Closed Weingarten Hypersurfaces in Space Forms

CLAUS GERHARDT

Dedicated to Stefan Hildebrandt on the occasion of his siztieth birthday
0. Introduction.

In a complete (n+ 1)-dimensional manifold N we want to find closed hy-
persurfaces M of prescribed curvature, so-called Weingarten hypersurfaces.
To be more precise, let  be a connected open subset of N, f € C?>*(Q), F
a smooth, symmetric function defined in the positive cone I'y C R”, then
we look for a convex hypersurface M C (2 such that

(0.1) Fly = f(z) VzeM,

where F|jps means that F is evaluated at the vector (x;(z)) the components
of which are the principal curvatures of M.

This is in general a fully nonlinear partial differential equation problem,
which is elliptic if we assume F to satisfy

(0.2) or >0 in Ty
Ok;
Classical examples of curvature functions F' are the elementary symmet-
ric polynomials of order k, Hy, defined by

(03) Hk= Z Kiy o« K, lngn

H, is the mean curvature H, H; is the scalar curvature—for hypersurfaces
in Euclidean space—, and H,, is the Gaussian curvature K.

For technical reasons it is convenient to consider the homogeneous poly-
nomials of degree 1

(0.4) o = H/¥
instead of Hy. Then, the oy’s are not only monotone increasing but also
concave. Their inverses oy, defined through

1

(05) 5(/’-71') = O'k(K.i_l)
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share these properties; a proof of this non-trivial result can be found in [12].
o1 is the so-called harmonic curvature G, and, evidently, we have &, = oy,.
To describe the general curvature functions we have in mind, let us define

Definition 0.1. Let F € C°(Ty) N C?*(I'y) be a symmetric function,
(positively) homogeneous of degree 1 satisfying

(0.6) Fk=g—i>0 on I'y
and
(0.7) F s concave.
Then we say
(i) F is of class (K), if
(0.8) Flor, = 0;
(i) F is of class (H), if
(0.9) its inverse F s also concave,
and
(0.10) FeC*(A.) and 0<F; in A,

where A, . C T'y is defined through
(0.11) Ae’c={(h‘,,’) :0<e<F, 0<fci§c}.
(iii) F is of class (H), if

(0.12) F s concave.
and
(0.13) FeC*(T,) and 0<F, in T,.

Remark 0.2. Since F; are homogeneous of degree 0, the condition (0.13)
implies that the F; are also uniformly bounded in I'y.

Remark 0.3. Here are some classical curvature functions which satisfy
the above definitions.
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(i) The o%’s are of class (K), and also the inverse of the length of the
second fundamental form

1

(Z k;2> 1/2

~

(ii) The ox’s (and their inverses) are of class (H).

(0.14) F(x;) =

(iii) The mean curvature is of class (H).

Our main assumption in the existence proof is a barrier assumption.

Definition 0.4. Let M;, M, be strictly convex, closed hypersurfaces in
N, homeomorphic to S® and of class C%® which bound a connected open
subset 2, such that the mean curvature vector of M; points outside of (2 and
the mean curvature vector of My points inside of . M;, M, are barriers

for (F, f) if

(0.15) Flm < f

and

(0.16) Flu, > f.

Remark 0.5. In view of the Harnack inequality we deduce from the

properties of the barriers that they do not touch, unless both coincide and
are solutions of our problem. In this case 2 would be empty.
Then we can prove

Theorem 0.6. Let N be a space form with curvature Ky = 0, let F' be of

class (K), 0 < f € C?>*(Q) and assume that My, M, are barriers for (F, f),
then the problem

(0.17) Fipy=f

has a strictly convez solution M C Q of class C.

Theorem 0.7. Let N be a space form with curvature Ky =0 and F € (H);

let 0 < f € C%*(Q) be such that log f is concave and assume that My, M,
are barriers for (F, f), then the problem

(0.18) Flu=f

has a convez solution M C Q of class C*2.
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Theorem 0.8. Let N be a space form with curvature Ky and F € (H); let
f € C?>*(Q) satisfy

(0.19) ~KNfGapt+ fap <0 in Q
and assume that My, My are barriers for (F, f), then the problem
(0.20) Flu=f

has a convez solution M C Q of class C*® if Ky < 0, or—in the case
Ky > 0—if in addition [ is strictly positive in ().

Remark 0.9. In the first part of Theorem 0.8 (Kn < 0) f is not supposed
to be strictly positive in . Though, in view of the barrier condition, f has
to be positive in a neighbourhood of M;. The solution M will be contained
in the support of max(f,0) and also the assumption (0.19) should only be
valid there.

