

7 represents v in T, (R"*?) and

(4.14) T, (R™?) = T,(S"™) & (x).

We also note that z is the normal to M and that the Weingarten equation
has the form

(4.15) x; = hbay,

cf. [10, Lemma 9.2.4]. Furthermore, we have, cf. [10, equ. (9.2.36)],
(4.16) (z, &) =0,

and we infer

(4.17) (x,2) = &,

(4.18) (z;,%) =0,
(419) 0= <‘(tja*%> + <1L'j,i'>,
as well as

(4.20) t; = —P;& — PEy

in view of (4.10). Thus, we deduce

(421) <$L7$j> = —<$.j7i'> :Qj'

Taking (4.17), (4.21) and
(4.22) (Z,2) =0
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into account we finally conclude

=&z + "z,

(4.23) = &z + PhE iy,
where

(4.24) P =g,

The corresponding flow equation in S”*! has the form
(4.25) i =P+ P"hE Q.

Let to € [0,7*) and introduce polar coordinates with center in the convex
body defined by M(ty), then, for tg < t < tg + ¢, M(t) can be written as
graph over S"

(4.26) M(t) = graphd, ,
and we obtain the scalar curvature flow equation

. di -
(4.27) i = d%‘ = &+ ORE iy,

by looking at the 0-th component of (4.25), where

(4.28) vt sin? aa”uiuj
=1+ |Dal?
and
(4.29) =01, —u")
such that
(4.30) |Da|* = ‘.
The partial derivative of 4 with respect to ¢ then satisfies
on - .
B = U~
(4.31) — B! 4+ SR iy, + B0 Dal® — 67,8

This is exactly the scalar curvature equation, by considering the partial de-
rivative of @ with respect to t, of the flow equation

(4.32) i = v,
where
(4.33) b =P(F)=d(F),

F is the inverse of F, i.e., when the M(t) satisfy the inverse curvature flow
equation

(4.34) i=—v
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then the polar sets M (t) satisfy the direct flow equation

(4.35) i=—Fv
and vice versa.
4.2. Theorem. Let & € C>*(R_) be strictly monotone, & > 0, and let

F € C>*(I}) be a symmetric, monotone, homogeneous of degree 1 curvature
function such that

(4.36) Fi,, >0

and such that the flows

(4.37) i=—®(F)v
resp.
(4.38) i=®(F o

with initial strictly convex hypersurfaces My resp. My exist on mazimal time
intervals [0, T*) resp. [0,T*), where the flow hypersurfaces are strictly conves.
Let M(t) resp. M(t) be the corrsponding flow hypersurfaces then T* = T*
and M(t) = M(t).

Proof. In view of the symmetry involved it suffices to prove
(4.39) T <T* A M(t)=M@E) Vtelo,T%).
Let A be defined by

(4.40) A={T €[0,T*): M(t) solves (4.38) VYt € [0,T] }.

A is evidently not empty, since a small one-sided neighbourhood of 0 belongs
to A in view of the uniqueness of the solution of the scalar curvature flow

o1
4.41 — =0P
(4.41) 5 = 0
with given initial value and the arguments leading to (4.31).
By the same reasoning A is obviously open, while the closedness of A is
trivial. ]

We shall employ this duality by choosing
(4.42) D(r) = —rt,

i.e., we shall study and solve inverse curvature flows and direct curvature
flows simultaneously using their specific properties to our advantage.
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5. FIRST ESTIMATES

From now on we assume that both F, F are concave and that

(5.1) F(1,...,1)=F(,...,1) = 1.
@ is defined by

(5.2) O(r)=—r!

and we consider the curvature flows

(5.3) i =—-dv

and the dual flow

(5.4) i=Fuv

with initial hypersurfaces M resp. M. Both flows exist on a maximal time
interval [0,7*). Let us start with some important estimates.

5.1. Lemma. Let M(t) be a solution of the flow (5.3), then the principal
curvatures are uniformly bounded during the evolution

(5.5) k; < const.

Proof. Label the x; such that

(5.6) K1 < o0 < K.
Then we can pretend that

(5.7) Kn = hy

is smooth and that we apply the parabolic maximum principle to A in equa-
tion (2.15) on page 5, for details see the proof of [10, Lemma 3.3.3].
Thus, fix 0 < T < T* and let (to,&0), 0 < tg < T, be a point such that

(5.8) h*(to,&0) = sup sup h.
t€[0,T] M(t)
Then we deduce from (2.15)
(5.9) 0 < DF" hyihihyy — D|hyy|* — FY R — Kn@Fgijhi,
' < —F ' hy P — KnoFYg;;hy,

a contradiction, i.e., the maximum is attained at ¢t = 0. (Il

5.2. Lemma. Let M(t) be a solution of the flow (5.4), then there exists
0<e < % such that
(5.10) cofin < €0H < Fq
during the evolution, where the principal curvature are labelled

(5.11) Fy < ...
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and where

(5.12) H=> &

Proof. We apply a maximum principle for tensors which was originally proved
by Hamilton [13, Theorem 9.1] and later generalized by Andrews [4, Theorem
3.2]. Looking at the equation (2.16) on page 5 we deduce that the tensor

(513) Ej = iLij — GO-ggij
satisfies the equation
Tij — Fklﬂj;kl = Fklilkrilerlj — 2Filfilk] + 2€0F|/~1|2§ij
+2KNF(1 — €on)gij — KnF¥ g Ty

(5:14) + FRS i — €0F T hygihye G
= Ny; + Ny,

where

(5.15) Nij = F* hygihgi — €0 F™ Ry rssq 379G

Hamilton’s maximum principle then has the form: if the tensor Tj; is
strictly positive definite at time ¢ = 0 and if the right-hand side satisfies the
so-called null eigenvector condition, i.e., T;; > 0 and Tj;n7’ = 0 implies

(5.16) Nign'n’ + Nign'n? >0,
then Tj; > 0 during the evolution.
However, the term N;; does not satisfy a null eigenvector condition in

general. Andrews therefore proved in [4, Theorem 3.2] that the conclusion is
still valid if IV;; satisfies the weaker condition

(517) Nijninj + sup 21:"“(2]"]:/11““’]6,,71 - Fl:-l_‘lSTrs) > 0.
I=(Iy)

Moreover, he proved that the weaker condition is satisfied by the present
tensor Nij, cf. [4, Theorem 4.1], provided F and F are both concave, cf.
[4, Corollary 2.4]. Hence, the maximum principle can be applied provided
N;; satisfies the null eigenvector condition, which can be easily verified by
choosing coordinates such that

(518) gij = 6ij A\ T}i = 5%,
using the simple estimate
(5.19) |A]? > 12

and the fact that Ky > 0. Of course ¢y has to be sufficiently small such that
T;; > 0 at time ¢ = 0. O
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6. CONTRACTING FLOWS: CONVERGENCE TO A POINT

From now on we are mainly considering contracting flows. To facilitate
notation we drop any tildes, i.e., the curvature function involved is denoted
by F and the flow equation is

(6.1) i=—Fu.