In a separate paper we considered closed Weingarten hypersurfaces in ar-
bitrary Riemannian manifolds with non-positive sectional curvature, cf. [9].
In that paper we have also proved that we can isometrically lift the geomet-
ric setting Q, M;, M and f to the universal cover N even in the case of
a space form N with Ky > 0. Thus, we may—and shall—assume in the
following that N is simply connected.

The existence of closed Weingarten hypersurfaces in R®*! has been stud-
ied extensively in previous papers: the case F' = H by Bakelman and Kantor
[2], Treibergs and Wei [14], the case F' = K by Oliker [13], Delanoé [5], and
for general curvature functions by Caffarelli, Nirenberg and Spruck [4]. In
all papers—except in [5]—the authors imposed a sign condition for the ra-
dial derivative of the right-hand side to prove the existence. This condition
was necessary for two reasons, first to derive the a priori estimates for the
C'-norm and secondly to apply the inverse function theorem, i.e. the kernel
of the linearized operator had to be trivial.

Without this condition the kernel is no longer trivial and the inverse
function theorem of Leray—Schauder type arguments fail.

We therefore use the evolution method to approximate stationary solu-
tions. But there is still the difficulty of obtaining the C!-estimates: either
one has to impose some artificial condition on the right-hand side, i.e. the
condition depends on the choice of a special coordinate system, or one has to
stay in the class of convex hypersurfaces where the C 1_estimates are a trivial
consequence of the convexity, but then the preservation of the convexity has
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to be proved and this can only be achieved for special curvature functions
like the Gaussian curvature, or by assuming f to satisfy the condition (0.19).

The paper is organized as follows: In Section 1 we consider general
curvature functions and state some basic properties.

In Section 2 we formulate the evolution problem and prove short-time
existence.

In Section 3 we derive the evolution equation for some geometric quan-
tities like the metric and the second fundamental form.

In Section 4 we prove that the flow stays in €.

In Section 5 we state the parabolic equations satisfied by h;; resp. v =
V1+ |Dul?

In Section 6 the C2-estimates are derived, while in Section 7 the conver-
gence to a smooth stationary solution is proved.

1. Curvature Functions.

Let F € C22(I'y) N C%T4) be a symmetric function satisfying the con-
ditions (0.6) and (0.7); then, F can also be viewed as a function defined on
the space of symmetric, positive definite matrices Sy, or to be more precise,
at least in this section, let (h;;) € S with eigenvalues k;, 1 < i < n, then
define F on S+ by

~

(1.1) F(hij) = F(k:).
It is well known, see e.g. [3], that F is as smooth as F and that F¥/ = %}E—
1,
satisfies !
. OF
(1.2) F9¢&; = a—mlﬁilz,

where we use the summation convention throughout this paper unless oth-
erwise stated.
Moreover, if F is concave then F is also concave, i.e.

(1.3) Fiikly, oy <0

for any symmetric (7;;), where

(1.4) gk _ 95
ahij ahk,

An even sharper estimate is valid, namely,
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Lemma 1.1. Let F, F be defined as above, then

~ 0’F F; — F;
(1.5) Fiokly ing = B0, A MiNjj + Z :
z#J

for any (n;;) € S, where S is the space of all symmetric matrices and where

("71])2

F; = ?WF The second term on the right-hand side of (1.5) is non-positive
and has to be interpreted as a limit if k; = K;.

Proof. In 7, Lemma 2] it is shown that

oF OF
(3'% - 5’_’%) (i =) <0

if F is concave, hence the second term of the right-hand side in (1.5) is
non-positive.

A proof of inequality (1.5) can be found in [9, Lemma 1.1].

We also want to mention that F' need not to be defined on the positive
cone, any open, convex cone will do.

For the rest of the paper we shall no longer distinguish between F' and
ﬁ; instead we shall consider F' to be defined both on S; and I'y.

For (hij) € Sy let (h”) = (hij)—l, then we have

(1.6)

Lemma 1.2. Let F be a curvature function on I'y and F be its inverse,
and assume that both F and F are concave, then

(1.7) F*iim + 2F* 1 nijm > 2F 7 (Fi5)°
for all (n;5) € J.

A proof of the lemma is given in [15, p. 112].

The preceding considerations are also applicable if the x; are the prin-
cipal curvatures of a hypersurface M with metric (g;;). F can then be
looked at as being defined on the space of all symmetric tensors (hi;) with
eigenvalues k; with respect to the metric.

oF
Bhij
is then a contravariant tensor of second order. Sometimes, it will be con-

venient to circumvent the dependence on the metric by considering F' to
depend on the mixed tensor

(1.9) b = g hy;.

(1.8) F =



Closed Weingarten Hypersurfaces in Space Forms 7

Then

i OF
1.10 F) = —
(110) ! =

is also a mixed tensor with contravariant index j and covariant index %.
2. The evolution problem.

Let N be a complete (n + 1)-dimensional Riemannian manifold and M
a closed hypersurface. Geometric quantities in N will be denoted by (g,g),
(Ragqs), etc., and those in M by (gi;), (Rijki), etc. Greek indices range
from 0 to » and Latin from 1 to n; the summation convention is always
used. Generic coordinate systems in N resp. M will be denoted by (z%)
resp. (¢*). Covariant differentiation will simply be indicated by indices, only
in case of possible ambiguity they will be preceded by a semicolon, i.e. for
a function u on N, (uy) will be the gradient and (uqp) the Hessian, but,
e.g. the covariant derivative of the curvature tensor will be abbreviated by
Raﬂ75;5. We also point out that

(2' 1) Raﬂfy&;i = Faﬂ’y&;exf

with obvious generalizations to other quantities.
If N is a space of constant curvature, then

(2.2) Rapys = KN(GayTps — TasTpy)-

In local coordinates z* and ¢* the geometric quantities of the hypersur-
face M are connected through the following equations
(2.3) x5 = —hyv®
the so-called Gaufl formula. Here, and also in the sequel, a covariant deriva-
tive is always a full tensor, i.e.
(2.4) T =25 — I"mefC" + fgqxfx;’
The comma indicates ordinary partial derivatives.

In this implicit definition (2.3) the second fundamental form(h;;) is taken
with respect to —v.
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The second equation is the Weingarten equation
(2.5) v = htag,

where we remember that v{* is full tensor.
Finally, we have the Codazzi equation

(2.6) hij.x — hik; = R‘aﬂ,ﬂw"‘xi :L‘;:L‘i =0,

if N is a space of constant curvature, and the Gauf equation

(2.7) Rijki = hikhji — hyhjx + _Raﬂqaﬂc?’x?wlw? .
We want to prove that the equation

(2.8) F=f

has a solution. For technical reasons it is convenient to solve instead of (2.8)
the equivalent equation

(2.9) o(F) = 2(f)
where ® is real function defined on R4 such that
(2.10) $>0 and ®<0.

For notational reasons let us abbreviate

(2.11) f=2(f).

To solve (2.9) we look at the evolution problem
i = —(®@-f
(2.12) 20) - =

where zg is an embedding of an initial strictly convex hypersurface My dif-
feomorphic to S*, ® = ®(F), and F is evaluated for the principal curvatures
of the flow hypersurfaces M (t), or, equivalently, we may assume that F' de-
pends on the second fundamental form (h;;) and the metric (g;;) of M(t);
z(t) is the embedding for M(t).

This is a parabolic problem, so short-time existence is guaranteed—an
exact proof is given below—, and under suitable assumptions we shall be
able to prove that the solution exists for all time and that the velocity tends
to zero if ¢ goes to infinity.
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Consider now a tubular neighbourhood U of the initial hypersurface My,
then we can introduce so-called normal Gaussian coordinates =, such that
the metric in I/ has the form

(2.13) ds® = dr? + g,; dz'da’

where r = z0, 9ij = Gij (r,z); here we use slightly ambiguous notation.

A point p € U can be represented by its signed distance from M and its
base point z € My, thus p = p(r, z).

Let M C U be a hypersurface which is a graph over My, i.e.

(2.14) M = {(r,z) : r =u(z),z € Mp}.
The induced metric of M, g;;, can then be expressed as
(2.15) 9ij = Gij + uiu;

with inverse

(2.16) gi=gi - L%
v v’
where (g%7) = (9:;)"" and
u'i — §i7u3
(2.17) v = 1+guu;

The normal vector v of M then takes the form
(2.18) (v®) = v‘l(l, -—ui)

if 20 is chosen appropriately.
From the Gauf§ formula we immediately deduce that the second funda-
mental form of M is given by

(2.19) ’U_lhij = —ujj + Eij,
where
- 1. 199,

is the second fundamental form of the level surfaces {r = const}, and where
the second covariant derivatives of u are defined with respect to the induced
metric.
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At least for small ¢ the hypersurfaces M (t) are graphs over My and the
embedding vector looks like

M) = uft,g'()

(221) () = ()

where the £ are local coordinates for M(t) independent of ¢.

Furthermore,
0_ . _ Ou
(2.22) SEO =U= E + :L"ui
and from (2.12) we conclude
@ = —(@-fl?