In view of the results in the previous section there exist uniform positive
constants ¢; and ¢y such that the principal curvatures

(6.2) ki <o < fy

satisfy the estimates

(63) C1 S K1
and
(6-4) Kp < CoK1.

When the initial hypersurface is a geodesic sphere the flow hypersurfaces
are all spheres with the same center and their radii © = O(¢) satisfy the
equation

cos ©

sin® "
The spherical flows exist only for a finite time, hence the flow (6.1) exists
only for a finite time and there exists a spherical flow © = O(¢, T*) which
shrinks to a point when ¢ approaches T, where T is the maximal existence
time for the flow (6.1). These claims can be immediately deduced by looking
at initial spheres M; resp. My such that the initial convex body My, where
My is the initial hypersurface of the general flow, satisfies

(6.5) 0=

(6.6) By € My € Bs,
where
(6.7) 8B; = M;, i=1,2.

Since the corresponding flow hypersurfaces can never touch, in view of the
maximum principle, we conclude that the general flow only exists for a finite
time and that

(6.8) Ty <T" < Ty,
where T; and T™* are the lengths of the corresponding maximal time intervals.

By the same argument we also obtain:

6.1. Lemma. Let M(t) be a solution of (6.1) on a mazimal time inter-
val [0,T%) and represent M(t), for a fized t € [0,T*), as a graph in polar
coordinates with center in xo € M(t),

(6.9) M(t) = graphu(t,)),
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then
(6.10) inf u<O(t,T") < sup u.
M(t) M(t)

Proof. The sphere with center z¢ and radius ©(¢,T*) has to intersect M ()
because of (6.8). Note that, when the relation (6.6) is valid at time ¢ = to,

then it is also valid for any ¢ > ¢y provided the flows exist that long. O
The solution © = O(¢,T*) of (6.5) is given by

(6.11) O = arccos =17,

since

(6.12) (logcos©) = 1.

Let p_(t) resp. py (t) be the inradius resp. circumradius of M(t). Choosing
their respective centers as origins of geodesic polar coordinates we deduce
from (6.10)

(6.13) p—(t) <O, T7) < pi(1),
(6.14) tgr:rrl p—(t) =0.

We want to prove that the corresponding limit of p4 (t) also vanishes. Then,
the flow would shrink to a point.

Let zg € M (t) be arbitrary and consider the corresponding conformally
flat coordinate system

1 oo
=2 _ 2 2 et e
(6.15) ds® = f1f¥4§;5§5{dr +rio;,;dE'de’ }.
Write M (t) as graph of u(t) in Euclidean polar coordinates and let s, resp.

R; be the principal curvatures of M (t) when considered as a hypersurface in
S*+1 resp. R™*1, then we can prove:

6.2. Lemma. The principal curvatures k; of M(t) are pinched, i.c., there
exists a uniform constant ¢ such that

(616) ’%n S C’N‘/ila
where the k; are labelled

(6.17) Fiy <o < g,

Proof. The k; and R; are related through the formula
1

6.18 . i——1
( ) 1+ir2ﬁ T2

u ~1
1+ 1 21) ’

Tu
where

(6.19) v? =1+ u?0%uu; = 14 |Duf?,
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cf. [10, equ. (1.1.51)]. Hence, we deduce
1
K1 > >
= 1—|—ic(2)ﬁ1 T 141d

since in view of Lemma 6.3 below

(6.20)

/
Cc1 = Cl?

(6.21) u < cp,

where ¢g = ¢o(Mpy) is a uniform constant, and we conclude further

(6.22) Fin < Kn + 3C0

yielding

(6.23) % < (1+icg)%+ 2%01 < (1+ic(2))02+ 2%’,1

because of (6.4). O

6.3. Lemma. Let zo € M(t) be as above and let M(t) = graphu be a
representation of M(t) in Euclidean polar coordinates, then there exists a
constant co = ¢o(Mp) such that the estimate (6.21) is valid for any t € [0,T*).
Moreover, for any T € [0,T*) and x¢ € M(T) C S™*1, the flow hypersurfaces
M(t), 0 <t <T, can be represented as graphs in the geodesic polar coordinate
system of St with center in xg.

Proof. The convex bodies M(t) C S**! are decreasing with respect to t,
especially, we have

(6.24) M) c My, Vtelo,TF),
cf. Remark 6.5 below. Since My is strictly convex its diameter is less than 7

(6.25) diam My <7 —7, ~v>0.

Hence, any geodesic starting in ¢ which is contained in M (t) has length less
than 7 — «, which in turn implies that the estimate (6.21) should be valid
with ¢g = ¢o(7)-

The second claim of the lemma is an immediate consequence of (6.24) and
(6.25). O

Now, choose 29 € M(t) to be the center of the inball of M (t) C S"*! with
corresponding inradius p_(t) and circumradius p4(t), and let p_(t) resp.
p4(t) be the inradius resp. circumradius of M(t) ¢ R™*!. Note that the
center of the Euclidean inball is the center of the polar coordinates.

The pinching estimate (6.16) then implies, cf. [2, Theorem 5.1 and Lemma
5.4],

(6.26) p(t) < cp(t)

with a uniform constant ¢, hence M (t) € R™*! is contained in the Euclidean
ball B;(0)

(6.27) M(t) € B;(0),  p=2cp_(t).
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Define © by

(6.28) © = 2tan g,
then we deduce from (6.10)

(6.29) Al/[rg) u<O< ;411(% u,

where M (t) = graphu is now a representation of M (¢) in Euclidean polar
coordinates, concluding further

(6.30) pt) = 2¢p_(t) < 2¢O.
Choose ¢ > 0 so small such that

(6.31) 2e0(t, T*) <1 Y|T* —t| <4,
then

(6.32) At <1,

hence, in S**!, we have

(6.33) M(t) C Byy(o),

where B, (w0) is the geodesic ball with center ¢ and radius
(6.34) p(t) = /OP(t) n +14117’2 = 2arctan @,
ie.,

(6.35) p<p A ng.

Thus, we have proved:

6.4. Lemma. Let B, (4)(z0) C M(t) be an inball, then

(6.36) M(t) C Buep (o) ~ Vte[T*—5,T%),
where ¢ is the constant in (6.26), or equivalently,
(6.37) p+(t) < dep_(t).

Hence, the flow (6.1) converges to a point.

6.5. Remark. The convex bodies M(t) converge monotonely, i.e.,
(6.38) t1 <ty = M(ts) C M(ty),
yielding
(6.39) pe M) Vtelo,T%).
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Proof. Tt suffices to consider t5 — t; to be small such that M(t), ¢ € [t1, t2],
can be written as graphs in polar coordinates with center in M (t3). Then
u = u(t, -) satisfies the scalar flow equation

(6.40) i =—Fv <0.
O

Let us finish this section by proving that the flow hypersurfaces are smooth
and uniformly convex during the evolution.