(2.23) i = v"lui(<I>—f)

hence, we obtain

ou ~
2.24 % _ _(®— .
(224 =@~

This is a scalar equation, which can be solved on a cylinder [0, €] x M} for
small ¢, if the principal curvatures of the initial hypersurface Mj are strictly
positive. The equation (2.23) for the embedding vector is then a classical
ordinary differential equation of the form

(2.25) z = p(t,z).
We have therefore proved

Theorem 2.1. The evolution problem (2.12) has a solution on a small time
interval [0, €].

3. The evolution equations of some geometric quantities.

In this section we want to show how the metric, the second fundamental
form, and the normal vector of the hypersurfaces M(t) evolve. All time
derivatives are total derivatives.
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Lemma 3.1 (Evolution of the metric). The metric g;; of M(t) satis-
fies the evolution equation

~

(3.1) 9ij = —2(2 — fhi;-

Proof. Let ¢! be local coordinates for M (t), then

(3.2) 9ij = JapTizh
and thus
(3.3) Gij = 2Gaptlah.
On the other hand, differentiating
(3.4) %= —(®— f)°®
with respect to ¢ yields
(3.5) ¢ =—(® - flw* — (@ - v

and the desired result follows from the Weingarten equation.

Lemma 3.2 (Evolution of the normal). The normal vector v evolves
according to

~ . ~

(3.6) v=Vu(®-f)=9g"(® - fiz;.

Proof. Since v is a unit normal vector we have v € T'(M). Furthermore,
differentiating

with respect to ¢, we deduce

~

(3.8) (0, zi) = —(v, &) = (2 — f)i-

Lemma 3.3 (Evolution of the second fundamental form). The se-
cond fundamental form evolves according to
(39) A= (2~ D]+ (@~ Dhih + (2 ~ ))Rapysv a1 2}g"

and

T 1 D ]

(3.10) hij = (® — f)ij — (2 — f)hfhij + (8 — f)Rapysv®z vzl



82 Claus Gerhardt

Proof. We use the Ricci identities to interchange the covariant derivatives
of v with respect to £ and &*

d

(3.11) o) 3

= (0%); — vaﬂxl
= ¢*(® — Pzl + g"(® - Flral — R"4,50P274°

For the second equality we used (3.6).
On the other hand, in view of the Weingarten equation

d d

(3.12) ) == (h’“ ) = hkg® + hEg2.

B

Multiplying the resulting equation with g,z we conclude

(3.13)  hkgrj — (® — [)hEhg = (@ — Pij + (@ — f)Raprer®ziv'al

or equivalently (3.9).
To derive (3.10), we differentiate

(3.14) hij = h¥gy;
with respect to ¢ and use (3.3).

Lemma 3.4 (Evolution of (¢ — ). The term (®—f) evolves according
to the equation

@—F) —3F9(®—f)ij = SFIhyhk(@ - f) + far® (@ - f)

(3.15) +OF IRy, 50°aP 112 (® — f)
where
= i R
(3.16) @-f)=g@=1
and
_ d
(3.17) = —-B(r).

Proof. When we differentiate F' with respect to ¢ it is advisable to consider
F as a function of the mixed tensor h;-; then we obtain

(3.18) (® - f) = ®FIR! — foi®.
The result now follows from (3.9) and (3.4).
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Corollary 3.5. Let N be a space form then the equation (3.15) takes the
form

@—FY -dF9(@—fy = OFIRxhE(® - )+ far®(@ - f)

(3.19) +KN®FYg;(® - f)

4. Barriers and a priori estimates in the C%-norm.

In [9, Section 4] we have shown that, if the sectional curvature of the
ambient space N is non-positive or if N is a space form with positive cur-
vature, then, the geometric setting of our problem, i.e. Q, M;, Ms and f
can be isometrically lifted to the universal cover. If N is space form with
Kx > 0, then Q C N is contained in an open hemisphere. The barriers M;
are boundaries of convex bodies (M;) and, if we introduce geodesic polar
coordinates (z®) = (r,z') = (r,z) around a point in (M;) such that

(4.1) d3? = dr® + g;; dz*dz’

then the second fundamental form h;; of a geodesic sphere {r = const} that
intersects Q is uniformly positive definite. The M; are graphs over a fixed
geodesic sphere Sy, M; = graphu;|s,.

Moreover, let M(t) be a solution of the evolution problem (2.12) in a
maximal time interval I = [0,7*) such that the hypersurfaces are strictly
convex. Then, each M (t) can be represented as a graph over Sp

(4.2) M(t) = {(r,z) : r =u(t,z),z € Sp}.
In [9, Section 5] we also proved the following lemmata

Lemma 4.1. Choose as initial hypersurface My either My or My, then we
have for the embedding vector z = z(t)

(4.3) z(t) e Vtel
and

Lemma 4.2. Let M(t) be a solution of the evolution problem (2.12) defined
on a mazimal interval [0,T*). As initial hypersurface My we choose either
M, or My; then we obtain

(4.4) d-F<0 WVt
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ifMo = Ml, and
(4.5) d—F>0 Vi
if My = M.

5. The evolution equations for h;; and v.

Let M(t) be a solution of problem (2.12); in [9, Section 7] we derived
the following evolution equations for h;; resp. h;

Lemma 5.1. Let M(t) be a solution of the problem (2.12), then the second
fundamental form satisfies

hij — ®F*hjp = @Fk‘hk,h'h,, (@ — f)hfhe; — ®Fhfhy;

——fag:z: + fal/“hzJ + <I>FF
+OF kl"shkz ihrs;j + (8 — f)Rapysv®alvTal
+28FH R g5 2l 2l hy

(5.1) —f[)F“Raﬂ.,ga: :z:f:z: a:fhr
~&FY R, pys320,T) {h’
+®F* Ryp,5v xflﬂxfhzj
—@Fﬁaﬁwl/amf V28
+OFH Ry pyse {voz ] 22§ + 1° 2P mka: z{}

and

Lemma 5.2. The evolution equation for h:: (no summation over i) has the
form
(52 -
hi— ®FHhly, = FMhghihi + (@ — f)hfh) — SFhER;
—faprlzhgk + fov "‘h’+<I>FF’
+¢'Fkl’rshkl zhrs mg
+(@ - f)Raﬂ'yJV "L'ﬂlﬂwts gml
+2§FklEag75xr f a:kzmg'.’”hl'
—2@FklRag75.’Ba.'B€$’y Spri
+‘i>F“Rag 1% mfv”’xl hz
—‘I)FRaﬂ75U xﬂ V'Y:vfng"”
+oF lRag755{V :z:k.'z: zlzt, + V“xﬂ:zk:z:ma:, }g™
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In case N is a space form with curvature Ky, the preceding evolution
equations simplify to

Corollary 5.3. Let N be a space form with curvature Ky, then equation
(5.1) takes the form

hij — ®F*hijp = OF"hhlhij — (@ - F)hEhg; — DFhEhy;
—ﬁgz?l‘]g + };;I/ahij + q)FzFJ
+¢)Fkl’rshkl;ihrs;j
+KN{(® - f) + ®F}gij — Kn®F* ggihi

(5.3)

and

Corollary 5.4. Let N be a space form with curvature Ky, then equation
(5.2) takes the form

hi— @F*pl, = ®FHhghihi+ (@ — F)RER, — SFRER
—faﬂm;"xfgki + falzo‘hﬁ + ®F;F
+¢)Fkl’rshkl;ihrs;mgmi
+KN{(® - f) + ®F}5} - Kn®F* gyh}

(5.4)

The proof is straightforward, if one observes that F and hi; can be diago-
nalized simultaneously, cf. [9, equ. (1.12)].

Suppose now, that we have introduced geodesic polar coordinates (z%) =
(r,z*) such that the hypersurfaces M(t) are graphs over a geodesic sphere
So. From the relation (2.18) we conclude

(5.5) v = /14 |Dul? = (rev®) L.

We know, that as long as the hypersurfaces are convex, the quantity v
is uniformly bounded, or more precisely, cf. [9, Lemma 6.1]

Lemma 5.5. Let M = graphu|s, be a closed convez hypersurface repre-

sented in normal Gaussian coordinates then the quantity v = /1 + |Du|?
can be estimated by

(5.6) v < ¢(|ul, So,9s5)-

Furthermore, the function u and the quantity v satisfy the following
evolution equations
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Lemma 5.6. Consider the flow in a normal Gaussian coordinate system
where the M (t) can be written as graphs of a function u(t). Then u resp. v
satisfy the evolution equations

(5.7) U — @Fijuij =—(®- f~)v'1 +®Fy~1 - @F”Hz]
resp.
v — éFijvij = —éFijhikhf'u - 2v"1<i>Fijvivj
+’raﬂl/°‘vﬂ[(¢> -f)- CIJF] v?
(5.8) +&F Roposv o] o) wireat,g™ v
+28Firgghkagalv?

+OFY raﬁ,yv“zf m}vz + faz% gmkrﬁmf v2

cf. [9, equ. (8.2) resp. Lemma 7.3].

In a simply connected space form we can deduce a considerable simpler
and more aesthetic form of (5.8).