6.6. Theorem. During the evolution the flow hypersurfaces M(t) are
smooth and uniformly convex satisfying a priori estimates in any compact
subinterval

(6.41) 0.7] € [0,7),
where the a priori estimates only depend on My, F and T.

Proof. Tt suffices to prove the a priori estimates. Let 0 < T' < T*, then the
inradius p_(to) satisfies

(6.42) 0<eOT,T%) < p_(T)

with a uniform constant independent of 7. Indeed, from (6.26) and (6.29)
we infer

(6.43) O(T,T*) < i (T),
where

(T, T*) 1
6.44 O(T,T*) = -
(6.44) =7
and

p—(T) 1
6.45 _(T) = _—
(6.45) = [

On the other hand, j_(T) as well as (T, T*) are uniformly bounded by the
constant cg, in view of (6.21) and (6.29). The estimate (6.42) is therefore
an immediate consequence of (6.43). Let zo € M(T) be the center of an
inball and introduce geodesic polar coordinates with center xy. Then, the
coordinate system covers the flow (5.1) as long as 0 < ¢t < T, in view of
Lemma 6.3. Writing the flow hypersurfaces as graphs of a function wu(t,-) we
have

(6.46) 0<o<u<m—r
and hence, due to the convexity of M (¢),

2 =2 ij
(6.47) v:=14sin""uwouu;
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is uniformly bounded. Furthermore, we have already proved that the princi-
pal curvatures are uniformly bounded from below

(6.48) 0 <1 <K

Since F' is concave it suffices to prove that the x; are also uniformly bounded
from above

(649) Kj S CQ(T) V0 S t S T

in order to first apply the Krylov-Safonov and then the Schauder estimates
to obtain the desired a priori estimates.
To derive (6.49) we consider the function

1
(6.50) X = v,

sinu

which satisfies the evolution equation (2.14) on page 5. Let ¥ = x !, then ¥
solves the evolution equation

(6.51) X — FY%; = F9hhlx — 2F;vf<.

Because of (6.46) and the boundedness of v there exists § > 0 such that

(6.52) X > 26 YVt e [0,T]

and hence

(6.53) ¢ = log(x —0)

is well defined and satisfies the evolution equation

(6.54) (p—F]@i@j:thkih?ﬁ—i-Fj(pi(pj—QFfUN_5.
X noX

We are now ready to prove the estimate (6.49). As in the proof of Lemma 5.1
on page 14 we may pretend that h]! = k,,, the largest principal curvature, is
a smooth function and look at the point (to,&p), to > 0, where

(6.55) w=1logh —¢

assumes its maximum in [0,7] x S™.
Applying the maximum principle we obtain

) 5
0 < —Fihuhf—— + Kn{2F(h) ™" = F*g}
(6.56) —

a s
poFTy X
n x—20

Since F¥ is uniformly positive definite and
(6.57) F <ch,

we deduce w and, hence, A} is a priori bounded. O
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6.7. Remark. Let ¢ be the small constant in (6.31) and define

(6.58) ts=T" 0,
then we deduce from (6.36)
(6.59) M(ts) C Bgep (15)(x0) Vg € M(ts).

Choosing ¢ even a bit smaller without changing the notation we may also
assume that

(6.60) 8cp_(ts) < 8eO(ts,T) < 1.
In view of the a priori estimates in the preceding theorem we shall henceforth

only consider ¢ € [ts, T™*).

7. THE RESCALED FLOW
We shall first prove that

(7.1) O(t,T™) sup F' < const Vis <t <T.

M(t)
The proof will be an adoption of the proof of a similar result in [2, The-
orem 7.5]. Let ts < tg < T™ be arbitrary and B,_(4,)(z0) be an inball of
M(to). Choosing g to be the center of a geodesic polar coordinate system
the hypersurfaces M (t) can be represented as graphs

(7.2) M (t) = graphu(t, ) Vis <t <t
such that
(7.3) p—(to) < ulto) <wu(t) <1,

cf. Remark 6.7.

7.1. Lemma. Let x be defined as in (6.50) on page 21, then
(74) xi =0 - u; = 0.

Proof. The function

(7.5) n(r) =

is a solution of the equation

H
7.6 )= ——
(7.6) ==,
where H is the mean curvature of the slices {z" = r}. Moreover,
(7.7) v™? =1— | Dul?

implies

- H
(7.8) v; = —hijuiv? + —uw,
n
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where
(7.9) W =g"u; A || Dul]? = gYuuy.
On the other hand, we deduce from
. H
(7.10) 0=x:="nu; +nv; = —;nuiv + nu;
H
(7.11) v = —uv
n

concluding further
(7.12) hiju! =0
and thus u; = 0, since h;; is positive definite.

Let x = x !

23

O

as before, then y is the equivalent of the Euclidean support

function and in view of the estimate (7.3) and Lemma 7.1 there exists a

universal constant g such that
(713) 0<x— 2€0p,(t0) Vis <t <tg.

We are now able to prove:

7.2. Lemma. There exists a uniform constant ¢ such that

(7.14) Ot THF <c¢  Vis<t<T*

Proof. Let tg € (t5,T*) be arbitrary and consider the function

(7.15) ¢ =log I —log (X — €op—(to))
in the interval [ts, to]. Define
(7.16) w(t) = sup ¢,

M (t)

then w satisfies the differential inequality, cf. (6.54) on page 21,
s _(t
i < —Fipynt—0p=t0)
X — €op—(to)
H ~
(7.17) D) Qe T S—
n X — eop-(to)
1 €0pP— (to) 1
< ———F? + Ky + cF =
Fiigij~ X —eop-(to) X

where we used that

+ KyFYg;

H
(7.18) H _ cosu

n sinu

and

(7.19) X = sinuv .

— eop—(to)’
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Setting

(7.20) & ¥

we infer

(7.21) W < —&weop- (to) (X — cop-(to)) + cKnw + c®

< w*He+ Kyt — éep_(to)*w},
in view of (7.13).
Hence we conclude
(7.22) supw < max(w(ts) + 1, ceq 2p_(to)2),
t

where ¢ is a new uniform constant independent of ¢ty and t5. Choosing tg
small enough we obtain

(7.23) w(to)p? (to) < ceg”

and thus, because of (7.19) and (6.36) on page 19,

(7.24) p—(to) sup F < cey?
M (to)

with a different constant c. To complete the proof we use the estimates (6.13)

on page 17 and again (6.36). O
7.3. Corollary. The rescaled principal curvatures k; = 0k; satisfy

(7.25) ki <c Vis <t <T*

with a uniform constant.