First, we observe that by symmetry

(5.9) gij = h(r)oij,

where o;; is the metric of a geodesic sphere of radius 1. Then, we fix a point
in N and choose the coordinates (z*) such that in that point

(510) gij,k = 0

Let us calculate the corresponding Christoffel symbols in N. We have

=0 1. T
(5.11) Ly = =59 = —hsj
(5.12) Too = Toi =T =0,
and
= i
(5.13) To; = h;,

from which we conclude

Lemma 5.7. In the above coordinate system the covariant derivatives of v
can be expressed as follows

—ro0=0
(5.14) {"'Oa Ta

rij = hij
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( —=2

H _
Toij = _??gm
H
(5.15) ﬁ rijo = —3i;
"_o
H
Ti0j = _ng]
and
(5.16) To0j = T0i0 = Tijk = 0.

Proof. To prove (5.14), we use |Dr| =1 to obtain

(5.17) 0= Taﬂ"ﬂ =Ta0 = T0a
and
(5.18) Tij = —f;lj’f‘a = —f?j = EL]

The covariant derivatives of the third order are defined by
(5.19) Tafy = Taf;y — levrﬁm - fgl,yrma,

where we already used (5.17). The relation (5.16) now follows immediately

and also V 3
(5.20) "'Oij = 7“7;0]' = E-nﬁmj
and

(5.21) rio = Mgz = 28, Armg-

To complete the proof, we observe that the geodesic spheres are totally
umbilical, i.e.

(5.22) hyj =
and hence

(5.23) by = i+ 2F§zj-

V_
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To derive a simpler version of equation (5.8), let n = n(r) be a positive
solution of

(5.24) H=—

H
—1, 'l”>0,
n

wherever it is defined and set

(5.25) x = vn(u).

Then, we can prove

Lemma 5.8. The function x satisfies the evolution equation

X —OF9yi;; = —®F7hyhkx —2x 1@Fx;x;
(5.26) . ~ H ~ "
+{®F + (® - f)}%-vx + faZh g uivy
Proof. Using the same notation as before, we obtain

X 8Fixy = o= 8Fughn+ (1= &Fug}ui

(5.27) —20®FYvu; — vii® Fuu;

We then rewrite the equation (5.8) using the expressions in (5.14) to (5.16)
to deduce

v — <i>Fij’U',;j = —éFijhikh;?'U - 21)_1(i>Fij'Uz'Uj
.o H
+2(I)FUU¢U]'-;'
—2 —_—
. .. H . H
(5.28) "tiIJgij ‘n—z’v - @F”uiuj;v

H ~ .
+—|Dul*[(@ - f) - 2F]
. H -
+MF;ﬁ+nﬁM&
where we also took into account that

v; = —-vzhfuk+v3ﬁikuk

5.29
(5:29) = —v2hbu; + v%I-u,-

Inserting (5.28) and (5.7) in (5.27) and observing that in view of (5.24)
H
n

) H.
(5.30) i =——n——1,
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the equation (5.26) can be easily deduced.
As we have already remarked before, the mean curvature H of the
geodesic spheres in question is uniformly strictly positive.

6. A priori estimates in the C?-norm.

Let M (t) be a solution of the evolution problem (2.12) with initial hyper-
surface My = M; or My = M defined in a maximal time interval I = [0,T*).
We assume M (t) to be represented as the graph of a function u in geodesic
polar coordinates. We know that during the evolution the flow stays in the
compact set Q and that the hypersurfaces are strictly convex—this is con-
tained in the definition of the maximal time-interval—, and, hence, Du is
uniformly bounded.

We want to show that the second derivatives of u are uniformly bounded
or equivalently that the principal curvatures of the flow hypersurfaces are
uniformly bounded and positive.

1. The Case of Theorem 0.6.

We first prove

Lemma 6.1. Let F € (K), My = My, ®(t) = logt and Ky = 0, then the
principal curvatures of the evolution hypersurfaces are uniformly bounded
from above.

Proof. First, we observe, that
(6.1) ®<f or F<f

in view of the results in Lemma 4.2.
Next, let ¢ be defined by

(6.2) @ = sup{hyjn'n’ : |In|l = 1}
and w by
(6.3) w = log ¢ + log x.

We claim that w is bounded. Let 0 < T' < T™*, and z¢ = z(tp), 0 < tp <
T, be a point in M (tp) such that

(6.4) supw < sup{sup w : 0 <t < T} = w(zo).
Mo M(t)
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We then can introduce a Riemannian normal coordinate system ¢* at zg €
M (to) such that at o = z(to, &) we have

(6.5) gi5 = 51;]' and Y= h’,;.

Let 7 = (n') be the contravariant vector defined by

(6.6) n=(0,...,0,1)
and set

_ _ hyn'y?
(6.7) 4 9iint’

@ is well defined in a neighbourhood of (tp, ).
Now, define @ by replacing ¢ by @ in (6.3); then w assumes its maximum
at (to,&o). Moreover, at (to,£o) we have

(6.8) & = hy,
and the spacial derivatives do also coincide; in short, & satisfies at (to,&o)

the same differential equation (5.2) as hj. For the sake of greater clarity, let
us therefore treat h” like a scalar and pretend that w is defined by

(6.9) w = log hlr + log x.

At (to,&o) we have w > 0, and, in view of the maximum principle, we
deduce from (5.4) and (5.26)

(6.10) 0< —h"+c,

where we have estimated bounded terms by a constant c.

Thus, the principal curvatures are bounded from above.

We further claim that the principal curvatures are uniformly strictly
positive, or equivalently—because of the condition (0.8)—

Lemma 6.2. Under the assumptions of the preceding lemma, we have
(6.11) 0<eg<F VWt

with a given €g.
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Proof. Consider the function

(6.12) w = log(—(® — f)) + log x.
Let 0 < T < T* and suppose
(6.13) supw < sup{supw : 0<t<T}.
Mo M(t)
Then, there is zo = z(tp), 0 < to < T, such that
(6.14) w(zo) =sup{supw : 0 <t <T}.
M(2)

From (3.19), (5.26) and the maximum principle we then infer

(6.15) 0< (@—ﬂ%v+c,

i.e. w is a priori bounded.
2. The Case of Theorem 0.7.
First, we obtain by the same arguments as before

~

Lemma 6.3. Let Ky = 0, F € (H), My = M;, ®(t) = logt, and 0 <
f € C?*(Q), then the principal curvatures of the evolution hypersurfaces
are bounded from above as long as they are non-negative.

Lemma 6.4. Let Ky =0, F € (H), My = M, ®(t) =logt, and0< f €
C?2(Q), then there exists €9 such that

(6.16) 0<eg<F Wt
as long as the evolution hypersurfaces are convez.

It remains to prove that the principal curvatures stay positive during the
evolution. For this achievement we need to know the evolution equation for
the inverse of the second fundamental form.

Lemma 6.5. Let (E”) = (hy)~! in contravariant form, then the mized

tensor (E;) satisfies the evolution equation (no summation over i)

—‘bF“ffkrhﬁZ: + {‘EF: (@ - JT)}‘S::' _
—KN{®F + (& - [)} hih® + Kn@F  gyih}
(617) +faﬂ$%mfhkzh£, _ fal/a’-l:; ~
—{®F ™k Ry g g + 20 FT R ¥ hrgiphiryg
+®F,F,}hP'h!

) . ~.
hy — ®FE Ry,
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Proof. We write
(6.18) hi = gi;h¥

and use the rule for differentiation of the inverse of a second order tensor to
obtain the desired result in view of Corollary 5.3 and the evolution equation
of the metric, cf. equation (3.1).

We can then prove

Lemma 6.6. Let Ky = 0, F € (H), My = My, ®(t) = logt, and 0 <
f € C%%(Q) be such that log f is concave, then there exists a constant A
such that the principal curvatures k; of the evolution hypersurfaces M(t) are
bounded below by

(6.19) 0<e™M< k.

Proof. Since M) is strictly convex the inverse hid is well-defined during the
evolution. We shall show that the eigenvalues of A%/ (with respect to gi;)
grow at most exponential in ¢.

Define
(6.20) ¢ = sup{hin'n’ : ||nll =1}
and w by
(6.21) w=pe M A>0.

We claim that w is bounded. Let 0 < T < T™*, and z¢ = z(tg), 0 < o <
T, be a point in M(tp) such that

(6.22) supw < sup{sup w : 0 <t < T} = w(zp).
Mo M(t)

Arguing as in the proof of Lemma 6.1, we introduce Riemannian normal
coordinates £* in g € M (tp) such that

(6.23) o(a0) = by
and we may pretend as before that w is defined by

(6.24) w = ke,
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Applying the maximum principle we deduce from (6.17)
(6.25) 0< - Aw+c+cw,

where we used that fis concave, the estimates in Lemma 6.3 and 6.4, and
also the inequality (1.7) to estimate the terms involving the derivatives of
the second fundamental form; we should also point out that, because of the
homogeneity of F,

(6.26) F; = Fklhy.;.

Thus, the lemma, is proved if A is chosen large enough.
3. The Case of Theorem 0.8.
We first consider the case Ky < 0.