Proof. From (7.14) we infer
(7.26) ¢c>F=F0=>Y F.
i

Since F JZ is uniformly positive definite because of the pinching estimates, the
result follows. O

Next we want to apply the Harnack inequality to get an estimate from
below for F

(7.27) inf F>¢>0 Vits <t<T*
M(t)

To convince ourselves that the necessary requirements are fulfilled we first
have to establish some preparatory results.

7.4. Lemma. Let t1 € [ts,T*) be arbitrary and let to > t1 be such that
(7.28) O(te, T*) = %@(tl,T*).
Let zo € M(tg) be the center of an inball. Introduce polar coordinates around
o and write the hypersurfaces M(t) as graphs

(7.29) M (t) = graphu(t, ),
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then there exists a positive constant ¢ such that

(7.30) c1O(ty, T*) < u(t, &) < eO(ty, T*) Vit € [t1,ta],
and hence
Umax(t) 2
7.31 — < Vit e lty,t
( ) umin(t) > C € [ 1 2}7
where
7.32 Umax(t) = supu A Upin(t) = inf u.
(7:2) (6= smp ()= inf

Proof. Let B,,_(+,)(yo) be an inball of M(t1), then we infer from (6.36) on
page 19 and (6.13) on page 17

(7.33) M(t1) C Bacp_(t1)(%0) C Bacow,,r+)(%0) C Bsco,,r+)(¥0)
and we deduce further, since

(734) M(tg) - M(tl),

(7.35) M(t;) C Bigco(ts,r+)(T0)-

Hence, we have proved the upper estimate in (7.30). The lower estimate
follows from (6.37) and (6.13), because

(7.36) p—(t2) Swu(t,§) Vi€ [ty ]
(]

7.5. Lemma. Under the assumptions of the preceding lemma the quantity
(7.37) v? =1+ sin 2 uou;u,
is uniformly bounded in [t1,t2] x S™.
Proof. From [10, inequality (2.7.83)] we obtain

(738) v(t7£) S ek(umax_umin)7

where 0 < K is an upper bound for the principle curvatures of the slices
{zY = const} intersecting M (t), hence

1 1
(7.39) k< — <c
SN Umin Umin
and
(7.40) ot €) < ec(3m-1),

Combining this estimate with the one in (7.31) gives the result. O
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7.6. Lemma. Define ¥ by
(7.41) I(r) =sinr

and

@=/1T1
(7.42) "

= {log(sin §) — log(cos )}

oy

where, ro = O(ta, T*), then o(t,-) is uniformly bounded in C*(S™) for any

t1 <t < tg, independent of t1, to. Furthermore, let FZ@- resp. FZ; be the

Christoffel symbols of the metrics g;; resp. 0;;, then the tensor
k "k

(7.43) ry—rk

s also uniformly bounded independent of t1, to.

Proof. The C° and the C'-estimates are due to (7.30) and Lemma 7.5. To
prove the C?-estimates we employ the relation

(7.44) hy =09 H—(0™ — v 20 oMok + 983},
cf. [11, equ. (3.26)], where
(7.45) o' =o'y,

and where the covariant derivatives are with respect to the metric o;;. Mul-
tiplying both sides of (7.44) with (¢, T*) we deduce
(7.46) il <e Ve [t ta],
in view of the C'-estimates, (7.30) and (7.25).

To prove the boundedness of (7.43) we choose coordinates such that in a
fixed point I'% vanishes. Then I'® is a uniformly bounded tensor comprised

1] )
of algebraic compositions of v, Dy, D?p and 0;; as one easily checks. O

Let us define a new time parameter
(7.47) 7=—log®,
then

" .
(7.48) dt @_@sm@

dr @  cos©’
Let a prime indicate differentiation with respect to 7 and a dot with respect
to t, and let us denote scaled quantities by a tilde unless otherwise specified,

e.g., let

(7.49) F=Fo,
then
. . .sin® -
. F=re?2 _p
(7.50) C) p—e

and we shall prove:
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7.7. Lemma. F satisfies a uniformly parabolic equation of the form

(7.51) F' —a"Fjj +b'F; +cF =0
i the cylinder

(7.52) Q(71,72) = [11, 2] x S,
where

(7.53) 7 = —log O(t;, "),

with uniformly bounded coefficients, and where the covariant derivatives are
with respect to standard metric o;; of S*. The coefficients are bounded inde-
pendently of ;. Since, in view of (7.28)

(7.54) To =71 + log 2,
we deduce, by applying the parabolic Harnack inequality,
(7.55) sup F <c¢ inf F

M (t1) M((t2)

with a uniform constant c.

Proof. Tt suffices to prove that F' satisfies a uniformly parabolic equations as
indicated. Combining (7.50) and (2.8) on page 4 we immediately deduce, in
view of (7.25) and the pinching estimates, that the only non-trivial term in
the transformation of (2.8) is
i o2Sin®

(7.56) FYF,;;0 00’
where the semicolon indicates covariant derivatives with respect to g;;.

Now, using geodesic polar coordinates as in Lemma 7.4, we can express
the metric in the form

(7.57) gij = sin u(pipj + 045),
cf. the definition in (7.42), and we deduce
(7.58) g1 e?
is uniformly positive definite, in view of (7.30) and Lemma 7.5, hence
(7.59) O?FY = Fig"e?
is uniformly positive definite.
Thus, it remains to consider the covariant derivatives, but

(7.60) Fyj = Fy —{I}y — Tk} Py,

where Fj; are the covariant derivatives of ' with respect to o;; and I 113
I fj are the Christoffel symbols with respect to g;; resp. o;;, hence we infer

from Lemma 7.6

resp.

. sin © . e
7.61 — FYF, 0% = —a"F;; + b'F},
( ) 5] COS@ a J +

where ¥ is uniformly positive definite and b* uniformly bounded. O
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7.8. Corollary. The scaled curvatures k; are uniformly bounded from be-
low

Proof. Since

(7.63) inf F < inf &, < ¢ inf &1,
M (t) M (t) M (t)

where the &; are labelled
(7.64) K1 <+ < Fn,

and ty € [ts, T™*) is arbitrary, it suffices to estimate

(7.65) sup F>c¢>0 Vit <t<t,.
M(t)
Indeed, let (¢,£) € M(t) be a point such that
(7.66) u(t, &) = sup u,
M(t)
then
(7.67) > 8
sinu
and
(7.68) R > g > e,
sinu
because of (7.30) and hence
(7.69) sup F' > F(&i(t,€)) > ¢ > 0.
M(t)

O

Now, let g € S"*! be the point the flow hypersurfaces are shrinking to
and introduce geodesic polar coordinates around it. Let

(7.70) M(t) = graphu(t, -)
and let
(7.71) a(r, &) = u(t, )0, T*)

where 7 is defined as in (7.47). Then, we can prove:

7.9. Lemma. There exists a uniform constant ¢ such that

(7.72) u>c>0 V7 e Q(rs5,00),
where

(7.73) 75 = —log(O(t5,T7))
and

(7.74) Q(Tg,oo) = [7‘5,00) x S™.
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Proof. Let us look at the rescaled version of the scalar curvature equation

ou
7.75 = — = —F
(7.75) i= St =—Fv,
which has the form
~, . sind n
o =1 m
cos ©
- in®
(7.76) =_FO! S v+ U
cos ©
< —2c+ 1,

in view of Corollary 7.8.
Let us suppose there exists 79 > 75 and & € S™ such that

(777) ﬂ’(TOa é-) S c,
then
(7.78) W <—c V7>,

where @ is evaluated at (7,&), yielding
(7.79) (1) —u(r) < —c(r — 710) V7o <7 <00,
a contradiction, hence we conclude
(7.80) a>c V(1,8 € Q(rs5,00).
O
7.10. Lemma. The quantities G, v and |Da| are uniformly bounded in
Q(7s,00), where
(7.81) |Di|? = o i

Proof. (i) Let t € [ts,T™*) be arbitrary, and B, (;)(yo) be an inball of M (t),
then we infer from (7.33)

(7.82) M(t) € Bucp_()(40)-
On the other hand, z € M(t) and

(7.83) p—(t) <O(t,T7),
hence

(7.84) M(t) C Bseo(t,r+)(%0)
yielding

(7.85) @i < 8c.

(ii) From the proof of Lemma 7.5 we immediately deduce that

(7.86) v? =1+

- oY uu; <c
sin” u
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which in turn implies

(7.87) aijﬁiﬁj < esin® u®~2 < const.

7.11. Remark. Let ¢ be such that
1

sinu

(7.88) P =

Ug s

then the covariant derivatives of @ resp. ¢ with respect to o;; satisfy the
pointwise estimate

(7.89) 151 < ell @il
hence we conclude that the C2-norm of @ is uniformly bounded and also the

difference of the Christoffel symbols

k K
(7.90) i —rk,
cf. Lemma 7.6 and its proof. Moreover, observing that

sinu

(7.91) =J(u) =Hae ") > co >0,

U
where ¥ is a smooth function such that

(7.92) co<V<cyt  Vtelts,T),
and taking a similar estimate for cosu into account, we conclude from (7.44)
sin ©

cos ©

(7.93) Fv=F(ER9piyy = ¢(x, e 7, a4, de” ", Di, D*q),

cos©® ']

where & is smooth function with respect to its arguments, monotone and
concave with respect to —u;;, where the covariant derivatives are defined
relative to the standard metric on S™.

Hence, we deduce, by applying the Krylov-Safonov and Schauder esti-
mates:

7.12. Theorem. The rescaled function u satisfies the uniformly parabolic
equation

(7.94) il = —®+10

in Q(7s,T*) and (T, ) obeys uniform a priori estimates in C*°(S™) indepen-
dently of 7.

In the next section we shall prove that u converges exponentially fast to
the constant function 1 when F is strictly concave or when F' = %H .

Let us also emphasize that the ©k; are not the principal curvatures of
graph @, though they are of course related.
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8. CONVERGENCE TO A SPHERE

The key estimate for proving that the rescaled hypersurfaces converge to
a sphere is the exponential decay of the quantity

(8.1) AP = L2 = LY i — 2.

i<j
Huisken proved it in [14, Section 5] by deriving the uniform estimate
(8.2) H-={|A? = LH?} <const  Vte[0,T%),

for the unscaled hypersurfaces, where 0 < o < 1 is small.

We shall adapt his approach to the present situation where the fact that
we consider general curvature function F' creates some additional difficulties.
Some of the estimates, we shall prove below, will be valid for arbitrary curva-
ture functions, or at least for curvature functions we consider in this paper,
but the estimate (8.2) can only be proved for F' = %H or F' strictly concave.

8.1. Lemma. Let M be a strictly convex hypersurface with pinched prin-
cipal curvatures such that

(8.3) hij > €oH gij, € >0,
and let F' be monotone and concave. Then there exists € > 0, € = €(eq, F),
such that
(8.4) Z = Fhfhh — |APFhyhk > 2 H? "|ki — k)%,
i<j

or equivalently,
(85) 7 > 2€2Fijhkih? Z(/ﬁli — Iij)Q.

i<j
Proof. Huisken proved the lemma for F' = H. We consider F' to be defined
in I'y and set

oF
(8.6) F;, = i
Let us also label the x; such that
(8.7) K1 <o S K
then
(8.8) F > >F,

because F' is concave. Writing

(89) Z Filii/{? = Z Filii/{? + Z Fi/ﬁil-@?
i#j i<j j<i

and

(8.10) — ZmenJZ = — ZmeFoJQ - ZmenJQ

i#] i<j j<i
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we deduce from (8.4)
7 = ZFiHZ‘l{j(H? — Iiilﬁj) + ZFiK@lij(H? — Hiﬁj)

i<y j<i
(8.11) = Zmej(/-@? — Kikj) + ZFiniK,j(lig — Kik;)

i<y i<j

> ZFjKJiK/]‘(HZ‘ —kj)? > eH? Z(/ﬂ — kj)
i<j i<j
]
Since F' is concave satisfying F'(1,...,1) =1 we have

(8.12) F<im,
hence
(8.13) |A]? = LH? <|A]? —nF>.

We also need a reverse inequality:

8.2. Lemma. Under the assumptions of the previous lemma there exists
a positive constant ¢ such that

(8.14) |A]? — nF? < ¢(|A]? — LH?).

Proof. The proof will reveal that curvatures need not be positive, it will only
be necessary that

Kq
(8.15) —

|Al
are compactly contained in the defining cone. To simplify the notation we
shall also assume that F(1,...,1) = n such that we have to prove the in-
equality
(8.16) |A]? — LF? < ¢(|A]? — L H?),
or equivalently,
(8.17) H? - F? ScZ(m—/@j)g.

i<j
Let
(8.18) ¢ =H?*—F?
and consider the convex combination
(819) Hl(t) = (1 — t)lin + t/ﬁ?i,
where the k; are labelled such that
(8.20) k1 <o < Ry

Denote the partial derivatives of ¢ simply by indices, then
(8.21) O(Kny o oskn) =0 A wi(kny... kn) =0,
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hence we deduce from Taylor’s formula

(8.22) (ki) = 501 (Ri(O) (K" = ") (K — ")

for some 0 < ¢ < 1 yielding the estimate (8.17), since

(8.23) ¢ij = 2H;H,; — 2F;F; — 2FF};

is uniformly bounded. (|

We are going to estimate the function

(8.24) fo = F7*(|A]? = nF?),
where
(8.25) a=2—o0

and 0 < o0 < 1. We shall also drop the subscript o simply writing f for the
left-hand side of (8.24).
In order to derive the evolution equation for f we use the relation