Lemma 6.7. Let F € (H), Ky <0, ®(t) = t, My = M;, and suppose
that f € C>*(Q) satisfies (0.19). Let M(t) be strictly convez solutions
of the evolution problem in a mazimal time-interval [0,T*), then there are
constants A and c such that the principal curvatures can be estimated by

(6.27) e M<K <e

Proof. First, we observe that in view of Lemma 4.2

(6.28) F<Lf
and hence

(6.29) 0 < k; <g,
because

(6.30) F = F'h;

and F is by assumption uniformly positive definite in Ty.

Thus, it remains to prove the lower estimate in (6.27). The proof is
identical to that of Lemma 6.6 with the only exception, that, when we apply
the maximum principle, we have to use the assumption (0.19) in order to
neglect the quadratic terms in w.

Consider now the second part of Theorem 0.8, Ky > 0.
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Lemma 6.8. Let F € (H), Ky > 0, ®(t) = logt, My = M, and suppose
that 0 < f € C?>(Q). Let M(t) be strictly convez solutions in a mazimal
time-interval [0,T*), then there are constants €9 and c such that

(6.31) O<e<F<c Vi

Proof. First, we obtain from Lemma 4.2
(6.32) d>Ff Vi,

hence, the lower estimate in (6.31). To prove the upper estimate, we define

(6.33) w = log(® — f) + log x + Au,

where )\ is supposed to be large and yx is the function in Lemma 5.8. We
claim that w is bounded from above. Let 0 < T' < T*; and zp = z(to),
0 < tg < T, be a point in M (tp) such that

(6.34) supw < sup{sup w : 0 <t < T} = w(xo).
Mo M(t)

Combining the equations (3.19), (5.26) and (5.7) we conclude from the max-
imum principle
0<w—®F9w; < &Flog(® - Filog(® - f);
—Fi log x; log x;
~H e
+H@ =)o+ Kn@Fg,
~XM® — flv™! = A®@FYh;; + )

(6.35)

Let us first consider the terms involving the derivatives; since Dw = 0
they are equal to

(6.36) 2B FIxu;x ! + N @Fu;u;.
The first term is non-positive, since
Fijxiuj = Fijviu]-n + ﬁFijuiuJ_"u
(6.37) = —FUpbupum® + ;F”uiu]'vn + nFuujv
= —Fijhfukujnvz <0

where we used (5.29) and (5.24).
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Thus the right-hand side of inequality (6.35) can be estimated from above
by

(6.38) (@—ﬂ%v—M@—ﬂUd+dl+V)

which yields the desired estimate if A is chosen large enough. Here, we also
used the assumption that F* is uniformly bounded in I';.
Next, let us prove the a priori estimates for the principal curvatures.

Lemma 6.9. Suppose that the assumptions of the preceding lemma are valid
and that in addition f satisfies (0.19), then the principal curvatures of the
evolution hypersurfaces can be estimated by

(6.39) eM<ki<c Vt

for suitable constants A and c.

The proof is identical to that of Lemma 6.7 since we know already upper
and lower bounds for F.

7. Convergence to a stationary solution.

We are ready to prove the Theorems. Let M(t) be a flow with initial
hypersurface My = M; or My = M,. Let us look at the scalar version of
the flow, cf. (2.24),

ou ~
===~ .

This is a scalar parabolic differential equation defined on the cylinder

(7.1)

(7.2) Qr+ =[0,T%) x So

with initial value ug € C%%(Sy), where ug = u;, i € {1,2}. Sp is a geodesic
sphere equipped with the induced metric. In view of the a priori estimates
we have proved in the preceding sections, we know that

(7.3) |ul2,0,50, < €
and

(7.4) F is uniformly elliptic in u
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independent of . Furthermore, F is concave and thus, we can apply the
regularity results in Krylov [11, Chapter 5.5] to conclude that uniform Cc?e-
estimates are valid, leading further to uniform C*®-estimates in view of the
regularity results for linear operators.

Therefore, the maximal time interval is unbounded, i.e. T* = oo.

Now, integrate (7.1) and observe that the right-hand side has a sign to
obtain

t _ t _
. —_— = — Q_
(7.5) lu(t, 2) — u(0, 2)| /0|¢ flo > /0 2 - 7,
i.e.
) "o 7 v i
(7.6) /O|<I> fl<oo VzeS

Thus, for any € Sy there is a sequence t; — oo such that (® — f) = 0.
On the other hand, u(-,z) is monotone and therefore

(7.7) lim u(t,z) = u(z)

t—o00

exists and is of class C*®(Sp) in view of the a priori estimates. We finally
deduce that # is a stationary solution of our problem and that

~

(7.8) Jim (@ - f) =0.
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