(8.26) f=|APF~® —nF?*©
and the equations
(JA]?) — F9|A[}; = 2FY by b} | A]? — 2FY hygih™
(8.27) + 2FF TS g by iR
+AKNFH — 2K F* g A2,

(528) (F~*) = F9F;* = —aFhhf F~* —a(a + 1)F~*?FY F;F;
. —OéKNFklgleia

and
(F?=*) = FYF % = —(a — 2)F hy;hf F>~°
(8.29) —(a—2)(a = 1) FIF,F;F~
+ (2 — @)Ky FM g F2.
We then obtain

fr—=F9f;=
oF I hyihh f — 2F9{hjyi F — by Fi }{h™ ;F — B Fy = (1)
(8.30) —o(l—0)FVF,F;F2f+2(a—-1)F 'FYF,f;

+4KN{HF — F¥ g |APYF~ + o KNy F* g f
+ 2FRS iy T F O
where we used the relation
F9{hpiiF — ha F{WM  F — BHF}y = Fhyy b F?

(8.31) o y ;
— F9|ARFF + FF,Fj| A]%.
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We also need a purely elliptic version of equation (8.30). This can be
achieved by replacing f’ using the formula

(8.32) hi = F) + FREh], + Ky F6,
cf. [10, Lemma 2.3.3]. Hence we deduce
[ =2F"Z +oFhhkf+(2—a)FF;F ' f
— 2FUF|APF-UH) P R, f
(8.33) +2{h TP~ — F1"OnFU}F,;; + 2K F F
+2KNFHF ™™ — aKnFYg;;|APF™®
—(2— @)Ky Fg nF*
concluding further
~FYf,; +2F 7 =
aFYF F f —2{h — FnF9}F;;F~* —o(1 — o) FYE,F;F 2 f
(8.34) — 2F" {hjyiF — hyy Fy{hM , F — WM F y (4
+2(a— 1)FYFYIF, f; + 2KN{FH — F¥lgy| AP} F~°
+ 2FRETS By iy T F O

Some of the negative terms on the right-hand side can be exploited. First,
we observe that

(8.35) FH — FMgy AP < 2H? — |AP = =LY (ki — k).
i<j
In case F = 1 H it is proved in [14, Lemma 2.3 (ii)] that
1

—*H?*|DH|?.

2n3

For more general curvature functions this inequality can not be derived. In-
stead we shall consider the last term on the right-hand side of (8.34). If

F = F(k) is strictly concave in a convex cone I' C R™, then there exists a
positive constant ¢ such that

(837) Fkl7rshkl;ihrs;j S _C|A|_1|DA|2

(8.36) F9{hi F — hig FiY{hM F — hF ) >

provided the normalized vectors
(8.38) |A| "

stay in a compact set K C I'. The constant then depends on F' and K. The
estimate (8.37) was proved in [2, Lemma 7.12].

In our case the principal curvatures of the flow hypersurfaces are pinched,
hence, the normalized curvatures (8.38) are compactly contained in I}, and
we can prove:
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8.3. Lemma. Let the curvature function F' satisfy our general assumptions
and assume in addition that it is strictly concave, then there exists a uniform
constant € > 0 such that

—F9 fij + 22 FI b f < aF ' FIF;f +2(a — 1)F T FYF, f;

(8.39) ) 3 o
—2{h¥ — FnF9}F~*F,; — 2¢|DA[*F~°.

Proof. The claim immediately follows from (8.5), (8.13), (8.17), (8.35) and
(8.37) and the fact that F' is strictly concave. O

8.4. Lemma. There exists a uniform constant ¢ > 0 such that

(8.40) Ih = FnFY)* < ¢ (ki — Kj)°

i<j
Proof. We have
h¥ — FnF = {9 — %Hgij} +{iH - Fg'i}

(8.41) + F(g" —nF)
= Il + 12 + I37
where each term can be estimated by the square root of right-hand side of
(8.40).
The estimate for I; is trivial, I> can be estimated along the lines of the
proof of Lemma 8.2, while

(8.42) Iy = Fn(FY (kp, ... k5n) — F9(k;))

from which the estimate follows immediately. O

We are now able to prove a crucial estimate:

8.5. Lemma. Let F' be strictly concave, then there exists a constant ¢ > 0
such that for any p > 2, any 6 > 0 and any 0 <t <T* the estimate

e [ Fihns <57ty -+ e [ Fffp

(8.43) M M

{elp = 1)+ c} [ [DAPF g
M

1s valid.
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Proof. Multiplying inequality (8.39) with fP~! and integrating by parts we
obtain

(p—1) / Fif,f, /72 + 262 / Fihyht 7 <
M M

/ FIM by fif P~ +04/ FYFY Fy fP

(8.44) M M

- 2/ (R — FnF9YF~F i fP~! + 2(a — 1)/ FFIF £t
M M

— 26 / |IDAPf~ Pt
M
The terms on the right-hand side can be estimated or transformed as follows:

/ FiM g fofPl <67 (p—1) / Fid g, f, 72
M M

]

(8.45) .
/ IDAPfPH,
p—1 )y

+

a/ FFU9F,;ff = —a/ FYFUF, fipfrt
(8.46) M M
— / F YRR F fP + oF 2FU9FFy 7,
M

which can be estimated by the right-hand side of (8.43).

_2/ {7 — FnF} P~ Fy 77! =

M
2(p — 1)/ {h" — FnF9YF, f; f72
M

+2{h¥ — FnF9};F;F~*fP~1

(8.47)

- Qa/ (h¥ — FnFYYFF = (Fe) fp=t,
M

In view of the estimate (8.40) the right-hand side of the preceding equality
can be estimated as desired.
Finally, let us consider

2a—1) / FUF9Ef 7 < e / FYfifi o7

(8.48) M M

+c/ |DA*H 2P,
M

which can be estimated as desired completing the proof of the lemma. O

Now we can show that for large p the LP-norms of f = f(t,-) are uniformly
bounded provided o is small enough.
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8.6. Lemma. Let F be strictly concave, then there exist C1 > 0 and og > 0
such that for all

1
(8.49) p>ce? A o< min(egp_%z, 00),
c

where ¢ > 1 is the constant in (8.43), the estimate

(8.50) 1fllp.ar < Ch Vtel0,T")

is valid, where C1 = C1(My) and o¢ = oo(F, My).

Proof. We multiply equation (8.30) with pfP~! and integrate by parts. Ob-

serving that the terms involving K add up to be non-positive if ¢ is small,
o < 09, in view of Lemma 8.2, (8.12) and the fact that

(8.51) 1< F¥gy < co,
and by applying the estimate
(8.52) FMTS g ihys jhIF~* < —262| DA F

which has already been used in the proof of Lemma 8.3, we obtain
d iy
G o= [ Pty [ pappoep
dt Jor M M
§w/"W%MWW+éMpr/1Mﬁﬁﬂ”
M M
(8.53) o2 / FIfif 72
P—1J/m
<op [ Pt o) [ P
M M
v [ pappep,
M

where we may choose ¢ to be the same constant that we used in (8.43). Hence,
we deduce, because of (8.49),

d g B o

g/ fP+plp - 1)/ FIff; 17 2+62p/ |DAPF=* Pt

(8.54) M M M

<op [ P,
M

Choosing now

(855) o< min(06163p_%70'0)7

where ¢y > 0 will be specified below, and

(8.56) S=ep 2,
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we infer from (8.43) that the right-hand side of inequality (8.54) can be
estimated from above by

@{ez/ Fiihyhk o} <
Co M
L2 51e(p—1) +c}/ Fafif P2
Co M
+ L foelp-1)+ ) [ [DAPF
Co M
(8.57) e plp— e+ ephe} /M Fi ;7
+e - e+ aple) [ papFoer
< cg ' 2ep(p — 1)/ FUfif; fr?
M

+c§12062(p71)/ |DA|F~e Pt
M

O
Choosing
(8.58) co = 4c
leads to
(8.59) 4 <0 Vtel[0,T7)

dt

from which the result immediately follows.

8.7. Theorem. Let F' be strictly concave or let F' = %H then there exist
constants § > 0 and ¢y > 0 depending only on F' and My such that

(8.60) |A]> = nF? < ¢gF?7°,

or equivalently,

(8.61) AP = LH? < coH?* .

Proof. When F = LH we use the estimate (8.36) instead of (8.37) to obtain
the result in Lemma 8.6. Then, in both cases, F' strictly concave or F' =

%H , the further arguments are essentially identical to those in Huisken’s
paper. O

8.8. Remark. In the proof of Lemma 8.5, Lemma 8.6 and Theorem 8.7
we used the fact that the sectional curvature Ky satisfies

(8.62) Ky >0
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but only out of convenience. In case of the opposite sign slightly different
arguments would have prevailed, since the terms stemming from the curvature
of the ambient space are of lower order and can be handled fairly easily.

Combining the estimate (8.61) with the regularity result of the rescaled
hypersurfaces we shall prove that the rescaled hypersurfaces converge to a
unit sphere in C*°(S™) exponentially fast provided F' is strictly concave or
F = LH. First, we prove:

T n

8.9. Lemma. Let F be strictly concave or F = LH, let M(7) be the

rescaled hypersurfaces and Bij, F, etc. be the rescaled geometric quantities,
then there are positive constants ¢, § such that

(5.63) [IpAP < vmsr<w,
M

where

(8.64) 70 = —log ©(0,77),

and where we emphasize that each geometric quantity is scaled separately by
multiplying or dividing it with appropriate powers of ©, and by pointing out
that the scaled principal curvature are not the principal curvatures of M. This
caveat applies especially to the integral in (8.63).

Proof. Consider the inequality (8.39), where now f is defined by choosing
o=0,ie.,

(8.65) f=F2(A]? —nF?).

f is scale invariant, hence we deduce from (8.60) and Corollary 7.8 on page 28
(8.66) f<ce®  VYr>m.

All terms in inequality (8.39) scale like F2, i.e., they are of order two. In-
tegrating over M, using integration by parts and rescaling the resulting in-
equality yields the result in view of (8.40) and (8.66). O

Applying now the interpolation inequalities for Sobolev norms, cf. [1, The-

orem 4.17], we conclude we conclude that |D/i\ decays exponentially fast in
C*>(S™), hence we conclude

8.10. Lemma. There exists positive constants ¢, 6 such that
(867) Fmax - Fmin < 66757— V7 2>1
and

(8.68) |DF|| < ce™™ V71>
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Proof. We first estimate the unscaled quantities in M ()

(8.69) Friax — Finin < diam M (t) sup || DF|| < c¢diam M sup |DA|
: M(#) M(t)
to deduce
(8.70) Frnax — Funin < cdiam M sup |D/~1|,
]\71(7')

hence the result. Note that

(8.71) IDA]* = %" hf,Oh, ;0
and
(8.72) diam M = diam MO~ < c(]\i}l(f) k1) 1O < const,
t
in view of Myers’ theorem. ]

A similar lemma is also valid for the mean curvature:

8.11. Lemma. There exists positive constants ¢, § such that

(873) -Hmax - I::rmin < 06_67— VT > T0-

We are now ready to prove that the rescaled flow hypersurfaces converge
to a sphere, to a geodesic sphere of radius 1.

8.12. Lemma. Let |Da| be defined by

(8.74) |Da|* = o1,
then there are positive constants ¢ and § such that
(8.75) |Di| < ce™T V7>

Proof. Let us look at the scaled scalar curvature equation in (7.76) on page 29

. - ,sin® N
(8.76) W =—-F© lcos@“ + @
Define
(8.77) v =logu
and
(8.78) w = |Dy|* = 34| Daf?,
then
(8.79) o= —e_WFG_l%U +1,

where we note that

(8.80) =1+ ouuy =1+ 9(u) 2oV pip;

sin” u

cf. (7.91) and (7.92) on page 30.
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Differentiating now (8.79) with respect to ¢*Dj, we obtain
~ in© ~ in©
(8.81) w' = 2e P FO 1INy e*‘”F@flsmiv*lﬂ(u)dwkcpk + R,
cos © cos ©

where R decays exponentially in view of (8.68) or other more trivial estimates.
The function

(8.82) Wmax = SUP W
M(r)
then satisfies
. in®
W = 26 PWinax FOT' 2~y 4 R

(8.83) C988

> 2¢ P FO T &v — e 0T

- cos ©
for almost every 7 > 79, and we deduce

: - in ©
(8.84) (Wmax — %e*‘ST)’ > 2¢  Pwmax FO s 5"
cos
Hence,
(8.85) lim Wmax
T—00
exists and, because of
o0 - . @ o0
(8.86) 00 > / 26 P Wimax FO ! ik > c/ Wrnax,
o cos © o
we obtain
(8.87) lim wpax = 0,
T—00

from which we conclude further, in view of (8.84),
(8.88) Winax () < $e7°7 V71 >0,

As a corollary we can prove:

8.13. Corollary. The rescaled flow hypersurfaces converge to the unit
sphere in C>(S™).

Proof. Let iy, = u(7x,-) be a convergent subsequence in C*°(S™), then we
deduce from (8.75) that the limit hypersurface is a sphere which is the unit
sphere, since the geodesic spheres with radius © intersect the hypersurfaces
M(t) = graphu, cf. (6.10) on page 17. Since any convergent subsequence
converges to the same limit, the corollary is proved. O

Applying now the interpolation inequalities for the C"-norms we can state:

8.14. Theorem. Let F' be strictly concave or F' = %H, then the rescaled
function @ converges in C*°(S™) to the constant function 1 exponentially fast.
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Let us finally prove that the rescaled F-curvature converges to 1 exponen-
tially fast.

8.15. Lemma. Let F' be strictly concave or F' = %H, then
(8.89) lim FO =1.

t—T*

Proof. For fixed 0 <t <T* let

(8.90) u(t, &) = Umax(t).
Then, by applying the maximum principle, we infer that in that point
(8.91) gy > S2U
sinu

and hence
(8.92) lim sup Fax > 1

t—T*
as well as
(8.93) liminf Fiax > 1.

t—T*

Looking at points (¢, &), where

(894) U(t, 50) = umin(t)v

we deduce the opposite inequalities for Fonin proving the lemma, in view of

the estimate (8.67). O
8.16. Lemma. Let F be strictly concave or F = %H, then there exist

positive constants ¢, 0 such that

(8.95) |F(r,)—1] <ce™®™ Y71 >1.

Proof. We use the evolution equation for F. Let

(8.96) F =FO(t,T")

and define

(8.97) Finax = FnaxO(t, T7),

where

(8.98) Fiax = sup F.
M(t)

Then we deduce from (7.50) on page 26

Flrax < Fhyihy Frax©®

max

(8.99) Coss?n o
+ I(NFﬂ‘jgijF‘max@2

sin® -
- Fmax

cos ©
for almost every 7 > 7.
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We now observe that

(8.100) |© —sin 6] < 62

for small © and that

(8.101) Fi9 — L1910 < (> (r; — 7)) 2 g
1<j

cf. (8.40), and, in view of Lemma 8.2,

(8.102) LIAP - F? <) (ki — 15)*.
i<j

Hence, we conclude

(8.103) Fl o < (F2  —1D)Fpax+ce™®  V7>1,

max

or equivalently,

8104 Fmax"‘ge_&— /S F2 -1 Fmax VTZTla
B max

where 77 is sufficiently large such that © is small.
Suppose there exists 75 > 7 such that

(8.105) Frax + Se707 < 1

in 7 = 79, then this inequality is valid in a whole neighbourhood of 7, since

Finax is Lipschitz continuos, and we deduce from (8.104) that (8.105) is valid
for all 7 > 1 and

(8.106) (Frax +2e7°7) <0 Vr>m
leading to the contradiction

(8.107) 1= lim (Finax + $67°7) < Fnax(m2) + 2707 < 1.

T—00

Thus, we conclude

(8.108) Frax—1> %77 Vr>m.
Defining
(8.109) Fuin = inf FO

M(t)

we deduce by an analogous argument
(8110) Fmin -1< ge—ér V71 2>T11.

Combining these two inequalities with inequality (8.67) completes the proof
of the lemma. (]
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9. INVERSE CURVATURE FLOWS

Let the curvature functions F' govern the contracting curvature flows and
their inverses F' the expanding flows

(9.1) i=F"tu

A contracting flow converges to a point 2o € S"*! and are thus staying in
the corresponding hemisphere H(zg) for ¢ close to T*, i.e., for t5 < t < T*,
and hence the corresponding expanding flow stays in the opposite hemisphere
H(—xo) for those values of ¢ and converges to the equator. Since the flow is
expanding, all flow hypersurfaces therefore stay in H(—z¢). The respective
flow hypersurfaces are related by the Gaufl map.

Fix a curvature F' to define a contracting flow and write the flow hy-
persurfaces M (t) as graphs of a function u with respect to geodesic polar
coordinates centered in xo and write the polar hypersurfaces M (¢)*, which
are the flow hypersurfaces of the corresponding inverse curvature flow, as
graphs of a function u* with respect to geodesic polar coordinates centered
in —zg. This coordinate system will cover the inverse curvature flow in the
interval [t5,T*). Then we have:

9.1. Lemma. The functions u, u* satisfy the relations

(9.2) Umax = g —ut,,  Vtets,T")
and
(9.3) Urnin = g k. Vtets, T7).

Proof. Let S,.(zp) be a geodesic sphere around z( of radius r and
(9.4) S¥(xo) = Sp(—x0)
be the polar sphere, then

COST sinr*

9.5 S

(9:5) sinr  cosr*’

hence

(9.6) r= g —r*.

Since the polar sets of convex bodies M;, i = 1,2, satisfy

(9.7) MyC My, = M;jcCDM,

cf. [10, Corollary 9.2.10], we immediately deduce the relations (9.2) and (9.3)
from (9.7). O

9.2. Corollary. There exists a positive constant ¢ such that

(9.8) c ! Sw:(gfu*)e)*l <c Vit e ts, T").
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9.3. Lemma. Let
(9.9) |Dw|? = o w;w;,
then there exists a positive constant such that

(9.10) |Dw|* <c  Vte[ts,T).

Proof. Let v be defined by

1 .
9.11 =1+ oulul,
( ) sin? u* v
then
(9.12) v < e (Umax—Uimin) Vit e [ts, T),

where & is a positive upper bound for the principal curvature of the slices
{2 = const} that intersect The flow hypersurfaces, cf. [10, inequality
(2.7.83)], hence we conclude that for fixed ¢

1 y . .
- 2 O'UU;’U/; = ’U2 —1 S ezﬂ(umax_umin) -1
sin” u*
(9.13) cos o
<csu ut o=k ) <O,
- M(ltj) sin u* ( max mln) =
in view of (9.8), hence the result. 0O

The inverse mean flow exists in the interval [0,7*) and is smooth. In
order to prove this, we choose a point yy € ]\Zfa‘ as the center of a geodesic
polar coordinate system, then this system covers the whole flow, since the
flow hypersurfaces are boundaries of strictly convex bodies. We have C°
and Cl-estimates, cf. (9.12), as well as C?-estimates. Furthermore, F is
strictly positive on compact subintervals of [0, 7*), hence the flow is smooth
on compact subintervals.

For the rescaling process we may therefore restrict our attention to the
interval [ts,T*), where we can write the flow hypersurfaces as graphs in the
coordinate system centered at —zo. For u* we have the estimates (9.8) and
(9.10). Using then similar arguments as in the proofs of Lemma 7.6 on page 26
and Theorem 7.12 on page 30 we conclude:

9.4. Theorem. Let u* represent an inverse mean curvature flow in S**1
in the geodesic polar coordinate system specified above, where the curvature
function and its inverse are both monotone and concave, then u* converges
to the constant function 5 in C°°(S™) such that for any m € N the estimate

(9.14) |5 — u'msr < cm© Vte[0,T7),
is valid. The rescaled functions

(9.15) w=(%-u)0"!
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are uniformly bounded in C*(S™). When the curvature function F of the
corresponding contracting flow is strictly concave, or when F = %H , then
w(T,-) converges in C*°(S™) to the constant function 1 exponentially fast.
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